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ABSTRACT 

A model for including the effects of virtual positronium formation in positron 

molecule scattering has been developed. This model is based upon ab initio 

quantum chemistry methods with a modification of the interaction of the positron 

and the electrons of the molecule. Results from the application of this model to 

several molecules have shown that this model is not only accurate but easily 

extendable to larger molecules. 
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CHAPTER I 

HISTORY AND BACKGROUND 

The history of positron molecule scattering in many ways parallels the rise of 

quantum mechanics as the most accurate and complete model of the physical world. 

In the latter part of the nineteenth century, Thomson and his coworkers discovered 

the electron [1]. This discovery led to the first model of the atom, the Thomson 

"Plum Pudding model." While this model was incomplete and in many ways just 

wrong, the fact that such a model could be conceived shows that physicists had 

finally come to accept the atomistic model of matter. The first quantum mechanical 

theory was announced by Max Planck shortly after the turn of the century [2]. His 

theory was able to predict the properties of a blackbody in a mathematically 

consistent way by assuming that energy was only emitted or absorbed in multiples 

of a discrete amount, huj. This differed from the classical theory which predicted 

that energy could be absorbed or emitted in any amount whatsoever. Planck's 

theory was the beginning of quantum mechanics and was later combined with 

classical mechanics by Neils Bohr in the next model of the atom which now bears 

Bohr's name [3, 4]. Bohr knew from the scattering experiments of Rutherford, 

Geiger, and Marsden that the atom appeared to have all of its positive charge 

located in a highly dense center region [5]. Using this information, he proposed a 

model where each electron circled the atom as a planet in the solar system with the 

exception that the orbital angular momentum of the electron was fixed to be an 

integer multiple of H. The predictions of this model were in good agreement with 

some of the spectroscopic data of Hertz and this success then spurred others to 

embrace the ideas of quantum mechanics and to search for the equations of motion 

of the electron and other quantum particles. 

The search for the quantum equations of motion did not yield a single correct 

theory. Instead, three correct theories were developed. In 1925, Werner Heisenberg, 



Max Born, and Jordan developed a theory based upon matrices and commutation 

relations. Meanwhile, at virtually the same time, Schrodinger developed the 

probability amplitude wave equation that now bears his name. These were in term, 

supplemented by P.A.M. Dirac's quantum field theory approach. Later, Dirac was 

able to show that all these approaches were in fact equivalent mathematically. It is 

Dirac's theory that is of the most interest for those concerned with the history of 

positrons. Schrodinger's equation was based on Galilean invariance just like the old 

classical Newtonian mechanics. Einstein's special theory of relativity was by now 

known to be a much better description of reality and within this theory Galilean 

invariance is replaced by what is known as Poincare invariance (invariance under 

rotations, translations, and Lorentz boosts). Oscar Klein and Felix Gordon had 

developed an equation analogous to Schrodinger's which was invariant under 

Poincare transformations. At this time it became apparent that electrons hke all 

spin I particles obey Fermi Statistics. Two electrons can not be in the same state at 

the same time. This idea was originally conceived by Wolfgang Pauli, and then 

formalized by Dirac and Fermi. Atomic spectroscopic data seemed to indicate a 

twofold degeneracy however which could only be interpreted to mean that electrons 

possessed a degree of freedom that was unknown at the time. Later experiments 

showed that the new degree of freedom could be associated with internal angular 

momentum. However, the new discovery that electrons seemed to possess an internal 

angular momentum which we know as spin could not be described within the former 

equations. Dirac's equation however was able to explain the magnetic moment of 

the electron and its spin in a precise manner. .Also in the appropriate limit one 

could show that it reduced to an equation similar to Schrodinger's equation. Dirac's 

equation was essentially an extension of the the Klein-Gordon equation. The 

Klein-Gordon equation was a second order partial differential equation. The 

momentum operator in coordinate space is the same as that of Schrodinger, 

# = - i W (1.1) 



The energy operator is defined in similar manner. 

