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CHAPTER I 

INTRODUCTION 

A fundamental problem in nonparametrical statistical estimation deals with 

inferences about a cumulative distribution function F and the corresponding pop

ulation quantile ~q which is given by 

~q = p - 1(q) = inf{x: F(x) ~ q} 0 < q < 1. (1.1) 

In order to estimate ~q, we need to estimate F. The traditional estimator of F 

from elementary probability theory is the empirical distribution function defined 

as 

(1.2) 

where IA(x) = 1 if x E A and O otherwise. This function has a staircase shape 

and it is easy to see that it has excellent mathematical properties for estimating 

F(x) since 

EFn(x) = EI(-oo,x](Xi) = F(x). (1.3) 

The corresponding quantile function is called the empirical quantile and is given 

by 

~nq = Fn - 1 (q) = inf{x: Fn(x) ~ q} 0 < q < 1. (1.4) 

1 



·, 

2 

We notice that while the distribution function is often continuous, Fn is not. In

deed, Fn does not always lead to the best estimator of F. It was shown by Read 

(1972) that Fn is inadmissible with respect to integrated squared loss. Therefore, 

if F is smooth with density f, it is more desirable to use a smooth random function 

to estimate F. An intuitively appealing and easily understood smooth estimator 

of Fis the perturbed empirical distribution function is given by 

(1.5) 

where {Kn} is a sequence of continuous cdf obtained by integrating a kernel esti

mator of the density f(x) via 

(1.6) 

where k is a kernel function satisfying k ~ 0, J~00 k(x)dx = 1. Here an > 0 

is called the smoothing parameter or bandwidth since it controls the amount of 

smoothness in the estimator for a given sample of size n. We make the assumption 

that an .- 0 as n .- oo. 

Now the corresponding quantile will be a perturbed quantile and this is given 

by 

fnq = fr:;1(q) = inf{x: Fn(x) ~ q} 0 < q < 1, (1.7) 

and this perturbed quantile will be based on a kernel k and bandwidth an. The 

choice of bandwidth greatly affects the asymptotic performance of Fn and f nq and 

finding an optimal choice of bandwidth for these perturbed estimators is the main 

focus of this thesis. 
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Research on the asymptotic properties of Fn was initiated by Nadaraya (1964) 

and continued in a series of papers among which we mention Winter (1973,1979), 

Yamato (1973), Puri and Ralescu (1986), Lea and Puri (1988) and Yukitch (1989) . 

It was shown by Reiss (1981) and Falk (1983) that the asymptotic performance 

of Fn is better than that of Fn for appropriately chosen kernels and sufficiently 

smooth c.d.f.'s F. The kernel type estimator of the smooth quantile was first 

proposed by Nadaraya (1964). Azzalini (1979,1981) used heuristic arguements 

based on second order approximations and performed some numerical comparisons 

of enq with the classical sample quantile for estimating the 95-th quantile of the 

Gamma(l) distribution. 

The organization of this thesis is as follows. In chapter II, we derive an optimal 

choice of bandwidth for the perturbed distribution function Fn, We will also look 

at the optimal bandwidth for a special case when the integrated kernel equals 

the standard normal distribution. In chapter III, we derive an optimal choice of 

bandwidth for the perturbed quantile and show that it has the same order as the 

optimal bandwidth for Fn. Chapter III is the most significant part of this thesis. 

In chapter IV, we derive an optimal choice of bandwidth for the density derivative 

estimate. Chapter V contains some simulation results. 

Throughout this thesis, the following assumptions hold for f and the kernel k: 

1. f is differentiable with bounded derivative f'. 

2. f' is continuous in the neighborhood of eq and f'(eq) =/= 0. 

3 J~
00 

xk(x)dx = 0 & J~00 x
2k(x)dx < oo. 



CHAPTER II 

AN OPTIMAL CHOICE OF BANDWIDTH FOR THE 

PERTURBED ESTIMATOR OFF 

A common way of estimating the closeness of an estimator to its target param

eter or function is by investigating its mean squared error (MSE). The appealing 

feature of this method is the simple decomposition of the MSE into variance and 

squared bias. The asymptotic mean squared error (AMSE) is then obtained by 

deleting the higher order terms. The optimal bandwidth an is the choice that min

imizes the AMSE. In this chapter, we first derive the optimal choice of bandwidth 

for Fn by minimizing its AMSE. This is done in the theorem that follows. We 

then find the optimal bandwidth for a special case when the integrated kernel K 

is taken to be the standard normal distribution <I>. 

