
 

Estimations of Building Response to Stationary and Nonstationary Winds with 

Consideration of Inelastic and Aeroelastic effects 

 

by 

 

Changda Feng, B.S., M.Eng. 

 

A Dissertation 

 

In 

 

Wind Science and Engineering 

 

Submitted to the Graduate Faculty 

of Texas Tech University in 

Partial Fulfillment of 

the Requirements for 

the Degree of 

 

DOCTOR OF PHILOSOPHY 

 

Approved 

 

Xinzhong Chen, Dr. Eng. 

Co-chair of Committee 

 

Daan Liang, Ph.D.  

Co-chair of Committee 

 

 

Kishor C. Mehta, Ph.D. 

 

 

Delong Zuo, Ph.D. 

 

 

Kathleen Gilliam, Ph.D. 

 

Mark Sheridan 

Dean of the Graduate School 

 

 

December, 2018 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Copyright 2018, Changda Feng 

 

 

 



Texas Tech University, Changda Feng, December 2018 

ii 

ACKNOWLEDGMENTS 

It has been a valuable experience for me to complete this doctoral journey. 

This journey not only let me acquire knowledge in one specific field, but also teaches 

me how to face challenges and how to solve problems which no one in this world 

knows the right solution. I couldn’t imagine how I can handle these challenges without 

the support from many people. I would like to present my faithful appreciation hereby. 

First and foremost, this research cannot be completed without the guidance 

from my advisor, Dr. Xinzhong Chen. His profound knowledge and insightful 

understanding of the field of study have helped the progress of the research 

remarkably. The discussions with him always give me valuable insights and right 

direction to work on. His patience, good-temper and efficiency make my doctoral 

journey enjoyable and productive. 

I would like to extend my appreciation to my co-advisor Dr. Daan Liang. Other 

than scientific guidance, I benefit more from his insightful advice to my career choice 

and the strong encouragement whenever I am down. 

I would also like to thank my committee members, Dr. Kishor Mehta, Dr. 

Delong Zuo and Dr. Kathleen Gilliam for their time and suggestions to the research, 

and also outstanding instruction and help during my study.  

My thanks also go to my friendship at Texas Tech, especially my colleagues at 

the Department of Civil Engineering, National Wind Institute, and Raider Badminton 

Club. 

The financial supports from National Wind Institute, Department of Civil 

Engineering, Graduate School of Texas Tech University and NSF Grants No. CMMI-

1400224 and CMMI-1536108 are also gratefully acknowledged. 

Last but not the least, my deepest gratitude goes to my parents, for their 

everlasting love, support and guidance in my life. The phone calls from the other side 

of the Pacific Ocean are the best relief of my stress. Even though they don’t know 

what I am exactly busying with, they do believe I am working hard to achieve my 

goals in my life. 

 



Texas Tech University, Changda Feng, December 2018 

iii 

TABLE OF CONTENTS 

ACKNOWLEDGMENTS ...................................................................................................... ii 
ABSTRACT ..................................................................................................................... vii 
LIST OF TABLES .............................................................................................................. x 
LIST OF FIGURES ............................................................................................................ xi 

LIST OF SYMBOLS ....................................................................................................... xvii 
1. INTRODUCTION ............................................................................................................ 1 

1.1 Background and motivation ................................................................................ 1 

1.2 Objective and Scope of the Research .................................................................. 4 

2. INELASTIC RESPONSES OF WIND-EXCITED TALL BUILDINGS: IMPROVED 

ESTIMATION AND UNDERSTANDING BY STATISTICAL LINEARIZATION 

APPROACHES .............................................................................................................. 8 

2.1 Introduction ......................................................................................................... 8 

2.2 Theoretical Framework ..................................................................................... 10 

2.2.1 Equation of Building Motion ..................................................................... 10 

2.2.2 Time-Varying Mean Response .................................................................. 12 

2.2.3 Statistical Linearization for Response around the Mean Component ....... 13 

2.2.4 Extreme Response Distribution and Fatigue Damage ............................... 19 

2.3 Inelastic Crosswind Response ........................................................................... 20 

2.3.1 Verification of Statistical Linearization Approaches ................................ 20 

2.3.2 Characteristics of Inelastic Crosswind Response ...................................... 25 

2.3.3 Energy Characteristics of Inelastic Crosswind Response ......................... 27 

2.4 Inelastic Alongwind Response .......................................................................... 30 

2.4.1 Verification of Analytical Approach ......................................................... 30 

2.4.2 Characteristics of Inelastic Alongwind Response ..................................... 37 

2.5 Summary ........................................................................................................... 39 

3. CROSSWIND RESPONSE OF TALL BUILDINGS WITH NONLINEAR AERODYNAMIC 

DAMPING AND HYSTERETIC RESTORING FORCE CHARACTER .................................. 41 

3.1 Introduction ....................................................................................................... 41 

3.2 Analytical framework ........................................................................................ 43 

3.2.1 Equation of crosswind response ................................................................ 43 

3.2.2 Modelling of nonlinear aerodynamic damping ......................................... 45 

3.2.3 Modelling of nonlinear hysteretic damping .............................................. 46 

3.2.4 Determination of steady-state amplitude of self-excited motion .............. 49 

3.2.5 Determination of statistics of random response ........................................ 50 

3.3 Results and discussions ..................................................................................... 53 



Texas Tech University, Changda Feng, December 2018 

iv 

3.3.1 Steady-state response of self-excited vibration ......................................... 53 

3.3.2 Validation of equivalent nonlinear equation approach .............................. 58 

3.3.3 Characteristics of inelastic crosswind response ........................................ 63 

3.4 Inelastic crosswind response without aerodynamic damping effect ................. 66 

3.5 Summary ........................................................................................................... 68 

4. NONSTATIONARY CROSSWIND RESPONSE OF TALL BUILDINGS WITH NONLINEAR 

AEROELASTIC EFFECT .............................................................................................. 69 

4.1 Introduction ....................................................................................................... 69 

4.2 Analytical framework ........................................................................................ 71 

4.2.1 Equation of crosswind response ................................................................ 71 

4.2.2 Analysis of crosswind response with linear system damping ................... 73 

4.2.3 Analysis of crosswind response with nonlinear aerodynamic 

damping..................................................................................................... 76 

4.3 Results and discussions ..................................................................................... 81 

4.3.1 Characteristics of a tall building and nonstationary wind field ................. 81 

4.3.2 Nonstationary crosswind response without aerodynamic damping .......... 85 

4.3.3 Free vibration of crosswind response with nonlinear damping ................. 90 

4.3.4 Performance of non-Gaussian closure approach for stationary 

crosswind response ................................................................................... 92 

4.3.5 Performance of non-Gaussian closure approach for nonstationary 

crosswind response ................................................................................... 94 

4.3.6 Effect of initial condition ......................................................................... 100 

4.3.7 Effect of modulation function ................................................................. 101 

4.4 Summary ......................................................................................................... 102 

5. ALONGWIND AND CROSSWIND RESPONSE CHARACTERISTICS OF BASE-ISOLATED 

TALL BUILDINGS .................................................................................................... 105 

5.1 Introduction ..................................................................................................... 105 

5.2 Theoretical framework .................................................................................... 107 

5.2.1 Equations of motion ................................................................................ 107 

5.2.2 Statistical linearization approach ............................................................. 111 

5.3 Crosswind Response ....................................................................................... 114 

5.3.1 Building model ........................................................................................ 114 

5.3.2 Characteristics of crosswind response ..................................................... 118 

5.3.3 Higher mode contributions ...................................................................... 126 

5.3.4 Comparison with response of fixed-base building .................................. 127 

5.3.5 Accuracy of statistical linearization approach ......................................... 128 



Texas Tech University, Changda Feng, December 2018 

v 

5.4 Alongwind response ........................................................................................ 130 

5.4.1 Influence of mean wind load ................................................................... 130 

5.4.2 Characteristics of dynamic alongwind response ..................................... 134 

5.5 Parameter analysis ........................................................................................... 139 

5.5.1 Time-varying mean response .................................................................. 139 

5.5.2 Response STD ......................................................................................... 140 

5.6 Summary ......................................................................................................... 143 

6. ESTIMATION OF INELASTIC CROSSWIND RESPONSE OF BASE-ISOLATED TALL 

BUILDINGS BY NON-GAUSSIAN STATISTICAL LINEARIZATION APPROACH ............ 146 

6.1 Introduction ..................................................................................................... 146 

6.2 Analytical framework ...................................................................................... 149 

6.2.1 Equations of building motion .................................................................. 149 

6.2.2 Statistical linearization approach ............................................................. 151 

6.2.3 Gaussian statistical linearization ............................................................. 152 

6.2.4 Non-Gaussian statistical linearization ..................................................... 153 

6.2.5 Extreme Response Distribution and Fatigue Damage ............................. 158 

6.3 Influence of values of n in Bouc-Wen model.................................................. 159 

6.4 The performance of linearization approaches ................................................. 161 

6.4.1 Estimation from 2DOF system ................................................................ 161 

6.4.2 Improved estimation of building acceleration ......................................... 165 

6.4.3 Equivalent linear system .......................................................................... 167 

6.5 Accuracy of statistical linearization approach with different parameters ....... 171 

6.6 Summary ......................................................................................................... 177 

7. CHARACTERIZATION OF TRANSLATING TORNADO-INDUCED PRESSURES AND 

RESPONSES OF A LOW-RISE BUILDING FRAME BASED ON MEASUREMENT DATA . 178 

7.1 Introduction ..................................................................................................... 178 

7.2 Tornado-induced pressures on a low-rise building frame ............................... 180 

7.2.1 Statistics of tornado-induced pressures ................................................... 180 

7.2.2 Spatial variation of pressure coefficients ................................................ 186 

7.2.3 Correlation structure of pressure coefficients .......................................... 188 

7.3 Building frame response .................................................................................. 190 

7.3.1 Characteristics of building frame response ............................................. 190 

7.3.2 Modeling of equivalent static wind load ................................................. 192 

7.4 Effect of translation speed ............................................................................... 194 

7.4.1 Influence on characteristics of pressures ................................................. 194 

7.4.2 Influence on the frame response .............................................................. 201 



Texas Tech University, Changda Feng, December 2018 

vi 

7.5 Comparison with ASCE 7-10 .......................................................................... 203 

7.6 Summary ......................................................................................................... 204 

8. CONCLUSIONS AND FUTURE WORKS ........................................................................ 206 

8.1 Conclusions ..................................................................................................... 206 

8.1.1 Estimation of stochastic tall building responses considering inelastic, 

aeroelastic and nonstationary effects ...................................................... 206 

8.1.2 Characteristics of inelastic wind-induced response of tall buildings 

and base-isolated tall buildings ............................................................... 207 

8.1.3 Characteristics of tall building responses under nonstationary 

excitation ................................................................................................. 208 

8.1.4 Translating Tornado Load Effects on a Low-rise Building Frame ......... 209 

8.2 Future study ..................................................................................................... 209 

REFERENCES ............................................................................................................... 211 

APPENDIX A: PROVE OF 𝜇Z=0 FOR STEADY-STATE RESPONSE (BILINEAR MODEL) ..... 221 
APPENDIX B: STATISTICAL LINEARIZATION WITH NON-ZERO MEAN EXCITATION                  

(BILINEAR MODEL) ............................................................................... 222 
APPENDIX C: TRANSLATION FUNCTION FOR UNSKEWED HARDENING NON-

GAUSSIAN VARIABLE ............................................................................ 224 

APPENDIX D: STATISTICAL MOMENTS E1 AND E2 WITH GAUSSIAN DISTRIBUTION 

(BOUC-WEN MODEL) ............................................................................ 225 

APPENDIX E: STATISTICAL LINEARIZATION COEFFICIENTS WITH GAUSSIAN 

DISTRIBUTION (BOUC-WEN MODEL) ..................................................... 227 

APPENDIX F: INTERDISCIPLINARY CONTRIBUTION OF THIS RESEARCH ........................ 228 
APPENDIX G: LIST OF PUBLICATIONS .......................................................................... 229 

BRIEF CV .................................................................................................................... 231 

 

 

 



Texas Tech University, Changda Feng, December 2018 

vii 

ABSTRACT 

This research deals with the analysis of tall building response under 

stationary and nonstationary winds considering inelastic and aeroelastic effects. 

The base-isolated tall building with strong inelastic behavior is also presented in 

this study. The stochastic response statistics are estimated by using analytical 

frameworks and response history analysis is performed to prove their accuracy. 

Comprehensive parameter studies are carried out to shed insights on the 

characteristics of building response under these effects. This study also 

characterizes of translating tornado-induced pressures and responses of a low-rise 

building frame based on measurement data. 

Two statistical linearization approaches are used to determine the inelastic 

response statistics of wind-excited tall buildings with bilinear hysteretic restoring 

force character. The statistical linearization approaches give good estimations of 

response standard deviation (STD), extreme value distribution and fatigue damage, 

while discrepancies are observed when the inelastic behavior is significant that 

leads to hardening non-Gaussian response distribution. Very distinct response 

characteristics between crosswind and alongwind responses due to the 

contribution of mean alongwind loading are pointed out. 

The building response statistics are analytically estimated by using 

equivalent nonlinear equation (ENEL) approach at the vicinity of vortex lock-in 

speed where nonlinear negative aerodynamic damping is significant. These 

response statistics include root-mean-square value, kurtosis, extreme value 

distribution and fatigue damage. This study illustrates the advantage of the ENLE 

approach over the statistical linearization approach with assumption of Gaussian 

response distribution when applied to estimate inelastic crosswind response at 

wind speed region with negligible aerodynamic damping. 

The analysis of crosswind response of tall buildings under nonstationary 

wind excitations is also considered in this study. For buildings without 

consideration of nonlinear aerodynamic damping, evolutionary spectral analysis 

approach and statistical moment equation approach are presented, which provide 
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analytical solutions of time-varying response STD, extreme response and fatigue 

damage. For buildings with consideration of nonlinear aerodynamic damping, the 

governing equations of statistical moments of the building motion including time-

varying STD, or variance/covariance, and kurtosis of response are established and 

solved using non-Gaussian moment closure technique. The nonstationary extreme 

response and fatigue damage are further estimated from time-varying STD and 

kurtosis of response.  

Base isolation systems with nonlinear hysteretic restoring force 

characteristics are increasingly adopted for tall buildings to resist strong seismic 

excitations. The performance of base-isolated tall buildings under strong wind 

excitations has also attracted great attentions. The uncoupled alongwind and 

crosswind responses of base-isolated tall buildings with hysteretic restoring force 

characteristics are quantified through response time history analysis and statistical 

linearization approach. The differences and connections between zero-mean 

crosswind and nonzero mean alongwind inelastic responses are discussed. A 

comprehensive parametric study is performed to explore the effects of various 

building parameters on the response of base-isolated buildings. 

The accuracy of statistical linearization approaches for effectively 

estimating stochastic crosswind response of base-isolated tall buildings are also 

examined. Both Gaussian and non-Gaussian statistical linearization approaches 

are investigated. Within the non-Gaussian linearization approach, emphasizes 

have been placed on the modeling of probability distribution of the hysteretic 

displacement. Based on the wind loading derived from wind tunnel test, the 

accuracy and effectiveness of statistical linearization approach are examined 

through comparison with response history analysis. 

Translating tornado is one kind of nonstationary winds which can cause 

severe damage on structures. This research also presents an analysis and 

characterization of dynamic wind pressures and internal forces of a low-rise 

building frame model using measurement data obtained from a tornado simulator. 

The deterministic time-varying mean and time-varying STD as well as co-
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variance of dynamic pressures are determined from the time history record. The 

building frame responses are also calculated from the statistics of pressures, and 

the equivalent static wind loads (ESWLs) causing peak responses are defined by 

using the gust response factor approach. The effect of translation speed of tornado 

vortex is also investigated. It is shown that the tornado-induced responses are 

significantly higher than those from ASCE 7-10. 
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CHAPTER    1  

INTRODUCTION 

1.1 Background and motivation 

With the development of advanced high-strength, light-weight structural 

materials and new structural system and construction technology, and also due to 

limited construction land in highly developed area and continuous growth of 

population, tall buildings have been continuously built with increased height. Tall 

buildings have a light weight and a small damping ratio with flexible designs, thus 

are susceptible to dynamic wind effects. Design of tall buildings against wind 

loading must meet requirements for both serviceability and ultimate limit states. 

Current tall building design to ultimate wind loads does not permit buildings 

behave beyond linear elastic limit, while it is a common practice in the 

performance-based design of tall buildings to seismic load that buildings can have 

controlled inelastic response. The development of performance-based wind 

engineering requires assessment of building performance under various levels of 

wind hazards including inelastic response. There is a need to push the envelope of 

current linear elastic design framework and to develop a better understanding of 

inelastic response of buildings and their safety under ultimate wind loads (e.g., 

Irwin 2009; Hart and Jain 2011; Griffis et al. 2012; Tabbuso et al. 2016). 

Permitting controlled inelastic responses of some building members under 

ultimate limit state, while ensuring elastic response of buildings under 

serviceability limit state may bring innovative building design solutions with 

improved performance and economics to wind loading. 

One the other hand, it is well known that current tall building design is 

often governed by serviceability requirement in terms of building acceleration 

response. Use of aerodynamic tailoring and advanced structural systems as well as 

auxiliary damping devices can significantly reduce building acceleration response 

(e.g., Kareem et al. 1999). Some of the damping devices can have nonlinear 
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hysteretic restoring force characteristics (Sato et al. 2008; Ikegami et al. 2014). 

Performance assessment of these tall buildings with damping devices against wind 

loading requires prediction of inelastic wind-induced response.  

Base isolation systems with nonlinear hysteretic restoring force 

characteristics have primarily been used for seismic design of low- and mid-rise 

buildings and other structures (e.g., Kelly 1986; Naeim and Kelly 1999). The base 

isolation system lengthens the period of vibration of the upperstructure thus leads 

to reduction of seismic response. In the case of high-rise buildings, the periods of 

vibration are already very long. Therefore, the benefit from added base isolation 

for high-rise buildings have been considered to be limited. However, other 

additional considerations of building performance such as comfort of occupants, 

functionality of buildings during and after earthquake, non-damage to 

acceleration-sensitive contents and non-structural elements have made the base 

isolation system one of the attractive solutions for tall buildings against seismic 

loading (e.g., Heaton et al. 1995). In Japan, increasing number of base-isolated 

tall buildings have been constructed since the 2011 Tohoku earthquake when 

acceleration-induced damage to building content was observed in fixed-base, 

high-rise buildings (Kasai and Matsuda 2013). At the same time, base-isolated 

high-rise buildings are also susceptible to wind excitations. Reduction of modal 

frequency due to base isolation system will cause larger wind-induced response 

and potential unstable aerodynamic response. There is of great importance to 

examine and estimate the inelastic response of base-isolated tall buildings under 

strong wind excitations (e.g., Katagiri et al. 2011; Katagiri et al. 2012; Katagiri et 

al. 2014; Ogawa et al. 2016).  

Crosswind vibrations are usually greater than alongwind vibrations for 

buildings of heights greater than 100 m. Crosswind response excited by separation 

and vortex shedding of the wake flow is an important and often dominant 

component for wind-resistant design of tall buildings and flexible structures such 

as chimney and towers. With a decrease in structural frequency, the reduced wind 
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speed increases such that the crosswind response at the vicinity of vortex lock-in 

wind speed needs to be carefully studied. At the vicinity of lock-in wind speed, 

crosswind response is affected by both self-excited and buffeting forces. The 

aerodynamic damping resulted from the self-excited force is a nonlinear function 

of velocity and/or displacement of vibration, and plays an important role in the 

generation of crosswind response and determination of response characteristics. 

Non-stationary extreme winds including hurricanes or typhoons and 

thunderstorms are responsible for damages of many buildings and other structures 

in the U.S. and around the world. The magnitude and direction of deterministic 

ensemble averaged mean wind speed of these non-synoptic nonstationary wind 

events varies with time considerably. The random wind fluctuations around the 

deterministic mean may also show time-dependent nonstationary characteristics. 

The transient nonstationary features of wind load effects may markedly influence 

on building response characters. The analysis framework and characterization of 

crosswind response under nonstationary wind excitations, especially, with 

consideration of nonlinear aerodynamic damping, has not been developed. 

Tornados, as a special case of non-stationary wind event, are historically 

among the most devastating natural hazards resulting from the flow in the 

atmospheric boundary layer. Indeed, several recent major tornadoes in the U.S.A., 

including the Joplin (Missouri) and Tuscaloosa–Birmingham (Alabama) tornadoes 

in 2011, the Moore (Oklahoma) tornado in 2013 and the Dallas (Texas) area 

tornado in 2015, have each caused more than one billion US dollars in monetary 

losses and tens of fatalities, and in the case of the Joplin tornado caused more than 

100 fatalities. A major reason for the continued devastation resulting from 

tornadoes is the inadequate understanding of their loading on structures, which 

causes a great deal of damage on buildings, especially low-rise buildings. 

Tornado-induced pressures on low-rise buildings have different characteristics as 

compared to those under straight-line winds. There is great importance to quantify 
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dynamic wind pressures and load effects on low-rise buildings under tornado-like 

vortices.   

1.2 Objective and Scope of the Research 

The objective of this research is to characterize and develop analytical 

solutions of estimation stochastic tall building response under stationary and 

nonstationary wind with consideration of inelastic and aeroelastic effects. The 

characterization and estimation of wind-induced response of base-isolated tall 

building with strong inelastic behavior is also presented. The accuracy of 

analytical framework is proved by response history analysis. Comprehensive 

parameter studies are carried out to shed insights on the characteristics of tall 

building response considering nonstationary, inelastic and aeroelastic effects  and 

also base-isolated tall building responses. The characteristics of tornado-induced 

pressures and responses of a low-rise building frame under a translating tornado 

as a nonstationary excitation are also investigated based on measurement data.  

Chapter I introduces the background and motivation and the outline of this 

research.   

Chapter II presents a statistical linearization technique for the analysis of 

statistics of inelastic response of tall buildings. The response statistics are 

quantified through statistical linearization approaches, and their accuracy is 

illustrated through comparison with response time history simulations. The 

characteristics of inelastic response and the influence of mean wind load are 

examined through a comprehensive parametric study for both crosswind and 

alongwind responses.  New insights are provided toward improved understanding 

of inelastic building response under ultimate wind loads based on an extensive 

parametric study. 

Chapter III presents an analytical framework for estimating stochastic 

crosswind response of tall buildings with both nonlinear aerodynamic damping 

and bilinear hysteretic restoring force character. The equivalent nonlinear 
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equation (ENLE) approach gives analytical estimations of response statistics, 

which include root mean square (RMS) response, kurtosis, extreme value 

distribution and fatigue damage. The analytical estimations are compared with 

those from response time history simulations. This chapter also reexamines the 

inelastic crosswind response using the ENLE approach at wind speed region 

where the aerodynamic damping can be neglected. The results show the advantage 

of the ENLE approach over the statistical linearization approach for estimating 

narrow-band crosswind response. 

Chapter IV presents analysis approaches for estimating stochastic 

crosswind response of tall buildings under nonstationary wind excitations. For 

buildings without consideration of nonlinear aerodynamic damping, different 

approaches are presented to calculate time-varying standard deviation (STD) of 

displacement, extreme value distribution and fatigue damage. For buildings with 

consideration of nonlinear aerodynamic damping, the non-Gaussian moment 

closure technique is used to estimate the time-varying STD of response, where the 

higher-order moments involved are estimated from kurtosis-based translation 

process model. The narrowband response characteristics are applied to simplify 

the non-Gaussian closure approach. The nonstationary extreme response and 

fatigue damage are further estimated from time-varying STD and kurtosis of 

response. The effectiveness of the analysis framework is examined through 

comparison with response time history simulation. The characteristics of 

crosswind response under nonstationary excitations are discussed.  

Chapter V investigates uncoupled crosswind and alongwind responses of 

base-isolated tall buildings. The bilinear restoring shear force of base isolation 

system is modeled in Bouc-Wen hysteretic force model (Wen 1976). Response 

history analysis is carried out to characterize the crosswind response with zero 

mean component and alongwind response with time-varying mean component. 

The participation of higher modes of building vibration in building acceleration is 

highlighted. Analytical estimations of the response statistics by using statistical 
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linearization approach with Gaussian assumption are also presented and 

challenges posed by non-Gaussian response character are pointed out. A 

comprehensive parametric study is performed to explore the effects of base 

isolation parameters on building response. 

Chapter VI investigates the accuracy of non-Gaussian statistical 

linearization approaches for effectively estimating stochastic crosswind response 

of base-isolated tall buildings. Within the non-Gaussian linearization approach, 

Gaussian and truncated Gaussian distributions with two delta functions added at 

positive and negative yielding displacement are used to model the probability 

distribution of the hysteretic displacement. The non-Gaussian character of base 

velocity is further considered through Hermite translation model. The building 

motions are also included in the linearization equation. Based on the wind loading 

derived from wind tunnel test, the accuracy and effectiveness of statistical 

linearization approach are examined through comparison with response time 

history simulations. The limitation of non-Gaussian statistical linearization is 

pointed out. A wide variety parameters with reasonable range is examined the 

proposed framework. 

Chapter VII presents an analysis and characterization of time histories of 

dynamic pressures and internal forces on a low-rise building frame using 

measurement data obtained from the tornado simulator. The deterministic time-

varying mean pressure component is extracted from the time history record using 

discrete wavelet transformation (DWT) approach. The stochastic fluctuation 

component around the time-varying mean is then characterized in terms of time-

varying STD and evolutionary power spectral density (EPSD) function, 

determined by a continuous wavelet transformation (CWT) based approach 

(Huang and Chen 2009). The correlation structures of pressures are analyzed by 

using proper orthogonal decomposition (POD). The analysis and characterization 

are also carried out for internal forces of building frame. The equivalent static 

wind loads (ESWLs) for tornado loading are proposed. The effects of tornado 
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translation speed on the time-varying mean, STD and EPSD of pressures and 

internal forces are also quantified. Finally, tornado-induced responses are 

compared with those determined using wind loads specified in ASCE 7-10. 

Chapter VIII concludes this research and the future work to continue this 

research is pointed out. 
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CHAPTER    2  

INELASTIC RESPONSES OF WIND-EXCITED TALL BUILDINGS: 

IMPROVED ESTIMATION AND UNDERSTANDING BY STATISTICAL 

LINEARIZATION APPROACHES 

2.1 Introduction 

Current tall building design to ultimate wind loads is based on linear 

elastic design framework. The safety and reliability of tall buildings beyond linear 

elastic limit is unclear. The development of performance-based wind engineering 

requires evaluation of building performance under various levels of wind hazards 

including inelastic response (e.g., Irwin 2009; Hart and Jain 2011; Griffis et al. 

2012; Tabbuso et al. 2016). Permitting controlled inelastic responses of some 

building members under ultimate limit state, while ensuring elastic response under 

serviceability limit state may bring innovative building design solutions to wind 

loading with improved performance and economics. Furthermore, some of the 

damping devices used for response reduction can have nonlinear hysteretic 

restoring force characteristics (e.g., Kareem et al. 1999; Sato et al. 2008; Ikegami 

et al. 2014). Buildings with base isolation systems also show nonlinear hysteretic 

behavior (Katagiri et al. 2014). Performance assessment of these tall buildings 

against wind loading requires prediction of inelastic response.  

The inelastic response of wind-excited structures has been explored in 

literature (Vickery 1970; Georgiou et al. 1988; Ohkuma et al. 1997; Tsujita et al. 

1997; Tamura et al. 2001; Hong 2004; Irwin 2009; Gani and Legeron 2012; Beck 

et al. 2014; Judd and Charney 2015; Mooneghi et al. 2015; Hong 2016; Tabbuso 

et al. 2016). The alongwind response of elasto-plastic single degree of freedom 

(SDOF) structures was calculated in Vickery (1970) using a simplified equivalent 

elastic system approach. The inelastic behaviour of low-rise building elements 

under wind load excitations was examined in Georgiou et al. (1988). Hong (2004) 

examined the damage rate and ductility demand of alongwind response of bilinear 
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SDOF systems through response history analysis (RHA). The results showed that 

the ductility demand of flexible structures could be much less than that of rigid 

structures. The alongwind inelastic RHA of bilinear structures was further carried 

out in Gani and Legeron (2012). The relationship between natural frequency and 

strength reduction factor for a given constant ductility factor was established, 

confirmed that flexible structures benefit more from ductility effect than rigid 

structures. Judd and Charney (2015) carried out incremental dynamic analysis to 

investigate collapse risk of a SDOF building under alongwind and crosswind 

loadings. The inelastic alongwind response of SDOF structures under 

nonstationary wind was discussed in Hong (2016) through RHA.  

 The bilinear crosswind response of tall buildings was investigated in 

Ohkuma et al. (1997) based on RHA considering the fundamental building mode. 

An energy-based framework to estimate inelastic response using an equivalent  

elastic system was proposed with the estimation error within 20%. Tsujita et al. 

(1997) investigated both alongwind and crosswind responses of tall buildings with 

bilinear restoring force character for the generalized forces, and proposed 

approximate analysis approaches on the basis of peak response distribution. 

Tamura et al. (2001) used finite element models of two-dimensional (2D) multi-

story building frames for examining the inelastic crosswind building response. 

Beck et al. (2014) addressed the optimal stiffness of a hysteretic multi-degree-of-

freedom (MDOF) RC building subjected to zero-mean wind load excitation. An 

exploratory wind tunnel study was carried out by Mooneghi et al. (2015) to study 

the tall building response beyond elastic limit. The elasto-plastic reliability of 

alongwind-excited structures with uncertainties was evaluated by Tabbuso et al. 

(2016). The inelastic response of tall buildings with hysteretic dampers and base 

isolation systems has been studied in Sato et al. (2008), Katagiri et al. (2014) and 

Ikegami et al. (2014) through wind tunnel testing and RHA.  

This study presents a statistical linearization technique for the analysis of 

statistics of inelastic response of tall buildings. The generalized restoring modal 
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force is described by bilinear hysteretic restoring force model with building 

response represented by fundamental mode. The wind loading is characterized by 

the power spectrum of base bending moment coefficient that was determined 

based on wind tunnel measurement or load specifications. The response statistics 

are quantified through statistical linearization approaches, and their accuracy is 

illustrated through comparison with response time history simulations. The 

characteristics of inelastic response and the influence of mean wind load are 

examined through a comprehensive parametric study for both crosswind and 

alongwind responses.  It should be mentioned that the theory of random inelastic 

response analysis of hysteric systems with use of statistical linearization 

approaches has been extensively addressed in literature (e.g., Baber 1984; Baber 

and Mohammed 1986; Lutes and Sarkani 2004), where the nonlinear restoring 

force is often described by Bouc-Wen model (Wen 1976; 1989). However, their 

applications to wind-induced response of tall buildings have not yet been well 

explored. New insights are provided toward improved understanding of inelastic 

building response under ultimate wind loads based on an extensive parametric 

study.  

2.2 Theoretical Framework  

2.2.1 Equation of Building Motion 

The equation of wind-induced building motion in terms of first modal 

response is expressed as:  

 𝑀𝑠�̈� + 2𝑀𝑠𝜔𝑠𝜉𝑠�̇� + 𝑓(𝑥, �̇�) = 𝑄(𝑡) (2.1) 

 𝑀𝑠 = ∫ 𝑚(𝑦)𝜙2(𝑦)
𝐻

0
𝑑𝑦;     𝑄(𝑡) = 1/2𝜌𝑈𝐻

2𝐵𝐻2𝜂𝐶𝑀(𝑡)/𝐻 (2.2) 

where 𝑥 is generalized (modal) displacement; 𝑀𝑠 and 𝜉𝑠 are generalized mass and 

damping ratio; 𝜔𝑠 = 2𝜋𝑓𝑠 = √𝑘/𝑀𝑠  is modal frequency calculated by using the 

initial generalized stiffness 𝑘 ; 𝑓(𝑥, �̇�)  is generalized restoring force; 𝑄(𝑡)  is 

generalized force estimated from base bending moment; 𝑚(𝑦) is building mass 
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per unit height; 𝜙(𝑦) is mode shape function; 𝜂 is mode shape correction factor 

and is unit for linear mode shape; 𝜌 is air density; 𝑈𝐻 is wind speed at building 

top; 𝐵 and 𝐻 are building width and height; and 𝐶𝑀(𝑡) is base bending moment 

coefficient.  

The restoring force 𝑓(𝑥, �̇�) shown in Fig. 2.1 is described by the following 

bilinear hysteretic force model (e.g., Lutes and Sarkani 2004):  

 𝑓(𝑥, �̇�) = 𝛼𝑘𝑥 + (1 − 𝛼)𝑘𝑧 (2.3) 

 �̇� = �̇�{1 − 𝑢(𝑧 − 𝑥𝑦)𝑢(�̇�) − 𝑢(−𝑧 − 𝑥𝑦)𝑢(−�̇�)} (2.4) 

where 𝑥𝑦 is yield displacement; 𝛼 is second stiffness ratio to the initial stiffness; 𝑧 

is hysteretic displacement; and 𝑢(∙) is unit step function. In the case of linear 

elastic system, 𝑧 = 𝑥. 

 Eqs. (2.1) - (2.4) can be written in a state-space format as 

�̇� = 𝒈(𝒒) + 𝑫𝑄 

𝒒 = [
𝑥
�̇�
𝑧
] ;  𝒈(𝒒) = [

�̇�
−𝛼𝜔𝑠

2𝑥 − 2𝜔𝑠𝜉𝑠�̇� − (1 − 𝛼)𝜔𝑠
2𝑧

{1 − 𝑢(𝑧 − 𝑥𝑦)𝑢(�̇�) − 𝑢(−𝑧 − 𝑥𝑦)𝑢(−�̇�)}�̇�
] ;   𝑫 = [

0
1/𝑀𝑠
0

] 
(2.5) 

Introducing the non-dimensional parameters and variables: 

𝑡∗ = 𝜔𝑠𝑡;   𝑥
∗(𝑡∗) =

𝑥(𝑡)

𝑥𝑦 
;    𝑧∗(𝑡∗) =

𝑧(𝑡)

𝑥𝑦 
;    𝑥∗′(𝑡∗) =

𝑑𝑥∗(𝑡∗)

𝑑𝑡∗
=
�̇�(𝑡)

𝜔𝑠𝑥𝑦
;      

𝑥∗′′(𝑡∗) =
𝑑2𝑥∗(𝑡∗)

𝑑𝑡∗2
=
�̈�(𝑡)

𝜔𝑠2𝑥𝑦
;     𝑧∗′(𝑡∗) =

𝑑𝑧∗(𝑡∗)

𝑑𝑡∗
=
�̇�(𝑡)

𝜔𝑠𝑥𝑦 
;    𝑄∗(𝑡∗) =

𝑄(𝑡)

𝑘𝑥𝑦 
 

(2.6) 

the equation of motion is then expressed in the non-dimensional equation as: 

 𝑥∗′′ + 2𝜉𝑠𝑥
∗′ + 𝛼𝑥∗ + (1 − 𝛼)𝑧∗ = 𝑄∗(𝑡∗) (2.7) 

 𝑧∗′ = 𝑥∗′{1 − 𝑢(𝑧∗ − 1)𝑢(𝑥∗′) − 𝑢(−𝑧∗ − 1)𝑢(−𝑥∗′)} (2.8) 

It is evident that the non-dimensional inelastic response is determined by 

three non-dimensional parameters: damping ratio 𝜉𝑠 ; stiffness ratio 𝛼  and 

normalized generalized force 𝑄∗ . The response time history can be computed 

using a step-by-step integration method, or Runge-Kutta method. In the following, 
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the statistical linearization technique is used to define an equivalent linear system 

for which the response statistics can be directly calculated.  

For the inelastic wind-induced response of tall buildings addressed in this 

study, the reduction of building frequency due to inelastic behavior is negligibly 

small. While the traditional modal analysis is theoretically no longer valid for 

inelastic system, the inelastic response can still be decomposed into modal 

responses of linear elastic system. It is reasonable to assume that the inelastic 

response is dominated by the fundamental modal response similar to the elastic 

response. The new interpretation of modal analysis for inelastic system has led to 

the development of modal pushover analysis of buildings to seismic excitations 

(Chopra 2012).  

 

Fig. 2.1 Bilinear hysteretic restoring force model 

2.2.2 Time-Varying Mean Response 

In the case of load excitation with non-zero mean component, the state-

space equation of the time-varying mean response is obtained by taking 

expectation of both sides of Eq. (2.5): 

 𝝁�̇� = 𝒇(𝝁𝒒) + 𝑫𝜇𝑄 

(2.9) 
 𝝁𝒒 = [

𝜇𝑥
𝜇�̇�
𝜇𝑧
] ;              𝒇(𝝁𝒒) = [

𝜇�̇�
−𝛼𝜔𝑠

2𝜇𝑥 − 2𝜔𝑠𝜉𝑠𝜇�̇� − (1 − 𝛼)𝜔𝑠
2𝜇𝑧

𝜇�̇� − 𝐸1 − 𝐸2

] 

where 𝜇𝑄 is mean of 𝑄(𝑡); 𝐸1 and 𝐸2 are constants defined as 

 

𝑓 

𝑓
𝑦
 

𝑥𝑦 𝑥 

𝑘 

𝛼𝑘 

Corresponding linear system 
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𝐸1 = 𝐸[𝑢(𝑧 − 𝑥𝑦)𝑢(�̇�)�̇�] = ∫ ∫ 𝑣𝑝�̇�𝑧(𝑣, 𝑤)𝑑𝑣𝑑𝑤

∞

0

∞

𝑥𝑦

 (2.10) 

 
𝐸2 = 𝐸[𝑢(−𝑧 − 𝑥𝑦)𝑢(−�̇�)�̇�] = ∫ ∫ 𝑣𝑝�̇�𝑧(𝑣, 𝑤)𝑑𝑣𝑑𝑤

0

−∞

−𝑥𝑦

−∞

 (2.11) 

where 𝑝�̇�𝑧(𝑣, 𝑤) is joint probability density function (JPDF) of �̇�(𝑡) and 𝑧(𝑡). In 

the case of joint Gaussian distribution of �̇�(𝑡) and 𝑧(𝑡), 𝐸1 and 𝐸2 can be given in 

terms of unknown means, STDs and correlation coefficient of �̇�(𝑡) and 𝑧(𝑡), i.e., 

𝜇�̇�, 𝜎�̇�, 𝜇𝑧, 𝜎𝑧 and 𝜌�̇�𝑧, as shown in Appendix A.  

The steady-state mean response can be determined by setting �̇�𝒒 = 𝟎 , 

which leads to  

 𝜇�̇� = 0;          𝛼𝑘𝜇𝑥 + (1 − 𝛼)𝑘𝜇𝑧 = 𝜇𝑄;         𝐸1 + 𝐸2 = 0 (2.12) 

It can be proved that 𝐸1 + 𝐸2 = 0 leads to 𝜇𝑧 = 0 as shown in Appendix A. 

Thus, the steady-state mean response is (Baber 1984): 

 𝜇𝑥 =
𝜇𝑄
𝛼𝑘

 (2.13) 

which is only determined by the mean load and second stiffness. Eq. (2.13) is also 

valid for the elastoplastic system, i.e., 𝛼 = 0, which gives an infinity steady-state 

mean response due to the continuous increase of inelastic deformation. For the 

linear elastic system, 𝛼 = 1, it reduces to the linear static displacement. 

2.2.3 Statistical Linearization for Response around the Mean Component 

2.2.3.1 Statistical Linearization Approach 1 

The hysteretic velocity �̇�  given in Eq. (2.4) is linearized as (Lutes and 

Sarkani 2004): 

�̇� ≈ 𝑏0 + 𝑏1(𝑥 − 𝜇𝑥) + 𝑏2(�̇� − 𝜇�̇�) + 𝑏3(𝑧 − 𝜇𝑧) (2.14a) 

𝑏0 = 𝐸[�̇�] = 𝜇�̇�;   [

𝑏1
𝑏2
𝑏3

] = [

𝜎𝑥
2 cov[𝑥�̇�] cov[𝑥𝑧]

cov[𝑥�̇�] 𝜎�̇�
2 cov[𝑧�̇�]

cov[𝑥𝑧] cov[𝑧�̇�] 𝜎𝑧
2

]

−1

[
cov[𝑥�̇�]

cov[�̇��̇�]

cov[𝑧�̇�]
] (2.14b) 

where cov[ ] is covariance operator. 
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With the assumption that 𝑥(𝑡) , �̇�(𝑡)  and 𝑧(𝑡) follow a joint Gaussian 

distribution, the coefficients are calculated as  

 
𝑏1 = 𝐸 [

𝜕�̇�

𝜕𝑥
] = 0; (2.15a) 

 
𝑏2 = 𝐸 [

𝜕�̇�

𝜕�̇�
] = 1 − ∫ ∫ 𝑝�̇�𝑧(𝑣, 𝑤)𝑑𝑣𝑑𝑤

∞

0

∞

𝑥𝑦

−∫ ∫ 𝑝�̇�𝑧(𝑣, 𝑤)𝑑𝑣𝑑𝑤
0

−∞

−𝑥𝑦

−∞

; 

(2.15b) 

 
𝑏3 = [

𝜕�̇�

𝜕𝑧
] = −∫ 𝑣𝑝�̇�𝑧(𝑣, 𝑥𝑦)𝑑𝑣

∞

0

+∫ 𝑣𝑝�̇�𝑧(𝑣, −𝑥𝑦)𝑑𝑣
0

−∞

 (2.15c) 

which are further expressed in Appendix B. Calculation of these coefficients 

involve the unknown response statistics of �̇�(𝑡) and 𝑧(𝑡), i.e., 𝜇�̇� , 𝜎�̇� , 𝜇𝑧 , 𝜎𝑧  and 

𝜌�̇�𝑧. 

Denote the zero-mean responses and load excitation as 

𝑥0 = 𝑥 − 𝜇𝑥;   �̇�0 = �̇� − 𝜇�̇�;  𝑧0 = 𝑧 − 𝜇𝑧;  �̇�0 = �̇� − 𝜇�̇�;  𝑄0 = 𝑄 − 𝜇𝑄 (2.16) 

and the equation of motion of the linearized system in terms of zero-mean 

response becomes  

 �̇�𝟎(𝑡) = 𝑩𝒒𝟎(𝑡) + 𝑫𝑄0(𝑡) (2.17) 

 𝑩 = [

0 1 0
−𝛼𝜔𝑠

2 −2𝜔𝑠𝜉𝑠 −(1 − 𝛼)𝜔𝑠
2

0 𝑏2 𝑏3

] (2.18) 

where 𝒒𝟎 = [𝑥0 �̇�0 𝑧0]
𝑇 is the state response vector.  

When 𝑄0(𝑡) is modelled as a stochastic white-noise process, the following 

covariance equation is obtained: 

 �̇�𝒒𝟎𝒒𝟎 = 𝑩𝑹𝒒𝟎𝒒𝟎 + 𝑹𝒒𝟎𝒒𝟎𝑩
𝑻 + 2𝜋𝑫𝑫𝑻𝐺0 (2.19) 

where 𝑹𝒒𝟎𝒒𝟎 = cov[𝒒𝟎𝒒𝟎
𝑻] is the covariance matrix; 𝐺0 = 𝑆𝑄(𝑓)/4𝜋; and 𝑆𝑄(𝑓) is 

PSD function of 𝑄0(𝑡). In the case of tall buildings with light damping, the wind 

load excitation can be approximated as white-noise process with 𝑆𝑄(𝑓) ≈ 𝑆𝑄(𝑓𝑠). 

In general, the load excitation with a given PSD function can be represented as the 

output of a system with an input of white noise, and described by a state-space 
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equation. It leads an augmented state-space equation for the system with a white 

noise input, thus the covariance equation similar to Eq. (2.19) can be derived.  

The steady-state response is derived by setting �̇�𝒒𝟎𝒒𝟎 = 0  in Eq. (2.19), 

which leads to: 

 
𝜎�̇�
2 [2𝜉𝑠𝜔𝑠 −

(1 − 𝛼)𝑏2𝑏3𝜔𝑠
2

𝛼𝜔𝑠2 + 𝑏3
2 − 2𝜔𝑠𝜉𝑠𝑏3 + (1 − 𝛼)𝜔𝑠2𝑏2

] =
𝜋𝐺0
𝑀𝑠
2
; (2.20a) 

 
𝜎𝑧
2 =

𝑏2
2

𝛼𝜔𝑠2 + (1 − 𝛼)𝜔𝑠2𝑏2 + 𝑏3
2 − 2𝜔𝑠𝜉𝑠𝑏3

𝜎�̇�
2; (2.20b) 

 
𝜌�̇�𝑧 = −

𝑏3𝜎𝑧
𝑏2𝜎�̇�

 (2.20c) 

In the case of steady-state response, 𝑏2 and 𝑏3 only involve unknown 𝜎�̇�, 𝜎𝑧 

and 𝜌�̇�𝑧 since 𝜇�̇� = 𝜇𝑧 = 0. Thus 𝜎�̇�, 𝜎𝑧 and 𝜌�̇�𝑧 can be determined by solving the 

nonlinear Eq. (2.20) directly. Their initial values can be chosen as those of the 

corresponding linear system, which are determined from Eq. (2.20) with 𝑏2 = 1 

and 𝑏3 = 0. The variance of 𝑥 can be further calculated as: 

 
𝜎𝑥
2 =

1

𝛼𝜔𝑠2
[𝜎�̇�

2 −
(1 − 𝛼)𝜔𝑠

2

𝑏2
𝜎𝑧
2] (2.21) 

According to the non-dimensional equation of motion, three non-

dimensional parameters, i.e., 𝛼 , 𝜉𝑠  and 𝜇𝑄
∗ , affect the time-varying mean and 

variance of response transition from initial state to steady-state. The time-varying 

mean response can be readily calculated by solving the state-space equations, i.e., 

Eq. (2.9). Since the transient feature of variance is less significant as compared to 

the mean response which will be discussed later, the time-varying variance can be 

approximately calculated as the steady-state response but using the mean response 

at the same time instant, referred to as quasi-stationary response.  