Using Einstein's relation between mass, energy, and momentum we arrive at the 

Klein-Gordon equation, 

V^*-^S* = ^ * ^ (1-3) 
What was thought to be a problem with this equation was that there appeared to 

be negative energy solutions for the free particle case and the probability current 

density under certain conditions becomes negative. Later an interpretation of this 

phenomena was found based upon antimatter carrying a negative quantum particle 

number. Also the discovery by Pauli that the electron appeared to posses an 

intrinsic angular momentum which was called spin could not be explained by this 

equation. Dirac began searching for an equation which was first order in both time 

and space and would contain both a description of the electron spin and the 

exclusion principle. The equation he found suffered from the same defects as the 

Klein-Gordon equation in that it predicted negative probability currents, however 

the equation did predict the magnetic moment of the electron and its spin. Also in 

the non-relativistic limit, the equation could be shown to be equivalent to 

Schrodinger's equation. A rigorous analysis of this equation showed that solutions 

exist which at that time had no known counterpart in the physical world. These 

solutions corresponded to a particle with a mass equal to that of the electron but 

whose charge was opposite in sign. The mathematical consistency of the equation 

however required these solutions. The anticommutation relations between the field 

and its conjugate momentum do not make sense without them. While Dirac 

vacillated between seeing these solutions as being unphysical and trying to interpret 

these solutions as protons, Hermann Weyl predicted that such a particle would be 

found. When Anderson and his group saw such particles in cloud chamber 

experiments studying high energy cosmic rays [6], the particle was dubbed the 

positron. 



The positron solution to the Dirac equation is fairly easy to derive. A decent 

introduction to relativistic methods can be found in Kaku and in Renton [7, 8]. 

Dirac's equation for an electron in an electromagnetic field with a four vector 

potential A^{x,t) is 

{inji,d^ -mc- 67^A^)^ = 0 (1.4) 

where 

9'̂  = 
dx. 

(1.5) 

with x° = ct, x'^ = x, x^ = y, and x^ = z and XQ = ct, xi = -x, X2 = -y, and 

2:3 = - ; The 7^ are known as the Dirac Matrices and are defined as follows. First 

we have the Pauli Spin Matrices, 

C7T = 

0 1 

1 0 
(1.6) 

0 -I 

1 0 
(1.7) 

a„ 
1 0 

0 - 1 
(1-

From these, one forms the 7 matrices. For the spatial matrices. 

7 
0 a 

-a 0 
(1.9) 



and for the timelike 7 matrix, 70, we have 

7o = 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

- 1 

(1.10) 

These are not the only possible form for these matrices. There are, in fact , an 

infinite number of possible forms but these are the most widely used form. These 

forms are known as the energy representation since the four dimensional solution 

splits into two components with the upper half possessing positive energy and the 

lower half representing negative energy. This is transparent when one transforms 

into the rest frame of the electron. The four component solution is 

* (1.11) 

where \ and r] both represent two component spinors. In the rest frame of the 

electron, the two spinors decouple and yield 

( E / c - m c ) x = 0 (1.12) 

(E/c + mc)?? = 0. (1.13) 

In order to find the positron solution, one must see how this equation changes under 

various transformations. Assume that we have a solution to equation 1.4. If one 

takes the complex conjugate of this equation then one arrives at 

{-ihY^d^ -mc- 67;^!'^)** = 0. ;i.l4) 

It is easv to show that 

% 
7^ i f / / = 0,1,3 

- 7 ^ if /i = 2 
(1.15) 



Also, 

7^7;. = -71^7^ if M 7̂  î - (1.16) 

Thus the following identity holds 

727^ = -7M72- (1.17) 

So that if we multiply equation 1.14 by 72 and then use the previous identity we 

arri^'e at 

{ihj^d^ -mc + e7^^^)72** = 0. (1.18) 

Note this is the same equation as for the electron with a reversed sign for the term 

corresponding to the interaction with the electromagnetic four-vector potential. 

Thus if we have a solution ^ for the electron, then 72^* is the corresponding 

solution for the positron. One might note that most textbooks express this as 272^* 

One can see that the mass is the same for both solutions. While this solution 

elucidates the electron and positron as particles it does not explain the atom or 

molecule nor its interaction with the positron. This required several years of 

experimental and theoretical progress. 

The first atomic and molecular scattering experiments were those of Rutherford, 

Geiger, and Marsden mentioned previously in regards to the development of the 

Bohr model of the atom. They used alpha particles (helium nuclei) in their 

experiments. The early use of the cyclotron invented by Lawrence also looked at 

scattering from atomic and molecular targets using electrons as the incident 

particle. While these experiments were able to give some qualitative information 

about the structure of atoms such as the fact that positive charge is concentrated in 

6 



a high density core known as the nucleus, much of the information about the atom 

came from spectroscopic experiments. From scattering experiments and the work of 

Pauling and others, the structure of atoms became known. A complete explanation 

of this exploration would take several volumes so an interested reader should consult 

an appropriate text such as Bransden and Jochain [9] or Merzbacher [10]. 