Theorem 2.1 Under the assumptions stated in chapter I, the optimal choice of 

an for the perturbed distribution function is given by 

[ l 
½ 

f(x) J~00 tdK2(t) 

[J'(x)]2 [J~00 t 2k(t)dt]2 n 
(2.1) 

Proof : We have 

MSE{Fn(x)} E[Fn(x) - F(x)]2 

VarFn(x) + {E[Fn(x)J - F(x)}2
. 

(2.2) 

4 



5 

We prove this theorem by finding the variance and the bias separately and then 

combining them in (2.2). 

~ 1 n 1 
VarFn(x) = Var- L Kn(x - Xi)= - VarKn(x - X1). (2.3) 

n i=I n 

In the above equation (2.3) 

_ 1: K/(x - s)dF(s) - [l: Kn(X - s)dF(s)r. 

(2.4) 

Integrating the above equation (2.4) by parts, we get 

VarKn(x - X 1) = - i: F(s)dK/(x - s) - [.l: F(s)dKn(x - s)r. (2.5) 

We now make a change of variable x - s = ant and obtain 

- (/_: F(x - ant)k(t)ds) 
2

• 

(2.6) 



6 

Using Taylor's expansion up to the second order term on (2.6), 

VarKn(x - Xi) - j_:[F(x) - antf(x) - F(x)]dK2(t) + F(x) 

-anf(x) 1_: tdK2(t) + F(x) - [F(x)]2 + O(an3
). 

(2.7) 

We plug this back into (2.3) and obtain 

Var.Fn(x) 

1 a loo -F(x)(l - F(x)) - ~ f(x) tdK2(t) + O(an3). 
n n -co 

(2.8) 

We now find the bias which is given by 

E{Fn(x)} - F(x) - j_:[F(x - ant) - F(x)]k(t)dt 

a 2 loo ~ J'(x) t2k(t)dt + O(an3
). 

2 - oo 

(2.9) 

The asymptotic mean squared error is obtained by deleting the higher order 

terms in the MSE. So we now combine (2.8) and (2.9) (without the higher order 
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terms) and get 

AMSE{Fn(x)} I_F(x)(l - F(x)) - an f(x) J00 

tdK2(t) 
n n -co 

a 4 (Joo )2 + -f-[J'(x)]2 
_

00 
t2k(t)dt . 

(2.10) 

The optimal choice of an is obtained by minimizing the AMSE. By differenti

ating (2.10) with respect to an and setting the derivative equal to zero, we get 

Denoting the optimal bandwidth by an, 

[ l 
½ 

f(x) J~00 tdK2 (t) 

{f'(x)}2 (!~00 t2k(t)dt)2 n 
(2.12) 

This concludes the proof of theorem 2.1 

By proving theorem 2.1, we derived the optimal choice of bandwidth for Fn. 

The following corollary analyzes the above equation (2.12) for a special choice of 

K. 

Corollary 2.1 If the integrated kernel K is taken to be the standard normal dis

tribution <I>, then 
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[ 
f(x) ]½ 

J?r{f'(x)}2n · 
(2.13) 

Proof: Taking K to be 41 in equation (2.12), the integral in the numerator 

becomes 

I: tdK2(t) - I: 2tK(t)K'(t)dt 

-I: 2t4>(t)<p(t)dt 

[
0

00 
2t4>(t)<p(t)dt + fo

00 

2t4>(t)<p(t)dt. 