The steady-state response or quasi-stationary response around the time-

varying mean can also be determined through spectral analysis:  

 

𝜎𝑥 = √∫ |𝐻𝑥(𝑓)|2𝑆𝑄(𝑓)𝑑𝑓
∞

0

; (2.22a) 
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𝜎�̇� = √∫ (2𝜋𝑓)2|𝐻𝑥(𝑓)|2𝑆𝑄(𝑓)𝑑𝑓
∞

0

; (2.22b) 

 

𝜎𝑧 = √∫ |𝐻𝑧𝑥(𝑓)|2|𝐻𝑥(𝑓)|2𝑆𝑄(𝑓)𝑑𝑓
∞

0

 (2.22c) 

where 

 
𝐻𝑥(𝑓) =

1

𝑀𝑠[−𝜔2 + 2𝑖𝜉𝑠𝜔𝜔𝑠 + 𝛼𝜔𝑠2 + (1 − 𝛼)𝜔𝑠2𝐻𝑧𝑥(𝜔)]
 (2.23) 

 
𝐻𝑧𝑥(𝑓) =

𝑏2(𝑖𝜔)

𝑖𝜔 − 𝑏3
 (2.24) 

where 𝜔 = 2𝜋𝑓; 𝑖 = √−1. 

The equivalent frequency 𝑓𝑒𝑞  of the inelastic system can be determined 

from the peak of 𝐻𝑥(𝑓). The equivalent linear damping ratio 𝜉𝑒𝑞 is calculated from 

𝜎�̇� as: 

 𝜉𝑒𝑞 =
𝑆𝑄(𝑓𝑒𝑞)

8(2𝜋𝑓𝑒𝑞)𝑀𝑠
2𝜎�̇�

2
 (2.25) 

It should be mentioned that the steady-state response calculated from 

spectral analysis, i.e., Eq. (2.22), includes both background and resonant response 

components. On the other hand, the response derived from variance equation, i.e., 

Eq. (2.19), only involve resonant component. The background component in the 

crosswind response is negligible. In the alongwind response, the background 

component of displacement can be considerable but the resonant component is 

generally dominant for tall buildings. The background components of alongwind 

velocity and acceleration of tall buildings are generally negligible.  

In the case of zero-mean excitation, the inelastic response can be 

considered as zero-mean stationary process, i.e., 𝜇𝑥 = 0. The response statistics 

are time-invariant and are determined as same as previously described quasi-

stationary response. The procedure presented in Lutes and Sarkani (2004) can be 

used. Eq. (2.20c) gives 
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 −𝑏2𝜌�̇�𝑧 + 2�̂�3 = 0 (2.26) 

where �̂�3 = −𝜎𝑧𝑏3/2𝜎�̇�.  

For a given 𝑥𝑦0 = 𝑥𝑦/𝜎𝑧, only the unknown 𝜌�̇�𝑧 is involved in Eq. (2.26), 

thus can be determined. Accordingly, 𝑏2 and �̂�3 are calculated using Eqs. (B4) and 

(B5) in Appendix B. Next step is to solve 𝜎�̇�  and 𝜎𝑧  simultaneously from Eqs. 

(2.20a) and (2.20b) or Eqs. (2.22b) and (2.22c) with iteration as the calculation of 

𝑏3 from �̂�3 involves unknown 𝜎�̇� and 𝜎𝑧. Finally, 𝜎𝑥 is determined from (2.21) or 

(2.22a). The response statistics correspond to the target yield displacement 𝑥𝑦 =

𝑥𝑦0𝜎𝑧. 

2.2.3.2 Statistical Linearization Approach 2 

The second linearization approach is to linearize the hysteretic 

displacement 𝑧 (e.g., Lutes and Sarkani 2004): 

 𝑧 ≈ 𝑏0
′ + 𝑏1

′(𝑥 − 𝜇𝑥) + 𝑏2
′ (�̇� − 𝜇�̇�) (2.27a) 

 
𝑏0
′ = 𝐸[𝑧] = 𝜇𝑧;      [

𝑏1
′

𝑏2
′ ] = [

𝜎𝑥
2 cov[�̇�𝑥]

cov[𝑥�̇�] 𝜎�̇�
2 ]

−1

  [
cov[𝑥𝑧]
cov[�̇�𝑧]

] (2.27b) 

In the case of steady-state response, cov[�̇�𝑥] = 0, which leads to 

 
𝑏0
′ = 0;  𝑏1

′ =
cov[𝑥𝑧]

𝜎𝑥2
;    𝑏2

′ =
cov[�̇�𝑧]

𝜎�̇�
2  (2.28) 

In the case of zero-mean response, Caughey (1960) showed that the 

coefficients 𝑏1
′  and 𝑏2

′  can be calculated as follows when the response 𝑥(𝑡) is a 

narrowband Gaussian process:  

 
𝑏1
′ =

𝐸[𝑥𝑧]

𝜎𝑥2
= 1 −

8

𝜋
∫ (

1

𝑟3
+

𝑥𝑦
2

2𝑟𝜎𝑥2
) (𝑟 − 1)0.5exp(

−𝑥𝑦
2𝑟2

2𝜎𝑥2
)𝑑𝑟

∞

1

 (2.29a) 

 

𝑏2
′ =

𝐸[�̇�𝑧]

𝜎�̇�
2 = √

2

𝜋
∙
𝑥𝑦

𝜔𝑒𝑞𝜎𝑥
[1 − Φ(

𝑥𝑦

𝜎𝑥
)] (2.29b) 

where Φ(∙) is cumulative distribution function (CDF) of standardized Gaussian 

variable; 𝜔𝑒𝑞 is equivalent modal frequency given as following. 
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The linear equation of motion is given by 

 𝑀𝑠(�̈� + 2𝜔𝑒𝑞𝜉𝑒𝑞�̇� + 𝜔𝑒𝑞
2 𝑥) = 𝑄(𝑡) (2.30) 

where the equivalent modal frequency and damping ratio are calculated as  

 𝜔𝑒𝑞 = 2𝜋𝑓𝑒𝑞 = 𝜔𝑠√𝛼 + (1 − 𝛼)𝑏1
′  (2.31) 

 
𝜉𝑒𝑞 =

𝜔𝑠
𝜔𝑒𝑞

[𝜉𝑠 +
1

2
(1 − 𝛼)𝜔𝑠𝑏2

′ ] (2.32) 

The transfer function of the system is 

 
𝐻𝑥(𝑓) =

1

𝑀𝑠[−𝜔2 + 2𝑖𝜉𝑒𝑞𝜔𝜔𝑒𝑞 + 𝜔𝑒𝑞2 ]
 (2.33) 

The STDs of displacement and velocity of equivalent linear system can be 

calculated as: 

 

𝜎𝑥 ≈
1

𝑀𝑠(2𝜋𝑓𝑒𝑞)
2√

𝜋𝑓𝑒𝑞𝑆𝑄(𝑓𝑒𝑞)

4𝜉𝑒𝑞
 (2.34) 

 𝜎�̇� ≈ (2𝜋𝑓𝑒𝑞)𝜎𝑥 (2.35) 

An iterative calculation is needed for determining the response statistics as 

the coefficients of linearization involve unknown 𝜎𝑥. The initial value of 𝜎𝑥  for 

iteration can use that of the corresponding linear elastic system. Usually, response 

statistics can be converged by several iterations.  

For both statistical linearization approach 1 and 2, it is noted that the 

solution through statistical linearization always leads to Gaussian response for 

Gaussian excitation, while the response of the original nonlinear system can be 

non-Gaussian when inelastic behavior is significant. The linear system equations 

will give the exact mean and variance of response as the original nonlinear system 

equations when the true response probability distribution is used in the calculation 

of linearization model coefficients (Roberts and Spanos 2003). The estimations of 

linear system equations will introduce certain level of error when Gaussian 

response distribution is assumed to approximate the unknown distribution.  
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2.2.4 Extreme Response Distribution and Fatigue Damage 

The cumulative distribution function of extreme displacement within a 

time duration of T is calculated following the mean upcrossing theory (e.g., Lutes 

and Sarkani 2004). 

 
𝐹𝑚𝑎𝑥(𝑥) = exp [−∫ 𝜈(𝑥, 𝑡)𝑑𝑡

𝑇

0

] (2.36) 

 
𝜈(𝑥, 𝑡) =

1

2𝜋

𝜎�̇�(𝑡)

𝜎𝑥(𝑡)
exp {−

[𝑥 − 𝜇𝑥(𝑡)]
2

2𝜎𝑥2(𝑡)
} (2.37) 

where 𝜈(𝑥, 𝑡) is the mean crossing rate at level 𝑥. The mean extreme corresponds 

57%-fractile value.  

The mean fatigue damage of a narrow-band Gaussian response process 

with time-varying mean and variance accumulated in the time duration 𝑇 can be 

calculated as (e.g., Chen 2014b) 

 

𝐸[𝐷] =
2
3𝑚
2 𝜈0𝜅𝑠

𝑚

𝐾0
𝛤(1 + 𝑚/2)∫ (

𝑆𝑢
𝑆𝑢 − 𝜅𝑠0𝜇𝑥(𝑡)

)
𝑚

𝜎𝑥
𝑚(𝑡)𝑑𝑡

𝑇

0

 (2.38) 

where 𝐾0 and 𝑚 are material constant and slope of the S-N curve 𝑁 = 𝐾0𝑠
𝑚 (𝑁 is 

the cycle number to cause fatigue damage under stress level 𝑠 ); 𝜈0  is mean 

upcrossing rate at mean level, and 𝜈0 ≈ 𝑓𝑠 for narrowband process; 𝜅𝑠 is a constant 

and can be calculated as the stress due to inertial load with unit displacement; 𝑘𝑠0 

is a constant representing the stress associated with unit mean response; 𝑆𝑢  is 

ultimate stress of the material. The influence of mean stress is accounted based on 

Goodman’s relationship (Goodman 1930; Repetto and Solari 2009). When the 

static stress 𝑘𝑠0𝜇𝑥  is much lower than the umtimate stress 𝑆𝑢 , its influence on 

fatigue damage can be neglected. In the case of broadband process, the effect of 

bandwidth on fatigue damage can be considered (Ding and Chen 2015). 

In the case of zero-mean narrow-band stationary Gaussian response 

process, Eq. (2.38) reduces to 

 

𝐸[𝐷] =
2
3𝑚
2 𝜈0𝑇𝜅𝑠

𝑚

𝐾0
𝜎𝑥
𝑚𝛤(1 + 𝑚/2) 

(2.39) 
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2.3 Inelastic Crosswind Response 

2.3.1 Verification of Statistical Linearization Approaches 

A tall building in a very smooth terrain with a height 𝐻 = 200 m is 

considered. The cross-section is square with a side length  𝐵 = 0.2𝐻. The building 

density is 192  kg/m3. The building has a linear modal shape with a modal 

frequency 𝑓𝑠 = 0.21 Hz and damping ratio 𝜉𝑠 = 1%. The 10-min mean wind speed 

at the building top, 𝑈𝐻, varies from 30 to 80 m/s. The power spectrum of base 

bending moment coefficient 𝐶𝑀(𝑡)  is calculated according to the 

recommendations of Architectural Institute of Japan (AIJ, 2004).  For the 

comparison purpose, the crosswind response of the corresponding linear system is 

computed first. The peak factor calculated with and without consideration of 

narrow-band response feature is 3.04 and 3.30, respectively (Davenport 1964;  

Vanmarcke 1975). The bandwidth parameter is approximately estimated as, i.e., 

𝑞𝑒 = 2(𝜉𝑠/𝜋)
1/2  = 0.11 (Huang et al. 2013a).  

The parameters of the bilinear hysteresis restoring force model used for 

inelastic response analysis are 𝛼=0.25, 0.5 and 0.75, and 𝑥𝑦 = 𝛽𝑥𝑚𝑎𝑥,𝑟𝑒𝑓, where 

𝑥𝑚𝑎𝑥,𝑟𝑒𝑓 = 3.5  m and 𝛽 =0.2, 0.25, 0.3, 0.4, 0.5, 0.6, 0.7 and 0.8. The yield 

displacement 𝑥𝑦  is one of important parameters for inelastic design. It is 

determined by the structural system and is known before the inelastic dynamic 

analysis. In this study, for the purpose of a parametric study to capture general 

characteristics of wind-induced inelastic response, 𝑥𝑚𝑎𝑥,𝑟𝑒𝑓 is chosen according to 

the maximum elastic building top displacement in crosswind direction.  RHA is 

also carried out using Runge-Kutta method. The time step is 0.1 s and duration is 

15 min for each sample, where the first 5-min response is disregarded to eliminate 

the potential transient response effect. The spectral representation method 

(Shinozuka and Jan 1972) is used to simulate the time history of base bending 

moment coefficient from its power spectrum. 20 response time history samples are 

used to determine response statistics from ensemble average at a given wind speed. 
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The case of 𝛼 = 0.25 is selected for verification purpose as it is more challenging 

than the case of larger value of 𝛼.  

The time histories of displacement (𝛼 = 0.25, 𝛽 = 0.2, 𝑈𝐻 = 80 m/s) are 

portrayed in Fig. 2.2, where the corresponding linear responses are also given for 

comparison. Fig. 2.3 shows the restoring force-deformation relation. Compared to 

the elastic response, the response reduction is obvious due to energy dissipation  

by hysteretic loop, especially, when both the yield displacement and second 

stiffness are low. Fig. 2.4a)-c) compare the predicted STDs and mean extreme 

value (STD multiplied by the Gaussian peak factor of 3.04) of building top 

displacement for 𝛼 = 0.25  using the linearization approaches and RHA. The 

linearization approaches give good prediction as compared to that from RHA, 

while lower STDs and higher mean extreme values are resulted when the response 

is well beyond the elastic range. Better response estimation is resulted from the 

first linearization approach than the second one. When the frequency is assumed 

unchanged, the second approach leads to improved estimation as shown in Fig. 

2.4b).  

Fig. 2.4d) shows the peak factor of building top displacement directly 

estimated from 20 response time history samples. The peak factor of inelastic 

response is lower than that of elastic response, which is attributed to the hardening 

non-Gaussian response character with a kurtosis less than 3 as shown in Fig. 2.4e). 

The higher mean extreme values estimated from the linearization approaches 

shown in Fig. 2.4c) are resulted from the overestimated peak factor by using 

Gaussian assumption. The discrepancy of estimated response STD from statistical 

linearization approaches lies in the evaluation of the linearization coefficients 

under the Gaussian response assumption. The standard statistical linearization 

approaches can be improved by using non-Gaussian closure technique and method 

of ENLE approach (Robert and Spanos 2003).  Feng and Chen (2017a) has 

demonstrated that the ENLE approach can provide better estimation of narrow-
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band crosswind response including response STD and peak factor, even with a 

further consideration of nonlinear aerodynamic damping effect.  

The mean fatigue damage of crosswind response is calculated by modelling 

the crosswind response as a zero-mean narrow-band Gaussian process. Fig. 2.4f) 

compares the estimations with the simulation result estimated using rainflow cycle 

counting method. The slope of S-N curve 𝑚 = 3, and mean fatigue damage is 

normalized by 𝜈0𝑇𝑘𝑠
𝑚/𝐾0. The mean fatigue damage is lower than corresponding 

linear system. The linearization approaches give good results which are consistent 

to the extreme response. 

 
Fig. 2.2 Time history sample of elastic and inelastic crosswind building top 

displacement (𝛼 = 0.25, 𝑈𝐻 = 80 m/s) 

 

 
Fig. 2.3 Restoring force-deformation relation (𝑈𝐻 = 80 m/s,  𝛼 = 0.25) 
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a) STD of displacement 

(Linearization 1) 

b) STD of displacement 

(Linearization 2) 

  

c) Mean extreme of displacement d) Peak factor 

  

e) Kurtosis f) Fatigue damage 

Fig. 2.4 Comparison of response statistics (𝛼 = 0.25) 
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The equivalent frequency and damping ratio obtained from two 

linearization approaches are shown in Fig. 2.5. The equivalent frequency is also 

estimated from power spectrum of inelastic response time history. The equivalent 

damping ratio is estimated from STD of velocity of time history record under the 

assumption of white-noise excitation, i.e., Eq. (2.25). It is noted that, while the 

frequency slightly decreases, the damping ratio increases significantly when the 

structure has inelastic behavior. As a result, the inelastic response is lower than 

the elastic response of the corresponding linear elastic system. Fig. 2.5b) shows 

that the statistical linearization approaches overestimate the equivalent damping 

ratio as compared to that from RHA, which can explain the lower response STD 

estimated by the statistical linearization approaches shown in Figs. 4a) and b). The 

second linearization approach leads to a slightly lower 𝑓𝑒𝑞 when inelastic response 

is significant, which explains the higher estimated inelastic response from the 

second approach. This also explains the observation that the estimation of second 

approach is improved as shown in Fig. 2.4b) when the frequency is assumed 

unchanged. The equivalent damping ratio is sensitive to the value of 𝛽 as shown 

in Fig. 2.5b), but the non-Gaussian character is not as displayed by Figs. 4d) and 

e). The larger equivalent damping ratio in the case of significant inelastic response 

(lower 𝛽) might reduce the effect of non-Gaussian character in the estimation of 

STD of inelastic response. This might be the reason why the first linearization 

approach can accurately estimate the inelastic response even well beyond yield 

displacement with non-Gaussian character.  



Texas Tech University, Changda Feng, December 2018 

25 

  

a) Equivalent frequency b) Equivalent damping ratio 

Fig. 2.5 Equivalent linear system (𝛼 = 0.25) 

2.3.2 Characteristics of Inelastic Crosswind Response 

Fig. 2.6a) portrays the STD ratio of inelastic to elastic displacement, 

𝜎𝑥/𝜎𝑥,𝑒 , as a function parameter 𝛽, calculated from RHA. Fig. 2.6b) shows the 

ratio of mean maximum displacement to the yield displacement 𝑥𝑦, referred to as 

ductility factor. The inelastic response STD is generally lower than that of 

corresponding elastic response. The response reduction is more significant when 

the inelastic response is well beyond the yield displacement. The response STD 

decreases but the ductility factor increases with the decrease in the yield 

displacement 𝑥𝑦. It is noted that the effect of stiffness ratio 𝛼 on the response STD 

is insignificant when it is lower than 0.5.  

The influence of building frequency is also examined by changing the 

building frequency to 0.15 Hz and 0.10 Hz. Fig. 2.7 shows the results as functions 

of non-dimensional value of 𝜎𝑥,𝑒/𝑥𝑦 , which can represent the non-dimensional 

generalized force 𝑄∗ . The non-dimensional curves contain the results at  𝑈𝐻 =

30~80 m/s, 𝛽 = 0.2~0.8 and 𝑓𝑠 = 0.1, 0.15 and 0.21 Hz. As mentioned previously, 

the non-dimensional inelastic response STD and ductility factor are determined by 

three non-dimensional parameters:𝛼, 𝜉𝑠, and 𝑄
∗ , where the effect of 𝑄∗  is most 

significant. The results confirm that the effect of building natural frequency can 
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be unified by 𝑄∗. It is evident that the building with a lower frequency, or a higher 

𝜎𝑥𝑒/𝑥𝑦, has a larger reduction in response STD but a higher ductility factor. 

Fig. 2.8a) shows the probability density function (PDF) of building top 

displacement compared with Gaussian distribution in the case of 𝛼 = 0.25, 𝛽 =

0.2 at 𝑈𝐻 = 80  m/s. Fig. 2.8b) is the PDF of corresponding positive peak and 

compared with Rayleigh distribution. The inelastic displacement of well yield 

case has hardening non-Gaussian character. The Hermite translation model can be 

determined using the response kurtosis, from which the PDFs of the hardening 

non-Gaussian response and peak response are calculated (Chen 2014a), which are 

also shown in Fig. 2.8. It demonstrates that the parent and peak distributions of 

displacement can be well estimated from the response kurtosis based on the 

translation process theory (Chen 2014a).  

  

a) STD ratio of displacement  b) Ductility deformation factor 

Fig. 2.6 Non-dimensional response as a function of 𝛽 (𝑈𝐻 = 80  m/s) 
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a) STD ratio of displacement  b) Ductility deformation factor 

Fig. 2.7 Non-dimensional response as a function of non-dimensional parameters 

(𝑓𝑠 = 0.10, 0.15 and 0.21 Hz) 

   

a) Parent distribution b) Peak distribution 

Fig. 2.8 PDFs of displacement and its peak value (𝛼 = 0.25, 𝛽 = 0.2, 𝑈𝐻 = 80 m/s) 

2.3.3 Energy Characteristics of Inelastic Crosswind Response 

The inelastic response can also be examined from point of view of energy. 

The various energy terms can be defined by integrating the equation of motion: 

 
∫ 𝑀𝑠�̈�𝑑𝑥
𝑥

0

+∫ 2𝑀𝑠𝜔𝑠𝜉𝑠�̇�𝑑𝑥
𝑥

0

+∫ 𝑓(𝑥, �̇�)𝑑𝑥
𝑥

0

= ∫ 𝑄(𝑡)𝑑𝑥
𝑥

0

 

 

(2.40) 

where the energy input, kinetic energy, damping energy and restoring force 

energy can be defined as: 
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𝐸𝐼(𝑡) = ∫ 𝑄(𝑡)𝑑𝑥
𝑥

0

                          𝐸𝐾(𝑡) = ∫ 𝑀𝑠�̈�𝑑𝑥
𝑥

0

 

    𝐸𝐷(𝑡) = ∫ 2𝑀𝑠𝜔𝑠𝜉𝑠�̇�𝑑𝑥
𝑥

0

              𝐸𝑅(𝑡) = ∫ 𝑓(𝑥, �̇�)𝑑𝑥
𝑥

0

 

(2.41) 

The restoring force energy includes recoverable strain energy 𝐸𝑆  and 

energy dissipated by yielding 𝐸𝑦: 

 𝐸𝑆(𝑡) =
[𝑓(𝑥, �̇�)]2

2𝑘
;             𝐸𝑌(𝑡) = 𝐸𝑅(𝑡) − 𝐸𝑆(𝑡) (2.42) 

Fig. 2.9 displays the time variations of energy components. The area 

between the input energy and sum of damping energy and yielding energy is the 

sum of kinetic and strain energy. It is shown that the energy dissipation caused by 

yielding increases when system has low yield displacement and small second 

stiffness. Fig. 2.10 shows the ratio of energy dissipated by yielding to the input 

energy, and the ratio of damping energy to the input energy. The energy dissipated 

by yielding increases while the energy dissipated by damping decreases with the 

decrease of 𝛽, which is consistent with the results reported in literature (Tsujita et 

al. 1997). 
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a) 𝛼 = 0.25, 𝛽 = 0.2 b) 𝛼 = 0.25, 𝛽 = 0.5 

  

c) 𝛼 = 0.75, 𝛽 = 0.2 d) 𝛼 = 0.75, 𝛽 = 0.5 

Fig. 2.9 Time variations of energy components ( 𝑈𝐻 = 80 m/s) 

 

Fig. 2.10 The ratio of dissipated energy and total input energy in 10 min (𝑈𝐻 = 80 

m/s) 
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2.4 Inelastic Alongwind Response 

2.4.1 Verification of Analytical Approach 

The same building example used for previous crosswind response analysis 

is used here to examine the inelastic response under alongwind load excitation 

with non-zero mean component. The mean and STD values of alongwind base 

bending coefficient are 0.536 and 0.11 according to AIJ (2004). Fig. 2.11 displays 

the mean and STDs of elastic displacement as functions of wind speed. The effect 

of band-width parameter on the peak factor of displacement can be neglected, 

which is 3.30 calculated from Davenport formula for the time duration of 10 min.  

Due to lower alongwind response as compared to crosswind response, the 

inelastic response is observed only when the yield displacement is low. In order to 

validate the analytical approach and also to develop understanding of the time-

varying response statistics, RHA is implemented using Runge-Kutta method with 

a time step of 0.1 s. The initial displacement and velocity are random Gaussian 

quantities, generated with their elastic stationary mean and STDs. The time-

varying mean and STD are calculated by ensemble average of 200 simulated 

samples, and compared with those computed from linearization approach. For a 

parameter study, the bilinear hysteresis model parameters are chosen as 𝛼=0.25, 

0.50 and 0.75, and 𝛽 = 𝑥𝑦/3.5 m = 0.1, 0.15, 0.2 and 0.25. In the following, the 

statistical linearization approach 1 is used for estimation the response STD around 

mean component.  

The time histories of inelastic displacement and corresponding hysteresis 

loop are displayed in Fig. 2.12 and Fig. 2.13. The yielding causes dispacement 

drift and the system vibrates about the new equilibrium position until it gets 

shifted again by another yielding. In the case of lower yield displacement, the 

displacement drift is faster with more frequent yielding. The second stiffness 𝛼𝑘 

determies the steady-state mean displacement. The hysteretic loops are still 

observed with dissipated energy.   
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Fig. 2.11 Elastic alongwind building top displacement 

 

 

 Fig. 2.12 Time history samples of inelastic alongwind building top displacement 

(𝛼 = 0.25, 𝑈𝐻 = 80 m/s) 

 

  

a) 𝛽 = 0.15 b) 𝛽 = 0.25 

Fig. 2.13 Restoring force-displacement relationship of inelastic alongwind 

response (𝛼 = 0.25, 𝑈𝐻 = 80 m/s) 
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The displacement time history is considered as sum of a component 

associated with displacement drift and fluctuating component due to dynamic 

effect. Both components are stochastic processes. Fig. 2.14 shows the time-

varying mean and STD of displacement at 𝑈𝐻 = 80 m/s, which are calculated from 

ensemble average of 200 response time history samples. This time-varying STD 

of displacement involves the contributions of both drift and fluctuation 

components. It should be mentioned that the time-varying STD of displacement 

calculated from statistical linearization approach corresponds to the contribution 

of fluctuation component only. To validate the accuracy of analytical solutions of 

time-varying mean and STD of displacement, the simulated time history is re-

processed by removing the drift component using DWT. Daubechies orthogonal 

wavelets with an order of 20 and DWT level of 8 are used for extracting the drift 

component with a cut-off frequency of 1/(∆𝑡(28+1)) = 0.02 Hz. The time-varying 

mean calculated from the ensemble average of the drift component are also shown 

in Fig. 2.14a) and c), which is very close to that directly derived from whole time 

history. Therefore, the fluctuating component can be considered as a zero-mean 

stochastic process similar to the case of crosswind response. The time-varying 

STD calculated from the ensemble average of drift component and that of the 

fluctuating component are also shown in Fig. 2.14b) and d). The square root of the 

sum of squares (SRSS) of these two STDs is confirmed to be identical to that 

directly calculated from the whole response time history. The analytical solutions 

of time-varying mean and STD are also shown for comparison. The response STD 

is estimated as quasi-stationary value with spectral analysis using the mean 

response at the corresponding time instant.  

It is observed that the estimated time-varying mean response is quite 

agreeable to that from the RHA. The estimated time-varying STD from the 

linearization approach is also very close to that from RHA with the removal of 

drift component. The time variation of response STD is less significant as 

compared to the mean response. The response STD can be further approximated 
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as that of steady-state response. In this way, only the time variation of mean 

response needs to be considered by solving Eq. (2.9) directly without iteration, 

referring as simplified method. That will greatly simplify the calculation and the 

result shown in Fig. 2.14 proves its satisfactory performance. This simplified 

approach results in a slightly higher time-varying mean response. It may be 

related to the approximation of response STD at the beginning of the transient 

state.  

  

a) Mean of displacement (𝛽 = 0.15) b) STD of displacement (𝛽 = 0.15) 

  

c) Mean of displacement (𝛽 = 0.25) d) STD of displacement (𝛽 = 0.25) 

Fig. 2.14 Comparison of time-varying mean and STD through ensemble average, 

analytical solution and simplified method (𝛼 = 0.25, 𝑈𝐻 = 80 m/s) 

 



Texas Tech University, Changda Feng, December 2018 

34 

 

Fig. 2.15 Comparison of steady-state resonant STD and STD with both resonant 

and background components (𝛼 = 0.25) 

 

Fig. 2.15 compares with the steady-state STD calculated from variance 

equation, i.e., Eq. (2.19), and spectral analysis, i.e., Eq. (2.22), which include only 

resonant component and both background and resonant response components, 

respectively. The result shows that the resonant component is dominant, while the 

background component increases when the inelastic response is significant and the 

system equivalent damping is high. 

Fig. 2.16 portrays the ratio of inelastic to elastic mean maximum 

displacement and ductility factor at 𝑈𝐻 = 80 m/s as functions of duration T. The 

mean maximum inelastic displacement is computed from the extreme value 

distribution determined based on upcrossing theory using the time-varying mean 

and STD of displacement. The time-varying STD for extreme analysis should be 

that without drift component, which can be determined from linearization 

approach. The result from RHA is also shown in Fig. 2.16 for the case of 𝛼 = 0.25. 

The analytical prediction of mean extreme response is very close to that from 

RHA. It is observed that the mean maximum response increases faster with time 

duration when the yield displacement is lower. This is attributed to the 

contribution of time-varying mean response. The maximum displacement can 

have a significant increase when the second stiffness is low because of the 
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increase in mean response. The lower yield displacement and second stiffness also 

cause larger ductility displacement factor. 

Fig. 2.17 displays the mean fatigue damage of alongwind response 

accumulated in the durations 0-600 s for the case of 𝛼 = 0.25. The slope of S-N 

curve 𝑚 = 3 , and mean fatigue damage is normalized by 𝜈0𝑇𝑘𝑠
𝑚/𝐾0 . The 

influence of mean stress on fatigue damage is not accounted under the assumption 

that the mean stress is much less than the ultimate stress. Three different 

calculations are compared, i.e., from rainflow cycle counting response time 

history, based on STD derived from response time history (with removal of drift 

component), and based on the time-varying STD calculated from linearization 

approach. The result shows the analytical solution gives very agreeable mean 

fatigue damage compared with that from RHA, where the drift component has 

almost no contribution to the fatigue damage. Consideration of the bandwidth 

effect using TB method (e.g., Ding and Chen 2015) is noticeable as the 

background response component is not negligible. The fatigue damage will be 

overestimated under the narrow-band response assumption. The error of fatigue 

damage of time-varying STD from linearization is due to the vibration of time-

varying STD at beginning when 𝛽  is small. The estimation of fatigue damage 

from linearization for lower 𝛽  will be improved when first few minutes is 

excluded. It is observed that the mean fatigue damage is lower than corresponding 

linear system due to the decrease of response STD. The fatigue damage decreases 

with the decrease of 𝛽. It should be mentioned when the mean stress is large, its 

influence by increasing fatigue damage should be accounted.  
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a) Ratio of inelastic to elastic 

maximum displacement  

 

b) Ductility deformation factor 

Fig. 2.16 Non-dimensional alongwind response as function of duration 𝑇 (𝑈𝐻 =
80 m/s) 

 

   

a) Without consideration of bandwidth b) With consideration of bandwidth 

Fig. 2.17 Fatigue damage of alongwind response of duration 0-600 s (𝛼 = 0.25) 
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a) 𝛼 = 0.75, 𝛽 = 0.25 b) 𝛼 = 0.25, 𝛽 = 0.15 

Fig. 2.18 Time variations of energy components (𝑈𝐻 = 80 m/s) 

2.4.2 Characteristics of Inelastic Alongwind Response  

The time variations of energy components are shown in Fig. 2.18. The 

initial strain energy caused by initial displacement is added in 𝐸𝐼(𝑡) and 𝐸𝑅(𝑡) in 

Eq. (2.41). There is almost little energy dissipated by yielding for 𝛼 = 0.75  and 

𝛽 = 0.25, but large energy dissipation by yielding is observed for 𝛼 = 0.25 and 

𝛽 = 0.15. 

 Fig. 2.19 shows the time-varying mean response normalized by its steady-

state value. The static response of the corresponding linear system is chosen as its 

initial value. Among the three non-dimensional parameters, i.e., 𝜇𝑄∗, 𝛼 and 𝜉𝑠, the 

effects of 𝜇𝑄∗ and 𝛼 are more significant on the non-dimensional mean response. 

The mean response reaches its steady-state level in a faster rate in the case of 

larger 𝜇𝑄∗ and 𝛼. The effect of yield displacement is reflected in the influence of  

𝜇𝑄∗ . 

The ratio of inelastic to elastic mean maximum displacement and ductility 

displacement factor for a time duration of 10 min are shown in Fig. 2.20, which 

are represented against 𝑥𝑚𝑎𝑥,𝑒/𝑥𝑦 . This ratio 𝑥𝑚𝑎𝑥,𝑒/𝑥𝑦 , to some extent, is a 

representation of the non-dimensional generalized force 𝑄∗ . More specific 

representation of 𝑄∗ should also include the information of the ratio of dynamic to 
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mean response, or gust response factor. The non-dimensional curves contain the 

results at  𝑈𝐻 = 30~80 m/s, 𝛽 = 0.1, 0.15 , 0.2 and 0.25 and 𝑓𝑠 = 0.21, 0.15  and 

0.10 Hz. For the purpose of comparison, the same non-dimensional duration is 

used to calculate maximum response, i.e., 𝑇 = 21, 14 and 10 mins for 𝑓𝑠 = 0.1, 

0.15 and 0.21 Hz, respectively. The time-varying mean response is calculated 

from simplified approach with steady-state STD response. It shows that 𝑄∗ has a 

significant effect on the maximum displacement ratio and ductility factor, while 

the influence of 𝛼 is insignificant when it ranges from 0.5 to 0.75. The inelastic 

response is larger than elastic response in most cases with ductility factor larger 

than that of crosswind response. With increase in 𝑥𝑚𝑎𝑥,𝑒/𝑥𝑦  , the maximum 

inelastic response increases and then slowly decreases, which are associated with 

the increase in mean response and decrease in response STD, respectively. The 

decrease in yield displacement results in increase in ductility factor. The building 

with a larger 𝑥𝑚𝑎𝑥,𝑒/𝑥𝑦 and 𝛼 can benefit from the reduction in response STD with 

only slight increase in the mean response, leading to maximum displacement 

lower than that of corresponding elastic building. However, the corresponding 

ductility factor is high. Fig. 2.20 also demonstrates that the influence of building 

frequency can be unified by 𝑄∗, or 𝑥𝑚𝑎𝑥,𝑒/𝑥𝑦 . 

  

a) Influence of 𝛼 and 𝜇𝑄∗ b) Influence of 𝜉𝑠 (𝛼 = 0.5) 

Fig. 2.19 Non-dimensional time-varying mean response (𝛽 = 0.15) 
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a) Ratio of inelastic to elastic mean 

maximum displacement  

 

b) Ductility deformation factor  

Fig. 2.20 Non-dimensional response as a function of non-dimensional parameters 

(𝑓𝑠 = 0.10, 0.15 and 0.21 Hz) 

2.5 Summary 

The statistical linearization approaches can give good estimation of STD 

value, extreme and fatigue damage of inelastic crosswind response. The 

discrepancies are observed when the inelastic response is significant which leads 

to hardening non-Gaussian response distribution. The non-dimensional inelastic 

crosswind responses are determined by three non-dimensional parameters: 

damping ratio, second stiffness ratio and normalized generalized force, where the 

effect of the normalized generalized force is dominant. The hysteretic restoring 

force introduces additional damping to the system, thus leads to reduction in 

response in terms of response STD, maximum value and fatigue damage as 

compared to those of corresponding linear system. The reduction in response and 

ductility response factor increase with the decrease in yield displacement, 

especially, for more flexible buildings. The inelastic response characteristics were 

also examined with hysteretic and damping energy. 

 The inelastic alongwind response under non-zero mean load excitation 

showed very distinct characteristics from those of crosswind response. The 

yielding causes displacement drift and the system vibrates about the new 

equilibrium until it gets shifted again by another yielding. The inelastic alongwind 
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response can be considered as a sum of stochastic drift and fluctuating 

components. The time-varying mean displacement, as the ensemble average of 

drift component, can be calculated from the state-space equation and determined 

by the normalized mean load, second stiffness ratio and damping ratio. The 

steady-state mean response is determined by mean load and second stiffness. The 

fluctuating component can be considered as zero mean process and has 

characteristics similar to crosswind response. The time-varying STD can be 

estimated as quasi-stationary value and has less time variation as compared to 

mean response. The linearization approach gives good estimation of mean, STD, 

extreme and fatigue damage of inelastic alongwind response.  

While the STD value is reduced, the increase in the mean response, 

however, leads to total inelastic alongwind response noticeably higher than that of 

the corresponding linear system in general. It is especially true when the second 

stiffness is small. In the case with large second stiffness and small yield 

displacement, the inelastic alongwind response can be lower than that of the 

corresponding linear system, but with a quite large ductility factor. Therefore, it is 

quite difficult to benefit from inelastic design against non-zero mean alongwind 

excitation. The alongwind response of tall buildings is in general lower than 

crosswind response. Therefore, building design can permit crosswind response in 

inelastic range while keep alongwind response almost elastic by appropriately 

choosing the design yield displacement and other structural parameters.  
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CHAPTER    3  

CROSSWIND RESPONSE OF TALL BUILDINGS WITH NONLINEAR 

AERODYNAMIC DAMPING AND HYSTERETIC RESTORING FORCE 

CHARACTER 

3.1 Introduction  

Tall buildings and other flexible structures such as chimney and towers 

tend to be more flexible and more sensitive to crosswind loading caused by vortex 

shedding (e.g., Kareem 1982; Kwok 1982; Boggs 1992; Kawai 1992; Cheng et al. 

2002; Repetto and Solari 2006; Tanaka et al. 2012). With a decrease in structural 

frequency, the reduced wind speed increases such that the crosswind response at 

the vicinity of vortex lock-in wind speed needs to be carefully studied.  At the 

vicinity of lock-in wind speed, crosswind response is affected by both self-excited 

and buffeting forces and the nonlinear aerodynamic damping effect resulted from 

the self-excited force becomes significant. The time variation of crosswind 

response is between a steady sinusoidal variation and a stochastic process and has 

a lower peak factor and fatigue damage than that of traditional buffeting response 

(e.g., Vickery and Basu 1983; Basu and Vickery 1983; Vickery and Steckley 1993; 

Ohkuma et al. 1994; Chen 2013, 2014a and b). Chen (2013 and 2014a) showed 

that the nonlinear aerodynamic damping effect drives the crosswind response to 

have hardening non-Gaussian distribution, which is responsible to the reduced 

peak factor and fatigue damage. The traditional effective damping approach for 

modeling the nonlinear aerodynamic damping cannot provide accurate estimations 

of root-mean-square (RMS) response, extreme value distribution and fatigue 

damage. Chen (2013) presented complete analytical solutions of crosswind 

response statistics using ENLE approach, which include not only RMS response, 

but also response kurtosis, probability distributions of vibration displacement and 

amplitude, and extreme value distribution. The ENLE approach also gives closed-

form estimation of fatigue damage (Chen 2014b). Chen (2013, 2014a and b) also 
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presented approaches of estimating peak factor and fatigue damage using response 

kurtosis based on translational process theory.   

Tall buildings and other structures with hysteretic dampers and base 

isolation systems have inelastic restoring force characteristics (Sato et al. 2008; 

Katagiri et al. 2014; Ikegami et al. 2014). The crosswind response of these 

structures at the vicinity of vortex lock-in wind speed is of interest in structural 

design. In addition, there is a need to push the envelope of current linear elastic 

design framework and to develop a better understanding of inelastic crosswind 

response of structures when aeroelastic effect is significant. Chapter II introduced 

statistical linearization approaches for estimating inelastic crosswind response 

where the nonlinear aerodynamic damping effect was not accounted. The results 

demonstrated that the crosswind response can be reduced considerably due to 

hysteretic damping associated with inelastic response.  

This chapter presents an analytical framework for estimating stochastic 

crosswind response of tall buildings with both nonlinear aerodynamic damping 

and bilinear hysteretic restoring force character. To obtain closed-form solutions, 

both the nonlinear aerodynamic damping and bilinear hysteretic damping are 

represented in terms of polynomial functions of amplitude of narrow-band 

response. This permits analytical estimations of response statistics using ENLE 

approach, which include RMS response, kurtosis, extreme value distribution and 

fatigue damage. The analytical estimations are compared with those from response 

time history simulations. The results demonstrate that the ENLE approach is able 

to give accurate estimation of response statistics. Using this newly established 

analytical framework, parametric studies are carried out to examine the inelastic 

crosswind response with consideration of nonlinear aerodynamic damping effect. 

This study also reexamines the inelastic crosswind response using the ENLE 

approach at wind speed region where the aerodynamic damping can be neglected. 

The results show the advantage of the ENLE approach over the statistical 

linearization approach for estimating narrow-band crosswind response. 



Texas Tech University, Changda Feng, December 2018 

43 

3.2 Analytical framework 

3.2.1 Equation of crosswind response 

The equation of building motion under crosswind excitation in terms of 

first modal response is expressed as:  

 𝑀𝑠�̈�1 + 2𝑀𝑠𝜔𝑠𝜉𝑠�̇�1 + 𝑓(𝑥1, �̇�1) = 𝑄(𝑡) (3.1) 

 
𝑀𝑠 = ∫ 𝑚(𝑦)𝜙2(𝑦)

𝐻

0

𝑑𝑦;   

𝑄(𝑡) = 1/2𝜌𝑈2𝐵𝐻(𝜂𝑠𝑒𝐶𝑀𝑠𝑒(𝑡) + 𝜂𝑏𝐶𝑀𝑏(𝑡)) 

(3.2) 

where 𝑀𝑠  and 𝜉𝑠  are generalized mass and damping ratio; 𝜔𝑠  is natural modal 

frequency calculated by using the initial generalized stiffness 𝑘, i.e., 𝜔𝑠 = 2𝜋𝑓𝑠 =

√𝑘/𝑀𝑠   ; 𝑓(𝑥1, �̇�1) is the generalized hysteretic restoring force; 𝑥1 is generalized 

displacement, and is the building top displacement when mode shape 𝜙(𝑦)  is 

normalized as  𝜙(𝐻) = 1; 𝑄(𝑡) is generalized force, which is given by the base 

bending moment including self-excited (motion-induced) and buffeting 

components with mode shape correction factors 𝜂𝑠𝑒 and 𝜂𝑏. For the linear mode 

shape, i.e., 𝜙(𝑦) = 𝑦/𝐻, 𝜂𝑠𝑒 = 𝜂𝑏 = 1; 𝑚(𝑦) is building mass per unit height; 𝜌 is 

air density; 𝑈 is wind speed at building top; 𝐵 is building width; 𝐻  is building 

height; and 𝐶𝑀𝑠𝑒(𝑡)  and 𝐶𝑀𝑏(𝑡) are self-excited (motion-induced) and buffeting 

components of base bending moment coefficient, which are determined by high-

frequency-force-balance (HFFB) measurement in wind tunnel. 

The bilinear hysteretic restoring force 𝑓(𝑥1, �̇�1) as shown in Fig. 2.1 can be 

expressed as (e.g., Lutes and Sarkani 2004):  

 𝑓(𝑥1, �̇�1) = 𝛼𝑘𝑥1 + (1 − 𝛼)𝑘𝑧1 (3.3) 

 �̇�1 = �̇�1{1 − 𝑢(𝑧1 − 𝑥𝑦1)𝑢(�̇�1) − 𝑢(−𝑧1 − 𝑥𝑦1)𝑢(−�̇�1)} (3.4) 

where 𝛼  is ratio of the second stiffness to initial stiffness 𝑘 ; 𝑧1  is hysteretic 

displacement; 𝑢(∙) is unit step function; and 𝑥𝑦1 is yield displacement. For linear 

system, 𝛼 = 1, and 𝑧1(𝑡) = 𝑥1(𝑡).  
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The self-excited moment coefficient 𝐶𝑀𝑠𝑒(𝑡)  is often determined using 

forced-vibration model testing in wind tunnel, where the model is forced to have a 

harmonic vibration in terms of normalized non-dimensional displacement 𝑥(𝑡) =

𝑥1(𝑡)/𝐵 =  𝑥𝑚𝑎𝑥 sin (𝜔𝑡)  with a linear mode shape. The measured moment 

coefficient 𝐶𝑀𝑠𝑒(𝑡) is expressed in terms of vibration displacement and velocity as 

 
𝐶𝑀𝑠𝑒(𝑡) = 𝐾𝐻1

∗
𝐵�̇�

𝑈
+ 𝐾2𝐻4

∗𝑥 (3.5) 

where 𝐾 = 𝜔𝐵/𝑈 is reduced frequency and 2𝜋/𝐾 = 𝑈/𝑓𝐵 is reduced wind speed; 

𝐻1
∗  and 𝐻4

∗  are aerodynamic derivatives and are functions of reduced frequency 

and vibration amplitude, representing aerodynamic damping and stiffness effects, 

respectively.  

The influence of aerodynamic stiffness on structural frequency is 

negligibly small, thus the equation of motion in terms of non-dimensional 

displacement is represented as 

 �̈� + 2𝜔𝑠(𝜉𝑠 + 𝜉𝑎)�̇� + 𝛼𝜔𝑠
2𝑥 + (1 − 𝛼)𝜔𝑠

2𝑧

=
1

2
(
𝜌𝐵2

𝑚𝑠
)(
𝑈2

𝐵2
)𝜂𝑏𝜂𝐶𝑀𝑏(𝑡) 

(3.6) 

 �̇� = �̇�{1 − 𝑢(𝑧 − 𝑥𝑦)𝑢(�̇�) − 𝑢(−𝑧 − 𝑥𝑦)𝑢(−�̇�)} (3.7) 

 
𝜉𝑎 = −

1

4
(
𝜌𝐵2

𝑚𝑠
)𝜂𝑠𝑒𝜂𝐻1

∗ (3.8) 

 𝑚𝑠 =
𝑀𝑠

∫ 𝜙2(𝑦)
𝐻
0 𝑑𝑦

;   𝜂 =
𝐻

∫ 𝜙2(𝑦)
𝐻
0 𝑑𝑦

 (3.9) 

where 𝑥 = 𝑥1/𝐵; 𝑧 = 𝑧1/𝐵; 𝑥𝑦 = 𝑥𝑦1/𝐵 are non-dimensional displacements; 𝜉𝑎  is 

aerodynamic damping ratio; 𝑚𝑠 is effective building mass per unit height; 𝜂 is a 

non-dimensional parameter related to mode shape, and 𝜂 = 3 in the case of linear 

mode shape.  