The history of the positron in scattering experiments has been given by Massey 

and we refer the reader to that paper for a more detailed explanation [11]. Positrons 

were first used only as atomic probes for atoms such H and He. One of the surprises 

found was the existence of Ramsauer minima which were not thought to exist since 

the positron-nuclear potential is strongly repulsive at very short ranges. However the 

strong polarization of the atom by the positron negates this argument and accounts 

for the existence of these minima. While positron atom experiments were being 

conducted the maturation of the theory behind these experiments proceeded. By 

the 1970s, positron molecule scattering began to be investigated both theoretically 

and experimentally. Techniques to produce positrons in great numbers had matured 

enough for positron scattering experiments to be feasible and the availability of fast 

computers made possible theoretical calculations of the results from these 

experiments. It was thought that electron molecule scattering theory could greatly 

benefit from the extra information provided by positron molecule scattering. This 

was in fact the initial primary motivation for understanding positron molecule and 

atomic scattering. While positron scattering can be used as a complement to 

electron scattering, there are crucial differences which will be elucidated shortly. 

Positrons today are produced in great numbers for scattering experiments 

ranging from low energy atomic-molecular collision studies to the high energy 

electron-positron collisions that are used for studies in particle physics such as the 

LEP experiment. For the former, the usual method of production involves charging 

a VanDeGraaf generator up to a potential difference of several million electron volts 

from that of a carbon 11 source. A switch is then thrown and the electrons that 



collide with the source will then be able to convert some of their kinetic energy into 

producing electron-positron pairs. The positrons from these pairs are then collected 

by using electromagnetic fields, then collimated into a monoenergetic beam for the 

coUision experiment at hand. The chief problem is of course efficiently collecting the 

positrons. For the case of interest here, another problem is that in many cases the 

positrons still have a high kinetic energy after their collection. In order to do 

experiments at energies of interest to those studying atomic-molecular targets 

(0-100 eV) these energies must be greatly reduced. This means that experimenters 

studying atomic-molecular collisions with positrons have a much lower and more 

unpredictable flux than what would be the norm if they were using electrons in 

place of positrons. In the past, electron scattering has dominated in attention for 

atomic and molecular scattering experiments for this reason. Electrons are much 

easier to produce (e.g., a heated tungsten wire will suffice as a good source) and can 

be produced in much greater quantities. There are some striking differences between 

electron and positron molecule scattering and it is useful to elucidate these 

differences. When an electron scatters off an atom or molecule, one must take into 

account that the original electron is indistinguishable from the electrons of the 

system in question. This means that one cannot differentiate between the original 

electron hitting the target system and scattering off, and the original electron 

hitting the target, exchanging places with an electron of the target system, and the 

exchanged electron scattering off. This leads to what is commonly called the 

exchange correlation potential. Since a positron is distinguishable from an electron 

no such effect is seen in positron molecule scattering. However, unlike an electron 

scattering off a target molecule or atom, the positron can form bound states with 

electrons of the target which we will refer to as positronium states since they are 

analogous to the positronium atomic states arising from a lone electron bound to a 

lone positron. This leads to a correlation between the electron distribution of the 

target and the positron wavefunction. There are some similarities between electron 



and positron molecule scattering as well. One of these is the so called static 

potential, the Coulomb energy of the charges of the target system interacting with 

the electron/positron charge. There is also a polarization potential which arises 

when the electronic charge distribution of the target relaxes from its ground state to 

a lower energy configuration due to the electric field of the positron/electron. The 

ability of electrons to form virtual bound states with a positron acts as a cutoff on 

this effect since if the target electronic distribution relaxes too far, these bound 

states are formed which then screen the charge of the positron from remaining 

electronic states. Thus a decrease in the polarization is seen. Unfortunately, both 

the effects of electron exchange and the formation of positronium states are both 

non-adiabatic in nature and hence an exact treatment theoretically has not been 

found. The search for a good approximation to the nature of the positronium states 

is what will concern us the most in this work. 



CHAPTER II 

QUANTUM SCATTERING THEORY 

Quantum scattering theory might need some introduction to those who do not 

have familiarity with such concepts or do not work with such concepts on a daily 

basis. There are many excellent texts on the subject [10, 13, 9] as well as 

introductory quantum texts which provide a good introduction to quantum 

scattering theory. The author suggests perusing these texts if one is not proficient in 

this subject. The key functions that quantum scattering theorists wish to find for a 

given system are the integral and the differential cross sections. There is a relation 

between the two. The differential cross section is the partial derivative with respect 

to the solid angle of scattering of the integral cross section. The integral cross 

section, which will be denoted as a in this work, is for a scattering process defined by 

Here the left hand side is the number of collision per second and F represents the 

flux of incident particles. By taking the derivative with respect to the solid angle 

one can derive a similar equation for the differential cross section, —. 