(2.14) 

Using an approximation for the normal distrubution, the second integral in the 

above equation (2.14) becomes 

roo roo [ 00 t2n+l l 
lo t<p(t)dt + lo 2t ~ l.3.5 ... (2n + 1) <p2(t)dt 

1 100 
t2 1 

00 
1 100 

2 -- teTdt + - ~----- t2n+2e-t dt 
v7J,; o 7r n=O l.3.5 ... (2n + 1) o 

_1_(1) + ~ f 1 roo t2(n+l)e-t2 dt. 
v7J,; 7r n=O l.3.5 ... (2n + 1) lo 

(2.15) 

We make a change of variable t = 72 in the above equation (2.15) and get 



fo00 

2t<P( t)cp( t)dt 

9 

1 1 oo 1 loo y2(n+l) =JC. 
~ - + -I:----- ---e 2 dy 

y'2ir v'21r n=O l.3.5 ... (2n + 1) o 2n+l 

1 
v'2ir + 

1 oo 1 1 y12?r 100 y2(n+l) =JC. - L -------- .:._ __ e 2 dy. 
v'21r n=O 2n+1 l.3.5 ... (2n + 1) 2 -oo y'2?r 

(2.16) 

For the integral in the above equation (2.16), we use the fact that if X is normally 

distributed then every odd moment is O and every even moment is given by 

· E(X2r) = l.3.5 ... (2r - l)a-2
\ for r = l, 2, .... (2.17) 

So we write (2.16) as 

fo00 

2t<P( t)cp( t)dt ~ ~ + ! f ~ ! ) [l.3.5 ... (2n + l)]12(n+l) 
y 21r y 21r n=O 2n+ 1.3.5 ... 2n + 1 

1 1 00 1 
y12?r + y'21r J; 2n+l. 

(2.18) 

We have now obtained an expression for the second integral in (2.14). We now let 

-x = tin the first integral in (2.14) and get 

j_0

00 

2t<P(t)cp(t)dt j_0

00 

2(-x)<P(-x)cp(-x)d(-x) 

-2 fo00 

x[l - <P(x)]cp(x)dx 

- -2 fo00 

xcp(x)dx + fo00 

2x<P(x)cp(x)dx 
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2 1 1 00 1 
~ - v'?:i + v'?:i + ../21r E 2n+1. 

(2.19) 

In the last step of the (2.19), we used the result in (2.18). Now applying (2.18) 

and (2.19), the numerator in (2.13) is given by 

f(x) 1-: tdK
2
(t) - f(x) [[

0

00 
2t~(t)<p(t)dt] + f(x) [fo00 

2t~(t)<p(t)dt] 

[ 
2 1 1 

00 

1 l ~ f(x) - ..J2'i + ..J2'i + ../21r E 2n+1 

[ 
1 1 

00 

1 l + f(x) ..J2'i + ../21r E 2n+1 

[ 
1 

00 ll f(x) ../21r E 2n 

f(x) 
~ as n--+ oo . 

.fa 
(2.20) 

We have obtained an estimate for the numerator of (2.12) when K = ~- In the 

denominator of (2.12) since J~00 t2 k(t)dt = f~00 t
2<p(t)dt = l we get 

A [ f(x) l ½ 
an = .fi{f'(x)}2n · (2.21) 

This concludes the proof of corollary 2.1 



CHAPTER III 

AN OPTIMAL CHOICE OF BANDWIDTH FOR THE 

PERTURBED ESTIMATOR OF ~q 

In the previous chapter we found the optimal choice of bandwidth for the 

perturbed estimate of F. We now find the optimal choice of bandwidth for the 

corresponding perturbed quantile tnq· Azzalini(1981) suggested, without offering 

a proof, that the optimal bandwidth for tnq is also of the rate n-½. We now prove 

that this is indeed so, that the optimal choice of bandwidth for the smoothed 

quantile is again given by (2.1) where x is replaced by ~q- In addition, Azzalini 

in his paper assumed that the kernel is a continuous probability density function 

with finite support. In our proof, under the assumptions stated in Chapter I, we 

have extended the kernel to a density function with infinite support. 

Theorem 3.1 Under the assumptions stated in chapter I, an optimal choice of 

. bandwidth for the perturbed quantile is given by 

(3.1) 

Proof : We now perform an MSE analysis on ~nq· 

(3.2) 

In order to find the MSE we need to compute Etnq and E(f;,,q)- For this purpose 

we make the following abbreviations: 

11 
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(3.3) 

(3.4) 

(3.5) 

Wn(x) = n½[q - µn(x)]/o-n(x). (3.6) 

Here q = F[F-1(q)) = F((q) , 

We recall that the perturbed quantile is defined by 

{nq = F,;;1(q) = inf{x: Fn(x) ~ q} 0 < q < l. (3.7) 

Since 

we shall find P(F;;1(q) :S x) and plug in the result into (3.8). 