Introducing the non-dimensional parameters and variables: 

𝑡∗ = 𝜔𝑠𝑡;    𝑥
∗(𝑡∗) =

𝑥(𝑡)

𝑥𝑦 
;  𝑧∗(𝑡∗) =

𝑧(𝑡)

𝑥𝑦 
;    𝑥∗′(𝑡∗) =

𝑑𝑥∗(𝑡∗)

𝑑𝑡∗
=
�̇�(𝑡)

𝜔𝑠𝑥𝑦
;      (3.10) 
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𝑥∗′′(𝑡∗) =
𝑑2𝑥∗(𝑡∗)

𝑑𝑡∗2
=
�̈�(𝑡)

𝜔𝑠2𝑥𝑦
;     𝑧∗′(𝑡∗) =

𝑑𝑧∗(𝑡∗)

𝑑𝑡∗
=
�̇�(𝑡)

𝜔𝑠𝑥𝑦 
 

the equation of motion is then expressed as: 

𝑥∗′′ + 2(𝜉𝑠 + 𝜉𝑎)𝑥
∗′ + 𝛼𝑥∗ + (1 − 𝛼)𝑧∗ =

1

8𝜋2𝑥𝑦
(
𝜌𝐵2

𝑚𝑠
)(

𝑈

𝑓𝑠𝐵
)
2

𝜂𝑏𝜂𝐶𝑀𝑏 (3.11) 

𝑧∗′ = 𝑥∗′{1 − 𝑢(𝑧∗ − 1)𝑢(𝑥∗′) − 𝑢(−𝑧∗ − 1)𝑢(−𝑥∗′)} (3.12) 

This non-dimensional equation clearly reveals the influencing non-

dimensional parameters on crosswind response. For instance, the influence of 

building frequency on response is reflected by the reduced wind speed 𝑈/𝑓𝑠𝐵. 

3.2.2 Modelling of nonlinear aerodynamic damping 

The aerodynamic damping ratio in Eq. (3.8) determined from forced-

vibration testing with harmonic motion is denoted as 𝜉𝑎𝑒𝑞 . At a given reduced 

frequency 𝐾 , 𝜉𝑎𝑒𝑞  is a nonlinear function of vibration amplitude 𝑥𝑚𝑎𝑥  or RMS 

response 𝜎𝑥 = 𝑥𝑚𝑎𝑥/√2, and can be expressed as follows for 𝜉𝑎𝑒𝑞1 = 𝑚𝑠𝜉𝑎𝑒𝑞/𝜌𝐵
2: 

 𝜉𝑎𝑒𝑞1(𝑥𝑚𝑎𝑥) = 𝑎1 + 𝑎2𝑥𝑚𝑎𝑥 + 𝑎3𝑥𝑚𝑎𝑥
2  (3.13) 

where 𝑎1, 𝑎2  and 𝑎3  are independent of amplitude 𝑥𝑚𝑎𝑥 , but are function of 

reduced frequency 𝐾 . While the second-order polynomial function for the 

aerodynamic damping is used here, the analysis framework can be readily 

extended to the case with a higher-order polynomial function.  

An aerodynamic damping model as a nonlinear function of time-varying 

velocity and/or displacement is required for a stochastic response analysis . The 

nonlinear aerodynamic damping in terms of 𝜉𝑎1 = 𝑚𝑠𝜉𝑎/𝜌𝐵
2 can be given as a 

polynomial function of non-dimensional velocity of vibration 𝐵�̇�/𝑈  as (Chen 

2013) 

 
𝜉𝑎1(�̇�) = 𝐴1 +

𝐴2
𝐾
(
𝐵|�̇�|

𝑈
) +

𝐴3
𝐾2
(
𝐵�̇�

𝑈
)
2

 (3.14) 
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where the model coefficients are 𝐴1 = 𝑎1 , 𝐴2 = 3𝜋𝑎2/8 , and 𝐴3 = 4𝑎3/3 . The 

nonlinear aerodynamic damping can also be expressed as a polynomial function of 

time-varying displacement (Chen 2013).  

After modelling aerodynamic damping in term of velocity or displacement, 

the equation of motion can be solved in the time domain using a step-by-step 

integration method such as Newmark's method. It can also be solved by Runge-

Kutta method based on the state-space equation.  

3.2.3 Modelling of nonlinear hysteretic damping 

The nonlinear hysteretic displacement 𝑧(𝑡) can be linearized as a linear 

function of displacement and velocity response through statistical linearization 

(e.g., Lutes and Sarkani 2004): 

 𝑧 = 𝑏0 + 𝑏1𝑥 + 𝑏2�̇� (3.15) 

 
𝑏0 = 0;    𝑏1 = 

𝐸[𝑥𝑧]

𝜎𝑥2
     ;     𝑏2 =

𝐸[�̇�𝑧]

𝜎�̇�
2    (3.16) 

where 𝐸[ ] is expectation operator. 

As 𝑧(𝑡) depends on the entire history of response, up to time 𝑡, and the 

appropriate technique for estimating the expectations in above equation is not 

obvious (Robert and Spanos 2003), Caughey (1960) proposed an average method 

that is particularly useful when the response is a narrow-band process. It gives  

 
𝑏0 = 0;    𝑏1 = 

∮ 𝑥𝑧𝑑𝑡

∮𝑥2𝑑𝑡
     ;     𝑏2 =

∮ �̇�𝑧𝑑𝑡

∮ �̇�2𝑑𝑡
   (3.17) 

where ∮  is the integration over one hysteresis loop.  

The narrow-band displacement and velocity response 𝑥(𝑡)  and �̇�(𝑡)  are 

written in term of amplitude 𝐴(𝑡) and phase 𝜃(𝑡): 

 𝑥 = 𝐴 cos(𝜔(𝐴)𝑡 + 𝜃) (3.18a) 

 �̇� = 𝜔(𝐴)𝐴 sin(𝜔(𝐴)𝑡 + 𝜃) (3.18b) 
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Substituting Eq. (3.18a) into Eq. (3.17), the equivalent damping and 

frequency resulted from hysteretic force can be determined as (e.g., Caughey 1960; 

Roberts and Spanos 2003):  

 
𝜉ℎ𝑒𝑞 =

(1 − 𝛼)𝜔𝑠𝑏2
2

=
(1 − 𝛼)𝜔𝑠𝑆(𝐴)

2𝐴𝜔ℎ𝑒𝑞
 (3.19a) 

 

𝜔ℎ𝑒𝑞 = 𝜔𝑠√𝛼 + (1 − 𝛼)𝑏1 = 𝜔𝑠√𝛼 + (1 − 𝛼)
𝐶(𝐴)

𝐴
 (3.19b) 

where  

 
𝑆(𝐴) = −

1

𝜋
∫ 𝑧(𝐴, 𝑡) sin 𝜒 𝑑𝜒
2𝜋

0

 (3.20a) 

 
𝐶(𝐴) =

1

𝜋
∫ 𝑧(𝐴, 𝑡) cos 𝜒 𝑑𝜒
2𝜋

0

 (3.20b) 

where 𝑧(𝐴, 𝑡) is 𝑧(𝑡) corresponding to a harmonic variation of 𝑥(𝑡); and 𝜒 = 𝜔𝑡 +

𝜃. 

In the case of bilinear hysteretic restoring force, Eq. (3.20) can be 

determined by (Caughey 1960)  

 

𝑆(𝐴) = {

4𝑥𝑦

𝜋
(1 −

𝑥𝑦

𝐴
) 𝐴 > 𝑥𝑦

0 𝐴 ≤ 𝑥𝑦

 (3.21a) 

 

𝐶(𝐴) = {

𝐴

𝜋
[Λ − 0.5sin (2Λ)] 𝐴 > 𝑥𝑦

𝐴 𝐴 ≤ 𝑥𝑦

 (3.21b) 

where cos(Λ) = 1 −
2𝑥𝑦

𝐴
. 
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a) 𝜔ℎ𝑒𝑞/𝜔𝑠 b) 𝜉ℎ𝑒𝑞 

Fig. 3.1 Equivalent frequency and damping from hysteretic force as functions of 

amplitude ratio 𝐴/𝑥𝑦 

 

Fig. 3.1 shows the equivalent frequency and damping as functions of 

amplitude for different stiffness ratio 𝛼. The inelastic response yields reduction in 

frequency and increase in damping. This effect increases with increasing vibration 

amplitude 𝐴/𝑥𝑦  and decreasing 𝛼. For lightly yield case (i.e., 𝐴/𝑥𝑦  ≤ 1.5) with 

𝛼 ≥ 0.25 , the reduction in frequency can be neglected, i.e., 𝜔ℎ𝑒𝑞 ≈ 𝜔𝑠 . The 

estimated hysteretic damping with this approximation is also shown in Fig. 3.1b) 

in the dashed lines. 

For random excitation and response, the equivalent hysteretic damping 

ratio and frequency can be calculated as follows, which are identical to those 

derived through statistical linearization (e.g., Roberts and Spanos 2003): 

 
𝜉ℎ𝑒𝑞 =

(1 − 𝛼)𝜔𝑠
2

𝐸[𝐴𝑆(𝐴)]

𝜔ℎ𝑒𝑞𝐸[𝐴2]
 (3.22a) 

 

𝜔ℎ𝑒𝑞 = 𝜔𝑠√𝛼 + (1 − 𝛼)
𝐸[𝐴𝐶(𝐴)]

𝐸[𝐴2]
 (3.22b) 

In order to calculate equivalent hysteretic damping ratio and frequency, the 

PDF of amplitude 𝐴(𝑡) need to be assumed or given. If the response process is 

assumed to be Gaussian distribution, the amplitude distribution will follow 
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Rayleigh distribution. The expectations in Eq. (3.22) are then calculated as 

(Caughey 1960): 

 𝐸[𝐴𝐶(𝐴)]

𝐸[𝐴2]
= 1 −

8

𝜋
∫ (

1

𝑟3
+

𝑥𝑦
2

2𝑟𝜎𝑥2
) (𝑟 − 1)0.5exp(

−𝑥𝑦
2𝑟2

2𝜎𝑥2
)𝑑𝑟

∞

1

 (3.23a) 

 
𝐸[𝐴𝑆(𝐴)]

𝐸[𝐴2]
= √

2

𝜋
∙
𝑥𝑦

𝜎𝑥
[1 − Φ(

𝑥𝑦

𝜎𝑥
)] (3.23b) 

where Φ(∙) is CDF of standardized Gaussian variable. It is noted that Eq. (3.23) 

only involves unknown variable 𝜎𝑥.   

3.2.4 Determination of steady-state amplitude of self-excited motion 

The steady-state amplitude of the harmonic vibration without consideration 

of the effect of buffeting force can be determined from the solution of the 

following equation which corresponds to zero total system damping:  

 𝜉𝑡 = 𝜉𝑠 + 𝜉𝑎𝑒𝑞 + 𝜉ℎ𝑒𝑞 = 0  (3.24a) 

which gives 

 𝑆𝑐𝑟 + 𝑆𝑐𝑟,𝑎 + 𝑆𝑐𝑟,ℎ = 0 (3.24b) 

 
𝑆𝑐𝑟 + (𝑎1 + 𝑎2𝐴 + 𝑎3𝐴

2) + (
𝑚𝑠

𝜌𝐵2
) (
(1 − 𝛼)𝑆(𝐴)

2𝐴
) = 0 (3.24c) 

where 𝑆𝑐𝑟 = 𝑚𝑠𝜉𝑠/(𝜌𝐵
2)  is Scruton number;  𝑆𝑐𝑟,𝑎 =𝑚𝑠𝜉𝑎𝑒𝑞/(𝜌𝐵

2)  and 𝑆𝑐𝑟,ℎ =

𝑚𝑠𝜉ℎ𝑒𝑞/(𝜌𝐵
2) are Scruton number associating with 𝜉𝑎𝑒𝑞 and 𝜉ℎ𝑒𝑞. 

In order to find a stable steady-state amplitude, the root of total system 

damping should be selected when total damping changes from negative to positive  

when the vibration amplitude acrosses the steady-state amplitude. It is obvious 

that the steady-steady amplitude is affected by non-dimensional parameters 𝑆𝑐𝑟, 

𝑚𝑠/𝜌𝐵
2 , 𝑥𝑦  and 𝛼 . It is interesting to note that, due to the contribution of 

hysteretic damping, the influence of building mass and damping ratio cannot be 

unified by Scruton number. This is a unique character of inelastic crosswind 

response which is distinct from elastic response. 
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3.2.5 Determination of statistics of random response  

For narrow-band inelastic response which does not significantly exceed the 

yield displacement, the equivalent frequency can be regarded as 𝜔ℎ𝑒𝑞 ≈ 𝜔𝑠, and 

total energy of system is expressed as: 

 
𝐸 =

1

2
𝜔𝑠
2𝐴2;            𝐴 = (

�̇�2

𝜔𝑠2
+ 𝑥2)

1/2

 (3.25) 

Clearly, both the aerodynamic damping and hysteretic damping ratio can 

be written as functions of energy from Eqs. (3.13) and (3.19a): 

 𝜉𝑎𝑒𝑞(𝐸) = (
𝜌𝐵2

𝑚𝑠
)(𝐴1 +

8

3𝜋
𝐴2 (

2𝐸

𝜔𝑠
2
)

1
2
+
3

4
𝐴3 (

2𝐸

𝜔𝑠
2
)) (3.26) 

 𝜉ℎ𝑒𝑞(𝐸) =

{
 
 

 
 2(1 − 𝛼)

𝜋
(
𝑥𝑦𝜔𝑠

√2𝐸
−
𝑥𝑦
2𝜔𝑠

2

2𝐸
) 𝐸 >

1

2
𝜔𝑠
2𝑥𝑦

2

0 𝐸 ≤
1

2
𝜔𝑠
2𝑥𝑦

2

 (3.27) 

The total nonlinear damping force is  

𝑏(𝑥, �̇�) = 2(𝜉𝑠 + 𝜉𝑎𝑒𝑞 + 𝜉ℎ𝑒𝑞)𝜔𝑠�̇� = ∑ 𝑐𝑠𝐻𝑠(𝐸)�̇�

3

𝑠=−1

 (3.28) 

𝑐1 = 2𝜉𝑠𝜔𝑠 + 2𝐴1 (
𝜌𝐵2

𝑚𝑠
)𝜔𝑠;       𝑐2 =

16

3𝜋
𝐴2 (

𝜌𝐵2

𝑚𝑠
) ;           

𝑐3 =
3

2
𝐴3 (

𝜌𝐵2

𝑚𝑠
)/𝜔𝑠 ; 

(3.29a) 
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2
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1

2
𝜔𝑠
2𝑥𝑦

2

;   

𝑐0 = {

4𝑥𝑦𝜔𝑠
2(1 − 𝛼)

𝜋
𝐸 >

1
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𝜔𝑠
2𝑥𝑦

2
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1
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𝜔𝑠
2𝑥𝑦

2

 

(3.29b) 

where 𝐻𝑠(𝐸) = (2𝐸)
(𝑠−1)/2 .  
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The equation of motion is 

 
�̈� + 𝑏(𝑥, �̇�) + 𝜔𝑠

2𝑥 =
1

2
(
𝜌𝐵2

𝑚𝑠
)(
𝑈2

𝐵2
) 𝜂𝑏𝜂𝐶𝑀𝑏(𝑡) (3.30) 

Caughey (1964) showed that an exact solution for the PDF of 

amplitude can be derived as (Robert and Spanos 2003; Chen 2013): 

 

𝑓𝐴(𝐴) = 𝐶𝐴𝐴 exp(−
1

𝜋𝑆0
∫ ∑ 𝑐𝑠𝐻𝑠(𝐸)

3

𝑠=−1

𝑑𝐸

1
2
𝜔𝑠
2𝐴2

0

) 

= {
𝑓𝐴0(𝐴) exp  {−

4𝑥𝑦
2𝜔𝑠

3(1 − 𝛼)

𝜋2𝑆0
(− ln

𝐴

𝑥𝑦
+
𝐴

𝑥𝑦
− 1)} 𝐴 > 𝑥𝑦

𝑓𝐴0(𝐴) 𝐴 ≤ 𝑥𝑦

 

(3.31a) 

 
𝑓𝐴0(𝐴) = 𝐶𝐴𝐴 exp  (−

𝜔𝑠
3𝐴2

𝜋𝑆0
{𝜉𝑠 + (

𝜌𝐵2

𝑚𝑠
)(𝐴1 +

16

9𝜋
𝐴2𝐴 +

3

8
𝐴3𝐴

2)}) (3.31b) 

where 𝐶𝐴 is a normalization constant for the PDF function; and 𝑆0 is the power 

spectrum of white noise loading excitation in terms of double-sided spectrum with 

respect to circular frequency. According to the equation of motion, i.e., Eq. (3.6), 

𝑆0  is given in terms of one-sided power spectrum of 𝐶𝑀𝑏(𝑡)  at the structural 

frequency, 𝑆𝐶𝑀𝑏(𝑓𝑠), as 

 
𝑆0 =

1

16𝜋
(
𝜌𝐵2

𝑚𝑠
)

2

(
𝑈2

𝐵2
)

2

𝜂𝑏
2𝜂2𝑆𝐶𝑀𝑏(𝑓𝑠) (3.32) 

The PDF of displacement and the RMS value and kurtosis of displacement 

can be calculated (Chen, 2013): 

 
𝑓𝑥(𝑥) =

1

𝜋
∫

𝑓𝐴(𝐴)

√𝐴2 − 𝑥2
𝑑𝐴 

∞

|𝑥|

 (3.33) 

 
𝜎𝑥
2 =

1

2
𝐸[𝐴2];       𝛼4𝑥 =

3

8
𝐸[𝐴4]/𝜎𝑥

4    (3.34) 

The corresponding equivalent damping ratio can be re-calculated from 𝜎𝑥:  

 
𝜉𝑒𝑞 =

𝜋𝑆0
2(2𝜋𝑓𝑠)3𝜎𝑥2

 (3.35) 

which is identical to that derived from the statistical linearization: 
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𝜉𝑒𝑞 =

𝐸[�̇�𝑏(𝑥, �̇�)]/(2𝜔𝑠)

𝜎�̇�
2 = 𝜉𝑠 + 𝜉𝑎𝑒𝑞 + 𝜉ℎ𝑒𝑞 (3.36a) 

 
𝜉𝑎𝑒𝑞 = (

𝜌𝐵2

𝑚𝑠
)(𝐴1 +

8

3𝜋

𝐸[𝐴3]

𝐸[𝐴2]
𝐴2 +

3

4

𝐸[𝐴4]

𝐸[𝐴2]
𝐴3) (3.36b) 

 

𝜉ℎ𝑒𝑞 = {
2𝑥𝑦(1 − 𝛼)

𝜋

∫ (𝐴 − 𝑥𝑦)𝑓𝐴(𝐴)𝑑𝐴
∞

𝑥𝑦

𝐸[𝐴2]
𝐴 > 𝑥𝑦

0 𝐴 ≤ 𝑥𝑦

 (3.36c) 

where 𝜉𝑎𝑒𝑞  and 𝜉ℎ𝑒𝑞  are equivalent aerodynamic damping ratio and hysteretic 

damping ratio. It is obvious that in the case of deterministic narrow-band response, 

the above expression of 𝜉𝑎𝑒𝑞 is identical to Eq. (3.13) where 𝑥𝑚𝑎𝑥 = 𝐴. It is also 

clear that the above expression of 𝜉ℎ𝑒𝑞 is identical to Eq. (3.19a) and (3.22a) for 

deterministic and random narrow-band responses, respectively.   

The CDF of extreme value of displacement within time duration 𝑇  is 

calculated based on Poisson assumption of crossings (Rice 1954):  

 𝐹𝑚𝑎𝑥(𝑥) = exp{−𝜈(𝑥)𝑇} (3.37) 

 
𝜈(𝑥) = ∫ �̇�𝑓(𝑥, �̇�)𝑑�̇�

∞

0

= 𝑓𝑠∫ 𝑓𝐴(𝐴)𝑑𝐴
∞

𝑥

= 𝑓𝑠[1 − 𝐹𝐴(𝑥)] (3.38) 

where 𝜈(𝑥) is upcrossing rate at level 𝑥; and 𝐹𝐴(𝑥) is CDF of 𝐴(𝑡). The mean 

extreme value   within duration 𝑇  can be determined as 57%-fractile value, i.e., 

𝐹𝑚𝑎𝑥(𝑥) = 0.57. The influence of narrow-band character on crossing rate can be 

further accounted (Vanmarcke 1975; Chen 2013). 

The mean fatigue damage accumulated in time period 𝑇 can be calculated 

from all individual cycles by adopting the Miner-Palmgren rule (e.g., Chen 2014b): 

 
𝐸[𝐷] =

2𝑚𝜈0𝑇𝜅𝑠
𝑚

𝐾0
𝐸[𝐴𝑚] (3.39) 

where 𝐾0  and 𝑚 are material constant and slope of the S-N curve 𝑁 = 𝐾0𝑠
𝑚 (N is 

the cycle number to cause fatigue damage under stress level 𝑠 ); 𝜈0  is mean 

upcrossing rate at zero-mean level, and 𝜈0 = 𝑓𝑠 for narrow-band process; 𝜅𝑠  is a 
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constant and can be calculated as the stress due to inertial load with unit 

displacement. 

It is worth mentioning that this analytical framework for inelastic narrow-

band response can be readily extended to other hysteretic resisting force models 

like Bouc-Wen model (Wen 1976) and others, where Eq. (3.20) is calculated 

numerically and the hysteretic damping is then represented as a polynomial 

function of vibration amplitude.  

3.3 Results and discussions 

3.3.1 Steady-state response of self-excited vibration 

In this study, a square-shaped tall building in urban area is considered as 

an example. The aspect ratio of building 𝐻/𝐵 = 13.3. The fundamental modal 

shape for both elastic and inelastic buildings is assumed as linear over the 

building height, i.e., 𝜙(𝑦) = 𝑦/𝐻. The aerodynamic damping ratio as function of 

vibration amplitude at different reduced wind speed is calculated using the model 

introduced by Watanabe et al. (1997) that was developed based on wind tunnel 

data.  In wind tunnel test, the power law exponent of mean wind speed profile was 

around 0.11, and turbulence intensity at the building height was about 6% 

(Vickery and Steckley 1993).  The aerodynamic damping ratio at each reduced 

wind speed is fitted into second order polynomial function of amplitude (Chen 

2013). The bilinear hysteresis force model is defined with the parameter 𝛼=0.25, 

0.5, 0.75 and 0.95, and 𝑥𝑦 = 𝛽𝑥𝑟𝑒𝑓 , where 𝑥𝑟𝑒𝑓=0.30 is pre-selected reference 

non-dimensional displacement of 𝑥(𝑡) = 𝑥1(𝑡)/𝐵, and 𝛽 =0.2, 0.3, 0.4, 0.5, 0.7 

and 0.9. The relative wide range of parameter 𝛼 is selected for parameter study 

purpose and lower value 𝛼 for validation. A higher value of 𝛼 needs to be selected 

for realistic practice problem due to mean drift of along wind excitation (Feng and 

Chen 2018a). The non-dimensional response is function of reduced wind speed 

according to non-dimensional equation of motion.  
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Fig. 3.2 shows the elastic steady-state RMS response of self-excited 

vibration at different system damping ratio when the mass parameter 𝑚𝑠/𝜌𝐵
2 =

172. The RMS response of elastic steady-state response is a function of Scruton 

number 𝑆𝑐𝑟 = 𝑚𝑠𝜉𝑠/𝜌𝐵
2. Both the RMS response and the wind speed region for 

self-excited vibration decrease with the increase in Scruton number. The effect of 

Scruton number on response is more sensitive when it is low. That is directly 

related to the nonlinear dependence of aerodynamic damping on vibration 

amplitude. Fig. 3.3 shows the corresponding inelastic steady-state RMS response 

for 𝜉𝑠 = 0.5%  and 1.0%  with different yielding displacement or value of 

parameter 𝛽. In addition to the mass parameter 𝑚𝑠/𝜌𝐵
2 = 172, two other values, 

i.e., 𝑚𝑠/𝜌𝐵
2 = 86 and 344, are also used to investigate the potential influence of 

𝑚𝑠/𝜌𝐵
2 even with same Scruton number. It is evident that, with the decrease in 

yielding displacement, the hysteretic damping increases and the steady-state 

response decreases. It can be found the response increases with the decreasing of 

mass parameter when other parameters are same by comparing with Fig. 3.3a) and 

b). It is also observed that the response is not sensitive to parameter 𝛼 and the 

effect of mass parameter 𝑚𝑠/𝜌𝐵
2 and system damping ratio 𝜉𝑠 can be unified by 

Scruton number in general as shown in Fig. 3.3a)-e). This is due that equivalent 

hysteretic damping ratio are very sensitive to amplitude and can compensate the 

change of 𝑚𝑠/𝜌𝐵
2 to keep 𝑆𝑐𝑟,ℎ  almost constant for different mass parameter as 

shown in Fig. 3.4a). But this statement becomes invalid in the case of lower 

Scruton number and yield displacement while the parameter 𝛼 is very close to 1 as 

shown in Fig. 3.3e) and 4f). It is related to the fact that 𝜉ℎ𝑒𝑞 is less sensitive to 𝐴 

when 𝐴/𝑥𝑦 is large as Fig. 3.1b) shown. In the case of Fig. 3.3f) at 𝑈/𝑓𝑠𝐵=14.4, 

𝐴/𝑥𝑦 =1.4 for 𝑚𝑠/𝜌𝐵
2 = 172  and 𝐴/𝑥𝑦 =3.5 for 𝑚𝑠/𝜌𝐵

2 = 86 , but equivalent 

hysteretic damping ratio 𝜉ℎ𝑒𝑞 ≈ 0.0065 for these two cases, which results in very 

different 𝑆𝑐𝑟,ℎ shown in Fig. 3.4b). This makes 𝑆𝑐𝑟,𝑎 has to change to satisfy Eq. 

(3.24b) as shown in Fig. 3.5b), which make amplitude changes correspondingly. 
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Fig. 3.6 shows the ratio of RMS response to yield displacement, i.e., 𝜎𝑥/𝑥𝑦. It is 

evident that the ratio 𝜎𝑥/𝑥𝑦 is sensitive to yield displacement 𝑥𝑦 or 𝛽 only when 

yield displacement is small.   

 

 

Fig. 3.2 Elastic steady-state RMS response of self-excited vibration (𝑚𝑠/𝜌𝐵
2 = 172) 
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a) 𝑆𝑐𝑟 = 1.72, 𝛼 = 0.25 b) 𝑆𝑐𝑟 = 0.86, 𝛼 = 0.25 

  

c) Scr = 1.72, α = 0.75 d) Scr = 0.86, α = 0.75  

  

e) 𝑆𝑐𝑟 = 1.72, 𝛼 = 0.95 f) 𝑆𝑐𝑟 = 0.86, 𝛼 = 0.95  

Fig. 3.3 Inelastic steady-state RMS response of self-excited vibration 
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a) 𝛼 = 0.75 b) 𝛼 = 0.95 

Fig. 3.4 Non-dimensional mass-damping parameter related to hysteretic damping, 

𝑆𝑐𝑟,ℎ = 𝑚𝑠𝜉ℎ𝑒𝑞/𝜌𝐵
2  (𝑆𝑐𝑟 = 0.86) 

  

a) 𝛼 = 0.75 b) 𝛼 = 0.95 

Fig. 3.5 Non-dimensional mass-damping parameter related to aerodynamic 

damping, 𝑆𝑐𝑟,𝑎 = 𝑚𝑠𝜉𝑎𝑒𝑞/𝜌𝐵
2  (𝑆𝑐𝑟 = 0.86) 
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a) 𝑆𝑐𝑟 = 1.72 b) 𝑆𝑐𝑟 = 0.86 

Fig. 3.6 Ratio of inelastic steady-state RMS response to yield displacement (𝛼 = 0.25) 

3.3.2 Validation of equivalent nonlinear equation approach 

Chen (2013) demonstrated the accuracy of ENLE approach for elastic 

crosswind response. Fig. 3.7 portrays the elastic RMS value and kurtosis of 

displacement for different damping ratio calculated by ENLE approach where the 

mass parameter 𝑚𝑠/𝜌𝐵
2 = 172 . The power spectrum of base bending moment 

coefficient is taken the value specified in the recommendations of Architectural 

Institute of Japan (AIJ, 2004), where RMS value of moment coefficient 𝜎𝐶𝑀𝑏 =

0.1572,  and Strouhal number 𝑆𝑡 = 0.09.  

In the following, the inelastic crosswind response with building damping 

ratio of 𝜉𝑠 = 1%  and mass parameter 𝑚𝑠/𝜌𝐵
2 = 172 is investigated. To validate 

the ENLE approach, in addition to the analytical estimations using ENLE 

approach, response history simulation is also performed using Runge-Kutta 

method based on state-space equation. The time step of 0.04 s and duration is 15 

min for each sample, where the first 5 min response is disregarded to eliminate the 

transient dynamic effect. The time history of base bending moment coefficient is 

generated using spectral representation method (Shinozuka and Jan 1972). For a 

given wind speed, 20 response history samples are simulated to calculate 

ensemble averaged response statistics. Fig. 3.8 displays time history samples of 

inelastic displacement (𝛼 = 0.25,  𝛽 = 0.2 and 0.5) and those of the corresponding 
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linear elastic system at 𝑈/𝑈𝑐𝑟 = 1.3 , i.e., 𝑈/𝑓𝑠𝐵 = 14.4 . Fig. 3.9 shows the 

comparison of RMS value and kurtosis of displacement from response history 

simulation and the ENLE approach. It is evident that the RMS response and 

kurtosis can be accurately estimated by the ENLE approach. The RMS response 

calculated from the ENLE approach is slightly lower than that of simulation, 

which seems to be attributed to disregard of a slight reduction in building 

frequency due to yielding. It is evident that the inelastic response is lower than the 

corresponding elastic response. The reduction in response is more significant for a 

low yield displacement, i.e., small value of 𝛽. This is due to the contribution of 

the hysteretic damping as shown in Fig. 3.10a) that leads to the increase in the 

total damping as shown in Fig. 3.10b). Both hysteretic damping and aerodynamic 

damping lead to hardening non-Gaussian effect if considered individually (Feng 

and Chen, 2018a; Chen 2013). The effect of hardening non-Gaussian introduced 

by nonlinear aerodynamic damping is reduced due to the addition of hysteretic 

damping. Therefore, the response kurtosis is not necessarily monotonous with 

yield displacement, i.e., 𝛽. As shown in Fig. 3.9b), at 𝑈/𝑓𝑠𝐵 = 22.2, the kurtosis 

increases with the increasing  𝛽  when 𝛽 = 0.3 − 0.9 , while that of  𝛽 = 0.2  is 

between those of 𝛽 = 0.5 and 0.7.  

  

a) RMS b) Kurtosis 

Fig. 3.7 Elastic response calculated by ENLE approach (𝑚𝑠/𝜌𝐵
2 = 172) 
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a) Elastic and inelastic with 𝛽 = 0.2 

 

b) Elastic and inelastic with 𝛽 = 0.5 

Fig. 3.8 Time history sample of elastic and inelastic crosswind displacement 

(𝑈/𝑓𝑠𝐵 = 14.4, 𝛼 = 0.25) 

 

  

a) RMS b) Kurtosis 

Fig. 3.9 Comparison of RMS response and kurtosis (α = 0.25) 
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a) Equivalent hysteretic damping ratio b) Total equivalent damping ratio 

Fig. 3.10 Equivalent damping ratio (α = 0.25) 

   

The response peak factor, the ratio of mean extreme response to RMS 

response, is calculated using crossing rate analysis. It is also computed by using 

Hermite translation model determined from response kurtosis (Chen 2014).  The 

peak factor of the underlying Gaussian response is estimated from Davenport 

formula (Davenport 1964) with 𝜈0𝑇 = 600, which gives 3.86. The consideration 

of narrow-band feature only resulted in slight difference in the peak factor, thus 

the results are not reported here.  Fig. 3.11 shows the comparison of estimations 

with that from response history simulations. Both analytical approaches can give 

accurate estimation of peak factor as compared with the result from time history 

simulation. Similar to the relationship between response kurtosis and yield 

displacement, the response peak factor is also not monotonous with yield 

displacement. Fig. 3.12 displays the comparison of ductility factor, i.e., the ratio 

of mean extreme displacement to yield displacement 𝑥𝑦 . The mean extreme 

displacement is calculated from peak factor based on Hermite translation model. 

The ductility factor increases with decrease in yield displacement.  



Texas Tech University, Changda Feng, December 2018 

62 

  

a) Based on upcrossing rate theory b) Based on Hermite translation model 

Fig. 3.11 Comparison of peak factors (𝛼 = 0.25) 

 

The mean fatigue damage of crosswind response is calculated through 

statistical moments of vibration amplitude. It is also computed from fatigue 

damage of underlying Gaussian response with a correction factor that is a function 

of response kurtosis (Chen 2014b). Fig. 3.13 compares the estimations with the 

simulation result estimated using rainflow cycle counting method. The slope of S-

N curve 𝑚 = 3, and mean fatigue damage is normalized by 𝜈0𝑇𝑘𝑠
𝑚/𝐾0. The results 

re-confirm the accuracy of the analytical approaches.  

   

Fig. 3.12 Ductility factor (𝛼 = 0.25) Fig. 3.13 Fatigue damage (𝛼 = 0.25) 
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3.3.3 Characteristics of inelastic crosswind response  

To gain better understanding of the inelastic crosswind response, response 

analysis with different structural damping ratios are also examined. Fig. 3.14 

shows the RMS response, ductility factor and fatigue damage for 𝜉𝑠 = 0.5% and 

1.5% with same 𝑥𝑟𝑒𝑓 = 0.3 when 𝛼 = 0.25. It is evident that the structure with a 

lower structural damping can benefit more from the addition of hysteretic 

damping. The ductility factor reduces with the increase in structural damping. The 

effect of structural damping becomes less significant when the effect of hysteretic 

damping is large in the case of small value of yield displacement.  

The influence of 𝛼 is also examined as shown in Fig. 3.15. The response is 

not sensitive to 𝛼 in general. A noticeable influence of 𝛼 can only found when 𝛼 is 

very close to one and the yield displacement is low. 
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a) RMS response (𝜉𝑠 = 0.5%) b) RMS response (𝜉𝑠 = 1.5%) 

  

c) Ductility factor (𝜉𝑠 = 0.5%) d) Ductility factor (𝜉𝑠 = 1.5%) 

  

e) Fatigue damage (𝜉𝑠 = 0.5%) f) Fatigue damage (𝜉𝑠 = 1.5%) 

Fig. 3.14 Influence of system damping ratio (𝛼 = 0.25) 
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a) RMS response (𝛼 = 0.75) b) RMS response (𝛼 = 0.95) 

  

c) Ductility factor (𝛼 = 0.75) d) Ductility factor (𝛼 = 0.95) 

  

e) Fatigue damage (𝛼 = 0.75) f) Fatigue damage (𝛼 = 0.95) 

Fig. 3.15 Influence of 𝛼 (𝜉𝑠 = 1.0%) 
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3.4 Inelastic crosswind response without aerodynamic damping effect  

The accuracy of the ENLE approach is also examined for estimating 

inelastic crosswind response when the nonlinear aerodynamic damping effect is 

negligible. Chapter II has studied the performance of statistical linearization 

approach with Gaussian response assumption. Two linearization approaches have 

been compared: the first linearization approach is to linearize the hysteretic 

velocity as �̇� ≈ 𝑏0
′ + 𝑏1

′𝑥 + 𝑏2
′ �̇� + 𝑏3

′𝑧 ; and the second one is to linearize the 

hysteretic displacement as shown in Eq. (3.15). It has been demonstrated that both 

linearization approaches give good estimation of response RMS value in general, 

but fail short in capturing the hardening non-Gaussian distribution feature due to 

inherent assumption of Gaussian response distribution.  

As an example, the tall building with structural damping ratio of 𝜉𝑠 = 1%  

and mass parameter 𝑚𝑠/𝜌𝐵
2 = 172  is consider. The reference non-dimensional 

displacement 𝑥𝑟𝑒𝑓 is reduced to 0.09 such that inelastic crosswind response can be 

observed in the wind speed region of interest when the aerodynamic damping 

effect is neglected. Fig. 3.16 shows the RMS value of inelastic response 

calculated by the ENLE approach and two statistical linearization approaches, 

which are compared with that from time history simulation.  It is evident that the 

ENLE approach gives better estimation of response RMS value over the statistical 

linearization approaches, and the estimation is very agreeable to the result from 

response history simulation. Furthermore, it is shown in Fig. 3.17 that the ENEL 

approach can well capture the non-Gaussian feature in terms of the response 

kurtosis, thus leads to good estimation of peak factor based on Hermite translation 

model. 
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a) ENLE approach b) Linearization approach 1  

 

c) Linearization approach 2  

Fig. 3.16 Inelastic response RMS without aerodynamic damping effect (𝛼 = 0.25) 

  

a) Response kurtosis b) Peak factor 

Fig. 3.17 Kurtosis and peak factor of inelastic response (𝛼 = 0.25) 
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3.5 Summary 

This study presented an analytical approach for estimating inelastic 

crosswind response of tall buildings with consideration of both nonlinear 

aerodynamic damping and bilinear hysteretic restoring force character. The 

steady-state amplitude of inelastic response is largely determined by Scruton 

number and the yield displacement. It is not sensitive to the second stiffness ratio 

and the effect of mass parameter and system damping ratio can be unified by 

Scruton number in general, but this is not valid when the Scruton number and 

yield displacement are low and second stiffness ratio is high. With the ENEL 

approach, closed-form solutions of the crosswind response statistics were obtained, 

which include response RMS value, kurtosis, probability distribution of response, 

extreme value distribution and fatigue damage. The comparison with the 

estimations from response history analysis illustrated the accuracy of the 

analytical approach. The newly developed analytical approach is very effective 

over the existing approach of response history simulation.  

A comprehensive parametric study was performed to gain better 

understanding of inelastic crosswind response at vicinity of vortex lock-in speed. 

The results demonstrated that the hysteretic damping resulted from yielding can 

considerably reduce the crosswind response due to added damping effect to the 

system. The reduction in response is particularly significant when the structural 

damping is low and the response is sensitive to the addition of system damping. 

The results showed inelastic response is not sensitive to second stiffness ratio in 

general. The ENLE approach is also very effective for estimating inelastic 

crosswind response without the effect of nonlinear aerodynamic damping. The 

ENLE approach is able to capture the hardening non-Gaussian response feature 

caused by hysteretic damping, thus lead to better estimation over the statistical 

linearization approaches with assumption of Gaussian response distribution.  
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CHAPTER    4  

NONSTATIONARY CROSSWIND RESPONSE OF TALL BUILDINGS WITH 

NONLINEAR AEROELASTIC EFFECT 

4.1 Introduction 

Crosswind response often controls the design of wind-excited tall buildings 

and other flexible structures such as chimneys and towers. Extensive studies have 

been performed on the characterization and quantification of crosswind wind 

loads and induced structural responses (e.g., Kareem 1982; Kwok 1982; Boggs 

1992; Kawai 1992; Cheng et al. 2002; Repetto and Solari 2006; Tanaka et al. 

2012). For very flexible buildings, the crosswind response at the vicinity of vortex 

lock-in wind speed needs to be carefully studied with consideration of nonlinear 

aerodynamic damping effect (e.g., Vickery and Basu 1983; Basu and Vickery 

1983; Vickery and Steckley 1993; Ohkuma et al. 1994; Chen 2013, 2014a and b). 

The nonlinear aerodynamic damping is responsible for the hardening non-

Gaussian response distribution with a reduced peak factor (Chen 2013, 2014a and 

b). Chen (2013 and 2014b) presented analytical solutions of stationary crosswind 

response statistics with consideration of nonlinear aerodynamic damping using 

ENLE approach. Chen (2013, 2014a and b) also presented approaches of 

estimating peak factor and fatigue damage of crosswind response taking into 

account the non-Gaussian response distribution through response kurtosis. The 

extensive studies in literature on crosswind loads and their effects of ta ll buildings 

and other structures have improved understanding of characteristics of crosswind 

response under stationary wind excitations.  

The effects of non-synoptic nonstationary wind effects on buildings and 

structures have attracted great deal of attentions these years (e.g., Chen and 

Letchford 2004; Holmes et al. 2005; Chen 2008 and 2014c; Kwon and Kareem 

2009; Huang et al. 2013b; Solari et al. 2015; Solari 2016). Chen (2008) presented 

an evolutionary spectral analysis framework for quantifying alongwind tall 
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building response under nonstationary winds where the wind speed was modeled 

to have time-varying statistics such as mean, variance and spectral characteristics. 

Kwon and Kareem (2009) presented a general gust-front factor framework for 

modeling transient wind load effects on structures. Chen (2014c) presented a 

spectral analysis framework for predicting multimode coupled buffeting response 

of long-span bridges to nonstationary winds. Solari et al. (2015) and Solari (2016) 

established a response spectrum approach for thunderstorm wind load effects on 

tall buildings. The response spectrum of single degree of freedom structures 

excited by a thunderstorm wind was also discussed in Holmes et al. (2005). The 

analysis framework and characterization of crosswind response under 

nonstationary wind excitations, especially, with consideration of nonlinear 

aerodynamic damping, has not been developed. 

This study presents analysis approaches for estimating stochastic 

crosswind response of tall buildings under nonstationary wind excitations. The 

wind loads under nonstationary wind excitation is quantified using the force 

parameters under stationary wind, but the effect of time-varying mean wind speed 

is considered in a quasi-stationary manner. More advanced wind loading models 

under nonstationary wind excitation can be used in the future when available. For 

buildings without consideration of nonlinear aerodynamic damping, different 

approaches are presented to calculate time-varying STD of displacement, extreme 

value distribution and fatigue damage. For buildings with consideration of 

nonlinear aerodynamic damping, the non-Gaussian moment closure technique is 

used to estimate the time-varying STD of response, where the higher-order 

moments involved are estimated from kurtosis-based translation process model. 

The narrowband response characteristics are applied to simplify the non-Gaussian 

closure approach. The nonstationary extreme response and fatigue damage are 

further estimated from time-varying STD and kurtosis of response. The 

effectiveness of the analysis framework is examined through comparison with 

response time history simulation. The characteristics of crosswind response under 
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nonstationary excitations are also discussed. This study not only presents an 

effective analytical approach but also sheds new insights towards improved 

understanding of nonstationary crosswind response of tall buildings, contributing 

to a safer and more economical design of tall buildings especially when building 

at vicinity of vortex lock-in wind speed. 

4.2 Analytical framework 

4.2.1 Equation of crosswind response 

The crosswind response of a tall building under nonstationary wind 

excitation is considered. The nonstationary wind field is characterized by time-

varying mean wind speed and modulated turbulence with time-invariant profiles 

of mean wind speed and turbulence intensity. It is assumed that the variation of 

mean wind speed with time is not significant such that the wind load under 

nonstationary wind can be approximately estimated from that under the 

corresponding stationary wind but with consideration of the time-varying mean 

wind speed in a quasi-stationary manner. For instance, the wind load in terms of 

base bending moment of the building is calculated as 

 
𝑀(𝑡) =

1

2
𝜌𝑈2(𝑡)𝐵𝐻2𝐶𝑀𝑏(𝑡) 

( 4.1) 

where 𝜌 is air density; 𝑈(𝑡) is time-varying mean wind speed at building top; 𝐵 is 

building width; 𝐻  is building height; and 𝐶𝑀𝑏(𝑡)  is base bending moment 

coefficient characterized by EPSD function 𝑆𝐶𝑀𝑏(𝑓, 𝑡)  in terms of one-sided 

spectrum with respect to frequency in Hz. It is approximated as same as the PSD 

function of 𝐶𝑀𝑏(𝑡) under the corresponding stationary wind field but the mean 

wind speed is replaced by time-varying value 𝑈(𝑡). Such an approximate quasi-

stationary modelling of wind loading can be replaced by a more accurate 

modelling in the future when it is available.  

The equation of building motion in terms of non-dimensional fundamental 

modal displacement is represented as (e.g., Chen 2013) 
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 �̈� + 2𝜔𝑠(𝜉𝑠 + 𝜉𝑎)�̇� + 𝜔𝑠
2𝑦 = 𝑄(𝑡) (4.2a) 

 
𝑄(𝑡) =

1

2
(
𝜌𝐵2

𝑚𝑠
)(
𝑈2

𝐵2
) 𝜂𝑏𝜂𝐶𝑀𝑏(𝑡) (4.2b) 

 
𝑚𝑠 =

∫ 𝑚(𝑧)𝜙2(𝑧)
𝐻
0 𝑑𝑧

∫ 𝜙2(𝑧)
𝐻
0

𝑑𝑧
;   𝜂 =

𝐻

∫ 𝜙2(𝑧)
𝐻
0

𝑑𝑧
 (4.2c) 

where 𝑦 = 𝑦1/𝐵 is non-dimensional displacement; 𝑦1 is generalized displacement, 

and is the building top displacement when the mode shape 𝜙(𝑧) is normalized 

as  𝜙(𝐻) = 1 ; 𝜔𝑠 = 2𝜋𝑓𝑠  and 𝜉𝑠  are modal frequency and damping ratio; 𝜉𝑎  is 

aerodynamic damping ratio; 𝑄(𝑡)  is the generalized force divided by 𝐵  and 

generalized mass; 𝑚𝑠 is effective building mass per unit height; 𝑚(𝑧) is building 

mass per unit height; 𝜂𝑏  is mode shape correction factor; and 𝜂  is a non-

dimensional parameter related to mode shape, and 𝜂 = 3  in the case of linear 

mode shape. 

The aerodynamic damping 𝜉𝑎 can be expressed as a nonlinear function of 

time-varying velocity of vibration as (Chen 2013):   

 
𝜉𝑎 = (

𝜌𝐵2

𝑚𝑠
)(𝐴1(𝐾) +

𝐴2(𝐾)

𝐾
(
𝐵|�̇�|

𝑈
) +

𝐴3(𝐾)

𝐾2
(
𝐵�̇�

𝑈
)
2

) (4.3) 

where 𝐾 = 𝑓𝐵/𝑈(𝑡)  is reduced frequency; 𝐴1(𝐾) , 𝐴2(𝐾)  and 𝐴3(𝐾)  are model 

coefficients, which can be determined from the forced vibration test in wind 

tunnel with harmonic motion under stationary wind. For a harmonic motion with 

amplitude 𝐴 and frequency 𝜔 = 2𝜋𝑓, the nonlinear aerodynamic damping ratio is 

expressed as 

 
𝜉𝑎 = (

𝜌𝐵2

𝑚𝑠
) (A1(𝐾) +

8

3𝜋
A2(𝐾)A +

3

4
𝐴3(𝐾)A

2) (4.4) 

The equation of motion, Eq. (4.2), is represented in a state-space format as  

 �̇� = 𝒈(𝒒) + 𝑫𝑄(𝑡) (4.5a) 

 
𝒒 = [

𝑦
�̇�];    𝑫 = [

0
1
];   𝒈(𝒒) = [

𝑔1
𝑔2
] = [

�̇�

−2𝜔𝑠(𝜉𝑠 + 𝜉𝑎)�̇� − 𝜔𝑠
2𝑦
] (4.5b) 
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It should be mentioned that the equation of motion can be expressed in 

non-dimensional format, by introducing non-dimensional time 𝑡∗ = 𝑓𝑠𝑡 , and 

representing the derivative of displacement in terms of non-dimensional time 𝑡∗. 