^ = F ^ (2.2) 
dtd^ dn' 

In order to find these quantities one must find the wavefunction for the system of 

the incident particle and target. Let us assume for now that the interaction 

potential between the target and incident particle is spherically symmetric and time 

independent. Also let us assume that that for the potential, V(r), rV(r) ^^ 0 as 

r ^ oc. One then has the time independent Schrodinger's equation for the incident 

particle, 

E^ = {-^V^ + V{r))^, (2.3) 
2m 

10 



where m represents the mass of the incident particle. At large distances, it can be 

shown that the wavefunction can be decomposed into two parts. 

The first term, "^inc, is a plane wave with momentum Kk. This part yields an 

incident flux of ^ or the term F above. The second is that part of the wavefunction 

which corresponds to scattering events. It has the simple form. 

*.cat = f(k,^) — . (2.5) 
r 

The function f(k, 9) is known as the scattering amplitude. Since the potential is 

spherically symmetric, there is no (p dependence, hence we do not include that 

variable as an argument for this function. One will note that both are solutions of 

the Schrodinger's equation for the above specified potential. The probability current 

in terms of the wavefunction for a particle is given by 

r = - ; ^ ( * * ( V * ) - ( W * ) * ) . (2.6) 
2m 

If one has a detector that forms a sphere around the target at a large distance from 

the target then the flux of particles due to the scattering of the incident particles off 

the target is given by jr where we are now using spherical coordinates. After a little 

algebra one finds 

Jr = - ^ (2-7) 
nkf*i 
m r 

Here we have abbreviated f(k, B, </>) as f. This is clearly the average number of 

scattered particles per unit time passing through a spherical area of r^dfi. This in 

turn gives 

— = fT. (2.8) 
dn 

Thus if one can solve the above equation for f, one can find the differential cross 

section. Then one can integrate this to yield the integral cross section. 

11 



One useful tool for finding the scattering amplitude is the method of partial 

waves. One decomposes the scattering amplitude into components characterized by 

their angular momentum eigenvalues, 1, 

l=oo 

i{k,e) = Y.^i{k)Fi{cose) (2.9) 
;=o 

where P; (cos 9) are the standard Legendre functions. Also we can decompose the 

wavefunctions ^ , "if scat and ^^c into their analogous components 

l=oo 

^>{r,9) = Y,^iFi{cos{9)). (2.10) 
(=0 

For large r, Schrodinger's equation becomes 

(V2 + k2)* = 0. (2.11) 

For each value of 1, we have two solutions, the spherical Bessel and spherical 

Neumann functions. Thus for each value of 1, we have 

R( r ) = B,j,(kr) + Qn,(kr). (2.12) 

For large r, we can use the asymptotic expansions of these functions. 

R,(r) = -^B, cos(kr - ^ ) + C, sin(kr - - J ) (2.13) 
kr 2 / 

Also we can show this is equivalent to 

R;(r) = l A ( S i n ( k r - ^ + 5,), (2.14) 
kr 2 

where 

A, = ^B? + Cf, (2.15) 

and 

tan5, = - ^ (2.16) 

12 



The 61 are, for obvious reasons, known as the phase shifts. We now need to relate 

this back to 
g2kr 

r 

For the first term, we have 

*(r,^)^-^°°e*= + f(^)£_. (2.17) 

/=oo 

6'*̂ ^ = J ^ ( 2 / + l)z'j,(kr)R(cos^)), (2.18) 

which in the limit of large r, becomes 

e'X̂  = ' g ( 2 ; + i) ,^^^"(^^-T)p,(eos(g)). (2.19) 
1=0 

Thus 

R = (2/ + 1)/JI^^^LZ11 + f(k, 0f^_ (2.20) 
kr r 

Equating these solutions, yields after a little algebra 

A, = (2/-f l)i'e'^', (2.21) 

and 

f,(k) = ^^^^e^* ' s in (5 , ) . (2.22) 

Note that the scattering amplitude components depend only on the phase shifts. 

One can use algebra and integration to show that this form of the scattering 

amplitude yields 

a=^^i2l + l)sm'{Si), (2.23) 

and the so called optical theorem, 

a = ^ 3 ( f ( k , ^ = 0)). (2.24) 

k 

While this formalism is illuminating, we still need to find the unknown quantities B; 

and C; in order to find the phase shifts as functions of the energy and potential. To 

find these we shall use the integral equations algorithm [12] which is based upon the 

close coupling approximation. 