P[F,;;1(q) :S x] - P[q :S Fn(x)] 
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(3.9) 

using the abbreviation in (3.6). It is known that wn(x) is asymptotically standard 

normal (cf. Ralescu and Sun (1993)). We know that by Edgeworth expansion 

1 1 2 P(Xn ~ x) = <I>(x) + n-2 6r(x - l)cp(x) + ... , (3.10) 

where r = E(Xn - EXn)3 and cp = <I>'. 

Applying the edgeworth expansion method to (3.9) we get 

where r = E(Yni - EYni)3 . We consider only the first two terms in the above 

equation and obtain 

(3.12) 

Letting x = ~q + n-½y and by using the above equation (3.12), (3.8) becomes 
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- r)O P(F;:1(q) 2: x)dx -1° P(F;:1 (q) ~ x)dx lo -oo 

(3.13) 

For the above equation (3.13), we derive an expression for wn(,q+n-½y) by finding 

the terms in the abbreviation given in (3.6). In proving theorem 2.1 in the previous 

chapter we obtained 

µn(x) = E[Kn(x - X1)] = 1_: F(x - ant)k(t)dt. (3.14) 

Since q = F[F-1(q)] = F(,q), we get 

(3.15) 

Applying Taylor's expansion to the above equation (3.15), we have 
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Also in the proof of theorem 2.1 in the previous chapter, we obtained in (2.7) 

(3.17) 

Therefore, using Taylor's expansion 

q(l - q) - anf(eq) 1: tdK2(t) + (1 - 2q)n-½yJ(eq) + O(an 2). 

(3.18) 

With the above equation (3.18), 

1 

[an2(eq + n-½y)J-½ = [q(l - q) - anf(eq) 1: tdK2(t) + (l - 2q)n-½yJ(eq) + O(an2 )]-
2 
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1 

_ [q(l _ q)J-½ [l _ anf(~q) J~00 tdK2(t) + (1 - 2q)n-½yj(~q)l-
2 

q(l - q) q(l -q) 

We have now obtained the terms needed to find wn(~q + n-½y) . Plugging in the 

results obtained in (3.16) and (3.19) into the abbreviation given in (3.6), we get 

(3.19) 



f'((q)[J~00 t
2 k(t)dt]n½ an 2 

1 
2q(l - q)-2 

For notational simplicity we write the above equation (3.20) as 

In the above equation 

C = f ((q) 1' 

(q(l - q))2 

f'((q) J~00 t
2k(t)dt 

e = i ' 
2(q(l - q))2 

We now find Etnq and E({~q) . Using (3.21) in equation (3.13) , we get 

17 

(3.20) 

(3.22) 

(3.23) 

(3.24) 



2 1 3 - (q - an e- + 0( an ) 
C 
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In the last step of the above equation (3.25) we plugged in the values for e and c 

that are given by (3.22) and (3.23). 

(3.26) 

In the first integral of the above equation (3.26), we let -y'x = (q + n-½y. Then 

the first integral becomes 

(3.27) 

(3.25) 
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In the second integral of (3.26), we let vx = /;,q + n- ½y and the second integral 
becomes 

(3.28) 

Combining (3.27) and (3.28) and then using (3.21) , we get 
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Plugging in the values for c, e and musing (3.22), (3.23) and (3.24) we get 

(3.30) 

We are now in a position to find the variance and the bias of tnq· Using (3.25) and 

(3.30), 

q(l - q) _ e 2 _ ann-1 J~00 tdK2 (t) 
2
e 2 _ an 2eqJ'(eq) J~00 t

2k(t)dt 
n[J(eq)]2 q f(~q) + q f(~q) 

_ c 2 an2eqJ'(eq) f~oo t2k(t)dt _ an 4 [J'(eq)]2 [I~oo t
2
k(t)dt]2 0( 6) 

<,,q + J(eq) 4 [J(eq)]2 + an 

q(l - q) _ ann-1 f~oo tdK2(t) O( 3) 
n[f (eq)]2 f(eq) + an . 