Accordingly, the effect of building frequency 𝑓𝑠  can be unified by the reduced 

wind speed 𝑈/𝑓𝑠𝐵.  

4.2.2 Analysis of crosswind response with linear system damping 

4.2.2.1 Evolutional spectral analysis approach 

When the nonlinearity of aerodynamic damping is negligibly small, the 

building system damping can be considered as a constant. The building crosswind 

response under nonstationary excitation can be calculated through evolutionary 

spectral analysis (e.g., Chen 2008). For the simplicity of presentation, the total 

system damping is denoted as 𝜉𝑠  even a linear aerodynamic damping may be 

included. The EPSD function of the building displacement is calculated as  

 𝑆𝑦(𝜔, 𝑡) = |𝐻𝑦𝑄(𝜔, 𝑡)|
2
 (4.6) 

 
𝐻𝑦𝑄(𝜔, 𝑡) = ∫ ℎ(𝑡 − 𝜏)√𝑆𝑄(𝜔, 𝜏)𝑒

−𝑖𝜔(𝑡−𝜏)𝑑𝜏
𝑡

0

 (4.7) 

 
ℎ(𝑡) =

1

𝜔𝐷
𝑒−𝜉𝑠𝜔𝑠𝑡sin (𝜔𝐷𝑡) (4.8) 

 
𝑆𝑄(𝜔, 𝑡) =

1

16π
(
𝜌𝐵2

𝑚𝑠
)

2

(
𝑈(𝑡)2

𝐵2
)

2

  𝜂𝑏
2𝜂2 𝑆𝐶𝑀𝑏(𝑓, 𝑡) (4.9) 

where ℎ(𝑡)  is unit-impulse response function; 𝜔𝐷 = 𝜔𝑠√1 − 𝜉𝑠2  is damped 

building frequency; 𝐻𝑦𝑄(𝜔, 𝑡)𝑒
𝑖𝜔𝑡  is building displacement under excitation 

√𝑆𝑄(𝜔, 𝑡)𝑒
𝑖𝜔𝑡 ;  𝑆𝑄(𝜔, 𝑡)  is EPSD of the excitation 𝑄(𝑡)  in terms of two-sided 

spectrum with respect to circular frequency 𝜔 = 2𝜋𝑓; and 𝑖 = √−1. 

The time-varying variance of displacement is then calculated as 

 
𝜎𝑦
2(𝑡) = ∫ 𝑆𝑦(𝜔, 𝑡)

∞

−∞

𝑑𝜔 (4.10) 
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Once the generalized displacement is quantified, any response of interest 

can be calculated subsequently (e.g., Chen 2008). For instance, the time-varying 

STDs of the building acceleration and bending moment response at building 

elevation 𝑧0 above the ground, i.e., 𝑦1̈(𝑧0, 𝑡) and 𝑀(𝑧0, 𝑡), are calculated as 

 𝜎�̈�1(𝑧0, 𝑡) = (2𝜋𝑓𝑠)
2𝐵𝜙(𝑧0)𝜎𝑦(𝑡) (4.11) 

 
𝜎𝑀(𝑧, 𝑡) = (2𝜋𝑓𝑠)

2𝐵𝜎𝑦(𝑡)∫ 𝑚(𝑧)(𝑧 − 𝑧0)𝜙(𝑧)𝑑𝑧
𝐻

𝑧0

 (4.12) 

When the time variation of EPSD of excitation is slow, Eq. (4.7) can be 

approximated as 

 
𝐻𝑦𝑄(𝜔, 𝑡) ≈ √𝑆𝑄(𝜔, 𝑡)∫ ℎ(𝜏)𝑒−𝑖𝜔𝜏𝑑𝜏

𝑡

0

≈ 𝐻(𝜔)√𝑆𝑄(𝜔, 𝑡) (4.13) 

 
𝐻(𝜔) = ∫ ℎ(𝜏)𝑒−𝑖𝜔𝜏𝑑𝜏

∞

0

=
1

−𝜔2 + 𝜔𝑠2  + 2𝑖𝜉𝑠𝜔𝑠𝜔
 (4.14) 

and Eq. (4.6) becomes 

 𝑆𝑦(𝜔, 𝑡) = |𝐻(𝜔)|2𝑆𝑄(𝜔, 𝑡) (4.15) 

which means that the transient structural dynamic effect can be ignored. This is 

referred to as quasi-stationary estimation. 

In the case of low system damping, the load excitation can be 

approximated as a white-noise process with the spectrum defined at the building 

frequency, i.e., 𝑆𝑄(𝜔, 𝑡) ≈ 𝑆𝑄(𝜔𝑠, 𝑡) = 𝑆0(𝑡). 𝐻𝑦𝑄(𝜔, 𝑡) shown in Eq. (4.7) is thus 

calculated as 

 
𝐻𝑦𝑄(𝜔, 𝑡) ≈ ∫ ℎ(𝑡 − 𝜏)√𝑆0(𝜏)𝑒

−𝑖𝜔(𝑡−𝜏)𝑑𝜏
𝑡

0

 (4.16) 

It is obvious that the quasi-stationary time-varying variance of 

displacement under white-noise load excitation is determined as 

 
𝜎𝑦
2(𝑡) = 𝑆0(𝑡)∫ |𝐻(𝜔)|2𝑑𝜔

∞

−∞

≈
𝜋𝑆0(𝑡)

2𝜉𝑠𝜔𝑠
3  (4.17) 
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4.2.2.2 Statistical moment equation approach 

The time-varying variance of displacement under nonstationary white-

noise load excitation can also be determined directly from the covariance equation. 

For the state-space equation, Eq. (4.5), the governing equation of response 

covariance is expressed as (e.g., Lutes and Sarkani 2004): 

 �̇�𝒒𝒒 = 𝑩𝑹𝒒𝒒 + 𝑹𝒒𝒒𝑩
𝑇 + 2𝜋𝑫𝑫𝑇𝑆0(𝑡) (4.18a) 

 
𝑩 = [

0 1
−𝜔𝑠

2 −2𝜔𝑠𝜉𝑠
] (4.18b) 

where 𝑹𝒒𝒒 = 𝐸[𝒒𝒒𝑇] is the covariance matrix; and 𝑇 is transpose operator. The 

quasi-stationary time-varying variance of displacement is determined by setting 

�̇�𝒒𝒒 = 𝟎.  

The above covariance equation is given in terms of components as  

𝑑𝐸[𝑦2]

𝑑𝑡
= 2𝐸[𝑦�̇�] (4.19a) 

𝑑𝐸[𝑦�̇�]

𝑑𝑡
= 𝐸[�̇�2] − 2𝜔𝑠𝜉𝑠𝐸[𝑦�̇�] − 𝜔𝑠

2𝐸[𝑦2] (4.19b) 

𝑑𝐸[�̇�2]

𝑑𝑡
= −4𝜔𝑠𝜉𝑠𝐸[�̇�

2] − 2𝜔𝑠
2𝐸[𝑦�̇�] + 2𝜋𝑆0 (4.19c) 

In the case of narrow-band response, 𝜎�̇�
2(𝑡) = 𝐸[�̇�2] ≈ 𝜔𝑠

2𝜎𝑦
2(𝑡) = 𝜔2𝐸[𝑦2], 

the above equations lead to 

 𝑑𝜎𝑦
2(𝑡)

𝑑𝑡
= −2𝜉𝑠𝜔𝑠𝜎𝑦

2(𝑡) +
𝜋𝑆0(𝑡)

𝜔𝑠2
 (4.20) 

which can be solved as  

 
𝜎𝑦
2(𝑡) =

𝜋

𝜔𝑠2
e−2𝜉𝑠𝜔𝑠𝑡∫ exp(2𝜉𝑠𝜔𝑠𝜏)𝑆0(𝜏)𝑑𝜏

𝑡

0

+ 𝜎𝑦
2(0)e−2𝜉𝑠𝜔𝑠𝑡 (4.21) 

where 𝜎𝑦
2(0) is response variance at 𝑡 = 0. When building vibrates from at rest, 

𝜎𝑦
2(0) = 0.  It is noted that the effect of initial condition will be vanished 

as e−2𝜉𝑠𝜔𝑠𝑡 ≈ 0 when 𝑡 is large. It is mentioned that 𝜎𝑦
2(0)e−2𝜉𝑠𝜔𝑠𝑡 should be added 

in the time-varying variance of displacement calculated from EPSD approach in 

order to include the influence of initial condition. Spanos and Lutes (1980) 
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derived the same equation from the differential equation of vibration amplitude of 

narrow-band response with an assumption of Rayleigh distribution. The quasi-

stationary solution is obtained by setting  𝑑𝜎𝑦
2(𝑡)/𝑑𝑡 = 0 , which leads to Eq. 

(4.17). 

It is obvious that when 𝑆0(𝑡) = 𝑆0, Eq. (4.21) leads to the following well-

known solution of transient response of linear system under stationary white noise 

excitation: 

 
𝜎𝑦
2(𝑡) =

𝜋𝑆0

2𝜉𝑠𝜔𝑠
3 (1 − e

−2𝜉𝑠𝜔𝑠𝑡) (4.22) 

and when 𝑡 is large enough, e−2𝜉𝑠𝜔𝑠𝑡 ≈ 0, the transient effect vanishes.  

The analysis framework for nonstationary response of a linear system 

presented above can also be applied to alongwind response. The time-varying 

variance calculated from the integration of EPSD includes contributions of both 

background and resonant response components, while the formulations under 

white noise assumption of excitation can only be used for resonant component.  

4.2.3 Analysis of crosswind response with nonlinear aerodynamic damping 

4.2.3.1 Amplitude of free vibration 

The crosswind response with consideration of nonlinear aerodynamic 

damping but without load excitation can be determined from the time domain 

solution of Eq. (4.2). Alternatively, Eq. (4.2) leads to the following differential 

equation for the vibration amplitude 𝐴(𝑡):  

 �̇�(𝑡) = −(𝜉𝑠 + 𝜉𝑎(𝐴))𝜔𝑠𝐴(𝑡)  (4.23) 

where the aerodynamic damping 𝜉𝑎(𝐴) is given by Eq. (4.4).   

The quasi-stationary vibration amplitude is determined by setting �̇�(𝑡) = 0, 

which corresponds to zero total system damping: 

 𝜉𝑠 + 𝜉𝑎(𝐴) = 0 (4.24) 
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4.2.3.2 Non-Gaussian closure approach 

When the stochastic load excitation is further included, according to the 

state-space equation, Eq. (4.5), the covariance equation under white-noise 

excitation can be written as (e.g., Lutes and Sarkani 2004): 

 �̇�𝒒𝒒 = 𝑹𝒈𝒒 + 𝑹𝒈𝒒
𝑇 + 2𝜋𝑫𝑫𝑇𝑆0(𝑡) (4.25) 

where 𝑹𝒈𝒒 = 𝐸[𝒈𝒒𝑇].  It gives the following equations in terms of components:  

𝑑𝐸[𝑦2]

𝑑𝑡
= 2𝐸[𝑦�̇�] (4.26a) 

𝑑𝐸[𝑦�̇�]

𝑑𝑡
= 𝐸[�̇�2] − 2𝜔𝑠𝜉𝑠((1 + 𝐴1

∗)𝐸[𝑦�̇�] + 𝐴2
∗𝐸[𝑦�̇�|�̇�|] + 𝐴3

∗𝐸[𝑦�̇�3])

− 𝜔𝑠
2𝐸[𝑦2] 

(4.26b) 

𝑑𝐸[�̇�2]

𝑑𝑡
= −4𝜔𝑠𝜉𝑠((1 + 𝐴1

∗)𝐸[�̇�2] + 𝐴2
∗𝐸[�̇�2|�̇�|] + 𝐴3

∗𝐸[�̇�4]) − 2𝜔𝑠
2𝐸[𝑦�̇�]

+ 2𝜋𝑆0 

(4.26c) 

where 𝐴1
∗ = 𝐴1/𝑆𝑐𝑟, 𝐴2

∗ = 𝐴2/(𝜔𝑠𝑆𝑐𝑟), 𝐴3
∗ = 𝐴3/(𝜔𝑠

2𝑆𝑐𝑟) and 𝑆𝑐𝑟 = 𝑚𝑠𝜉𝑠/𝜌𝐵
2. It is 

evident that these moment equations involve statistical moments higher than the 

variance/covariance due to the consideration of nonlinear aerodynamic damping.  

In general, the governing equations for the statistical moments can be 

derived based on the Fokker-Planck (FPK) equation (Soong 1973). If 𝑝(𝒒) is a 

scalar function of response vector 𝒒, one can have the following equation from 

Markov process theory: 

 𝑑𝐸[𝑝(𝒒)]

𝑑𝑡
=∑𝐸 [𝑔𝑖

𝜕𝑝

𝜕𝑞𝑖
]

𝑛

𝑖=1

+ 𝜋𝑆0(𝑡)∑∑𝐸 [(𝑫𝑫𝑇)𝑖𝑗
𝜕2𝑝

𝜕𝑞𝑖𝜕𝑞𝑗
]

𝑛

𝑖=1

𝑛

𝑗=1

 (4.27) 

where 𝑝(𝒒) = 𝑞1
𝑘1𝑞2

𝑘2 …𝑞𝑛
𝑘𝑛 ; and 𝑛 is the dimension of the state-space equation, 

and 𝑛 = 2 for this study. 

By setting 𝑝(𝒒) = 𝑞1
𝑘1𝑞2

𝑘2  and choosing different values for 𝑘1 and 𝑘2, one 

can derive the governing equations of the higher moments. For instance, for 

𝐸[𝑞1
4] = 𝐸[𝑦4] and 𝐸[𝑞2

4] = 𝐸[�̇�4], we have: 
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𝑑𝐸[𝑦4]

𝑑𝑡
= 4𝐸[𝑦3�̇�] (4.28a) 

𝑑𝐸[�̇�4]

𝑑𝑡
= −8𝜔𝑠𝜉𝑠((1 + 𝐴1

∗)𝐸[�̇�4] + 𝐴2
∗𝐸[�̇�4|�̇�|] + 𝐴3

∗𝐸[�̇�6])

− 4𝜔𝑠
2𝐸[𝑦�̇�3] + 12𝜋𝑆0𝐸[�̇�

2] 

(4.28b) 

Clearly, in this nonlinear random vibration problem, the moment equations 

form an infinite hierarchy thus the exact solutions are not possible. Approximate 

solutions can be obtained through representation of higher moments in terms of 

lower moments of interest, referred to as moment closure technique (e.g., Roberts 

and Spanos 2003). When the higher moments are determined by assuming 

response 𝒒 to follow joint Gaussian distribution, this approach is called Gaussian 

closure technique, which is also identical to statistical linearization approach. As 

the crosswind response with nonlinear aerodynamic damping has a hardening non-

Gaussian distribution, a non-Gaussian closure technique is used for a better 

estimation. 

In this study, the displacement and velocity of vibration, which follow 

unskewed non-Gaussian distributions, are modelled as Hermite translational 

functions of standard Gaussian random variables based on their kurtosis (Chen 

2014a):  

 𝑦0 = 𝑟1(𝑢1);        𝑦0̇ = 𝑟2(𝑢2) (4.29) 

where 𝑦0 = 𝑦/𝜎𝑦  and 𝑦0̇ = �̇�/𝜎�̇�  are normalized displacement and velocity; 𝑟1(∙) 

and 𝑟2(∙)  are translation functions and determined by their kurtosis 𝛼4𝑦 =

𝐸[𝑦4]/𝜎𝑦
4, 𝛼4�̇� = 𝐸[�̇�

4]/𝜎�̇�
4 , which are shown in Appendix C; 𝑢1  and 𝑢2  are 

standard Gaussian variables. 

The higher moments involved in Eqs. (4.26) and (4.28) are then 

approximately determined as  

𝐸[𝑦𝑎�̇�𝑏|�̇�|𝑐]

= 𝜎𝑦
𝑎𝜎�̇�

𝑏+𝑐∬ [𝑟1(𝑢1)]
𝑎[𝑟2(𝑢2)]

𝑏|𝑟2(𝑢2)|
𝑐𝑓𝑢1𝑢2(𝑢1, 𝑢2, 𝜌𝑢1𝑢2)𝑑𝑢1𝑑𝑢2

∞

−∞

 
(4.30) 
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where 𝑎, 𝑏 and 𝑐 are the orders of 𝑦, �̇� and |�̇�|; 𝑓𝑢1𝑢2(𝑢1, 𝑢2, 𝜌𝑢1𝑢2) is joint standard 

Gaussian distribution of 𝑢1 and 𝑢2; and 𝜌𝑢1𝑢2 is correlation coefficient of 𝑢1 and 

𝑢2 ,  and can be determined from correlation coefficient of 𝑦  and �̇� , 𝜌𝑦�̇� =

𝐸[𝑦�̇�]/𝜎𝑦𝜎�̇�: 

 
𝜌𝑦�̇� =∬ 𝑟1(𝑢1)𝑟2(𝑢2)𝑓𝑢1𝑢2(𝑢1, 𝑢2, 𝜌𝑢1𝑢2)𝑑𝑢1𝑑𝑢2

∞

−∞

 (4.31) 

The correlation coefficient is relatively small, and can be assumed as 

𝜌𝑢1𝑢2 ≈ 𝜌𝑦�̇�. 

With these translation models, the higher moments are approximately 

represented in terms of unknown second and fourth moments, i.e., 

𝐸[𝑦2], 𝐸[�̇�2], 𝐸[𝑦�̇�], 𝐸[𝑦4] and 𝐸[�̇�4].  Therefore, the moment equations, i.e., Eqs. 

(4.26) and (4.28), are closed and provide necessary equations for determining 

these unknown moments. It is noted that the third moment equations are 

automatically satisfied due to the symmetric property of probability density 

function (PDF) of crosswind response.  

4.2.3.3 Non-Gaussian closure approach for narrowband response 

For narrowband crosswind response, the above moment equations can be 

simplified by involving the approximate relations among statistical moments, i.e., 

𝐸[�̇�2] ≈ 𝜔𝑠
2𝐸[𝑦2] , 𝐸[�̇�4] ≈ 𝜔𝑠

4𝐸[𝑦4]  and 𝐸[𝑦�̇�3] ≈ 𝜔𝑠
2𝐸[𝑦3�̇�] . Accordingly, the 

covariance equations are simplified by combining Eqs. (4.26a) and (4.26c) as 

 𝑑𝐸[�̇�2]

𝑑𝑡
= −2𝜔𝑠𝜉𝑠((1 + 𝐴1

∗)𝐸[�̇�2] + 𝐴2
∗𝐸[�̇�2|�̇�|] + 𝐴3

∗𝐸[�̇�4]) + 𝜋𝑆0 (4.32) 

The forth moment equation, Eq. (4.28), becomes 

𝑑𝐸[�̇�4]

𝑑𝑡
= −4𝜔𝑠𝜉𝑠((1 + 𝐴1

∗)𝐸[�̇�4] + 𝐴2
∗𝐸[�̇�4|�̇�|] + 𝐴3

∗𝐸[�̇�6]) + 6𝜋𝑆0𝐸[�̇�
2] (4.33) 

With the translation model �̇� = 𝜎�̇�𝑟2(𝑢2) , the higher moments of �̇� 

involved in Eqs. (4.32) and (4.33) are determined.  For instance,  

 
𝐸[�̇�𝑏|�̇�|𝑐] = 𝜎�̇�

𝑏+𝑐∫ [𝑟2(𝑢2)]
𝑏|𝑟2(𝑢2)|

𝑐
∞

−∞

𝑓𝑢2(𝑢2)𝑑𝑢2 (4.34) 
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where 𝑓𝑢2(𝑢2) is PDF of standard Gaussain variable 𝑢2. 

The quasi-stationary solution of time-varying variance and kurtosis can be 

determined by setting 𝑑𝐸[�̇�2]/𝑑𝑡 = 0 and 𝑑𝐸[�̇�4]/𝑑𝑡 = 0 in Eqs. (4.32) and (4.33): 

 
(1 + 𝐴1

∗)𝐸[�̇�2] + 𝐴2
∗𝐸[�̇�2|�̇�|] + 𝐴3

∗𝐸[�̇�4] −
𝜋𝑆0
2𝜉𝑠𝜔𝑠

= 0 (4.35) 

 
(1 + 𝐴1

∗)𝐸[�̇�4] + 𝐴2
∗𝐸[�̇�4|�̇�|] + 𝐴3

∗𝐸[�̇�6] −
3𝜋𝑆0𝐸[�̇�

2]

2𝜉𝑠𝜔𝑠
= 0 (4.36) 

The quasi-stationary solutions can also be calculated through ENLE 

approach (Caughey 1964; Robert and Spanos 2003; Chen 2013): 

 
 𝜎𝑦
2 =

1

2
𝐸[𝐴2];    𝜎�̇�

2 = 𝜔𝑠
2𝜎𝑦

2;   𝐸[𝑦4] =
3

8
𝐸[𝐴4];    𝐸[�̇�4] = 𝜔𝑠

4𝐸[𝑦4]  (4.37) 

and the moments of the amplitude are determined from its PDF 𝑓𝐴(𝐴):  

 
𝑓𝐴(𝐴) = 𝐶𝐴𝐴 exp  (−

𝜔𝑠
3𝐴2

𝜋𝑆0
{𝜉𝑠 + (

𝜌𝐵2

𝑚𝑠
)(𝐴1 +

16

9𝜋
𝐴2𝐴 +

3

8
𝐴3𝐴

2)}) (4.38) 

where 𝐶𝐴 is a normalization constant for the PDF function. 

It is confirmed that the moments calculated from ENLE approach satisfy 

Eq. (4.35), but Eq. (4.36) is only approximately satisfied indicating that Eq. (4.36) 

is only approximate, which may be due to the truncation error of Eq. (4.27). 

4.2.3.4 Extreme response and fatigue damage 

The CDF of extreme value of nonstationary non-Gaussian displacement 

𝑦(𝑡) within a time duration T can be calculated trough the mean upcrossing theory 

(e.g., Lutes and Sarkani 2004). The mean crossing rate at time instant 𝑡 and level 

𝑦 is identical to that of the underlying standard Gaussian process 𝑢1(𝑡) at level 

𝑢1 = 𝑟1
−1(

𝑦

𝜎𝑦(𝑡)
) . The CDF of extreme response is calculated as follows with 

consideration of narrowband feature of response (Vanmarcke 1975; Lutes and 

Sarkani 2004): 

 
𝐹𝑚𝑎𝑥(𝑦) = exp [−∫ 𝜈(𝑦, 𝑡)𝑑𝑡

𝑇

0

] (4.39) 
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𝜈(𝑦, 𝑡) = 𝜈(𝑢1, 𝑡) = 𝑓𝑠exp {−

𝑢1
2

2
} 𝛽(𝑢1) (4.40) 

 
𝛽(𝑢1) =

1 − exp (−√2𝜋𝑞1.2𝑢1)

1 − exp (−𝑢1
2/2)

 (4.41) 

where 𝜈(𝑦, 𝑡)  is the mean crossing rate at level 𝑦 ; and 𝑞  is the bandwidth 

parameter and is approximately calculated as 𝑞 = 2 (
𝜉𝑒𝑞(𝑡)

𝜋
)
0.5

, and 𝜉𝑒𝑞(𝑡)  is 

equivalent system damping estimated as 𝜉𝑒𝑞(𝑡) = 𝜋𝑆0(𝑡)/2𝜔𝑠
3𝜎𝑦

2(𝑡)  . When the 

extreme value distribution can be assumed to approach Gumbel distribution, the 

mean and mean plus STD of extreme value correspond to 57% and 86% quantiles, 

respectively. 

The mean fatigue damage of nonstationary non-Gaussian process 

accumulated in the time duration 𝑇 can be calculated as (e.g., Chen 2014b): 

 
𝐸[𝐷] =

23𝑚/2𝜈0𝜅𝑠
𝑚

𝐾0
𝛤(1 + 𝑚/2)∫ 𝐺𝑅(𝑡)𝜎𝑦

𝑚(𝑡)dt
𝑇

0

 (4.42) 

 𝐺𝑅(𝑡) = 1 − 𝑎𝑚(3 − 𝛼4𝑦(𝑡)) − 𝑏𝑚(3 − 𝛼4𝑦(𝑡))
2
 (4.43a) 

 𝑎𝑚 = −0.21 + 0.032𝑚 + 0.026𝑚2;𝑏𝑚 = −0.27 + 0.20𝑚 − 0.033𝑚2     (4.43b) 

where 𝐺𝑅(𝑡) is the ratio of fatigue damage for non-Gaussian response to that of 

Gaussian response; 𝐾0  and 𝑚  are material constant and slope of the S-N 

curve 𝑁 = 𝐾0𝑠
𝑚 (𝑁 is the cycle number to cause fatigue damage under stress level 

𝑠); 𝜈0  is mean upcrossing rate at zero-mean level, and 𝜈0 ≈ 𝑓𝑠  for narrowband 

process; 𝜅𝑠 is a constant and can be calculated as the stress due to inertial load 

with unit displacement. 

4.3 Results and discussions 

4.3.1 Characteristics of a tall building and nonstationary wind field 

In this study, a square-shaped tall building in a very smooth terrain is 

considered as an example. The aspect ratio of building 𝐻/𝐵 = 13.3. The mass 

parameter 𝑚𝑠/𝜌𝐵
2 = 172.  The fundamental building frequency  𝑓𝑠 = 0.21 Hz and 
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damping ratio  𝜉𝑠 = 1%. The fundamental modal shape is assumed as linear over 

the building height. The aerodynamic damping ratio as a function of vibration 

amplitude at different reduced wind speed under stationary wind excitation is 

calculated using the model introduced by Watanabe et al. (1997), that was 

developed based on wind tunnel data. In wind tunnel test, the power law exponent 

of mean wind speed profile was around 0.11, and turbulence intensity at the 

building top was about 6% (Vickery and Steckley 1993). Fig. 4.1 shows the 

aerodynamic damping as a function of STD of harmonic displacement and 

reduced wind speed.  

 
 

a) 𝜉𝑎 vs. 𝑈/𝑓𝑠𝐵 
b) 𝜉𝑎 vs. 𝜎𝑦 

Fig. 4.1 Aerodynamic damping of the tall building as a function of response STD 

and reduced wind speed 

 

The time-varying mean wind speed of nonstationary wind field is modelled 

as 

 𝑈(𝑡) = 𝑈𝑚𝑎𝑥𝑑(𝑡) (4.44) 

 𝑑(𝑡) = exp [−(𝑡 − 𝑡0)
2/2𝐷𝑡

2] (4.45) 

where 𝑈𝑚𝑎𝑥 is maximum mean wind speed at the building top;  𝑑(𝑡) is the time-

varying modulation function for the mean wind speed; 𝑡0  is the time instant at 

which 𝑑(𝑡) reaches its maximum value; and 𝐷𝑡 is wind storm duration parameter. 

Fig. 4.2 shows the time-varying modulation function for 𝑡0 =300 s and 𝐷𝑡 =60, 
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180 and 300 s. A smaller value of 𝐷𝑡 indicates a short duration of storm, i.e., a 

larger variation of mean wind speed with time.  

 
Fig. 4.2 Time-varying modulation function of mean wind speed (𝑡0 = 300s) 

 

The EPSD is modelled based on the power spectrum of the base bending 

moment coefficient under stationary wind excitation is determined using the 

model recommended by Architectural Institute of Japan (AIJ 2004):  

 

𝑓𝑆𝐶𝑀(𝑓, 𝑡)

𝜎𝐶𝑀𝑏
2 =

4𝜅1(1 + 0.6𝛽1)𝛽1
𝜋

(
𝑓

𝑓0(𝑡)
)
2

[1 − (
𝑓

𝑓0(𝑡)
)
2

]

2

+ 4𝛽1
2 (

𝑓
𝑓0(𝑡)

)
2
 (4.46) 

where 𝑓0(𝑡) is vortex-shedding frequency corresponding to the mean wind speed 

𝑈(𝑡), i.e., 𝑓0(𝑡) = 𝑆𝑡𝑈(𝑡)/𝐵; the Strouhal number 𝑆𝑡 = 0.09, i.e., the vortex lock-

in reduced wind speed 𝑈𝑐𝑟/𝑓𝑠𝐵 = 11.1 ; 𝛽1  represents the band width of the 

spectrum and takes 𝛽1 = 0.28  and 𝜅1 = 0.85 ; 𝜎𝐶𝑀𝑏  is STD value of moment 

coefficient and 𝜎𝐶𝑀𝑏 = 0.1572 for square building. It should be mentioned that the 

use of above time-varying modulation function is not an attempt to represent the 

actual non-synoptic winds which have various time-varying mean characteristics 

(e.g., Solari 2016), rather than for developing fundamental understanding of 

nonstationary wind effect of tall buildings.  
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To validate the analytical approach, response history simulation is also 

performed through the solution of state-space equation using Runge-Kutta method. 

The time step is 0.1 s and duration is 10 min for each sample. The time-varying 

statistics of displacement are calculated by ensemble average of 1000 simulated 

samples. The initial displacement and velocity are random Gaussian quantities, 

generated with their STDs assumed to be quasi-stationary values. The influence of 

the initial conditions vanishes after several cycles of vibration when system 

damping is positive. The time history of 𝐶𝑀𝑏(𝑡) is generated by using the spectral 

representation method for nonstationary process as (Shinozuka and Jan 1972).  

 

𝐶𝑀𝑏(𝑡𝑗) =∑√2𝑆𝐶𝑀(𝑓𝑖 , 𝑡𝑗)Δ𝑓cos (2𝜋𝑓𝑖𝑡𝑗 +Φ𝑖) 

𝑀

𝑖=1

 (4.47) 

where 𝑓𝑖 = (𝑖 − 1)Δ𝑓; 𝑡𝑗 = (𝑗 − 1)Δ𝑡; Δ𝑓 = 1/(𝑁Δ𝑡) is frequency increment with 

the Nyquist (cut-off) frequency 𝑓𝑚𝑎𝑥 =5 Hz; 𝑖 = 1,2, … ,𝑀 ; 𝑗 = 1,2, … , 𝑁 ; 𝑀 ≤

𝑁/2 ; Φ𝑖 (𝑖 = 1,2, …𝑀) are random variables following uniform distribution over 

[0, 2𝜋]. Fig. 4.3 shows time history samples of 𝐶𝑀𝑏(𝑡) with 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵=10, 𝐷𝑡 =60 

and 300 s.  
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a) 𝐷𝑡=60 s 

 
b) 𝐷𝑡=300 s 

Fig. 4.3 Simulated time history samples of 𝐶𝑀𝑏(𝑡) under nonstationary wind with 

𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 10   

4.3.2 Nonstationary crosswind response without aerodynamic damping  

The nonstationary crosswind response of the tall building without 

consideration of nonlinear aerodynamic damping is discussed first. The response 

under stationary excitation is also calculated for comparison. Fig. 4.4 shows the 

STD of displacement as a function of wind speed under stationary wind excitation. 

Fig. 4.5 shows time history samples of displacement under nonstationary wind 

excitation with 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 10 , 𝐷𝑡 =  60 and 300 s, along with that under 

stationary wind excitation, i.e., 𝐷𝑡 = ∞. A free vibration is observed at the end for 

the case of 𝐷𝑡 = 60 s when the wind load vanishes, while very distinct response 

time histories are developed for 𝐷𝑡 = 300 s and stationary case. Fig. 4.6 displays 

the corresponding time-varying STD of displacement where estimations from 

different approaches are compared. These approaches include time domain 
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simulation, solution of covariance equation, i.e., Eq. (4.19), solution of variance 

of displacement with narrowband assumption (Spanos and Lutes 1980), i.e., Eq. 

(4.20), and spectral analysis, i.e., Eqs. (4.6)-(4.10). These approaches give 

accurate estimation of time-varying STD. The influence of initial condition on the 

time-varying variance of displacement is added in the calculation from the 

spectral analysis, but its effect vanishes after several vibration cycles.  

The time-varying STD under nonstationary excitation is lower than that of 

quasi-stationary response due to transient structural dynamic effect, especially 

when 𝐷𝑡 is shorter. The transient effect also results in a time lag such that the time 

variation of response STD is behind the variation of mean wind speed squared. 

Therefore, the maximum response STD is observed after the mean wind speed 

reaches its peak. The time-variation of quasi-stationary response STD is greater 

than that of the mean wind speed squared due to dynamic amplification effect. 

The effect of transient structural dynamics is further examined through analysis 

using Eq. (4.20) with different value of 𝐷𝑡. The influence of 𝐷𝑡 on maximum STD 

of displacement is shown in Fig. 4.4. Fig. 4.7 displays the ratio of maximum STD 

of displacement to that under stationary wind. The response STD decreases with 

the decrease in 𝐷𝑡. The transient effect is reflected by 𝑒−2𝜉𝑠𝜔𝑠𝑡, which is almost 

not affected by 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵. 

 Fig. 4.8 compares the CDF of extreme displacement calculated from time 

simulation and crossing rate theory. Fig. 4.9 displays the mean, i.e., 57% fractile 

of extreme, which is normalized with the maximum STD of displacement, is also 

referred to as peak factor. It is seen that the crossing rate theory overestimates the 

extreme compared with that from time domain simulation. To better understand 

the performance of crossing rate theory, the extreme distribution of stationary 

response with different time duration 𝑇=1, 2, 5 and 10 minutes are calculated from 

both crossing rate theory and time domain simulation. The results are also shown 

in Fig. 4.8 for 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 =10. It is obvious that the crossing rate theory 

overestimates the extreme when time duration is small, while gives accurate 
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estimation when time duration is large. This observation can well explain the 

performance of crossing rate theory for estimating the extreme of nonstationary 

response as previously described. A small value of 𝐷𝑡  corresponds to a shorter 

equivalent time duration of the nonstationary response or lower crossing number, 

thus overestimation of extreme by crossing rate theory.  

 The peak factor decreases with decrease in 𝐷𝑡, and is almost independent 

of wind speed. The peak factor and mean maximum response under nonstationary 

wind excitation are much lower than those of stationary wind due to the fact that 

the large response is only developed for a shorter time duration. The extreme 

value distribution of nonstationary response will be close to that of stationary 

response with larger 𝐷𝑡 , say, 𝐷𝑡 = 1200 s. The peak factor with and without 

consideration of narrowband feature is 3.04 and 3.30, respectively (Davenport 

1964; Vanmarcke 1975). 

 Fig. 4.10 displays the mean fatigue damage which is normalized by 

𝜈0𝑇𝜅𝑠
𝑚/𝐾0  where 𝑚=3. The analytical estimation is agreeable with that from 

rainflow counting using the simulated time history. The fatigue damage under 

nonstationary excitation is lower than that of stationary case, and decreases with 

decease in storm duration parameter 𝐷𝑡.  

 

Fig. 4.4 Maximum STD of displacement under stationary and nonstationary 

excitations (without aerodynamic damping) 
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a) Nonstationary wind,  𝐷𝑡 =60 s 

 
b) Nonstationary wind, 𝐷𝑡=300 s  

 
c) Stationary wind 

Fig. 4.5 Time history sample of crosswind displacement (without aerodynamic 

damping, 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 10) 
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a) 𝐷𝑡 =60 s  b) 𝐷𝑡 =300 s 

Fig. 4.6 Comparison of estimated time-varying STD of displacement (without 

aerodynamic damping, 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 10) 

 

 

Fig. 4.7 Ratio of maximum STD of displacement to that under stationary wind 

(without aerodynamic damping) 
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a) Nonstationary and stationary 

extreme response 

 

b) Stationary extreme response 

with different time duration 

 

Fig. 4.8 CDF of extreme displacement (without aerodynamic damping, 𝑈𝑚𝑎𝑥/
𝑓𝑠𝐵 = 10) 

 

 
 

Fig. 4.9 Peak factor of extreme (without 

aerodynamic damping, 

𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 10) 

 

Fig. 4.10 Fatigue damage without 

aerodynamic damping 

 

4.3.3 Free vibration of crosswind response with nonlinear damping  

The free-vibration response at certain initial condition is also examined to 

better understand the effect of nonlinear aerodynamic damping,  Fig. 4.11 shows 

the time history of displacement with given initial condition where 𝑈𝑚𝑎𝑥/

𝑓𝑠𝐵 =13.3 and 14.4 with 𝐷𝑡=300 s and ∞. The vibration amplitude agrees with 
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that directly determined from Eq. (4.23). The increasing rate of vibration 

amplitude depends on the level of system damping, which is a nonlinear function 

of vibration amplitude. The vibration amplitude under time-varying wind speed is 

much lower than the quasi-stationary amplitude due to insufficient time for 

response development. In the case of 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 13.3 under the stationary 

excitation, i.e., 𝐷𝑡 = ∞ , the larger negative aerodynamic damping at the wind 

speed results in a fast growth in response. On the other hand, for 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 =14.4, 

the total damping is low and is almost independent of vibration amplitude as 

shown in Fig. 4.1. Therefore, a longer time duration is required to reach steady-

state response where the system damping is zero. When the time duration is not 

long enough to permit the response reaching the steady-state level, the maximum 

response of free vibration is affected by the initial condition, damping ratio and 

the time duration.  
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a) 𝑦 = 2% and �̇� = 0 at 𝑡=50 s 

(𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 13.3, 𝐷𝑡 = 300s) 

 

b) 𝑦 = 2% and �̇� = 0 at 𝑡=0 s 

(𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 13.3, 𝐷𝑡 = ∞) 

 

  
c) 𝑦 = 2% and �̇� = 0 at 𝑡=50 s 

(𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 14.4, 𝐷𝑡 = 300s) 

 

d) 𝑦 = 2% and �̇� = 0 at 𝑡=0 s 

(𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 14.4, 𝐷𝑡 = ∞) 

 

Fig. 4.11 Free vibration under nonstationary and stationary excitations 

4.3.4 Performance of non-Gaussian closure approach for stationary crosswind 

response 

To better understand the performance of moment closure technique as 

applied to crosswind response of tall buildings with nonlinear aerodynamic 

damping effect, the response under stationary wind is firstly calculated for 

comparison. Chen (2013) showed that the ENLE approach can give accurate 

response estimation while the statistical linearization approach with Gaussian 

assumption, i.e., the Gaussian closure technique, is less accurate. Fig. 4.12 
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compares the response STD and kurtosis under stationary wind excitation by using 

ENLE approach, Gaussian and non-Gaussian closure techniques. In the wind 

speed region where the effect of nonlinear aerodynamic damping is insignificant, 

the response follows a distribution close to Gaussian, these three approaches give 

very agreeable estimations. On the other hand, when the response shows clearly 

non-Gaussian feature at the vicinity of vortex lock-in wind speed region, the 

response STD estimated by using Gaussian closure technique is lower compared 

with that from the ENLE approach. The non-Gaussian closure technique is, to 

some extent, able to capture the non-Gaussian character, but the estimated 

kurtosis from Eq. (4.36) is lower. As the result, the response STD is overestimated. 

The estimation of kurtosis from Eq. (4.36) involves higher moments than kurtosis, 

which are approximately estimated from the kurtosis-based translation process 

model. This moment closure technique inevitably introduces error in the estimated 

kurtosis.  In addition, as mentioned before, there is truncation error in Eq. (4.27) 

thus in Eq. (4.36). It is confirmed that, when the kurtosis calculated from the 

ENLE approach is used, the non-Gaussian closure technique can result in accurate 

estimation of response STD as shown in Fig. 4.12a).  

  
a) Response STD 

 

b) Response kurtosis 

 

Fig. 4.12 Crosswind response under stationary wind excitation 
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4.3.5 Performance of non-Gaussian closure approach for nonstationary 

crosswind response  

Fig. 4.13 displays the stochastic response time history samples with  

𝑈𝑚𝑎𝑥/𝑓𝑠𝐵=14.4, 𝐷𝑡 = 300 s and ∞ with initial condition of 𝑦 = �̇� = 0. Response 

time history of 1000 samples are simulated where the initial displacement and 

velocity of vibration are generated from Gaussian distributions with the STDs 

determined from quasi-stationary analysis. The time-varying response STD is then 

estimated from these samples. Fig. 4.14 and Fig. 4.15 show the comparison of the 

time-varying STD and kurtosis estimated from different approaches. The initial 

conditions for calculating time-varying statistics are the corresponding stationary 

response statistics under wind speed at 𝑡 = 0  s. For 𝐷𝑡 = 300  s, the hardening 

non-Gaussian response character with kurtosis much less than 3 is clearly 

observed. The non-Gaussian character can only be developed in short time period 

when 𝐷𝑡 =60 s. It should be mentioned that the estimated kurtosis from simulated 

response time history is meaningful only when the response is stochastic, and is 

not applicable for free vibration such as the response with 𝐷𝑡 = 60 s, 𝑡 < 200 s 

and 𝑡 > 400 s. While it is not shown here for the clarity of demonstration, the 

time-varying response STD can be accurately calculated from the covariance 

equation, i.e. Eq. (4.25), when the time-varying kurtosis of displacement obtained 

from time history simulation is used. The quasi-stationary approach fails in 

capturing the time-varying STD and kurtosis due to the ignorance of transient 

structural dynamic effect. The transient structural dynamic effect results in delay 

in the variation of response STD and kurtosis. As expected, the Gaussian closure 

technique falls short when the response shows clear non-Gaussian character. The 

simulation results confirmed the relationship among statistical moments of 

narrowband displacement and velocity, i.e., 𝐸[�̇�2] ≈ 𝜔𝑠
2𝐸[𝑦2], 𝐸[�̇�4] ≈ 𝜔𝑠

4𝐸[𝑦4] 

and 𝐸[𝑦�̇�3] ≈ 𝜔𝑠
2𝐸[𝑦3�̇�]. 

The performance of non-Gaussian closure technique is examined. The 

original non-Gaussian closure technique, where both variance and kurtosis are 
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determined from the moment equations, can capture the time-varying kurtosis of 

velocity, but fails in predicting the time-varying kurtosis of displacement. That is 

related to the inaccurate estimation of small value of 𝐸[𝑦3�̇�] . When the 

narrowband response character is applied, the time-varying STD and kurtosis of 

velocity are calculated from Eqs. (4.32) and (4.33), and those of displacement are 

subsequently determined using their relationships. This approach is referred to as 

simplified non-Gaussian closure approach. The estimation of response STD from 

this simplified approach is same as the original non-Gaussian closure technique, 

but the estimation of kurtosis of displacement is largely improved. When the 

quasi-stationary estimation of kurtosis from ENLE approach is used, the response 

STD can be determined directly from Eq. (4.32). This approach is referred to as 

modified non-Gaussian closure technique, which gives much better estimation of 

response STD This modified approach is easier to implement and only the 

governing equations of variance need to be solved numerically.  

 

Fig. 4.13 Time history sample of crosswind displacement under stationary and 

nonstationary wind excitation (𝑈𝑚𝑎𝑥/𝑓𝑠𝐵=14.4) 
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a) 𝐷𝑡 = 300s 

 

b) 𝐷𝑡 = 60s 

 

Fig. 4.14 Time-varying STD of crosswind displacement (𝑈𝑚𝑎𝑥/𝑓𝑠𝐵=14.4) 

 

  
a) Kurtosis of displacement (𝐷𝑡 = 300s) 

 

b) Kurtosis of velocity (𝐷𝑡 = 300s) 

 

 
c) Kurtosis of displacement (𝐷𝑡 = 60s) 

 

Fig. 4.15 Time-varying kurtosis of crosswind response (𝑈𝑚𝑎𝑥/𝑓𝑠𝐵=14.4) 
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The time-varying STD of displacement at 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵=10, 14.4 and 22.2 are 

shown in Fig. 4.16, where the transient response is calculated from modified non-

Gaussian closure approach. Fig. 4.17 portrays the maximum STD of displacement 

for 𝐷𝑡 =60, 180 and 300 s at different 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵. The quasi-stationary estimation 

at 𝐷𝑡=180 s is also presented for comparison. The transient structural dynamic 

effect reduces the maximum STD and delays the variation of STD, especially 

when 𝐷𝑡 is small. The transient effect is more obvious when the effective system 

damping is lower, i.e., at the vicinity of vortex lock-in wind speed such as the case 

of 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 =14.4. The transient effect is less significant when the system 

damping is larger such as the case of 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵=10. For the case of 𝑈𝑚𝑎𝑥/

𝑓𝑠𝐵=22.2, there are two peaks in the time-varying STD estimated from quasi-

stationary approach, which correspond to the reduced wind speed around 𝑈/

𝑓𝑠𝐵 ≈14.4. Fig. 4.18 shows the ratio of maximum STD of transient response over 

that of quasi-stationary response, where the transient response is calculated from 

modified non-Gaussian closure approach. As expected, in the case of 𝑈𝑚𝑎𝑥/

𝑓𝑠𝐵=10 and 14.4, the ratio of maximum STD approaches to one when 𝐷𝑡 is large 

enough. For the case of 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵=22.2, the 10-min wind duration is not long 

enough to let the transient response reach second peak of time-varying STD when 

𝐷𝑡 ≤300 s.   

Fig. 4.19 shows the comparison of 57% quantile of extreme displacement. 

The analytical approach gives consistent prediction of extreme as compared to 

simulation, where the estimated peak factor is slightly higher due to the use of 

crossing rate theory before lock-in wind speed. When hardening non-Gaussian 

character is significant at vortex lock-in region, the error of estimation of peak 

factor reduced due to hardening non-Gaussian effect. As expected, the extreme of 

displacement under nonstationary wind excitation is lower than that under 

stationary wind excitation due to shorter effective duration of large response in 

the case of nonstationary response.  
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The fatigue damage under nonstationary excitation can also be well 

estimated compared with that from simulation as shown in Fig. 4.20. The mean 

fatigue damage is normalized by 𝜈0𝑇𝜅𝑠
𝑚/𝐾0  where 𝑚=3. The fatigue damage 

under nonstationary excitation is lower than that of stationary case. 