13 



The close coupling approximation that is used for this work is based upon the 

following facts. To first order the scattering is dominated by adiabatic changes of 

the ground state wavefunction. Thus one can assume the target is in the ground 

state and that the interaction is dominated by the positron interaction with those 

states. Assuming we know the potential function for this interaction, we wish to 

solve the time independent Schrodinger equation, 

( - ^ V 2 + V - E ) * = 0. (2.25) 

Suppose one can solve for the family of solutions when V = 0. We will denote a 

wavefunction composed of those solutions as *o. Also suppose one can find the 

Green's function, G(f,f'), which satisfies 

(V2- f^E)G( r , r ^ ) = -c5^(r-i^) (2.26) 

and the corresponding boundary conditions. Then we can construct a solution to 

the full equation like 

'^ J G{T,^)Y{r,9,4>)^{i,9,(l>)dT. (2.27) 

(V^ + ^ E ) * = ^ V ^ . (2.28) 

This would then constitute a solution to the above equation. The wavefunction, \to, 

is well known: 
CC 

*o = 5]Q„j,(kr)Yr(^,<^), (2.29) 

where j;(kr) is the 1th spherical Bessel function and Y["(^,^) is the spherical 

harmonic function of order 1 and m. To specify the Green's function, we must 

impose boundary conditions. The K matrix boundary conditions are ^ ( r = 0,^) = 0 

and equation 2.14 above. The Green's function for this equation which matches 

these boundary conditions is given by 

G(f,r^) = ^ J i ^ ^ ^ ^ < M ^ g Y^*{e\ct>')Yr{9,cl>), (2.30) 
; = 0 Tn=-l 

14 

* = *o -

Then, 



where j;(kr) = krj;(kr) and ii;(kr) = krni(kr). These functions are known as 

Ricatti-Bessel and Ricatti-Neumann functions, respectively. To proceed we will once 

again make the assumption that the potential is spherically symmetric and that 

rV(r) —)• 0 as r —> 0. Using this fact yields 

1 f^ -
u;(kr) = j^kr) + - j j,(kr<)fiKkr>)U(r')uKkr')dr', (2.31) 

where L'(r') is the reduced potential, 

U(r') = 5^V(r ' ) . (2.32) 

Expanding out the integral term, we get 

u,(kr) = j,(kr) + ^ ^'j,(kr')U(r')uKkr')dr' + 

^-^ |" i i , (kr ' )U(r ' )uKkr ')dr ' (2.33) 

Using integration by parts yields 

u,(kr) = Mkr) + ^ |^^(kr')U(r')uKkr')dr' -

J i M rn,(kr')U(r')ui(kr')dr ' + 
k Jo 

M M /""h;(kr')U(r')u,(kr')dr' (2.34) 
k Jo 

We now can solve this equation apart from the last constant factor. One will note 

that in the limit r ^> oo, this solution takes on a much simpler form, 

nKkr) = Mkr) + ^ /^Vkr')U(r')u,(kr')dr'. (2.35) 
/c Jo 

However, we can solve for the so called homogeneous solution, u?(kr), 

u°(kr) = Mkr) + ^ rMkr')U(r ')u°(kr ')dr ' -
ft Jo 

i l M rh,(kr ')U(r')u,(kr ')dr ' (2.36) 
k Jo 

15 



Then by inspection we have 

u,(kr) = u°(kr)(l + A ) . (2.37) 

Suppose we further manipulate the equation preceding the last into 

u°(kr) = j,(kr)I?(kr) + ni(kr)l,i(kr), (2.38) 

if '(kr) = 1 - ^y"fi ,(kr ')U(r ')u°(krVr' , (2.39) 

iW(kr) = iy"'jKkr')U(r')u°(kr')dr' (2.40) 

Then one can see immediately equation. 

tan((50 = - i iW(kr) (lf^(kr))-i (2.41) 

Further, we can show that the following equation relates the so called homogeneous 

solution to the full solution, viz., 

u,(kr) = u°(kr)Ip)(cx))(l - l^\^))-\ (2.42) 

The function tan((5i) is also called the K matrix. For inelastic scattering, there exists 

a generalization of the K matrix. For a spherically symmetric potential, it is 

actually a vector. The Cayley transform of the K matrix yields what is called the 

transition or T matrix, 

T; = Ki{l - iK()-' (2.43) 

Again the T matrix is a vector for this case. One can show that the T matrix is 

related to the scattering amplitude via 

«k ) = ^ T , . (2.44) 

For the case where the potential is not spherically symmetric or one wishes to 

include inelastic processes, it is much easier to work with the K and T matrices than 

the actual scattering amplitude. The task of solving the integral equations for u;, 

16 



I, , and I," is now reduced to quadrature. Essentially, we use the following 

boundary conditions: 

u , (0 )=0 , lp ) (0 ) = l,lj^)(0) = 0, (2.45) 

and propagate the solution out to some large value of r using numerical integration. 