(3.31) 

And using (3.25) the bias of lnq is given by 

(3.32) 

The asymptotic mean squared error is given by combining (3.31) and the square 

of (3.32) and deleting the higher order terms. We thus obtain 

(3.29) 
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an 4 [f'(~q)]2 [f~oo t2k(t)dtJ2 
+ 4 [f (~q)]2 

(3.33) 

By differentiating (3.33) with respect to an and setting the derivative equal to 0 

we get 
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The optimal choice of bandwidth is thus 

(3.35) 

This concludes the proof of theorem 3.1 

Corollary 3.1 If the integrated kernel K = <P, then an optimal choice of band

width for the perturbed quantile is given by 

(3.36) 

Proof: The above theorem 3.1 proves that for the perturbed quantile lnq, the 

optimal choice of bandwidth is given by replacing ~q for x in the the expression for 

the optimal bandwidth for Fn obtained by theorm 2.1. We also showed in corollary 

2.1 in the previous chapter that when K = <P, the optimal choice of bandwidth 

for the perturbed distribution function was given by 

[ 
f(x) ]½ 

0r{f'(x)}2n 
(3.37) 

Therefore, when K = <P, the optimal choice of bandwidth for the perturbed 

quantile would be given by substituting ~q for x in (3.37). This substitution results 

in (3.36). 

This concludes the proof of corollary 3.1 



CHAPTER IV 

OPTIMAL BANDWIDTH FOR THE DENSITY 

DERIVATIVE ESTIMATE 

In theorem 3.1 of the previous chapter, we proved that the optimal choice of 

bandwidth for the smoothed quantile is given by 

(4.1) 

Furthermore, in corollary 3.1, we noted that if K = <I>, (4.1) reduces to 

(4.2) 

Notice that ( 4.2) involves an unknown density and its derivative. In the next 

chapter, we intend to compute the optimal bandwidth for a variety of sample sizes 

when K = <I>. In order to do this, we need to find an estimate for the density 

derivative f' and that is the purpose of this chapter. So in this chapter, we shall 

construct an estimator off' with a different bandwidth (but the same kernel that 

satisfies the assumptions in Chapter I). And for this estimator, we need to find 

an optimal choice of bandwidth which will obviously be different from an. Since 

the estimator of the derivative, used in (4.2), is really an estimator within an 

estimator, we would like greater precision in its estimation. Therefore, rather than 

simply estimating f' at a fixed point, we will estimate f' over the entire real line. 

In order to do this, we need an error criterion that globally measures the distance 

. between } 1 and f' and this error criterion is given by the mean integrated squared 

23 
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error (MISE). The optimal choice of bandwidth, global in this case, is one that 

minimizes the asymptotic mean integrated squared error (AMISE). 

A natural estimator of the rth derivative J<r)(x) is given by 

sufficient differentiability of k permitting. In other words, we take as an estimator 

of the rth derivative off the rth derivative of the kernel estimate. In the above 

equation 9n denotes the bandwidth. Assuming that K = <I?, equation (4.3) gives 

the estimator of the first derivative as 

}'(x) = ~ t <p(l ) (X - xi) = -~ t <p(l) (xi -X). (4.4) 
ngn i=l 9n ngn i=l 9n 

In the following theorem we derive the optimal choice of global bandwidth for 

the above equation (4.4). We find the AMSE of }'(x) by finding its asymptotic 

variance and bias. We then integrate the AMSE to obtain the AMISE. 

Theorem 4.1 In equation (4.4), the optimal choice of global bandwidth is given 

by 

(4.5) 

Proof: The MSE is given by 

E[}'(x) - J'(x)]2 Var }'(x) + [(E}'(x) - J'(x)]2. (4.6) 
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In the above equation ( 4.6), 

EP(x) E [-~ f:, cp<1) (Xi - x)] 
ngn i=l 9n 

--2 cp<1
) -- J(t)dt. n Joo (t -x) 

ngn -00 9n 
(4.7) 

We make the change of variable y = t-x in the above equation (4.7) and get 
9n 

A 1 Joo Ej'(x; 9n) = --2 cp(l)(y)f(x + 9nY)(gn)dy. · 
9n -oo 

(4.8) 