  

a) 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 10.0 
b) 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 14.4  

 

c) 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 22.2 

Fig. 4.16 Time-varying STD of displacement with nonlinear aerodynamic 

damping 



Texas Tech University, Changda Feng, December 2018 

99 

  

Fig. 4.17 Maximum of time-varying 

STD of displacement 

 

Fig. 4.18 Ratio of maximum STD of 

displacement to that of quasi-

stationary estimation 

 

  
a) Normalized 57% quantile of 

extreme (Peak factor) 

 

b) 57% quantile of extreme (Mean 

extreme displacement) 

 

Fig. 4.19 Comparison of estimated extreme of displacement 

 
Fig. 4.20 Comparison of estimated fatigue damage 
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4.3.6 Effect of initial condition 

The influence of initial condition near vortex lock-in wind speed on 

transient stochastic response is revisited. Fig. 4.21 compares the estimated time-

varying STD of displacement using the modified non-Gaussian closure technique 

with different initial conditions at t=150 s is used. At 𝑡 = 150 s,  𝑈/𝑓𝑠𝐵=12.7, 

which is very close to vortex lock-in wind speed and the negative aerodynamic 

damping is very sensitive to vibration amplitude. Two new initial conditions are 

considered here. Initial condition 1 is set as the stationary response considering 

nonlinear aerodynamic damping at 𝑡 = 150 s, while initial condition 2 is set as the 

stationary response calculate by use of system damping 𝜉𝑠 . Compared with the 

case of initial wind speed below vortex lick-in wind speed, it is noted that the 

influence of initial condition near vortex lock-in wind speed needs a longer time 

to vanish as the corresponding time level is lower. At the initial condition 2, the 

effective system damping is negative and the response growth is fast. The 

influence of initial condition on transient response is one of the contributors, 

among others, that causes large variations of response statistics when the response 

data are analysed regardless of the initial condition. These large variations are 

often observed in the field data analysis of vortex-induced vibration. 

 

 

Fig. 4.21 Time-varying STD for different initial conditions near vortex lock-in 

wind speed (𝑈𝑚𝑎𝑥/𝑓𝑠𝐵=14.4) 
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4.3.7 Effect of modulation function 

The transient structural dynamic effect is affected by the modulation 

function of wind speed. Here, other modulation functions are further used to 

validate the accuracy of analytical solution and to understand the characteristics of 

nonstationary response. Fig. 4.22 shows the two new modulation functions for 

wind events 1 and 2. Wind event 1 has a modulation function of wind speed 

determined as follows: 

 𝑑(𝑡) = α0𝑡
𝛽0𝑒−𝜆𝑡;   𝛼0 > 0  𝛽0, 𝜆 ≥ 0 (4.48) 

where  𝛽0 = 1, and 𝑡𝑚𝑎𝑥 = 125 s. The maximum value of the function is one at 

the time instant 𝑡𝑚𝑎𝑥 = 𝛽0/𝜆 ; 𝛼0 = (𝜆/𝛽0)
𝛽0𝑒𝛽0 . Wind event 2 is trying to 

simulate time variation of horizontal mean wind speed of a downburst.  

 
Fig. 4.22 Different modulation functions of wind speed 

  

Fig. 4.23 compares the time-varying STD of displacement estimated from 

the modified non-Gaussian closure technique and time history simulation for wind 

events 1 and 2 where 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵=14.4. The modified non-Gaussian technique leads 

to satisfactory estimations. The results at 𝑈𝑚𝑎𝑥/𝑓𝑠𝐵 = 20 , 21.1 and 22.2 from 

modified non-Gaussian technique are also shown. Fig. 4.24 shows the maximum 

time-varying STD as a function of maximum wind speed. Due to nonlinear 

dependence of aerodynamic damping on vibration amplitude and wind speed, the 

variation of modulation function can have significant influence on the time-
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varying response STD. For wind event 2, when the constant wind speed is at the 

vicinity of the vortex lock-in wind speed, the time-varying response STD is 

sensitive to wind speed.   

 
 

a) Wind event 1  

 

b) Wind event 2 

 

Fig. 4.23 Time-varying STD of displacement under different wind events 

 
Fig. 4.24 Maximum STD of displacement under different wind events 

4.4 Summary 

The analytical approaches for estimating nonstationary crosswind response 

of tall buildings without consideration of nonlinear aerodynamic damping was 

firstly examined. These approaches include the solution of covariance equation 

with and without narrowband response assumption, and that based on evolutionary 

spectral analysis. The results showed that these approaches can give accurate 

time-varying response STD compared with that from response time history 
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simulation. The evolutionary spectral analysis approach does not require white 

noise assumption of excitation, thus can also be used for alongwind response 

including both background and resonant response components. The covariance 

equation approach can only be used for resonant component as it involves the 

white noise assumption of excitation.  The results demonstrated that the transient 

structural dynamic effect causes a reduction of response and a delay of variation 

of response STD compared with that of quasi-stationary response. The extreme 

response estimated using time-varying STD based on the crossing rate theory can 

be conservative for strong nonstationary response when the effective time 

duration of large response is small. The mean fatigue damage can be accurately 

calculated from the time-varying response STD. 

The non-Gaussian moment closure technique was examined to estimate 

crosswind response of tall buildings with nonlinear aerodynamic damping under 

nonstationary load excitation. The higher order moments involved in the moment 

equation were estimated in kurtosis-based Hermite translation model. The 

narrowband response characteristics were applied to simplify the equations. The 

comparison of estimations with time history simulations showed that the accuracy 

of time-varying STD of response is influenced by the estimated response kurtosis 

that is more sensitive to the approximation in the non-Gaussian closure technique. 

This study introduced a simplified non-Gaussian closure technique, where the 

response kurtosis is approximated as quasi-stationary value that is determined 

using the ENLE approach same as the stationary response. This simplified non-

Gaussian moment closure technique is easier to implement and has satisfactory 

performance. When the non-Gaussian response character is insignificant, the 

simple Gaussian-closure technique can be used. With estimated time-varying 

response STD and kurtosis, the nonstationary extreme value and fatigue damage 

can be well estimated. 

The crosswind response under nonstationary excitation with time-varying 

mean wind speed is lower than that under stationary wind excitation due to 
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transient structural dynamic effect. The reduction of extreme response and fatigue 

damage are more significant due to short time duration of high level of response. 

The reduction effect is influenced by the modulation function of wind speed, the 

frequency and damping ratio of the building. Buildings with lower damping and 

lower frequency are more sensitive to transient effects and the initial condition. 

The nonstationary response can be better characterized in non-dimensional 

quantities, where the time variation is represented in terms of time divided by the 

building fundamental modal period, and the mean wind and building frequency 

are unified by the reduced wind speed.   
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CHAPTER    5  

ALONGWIND AND CROSSWIND RESPONSE CHARACTERISTICS OF BASE-

ISOLATED TALL BUILDINGS 

5.1 Introduction 

Base isolation systems with nonlinear hysteretic restoring force 

characteristics have primarily been used for seismic design of low- and mid-rise 

buildings and other structures (e.g., Kelly 1986; Naeim and Kelly 1999). The base 

isolation system lengthens the period of vibration of the upperstructure thus leads 

to reduction of seismic response. In the case of high-rise buildings, the periods of 

vibration are already very long. Therefore, the benefit from added base isolation 

for high-rise buildings have been considered to be limited. However, other 

additional considerations of building performance such as comfort of occupants, 

functionality of buildings during and after earthquake, non-damage to 

acceleration-sensitive contents and non-structural elements have made the base 

isolation system one of the attractive solutions for tall buildings against seismic 

loading (e.g., Heaton et al. 1995; Ariga et al. 2006; Shinozaki et al. 2004 and 2008;  

Takewaki and Fujita 2009; Becker et al. 2015; Siringoringo and Fujino 2015; 

Chimamphant and Kasai 2016). In Japan, increasing number of base-isolated tall 

buildings have been constructed since the 2011 Tohoku earthquake when 

acceleration-induced damage to building content was observed in fixed-base, 

high-rise buildings (Kasai and Matsuda 2013).  

High-rise buildings are susceptible to wind excitations. Reduction of modal 

frequency due to base isolation system will cause larger wind-induced response 

and potential unstable aerodynamic response. There is of great importance to 

examine the performance of base-isolated tall buildings under strong wind 

excitations. Kareem (1997) studied alongwind response of elastic base-isolated 

buildings with passive dampers by using an integrated state-space model approach. 

Liang et al. (2002) investigated habitability characters of base-isolated tall 
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buildings with hysteretic restoring force character under fluctuating wind 

excitation. Katagiri et al. (2011) examined the accuracy of reduced building 

models in predicting alongwind, crosswind and torsional responses of base-

isolated tall buildings through response history analysis. The result showed that 

two or more masses system is needed for accurately predicting alongwind 

displacement at first floor, while five or more masses model is required for 

crosswind and torsional responses. Katagiri et al. (2012) addressed the alongwind, 

crosswind and torsional responses of base-isolated tall buildings with 

consideration of motion-induced forces, and point out that the unstable 

aerodynamic response could be observed in crosswind and torsional directions in 

lightly weighted base-isolated tall buildings. Katagiri et al. (2014) investigated the 

wind-induced response characteristics of isolation layer of base-isolated tall 

building through rain-flow method. Ogawa et al. (2016) discussed the 

characteristics of low-frequency shift of center displacement of isolation layer of 

base-isolated tall building under fluctuating wind force, and proposed a prediction 

method of low-frequency shift from the resonant response component. 

Siringoringo and Fujino (2017) analyzed dynamic characteristics of a base-

isolated building under typhoons using full-scale measurement data.  

Analytical approach based on statistical linearization has also been utilized 

for inelastic response of base-isolated structures. Su et al. (1990) studied building 

response under stationary and nonstationary ground motions. Chen and Ahmadi 

(1992) examined stationary alongwind response with a rigid upper structure. 

Muscolino et al. (1997) and Fatica and Floris (2003) applied non-Gaussian closure 

techniques for seismic response analysis. Ma et al. (2014) investigated seismic 

response of base-isolated high-rise buildings under nonstationary excitation.  

This study investigates uncoupled crosswind and alongwind responses of 

base-isolated tall buildings. The bilinear restoring shear force of base isolation 

system is modeled in Bouc-Wen hysteretic force model (Wen 1976). The upper 

building is modeled as a linear elastic multiple degrees of freedom shear building. 
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The story wind forces are represented in their cross power spectra. Response 

history analysis is carried out to characterize the crosswind response with zero 

mean component and alongwind response with time-varying mean component. 

The participation of higher modes of building vibration in building acceleration is 

highlighted. Analytical estimations of the response statistics by using statistical 

linearization approach with Gaussian assumption are also presented and 

challenges posed by non-Gaussian response character are pointed out. A 

comprehensive parametric study is performed to explore the effects of base 

isolation parameters on building response. The results of this study help in 

developing improved understanding of inelastic response of base-isolated tall 

buildings under strong wind loads.  

5.2 Theoretical framework 

5.2.1 Equations of motion 

The building dynamics and hysteretic restoring forces of base isolation 

system are assumed to be uncoupled in alongwind and crosswind directions. 

Therefore, the alongwind and crosswind responses can be addressed separately. 

The equations of motion of a wind-excited building with base isolation system as 

shown in Fig. 5.1 are given by: 

 𝑴𝒓�̈�𝑏 +𝑴�̈� + 𝑪�̇� + 𝑲𝒙 = 𝒑(𝑡) (5.1a) 

 (𝑚𝑏 +𝑚)�̈�𝑏 + 𝒓
𝑻𝑴�̈� + 𝑐𝑏�̇�𝑏 + 𝛼𝑘𝑏𝑥𝑏 + (1 − 𝛼)𝑘𝑏𝑧𝑏 = 𝒓𝑻𝒑(𝑡) (5.1b) 

 �̇�𝑏 = 𝐴�̇�𝑏 − 𝛽|�̇�𝑏||𝑧𝑏|
𝑛−1𝑧𝑏 − 𝛾�̇�𝑏|𝑧𝑏|

𝑛 (5.1c) 

where 𝑥𝑏  is displacement of base relative to ground;  𝒙 = {𝑥1, 𝑥2… . , 𝑥𝑁}
𝑻  is the 

building displacement vector relative to the base slab;  𝑴, 𝑪,𝑲 are 𝑁 × 𝑁  mass, 

damping and stiffness matrices of the building; 𝒑(𝑡) = {𝑝1(𝑡), 𝑝2(𝑡), … , 𝑝𝑁(𝑡)}
𝑇 is 

𝑁 × 1 wind loading vector; 𝒓 = {1,1, … ,1}𝑇 ; 𝑚𝑏 is mass of base slab; 𝑚 = 𝒓𝑻𝑴𝒓 

is total mass of upper building; 𝑘𝑏 and 𝑐𝑏 are stiffness and damping coefficient of 

base isolation; 𝛼 is second stiffness ratio; 𝑧𝑏 is hysteretic displacement; 𝐴, 𝛽, 𝛾 and 
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𝑛  are Bouc-Wen hysteretic force model parameters (Wen 1976). The yield 

displacement 𝑥𝑦 = (
𝐴

𝛽+𝛾
)
1/𝑛

 . When 𝛽 = 𝛾 , 𝐴 = 1  and 𝑛  is large, say, 𝑛 = 6 , 

Bouc-Wen model is close to the bilinear model (e.g., Lutes and Sarkani 2004):  

 �̇�𝑏 = �̇�𝑏{1 − 𝑢(𝑧𝑏 − 𝑥𝑦)𝑢(�̇�𝑏) − 𝑢(−𝑧𝑏 − 𝑥𝑦)𝑢(−�̇�𝑏)} (5.2) 

where 𝑢(∙) is unit step function. 

 

Fig. 5.1 Base-isolated building model 

 

The building displacement 𝒙 is expressed in first 𝑆 (𝑆 ≤ 𝑁) modes of the 

fixed-base building: 

 

𝒙 =∑𝝓𝟎𝒊𝑞𝑖

𝑆

𝑖=1

 (5.3) 

where 𝝓𝟎𝒊 is the 𝑖𝑡ℎ mode shape of fixed-base building.  

Accordingly, the equations of motion reduce to:  

 
𝐿0𝑖�̈�𝑏 + �̈�𝑖 + 2𝜔0𝑖𝜉0𝑖�̇�𝑖 + 𝜔0𝑖

2 𝑞𝑖 =
𝑄𝑖(𝑡)

𝑀0𝑖
     (𝑖 = 1,2, … , 𝑆) (5.4a) 

 

�̈�𝑏 +∑
𝐿0𝑖𝑀0𝑖

𝑚𝑏 +𝑚
�̈�𝑖 + 2𝜔𝑏𝜉𝑏�̇�𝑏 + 𝛼𝜔𝑏

2𝑥𝑏 + (1 − 𝛼)𝜔𝑏
2𝑧𝑏 =

𝐹𝑏(𝑡)

𝑚𝑏 +𝑚

𝑆

𝑖=1

 (5.4b) 

𝑚𝑏

𝑚1

𝑚2

𝑚𝑁−1

𝑚𝑁𝑥𝑁

𝑥2

𝑥𝑁−1

𝑥𝑏

𝑥1

𝑝𝑁

𝑝𝑁−1

𝑝2

𝑝1

𝑝𝑗
𝑥𝑗 𝑚𝑗
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where 𝑀0𝑖 = 𝝓𝟎𝒊
𝑻 𝑴𝝓𝟎𝒊, 𝜔0𝑖  and 𝜉0𝑖  are i-th modal mass, frequency and damping 

ratio of fixed-base building;  𝐿0𝑖 =
𝝓𝟎𝒊
𝑻 𝑴𝒓

𝑀0𝑖
; 𝑚 = 𝐫𝐓𝐌𝐫;  𝜔𝑏 = √

𝑘𝑏

𝑚𝑏+𝑚
 and 𝜉𝑏 =

𝑐𝑏

2√𝑘𝑏(𝑚𝑏+𝑚)
 are frequency and damping ratio of the base isolation system 

corresponding to the initial stiffness when the upper building is assumed to be 

rigid;  𝑄𝑖(𝑡) = 𝝓𝟎𝒊
𝑻 𝒑(𝒕)  is i-th generalized wind force; and 𝐹𝑏(𝑡) = 𝒓

𝑻𝒑(𝒕)  is 

external loading in terms of base shear force.  

The wind story forces can be determined from synchronous pressure 

measurements or high-frequency force balance (HFFB) measurement in wind 

tunnel. In this study, the mean (static) alongwind story forces are defined as  

�̅�𝑖 = 0.5𝜌𝑈𝐻
2𝐶�̅�𝐵𝐻0 (

𝑦𝑖
𝐻
)
2𝛼𝑠

 (5.5) 

and the fluctuating components of alongwind and crosswind forces are defined in 

terms of the cross power spectral density (PSD) function of i-th and j-th story 

forces as 

 𝑆𝑝𝑖𝑝𝑗(𝑓) = 𝑆𝑝0(𝑓) (
𝑦𝑖
𝐻
)
𝛼𝑠
(
𝑦𝑗

𝐻
)
𝛼𝑠

exp (−
𝑘𝑦𝑓𝐻

𝑈𝐻

|𝑦𝑖 − 𝑦𝑗|

𝐻
) (5.6a) 

 𝑆𝑝0(𝑓) = (
1

2
𝜌𝑈𝐻

2𝐵𝐻0)
2

𝑆𝐶𝑀(𝑓)/|𝐽𝑦(𝑓)|
2
 (5.6b) 

 |𝐽𝑦(𝑓)|
2
= ∫ ∫ (

𝑦𝑖
𝐻
)
𝛼𝑠+1

(
𝑦𝑗

𝐻
)
𝛼𝑠+1

exp(−
𝑘𝑦𝑓𝐻

𝑈𝐻

|𝑦𝑖 − 𝑦𝑗|

𝐻
)
𝑑𝑦𝑖𝑑𝑦𝑗

𝐻2
 

𝐻

0

𝐻

0

 (5.6c) 

where 𝐶�̅� is the mean drag force coefficient, and is assumed to be a constant over 

the building height, which is related to the base bending moment coefficient 𝐶�̅� as 

𝐶�̅� = 2𝐶�̅�(𝛼𝑠 + 1) ; 𝑆𝐶𝑀(𝑓)  is PSD of base bending moment coefficient; 𝑘𝑦  is 

decay factor; 𝛼𝑠 is wind load profile coefficient; 𝑦𝑖  and 𝑦𝑗 are elevations of the i-

th and j-th floors; 𝜌 is air density; 𝑈𝐻 is wind speed at building top; 𝐵 and 𝐻0 are 

building width and story height. 

The equations of building motion are expressed in matrix format as  

�̅��̈�𝒙 + �̅��̇�𝒙 + �̅�𝟏𝒒𝒙 + �̅�𝟐𝑧𝑏 = �̅�𝟎𝑸(𝒕) (5.7a) 
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�̅� =

[
 
 
 
 1

𝐿01𝑀01

𝑚𝑏 +𝑚
…

𝐿0𝑆𝑀0𝑆

𝑚𝑏 +𝑚
𝐿01
⋮
𝐿0𝑆

𝑰
]
 
 
 
 

; 𝒒𝒙(𝒕) = [

𝑥𝑏(𝑡)

𝑞1(𝑡)
⋮

𝑞𝑆(𝑡)

] ;   𝑸(𝒕) = [

𝐹𝑏(𝑡)

𝑄1(𝑡)
⋮

𝑄𝑆(𝑡)

] 

�̅� = diag(2𝜉𝑏𝜔𝑏 , 2𝜉01𝜔01, … ,2𝜉0𝑆𝜔0𝑆);  �̅�𝟏 = diag(𝛼𝜔𝑏
2, 𝜔01

2 , … , 𝜔0𝑆
2 );  

�̅�𝟐 = [(1 − 𝛼)𝜔𝑏
2 [0…0]]𝑻;   �̅�𝟎 = diag(

1

𝑚𝑏 +𝑚

1

𝑀01
…

1

𝑀0𝑆
) 

(5.7b) 

where 𝑰 is identity matrix with dimension of S.  

The equations of motion are represented as a state-space equation as 

 �̇� = 𝒈(𝒗) + �̅�𝑸(𝒕) (5.8a) 

 

𝒗 = {

𝒒𝒙
�̇�𝒙
𝑧𝑏
} ;  𝒈(𝒗) = [

𝒒�̇�
−�̅�−1�̅�𝒒�̇� − �̅�

−1�̅�𝟏𝒒𝒙 − �̅�
−1�̅�𝟐𝑧𝑏

𝐴�̇�𝑏 − 𝛽|�̇�𝑏||𝑧𝑏|
𝑛−1𝑧𝑏 − 𝛾�̇�𝑏|𝑧𝑏|

𝑛

] ; �̅�

= [

𝟎
�̅�−1�̅�𝟎
[0…0]

] 

(4.5b) 

Define the non-dimensional parameters and variables: 

 
𝑡∗ = 𝜔𝑏𝑡; 𝜖𝑖 =

𝜔0𝑖
𝜔𝑏

; 𝑥𝑏
∗ =

𝑥𝑏(𝑡)

𝑥𝑦 
; 𝑞𝑖

∗ =
𝑞𝑖(𝑡)

𝑥𝑦 
; 𝑧𝑏
∗ =

𝑧𝑏(𝑡)

𝑥𝑦 
; 𝑥𝑏

∗′(𝑡∗)

=
�̇�𝑏(𝑡)

𝜔𝑏𝑥𝑦
; 𝑞𝑖

∗′(𝑡∗) =
�̇�𝑖(𝑡)

𝜔𝑏𝑥𝑦
; 

𝑥𝑏
∗′′(𝑡∗) =

�̈�𝑏(𝑡)

𝜔𝑏
2𝑥𝑦

;  𝑞𝑖
∗′′(𝑡∗) =

�̈�𝑖(𝑡)

𝜔𝑏
2𝑥𝑦

;    𝑧𝑏
∗′(𝑡∗) =

�̇�𝑏(𝑡)

𝜔𝑏𝑥𝑦 
;    𝐹𝑏

∗(𝑡∗)

=
𝐹𝑏(𝑡)

𝑘𝑏𝑥𝑦 
;  𝑄𝑖

∗(𝑡∗) =
𝑄𝑖(𝑡)

𝑘0𝑖𝑥𝑦 
 

(5.9) 

where  ( )′ = 𝑑( )/𝑑𝑡∗. The equations of motion become: 

 𝐿0𝑖𝑥𝑏
∗′′ + 𝑞𝑖

∗′′ + 2𝜉0𝑖𝜖𝑖𝑞𝑖
∗′ + 𝜖𝑖

2𝑞𝑖
∗ = 𝜖𝑖

2𝑄𝑖
∗(𝑡∗)     (𝑖 = 1,2, … , 𝑆) (5.10a) 

 

𝑥𝑏
∗′′ +∑

𝐿0𝑖𝑀0𝑖

𝑚𝑏 +𝑚

𝑆

𝑖=1

𝑞𝑖
∗′′ + 2𝜉𝑏𝑥𝑏

∗′ + 𝛼𝑥𝑏
∗ + (1 − 𝛼)𝑧𝑏

∗ = 𝐹𝑏
∗(𝑡∗) (5.10b) 

 𝑧𝑏
∗′ = 𝐴𝑥𝑏

∗′ − 𝛽𝑥𝑦
𝑛|𝑥𝑏

∗′||𝑧𝑏
∗|𝑛−1𝑧𝑏

∗ − 𝛾𝑥𝑦
𝑛𝑥𝑏

∗′|𝑧𝑏
∗|𝑛 (5.10c) 
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It is evident that the non-dimensional response is determined by the 

following non-dimensional parameters: mass ratios 𝐿0𝑖 and  
𝑀0𝑖

𝑚𝑏+𝑚
; damping ratios 

𝜉0𝑖 and  𝜉𝑏; frequency ratio 𝜖𝑖; second stiffness ratio 𝛼; and normalized forces 𝑄𝑖
∗ 

and 𝐹𝑏
∗ . The response time history can be computed using a step-by-step 

integration method, or Runge-Kutta method.  

In this study, a shear (stick) building model (Fig. 5.1) is utilized with mass, 

damping and stiffness matrixes 𝑴,𝑪 and 𝑲 given by  

 𝑴 = diag(𝑚1, 𝑚2, … ,𝑚𝑁); 

𝑪 =

[
 
 
 
 
𝑐1 + 𝑐2 −𝑐2 0 … 0
−𝑐2 𝑐2 + 𝑐3 −𝑐3 … ⋮
0 ⋱ ⋱ ⋱ 0
⋮ 0 −𝑐𝑁−1 𝑐𝑁−1 + 𝑐𝑁 −𝑐𝑁
0 … 0 −𝑐𝑁 𝑐𝑁 ]

 
 
 
 

; 

𝑲 =

[
 
 
 
 
𝑘1 + 𝑘2 −𝑘2 0 … 0
−𝑘2 𝑘2 + 𝑘3 −𝑘3 … ⋮
0 ⋱ ⋱ ⋱ 0
⋮ 0 −𝑘𝑁−1 𝑘𝑁−1 + 𝑘𝑁 −𝑘𝑁
0 … 0 −𝑘𝑁 𝑘𝑁 ]

 
 
 
 

 

(5.11) 

where 𝑚𝑖, 𝑐𝑖, 𝑘𝑖 are i-th story mass, damping coefficient and stiffness. 

5.2.2 Statistical linearization approach 

Under alongwind excitation with non-zero mean component, the yielding 

causes base displacement drift and the base displacement can be modeled as a 

summation of deterministic time-varying mean and stochastic fluctuation 

components. Analytical estimations of the time-varying mean and STD of 

response can be made by using statistical linearization approach with Gaussian 

distribution assumption. 

By taking the expectation of both sides of state-space equation of Eq. (4.5), 

we have 

 �̇�𝒗 = 𝝁𝒈(𝝁𝒗) + �̅�𝝁𝑸 (5.12a) 
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 𝝁𝒗 = {

𝝁𝒒𝒙
𝝁�̇�𝒙
𝜇𝑧𝑏

} ;       𝝁𝒈(𝝁𝒗) = [

𝝁�̇�𝒙
−�̅�−1�̅�𝝁�̇�𝒙 − �̅�

−1�̅�𝟏𝝁𝒒𝒙 − �̅�
−1�̅�𝟐𝜇𝑧𝑏

𝐴𝜇�̇�𝑏 − 𝛽𝐸1 − 𝛾𝐸2

] (5.12b) 

where 𝝁𝒒𝒙, 𝝁�̇�𝒙 𝜇𝑧𝑏and 𝝁𝑸 are mean values of 𝒒𝒙(𝑡), �̇�𝒙(𝑡), 𝑧𝑏(𝑡) and 𝑸(𝑡); 𝐸1 and 

𝐸2 are statistical moments defined as 

 𝐸1(𝑡) = 𝐸[|�̇�𝑏||𝑧𝑏|
𝑛−1𝑧𝑏] (5.13a) 

 𝐸2(𝑡) = 𝐸[�̇�𝑏|𝑧𝑏|
𝑛] (5.13b) 

and can be given in closed-form expressions when �̇�𝑏(𝑡) and 𝑧𝑏(𝑡) are assumed to 

follow jointly Gaussian distribution shown in Appendix A (Baber 1984). The 

expressions involve the unknown response statistics, i.e., time-varying means, 

STDs and covariance (or correlation coefficient) of �̇�𝑏 (t) and 𝑧𝑏(𝑡) , thus an 

iteration is needed. Feng and Chen (2018a) has been pointed out that the time-

varying STDs and covariance of inelastic response can be approximated by the 

steady-state time-invariant values when calculating the time-varying mean.   

The steady-state mean response is determined by setting �̇�𝒗 = 𝟎, which 

leads to 

 𝝁�̇�𝒙 = 𝟎;      �̅�𝟏𝝁𝒒𝒙 + �̅�𝟐𝜇𝑧𝑏 = �̅�𝟎𝝁𝑸 ;    𝛽𝐸1 + 𝛾𝐸2 = 0 (5.14) 

and 𝛽𝐸1 + 𝛾𝐸2 = 0 gives 𝜇𝑧𝑏 = 0 (Baber 1984). Therefore,  

 𝝁𝒒𝒙 = �̅�𝟏
−𝟏�̅�𝟎𝝁𝑸 (5.15) 

or  

 𝜇𝑞𝑖 =
𝜇𝑄𝑖

𝑀0𝑖𝜔0𝑖
2 ;     𝜇𝑥𝑏 =

𝜇𝐹𝑏
𝛼𝑘𝑏

 (5.16) 

or 

 
𝝁𝒙 = 𝑲

−𝟏𝝁𝒑;   𝜇𝑥𝑏 =
𝒓𝑻𝝁𝒑

𝛼𝑘𝑏
 (5.17) 

where 𝝁𝒙 and 𝝁𝒑 are means of building displacement vector 𝒙(𝑡) and wind load 

vector 𝒑(𝑡). It is evident that the steady-state mean response is determined by the 

mean load and second stiffness of the system.  



Texas Tech University, Changda Feng, December 2018 

113 

The fluctuating response component around the time-varying mean can be 

determined using statistical linearization approach. The hysteretic velocity 𝑧�̇� 

given in Eq. (5.1c) is linearized as (e.g., Roberts and Spanos 2003): 

 �̇�𝑏 ≈ 𝑏0 + 𝑏1(𝑥𝑏 − 𝜇𝑥𝑏) + 𝑏2(�̇�𝑏 − 𝜇�̇�𝑏) + 𝑏3(𝑧𝑏 − 𝜇𝑧𝑏) (5.18a) 

 

𝑏0 = 𝐸[�̇�𝑏] = 𝜇�̇�𝑏;      [

𝑏1
𝑏2
𝑏3

]

= [

𝜎𝑥𝑏
2 cov[𝑥𝑏�̇�𝑏] cov[𝑥𝑏𝑧𝑏]

cov[𝑥𝑏�̇�𝑏] 𝜎�̇�𝑏
2 cov[𝑧𝑏�̇�𝑏]

cov[𝑥𝑏𝑧𝑏] cov[𝑧𝑏�̇�𝑏] 𝜎𝑧𝑏
2

]

−1

[

cov[𝑥𝑏�̇�𝑏]

cov[�̇�𝑏�̇�𝑏]

cov[𝑧𝑏�̇�𝑏]
] 

(5.18b) 

where 𝜎𝑥𝑏 , 𝜎�̇�𝑏  and 𝜎𝑧𝑏  are STDs of 𝑥𝑏 , �̇�𝑏  and 𝑧𝑏 ; and  cov[ ]  is covariance 

operator. 

 When the responses 𝑥𝑏, �̇�𝑏 and 𝑧𝑏 are assumed to follow jointly Gaussian 

distribution, we have: 

 
𝑏1 = 𝐸 [

𝑑�̇�𝑏
𝑑𝑥𝑏

] = 0 ;    𝑏2 = 𝐸 [
𝑑�̇�𝑏
𝑑�̇�𝑏

] ;   𝑏3 = 𝐸 [
𝑑�̇�𝑏
𝑑𝑧𝑏

]     (5.19) 

and closed-form expressions can be given which involve the response statistics, 

i.e., time-varying means and STDs and covariance (Baber 1984). Feng and Chen 

(2018a) has been pointed out that the time-varying STDs and covariance of 

inelastic alongwind response reach their steady-state values much fast then the 

mean response. The transient time-varying nature of STDs and covariance can be 

neglected. The time-varying means used in the calculation of linearization 

coefficients can be replaced by their steady-state values. In this way the 

fluctuating response can be considered as a zero-mean process under zero-mean 

dynamic loading. The closed-form solution of linearization coefficients of zero-

mean process with Gaussian response assumption can be found in Appendix B. 

 The steady-space equations of the linear system (without mean load and 

response) are then given as 

�̇� = 𝑹𝒗 + �̅�𝑸(𝒕) (5.20a) 
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 𝑹 = [

𝟎 𝑰 [0…0]𝑇

−�̅�−1�̅�𝟏 −�̅�−1�̅� −�̅�−1�̅�𝟐
[𝑏1 0…0] [𝑏2 0… 0] 𝑏3

] (5.20b) 

Accordingly, the response statistics can be determined from response spectra:  

 𝑺𝒗𝒗(𝜔) = (𝑖𝜔𝑰 − 𝑹)
−1�̅�𝑺𝑸𝑸(𝜔)�̅�

𝑇(−𝑖𝜔𝑰 − 𝑹𝑇)−1 (5.21) 

where 𝜔 = 2𝜋𝑓; 𝑖 = √−1; and superscript T denotes transpose operator.  

The response STDs and covariance can be determined from their response 

spectra. The extreme response considering time-varying response statistics can be 

determined by using upcrossing theory (e.g., Feng and Chen 2018a). The mean 

fatigue damage can be calculated accordingly, where the broad-band response 

feature can be accounted for (e.g., Ding and Chen 2015).  

 In the case of crosswind excitation with zero mean component, the 

dynamic crosswind response with zero mean component are determined from 

above statistical linearization approach.    

5.3 Crosswind Response 

5.3.1 Building model 

A 50-story tall building with a square cross section in urban area is 

considered. The building height is 𝐻 = 200 m and width is 𝐵 = 0.2𝐻. The story 

height 𝐻0 is 4 m. The building density is 192 kg/m3. The story mass is assumed as 

a constant over the building height. The first modal frequency of fixed-base 

building is 𝑓01 = 42/𝐻 = 0.21 Hz with a linear mode shape. The story stiffness is 

calculated from first modal frequency and mode shape as 

 
𝑘𝑖 =

𝜔01
2 ∑ 𝑚𝑗𝜙01,𝑗

𝑁
𝑖=1

𝜙01,𝑖 − 𝜙01,𝑖−1
 (5.22) 

which gives first three modal frequencies of fixed-base building as 0.21, 0.51 and 

0.81 Hz. The first modal damping ratio of the fixed-base building is 𝜉01 = 1%. As 

the Rayleigh damping assumption of upperstructure can result in undesirable 

suppression of the first-mode response of base-isolated building, the damping 
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matrix is assumed to be proportional to stiffness matrix (Ryan and Polanco 2008). 

It gives first three modal damping ratios of 1%, 2.4% and 3.9% of the fixed-base 

building. The generalized mass of first three modes are 2.1 × 107 , 1.0 × 107 , 

and 7.6 × 106 kg when the mode shapes are normalized with unit top displacement. 

The base isolation system is consisted of damper system and linear rubber 

bearings as shown in Fig. 5.2. The damper system provides elasto-plastic restoring 

force with an initial stiffness 𝑘𝑏1 = 4.8 × 105  kN/m and yield displacement 

𝑥𝑦 =0.025 m. The yield restoring shear force of damper system is 2% of total 

building weight. The linear damping of base isolation system is ignored, i.e.,  𝜉𝑏 =

0. The linear rubber bearings system has a linear restoring force with a stiffness of 

𝑘𝑏2 = 6.8 × 104 kN/m. Without the damper system, the base-isolated building has 

a fundamental period of 6 s when upper building is modeled to be rigid. The 

initial stiffness of the base isolation system is 𝑘𝑏 = 𝑘𝑏1 + 𝑘𝑏2 = 5.5 × 105 kN/m 

and the second stiffness is 𝑘𝑏2= 6.8 × 104 kN/m, thus the second stiffness ratio is 

𝛼 = 0.12. The mass of base isolation system is 𝑚𝑏 = 4.08 × 10
5 kg. The initial 

frequency with assumption of rigid upperstructure is  𝑓𝑏 = 𝜔𝑏/2𝜋 = 0.48 Hz. The 

bilinear restoring force model can be represented in Bouc-Wen hysteretic 

restoring force model (e.g., Wen 1976) with 𝐴 = 1, 𝑛 = 6  and 𝛽 = 𝛾 = 0.5/𝑥𝑦
6 . 

The 10-min mean wind speed at the building top, 𝑈𝐻, varies from 30 to 80 m/s. 

The auto- and cross PSDs of story forces are given by Eq. (5.6), with 𝑘𝑦 = 5 

(Ohkuma et al. 1994) and 𝛼𝑠 = 0.15 . The PSD of base bending moment 

coefficient is determined according to the recommendations of Architectural 

Institute of Japan (AIJ 2004) with its STD 𝜎𝐶𝑀 = 0.1572 as shown in Fig. 5.3. 

In addition to the full building model, i.e., model with 51DOFs, three 

reduced building models are also considered in this study, where the upper 

building motion is approximated by first, first two and first three modes of fixed-

base building, respectively, i.e., models with 2DOFs, 3DOFs and 4DOFs. Tables 

1-3 compare the modal frequencies, damping ratios and generalized masses, where 
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the base isolation is modeled as linear elastic with the initial and post (second) 

stiffness. Fig. 5.4 shows the mode shapes when the initial stiffness is used. The 

mode shapes are normalized with unit building top displacement relative to base 

displacement. When the post stiffness of base isolation system is used, the upper 

building has similar mode shapes but the base displacement increases from 0.105, 

-0.125 and 0.220 to 1.014, -0.310 and 0.651 for first three modes when 51DOFs 

model is used. The result shows that 2DOFs model gives accurate representation 

of the first mode of base-isolated building, while 3DOFs and 4DOFs models can 

represent the first two and first three modal properties, respectively. The stiffness 

of base isolation system has larger influence on the lower modes.  

 

Fig. 5.2 Hysteretic restoring force of base isolation system 

 

Fig. 5.3 PSDs of base bending moment coefficients 
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Table 5.1 Modal frequencies of base-isolated building with initial and post 

stiffness 

 
𝑓1 (Hz) 𝑓2 (Hz) 𝑓3 (Hz) 

Initial Post Initial Post Initial Post 

51DOFs 0.196 0.135 0.484 0.405 0.769 0.690 

4DOFs 0.196 0.135 0.485 0.406 0.772 0.700 

3DOFs 0.196 0.135 0.485 0.409 1.459 0.881 

2DOFs 0.196 0.135 1.038 0.522 - - 

 

Table 5.2 Modal damping ratios of base-isolated building with initial and post 

stiffness 

 
𝜉1 (%) 𝜉2 (%) 𝜉3 (%) 

Initial Post Initial Post Initial Post 

51DOFs 0.80 0.24 2.05 1.61 3.32 3.07 

4DOFs 0.80 0.24 2.06 1.62 3.37 3.12 

3DOFs 0.80 0.24 2.07 1.64 1.68 3.31 

2DOFs 0.80 0.24 0.67 1.56 - - 

 

Table 5.3 Generalized masses of base-isolated building with initial and post 

stiffness 

 
𝑀1 (× 107 kg) 𝑀2 (× 107 kg) 𝑀3 (× 107 kg) 

Initial Post Initial Post Initial Post 

51DOFs 2.89 15.5 0.84 0.62 1.21 2.31 

4DOFs 2.89 15.3 0.86 0.63 1.02 1.62 

3DOFs 2.91 15.8 0.79 0.55 2.63 10.0 

2DOFs 2.83 13.8 0.64 0.54 - - 
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a) Mode 1 b) Mode 2 c) Mode 3 

Fig. 5.4 Mode shapes of base-isolated building with initial stiffness 

5.3.2 Characteristics of crosswind response 

Response history analysis of the base-isolated building is carried out using 

Runge-Kutta method. The time step is 0.04 s and duration is 13 min for each 

sample, where the first 3-min response is disregarded to eliminate the potential 

transient response effect. The spectral representation method (Shinozuka and Jan 

1972) is used to simulate the time histories of 50 story forces from their PSDs. 

100 response time history samples are simulated and used to determine response 

statistics from ensemble average. In the following discussion, the building 

displacement is relative to base displacement, and the building acceleration is 

absolute acceleration which is relative to ground. The base displacement and 

building top displacement are denoted as 𝑥𝑏 and 𝑥𝑡. 
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a) Base displacement, 𝑈𝐻 = 45 m/s b) Base displacement, 𝑈𝐻 = 55 m/s 

  

c) Base displacement, 𝑈𝐻 = 80 m/s d) Base shear force, 𝑈𝐻 = 80 m/s 

  

e) Top displacement, 𝑈𝐻 = 80 m/s f) Top acceleration, 𝑈𝐻 = 80 m/s 

Fig. 5.5 Time history samples of crosswind response 

 

  

a)  𝑈𝐻 = 45 m/s b)  𝑈𝐻 = 80 m/s 

Fig. 5.6 Restoring force-deformation relation of base isolation system 
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a) Base displacement b) Building top displacement 

Fig. 5.7 Normalized PSDs of crosswind displacements 

 

 Fig. 5.5 displays the time history samples of base displacements at 𝑈𝐻 =45, 

55 and 80 m/s, and building top displacement, acceleration and base shear force of 

base isolation system, i.e., 𝑓𝑠(𝑡) = 𝛼𝑘𝑏𝑥𝑏(𝑡) + (1 − 𝛼)𝑘𝑏𝑧𝑏(𝑡), at 𝑈𝐻 =  80 m/s. 

The restoring force-deformation relation of the base isolation system is shown in 

Fig. 5.6. Fig. 5.7 shows the PSDs of base and building top displacements . The 

ratio of STD of base displacement over the yielding displacement, i.e., 𝜎𝑥𝑏/

𝑥𝑦 =0.84, 1.90 and 7.69 for 𝑈𝐻 =45, 55 and 80 m/s, respectively, which can be 

used to measure the yielding level. The base displacement is a narrow-band 

process at both lower and higher wind speeds, where the displacement is mostly in 

elastic and plastic range, respectively. The resonant frequency shifts from initial 

frequency to post frequency when yielding is significant. At intermediate wind 

speeds around 𝑈𝐻=55 m/s, the displacement exhibits a broad-band feature (e.g., 

Roberts and Spanos 2003). At  𝑈𝐻 =45 m/s, the low-frequency displacement 

component is obvious, which is time variation of hysteric center, referred to as 

low-frequency drift. This low-frequency drift is clearly observed in the response 

time history shown in Fig. 5.5(a) and (b). The low-frequency drift is not observed 

in the building displacement and acceleration and shear force of base isolation 

system. These responses exhibit similar characteristics at different wind speeds.  
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Fig. 5.8 shows the response STDs as functions of wind speed. It is evident 

that the increasing rates of building displacement and acceleration with wind 

speed are lower than those of conventional fixed-base building due to the increase 

in hysteretic damping with wind speed. Fig. 5.9 portrays the height-wise 

variations of STDs of displacement and acceleration at 𝑈𝐻 =80 m/s. The 

displacement is contributed by the first mode, while the participations of higher 

modes to the building acceleration are observed. The higher mode contribution 

will also be discussed later with respect to the accuracy of the reduced building 

models. 

  

a) Base displacement b) Base shear force 

  

c) Building top displacement d) Building top acceleration 

Fig. 5.8 STDs of crosswind responses 
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a) Displacement b) Acceleration 

Fig. 5.9 Height-wise variations of response STDs of base-

isolated building (𝑈𝐻 = 80 m/s) 

 

Fig. 5.10 displays the mean maximum displacement and acceleration.  Fig. 

5.11 and Fig. 5.12 show the corresponding peak factor and kurtosis. It is evident 

that the base displacement has a strong softening non-Gaussian distribution with a 

kurtosis greater than 3 and higher peak factor than Gaussian. The building top 

displacement and base shear force follow almost Gaussian distributions, while 

weakly hardening non-Gaussian distribution character is observed at wind speed 

around 𝑈𝐻 =50 m/s, where the base displacement has strong softening non-

Gaussian character. The softening non-Gaussian base displacement 𝑥𝑏(𝑡)  and 

hardening non-Gaussian hysteretic displacement 𝑧𝑏(𝑡)  make base shear force 

almost Gaussian, which is consistent with the Gaussian response of upper building. 

Attributed to the influence of base acceleration, the building top absolute 

acceleration also shows slightly softening non-Gaussian distribution. The 

nonlinear hysteretic damping results in hardening response distribution, while the 

nonlinear stiffness leads to softening response distribution (e.g., Feng and Chen 

2018a). The low-frequency drift also contributes to softening non-Gaussian 
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character, especially at around 𝑈𝐻 =55 m/s, where drift is significant. The 

contributions of these effects vary with wind speed so does the response 

distribution character. 

Fig. 5.13 shows the ductility factor of base displacement, which is mean 

maximum displacement over yielding displacement. The ductility factor increases 

with wind speed and is relatively high at higher wind speeds due to large yielding. 

Fig. 5.14 shows mean fatigue damage of base shear force estimated using rainflow 

cycle counting method, which increases with wind speed significantly. The slope 

of S-N curve is 𝜅 = 3 , and the mean fatigue damage is normalized by 

𝜈0𝑇(𝑘𝑏𝑥𝑦)
𝜅
/𝐾0 , where 𝐾0  is material constant of S-N curve and 𝜈0  is mean 

upcrossing rate at mean level of base shear force. As shown in Fig. 5.15, 𝜈0 is 

close to the first modal frequency of 0.196 Hz corresponding to initial stiffness. 

Fig. 5.16 shows the fatigue load spectra of base shear force at 𝑈𝐻 =45 and 80 m/s, 

where base shear force amplitude is normalized by yielding restoring force 𝑘𝑏𝑥𝑦. 