We must make sure that the solution has converged fully in many quantities. The 

first condition of convergence is that tan (J;) is approximately constant. If not we 

must proceed to a larger value of r. Second, we must include contributions from a 

large as number of angular momentum values as possible to make sure that the 

cross sections are converged in 1. Due to the centrifugal barrier, ^ ^ ^ , only those 

solutions with a low angular momentum are scattered appreciably except in the 

forward direction (9-^0). However the forward scattering contributions from 

solution with large angular momentum do become important in the differential cross 

sections in the limit 6—^0. For large values of 1, the first Born approximation 

becomes almost exact [13]. One can calculate a correction from all the partial waves 

above the maximum 1 value in the exact treatment using this approximation. This 

procedure is known as Born closure. An interested reader may see appendix A for 

more information. A third convergence condition, relates to the numerical 

integration scheme chosen for the problem. The numerical integration scheme must 

be sufficiently accurate in its implementation. For example, if one uses trapezoidal 

integration, one needs to check that spacing between nodes of the scheme is fine 

enough so that it does not contribute appreciable truncation error. However, too 

fine a grid can contribute significant round-off error. Also the potential is usually 

interpolated from its value at some points. These points need to be sufficiently close 

that one can interpolate a reasonably accurate value. All of these convergence 

criteria contribute a challenge to the aspiring theorist. Thankfully modern 

computers have made it possible for a theorist to check that all these criteria are 

satisfied. In the past the theorist was often limited by the finite resources in 

memory and computational power. 
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We must now generalize the above concepts for potentials that are not 

spherically symmetric. A more detailed account of the decomposition is given in 

Appendix B. For now I will only give a short disposition. The next simplest case 

would be that of a linear molecule with axial symmetry. The eigenvalue 1 is no 

longer a conserved quantum number, but the projection of 1, I, = A, onto the axis of 

symmetry is conserved. Since the solutions for the Schrodinger equation have the 

same symmetry as the equation itself, our solution u;(kr) changes from being a 

vector solution in 1 space to a tensor function 

oo oo oo 

u(r,0,<t>) = }22Zz2^wMYi^{i)yp *(k). (2.46) 
A=o ;=o ('=0 

The integral equations do not include terms which mix different projections of 

angular momentum along the symmetry axis of the molecule. To reduce the integral 

term over all the coordinates to one that is radial, we first decompose the potential 

into axial projection components, 

oo 

l]{r,9) = J2^^{i)P^{cos{9)), (2.47) 
A=0 

and 

VA(r) = ^ ^ f U(r, 9)P^icos{9)) sm{9)de. (2.48) 

The integral term will then contain an integration over the solid angle 

4/2(3 = / Yr^(^'.'p'n'nio',mino'^ <t>'W' (2.49) 
Jo 

We must have m l = m2 = A for the above to be nonzero, so the equation does not 

mix states of different A as expected. We now multiply the potential components by 

the factors above to produce 

v;)'(r) = X^cf , , ,v , , ( r ) . (2.50) 

We can now find 

u?/(kr) = Mkr)l!? ''(kr) + fi,(kr)l!? ^ k r ) , (2.51) 

18 



where 

l i ? ^ k r ) = 6u' - I Y . / 'hKkr')v,^.(r ')u?4(kr')dr', (2.52) 
1^ ,„ Jo 

(here 5w is the Kronecker delta function) and 

I?' ^ k r ) = i ^ rU^r')4„{v')4,Ukr')dr' (2.53) 
/" -̂ 0 

Note in the preceding two equations, summation is over those values of /" that 

satisf}- the 0 rule for / and /'. The K matrix is now a tensor with matrix components 

for each value of A 

K = ^ I , r ( l ! ? " ) - ^ (2.54) 

The T matrix also takes on a new form as a tensor. 

n, = Kf^,il-iKr'- (2.55) 

The differential cross section is 

d a m^ V—^ ,^« , , 

AH' 

The numerical solution is analogous to the spherically symmetric case with the 

exception we must sum over contributions from all angular momentum 

eigenfunctions and that the boundary conditions become u^,(0) = 0, I,\,̂  = 0, and 

T2 A _ r 

The last case would be that of a nonlinear molecule. This situation complicates 

things greatly. Here the solutions do not decouple at all, leaving 

o o o o GO o o 

n{r,9,^) = Y.T.T.Il '̂̂ '̂ (kO Yf (f) Y,̂  * (k). (2.57) 
A=0 A'=0 1=0 l'=0 

One can show that this yields 

u r ' ' ' ( k r ) = jKkr)l!? ^'''(kr) + y,(kr)l(V ^^'(kr), (2.58) 