Using Taylor's formula to the above equation ( 4.8) we get 

1 Joo Joo - gn f(x) _
00 

cp<l)(y)dy + 9nf'(x) _
00 

ycp<1)(y)dy 

g 2 Joo g 3 Joo + ~ J"(x) y2cp(1)(y)dy + ~ fm(x) y3cp(1)(y)dy + ..... 
2 -00 3. -00 

(4.9) 

If Xis normally distributed then E(X2r+l) = 0 and E(X2r) = 1.3.5 ... (2r- l)o-2r 

for r = l, 2, .... So when r is even 

(4.10) 

and when r is odd 
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1-: yr<p(
1
\y)dy = -1-: yr+lcp(y)dy = -[l.3.5 ... (2r - 1)]. (4.11) 

Applying the above equations (4.10) and (4.11), equation (4.9) simplifies to 

- _I_ (o + Ynf'(x)( - l) + 0 + Yn
1

3 
J"'(x)(-3) + ... ) 

9n 3. 

2 

f'(x) + g; J"'(x) + O(gn 4). 

(4.12) 

We.now look at the variance of f'(x) which is given by 

Var f'(x) Var [-~ f, cp(1) (Xi - x)] 
ngn i=l 9n 

~var [t cp(1) (Xi - x)] 
ngn i=l 9n 

Letting y 

becomes 

- t-x, the first term in the last step of the above equation ( 4.13) 
9n 

( 4.14) 
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Combining (4.12) and (4.14), the variance can be approximated by 

Var f'(x) ~ f(x) loo [cp<1)(y)]2dy - _1_ [t(x) + 9n2 f"(x)] 2 
ngn3 -oo ngn 4 2 

(4.15) 

Having deleted the higher order terms, the above equation ( 4.15) gives the asymp

totic variance. The asymptotic squared bias, obtained using (4.12), is given by 

[(Ei'(x) - f'(x)J' - + [r(x) + 9;
2 

f"'(x) - !'(xi]' 

4 

~[!111 (x )]2 4 . 

(4.16) 

The asymptotic mean squared error is given by combining (4.15) and (4.16) 

AMSE{]'(x)} = f(xl loo [cp<1)(y)]2dy + 9n4 [J111(x)]2. (4.17) 
ngn -oo 4 

By integrating the above equation (4.17), we get the asymptotic mean integrated 

squared error given by 

AM ISE{f'(x)} = ~ 100 

[cp<1)(y)]2dy + 9
4
n 

4100 

[f"(x)]2. (4.18) 
ngn -oo -00 

By differentiating with respect to 9n and setting the derivative to zero, we get the 

optimal choice of global bandwidth to be 
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9n (4.19) 

Thus it follows that the estimation of f'(x) requires a bandwidth of order n-t. 

This concludes the proof of theorem 4.1 



CHAPTER V 

SIMULATION RESULTS 

In this chapter we simulate iin, the optimal choice of bandwidth for the per

turbed quantile, for various sample sizes. In theorem 3.1, we obtained the optimal 

global bandwidth for the first derivative of the density to be 

9n (5.1) 

For the purpose of simulation later in this chapter, we specifically pick f(x) in (5.1) 

to be the standard normal density. The following corollary gives us the optimal 

global bandwidth 9n for this particular choice. 

Corollary 5.1 In (5.1) if we take f(x) = cp(x) then 

(5.2) 

Proof: If f(x) = cp(x) then (5.1) becomes 

9n 

~ 4✓,r 
( 

1 ) t 
16✓,r n 

This concludes the proof. 
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Also in the previous chapter, if K = <l?, the optimal choice of bandwidth for the 

quantile was given by corollary 3.1 to be 

[ 
f (~q) l ½ 

Ji{f'(~q)}2n 
(5.3) 

We are now in a position to estimate the individual terms in (5.3). We estimate 

~q by the empirical quantile ~nq which can be written as 

n . 1 
~nq = X(1) + ~[X(i) - x(i-dl C ~ < q) , (5.4) 

where X(i) are ordered values of Xi generated from a standard normal distribution. 