Cycles with lower amplitude account for large proportion, which leads to lower 

fatigue damage. 

  
a) Base displacement b) Base shear force 



Texas Tech University, Changda Feng, December 2018 

124 

  
c) Building top displacement d) Building top acceleration 

Fig. 5.10 Mean maximum of crosswind response 

  
a) Base displacement b) Base shear force 

  
c)  Building top displacement d)  Building top acceleration 

Fig. 5.11 Peak factor of crosswind response 
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a) Base displacement b) Base shear force 

  

c)  Building top displacement d)  Building top acceleration 

Fig. 5.12 Kurtosis of crosswind response 

 

  
Fig. 5.13 Ductility factor of base 

displacement 

Fig. 5.14 Normalized mean fatigue 

damage of base shear force 
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Fig. 5.15 Mean crossing rate of base shear force 

 

  

a) 𝑈𝐻 = 45 m/s b)  𝑈𝐻 = 80 m/s 

Fig. 5.16 Fatigue load spectrum of base shear force 

5.3.3 Higher mode contributions 

The response predictions using the reduced 2DOFs, 3DOFs and 4DOFs 

models are also compared to examine the higher mode contributions. The results 

are shown in Fig. 5.8-Fig. 5.15. The building displacements at the base and top 

and base shear force of the base isolation system can be well predicted by the 

2DOFs model, i.e., consideration of first building mode. The 3DOFs model gives 

a quite accurate estimation of building acceleration, while the 4DOFs model has 

higher accuracy. At 𝑈𝐻 = 80  m/s, the STD of building top acceleration is 

underestimated by 35%, 12% and 3.1% in 2DOFs, 3DOFs and 4DOFs models, 
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respectively. Clearly, as compared to fixed-base building, the higher mode 

contributions to the acceleration of base-isolated building increase at higher wind 

speeds. The 2DOFs and 3DOFs models give higher estimation of crossing rate 

thus higher fatigue damage. The estimations from the 4DOFs model are very close 

to the 51DOFs model. It should be mentioned that the building model with 

51DOFs can also be represented in a condensed building model with reduced 

numbers of DOFs by combining several stories together.  

5.3.4 Comparison with response of fixed-base building 

The response of fixed-base building is calculated using spectral analysis. It 

is reconfirmed that the reduced building model with consideration of first building 

mode is able to give accurate estimation of both displacement and acceleration. 

Fig. 5.17 shows STDs of top displacement and acceleration as functions of wind 

speed. As expected, both displacement and acceleration vary with wind speed 

following a power law with an exponent greater than 2 attributed to dynamic 

amplification effect. The response is a Gaussian process and its peak factor 

estimated using Davenport formula (Davenport 1964) is 3.30 when the crossing 

rate is approximated as the first modal frequency. 

Fig. 5.18 shows the response ratios of base-isolated building over the 

fixed-base building. At lower wind speeds the response is almost elastic, thus the 

response of base-isolated building is larger than that of fixed-base building due to 

reduction of building frequency. At higher wind speeds the response of base-

isolated building is reduced due to the effect of additional hysteretic damping. The 

reduction of acceleration is less than the displacement because of higher mode 

contributions. Due to the softening non-Gaussian response character with a higher 

peak factor, the reduction of maximum building acceleration is less than its STD.  
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Fig. 5.17 STDs of crosswind responses 

of fixed-base building 

Fig. 5.18 Response ratios of base-

isolated building over fixed-

base building 

5.3.5 Accuracy of statistical linearization approach 

The statistical linearization approach with Gaussian distribution 

assumption is also used to estimate the crosswind response, where 4DOFs model 

is utilized.  The STDs of responses are shown in Fig. 5.8. The mean maximum 

response is further calculated by multiplying the peak factor determined from 

Davenport formula (Davenport 1964). The STD of base displacement is 

overestimated at higher wind speeds due to non-Gaussian characters. The STDs of 

building top displacement and base shear force of isolation system are well 

estimated except at wind speeds around 50 m/s where non-Gaussian character is 

noticeable. The STD of building acceleration is greatly underestimated compared 

with 51DOFs model, but is much closer to the prediction from 2DOFs model. 

Therefore, the performance of the linearization approach for acceleration is 

consistent to that for the displacement. The estimation error of mean extreme base 

displacement is reduced as the underestimation of peak factor offsets the 

overestimation of STD as shown in Fig. 5.10 and Fig. 5.13. The normalized 

fatigue damage can be well estimated as shown in Fig. 5.14 as the shear force is 

almost a narrow-band Gaussian process. The fatigue damage without 

normalization is actually underestimated due to the underestimation of mean 

crossing rate as shown in Fig. 5.15. 



Texas Tech University, Changda Feng, December 2018 

129 

The linearization approach, when the true response probability distribution 

from response history analysis is used, gives accurate estimations of the STDs of 

these responses except the building acceleration. For instance, at 𝑈𝐻=80 m/s, the 

underestimation of acceleration STD is 23%. This is due to fact that the 

linearization of �̇�𝑏(𝑡) , shown in Eq. (5.14a) did not include the building 

displacement and velocity, thus the participation of higher modes was not 

adequately accounted for. When the building displacement and velocity are 

further included in Eq. (5.14a), the estimation with true probability distribution is 

greatly improved as shown in Fig. 5.8(d), denoted as “Linearization (True, Base + 

Building)”. For instance, the underestimation is reduced to 8.4% at 𝑈𝐻=80 m/s. It 

should be mentioned that such an improvement by including building 

displacement and velocity cannot be achieved with Gaussian distribution 

assumption, because the corresponding linearization coefficients are always 

determined to be zero. Further study of statistical linearization is needed to 

account for the non-Gaussian response distribution. 

 Based on the state-space equation of the linear system with the coefficients 

determined using the true probability distribution, the modal frequencies and 

damping ratios are calculated from complex eigenvalue analysis. The transfer 

function between base displacement 𝑥𝑏(𝑡)  and loading 𝐹𝑏(𝑡)  is also computed, 

where transfer function is normalized by multiplying 𝛼𝑘𝑏 . Fig. 5.19 show the 

equivalent frequencies and damping ratios of first three modes and transfer 

function of 𝑥𝑏 at 𝑈𝐻=45, 55 and 80 m/s. It is observed that with the increase in 

wind speed the modal frequencies decreases, and more importantly, the first 

modal damping ratio greatly increases, which leads to lower response. The 

transfer function varies from 1/𝑘𝑏 to 1/𝛼𝑘𝑏  at lower frequencies when yielding 

level increases (Hurtado and Barbat 2000). The transfer function also shows a 

decrease of modal frequency and an increase of modal damping ratio of first mode 

when yielding level increases. At an intermediate yielding level around 𝑈𝐻=45 

m/s, a ‘sharp’ peak is observed at very low frequency, indicating a significant 
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low-frequency drift and broadband response character.  The transfer function 

shows that the low-frequency drift can be somewhat considered by statistical 

linearization that is not limited to narrow-band response.  

  

a) Modal frequencies b) Modal damping ratios 

 

c) Transfer functions of base displacement 

Fig. 5.19 Equivalent linear system from statistical linearization with true 

distribution 

5.4 Alongwind response 

5.4.1 Influence of mean wind load 

The same base-isolated building example used for previous crosswind 

response analysis is utilized here to examine the inelastic response under 

alongwind load excitation with non-zero mean (static) component. The mean wind 

speed follows a power law with an exponent of 𝛼𝑠 = 0.15. The auto- and cross 
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PSDs of alongwind story forces are modelled by Eq. (5.6) with 𝑘𝑦 = 7 (Ohkuma 

et al. 1994). The mean and STD of alongwind base bending moment coefficient 

are 𝐶�̅� = 0.59 and 𝜎𝐶𝑀 = 0.10. Its PSD is determined according to AIJ (AIJ 2004) 

as shown in Fig. 5.3. 

The alongwind response time history is computed under simulated 

alongwind loading with mean component. The time step is 0.04 s and duration is 

10 min for each sample. The system is assumed to be at rest at beginning, i.e., the 

initial displacement is static displacement of the corresponding linear elastic 

system and the velocity is zero. To capture the time-varying mean response and 

also reduce the influence of transient dynamic response, the fluctuating wind 

loading time history is multiplied by a modulation function 𝐴(𝑡) = 0.5(1 −

cos(𝜋𝑡/𝑇0)) for 𝑡 = 0 − 𝑇0 ; and 𝐴(𝑡) = 1 for 𝑡 > 𝑇0 , where 𝑇0 = 50 𝑠 (Yoshie et 

al. 2006). The response time history under same fluctuating loading but with zero 

mean load is also computed for comparison.  

Fig. 5.20 displays a time history sample of base displacement at 𝑈𝐻 =45 

and 80 m/s. The restoring force-deformation relation of base isolation system is 

shown in Fig. 5.21. At 𝑈𝐻=45 m/s, the hysteretic loop is almost not observed. The 

yielding causes base displacement drift in the positive direction and the system 

vibrates about the new equilibrium position until it gets shifted again by another 

yielding. The base displacement time history can be modeled as a stochast ic 

process with an increasing time-varying mean component. The growing rate of 

mean response is affected by the second stiffness ratio and mean load. The steady-

state mean response is determined as static response under mean wind load where 

the stiffness of the base isolation system is defined by its second stiffness 𝛼𝑘𝑏 

(e.g., Feng and Chen 2018a). At 𝑈𝐻 =80 m/s, the time-varying mean rapidly 

reaches its steady-state level. The hysteretic loops are almost symmetric around 

the centre.  

The fluctuating base displacement around the time-varying mean 

component is identical to that under same fluctuating loading with zero mean 
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loading component, except at the beginning where the transient effect exists. This 

transient effect vanishes very rapidly, especially, at higher wind speeds. Therefore, 

the fluctuating base displacement can be computed without consideration of the 

mean load. The time-varying mean component is not observed in the building 

displacement, acceleration and base shear force. The time variations of these 

responses at different wind speeds are similar to those of crosswind response.   

Fig. 5.22 portrays the time-varying mean of base displacement at different 

wind speeds, which is computed from ensemble average of 100 response time 

history samples. The time-varying mean displacement is normalized by their 

corresponding steady-state values, which are 0.16, 0.19, 0.23, 0.28, 0.32, 0.38 and 

0.49 m for 𝑈𝐻= 45, 50, 55, 60, 65, 70 and 80 m/s, respectively. The result shows 

that as wind speed increases, i.e., 𝜇𝐹𝑏
∗ = 𝜇𝐹𝑏/𝑘𝑏𝑥𝑦  increases, the mean base 

displacement reaches its steady-state value faster. The analytical prediction of 

time-varying mean by solving the state-space equation is also shown in Fig. 5.22, 

where the steady-state time-invariant statistics of dynamic response from 

statistical linearization with Gaussian assumption is used. The analytical solution 

starts at 𝑡0=50 s with the initial mean determined from response history analysis. 

The result shows that the analytical solution gives accurate prediction of time-

varying mean response. A parameter study concerning the influencing parameters 

on the time-varying mean response will be presented later in this study.   

The time-varying STD of base displacement is also calculated from the 

samples. It is identical to that from the response with zero mean load and can be 

considered as time-invariant, except at the beginning and for the cases where the 

growth of mean base displacement with time is slow. When the overall growth of 

time-varying mean is slow, the STD of base displacement also includes the 

contribution of variation of mean response sample. As a result, the STD is slightly 

larger than that derived from response without mean component. However, this 

difference can be ignored considering the fact that the STD is relatively small as 

compared to the time-varying mean response in these cases. When the second 
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stiffness ratio is large or at higher wind speeds, the base-displacement reaches its 

steady-state level fast, and the transient part of fluctuating response can be 

ignored. Therefore, it is confirmed that the fluctuating component of base 

displacement around the time-varying mean can be considered as identical to the 

fluctuating displacement without consideration of mean load.  

  

a) With mean load, 𝑈𝐻 = 45 m/s b) With mean load, 𝑈𝐻 = 80 m/s 

  

c) Without mean load, 𝑈𝐻 = 45 m/s d) Without mean load, 𝑈𝐻 = 80 m/s 

Fig. 5.20 Time history samples of alongwind base displacement 

 

  

a) 𝑈𝐻 = 45 m/s b) 𝑈𝐻 = 80 m/s 

Fig. 5.21 Alongwind restoring base force-deformation relation 
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Fig. 5.22 Time-varying mean of base displacement 

5.4.2 Characteristics of dynamic alongwind response 

The alongwind excitation without consideration of mean component is 

used to calculate fluctuation component of alongwind response. 100 response time 

history samples are simulated and used to determine response statistics from 

ensemble average. The time step is 0.04 s and duration is 13 min for each sample, 

where the first 3-min response is disregarded to eliminate the potential transient 

response effect. Fig. 5.23 shows the PSDs of the base and top displacements. 

Similar to the crosswind response, the low-frequency drift component is clearly 

observed at 𝑈𝐻 = 80 m/s, where the STD of base displacement over the yielding 

displacement, i.e., 𝜎𝑥𝑏/𝑥𝑦 =2.58. Fig. 5.24 displays STDs of base and building 

responses as functions of wind speed. Only the results from 51DOFs is displayed 

in this section. The higher mode contributions are similar to the case of crosswind 

response.  At 𝑈𝐻 = 80 m/s, the STD of building top acceleration is underestimated 

by 30%, 8.1% and 2.2 % in 2DOFs, 3DOFs and 4DOFs models, respectively. At 

higher wind speed, the response is lower than that of fixed-base building. 

The STDs of background and resonant displacements are also calculated 

for comparison, where the frequency boundary for separating these two responses 

is set to be 𝑓1/3 = 0.065  Hz. The low-frequency drift due to yielding also 

contributes to the background component. The results show that the background 
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component is significant in base displacement at higher wind speed, while the 

resonant component dominates the building top displacement. This response 

character of base displacement is very different from that of linear elastic 

response where the percentage of background component decreases with 

increasing wind speed. 

Fig. 5.25 shows the STDs of linear elastic crosswind and alongwind 

displacements of base-isolated building, 𝑥𝑏,𝑒  and 𝑥𝑡,𝑒 , calculated from response 

spectral analysis, where the crosswind displacements are divided by a scale of 5. 

In order to compare the inelastic alongwind and crosswind responses, Fig. 5.26 

portrays the nondimensional responses as functions of normalized base 

displacement of the corresponding elastic system, i.e., 𝜎𝑥𝑏,𝑒/𝑥𝑦. It is noticed that 

inelastic base displacement is larger than its corresponding elastic base 

displacement. The STD of alongwind base displacement is larger than that of 

crosswind response at same level of 𝜎𝑥𝑏,𝑒/𝑥𝑦. The alongwind load spectrum has 

larger energy at lower frequencies, which leads to larger background response and 

drift. The STDs of building top responses and base shear force over those of the 

corresponding elastic responses can be unified by 𝜎𝑥𝑏,𝑒/𝑥𝑦 . The STD ratio of 

acceleration is larger at higher wind speeds attributed to higher mode contribution. 

The alongwind response has lower kurtosis thus lower peak factor, which leads to 

the reduction of difference between alongwind and crosswind extreme 

displacements and extreme alongwind displacement is slightly larger compared 

with that of crosswind response. The normalized fatigue damage is almost the 

same as crosswind response at same level of 𝜎𝑥𝑏,𝑒/𝑥𝑦. It should be mentioned that 

only the fluctuating component of base shear force is used to estimate fatigue 

damage as the influence of mean is generally ignored. The mean crossing rate of 

alongwind shear force is slightly lower than crosswind response attributed to 

relative higher lower-frequency background response, which leads to slightly 

lower fatigue damage. 
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Since the non-Gaussian character of alongwind response is weaker than 

crosswind response, the statistical linearization with Gaussian assumption has 

better performance for alongwind response as shown in Fig. 5.24. The building 

top acceleration from linearization approach is closed to that from response 

history analysis with 2DOFs model. It is confirmed that the extreme values and 

mean fatigue damage can also be well estimated by linearization approach.  

  

a) Base displacement b) Building top displacement 

Fig. 5.23 Normalized PSDs of crosswind displacements 
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a) Base displacement b) Base shear force 

  

c) Building top displacement d) Building top acceleration 

Fig. 5.24 STDs of alongwind response 

 

 

Fig. 5.25 STDs of elastic displacement of base-isolated building 
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a) STD of base displacement 
b) STD ratio of inelastic over elastic 

responses 

  

c) Maximum of base displacement d) Kurtosis of base displacement 

  

e) Mean fatigue damage of base shear 

force 
f) Crossing rate of base shear force 

Fig. 5.26 Comparison of alongwind and crosswind fluctuating responses 
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5.5 Parameter analysis 

5.5.1 Time-varying mean response 

 In this section, the effects on time-varying mean of alongwind base 

displacement concerning the second stiffness ratio 𝛼, linear damping ratio of base 

isolation 𝜉𝑏 , frequency and damping ratio of upper building, 𝑓01  and 𝜉01 , are 

considered. Only one parameter varies each time and other parameters remain as 

same as previously discussed base-isolated building, where 𝛼 = 0.12 , 𝜉𝑏 = 0 , 

𝑓01 = 0.21 Hz and 𝜉01 = 1%. 

Fig. 5.27 shows the time-varying mean base displacement normalized by 

its steady-state value calculated from analytical solution at 𝑈𝐻 = 45 m/s, where 

the normalized mean load 𝜇𝐹𝑏
∗ = 𝜇𝐹𝑏/𝑘𝑏𝑥𝑦 = 0.76. The initial displacement is the 

static response of the corresponding linear system. As pointed out in Feng and 

Chen (2018a), 𝜇𝐹𝑏
∗ = 𝜇𝐹𝑏/𝑘𝑏𝑥𝑦  has the most significant influence on mean 

response. It rapidly reaches its steady-state level when  𝜇𝐹𝑏
∗  is large. The second 

stiffness ratio 𝛼 and structural damping ratio 𝜉01 also have significant influence. 

The mean response reaches its steady-state level in a faster rate in the case of 

larger 𝛼 and lower 𝜉01.  The increasing rate of mean base displacement reduces 

with increasing 𝜉𝑏, but is almost not affected by building frequency. 

  

a)  Effect of second stiffness ratio 
b)  Effect of base isolation damping 

ratio 
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c) Effect of structural frequency d) Effect of structural damping ratio 

Fig. 5.27 Influence on time-varying mean responses 

5.5.2 Response STD 

The crosswind base displacement and building top displacement and 

acceleration calculated from time history analysis with 4DOFs model are used for 

the parametric study. As shown in Fig. 5.28, the base displacement and building 

top responses are not sensitive to the second stiffness ratio 𝛼 for this small range 

of 𝛼 . The base displacement increases when 𝛼  is close to zero, due to more 

contribution of low-frequency drift. The building displacement and acceleration 

decrease with the decreases of 𝛼 due to more hysteretic damping added into the 

system. 

  

a)  Base displacement b)  Building top response 

Fig. 5.28 Effect of second stiffness ratio 
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a)  Base displacement b)  Building top response 

Fig. 5.29 Effect of linear damping ratio of base isolation 

 

 The influence of linear base isolation damping ratio 𝜉𝑏 is investigated in 

Fig. 5.29. The base displacement and building top acceleration decrease with 

increase of 𝜉𝑏 , while building top displacement is almost not affected. The 

reductions of base displacement and building top acceleration are more noticeable 

when 𝜉𝑏 is lower. 

The influence of building modal frequency is investigated in Fig. 5.30. 

With the increase of building frequency, i.e., increase of frequency ratio 𝜖1, the 

base displacement and building responses decrease. The increasing rates of 

building displacement and acceleration with wind speed decrease at larger wind 

speeds, in the case of lower building frequency. It is attributed to the increase in 

hysteretic damping.  As compared to the elastic response of base-isolated building, 

more reduction of inelastic response is observed in a stiffer building in general. 

The response reduction is even significant as compared to fixed-base building at 

higher wind speeds.  

The influence of building damping ratio is investigated in Fig. 5.31. The 

building damping matrix is assumed to be proportional to building stiffness. The 

increase of building damping ratio has less influence on base and building 

displacements. This is because that the effect of structural damping is relatively 
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small as compared to hysteretic damping. However, the increase in building 

damping helps in reducing the building top acceleration attributed to the reduction 

of higher mode contributions. 

  

a)  Base displacement b)  Building top response 

  

c)  Building top displacement ratio d)  Building top acceleration ratio 

Fig. 5.30 Effect of structural frequency 
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a)  Base displacement b)  Building top response 

Fig. 5.31 Effect of structural damping ratio 

5.6 Summary 

The inelastic crosswind base displacement exhibits strong softening non-

Gaussian distribution with a greater peak factor than that of Gaussian response. 

The building top displacement and base shear force follow almost Gaussian 

distributions. The absolute building acceleration is weakly softening non-Gaussian 

due to the influence of non-Gaussian base acceleration. As compared to fixed-base 

building, the building displacement and acceleration of base-isolated building at 

higher wind speeds are greatly reduced attributed to the effect of hysteretic 

damping. The yielding causes low-frequency drift of crosswind base displacement. 

This drift is significant at intermediate level of yielding and makes the base 

displacement to be a broadband process. At lower and higher levels of yielding, 

the base displacement is a narrow-band process. The higher mode contribution can 

be ignored in displacements, but should be considered in acceleration. Inelastic 

acceleration exhibits more contribution of higher modes as compared to elastic 

response.   

Under the alongwind load excitation with a non-zero mean component, the 

yielding causes alongwind base displacement drift in one direction, which is not 

observed in the building displacement, acceleration and base shear . The 

alongwind base displacement can be modeled as a summation of deterministic 
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time-varying mean and stochastic fluctuation components. The steady-state mean 

response is determined by the mean load and second stiffness. The fluctuating 

component around the time-varying mean is identical to the response under same 

fluctuating alongwind load but with a zero-mean component. When the 

corresponding elastic responses are same, the alongwind and crosswind responses 

in terms of building displacement, acceleration and base shear force are almost the 

same. However, the alongwind base displacement has a greater low-frequency 

drift, a larger STD and a lower peak factor as compared to crosswind response.   

The deterministic time-varying mean of alongwind base displacement can 

be well predicted analytically. The statistical linearization approach with Gaussian 

distribution assumption gives good estimation of STD of responses with relatively 

weak non-Gaussian characteristics, such as alongwind responses and some 

crosswind responses in terms of building displacement and base shear.  It falls 

short in estimating the STD of crosswind base displacement due to influence of 

non-Gaussian character. The linearization approach provided a good estimation of 

the first mode contribution to building acceleration, but is unable to capture the 

higher mode contributions. Accurate estimations of strongly non-Gaussian 

crosswind base displacement and the higher mode contributions to building 

acceleration require a further consideration of non-Gaussian response 

characteristics.    

The parameter study shows that the mean of normalized force, second 

stiffness ratio and damping ratios of building and base isolation system have 

significant influence on time-varying mean responses. The mean response reaches 

its steady-state level in a faster rate in the case of a larger normalized mean load, 

larger second stiffness ratio and lower damping ratios of building and base 

isolation system. The response STD is not sensitive to second stiffness ratio. The 

increase of damping ratio of base isolation system helps in decrease of base 

displacement and building top acceleration, and has less influence on building 

displacement. A stiffer building benefits more from the inelastic response of base 
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isolation system. The building damping ratio has a large influence on building 

acceleration but less influence on base and building displacements. 
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CHAPTER    6  

ESTIMATION OF INELASTIC CROSSWIND RESPONSE OF BASE-

ISOLATED TALL BUILDINGS BY NON-GAUSSIAN STATISTICAL 

LINEARIZATION APPROACH 

6.1 Introduction  

The potential benefit from base isolation for high-rise buildings has 

attracted great attention in recent years for considerations such as comfort of 

occupants, functionality of buildings, non-damage to acceleration-sensitive 

contents and non-structural elements. However, reduction of building frequency 

by base isolation system may cause increase in wind-induced response. There is of 

great importance to examine the performance of base-isolated tall buildings under 

strong wind excitations.  

Kareem (1997) studied alongwind response of elastic base-isolated 

buildings with passive dampers by using an integrated state-space model approach. 

Liang et al. (2002) investigated habitability characters of base-isolated tall 

buildings with hysteretic restoring force character under fluctuating wind 

excitation through response history analysis (RHA). Katagiri et al. (2011) 

examined the accuracy of reduced building models in predicting alongwind, 

crosswind and torsional responses of base-isolated tall buildings through RHA. 

Katagiri et al. (2012) addressed the alongwind, crosswind and torsional responses 

of base-isolated tall buildings with consideration of motion-induced forces, and 

point out that the unstable aerodynamic response could be observed in crosswind 

and torsional directions in lightly weighted base-isolated tall buildings. Katagiri et 

al. (2014) investigated wind-induced response characteristics of isolation layer of 

base-isolated tall building through rain-flow method. Ogawa et al. (2016) 

discussed the characteristics of low-frequency shift of center displacement of 

isolation layer of base-isolated tall building under fluctuating wind force, and 

proposed a prediction method of low-frequency shift from the resonant response 
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component. Siringoringo and Fujino (2017) analyzed dynamic characteristics of a 

base-isolated building under typhoons using full-scale measurement data. The 

Japan Society of Seismic Isolation (JSSI) has developed guidelines for wind-

resistant design of base-isolated buildings (JSSI 2017). 

Feng and Chen (2018c) studied the uncoupled alongwind and crosswind 

response of base-isolated tall buildings with hysteretic restoring force 

characteristics. The mean wind loading in alongwind direction causes drift of base 

displacement. The alongwind base displacement can be modeled as a summation 

of deterministic time-varying mean and stochastic fluctuation components. The 

time-varying mean of alongwind base displacement can be well predicted 

analytically. The alongwind fluctuating component can be estimated by only 

considering the fluctuating wind loading, and has similar characteristics as 

crosswind response. Both fluctuating building displacement and acceleration are 

reduced due to effect of hysteretic damping as compared with fixed-based 

building. The higher mode contribution should be considered in acceleration. A 

comprehensive parameter study was also implemented which shed insights on the 

response characteristics of base-isolated tall buildings.  

In additional to RHA, analytical approaches based on Gaussian statistical 

linearization approach have also been utilized for estimating inelastic response of 

base-isolated structures. Su et al. (1990) studied building response under 

stationary and nonstationary ground motions. Chen and Ahmadi (1992) examined 

stationary alongwind response with a rigid upper structure. Ma et al. (2014) 

investigated seismic response of base-isolated high-rise buildings under 

nonstationary excitation. Muscolino et al. (1997) and Fatica and Floris (2003) 

applied non-Gaussian closure techniques for seismic response analysis of base-

isolated building by considering upper structure as rigid and vibrated in as its first 

mode, respectively. Feng and Chen (2018c) showed that accurate estimations of 

strongly non-Gaussian base displacement and the higher mode contributions to 



Texas Tech University, Changda Feng, December 2018 

148 

building acceleration require a further consideration of non-Gaussian response 

characteristics.  

Non-Gaussian statistical linearization approach can further take into 

account the non-Gaussian probability distributions of responses thus leads to 

improved estimation. It has been approved that when the actual distributions of 

responses are used, the statistical linearization approach is able to give accurate 

estimation of second statistical moments of responses (e.g., Roberts and Spanos 

2003). The non-Gaussian statistical linearization approach has been adopted in 

literature for structural systems with hysteretic restoring force characteristics. 

Pradlwarter (1991) proposed a non-Gaussian linearization approach by using 

nonlinear transformations which were determined numerically from Fokker-

Planck equation. Kimura et al. (1994) modeled the probability density function 

(PDF) of hysteretic displacement as summation of a truncated Gaussian 

distribution and two Dirac functions at positive and negative yielding 

displacements. Hurtado and Barbat (1996 and 2000) proposed an PDF model of 

hysteretic displacement as summation of a untruncated Gaussian distribution and 

two Dirac functions at yielding displacements, which leads to improved 

computational efficiency with closed-form expressions of linearization 

coefficients. In Silva-González et al. (2014), the PDF of hysteretic displacement is 

presented as summation of three untruncated Gaussian distribution where two of 

these are shifted with means at positive and negative yielding displacements.  

This study investigates the accuracy of statistical linearization approaches 

for estimating stochastic crosswind response of base-isolated tall buildings. The 

hysteretic base force is represented in Bouc-Wen model. Both Gaussian and non-

Gaussian statistical linearization approaches are investigated. Within the non-

Gaussian linearization approach, Gaussian and truncated Gaussian distributions 

with two delta functions added at positive and negative yielding displacement are 

used to model the probability distribution of the hysteretic displacement. The non-

Gaussian character of base velocity is further considered through Hermite 
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translation model. To better modelling the higher mode contribution to building 

acceleration, the linearization of hysteretic displacement also includes the 

building motions. The accuracy and effectiveness of statistical linearization 

approaches are examined through comparison with RHA. A parameter study is 

implemented to gain better understanding of the performance of linearization 

approach of crosswind response of base-isolated tall buildings. 

6.2 Analytical framework 

6.2.1 Equations of building motion 

The equations of motion of a crosswind-excited building with a base 

isolation system as shown in Fig. 5.1 are given by: 

 𝑴𝒓𝟎�̈�𝑏 +𝑴�̈� + 𝑪�̇� + 𝑲𝒙 = 𝒑(𝑡) (6.1a) 

 (𝑚𝑏 +𝑚)�̈�𝑏 + 𝒓𝟎
𝑻𝑴�̈� + 𝑐𝑏�̇�𝑏 + 𝛼𝑘𝑏𝑥𝑏 + (1 − 𝛼)𝑘𝑏𝑧𝑏 = 𝒓𝟎

𝑻𝒑(𝑡) (6.1b) 

 �̇�𝑏 = 𝐴�̇�𝑏 − 𝛽|�̇�𝑏||𝑧𝑏|
𝑛−1𝑧𝑏 − 𝛾�̇�𝑏|𝑧𝑏|

𝑛 (6.1c) 

where 𝑥𝑏 is displacement of base slab relative to the ground;  𝒙 = {𝑥1, 𝑥2… . , 𝑥𝑁}
𝑻 

is building displacement vector relative to the base slab; 𝑴, 𝑪,𝑲 are 𝑁 × 𝑁 mass, 

damping and stiffness matrices of the building with fixed base; 𝒑(𝑡) =

{𝑝1(𝑡), 𝑝2(𝑡), … , 𝑝𝑁(𝑡)}
𝑇 is 𝑁 × 1 crosswind loading vector;  𝒓𝟎 = {1,1, … ,1}

𝑇  ; 𝑚𝑏 

is mass of base slab; 𝑚 = 𝒓𝟎
𝑻𝑴𝒓𝟎 is total mass of upper building; 𝑘𝑏 and 𝑐𝑏  are 

stiffness and damping coefficient of base isolation; 𝛼 is second stiffness ratio; 𝑧𝑏 

is hysteretic displacement; 𝐴, 𝛽, 𝛾  and 𝑛  are Bouc-Wen hysteretic force model 

parameters (Wen 1976). The yield displacement is 𝑥𝑦 = (
𝐴

𝛽+𝛾
)
1/𝑛

 . When 𝛽 = 𝛾, 

𝐴 = 1 and 𝑛 is large, say, 𝑛 = 6, Bouc-Wen model is close to the bilinear model 

(e.g., Lutes and Sarkani 2004): 

 �̇�𝑏 = �̇�𝑏{1 − 𝑢(𝑧𝑏 − 𝑥𝑦)𝑢(�̇�𝑏) − 𝑢(−𝑧𝑏 − 𝑥𝑦)𝑢(−�̇�𝑏)} (6.2) 

where 𝑢(∙) is unit step function. 

 The building displacement 𝒙 is expressed in first 𝑆 (𝑆 ≤ 𝑁) modes of the 

fixed-base building: 
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𝒙 =∑𝝓𝟎𝒊𝑞𝑖

𝑆

𝑖=1

 (6.3) 

where 𝝓𝟎𝒊 is the 𝑖𝑡ℎ mode shape of fixed-base building.  

Accordingly, the equations of motion reduce to: 

�̅��̈�𝒙 + �̅��̇�𝒙 + �̅�𝟏𝒒𝒙 + �̅�𝟐𝑧𝑏 = �̅�𝟎𝑮(𝒕) (6.4a) 

�̅� =

[
 
 
 
 1

𝐿01𝑀01

𝑚𝑏 +𝑚
…

𝐿0𝑆𝑀0𝑆

𝑚𝑏 +𝑚
𝐿01
⋮
𝐿0𝑆

𝑰
]
 
 
 
 

;  𝒒𝒙(𝒕) = [

𝑥𝑏(𝑡)

𝑞1(𝑡)
⋮

𝑞𝑆(𝑡)

] ;   𝑮(𝒕) = [

𝐹𝑏(𝑡)

𝑄1(𝑡)
⋮

𝑄𝑆(𝑡)

] 

�̅� = diag(2𝜉𝑏𝜔𝑏, 2𝜉01𝜔01, … ,2𝜉0𝑆𝜔0𝑆);  �̅�𝟏 = diag(𝛼𝜔𝑏
2, 𝜔01

2 , … , 𝜔0𝑆
2 );  

�̅�𝟐 = [(1 − 𝛼)𝜔𝑏
2 0,… ,0]𝑻;   �̅�𝟎 = diag (

1

𝑚𝑏 +𝑚
,
1

𝑀01
, … ,

1

𝑀0𝑆
) 

(6.4b) 

where 𝑀0𝑖 = 𝝓𝟎𝒊
𝑻 𝑴𝝓𝟎𝒊, 𝜔0𝑖  and 𝜉0𝑖  are i-th modal mass, frequency and damping 

ratio of fixed-base building;  𝐿0𝑖 =
𝝓𝟎𝒊
𝑻 𝑴𝒓𝟎

𝑀0𝑖
;   𝜔𝑏 = √

𝑘𝑏

𝑚𝑏+𝑚
 and 𝜉𝑏 =

𝑐𝑏

2√𝑘𝑏(𝑚𝑏+𝑚)
 are 

frequency and damping ratio of the base isolation system corresponding to the 

initial stiffness when the upper building is assumed to be rigid;  𝑄𝑖(𝑡) = 𝝓𝟎𝒊
𝑻 𝒑(𝒕) 

is i-th generalized wind force; 𝐹𝑏(𝑡) = 𝒓𝟎
𝑻𝒑(𝒕) is external loading in terms of base 

shear force; 𝑰 is identity matrix with dimension of S; and T denotes the operator of 

matrix transpose.  

The equations of motion are represented as a state-space equation as 

�̇� = 𝒈(𝒗) + �̅�𝑮(𝒕) (6.5a) 

𝒗 = {

𝒒𝒙
�̇�𝒙
𝑧𝑏
} ;  𝒈(𝒗) = [

𝒒�̇�
−�̅�−1�̅�𝒒�̇� − �̅�

−1�̅�𝟏𝒒𝒙 − �̅�
−1�̅�𝟐𝑧𝑏

𝐴�̇�𝑏 − 𝛽|�̇�𝑏||𝑧𝑏|
𝑛−1𝑧𝑏 − 𝛾�̇�𝑏|𝑧𝑏|

𝑛

] ;  �̅� = [

𝟎
�̅�−1�̅�𝟎
[0…0]

] (6.5b) 

The fluctuating components of crosswind forces are defined in terms of the 

cross power spectral density (PSD) function of i-th and j-th story forces as 

𝑆𝑝𝑖𝑝𝑗(𝑓) = 𝑆𝑝0(𝑓) (
𝑦𝑖
𝐻
)
𝛼𝑠
(
𝑦𝑗

𝐻
)
𝛼𝑠

exp (−
𝑘𝑦𝑓𝐻

𝑈𝐻

|𝑦𝑖 − 𝑦𝑗|

𝐻
) (6.6a) 
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𝑆𝑝0(𝑓) = (
1

2
𝜌𝑈𝐻

2𝐵𝐻0)
2

𝑆𝐶𝑀(𝑓)/|𝐽𝑦(𝑓)|
2
 (6.6b) 

|𝐽𝑦(𝑓)|
2
=
1

𝐻2
∫ ∫ (

𝑦𝑖
𝐻
)
𝛼𝑠+1

(
𝑦𝑗

𝐻
)
𝛼𝑠+1

exp (−
𝑘𝑦𝑓𝐻

𝑈𝐻

|𝑦𝑖 − 𝑦𝑗|

𝐻
)𝑑𝑦𝑖𝑑𝑦𝑗  

𝐻

0

𝐻

0

 (6.6c) 

where 𝑆𝐶𝑀(𝑓) is PSD of base bending moment coefficient; 𝑘𝑦 is decay factor; 𝛼𝑠 

is wind load profile coefficient; 𝑦𝑖  and 𝑦𝑗 are elevations of the i-th and j-th floors; 

𝜌 is air density; 𝑈𝐻 is wind speed at building top; 𝐵, 𝐻 and 𝐻0 are building width, 

height and story height. 

6.2.2 Statistical linearization approach 

The hysteretic velocity 𝑧�̇� = ℎ(�̇�𝑏 , 𝑧𝑏) given in Eq. (6.1c) is linearized as 

follows: 

�̇�𝑏 = 𝑏1𝑥𝑏 + 𝑏2�̇�𝑏 + 𝑏3𝑧𝑏 (6.7) 

where 𝑏1, 𝑏2  and 𝑏3  are coefficients, which are determined by minimizing the 

expected value of square error 

𝜖2 = [ℎ(�̇�𝑏 , 𝑧𝑏) − (𝑏1𝑥𝑏 + 𝑏2�̇�𝑏 + 𝑏3𝑧𝑏)]
2 (6.8) 

and leads to (Roberts and Spanos 2003) 

[

𝑏1
𝑏2
𝑏3

] = 𝜫−𝟏 [

𝑐𝑜𝑣[𝑥𝑏�̇�𝑏]

𝑐𝑜𝑣[�̇�𝑏�̇�𝑏]

𝑐𝑜𝑣[𝑧𝑏�̇�𝑏]
] ; 

𝜫 = [

𝐸[𝑥𝑏
2] 𝑐𝑜𝑣[𝑥𝑏�̇�𝑏] cov[𝑥𝑏𝑧𝑏]

cov[𝑥𝑏�̇�𝑏] 𝐸[�̇�𝑏
2] cov[𝑧𝑏�̇�𝑏]

cov[𝑥𝑏𝑧𝑏] cov[𝑧𝑏�̇�𝑏] 𝐸[𝑧𝑏
2]

] 

(6.9) 

where 𝐸[𝑥𝑏
2] = 𝜎𝑥𝑏

2 , 𝐸[�̇�𝑏
2] = 𝜎�̇�𝑏

2  and 𝐸[𝑧𝑏
2] = 𝜎𝑧𝑏

2  are variances of 𝑥𝑏 , �̇�𝑏  and 𝑧𝑏 ; 

and 𝑐𝑜𝑣[ ] is covariance operator. For instance, 𝑐𝑜𝑣[�̇�𝑏𝑧𝑏] = 𝜌�̇�𝑏𝑧𝑏𝜎�̇�𝑏𝜎𝑧𝑏 , where 

𝜌�̇�𝑏𝑧𝑏  is the correlation coefficient. For stationary response processes, 

𝑐𝑜𝑣[𝑥𝑏�̇�𝑏] = 𝑐𝑜𝑣[𝑧𝑏�̇�𝑏] = 0 . Estimations of 𝑐𝑜𝑣[𝑥𝑏�̇�𝑏] = 𝑐𝑜𝑣[𝑥𝑏ℎ(�̇�𝑏 , 𝑧𝑏)]  and 

𝑐𝑜𝑣[�̇�𝑏�̇�𝑏] = 𝑐𝑜𝑣[�̇�𝑏ℎ(�̇�𝑏 , 𝑧𝑏)]  require the joint probability density functions 

(JPDFs) of 𝑥𝑏 , �̇�𝑏 and 𝑧𝑏. In the case of linear response, 𝑧𝑏 = 𝑥𝑏, thus 𝑏1 = 0, 𝑏2 =

1 and 𝑏3 = 0. 
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The state-space equations of the linear system are then given as 

�̇� = 𝑹𝒗 + �̅�𝑮(𝒕) (6.10a) 

 𝑹 = [

𝟎 𝑰 [0…0]𝑇

−�̅�−1�̅�𝟏 −�̅�−1�̅� −�̅�−1�̅�𝟐
[𝑏1 0…0] [𝑏2 0… 0] 𝑏3

] (6.10b) 

Accordingly, the response spectral matrix is computed as 

 𝑺𝒗𝒗(𝜔) = (𝑖𝜔𝑰 − 𝑹)−1�̅�𝑺𝑮𝑮(𝜔)�̅�
𝑇(−𝑖𝜔𝑰 − 𝑹𝑇)−1 (6.11) 

where 𝑺𝑮𝑮(𝜔) is spectral matrix of 𝑮(𝑡); 𝜔 = 2𝜋𝑓; 𝑖 = √−1.  

 The response covariance matrix is then determined as 

 
𝐸[𝒗𝒗𝑇] = ∫ 𝑺𝒗𝒗(𝜔)𝑑𝜔

∞

0

 (6.12) 

Obviously, an iteration is needed as the linearization coefficients involve 

unknown response covariance. 

Alternatively, the response spectrum can be calculated as follows:  

 𝑺𝒒𝒙𝒒𝒙(𝝎) = 𝑯𝒒𝒙
(𝝎)�̅�𝟎𝑺𝑮𝑮(𝝎)�̅�𝟎

𝑻𝑯𝒒𝒙
∗𝑻(𝝎) (6.13) 

where ∗ is conjugation operator and  

 𝑯𝒒𝒙
(𝝎) = [−𝜔2�̅� + 𝑖𝜔�̅� + �̅�𝒆𝒒(𝜔)]

−1
 (6.14a) 

 �̅�𝒆𝒒(𝜔) = diag(𝛼𝜔𝑏
2 + (1 − 𝛼)𝜔𝑏

2𝐻𝑧𝑏(𝜔), 𝜔01
2 , … , 𝜔0𝑆

2 );  (6.14b) 

and based on Eq. (6.7), the transfer function between 𝑧𝑏 and 𝑥𝑏 expressions 

 
𝐻𝑧𝑏(𝜔) =

𝑧𝑏(𝜔)

𝑥𝑏(𝜔)
=
𝑏1 + 𝑏2(𝑖𝜔)

𝑖𝜔 − 𝑏3
 (6.15) 

6.2.3 Gaussian statistical linearization 

When 𝑥𝑏 , �̇�𝑏  and 𝑧𝑏  are assumed to follow jointly Gaussian distribution, 

we have (Robert and Spanos 2003; Baber and Wen 1981): 

 
𝑏1 =  𝐸 [

𝑑�̇�𝑏
𝑑𝑥𝑏

] = 𝐸 [
𝑑ℎ(�̇�𝑏 , 𝑧𝑏)

𝑑𝑥𝑏
] = 0 (6.16a) 

 
𝑏2 = 𝐸 [

𝑑�̇�𝑏
𝑑�̇�𝑏

] = 𝐸 [
𝑑ℎ(�̇�𝑏 , 𝑧𝑏)

𝑑�̇�𝑏
] = 𝐴 − 𝛽𝐹1 − 𝛾𝐹2; (6.16b) 
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𝑏3 = 𝐸 [

𝑑�̇�𝑏
𝑑𝑧𝑏

] = 𝐸 [
𝑑ℎ(�̇�𝑏 , 𝑧𝑏)

𝑑𝑧𝑏
] = −𝛽𝐹3 − 𝛾𝐹4 (6.16c) 

where 

 
𝐹1 =

𝜎𝑧𝑏
𝑛

𝜋
Γ (
𝑛 + 2

2
)2𝑛/2𝐼𝑠 (6.17a) 

 
𝐹2 =

𝜎𝑧𝑏
𝑛

√𝜋
Γ (
𝑛 + 1

2
)2𝑛/2 (6.17b) 

 
𝐹3 =

𝑛𝜎�̇�𝑏𝜎𝑧𝑏
𝑛−1

𝜋
Γ (
𝑛 + 2

2
) 2𝑛/2 [2(1 − 𝜌�̇�𝑏𝑧𝑏

2 )
𝑛+1
2
 
+ 𝜌�̇�𝑏𝑧𝑏𝐼𝑠] (6.17c) 

 
𝐹4 =

𝑛𝜌�̇�𝑏𝑧𝑏𝜎�̇�𝑏𝜎𝑧𝑏
𝑛−1

√𝜋
Γ (
𝑛 + 1

2
) 2𝑛/2 (6.17d) 

where 𝐼𝑠 = 2∫ sinn 𝜃 𝑑𝜃
𝜋/2

𝑙
; 𝑙 = tan−1(√1 − 𝜌�̇�𝑏𝑧𝑏

2 /𝜌�̇�𝑏𝑧𝑏).  

6.2.4 Non-Gaussian statistical linearization 

6.2.4.1 Truncated Gaussian distribution with a couple of Dirac functions 

The hysteretic displacement 𝑧𝑏varies between the negative and positive 

yielding displacement −𝑥𝑦 and 𝑥𝑦, and its PDF shows two peaks at the limits ±𝑥𝑦, 

according to the response history analysis. Kimura et al. (1994) introduced a PDF 

of 𝑧𝑏 as a summation of Gaussian distribution truncated at ±𝑥𝑦 and a couple of 

Delta functions at ±𝑥𝑦 , while 𝑥𝑏  and �̇�𝑏  are assumed to be jointly Gaussian 

variables, referred as truncated Gauss-Dirac model.  

The PDF of 𝑧𝑏, and the joint PDFs with 𝑥𝑏 and �̇�𝑏 are expressed as: 

𝑓𝑧𝑏(𝑧𝑏) = 𝜙3(𝑧𝑏)[𝑢(𝑧𝑏 + 𝑥𝑦) − 𝑢(𝑧𝑏 − 𝑥𝑦)]

+ [𝛿(𝑧𝑏 + 𝑥𝑦) + 𝛿(𝑧𝑏 − 𝑥𝑦)]Φ3(−𝑥𝑦) 
(6.18a) 
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𝑓𝑥𝑏𝑧𝑏(𝑥𝑏 , 𝑧𝑏) = 𝜙13(𝑥𝑏 , 𝑧𝑏)[𝑢(𝑧𝑏 + 𝑥𝑦) − 𝑢(𝑧𝑏 − 𝑥𝑦)]

+ 𝛿(𝑧𝑏 − 𝑥𝑦)∫ 𝜙13(𝑥𝑏 , 𝑧𝑏)𝑑𝑧𝑏

+∞

𝑥𝑦

+ 𝛿(𝑧𝑏 + 𝑥𝑦)∫ 𝜙13(𝑥𝑏 , 𝑧𝑏)𝑑𝑧𝑏

−𝑥𝑦

−∞

 

(6.18b) 

𝑓�̇�𝑏𝑧𝑏(�̇�𝑏 , 𝑧𝑏) = 𝜙23(�̇�𝑏 , 𝑧𝑏)[𝑢(𝑧𝑏 + 𝑥𝑦) − 𝑢(𝑧𝑏 − 𝑥𝑦)]

+ 𝛿(𝑧𝑏 − 𝑥𝑦)∫ 𝜙23(�̇�𝑏 , 𝑧𝑏)𝑑𝑧𝑏

+∞

𝑥𝑦

+ 𝛿(𝑧𝑏 + 𝑥𝑦)∫ 𝜙23(�̇�𝑏 , 𝑧𝑏)𝑑𝑧𝑏

−𝑥𝑦

−∞

 

(6.18c) 

𝑓𝑥𝑏�̇�𝑏𝑧𝑏(𝑥𝑏 , �̇�𝑏 , 𝑧𝑏)

= 𝜙123(𝑥𝑏 , �̇�𝑏 , 𝑧𝑏)[𝑢(𝑧𝑏 + 𝑥𝑦) − 𝑢(𝑧𝑏 − 𝑥𝑦)]

+ 𝛿(𝑧𝑏 − 𝑥𝑦)∫ 𝜙123(𝑥𝑏 , �̇�𝑏 , 𝑧𝑏)𝑑𝑧𝑏

+∞

𝑥𝑦

+ 𝛿(𝑧𝑏 + 𝑥𝑦)∫ 𝜙123(𝑥𝑏 , �̇�𝑏 , 𝑧𝑏)𝑑𝑧𝑏

−𝑥𝑦

−∞

 

(6.18d) 

Where 𝜙3(𝑧𝑏),  𝜙13(𝑥𝑏 , 𝑧𝑏) , 𝜙23(�̇�𝑏 , 𝑧𝑏)  and 𝜙123(𝑥𝑏 , �̇�𝑏 , 𝑧𝑏)  are PDF and joint 

PDFs of Gaussian distributed zero mean random variables 𝑠𝑖 (𝑖 = 1,2,3) with the 

covariance given by 

 𝜎𝑖
2 = 𝐸[𝑠𝑖

2], 𝜎𝑖𝑗
2 = 𝜎𝑖𝜎𝑗𝜌𝑖𝑗 = 𝐸[𝑠𝑖𝑠𝑗] = 𝑐𝑜𝑣[𝑠𝑖𝑠𝑗]          (𝑖, 𝑗 = 1,2,3) (6.19) 

and 𝛷3(𝑧𝑏) is CDF of Gaussian variable 𝑠3. 