4V '" ' (kr) = ^ E E r M k r ' ) v ; l / " ( r > ° , f ^'(kr')dr', (2.59) 
/= i„ ^u Jo 
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and 

Ij^^'^^kr) = 6u>5^A, - ^ E E /^nKkr>;ir(r ' )u°^; '^ ' (kr ' )dr ' . (2.60) 
(" A" ^ 

There are analogous relations for the K and T matrices. Generating a solution for 

this case is much more difficult than the case for the linear molecule. Also one must 

have values for the potential at points that comprise the full spherical grid, which 

means an order of magnitude more points are involved. It has only recently been 

feasible to consider this case. One might notice that most textbooks on scattering 

theor}- do not even consider this case. This concludes our brief romp into the joys of 

scattering theory. We are now ready to actually calculate potentials. 
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CHAPTER III 

QUANTUM CHEMISTRY 

An accurate calculation of the positron cross section for a given molecule requires 

knowledge of a good approximation to the positron molecular potential function. In 

general, it is expected that this function should be dependent on the initial positron 

kinetic energy. One would believe that there would be two limits to this dependence. 

At very high kinetic energies, the electrons of the molecule will not have any time to 

relax under the infiuence of the positron, so the molecular state is at all times very 

close to being in the ground state. This is called the sudden approximation limit. 

At such high energies many transitions are allowed and the elastic cross section is 

very small. This work will not concern itself with this high energy limit. 

At very low energies, the electron distribution should relax fully under the 

influence of the positron. This is called the adiabatic limit. A good approximation 

to the potential function for the positron at a distance r from the center of mass of 

the molecule is to place the positron at this distance, assume that is fixed, and then 

find the energy. The difference in energy between the molecular ground state and 

this value yields the potential energy due to the presence of the positron. This 

energy is usually divided into two parts. The static potential represents the energy 

of the ground state interacting with the positron through a purely Coulomb 

potential. Let tp be the position vector from the molecular center-of-mass to the 

positron. Then as r^ -> oc. this part of the potential approaches zero rapidly for a 

molecule with balanced electron and nuclear charges. Also this term is independent 

of the kinetic energy of the positron.The second part of the potential is the 

polarization potential. This part is due to the induction of multipole moments. 

These moments arise when the electron distribution relaxes. As rp ^^ oo this 

potential approaches zero as 

V,.. = -?,, (3.1) 
2r^' 
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, where OQ is a constant known as the dipole polarizability of the molecule in 

question. For linear molecules, this equation is modified to account for the 

aspherical nature of the target 

V _ _ao^^a2P2icos{9)) 
^poi - - 7 {6.1} 

In the above, P2(cos(^)) is the Legendre function of order two. In the limit that the 

kinetic energ>- of the positron approaches infinity, the electronic wavefunction of the 

molecule does not have time to relax. Hence in this limit this part of the potential 

approaches zero. This term approaches its maximum value in the opposite limit, 

when the kinetic energy of the positron approaches zero. The energy dependence for 

this term is not thought to be too drastic at low energies, since the electronic kinetic 

energies are usually larger the kinetic energy of the positron. A method is now 

needed to find these potential terms. 

The approach favored by many physicists including the author is to use standard 

computational quantum chemistry methods with a few modifications. Treating the 

positron as point charge with no electron wavefunctions centered on its position is 

equivalent to totally neglecting virtual positronium formation. As mentioned before, 

this approach has been shown to yield a potential which is drastically too strong at 

intermediate distances (one to five Bohr). This necessitates that one use some 

method which includes the effects of virtual positronium formation be developed. In 

order to explain the modifications made by the author, it is necessary to explain 

some computational quantum chemistry. As anyone who has ever solved the 

Schrodinger wave equation for the hydrogen atom knows, the radial dependence of 

hydrogenic electron wavefunctions can be described by Slater functions while the 

angular dependence is given by spherical harmonic functions. However, for 

computational reasons, the use of Slater functions is usually avoided, since in 

general, the integral of the product of two Slater functions is a complicated mess. 

The integral is, of course, of known form (a series with Lowdin alpha and beta 

coefficients) but the computation of the result is very expensive. In a now famous 
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paper, Boys suggested the use of a linear combination of Gaussians to approximate 

a Slater orbital function [14]. It can be shown easily that the product of two 

Gaussians is another Gaussian function [15]. This allows one to derive the exact 

result for an integral in closed form which is computationally very light to calculate. 