We then estimate the numerator f(~q) by cp(~nq)- From (4.4) in the previous 

chapter, the estimator of the first derivative f'(x) is given by 

(5.5) 

where 9n is given in (5.1). Therefore we can estimate f'(~q) in the denominator of 

(5.3) by 

(5.6) 

In the above equation we use the result from lemma 5.1 and write 9n as 

(5.7) 
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and since in lemma (5.1) a is unknown, we replace a by s, the sample standard 

deviation of the X/s. 

We then construct a program that generates n ordered random numbers from 

a standard normal distribution and uses them in (5.4) and (5.6). The values for 

an for various sample sizes are given in tables 5.1 and 5.2 that are given in the 

following pages. We see that an -+ 0 as n -+ oo. The bandwidth values are 

indeed very small numbers and thus demonstrate that <Ln is a very good choice. 
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Table 5.1: Bandwidth values 

n q an 
200 0.05 0.0529 

200 0.10 0.0549 

200 0.25 0.0722 

200 0.50 0.1838 

200 0.75 0.0947 

200 0.90 0.0663 

200 0.95 0.0585 

500 0.05 0.0402 

500 0.10 0.0367 

500 0.25 0.0422 

500 0.50 0.1736 

500 0.75 0.0538 

500 0.90 0.0430 

500 0.95 0.0437 

1000 0.05 0.0263 

1000 0.10 0.0269 

1000 0.25 0.0330 

1000 0.50 0.1202 

1000 0.75 0.0352 

1000 0.90 0.0263 

1000 0.95 0.0216 
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Table 5.2: Bandwidth values (cont.) 

n q iin 
2000 0.05 0.0163 

2000 0.10 0.0167 

2000 0.25 0.0227 

2000 0.50 0.0957 

2000 0.75 0.0225 

2000 0.90 0.0184 

2000 0.95 0.0162 

5000 0.05 0.0105 

5000 0.10 0.0105 

5000 0.25 0.0125 

5000 0.50 0.0908 

5000 0.75 0.0135 

5000 0.90 0.0095 

5000 0.95 0.0101 

10000 0.05 0.0069 

10000 0.10 0.0068 

10000 0.25 0.0093 

10000 0.50 0.0689 

10000 0.75 0.0086 

10000 0.90 0.0065 

10000 0.95 0.0068 
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APPENDIX A 

MATLAB PROGRAM FOR SIMULATION RESULTS 
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% 
% 

tic; 

COMPUTING THE OPTIMUM BANDWIDTH 
-- - - -----------------------------

format long; 

n = [200,500, 1000, 2000, 5000, 10000) ; 
p = [.05,0.1,0.25,0.5,0.75,0.9,0.95]; 
A= zeros(42,3); 
index= 1; 
for j = 1:6 

fork= 1:7 
Y = randn(n(j) ,1); 
X = sort (Y) ; 
S = zeros(n(j) ,1); 
D = zeros(n(j),1); 
for i = 2:n(j) 

if (i-1)/n(j) < p(k) 
I= 1; 
else I= O; 
end 
S(i,1) = (X(i)-X(i-l))*I; 

end 
Q = sum(S); 
Finv = X(l) + Q; 
Num = (1/(sqrt(2*pi)))*exp((-FinvA2)/2); 

% We now compute the asymptotical global bandwidth 
% for the standard normal dist. 

sigma= std(X); 
g = sigma*(4/(5*n(j)))A(l/7); 

% We now estimate the denominator. 

for 1 = l:n(j) 
W(l,l) = (1/(sqrt(2*pi)))*((X(l)-Finv)/g); 
D(l,l) = W(l,l)*exp((-.5)*((X(l)-Finv)A2)/(gA2)); 
end 
R = sum (D) ; 
Denom = (sqrt(pi))*(l/(n(j)*gA2))*(RA2)*n(j); 

% We now estimate the optimum bandwidth 

samplesize = n(j); 
size_of_p = p(k); 

37 



-, -

bandwidth= (Num/Denom)A(l/3); 
A(index,1) = n(j); 
A(index,2) = p(k); 
A(index,3) = bandwidth; 
index= index+ 1; 

end 
end 
A 
end 
toe; 
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