The second moments of 𝑥𝑏 , �̇�𝑏 and 𝑧𝑏 are subsequently computed by: 

 𝜎𝑥𝑏
2 = 𝜎1

2;     𝜎�̇�𝑏
2 = 𝜎2

2 (6.20a) 

 𝜎𝑧𝑏
2 = 𝑥𝑦

2erfc (
𝑥𝑦

√2𝜎3
) + 𝜎3

2erf (
𝑥𝑦

√2𝜎3
) − √

2

𝜋
𝑥𝑦𝜎3 exp(−

𝑥𝑦
2

2𝜎3
2) 

(6.20b) 

 

 𝑐𝑜𝑣[𝑥𝑏�̇�𝑏] = 𝜎12
2 = 0 (6.20c) 

 
𝑐𝑜𝑣[𝑥𝑏𝑧𝑏] = 𝜎13

2 erf (
𝑥𝑦

√2𝜎3
) (6.20d) 
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𝑐𝑜𝑣[�̇�𝑏𝑧𝑏] = 𝜎23

2 erf (
𝑥𝑦

√2𝜎3
) (6.20e) 

where erfc(x) =
2

√𝜋
∫ 𝑒−𝑡

2
𝑑𝑡

∞

𝑥
, erf(x) =

2

√𝜋
∫ 𝑒−𝑡

2
𝑑𝑡

𝑥

0
.  

For given second moments of 𝑥𝑏 , �̇�𝑏  and 𝑧𝑏 , the second moments of the 

Gaussian variables 𝑠𝑖 (𝑖 = 1,2,3) are calculated through Eq. (6.20), thus the JPDFs 

of 𝑥𝑏 , �̇�𝑏  and 𝑧𝑏  are determined. The second moments 𝑐𝑜𝑣[𝑥𝑏�̇�𝑏] =

𝑐𝑜𝑣[𝑥𝑏ℎ(�̇�𝑏 , 𝑧𝑏)]  and 𝑐𝑜𝑣[�̇�𝑏�̇�𝑏] = 𝑐𝑜𝑣[�̇�𝑏ℎ(�̇�𝑏 , 𝑧𝑏)] , thus the linearization 

coefficients are computed. 

6.2.4.2 Truncated nonGauss-Dirac model 

Feng and Chen (2018c) shows the base displacement and velocity have 

strong softening non-Gaussian characters, and the non-Gaussian character of base 

velocity is stronger than that of base displacement. Thus, the non-Gaussian feature 

of �̇�𝑏  is also considered through translation model. The normalized �̇�𝑏  is 

expressed as (Chen 2014): 

 
�̇�0 =

�̇�𝑏
𝜎2
= 𝑔(�̇�) (6.21) 

where 𝑔(�̇�) is kurtosis based translation function of �̇�0. The non-Gaussian random 

variable �̇�0 with zero mean, unit variance, zero skewness and kurtosis 𝛼4 (where 

𝛼4 ≥ 3) can be represented as a Hermite translation function of an underlying 

standard Gaussian variable �̇� as 

where ℎ1 and ℎ4 are the model coefficients. Eq. (C1) gives: 

The underlying joint Gaussian distribution is similar with Eq. (6.18) and 

Eq. (6.20e) changes to: 

 �̇�0 = 𝑔(�̇�) = ℎ1[�̇� + ℎ4(�̇�
3 − 3�̇�)] (6.22) 

 
ℎ1 =

1

√1 + 6ℎ4
3
;  ℎ4 =

[1 + 1.25(𝛼4 − 3)]
1/3 − 1

10
 (6.23) 
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𝑐𝑜𝑣[�̇�𝑏𝑧𝑏] = ∫ ∫ 𝜎2𝑔(�̇�) 𝑧𝑏𝜙23(�̇�, 𝑧𝑏)𝑑𝑧𝑏𝑑�̇�
𝑥𝑦

−𝑥𝑦

∞

−∞

+ 2𝑥𝑦∫ ∫ 𝜎2𝑔(�̇�)𝜙23(�̇�, 𝑧𝑏)𝑑𝑧𝑏

∞

𝑥𝑦

𝑑�̇�
∞

−∞

 

(6.24) 

6.2.4.3 Gaussian distribution with a couple of Dirac functions 

Hurtado and Barbat (2000) introduced a modified mixed PDF model of 𝑧𝑏, 

which is given as a summation of untruncated Gaussian distribution with a couple 

of Dirac functions, referred as Gauss-Dirac model. Accordingly,  

𝑓𝑧𝑏(𝑧𝑏) = (1 − 2𝜇)𝜙3(𝑧𝑏) + 𝜇[𝛿(𝑧𝑏 + 𝑥𝑦) + 𝛿(𝑧𝑏 − 𝑥𝑦)] (6.25a) 

𝑓𝑥𝑏𝑧𝑏(𝑥𝑏 , 𝑧𝑏) = (1 − 2𝜇)𝜙13(𝑥𝑏, 𝑧𝑏) + 𝜇[𝛿(𝑧𝑏 + 𝑥𝑦) + 𝛿(𝑧𝑏 − 𝑥𝑦)]𝜙1(𝑥𝑏) (6.25b) 

𝑓�̇�𝑏𝑧𝑏(�̇�𝑏 , 𝑧𝑏) = (1 − 2𝜇)𝜙23(�̇�𝑏 , 𝑧𝑏) + 𝜇[𝛿(𝑧𝑏 + 𝑥𝑦) + 𝛿(𝑧𝑏 − 𝑥𝑦)]𝜙2(�̇�𝑏) (6.25c) 

𝑓𝑥𝑏�̇�𝑏𝑧𝑏(𝑥𝑏 , �̇�𝑏 , 𝑧𝑏)

= (1 − 2𝜇)𝜙123(𝑥𝑏 , �̇�𝑏 , 𝑧𝑏)

+ 𝜇[𝛿(𝑧𝑏 + 𝑥𝑦) + 𝛿(𝑧𝑏 − 𝑥𝑦)]𝜙12(𝑥𝑏 , �̇�𝑏) 

(6.25d) 

where 𝜇 = 𝜂Φ3(−𝑥𝑦), and 𝜂 is a constant and 𝜂 = −0.5 was suggested (Hurtado 

and Barbat 2000).  

  The relationship between the second moments are given as 

 𝜎𝑥𝑏
2 = 𝜎1

2;    𝜎�̇�𝑏
2 = 𝜎2

2;    𝜎𝑧𝑏
2 = (1 − 2𝜇)𝜎3

2 + 2𝜇𝑥𝑦
2 (6.26a) 

 𝐸[𝑥𝑏�̇�𝑏] = 𝜎12
2 = 0 (6.26b) 

 E[xb𝑧𝑏] = (1 − 2𝜇)𝜎13
2  (6.26c) 

 𝐸[�̇�𝑏𝑧𝑏] = (1 − 2𝜇)𝜎23
2  (6.26d) 

 The Gauss-Dirac model leads to a closed-form solution of linearization 

coefficients:  

 [𝑏1 𝑏2 𝑏3]
𝑇 = (1 − 2𝜇)[𝑏1,𝑔 𝑏2,𝑔 𝑏3,𝑔]

𝑇
+ 2𝜇𝜫−1[𝑏1,𝑑 𝑏2,𝑑 𝑏3,𝑑]

𝑇
 (6.27) 

where 𝑏1,𝑔 , 𝑏2,𝑔  and 𝑏3,𝑔  are the linearization coefficients corresponding to 

Gaussian response assumption which can be calculated from Eqs. (6.16) and 
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(6.17); 𝑏1,𝑑, 𝑏2,𝑑 and 𝑏3,𝑑 are the coefficients correspond to Delta function part and 

determined as: 

 𝑏1,𝑑 = 𝐸[𝑥𝑏�̇�𝑏](𝐴 − 𝛾𝑥𝑦
𝑛) (6.28a) 

 𝑏2,𝑑 = 𝜎�̇�𝑏
2 (𝐴 − 𝛾𝑥𝑦

𝑛) (6.28b) 

 𝑏3,𝑑 = −√2/𝜋𝜎�̇�𝑏𝛽𝑥𝑦
𝑛+1 (6.28c) 

where 𝐸[𝑥𝑏�̇�𝑏] = 0 for stationary response. 

6.2.4.4 Statistical linearization with additional building response state 

variables 

The hysteretic velocity �̇�𝑏 given in Eq. (6.1c) is linearized as follows with 

additional building response state variables in terms of generalized displacements 

and velocities: 

 

�̇�𝑏 = 𝑏1𝑥𝑏 + 𝑏2�̇�𝑏 + 𝑏3𝑧𝑏 +∑𝑏𝑞𝑖𝑞𝑖

𝑆

𝑖=1

+∑𝑏�̇�𝑖�̇�𝑖

𝑆

𝑖=1

= 𝒗𝑻𝒃 (6.29) 

where 𝒃 = [𝑏1 𝑏𝑞1…𝑏𝑞𝑆  𝑏2 𝑏�̇�1…𝑏�̇�𝑆  𝑏3]
𝑇
 is calculated by 

 𝒃 = 𝐸[𝒗𝒗𝑻]−1𝑐𝑜𝑣[𝒗�̇�𝑏] (6.30) 

It should be mentioned that when Gaussian response distributions are 

assumed, we have 

 
𝑏𝑞𝑖 = 𝐸 [

𝑑�̇�𝑏
𝑑𝑞𝑖

] = 0;   𝑏�̇�𝑖 = 𝐸 [
𝑑�̇�𝑏
𝑑�̇�𝑖

] = 0   (𝑖 = 1,2, … , 𝑆) (6.31) 

which means that the additional state variables will not be included.  

However, these additional state variables can be included when non-

Gaussian PDF model is used, such as truncated Gauss/non-Gauss- Dirac model 

and Gauss-Delta model. In the case of Gauss-Delta model, the coefficients are 

computed as: 

 [𝑏1 𝑏𝑞1 …𝑏𝑞𝑆  𝑏2 𝑏�̇�1…𝑏�̇�𝑆  𝑏3]
𝑇

= (1 − 2𝜇)[𝑏1,𝑔0…0 𝑏2,𝑔0…0 𝑏3,𝑔]
𝑇

+ 2𝜇𝐸[𝒗𝒗𝑻]−1[𝑏1,𝑑 𝑏𝑞1,𝑑…𝑏𝑞𝑆,𝑑 𝑏2,𝑑 𝑏�̇�1,𝑑…𝑏�̇�𝑆,𝑑 𝑏3,𝑑]
𝑇
 

(6.32) 



Texas Tech University, Changda Feng, December 2018 

158 

where 𝑏1,𝑔, 𝑏2,𝑔 and 𝑏3,𝑔, 𝑏1,𝑑, 𝑏2,𝑑 and 𝑏3,𝑑 are same as discussed previously; 𝑏𝑞𝑖,𝑑 

and 𝑏�̇�𝑖,𝑑 (i=1,2,3) are calculated by 

 𝑏𝑞𝑖,𝑑 = 𝐸[�̇�𝑏𝑞𝑖](𝐴 − 𝛾𝑥𝑦
𝑛);  𝑏�̇�𝑖,𝑑 = 𝐸[�̇�𝑏�̇�𝑖](𝐴 − 𝛾𝑥𝑦

𝑛) (6.33) 

 For truncated Gauss/non-Gauss- Dirac model, the moments of additional 

state variables with �̇�𝑏 can be calculated similarly with 𝐸[𝑥𝑏�̇�𝑏]. 

6.2.5 Extreme Response Distribution and Fatigue Damage  

The cumulative distribution function of the extreme of response process 

𝑥(𝑡)  within a time duration of T is calculated following the mean upcrossing 

theory (e.g., Lutes and Sarkani 2004). 

 𝐹𝑚𝑎𝑥(𝑥) = exp [−𝜈(𝑥)𝑇] (6.34) 

where 𝜈(𝑥) is the mean crossing rate at level 𝑥. The mean extreme corresponds 

57%-fractile value.   

In the case of Gaussian response process  

 
𝜈(𝑥) =

1

2𝜋

𝜎�̇�
𝜎𝑥
exp {−

𝑥2

2𝜎𝑥2
} (6.35) 

where 𝜇𝑥 and 𝜎𝑥 are mean and STD of 𝑥(𝑡); and  𝜎�̇� are STD of  �̇�(𝑡).  

The mean fatigue damage of a narrow-band Gaussian response process 

accumulated in the time duration 𝑇 can be calculated as (e.g., Chen 2014) 

 

𝐸[𝐷] =
2
3𝜅
2 𝜈0𝑇𝜅𝑠

𝜅

𝐾0
𝛤(1 + 𝜅/2)𝜎𝑥

𝜅 (6.36) 

where 𝐾0 and 𝜅 are material constant and slope of the S-N curve 𝑁 = 𝐾0𝑠
𝜅 (𝑁 is 

the cycle number to cause fatigue damage under stress level 𝑠 ); 𝜈0  is mean 

upcrossing rate at mean level, and 𝜈0 ≈ 𝑓𝑠 for narrowband process. In the case of 

broadband process, the effect of bandwidth on fatigue damage can be considered 

(Ding and Chen 2015). 
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6.3 Influence of values of n in Bouc-Wen model 

Fig. 6.1 plots the Bouc-Wen restoring force relations with different values 

of n. The value of n governs the abruptness of the transition between initial 

stiffness and post stiffness. For a small value of n, the transition from initial to 

second stiffness is smoother. The computation of 𝑐𝑜𝑣[𝑥𝑏�̇�𝑏] = 𝑐𝑜𝑣[𝑥𝑏ℎ(�̇�𝑏 , 𝑧𝑏)] 

and 𝑐𝑜𝑣[�̇�𝑏�̇�𝑏] = 𝑐𝑜𝑣[�̇�𝑏ℎ(�̇�𝑏 , 𝑧𝑏)] involve estimation of 𝑛-th statistical moment of 

𝑧𝑏 according to Bouc-Wen model. Therefore, the approximation of PDF of 𝑧𝑏 in 

the tail region can have great influence on the accuracy of 𝑐𝑜𝑣[𝑥𝑏�̇�𝑏] and 

𝑐𝑜𝑣[�̇�𝑏�̇�𝑏]  when the value of 𝑛  is large, thus the linearization coefficient and 

performance of the linearization approach. Also, the smoother transition from 

initial to second stiffness will make the integration along the hysteretic loop easier. 

A smaller value of 𝑛 is desirable. 

To examine the influence of value of 𝑛 in Bouc-Wen model on response 

statistics, response history analysis (RHA) of the base-isolated building is carried 

out using Runge-Kutta method. Same building model and crosswind excitation in 

Chapter 5 are used in this chapter. The building motions are modeled using 

4DOFs models.  The time step is 0.04 s and duration is 13 min for each sample, 

where the first 3-min response is disregarded to eliminate the potential transient 

response effect. 100 samples are simulated for calculating the response statistics. 

Fig. 6.2 compares the response STDs and maxima from RHA for different value 

of n. The result shows the response statistics from RHA are not sensitive to value 

of n. Fig. 6.3 displays the response kurtosis from RHA for different value of n. 

The result shows base velocity has less non-Gaussian character when 𝑛 = 1 and 

the kurtosis of base velocity is close to that of base displacement. Thus, it is 

recommended to use 𝑛 = 1 for statistical linearization approaches. 

  



Texas Tech University, Changda Feng, December 2018 

160 

 

Fig. 6.1  Bouc-Wen restoring relations with different n 

  

a) Base displacement b) Base shear force 

  

c) Building top displacement d) Building top acceleration 

Fig. 6.2 STDs and maxima of crosswind responses for different n 
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a) Base displacement b) Base velocity 

Fig. 6.3 Kurtosis of base displacement and base velocity for different n 

6.4 The performance of linearization approaches 

6.4.1 Estimation from 2DOF system 

To examine the performance of aforementioned statistical linearization 

approaches, response history analysis of the base-isolated building is also carried 

out. The value of 𝑛 = 1 in Bouc-Wen model is used for validation. The base-

isolated building is represented as 2DOFs and 4DOFs models for comparison, 

where the building motion relative to base slab is described in terms of first mode 

and first three modes of fixed-base building, respectively. The 2DOFs model can 

give accurate estimation of building base and top displacements, while 4DOFs 

model is needed for accurate estimation of building top acceleration (Feng and 

Chen 2018c). The linear model coefficients are calculated by solving a nonlinear 

least-squares problem with trust-region-reflective algorithm via Matlab function 

‘lsqnonlin’. Each iteration involves the approximate solution of a large linear 

system using the method of preconditioned conjugate gradients.  

Fig. 6.4 shows the response STDs calculated from RHA and linearization 

approaches, where the 2DOFs building model is used. For truncated nonGauss-

Dirac model, the non-Gaussian character of base velocity �̇�𝑏 is considered. The 

kurtosis of �̇�𝑏  is obrained from RHA in order to examine the importance of 
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considering it non-Gaussian character, while a separate estimation of kurtosis is 

required in application. The linearization approaches with aforementioned 

preassumed response distribution models give quite accurate estimations of the 

STDs of base shear force, building top displacement and acceleration (compared 

with 2DOF model), while the estimation accuracy reduces at the wind speed 

region around 𝑈𝐻=55 m/s where the non-Gaussian response character is more 

significant (Feng and Chen 2018c). On the other hand, the estimation of base 

displacement in a wide range of wind speed is very sensitive to the preassumed 

distribution model as base displacement exhibits strong non-Gaussian character. 

The Gauss-Diract ( 𝜂 = −0.5) and truncated Gauss-Dirac models lead to 

significant underestimation. The truncated nonGauss-Dirac gives an improved 

estimation but still underestimated. The Gaussian model gives an overall best 

estimation within these models. 

Fig. 6.5 shows the maximum response. The peak factor is calculated from 

Davenport formula with the value of 3.27 (Davenport 1964) for Gaussian, Gauss-

Dirac, truncated Gauss-Dirac models, while the kurtosis of �̇�𝑏 from RHA is used 

for calculating maximum base displacement in the case of truncated nonGauss-

Dirac model. The results show that the maximum base shear, building top 

displacement and acceleration are under-estimated at higher wind speed, due to 

the underestimation of peak factor calculated from Davenport formula. The base 

displacement has stronger softening non-Gaussian character with a higher peak 

factor at higher wind speeds. The truncated nonGauss-Dirac model gives a better 

estimation.  

Fig. 6.6 displays the normalized fatigue damage of base shear, which is 

normalized by 𝜈0𝑇(𝑘𝑏𝑥𝑦)
𝜅
/𝐾0. Feng and Chen (2018c) pointed out the shear force 

is almost a narrow-band Gaussian process. The normalized fatigue damage can be 

well estimated by using closed-form solution, i.e., Eq. (6.36), when STD from 

RHA is used. The estimation error of normalized fatigue damage from 

linearization is due to the estimation error in STD of base shear force.  
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a) Base displacement b) Base shear force 

  

c) Building top displacement d) Building top acceleration 

Fig. 6.4 STDs of crosswind responses (2DOFs, 𝑛 = 1) 
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a) base displacement b) base shear 

  

c) Building top displacement d) Building top acceleration 

Fig. 6.5 Maximum of crosswind responses (2DOFs, 𝑛 = 1) 

 

 

Fig. 6.6 Normalized mean fatigue damage of base shear force 
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6.4.2 Improved estimation of building acceleration 

 Fig. 6.7 shows the STD of building acceleration estimated from 

linearization approaches and RHA where 4DOFs building model is used. These 

estimations give very consistent results. As compared to the 2DOFs building 

model, the estimation of building acceleration is largely improved, while the 

STDs of base displacement, base shear and building displacement remain the 

same. For example, at the wind speed of 𝑈𝐻 =80 m/s, the estimation error of 

building acceleration reduced from 39.9% to 21.9% by changing 2DOFs model to 

4DOFs model in the case of truncated Gauss-Dirac model. The estimation of 

linearization approach with true response PDF is also presented, and the STD of 

building acceleration remains underestimated. It indicates the linearization of 

hysteretic velocity by using Eq. (6.7) is insufficient to capture the higher mode 

contributions to building acceleration. 

The building motions can be further included in the linearization of 

hysteretic velocity through use of Eq. (6.29). As illustrated in Fig. 6.7, denoted as 

“True dist., all”, the linearization approach can lead to accurate estimation of 

acceleration when the true response PDF calculated from RHA is used. As 

mentioned previously, the Gaussian linearization approach is unable to include 

these building motions variables. The performance of truncated nonGauss-Dirac 

model is largely improved by considering building motions into linearization, 

where non-Gaussian character of �̇�𝑏  is considered by using kurtosis of �̇�𝑏  from 

RHA. The result shows truncated nonGauss-Dirac model with consideration of 

building motion gives good estimation of STDs of base displacement, base shear, 

building displacement and building acceleration. 

Fig. 6.8 shows the maximum responses estimated from RHA and truncated 

nonGauss-Dirac model with inclusion of building motion, where peak factor of 

base displacement is estimated by using kurtosis of �̇�𝑏 and peak factors of other 

response are estimated from Davenport formula. The result shows that the 

estimation from truncated nonGauss-Dirac model give a good prediction of 
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maximum responses, except the underestimation of acceleration which partly due 

to the slightly softening non-Gaussian response characters (Feng and Chen 2018c).  

 

  

a) Base displacement b) Base shear force 

  

c) Building top displacement d) Building top acceleration 

Fig. 6.7 STDs of crosswind responses (4DOFs) 
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a) Base displacement b) Base shear force 

  

c) Building top displacement d) Building top acceleration 

Fig. 6.8  Maximum of crosswind responses (4DOFs) 

6.4.3 Equivalent linear system 

Statistical linearization coefficients estimated by aforementioned models 

and true distribution from RHA are used to calculated transfer functions and 

response PSDs of base and building top displacements at wind speed of 𝑈𝐻 =55 

and 80 m/s, which are shown in Fig. 6.9 and Fig. 6.10. The transfer function of 

Gaussian model gives higher value at lower frequency compared with other 

models, which leads to a broader band response PSD. The base displacement PSD 

estimated by assumed PDF models has a more narrowband spectra compared with 

that from true distribution, which leads to an underestimation of base 

displacement STD. The base displacement PSD shows boarder band at 𝑈𝐻 =55 
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m/s compared with that of 𝑈𝐻 =80 m/s. The transfer function and PSD of building 

displacement are similar among different models. 

The first modal frequency and damping ratio of the linear system is 

estimated as shown in Fig. 6.11 by using complex eigenvalue analysis of matrix 𝑹 

in Eq. (6.10b), i.e., 𝑓𝑒𝑞 = |𝜆1|/2𝜋  and 𝜉𝑒𝑞 = −Re[𝜆1]/|𝜆1| , where 𝜆1  is the 

complex eigenvalue. The mode shape in terms of base displacement over building 

top displacement is also shown in amplitude ratio and phase difference. At higher 

wind speeds where the yielding is significant, the linearization approaches with 

Gaussian model slightly underestimate the modal frequency. More importantly, it 

overestimates the base displacement in the fundamental mode, which leads to a 

larger base displacement STD compared with other models. At the same time, the 

Gaussian model overestimates the damping ratio, which leads to underestimate of 

building top displacement and base shear STDs, and almost accurate estimation of 

base displacement STD. On the other hand, the truncated Gauss-Dirac and 

nonGauss-Dirac models give better estimations of modal frequency and damping 

ratio but lower estimation of base displacement in the fundamental mode thus a 

lower STD of base displacement.  
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a) transfer function of 𝑥𝑏 (𝑈𝐻 = 55 m/s) b) transfer function of 𝑥𝑡 (𝑈𝐻 = 55 m/s) 

  

c) transfer function of 𝑥𝑏 (𝑈𝐻 =80 m/s) d) transfer function of 𝑥𝑡 (𝑈𝐻 =80 m/s) 

Fig. 6.9 Transfer function of equivalent linear system 
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a) PSD of 𝑥𝑏 (𝑈𝐻 = 55 m/s) b) PSD of 𝑥𝑡 (𝑈𝐻 = 55 m/s) 

  

c) PSD of 𝑥𝑏 (𝑈𝐻 =80 m/s) d) PSD of 𝑥𝑡 (𝑈𝐻 =80 m/s) 

Fig. 6.10 Response PSD of equivalent linear system 
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a) 𝑓𝑒𝑞 b) 𝜉𝑒𝑞 

  

c) Amplitude ratio of mode shape d) Phase difference of mode shape 

Fig. 6.11 First modal parameters of equivalent linear system 

6.5 Accuracy of statistical linearization approach with different parameters 

In this section, the accuracy of two statistical linearization approaches, i.e., 

Gaussian and truncated nonGauss-Dirac models with consideration of building 

motion, are examined with different values of second stiffness ratio 𝛼 , linear 

damping ratio of base isolation 𝜉𝑏, frequency and damping ratio of upper building, 

𝑓01  and 𝜉01 . The non-Gaussian character of base velocity is considered in 

truncated nonGauss-Dirac model by using kurtosis of �̇�𝑏 from RHA. For Gaussian 

model, the linearization with use of Eq. (6.7) and 4DOFs building model is used. 

Only one parameter varies each time and other parameters remain as same as 

previously discussed base-isolated building, where 𝛼 = 0.12, 𝜉𝑏 = 0, 𝑓01 = 0.21 
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Hz and 𝜉01 = 1%. The effects of these parameters on response characteristics are 

discussed in Feng and Chen (2018c), thus are omitted here. The response STDs 

and maxima are compared with RHA and statistical linearization approaches. The 

fatigue damage can be estimated through response STD. 

The response STDs and maxima with different second stiffness ratio 𝛼 is 

compared with RHA shown in Fig. 6.12. Compared with Fig. 6.12 (a) and (b), it 

shows that STDs of base displacement and base shear from RHA is not sensitive 

to 𝛼  when 𝛼  is less than 0.15. The statistical linearization approaches largely 

underestimate the STDs of base displacement and base shear when 𝛼 is close to 

zero. This due to the statistical linearization cannot well estimate of drift when 

drift component is significant. For other response STDs, the truncated nonGauss-

Dirac models with consideration of building motions gives a better estimation 

compared with Gaussian model. 

Fig. 6.13-Fig. 6.15 shows the comparison of response STDs and maxima 

from RHA and statistical linearization approaches with different values of base 

linear damping ratios, building frequencies and building damping ratios. The 

STDs of base displacement, base shear and building displacement can be well 

estimated by both Gaussian and truncated nonGauss-Dirac models. This is due 

that both Gaussian and truncated nonGauss-Dirac models can give good 

estimation of first model parameters, which leads to good estimation of response 

when first model dominates for a large range of base linear damping ratios, 

building frequencies and building damping ratios. For the STD of building 

acceleration, the truncated nonGauss-Dirac models with consideration of building 

motions gives a better estimation due that the higher mode comtribution can be 

included in the truncated nonGauss-Dirac models. Overall, the truncated 

nonGauss-Dirac models with consideration of building motions gives a better 

estimation of response STDs compared with Gaussian model.  
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a) STD of base displacement b) STD of base shear force 

  

c) STD of building top displacement d) STD of building top acceleration 

  

e) Maximum of base displacement 
f) Maximum of building top 

displacement 

Fig. 6.12 Response statistics with different second stiffness ratios 
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a) STD of base displacement b) STD of base shear force 

  

c) STD of building top displacement d) STD of building top acceleration 

  

e) Maximum of base displacement 
f) Maximum of building top 

displacement 

Fig. 6.13 Response statistics with different base damping ratios 
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a) STD of base displacement b) STD of base shear force 

  

c) STD of building top displacement d) STD of building top acceleration 

  

e) Maximum of base displacement f) Maximum of building top 

displacement 

Fig. 6.14 Response statistics with different structural frequencies 
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a) STD of base displacement b) STD of base shear force 

  

c) STD of building top displacement d) STD of building top acceleration 

  

e) Maximum of base displacement f) Maximum of building top 

displacement 

Fig. 6.15 Response statistics with different structural damping ratios 
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6.6  Summary 

This chapter investigates the accuracy of Gaussian and non-Gaussian 

statistical linearization approaches for estimating stochastic crosswind response 

statistics of base-isolated tall buildings. The response statistics from time history 

response are not sensitive to n in Bouc-Wen model, and it is recommended to use 

n=1 for all the value of n when using statistical linearization. Statistical 

linearization with Gaussian model is able to well estimate STDs of base 

displacement, base shear and building displacement. Within the non-Gaussian 

linearization approach, Gauss-Dirac and truncated Gauss-Dirac models does not 

improve estimation of base displacement compared with Gaussian due to the 

underestimation of drift component. When truncated nonGauss-Dirac model with 

consideration of building motions in linearization equation, the estimation of 

building acceleration is largely improved due that it is able to include higher mode 

contribution. The estimation of other response STDs also improved due to 

considering non-Gaussian character of base velocity. Non-Gaussian character 

needs to be considered to estimation extreme value of base displacement. Overall, 

the performance of truncated nonGauss-Dirac model considering building motions 

is better than that of Gaussan model. A large range of parameters are used to 

validate the conclusion. The challenge remains to predict of base velocity kurtosis. 
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CHAPTER    7  

CHARACTERIZATION OF TRANSLATING TORNADO-INDUCED 

PRESSURES AND RESPONSES OF A LOW-RISE BUILDING FRAME BASED 

ON MEASUREMENT DATA 

7.1 Introduction  

Tornados cause a great deal of damage on buildings, especially low-rise 

buildings. Tornado-induced pressures on low-rise buildings have different 

characteristics as compared to those under straight-line winds. Nowadays, a 

growing number of tornado simulators have been built to simulate tornado-like 

vortices (e.g., Haan et al. 2008; Refan and Hangan 2016; Tang et al. 2018), and to 

quantify dynamic wind pressures and load effects on structures under stationary 

and translating tornado-like vortices (e.g., Mishra et al. 2008; Sengupta et al. 2008; 

Haan et al. 2010; Hu et al. 2011; Sabareesh et al. 2011; Thampi et al. 2011;  Yang 

et al. 2011; Kumar et al. 2012; Case et al. 2014; Cao et al. 2015; Roueche et al. 

2015; Wang et al. 2016).  

Sengupta et al. (2008) compared tornado-induced peak loads of both cubic 

building and tall building at two different translation speeds and quasi-steady case. 

Haan et al. (2010) studied tornado loads of a one-story, gable-roofed building in 

different translation speeds and different vortex core diameters. It was shown that 

the magnitudes of integrated forces reduce with the increase in the translation 

speed, and the vortex profile slants to translation direction. The peak uplift force 

did not have a significant variation with respect to building orientation, probably 

due to the fact that the uplift force is dominated by pressure drop of tornado 

instead of the aerodynamic interaction of the roof with flow. In most cases, the 

integrated forces are higher for a smaller-diameter tornado vortex. Mishra et al. 

(2008) and Sabareesh et al. (2011) studied dynamic pressures on a cubical model 

under stationary tornado-like vortices. Hu et al. (2011) studied the flow-structure 

interactions between a low-rise building and tornado-like winds at different fixed 
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locations from tornado center. Kumar et al. (2012) also showed that the smaller 

diameter of tornado causes higher peak stress and slower translating tornado 

causes earlier failure of a wood frame. The effect of building geometry (Case et al. 

2014) and the influence of internal pressure due to building openings (Thampi et 

al. 2011) on tornado-induced loads of low-rise buildings were also investigated. 

Roueche et al. (2015) examined the tornado loads on a wood-frame building using 

one case study of the experimental pressure data reported in Haan et al. (2010) 

with a translation speed of 0.15 m/s. It showed that the peak shear forces under 

tornado loads are 1.8 times and 2 times larger for roof-to-wall and wall-to-

foundation connections, respectively, and the vertical tornado load is 4 times 

greater, as compared to those from ASCE 7-10 for a fully sealed low-rise building. 

Dynamic pressures on a cooling tower due tornado-like vortices were studied by 

Cao et al. (2015) and Wang et al. (2016).  

This study presents an analysis and characterization of time histories of 

dynamic pressures and internal forces on a low-rise building frame using 

measurement data obtained from the tornado simulator at Iowa State University 

(Haan et al. 2010). The deterministic time-varying mean pressure component is 

extracted from the time history record using discrete wavelet transformation 

(DWT) approach. The stochastic fluctuation component around the time-varying 

mean is then characterized in terms of time-varying STD and EPSD function, 

determined by a CWT based approach (Huang and Chen 2009). The correlation 

structures of pressures are analyzed by using POD. The analysis and 

characterization are also carried out for internal forces of building frame. The 

ESWLs for tornado loading are proposed based on gust response factor approach. 

The effects of tornado translation speed on the time-varying mean, STD and 

EPSD of pressures and internal forces are also quantified. Finally, tornado-

induced responses are compared with those determined using wind loads specified 

in ASCE 7-10. The results of this study help in developing better understanding of 
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the characteristics of translating tornado-induced pressures and load effects on 

low-rise buildings.  

7.2 Tornado-induced pressures on a low-rise building frame 

7.2.1 Statistics of tornado-induced pressures 

The dynamic pressures on a low-rise building frame are analyzed, which 

were collected using the tornado simulator at Iowa State University as shown in 

Fig. 7.1 (Haan et al. 2010). The arrow pointing to the right and arcing arrow 

counter-clockwise indicate the vortex translation and rotation directions, 

respectively. The simulated tornadoes had a swirl ratio of 0.08, a diameter to 

maximum wind speed of 𝐷 = 0.46 m and a mean horizontal velocity at building 

height of 𝑈𝐻 = 8.3 m/s. While currently there is no unified definition of swirl 

ratio, the tornado-like vortex consider here has a smaller swirl ratio with small 

vortex radius. Three translation speeds of 𝑈𝑇𝑆 =0.15, 0.46 and 0.61 m/s were 

considered. Each translation speed involved 10 repeated runs of measurements. 

The time scale was 1:13.8 and velocity scale was 1:7.25, which was selected 

based on real tornado observations (Haan et al. 2010). The equivalent prototype 

mean horizontal wind speed was 60.2 m/s which was corresponding to an F2 

tornado. The translation speed in prototype was 1.09, 3.34 and 4.42 m/s, 

respectively, which was in lower side of translation speed of tornados. These 

relatively lower translation speeds give a conservative tornado loading. The 

tornado-induced pressures were measured on a one-story gable roof building 

(length scale 1:100) with 91 mm by 91 mm plan and an eave height of 36 mm. 

The gable roof angle was 35° and the maximum height of model was 66 mm. The 

sampling frequency of pressure data was 𝑓𝑠 = 430 Hz. The surface pressures at 89 

locations in Fig. 7.1 were simultaneously measured, which were denoted as 

𝑝𝑗(𝑡) = 0.5𝜌𝑈𝐻
2𝐶𝑝𝑗(𝑡), where 𝜌 is air density, and 𝐶𝑝𝑗(𝑡) is pressure coefficient. 

Internal pressures were not measured thus not considered in the analysis. 
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The wind load effects of a building frame are considered in this analysis, 

which are affected by the wind pressures in the red box in Fig. 7.1. The pressure 

taps are re-numbered from Taps #1 to #16 starting from section A shown in Fig. 

7.2. Fig. 7.1 also shows the location of sections A, B and C. In this study, the 

time-varying character of tornado loads and responses are plotted with respect to 

nondimensional distance 𝑥/𝐷  instead of time 𝑡 , where 𝑥  is distance from the 

center of tornado vortex to the center of building model. The following analysis is 

on the case of translation speed of 0.15 m/s. The analysis of other translation 

speeds will be presented in later section. 

 
 

Fig. 7.1 Layout and dimensions of 

building model (Haan et al. 

2010; Roueche et al. 2015) 

Fig. 7.2 Building frame and pressure 

tap locations 

 

The dynamic pressure is modeled as a nonstationary random process with a 

deterministic time-varying mean and random fluctuation components. Wavelet 

transform (WT) can be used to decompose a nonstationary process into several 

sub-processes with different frequency bands. The time-varying mean component 

is considered to have frequencies lower than a pre-selected frequency, which is 

extracted by using DWT, as DWT is able to extract a smooth time-varying mean 

due to its minimum frequency overlap of different scales (e.g.,  Huang and Chen 

2009). On the other hand, if the CWT is used, extracted mean component will 

inevitably involve certain level of high frequency noise because the corresponding 

wavelet filters of different scales are overlapped (e.g., Huang and Chen 2009). In 
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addition, Hilbert-Huang transform (Huang et al. 1998) also can be used to extract 

the time-varying mean, but it is not convenient to control the scale as it is adaptive 

and empirical. When dealing with multiple processes, all process components are 

required to have same number of sub-processes with same frequency bands.  

Among various DWT, Daubechies orthogonal wavelets with an order of 20 

is selected in this study. The mean components correspond to DWT level 8, 7 and 

6 in the cases of translation speed 𝑈𝑇𝑆 = 0.15, 0.46 and 0.61 m/s, respectively. 

Based on the Nyquist-Shannon theorem, the maximum frequency of the mean 

component is computed by 𝑓𝑠/2
𝑗+1 , where 𝑓𝑠  is sampling frequency and 𝑗  is 

decomposition level. Thus the level 8, 7 and 6 are equivalent to the cut-off 

frequency of 0.84, 1.7 and 3.36 Hz, respectively. Fig. 7.3 shows examples of 

extraction of time-varying mean from one record of pressure coefficient of Taps 

#3 and 4. Fig. 7.4 displays 10 samples of extracted time-varying means and their 

ensemble average. It shows that the ensemble averaged time-varying mean of Tap 

#3 has one peak, while Tap #4 has two peaks. This might be due to the pressure 

drop caused by tornado vortex and flow separation respectively. It should be noted 

that the pressure drop still slightly exist when |𝑥/𝐷| > 1  due that the mean 

pressure coefficient of Tap #3 is negative. When 𝑥/𝐷 < −1, Tap #3 has both 

pressure drop and impinging flow which gives a negative and positive pressure, 

respectively, but the effect of pressure drop seems more dominate and Tap #3 has 

a negative pressure as a result. The locations of peaks of mean profile from 

different samples are slightly different. This might be due to the wandering of 

tornado vortex (Hu et al. 2011).  
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a) Tap #3 b) Tap #4 

Fig. 7.3 Examples of extraction of time-varying mean pressure coefficient (𝑈𝑇𝑆 =
0.15 m/s) 

 

  
a) Tap #3 

 

b) Tap #4 

Fig. 7.4 Samples and ensemble average of time-varying mean pressure coefficient 

(𝑈𝑇𝑆 = 0.15 m/s) 

 

The CWT is used for the analysis of fluctuating pressure coefficient. The 

CWT provides the wavelet coefficients of different scales at same time instants, 

thus facilitates estimations of EPSD and cross EPSD functions of nonstationary 

processes (Spanos and Failla 2004; Huang and Chen 2009). Once EPSD and cross 

EPSD are estimated, the time-varying variance and co-variance or correlation 

coefficient of the processes are determined. It has been shown that both real and 

complex Morlet wavelets provide the best time-frequency resolution and yield the 
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most accurate estimation of spectra and instantaneous variance of process (Spanos 

and Failla 2004; Huang and Chen 2009). As authors’ experience, complex Morlet 

wavelet gives less sample variation when the number of time history samples is 

limited, thus complex Morlet wavelet with central frequency of wavelet 𝜔𝑐 = 5 

rad/s is selected in this study (Huang and Chen 2009).  

The scale parameter in CWT is set as 𝑎𝑚 = 𝜎𝑚, 𝜎 = √2,  and 𝑚 =

1,2,… , 18. The upper scale level 𝑎18 is selected to cover the highest frequency of 

time-varying mean component. The corresponding center frequency is 𝜔𝑐𝑓𝑠/

(2𝜋𝑎18) = 0.68  Hz, which is slightly lower than the cut-off frequency of time-

varying mean component. The minimal scale 𝑎1  (corresponding to the highest 

center frequency 𝜔𝑐𝑓𝑠/(2𝜋𝑎1) = 247 Hz is selected to cover Nyquist frequency of 

𝑓𝑠/2 = 215 Hz. Time parameter is chosen as 𝑏𝑛 = (𝑛 − 1)∆𝑏, ∆𝑏 = 1/430 s, 𝑛 is 

chosen to cover the entire time duration.  

Fig. 7.5 shows samples of fluctuating pressure coefficient 𝐶𝑝
′ (𝑡), obtained 

by subtracting time-varying mean from original record for Taps #3 and 4 at 𝑈𝑇𝑆 =

0.15 m/s. Ten time history samples are used to estimate the ensemble average of 

the products of CWT coefficients, which are then used to estimate the EPSD 

(Huang and Chen 2009). To reduce the time variation of EPSD resulted from 

limited number of samples, moving average is also performed to smooth CWT 

coefficients before estimating EPSD. The window size of moving average in 

terms of non-dimensional distance 𝑥/𝐷  is 0.03. The EPSD describes the time-

dependent evolutionary energy distribution in frequency domain for nonstationary 

processes, which has similar physical significance as the traditional power 

spectral density function for stationary processes. Fig. 7.6 shows the estimated 

EPSDs of Taps #3 and 4, which have similar energy distribution primarily over 

frequencies 1 to 2.5 Hz except the difference in magnitude. The corresponding 

time-varying STDs are then calculated through the integrations of EPSDs over the 

frequencies and shown in Fig. 7.7. The time-varying STDs directly estimated from 

10 time history samples at each time instant are also shown in Fig. 7.7, where 
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same moving average was also applied to smooth the time variation. It is observed 

that the estimated STD directly from the sample has larger variation due to limited 

number of samples available. The largest STDs are observed around x/D=-0.25. 

  

a) Tap #3 b) Tap #4 

Fig. 7.5 Examples of fluctuation pressure coefficient (𝑈𝑇𝑆 = 0.15 m/s) 

  

a) Tap #3 b) Tap #4 

Fig. 7.6 EPSD of pressure coefficient (𝑈𝑇𝑆 = 0.15 m/s) 
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a) Tap #3 b) Tap #4 

Fig. 7.7 Time-varying STD estimated from EPSD and directly from time history 

(𝑈𝑇𝑆 = 0.15 m/s) 

7.2.2 Spatial variation of pressure coefficients 

Fig. 7.8 shows the distributions of mean and STD of pressure coefficients 

on the building frame at different time instants, i.e., different locations of tornado 

𝑥/𝐷. As expected, the pressure distributions are strongly affected by the location 

of tornado. When the tornado vortex approaches, both mean and STD of pressure 

coefficients increase in their magnitudes. When the building frame is close to 

tornado center, i.e., |𝑥|/𝐷 < 0.25, the mean and STD of pressure coefficients tend 

to be more uniformly distributed due to the effect of pressure drop caused by 

tornado vortex. The lowest negative mean pressure coefficients for all pressure 

taps are around -2.8, which are consistent with the lowest mean ground-plane 

pressure coefficient of same simulated tornado without building (Haan et  al. 2010). 

The largest STDs of pressures are around 0.6. The mean pressure coefficients  of 

Taps #1-3 keep almost constant when −1 < 𝑥/𝐷 < −0.5,  and then increase in 

magnitudes and reach the lowest negative values at 0 ≤ 𝑥/𝐷 ≤ 0.25. The mean 

pressure coefficients at other locations monotonically increase in magnitudes with 

the approaching of tornado vortex. The mean and STD of pressure distributions 

are almost anti-symmetric with respect to 𝑥/𝐷  around 𝑥/𝐷 = 0 . Fig. 7.8e) 

displays the mean peak pressure coefficients which are directly estimated from the 
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time history records. The negative peak is caused by pressure deficit. The pressure 

coefficients at the corners of roofs, Taps #4 and 13, have the largest magnitudes, 

indicating that local damage is likely to occur at these areas. 

  

a) Mean pressure distribution (x/D=-

0.75, -0.5, -0.25, -0.1 and 0) 

b) STD pressure distribution (x/D=-

0.75, -0.5, -0.25, -0.1 and 0) 

  

c) Mean pressure distribution 

(x/D=0.75, 0.5, 0.25, 0.1 and 0) 

d) STD pressure distribution (x/D=0.75, 

0.5, 0.25, 0.1 and 0) 
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e) Peak pressure distribution 

Fig. 7.8 Spatial variations of mean, STD and peak pressure coefficients (𝑈𝑇𝑆 =
0.15 m/s) 

7.2.3 Correlation structure of pressure coefficients 

Fig. 7.9 shows time-varying correlation coefficients of Taps #3 and 4 with 

others. Tap #3 has very low correlation with taps on the roof and other side of the 

wall when 𝑥/𝐷 < 0, but strong correlation with taps on the roof when  𝑥/𝐷 > 0. 

Tap#4 has strong correlation with the taps on the roof when 𝑥/𝐷 > 0.  

  

a) Tap #3 with others b) Tap #4 with others  

Fig. 7.9 Time-varying correlation coefficients of Taps #3 and 4 with others (𝑈𝑇𝑆 =
0.15 m/s) 
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The correlation characteristics of pressure coefficients can be further 

examined through POD analysis (e.g., Chen and Kareem, 2005; Chen and Zhou, 

2007): 

 𝑹𝑪𝒑(𝑡)𝚽𝑛(𝑡) = 𝜆𝑛(𝑡)𝚽𝑛(𝑡)  ( 7.1) 

where 𝑹𝑪𝒑(𝑡)  is time-varying covariance matrix of pressure coefficient vector 

𝑪𝒑(𝑡) = {𝐶𝑝1(𝑡) 𝐶𝑝2(𝑡)… 𝐶𝑝𝑁(𝑡)}
𝑇
, i.e., 𝑹𝑪𝒑(𝑡) = [𝑅𝐶𝑝𝑗𝑘

(𝑡)] = [𝜌𝑗𝑘(𝑡)𝜎𝑗(𝑡)𝜎𝑘(𝑡) ]; 

𝜆𝑛(𝑡) and 𝚽𝑛(𝑡) are nth eigenvalue and eigenvector (eigenmode); 𝜌𝑗𝑘(𝑡) is time-

varying correlation coefficient between 𝐶𝑝𝑗 and 𝐶𝑝𝑘; 𝜎𝑗(𝑡) is time-varying STD of 

𝐶𝑝𝑗. 

Fig. 7.10 shows the eigenvalues and eigenmodes at 𝑥/𝐷 =-0.75, -0.25 and 

0, i.e., three different time instants. It shows that the energy of tornado loading 

field is dominated by a small number of lower loading modes with larger 

eigenvalues. The first mode shows a distribution similar to the mean pressure 

distribution. The first mode tends to be more uniformly distributed when tornado 

approaches the building center. The second and third modes are more sensitive to 

the tornado location. The POD analysis not only provides information of 

correlation structure of pressures, but also helps in data compression and reduced-

order modeling of pressure field and in building linkage between wind load and 

load effect (Chen and Zhou 2007).  

  
a) Eigenvalues b) Mode 1 
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c) Mode 2 d) Mode 3 

Fig. 7.10 Eigenvalues and eigenmodes of pressure coefficients (𝑈𝑇𝑆 = 0.15 m/s) 

7.3 Building frame response 

7.3.1 Characteristics of building frame response 

The wind-induced response of the building frame at the building center is 

calculated using the pressure measurements. The building frame has pin-pin 

supports with rigid connections of column to beam and at top of the roof as shown 

in Fig. 7.2. The frame response in terms of axial force, shear force and bending 

moment at various sections can be calculated by using quasi-static analysis:  

 

𝑟(𝑡) =∑𝜇𝑗𝐴𝑗𝑝𝑗(𝑡)

𝑁

𝑗=1

 (7.2) 

where 𝜇𝑗 is influence coefficient representing the response 𝑟 under unit static load 

at location 𝑧𝑗;  𝑝𝑗(𝑡) and 𝐴𝑗 are pressure and tributary area at location 𝑧𝑗. The axial 

force, shear force and bending moment are normalized by dividing 0.5𝜌𝑈𝐻
2𝐵𝐿 , 

0.5𝜌𝑈𝐻
2𝐻𝐿 and 0.5𝜌𝑈𝐻

2𝐵2𝐿, where 𝐻, 𝐵 and 𝐿 are the frame height (6.6m), width 

(9.1m) and tributary length (4m). As the pressure distributions are almost 

symmetric with respect to the tornado location, only the responses at left half of 

the frame, i.e., sections A, B (on the roof) and C in Fig. 7.2, are addressed here. 

The positive directions of internal forces and moments are as follows: the axial 

force acts as a tensile force; the shear force causes a clockwise rotation of the 
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frame segment on which it acts; the bending moment causes tension in the outside 

portion of fibers of the segment.  

The time-varying mean and STD of the frame response can be determined 

in terms of time-varying mean and STD as well as covariance or correlation 

coefficients of wind loads: 

 

𝑟 ̅(𝑡) =∑𝜇𝑗𝐴𝑗𝑝�̅�(𝑡)

𝑁

𝑗=1

 (7.3) 

 

𝜎𝑟
2(𝑡) =∑∑𝜇𝑖𝜇𝑗𝐴𝑖𝐴𝑗𝜌𝑖𝑗(𝑡)𝜎𝑝𝑖(𝑡)𝜎𝑝𝑗(𝑡)

𝑁

𝑗=1

𝑁

𝑖=1

 (7.4) 

where �̅�𝑗(𝑡)  and 𝜎𝑝𝑗(𝑡)  are time-varying mean and STD of 𝑝𝑗(𝑡) ; and 𝜌𝑖𝑗(𝑡)  is 

time-varying correlation coefficient between 𝑝𝑖(𝑡) and 𝑝𝑗(𝑡).   

As an example, the time-varying mean and STD of internal forces at 

section B are shown in Fig. 7.11. Both axial force 𝑁𝐵 and shear force 𝑄𝐵 reach 

their maximum mean values at 𝑥/𝐷 ≈ −0.25, while the maximum (absolute value) 

mean of bending moment 𝑀𝐵 is observed at 𝑥/𝐷 ≈ −0.5.  Their maximum STDs 

are all observed at 𝑥/𝐷 ≈ −0.25.  

  
a) Mean b) STD 

Fig. 7.11 An example of normalized internal forces of the frame (𝑈𝑇𝑆 = 0.15 m/s) 

 

Table 7.1 shows the maxima (absolute values) of mean and STD of the 

internal forces. The mean peak of internal forces calculated from the multiple time 



Texas Tech University, Changda Feng, December 2018 

192 

history samples is also presented. The peak factor and gust response factor are 

then calculated as (mean peak –maximum mean)/maximum STD and mean 

peak/maximum mean, respectively. The mean component accounts for large part 

of peak response.  The axial forces are all tension, and section A has the largest 

tension. The axial forces of sections B and C are always equal according to the 

force equilibrium equation. The shear forces at sections B and C, 𝑄𝐵 and 𝑄𝐶, are 

almost equal and both of them are larger than shear force at section A, 𝑄𝐴.  These 

large shear forces are caused by the suctions of the roof. The summation of 

vertical components of 𝑄𝐵  and 𝑁𝐵  is equal to 𝑁𝐴  based on force equilibrium 

equation. The largest bending moment is observed at sections B. The peak factor 

is generally lower than that of stationary Gaussian process. The peak factor of 

shear force at section A is around 1.75, which is the lowest. The peak factors for 

axial forces are around 2.2 and peak factors for other responses are between 2.6 

and 2.75. The gust response factor is between 1.31-1.63. 

 

Table 7.1 Tornado load effects on frame at 𝑈𝑇𝑆 = 0.15 m/s (from samples) 

 

 
Max 

mean 

Max 

STD 
Peak 

Peak 

factor 

Gust 

response 

factor 

Peak from 

ESWLs 

(error %) 

𝑁𝐴 1.52 0.23 2.02 2.18 1.33 2.09 (3.1) 

𝑄𝐴 -0.87 0.24 -1.29 1.75 1.48 -1.32 (2.1) 

𝑁𝐵 1.34 0.19 1.76 2.22 1.31 1.71 (-2.6) 

𝑄𝐵 -1.30 0.23 -1.91 2.62 1.46 -1.91 (0.2) 

𝑀𝐵 -0.16 0.04 -0.26 2.63 1.63 -0.26 (-0.5) 

𝑄𝐶 1.36 0.21 1.94 2.76 1.43 1.64 (-15.6) 

𝑀𝐶 -0.09 0.02 -0.14 2.72 1.56 -0.05 (-60.7) 

Total uplift 2.83 0.39 3.73 2.33 1.32 4.04 (8.2) 

Total shear -1.46 0.40 -2.17 1.76 1.49 -2.33 (7.6) 

7.3.2 Modeling of equivalent static wind load 

As shown in Fig. 7.11, the peaks of different responses occur at different 

locations of tornado vortex center, which correspond to different pressure 

distributions. In order to define convenient ESWLs for various peak responses 
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under tornado loading, the gust response factor based modeling approach is 

adopted here, which defines the ESWLs as mean loads multiplied by gust 

response factors. The ESWLs in terms of pressure coefficient distributions are 

shown in Fig. 7.12. These ESWLs are developed based on mean pressure 

distributions at 𝑥/𝐷=-0.5 and -0.25 and also take into account the gust response 

factors. The ESWLs for the case of 𝑈𝑇𝑆 = 0.15 m/s with gust response factor of 

1.45. Considering the approximate symmetry of pressure distribution with respect  

to the location of tornado center, other two corresponding ESWLs should also be 

used, which are given by simply flipping the distribution around the top of the 

roof. The maximum response under these four ESWLs are predicted and the 

results with errors in percentage are shown in Table 7.1. The results show that the 

proposed ESWLs give accurate estimation of frame responses except 𝑀𝐶 and 𝑄𝐶. 

𝑄𝐶 can be set to be the same magnitude of 𝑄𝐵 with opposite sign. The magnitude 

of 𝑀𝐶 is very small and can be approximately set as same as 𝑀𝐵 in design practice.  

  

a) ESWLs 1 b) ESWLs 2 

Fig. 7.12 ESWLs in terms of pressure distribution for calculating maximum 

responses 
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7.4 Effect of translation speed 

7.4.1 Influence on characteristics of pressures 

Fig. 7.13 displays time history samples of pressure coefficient of Taps #3 

and 4 at translation speeds 𝑈𝑇𝑆 =0.46 and 0.61 m/s, which can be compared with 

the results at 𝑈𝑇𝑆 = 0.15 m/s shown in Fig. 7.3. It shows similar profiles when the 

time histories are expresses as functions of 𝑥/𝐷. Fig. 7.14a) and b) display the 

corresponding time-varying mean pressure coefficients at three different 

translation speeds, which shift to the translating direction. This transient delay 

effect is obvious when the translation speed is large. The delay effect may be due 

to, in part, the portion of vortex near the ground lagging behind the upper portion 

of vortex (Haan et al. 2010). When delay effect is corrected by modified location 

coordinate 𝑥′ = 𝑥 − 𝑥0 , where 𝑥0  is delay distance of each pressure tap, these 

profiles collapse. The results of mean profiles of others pressure taps also show 

similar feature with the delay distance shown in Fig. 7.15. The delay distances of 

different pressure coefficients are almost constant at certain translation speed 

except the pressure taps on right side of the roof (Taps #9-12). The delay distance 

is not a linear function of translation speed. Fig. 7.14b) also shows that the 

number of peaks of time-varying mean of Tap #4 reduces to one when translation 

speed increases.  

Fig. 7.16a) and b) show time-varying STDs of Taps #3 and 4 at different 

translation speeds. It is observed that the transient effect results in not only delay 

but also reduction of maximum STD. The time delay effect can be represented in 

terms of delay distance which is identical to that of the mean pressure component. 

Fig. 7.17 displays the ratio of maximum STD with respect to that at 𝑈𝑇𝑆 = 0.15 

m/s. It is observed that the maximum STD decreases with increasing translation 

speed almost linearly except taps #6, 7 and 8. Fig. 7.16c) and d) displays the 

corrected profiles of time-varying STD by dividing the ratio of maximum STD at 

different translation speeds, which almost collapse.   
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a) Tap #3, 𝑈𝑇𝑆 = 0.46 m/s  b) Tap #4, 𝑈𝑇𝑆 = 0.46 m/s 

  

c) Tap #3, 𝑈𝑇𝑆 = 0.61 m/s  d) Tap #4, 𝑈𝑇𝑆 = 0.61 m/s  

Fig. 7.13 Time history samples of pressure coefficients of Taps #3 and 4 at  

different translation speeds 
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a) Tap #3 b) Tap #4 

  
c) Corrected, Tap #3 d) Corrected, Tap #4 

Fig. 7.14 Time-varying mean pressure coefficient at different translation speeds 

 

Fig. 7.15 The distribution of delay distance 𝑥0 at different translation speeds  
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a) Tap #3 b) Tap #4 

  
c) Corrected, Tap #3 d) Corrected, Tap #4  

Fig. 7.16 Time-varying STD pressure coefficient at different translation speeds 

 

Fig. 7.17 The ratio of maximum STD at different translation speed with respect to 

that at 𝑈𝑇𝑆 = 0.15 m/s 
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a) Tap #3 (𝑈𝑇𝑆 = 0.46 m/s) b) Tap #4 (𝑈𝑇𝑆 = 0.46 m/s) 

  
c) Tap #3 (𝑈𝑇𝑆 = 0.61 m/s)  d) Tap #4 (𝑈𝑇𝑆 = 0.61 m/s) 

 
e) Corrected, Tap #3 (𝑈𝑇𝑆 = 0.61 m/s) 

Fig. 7.18 EPSD at different translation speeds 
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The EPSD of Taps #3 and 4 at different translation speeds are shown in Fig. 

7.18, which can be compared with Fig. 7.6. It is obvious that the energy is shifted 

to higher frequency region and becomes more broad-banded with the increasing 

translation speed. The EPSD at different translation speeds may be partially 

corrected so that consistent EPSD may be obtained. The time axis is shifted in 

terms of delay distance which is identical to that of mean pressure component. 

The magnitude of EPSD is divided by the square of ratio of maximum STD. The 

frequency and magnitude are respectively divided and multiplied by the 

translation speed, so the variance remains unchanged. Fig. 7.18 (e) displays an 

example of corrected EPSD for Tap #3 at 𝑈𝑇𝑆 = 0.61 m/s, which can be used to 

compare with Fig. 7.6 (a). This correction can explain in part the effect of 

translation speed to the EPSD, although more detailed mechanism warrants fur ther 

investigation. 

The mean and STD pressure distributions at instant location 𝑥′/𝐷  for 

different translation speeds are shown in Fig. 7.19. The delay effect is corrected 

by using the delay distance 𝑥′/𝐷  of pressure tap #3. The mean pressure 

distributions are quite similar at different translation speeds. The STDs of 

pressure coefficients decrease with increasing translation speed, but the spatial 

distributions are quite similar. Fig. 7.20 shows instant eigenvalues and first three 

POD modes for different translation speeds at 𝑥′/𝐷=-0.25. It is observed that the 

eigenvalues decrease with increasing translation speeds. The first mode shape is 

almost same while there are some differences in second and third modes at higher 

translation speed.  
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a) Mean, 𝑥′/𝐷= -0.5 b) STD, 𝑥′/𝐷 = -0.5 

  
c) Mean, 𝑥′/𝐷 = -0.25 d) STD, 𝑥′/𝐷 = -0.25 

Fig. 7.19 Instant pressure distribution for different translation speeds 
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a) Eigenvalues b) Mode 1 

  
c) Mode 2 d) Mode 3 

Fig. 7.20 Eigenvalues and eigenmodes for different translation speeds (𝑥′/𝐷=-

0.25) 

7.4.2 Influence on the frame response 

Table 7.2 and Table 7.3 show the maximum values of mean, STD and peak 

(mean extreme), peak factor and gust response factor of internal responses at 

𝑈𝑇𝑆 = 0.46 and 0.61 m/s, which can be compared with those in Table 7.1. The 

maximum mean responses are almost same at different translation speed. The 

maximum STD responses decrease with the increasing translation speed. These 

are consistent with the effect of translation speed on pressures. The reduction 

ratios of maximum STDs of different responses vary from 0.70 to 0.87 at 𝑈𝑇𝑆 =

0.46 m/s, and vary from 0.51 to 0.69 at 𝑈𝑇𝑆 = 0.61 m/s. The peak factor does not 

change a lot with different translation speeds. The gust response factors decrease 
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with increasing translation speeds due to the reduction of response STDs. It is also 

noted that peak responses are not very sensitive to translation speed due to the less 

dynamic component compared with mean component. The translation speed is 

expected to have relatively larger effect on fatigue damage of low-rise buildings, 

because both loading magnitude and cycles reduce with increase of translation 

speed. 

The ESWLs specified for the case of 𝑈𝑇𝑆 = 0.15  m/s is used other 

translation speeds with modified gust response factor. Compared to the gust 

response factor of 1.45 used in 𝑈𝑇𝑆 = 0.15 m/s, it can be changed to 1.33 and 1.25 

for 𝑈𝑇𝑆 =0.46 and 0.61 m/s, respectively. Tables 2 and 3 show the peak responses 

estimated from the ESWLs and compared with those from response time history 

samples. The errors are acceptable considering the simplicity of the ESWLs.  

A different building frame with same geometric configuration but different 

structural system is also used to check the effectiveness of ESWLs.  The frame 

has the same cross sections with previous one but with fixed-fixed supports and a 

hinge in the middle of roof, and is denoted as ‘‘New frame’’. Table 7.4 compares 

the peak responses from time history samples and from ESWLs of new frame at 

different translation speeds. It shows that the ESWLs work well for all the 

responses for a different building frame. The result also shows that the ESWLs are 

not sensitive to structure system.  

 Table 7.2 Tornado load effects on original frame at 𝑈𝑇𝑆 = 0.46 m/s 

 
Max 

mean 

Max 

STD 
Peak 

Peak 

factor 

Gust response 

factor 

Peak from 

ESWLs (error %) 

𝑁𝐴 1.48 0.17 1.86 2.25 1.26 1.91 (2.9) 

𝑄𝐴 -0.88 0.19 -1.20 1.68 1.36 -1.21 (0.8) 

𝑁𝐵 1.33 0.14 1.61 1.96 1.21 1.57 (-2.6) 

𝑄𝐵 -1.23 0.16 -1.67 2.67 1.36 -1.76 (4.9) 

𝑀𝐵 -0.17 0.03 -0.25 2.48 1.48 -0.24 (-3.8) 

𝑄𝐶 1.39 0.16 1.75 2.26 1.25 1.46 (-16.2) 

𝑀𝐶 -0.09 0.01 -0.12 2.47 1.35 -0.05 (-58.3) 

Total uplift 2.72 0.27 3.33 2.21 1.22 3.70 (11.1) 

Total shear -1.39 0.35 -1.95 1.60 1.40 -2.14 (9.9) 
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Table 7.3 Tornado load effects on original frame at 𝑈𝑇𝑆 = 0.61 m/s  

 
Max 

mean 

Max 

STD 
Peak 

Peak 

factor 

Gust response 

factor 

Peak from ESWLs 

(error %) 

𝑁𝐴 1.42 0.12 1.72 2.57 1.21 1.80 (4.3) 

𝑄𝐴 -0.84 0.14 -1.13 2.05 1.34 -1.14 (0.9) 

𝑁𝐵 1.28 0.11 1.55 2.48 1.21 1.48 (-4.9) 

𝑄𝐵 -1.20 0.11 -1.51 2.68 1.25 -1.65 (9.6) 

𝑀𝐵 -0.16 0.02 -0.22 2.26 1.35 -0.22 (3.9) 

𝑄𝐶 1.34 0.15 1.64 2.08 1.23 1.38 (-16.4) 

𝑀𝐶 -0.08 0.01 -0.11 2.67 1.33 -0.05 (-57.5) 

Total uplift 2.70 0.23 3.31 2.64 1.22 3.48 (5.2) 

Total shear -1.36 0.26 -1.78 1.64 1.31 -2.01 (13.1) 

 

Table 7.4 Peak responses of the new frame at different translation speeds 

 

𝑈𝑇𝑆 = 0.15 m/s 𝑈𝑇𝑆 = 0.46 m/s 𝑈𝑇𝑆 = 0.61 m/s 

Data 
ESWLs 

(error %) 
Data 

ESWLs 

(error %) 
Data 

ESWLs 

(error %) 

𝑁𝐴 1.93 2.08 (7.6) 1.71 1.91 (11.5) 1.66 1.79 (8.2) 

𝑄𝐴 -1.51 -1.41 (-6.2) -1.37 -1.30 (-5.6) -1.29 -1.22 (-5.6) 

𝑀𝐴 -0.14 -0.14 (-1.5) -0.13 -0.13 (-2.0) -0.13 -0.12 (-3.1) 

𝑁𝐵 1.53 1.65 (7.5) 1.43 1.51 (6.0) 1.39 1.42 (2.7) 

𝑄𝐵 -1.90 -1.97 (3.6) -1.63 -1.81 (10.8) -1.53 -1.70 (10.7) 

𝑀𝐵 -0.12 -0.11 (-12.6) -0.12 -0.10 (-17.1) -0.10 -0.09 (-11.8) 

𝑄𝐶 1.63 1.54 (-5.5) 1.45 1.41 (-2.3) 1.37 1.33 (-2.7) 

7.5 Comparison with ASCE 7-10 

The wind-induced responses of same frames are also calculated based on 

wind loads specified in ASCE 7-10 (ASCE 2011). The mean horizontal velocity at 

building height 𝑈𝐻 =8.3 m/s in tornado simulator is transferred to 𝑈10 =

8.3(10/6.6)1/6.5=8.8 m/s at the height of 10 m Exposure C in ASCE 7-10. The 

velocity data is averaged in 26 s in simulator, which is 6-min in full scale. The 6-

min mean wind speed converts to 3s-gust wind speed in ASCE 7-10 by 

multiplying a factor of 1.39. For ASCE 7-10 wind loads, 𝐾𝑧 = 0.85, 𝐾𝑑 and 𝐾𝑧𝑡 

are taken as 1. The wind pressure coefficients are used as MWFRS of “All height 

method” in Chapter 27 of ASCE 7-10. Table 7.5 gives responses from ASCE 7-10 

wind loads, and the ratios of tornado peak responses (𝑈𝑇𝑆=0.15 m/s) to ASCE 
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responses for both original and new frames. It is observed that the response from 

ASCE 7-10 are much lower compared with that of tornado loads, which is 

primarily attributed to the large suctions on the roof caused by tornado vortex. 

The total uplift under tornado load is 6 times of that under ASCE 7-10, while the 

total shears of both cases are almost the same. It is noted that the ratio of total 

uplift in Table 7.5 is larger than the result from Hann et al. (2010). In Hann et al. 

(2010), the lift acting on the whole low-rise building was compared, while the 

analysis here is for the lift on the local frame with much smaller tributary area. It 

should also be mentioned that the building is assumed as fully sealed and the 

internal pressure is not considered in the analysis. 

 

Table 7.5 Comparison of responses based on ASCE 7-10  

 Original frame New frame 

Response ASCE 7-10  Ratio ASCE 7-10 Ratio 

𝑁𝐴 0.50 4.1 0.34 5.7 

𝑄𝐴 0.98 1.3 1.04 1.5 

𝑀𝐴 - - 0.12 1.2 

𝑁𝐵 0.38 4.7 0.33 4.6 

𝑄𝐵 -0.48 4.0 -0.26 7.4 

𝑀𝐵 -0.17 1.5 -0.06 2.0 

𝑄𝐶 -0.62 3.1 -0.33 4.9 

𝑀𝐶 0.02 8.5 - - 

Total uplift 0.63 5.9 0.63 5.9 

Total shear 1.76 1.2 1.76 1.2 

7.6 Summary 

The dynamic wind pressures and internal forces on a low-rise building 

frame under tornado vortex were analyzed. Wavelet transform tools were used to 

determine time-varying mean and STD and spectra of pressures. The pressure 

distributions are strongly affected by tornado locations and tend to be more 

uniformly distributed when building frame is inside of tornado core. As the result, 

the building frame responses are much larger than those estimated using the wind 

load specified in ASCE7-10. The ESWLs of tornado loading defined based on 
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gust response factor approach gave reasonably accurate estimation of tornado-

induced peak responses. The effects of translation speed on the time-varying mean, 

STD, EPSD of pressure and internal forces were quantified. The translation of 

tornado leads to a delay of occurrence of maximum time-varying mean and STD, 

and reduction in maximum STD thus peak response. It also makes the energy 

distribution of pressure fluctuations shifted to higher frequencies with a broader 

power spectrum. The maximum mean responses and peak factors are not sensitive 

to translation speed. The gust response factor and peak response decrease with 

increasing translation speed. 
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CHAPTER    8  

CONCLUSIONS AND FUTURE WORKS 

8.1 Conclusions 

The analytical solutions of estimation stochastic tall building response 

under stationary and nonstationary wind with consideration of inelastic and 

aeroelastic effects and base-isolated tall building response under strong wind are 

presented. The accuracy of analytical frameworks is validated by response history 

analysis. Comprehensive parameter studies are carried out to shed insights. The 

characteristics of tornado-induced pressures and responses of a low-rise building 

frame under a translating tornado as a nonstationary excitation are also 

investigated based on measurement data. 

8.1.1 Estimation of stochastic tall building responses considering inelastic, 

aeroelastic and nonstationary effects 

Statistical linearization approaches with Gaussian response assumption can 

give good estimation of STD value, extreme and fatigue damage of inelastic 

response of tall building and responses of base-isolated tall building with weak 

non-Gaussian characteristics. Equivalent nonlinear equation (ENLE) approach is 

able to capture the non-Gaussian response feature, which leads to better 

estimation compared with Gaussian statistical linearization. ENLE approach gives 

good estimation of tall building inelastic crosswind response with and without 

consideration of nonlinear aerodynamic damping, which include response RMS 

value, kurtosis, probability distribution of response, extreme value distribution 

and fatigue damage. For base-isolated tall buildings as MDOF system, the non-

Gaussian response characteristics can be considered through non-Gaussian 

statistical linearization. Truncated nonGauss-Dirac model with consideration of 

building motions in linearization equation gives the improved estimation of 
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building acceleration due to the better included higher mode contribution, and 

improved estimation of other responses due to the consideration of non-Gaussian 

response character.  

In case of nonstationary wind excitation, the closed-form solution of time-

varying response covariance for a linear system can be calculated from covariance 

equation approach and evolutionary spectral analysis. When nonlinear 

aerodynamic damping is considered, the non-Gaussian moment closure technique 

was used to estimate crosswind response of tall buildings. The higher order 

moments involved in the moment equation were estimated in kurtosis-based 

Hermite translation model. The narrowband response characteristics were applied 

to simplify the equations and response kurtosis is approximated as quasi-

stationary value that is determined using the ENLE approach. With estimated 

time-varying response STD and kurtosis, the nonstationary extreme value and 

fatigue damage can be well estimated. 

8.1.2 Characteristics of inelastic wind-induced response of tall buildings and 

base-isolated tall buildings 

The inelastic crosswind response of tall building leads to hardening non-

Gaussian response distribution when yielding is significant. The hysteretic 

restoring force introduces additional damping to the system, thus leads to 

reduction in response in terms of response STD, maximum value and fatigue 

damage as compared to those of corresponding linear system. The reduction in 

response and ductility response factor increase with the decrease in yield 

displacement, especially, for more flexible buildings.  

Under the alongwind load excitation with a non-zero mean component, the 

yielding causes alongwind displacement drift in one direction. The inelastic 

alongwind response can be considered as a sum of stochastic drift and fluctuating 

components. The time-varying mean displacement can be calculated from the 

state-space equation analytically. The steady-state mean response is determined 
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by mean load and post stiffness. The fluctuating component around the time-

varying mean is identical to the response under same fluctuating alongwind load 

but with a zero-mean component, which has characteristics similar to crosswind 

response. While the STD value is reduced, the increase in the mean response, 

however, leads to total inelastic alongwind response noticeably higher than that of 

the corresponding linear system in general. The alongwind response of tall 

buildings is in general lower than crosswind response. Therefore, building design 

can permit crosswind response in inelastic range while keep alongwind response 

almost elastic by appropriately choosing the design yield displacement and other 

structural parameters.  

In the case of base-isolated tall building, the inelastic crosswind base 

displacement exhibits strong softening non-Gaussian distribution. As compared to 

fixed-base building, the building displacement and acceleration of base-isolated 

building at higher wind speeds are greatly reduced attributed to the effect of 

hysteretic damping. The higher mode contribution can be ignored in 

displacements, but should be considered in acceleration. The increase of damping 

ratio of base isolation system helps in decrease of base displacement and building 

top acceleration, and has less influence on building displacement. A stiffer 

building benefits more from the inelastic response of base isolation system. The 

building damping ratio has a large influence on building acceleration but less 

influence on base and building displacements. 

8.1.3 Characteristics of tall building responses under nonstationary excitation 

The response of tall building under nonstationary excitation with time-

varying mean wind speed is lower than that under stationary wind excitation due 

to transient structural dynamic effect. The reduction of extreme response and 

fatigue damage are more significant due to short time duration of high level of 

response. The reduction effect is influenced by the modulation function of wind 

speed, the frequency and damping ratio of the building. Buildings with lower 
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damping and lower frequency are more sensitive to transient effects and the initial 

condition.   

8.1.4 Translating Tornado Load Effects on a Low-rise Building Frame 

The dynamic wind pressures and internal forces on a low-rise building 

frame under translating tornado vortex were analyzed. The pressure distributions 

are strongly affected by tornado locations and tend to be more uniformly 

distributed when building frame is inside of tornado core. The ESWLs of tornado 

loading defined based on gust response factor approach gave reasonably accurate 

estimation of tornado-induced peak responses. The translation of tornado leads to 

a delay of occurrence of maximum time-varying mean and STD, and reduction in 

maximum STD thus peak response. It also makes the energy distribution of 

pressure fluctuations shifted to higher frequencies with a broader power spectrum. 

The maximum mean responses and peak factors are not sensitive to translation 

speed. The gust response factor and peak response decrease with increasing 

translation speed. 

8.2 Future study 

In order to give improved estimation of base-isolated tall building under 

crosswind excitation presented in Chapter 6, the kurtosis of base displacement or 

base velocity is needed to give good estimation of extreme value of base 

displacement and better estimation of response STDs, especially STD of building 

acceleration. The response kurtosis can be solved from forth order moment 

equation (e.g., Soong 1973). The higher order moments in moment equation can 

be calculated by using Hermite model.  

The estimation and characterization of base-isolated tall building response 

under nonstationary excitation needs to be considered. The time-varying mean 

response can be solved analytically from state-space equation. The transient 

response effect will reduce due to the increase of total damping ratio from 

yielding. The response non-Gaussian character will also reduce due to the 
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transient effect. One the other hand, the base-isolation system reduces structure 

frequency, which leads to the design wind speed of base-isolated tall building 

closes to vortex lock-in wind speed. Thus, the crosswind response of base-isolated 

tall building considering nonlinear aerodynamic damping also need to be studied. 

The future study also can focus on reliability of tall buildings to ultimate 

wind loads considering inelastic response. For example, the reliability assessment 

from serviceability to collapse can be studied. 
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APPENDIX A: PROVE OF 𝝁Z=0 FOR STEADY-STATE RESPONSE 

(BILINEAR MODEL) 

When the joint distribution of �̇�(𝑡)  and 𝑧(𝑡)  is Gaussain and bilinear 

hysteretic model is used, 𝐸1 and 𝐸2 can be given in terms of response statistics 

𝜇�̇�, 𝜎�̇�, 𝜇𝑧, 𝜎𝑧 and 𝜌�̇�𝑧 as  

 
𝐸1 = ∫

𝜎�̇�𝑣 + 𝜇�̇�

√2𝜋
𝑒−

𝑣2

2 Φ(𝑣1
∗)𝑑𝑣

∞

−𝜇�̇�/𝜎�̇�

 (A1) 

 
𝐸2 = ∫

𝜎�̇�𝑣 + 𝜇�̇�

√2𝜋
𝑒−

𝑣2

2 Φ(𝑣2
∗)𝑑𝑣

−𝜇�̇�/𝜎�̇�

−∞

 (A2) 

where  𝑣1
∗ = (𝜇𝑧 + 𝜎𝑧𝜌�̇�𝑧𝑣 − 𝑥𝑦)/𝜎𝑧√1 − 𝜌�̇�𝑧

2  and 𝑣1
∗ = (−𝜇𝑧 − 𝜎𝑧𝜌�̇�𝑧𝑣 −

𝑥𝑦)/𝜎𝑧√1 − 𝜌�̇�𝑧
2 . 

For steady-state response, 𝜇�̇� = 0 and �̇�𝑧 = 0. It leads to 𝐸1 + 𝐸2 = 0:  

∫
𝜎�̇�𝑣

√2𝜋
𝑒−

𝑣2

2 Φ(𝑣1
∗)𝑑𝑣

∞

0
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𝜎�̇�𝑣

√2𝜋
𝑒−

𝑣2

2 Φ(𝑣2
∗)𝑑𝑣

0

−∞

= 0 
(

(A3) 

Using variable substitution for second integral, Eq. (A3) becomes: 

∫
𝜎�̇�𝑣

√2𝜋
𝑒−

𝑣2

2 [Φ(𝑣1
∗) − Φ(𝑣2

∗)]𝑑𝑣
∞

0

= 0 
(

(A4) 

In order to satisfy Eq. (A4), integrand of Eq. (A4) should change sign for 

𝑣 ∝ (0,∞) or constantly equals to zero. Since 𝜎�̇�𝑣𝑒
−
𝑣2

2 /√2𝜋 > 0 for 𝑣 ∝ (0,∞), it 

gives that Φ(𝑣1
∗) − Φ(𝑣2

∗) should change sign or constantly equals to zero. As Φ( ) 

is monotonically increasing and the difference 𝑣1
∗ − 𝑣2

∗ = 2𝜇𝑧/𝜎𝑧√1 − 𝜌�̇�𝑧
2  is a 

constant, the integrand of Eq. (A4) cannot change sign thus must be zero to satisfy 

Eq. (A3). It leads to  2𝜇𝑧/𝜎𝑧√1 − 𝜌�̇�𝑧
2 = 0, thus 𝜇𝑧 = 0. 
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APPENDIX B: STATISTICAL LINEARIZATION WITH NON-ZERO MEAN 

EXCITATION (BILINEAR MODEL) 

By assuming �̇�(𝑡)  and 𝑧(𝑡) are jointly Gaussian processes and when 

bilinear hysteretic model is used, the coefficients 𝑏2 and 𝑏3 are calculated as 

𝑏2 = 1 −∫
𝑒−

𝑣2

2

√2𝜋
Φ

(

 
𝜎𝑧𝜌�̇�𝑧𝑣 − 𝑥𝑦1

𝜎𝑧√1− 𝜌�̇�𝑧
2

)
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∞

−𝜇�̇�/𝜎�̇�
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2
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Φ

(

 
−𝜎𝑧𝜌�̇�𝑧𝑣 + 𝑥𝑦2

𝜎𝑧√1 − 𝜌�̇�𝑧
2

)

 𝑑𝑣
−𝜇�̇�/𝜎�̇�

−∞

 

(

(B1) 
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= −∫
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2

exp (
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2
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exp(
−𝜎𝑧

2𝑣2 + 2𝜌�̇�𝑧𝜎𝑧𝑥𝑦2𝑣 − 𝑥𝑦2
2

2𝜎𝑧2(1 − 𝜌�̇�𝑧
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(

(B2) 

where 𝑥𝑦1 = 𝑥𝑦 − 𝜇𝑧;  𝑥𝑦2 = −𝑥𝑦 − 𝜇𝑧. 

When 𝜇�̇� = 𝜇𝑧 = 0, we have 

𝑏2 = 1 − 2∫
𝑒−𝑤

2/2

√2𝜋
Φ

(

 
𝜌�̇�𝑧𝑤

√1 − 𝜌�̇�𝑧
2

)

 𝑑𝑤
∞

𝑥𝑦/𝜎𝑧

 (B3) 

𝑏3 = −
2𝜎�̇�
𝜎𝑧

�̂�3;  (B4) 
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�̂�3 =
𝜌�̇�𝑧𝑥𝑦

√2𝜋𝜎𝑧
exp (−

𝑥𝑦
2

2𝜎𝑧2
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APPENDIX C: TRANSLATION FUNCTION FOR UNSKEWED HARDENING 

NON-GAUSSIAN VARIABLE 

The non-Gaussian random variable 𝑦0 with zero mean, unit variance, zero 

skewness and kurtosis 𝛼4  (where 𝛼4 ≤ 3)  can be represented as a Hermite 

translation function of an underlying standard Gaussian variable 𝑢 as 

where ℎ1 and ℎ4 are the model coefficients. Eq. (C1) gives: 

Chen (2014a) introduced the following formulations for calculating the 

model coefficients: 

 

 𝑢 = 𝑟−1(𝑦0) = ℎ1[𝑦0 + ℎ4(𝑦0
3 − 3𝑦0)] (C1) 

 
𝑦 = 𝑟(𝑢) = [√𝜉2(𝑢) + 𝑐 + 𝜉(𝑢)]

1/3

− [√𝜉2(𝑢) + 𝑐 − 𝜉(𝑢)]
1/3

 (C2) 

 𝜉(𝑢) = 1.5𝑏𝑢/ℎ1; 𝑏 = 1/(3ℎ4); 𝑐 = (𝑏 − 1)3 (C3) 

ℎ1 =
1

ℎ10
{1 + 0.0016[−1 + exp (14ℎ0)]}; 

ℎ4 =
1

ℎ1ℎ10
{0.0077[−1 + exp (9.5ℎ0)]}; 

ℎ0 = [1 + 1.25|3 − 𝛼4|]
1/3 − 1; 

ℎ10 = 1 − 0.053(3 − 𝛼4)
3 + 0.107(3 − 𝛼4)

4 − 0.048(3 − 𝛼4)
5 

(C4) 
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APPENDIX D: STATISTICAL MOMENTS E1 AND E2 WITH GAUSSIAN 

DISTRIBUTION (BOUC-WEN MODEL) 

The statistical moment 𝐸1 and 𝐸2 are calculated as  

 𝐸1 = 𝐸[|�̇�𝑏||𝑧𝑏|
𝑛−1𝑧𝑏] = ∫ ∫ |�̇�𝑏||𝑧𝑏|

𝑛−1𝑧𝑏𝑓(�̇�𝑏 , 𝑧𝑏)𝑑�̇�𝑏𝑑𝑧𝑏

+∞

−∞

+∞

−∞

 (D1a) 

 𝐸2 = 𝐸[�̇�𝑏|𝑧𝑏|
𝑛] = ∫ ∫ �̇�𝑏|𝑧𝑏|

𝑛𝑓(�̇�𝑏 , 𝑧𝑏)𝑑�̇�𝑏𝑑𝑧𝑏

+∞

−∞

+∞

−∞

 (D1b) 

where 𝑓(�̇�𝑏 , 𝑧𝑏) is joint probability distribution of �̇�𝑏 and 𝑧𝑏. 

When the joint probability distribution is assumed to be Gaussian, 𝐸1 and 

𝐸2 are functions of means of 𝜇�̇�𝑏 , 𝜇𝑧𝑏, STDs of 𝜎�̇�𝑏 , 𝜎𝑧𝑏 and correlation coefficient 

𝜌 . Closed-form expressions for 𝐸1  and 𝐸2  can be developed for Bouc-Wen 

hysteretic model when n is an integer (Baber 1984). 

 When n is odd, 𝐸1 and 𝐸2 can be evaluated as: 

𝐸1 = 𝜎�̇�𝑏𝜎𝑧𝑏
𝑛 ∑{(

𝑛
𝑘
) (1 − 𝜌2)

𝑘
2 𝐼𝑠1(𝑘)

𝑛

𝑘=0

×∑ [(
𝑛 − 𝑘
𝑙
) 𝜌𝑙𝛽𝑧𝑏

𝑛−𝑘−𝑙 (𝐼𝑠2(𝑙 + 1, 𝛽�̇�𝑏) + 𝛽�̇�𝑏𝐼𝑠2(𝑙, 𝛽�̇�𝑏))]

𝑛−𝑘

𝑙=0

} 

(D2a) 

𝐸2 = 𝜎�̇�𝑏𝜎𝑧𝑏
𝑛 ∑(

𝑛
𝑘
)𝛽𝑧𝑏

𝑛−𝑘[𝜌𝐼𝑠2(𝑘 + 1, 𝛽𝑧𝑏) + 𝛽�̇�𝑏𝐼𝑠2(𝑘, 𝛽𝑧𝑏)]

𝑛

𝑘=0

 (D2b) 

where  

𝐼𝑠1(𝑘) =
1

√2𝜋
∫ 𝜉𝑘 exp (−

𝜉2

2
)𝑑𝜉

+∞

−∞

= {
0 𝑘 = 𝑜𝑑𝑑
1 𝑘 = 0

(𝑘 − 1)!/((𝑘 − 2)/2)!/2(𝑘−2)/2 𝑘 = 𝑒𝑣𝑒𝑛, 𝑛𝑜𝑡 0
 

(D3) 
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𝐼𝑠2(𝑘, 𝛽𝑖) =
1

√2𝜋
∫ 𝜉𝑘 sgn(ξ + βi)exp(−

𝜉2

2
)𝑑𝜉

+∞

−∞

= {

1 − 2Φ(−𝛽𝑖) 𝑘 = 0

√2/𝜋 exp (−𝛽𝑖
2/2) 𝑘 = 1

√2/𝜋 (−1)𝑘−1𝛽𝑖
𝑘−1exp (−𝛽𝑖

2/2) + (𝑘 − 1)𝐼𝑠2(𝑘 − 2, 𝛽𝑖) 𝑘 ≥ 2

 

(D4) 

where sgn(∙) is sign function; Φ(∙) is cumulative distribution function (CDF) of 

standardized Gaussian variable; 𝛽�̇�𝑏 = 𝜇�̇�𝑏/𝜎�̇�𝑏; 𝛽𝑧𝑏 = 𝜇𝑧𝑏/𝜎𝑧𝑏. 

When n is even, we have 

𝐸1 =
𝜎�̇�𝑏𝜎𝑧𝑏

𝑛

√2𝜋
{(−1)𝑛−1∫ 𝜉𝑛 exp(𝛼3)𝜓2(𝛼1) exp(𝜉)𝑑𝜉

0

−∞

+∫ 𝜉𝑛 exp(𝛼2)𝜓2(𝛼1) exp(−𝜉)𝑑𝜉
+∞

0

} 

(D5a) 

𝐸2 = 𝜎�̇�𝑏𝜎𝑧𝑏
𝑛 ∑(

𝑛
𝑘
)𝛽𝑧𝑏

𝑛−𝑘[𝜌𝐼𝑠1(𝑘 + 1) + 𝛽�̇�𝑏𝐼𝑠1(𝑘)]

𝑛

𝑘=0

 (D5b) 

where 

𝛼1 = [𝛽�̇�𝑏 + 𝜌(𝜉 − 𝛽𝑧𝑏)]/√1 − 𝜌
2; 𝛼2 = −0.5(𝜉 − 𝛽𝑧𝑏)

2
+ 𝜉; 

𝛼3 = −0.5(𝜉 − 𝛽𝑧𝑏)
2
− 𝜉; 𝛼4 = 𝜌(𝜉 − 𝛽𝑧𝑏) + 𝛽�̇�𝑏; 

𝜓1(𝛼1) = 1 − 2Φ(−𝛼1);𝜓2(𝛼1) = √1 − 𝜌2√2/𝜋 exp(−𝛼1
2/2) + 𝛼4𝜓1(𝛼1) 

(D6) 
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APPENDIX E: STATISTICAL LINEARIZATION COEFFICIENTS WITH 

GAUSSIAN DISTRIBUTION (BOUC-WEN MODEL) 

When the responses 𝑥𝑏, �̇�𝑏 and 𝑧𝑏 are zero mean processes and assumed to 

follow jointly Gaussian distribution, we have: 

 
𝑏1 = 𝐸 [

𝑑�̇�𝑏
𝑑𝑥𝑏

] = 0 ;    𝑏2 = 𝐸 [
𝑑�̇�𝑏
𝑑�̇�𝑏

] ;   𝑏3 = 𝐸 [
𝑑�̇�𝑏
𝑑𝑧𝑏

]     (E1) 

The closed-form solutions of 𝑏2 and 𝑏3 can be obtained (Baber and Wen 

1981): 

 𝑏2 = 𝐴 − 𝛽𝐹1 − 𝛾𝐹2  (E2a) 

 𝑏3 = −𝛽𝐹3 − 𝛾𝐹4 (E2b) 

where  

 
𝐹1 =

𝜎𝑧𝑏
𝑛

𝜋
Γ (
𝑛 + 2

2
)2𝑛/2𝐼𝑠 (E3a) 

 
𝐹2 =

𝜎𝑧𝑏
𝑛

√𝜋
Γ (
𝑛 + 1

2
)2𝑛/2 (E3b) 

 
𝐹3 =

𝑛𝜎�̇�𝑏𝜎𝑧𝑏
𝑛−1

𝜋
Γ (
𝑛 + 2

2
) 2𝑛/2 [2(1 − 𝜌2)

𝑛+1
2
 + 𝜌𝐼𝑠] (E3c) 

 
𝐹4 =

𝑛𝜌𝜎�̇�𝑏𝜎𝑧𝑏
𝑛−1

√𝜋
Γ (
𝑛 + 1

2
) 2𝑛/2 (E3d) 

where 𝐼𝑠 = 2∫ sinn 𝜃 𝑑𝜃
𝜋/2

𝑙
; 𝑙 = tan−1(√1 − 𝜌2/𝜌); 𝜎�̇�𝑏 , 𝜎𝑧𝑏 and 𝜌 are STDs of �̇�𝑏 

and 𝑧𝑏 and their correlation coefficient. 
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APPENDIX F: INTERDISCIPLINARY CONTRIBUTION OF THIS RESEARCH 

This research applies knowledge from several fields of study including 

engineering, atmospheric science, mathematics and statistics. The inclusion of an 

interdisciplinary study offers a better understanding of wind-induced inelastic 

response of tall buildings, and better characterization of tornado-induced pressure 

and response of low-rise building. 

The time history analysis includes simulation of stationary, nonstationary 

single point and multiple points stochastic wind loadings and nonlinear structural 

dynamics analysis. The closed-form solution of random response statistics 

requires knowledge of random vibration, structural dynamics and statistics. The 

study carried out analysis of extreme value distribution and fatigue damage of 

random response processes. The estimation equivalent linear system involved 

complex eigenvalue analysis. The analysis of structural considered aeroelastic 

effect requires understanding of fluid dynamics. The characterization of tornado-

induced pressure involves structural analysis, fluid dynamics, eigenvalue analysis 

and signal processing theory. These research activities have applied knowledge in 

wind engineering, structural engineering, mechanical engineering, electrical 

engineering, mathematics and statistics. 

The understanding strong wind event, such as hurricanes and tornados, 

requires the knowledge of atmospheric science. 

The interdisciplinary contributions of this research meet the requirement of 

the Wind Science and Engineering Ph.D. degree program at Texas Tech 

University. 
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