This suggestion also came at the time that computers first appeared for use in 

scientific calculations. Since that time, the use of these functions in Quantum 

Chemistry calculations has been investigated deeply. 

The main goal of ab initio quantum chemistry methods is to solve the time 

independent Schrodinger equation for N electrons and a certain number of nuclei. In 

short, 

n\il^>=£\ij> (3.3) 

The left hand side of this equation has many parts. The first is the kinetic energy of 

the electrons. The second is the attraction energy between the electrons and the 

nuclei. A third is the mutual repulsion between nuclei. The fourth is the mutual 

repulsion between the electrons. If one has a positron present one must add more 

terms. These terms would correspond to the attraction between the electrons and 

the positron and the repulsion between the nuclei and the positron. One must also 

include the positron's kinetic energy since its mass is too light for the Born 

Oppenheimer approximation to work well. Each of the terms involving the electrons 

is found by multiplying the corresponding matrix by the density matrix and taking 

the trace of the resulting matrix. For more details on just why this is so the author 

would suggest one consult an authoritative text such as Szabo and Ostlund [15]. 

The matrix is formed from the integrals over the wavefunction orbitals and an 

operator corresponding to the appropriate quantity. For example, for the ith and jth 

orbital functions the kinetic energy matrix element is 
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Tij =--J ^pjV%d'r. (3.4) 

The sum of kinetic energy and the nuclear attraction integral matrices for what is 

known as the Core Hamiltonian matrix, or in equation form 

n^j = 7Ij -f V,j, (3.5) 

where V^j corresponds to the nuclear attraction integral matrix element. The 

mutual electron repulsion matrix element is 

Gij = 'Dki{< ij I kl > -~<tk\ jl >), (3.6) 

<tj\kl>= f *]*!—*fc*,dV, (3.7; 

where 

volume '12 

and similarly for the second term on the right hand side. Note the presence of the 

density matrix in Qij implies that the electron is interacting with the average charge 

distribution of the other electrons. This is the so called Hartree-Fock 

approximation. One might wonder if such techniques yield accurate results. In 

general they do not. There are cases such as the CO molecule where the results are 

very wrong, e.g., the predicted dipole moment is of the wrong sign. However for 

closed shell molecules the results are usually accurate enough for our purposes [15]. 

The next step is to add in terms corresponding to the interaction of the positron 

with the molecule in question. The first term is the interaction of the positron with 

the nuclei of the molecule, which is identical to the internuclear repulsion term for 
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the molecular Hamiltonian. The second term corresponds to the positron electron 

potential. At first one will notice that this term seems analogous to the nuclear 

attraction integral. Hence one might naively believe that the whole problem boils 

down to solving for the change when an extra proton is present. This term is 

problematic for several reasons. The first is that the Born-Oppenheimer 

approximation is no longer valid for the positron [16], since the positron has the 

same mass as the electron one cannot neglect the kinetic energy of the positron. 

Also as any physics student knows, a positron can form bound states with an 

electron as one can clearly see from the positronium atom. So one must include 

these states if one is to accurately represent the electron positron interaction. One 

can also see that the solution for the positronium atom involves a wavefunction 

which is given in terms in terms of the relative position of the electron and positron 

and the center of mass of the same. This means that it is very difficult, if not 

impossible, to represent the wavefunction in terms of separate functions of the 

positron and electron positions. In the language of quantum chemistry the 

wavefunctions for the electrons and the positron are correlated. However, we need 

the potential function for the interaction of the positron and the system in question 

in terms of the position of the positron. This poses a serious problem. 

An anah'tic approach to this problem is to use the so called diabatic 

approach [17]. However such a method requires a very large amount of 

computational power for calculations involving even a few atoms and hence would 

not be applicable to even modest sized molecular systems such as SFg. Some 

approximation is therefore called for in this problem. When one examines the 

positronium solution one finds that the positron charge distribution that the electron 

interacts with is delocalized. Rather than being a point charge, it is a distributed 

charge. This is the basis of our approximation, hence the name distributed positron 

model. In mathematical terms, we replace the electron nuclear attraction terms 
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with integrals that resemble the two electron Coulomb integral. The naive term 

,2 

My = - < * J ^ — 7 - 7 I ^j > (3-8) 

is replaced with 

V -Tp 

M,, = /" - < ^, I ^ ^ I vf. > d\, (3.9) 
•/Vp | i " - r p | 

where r is the electron position vector from the center of mass of the atom or 

molecule and ip is the positron position vector from the same center of mass. One is 

then left with a choice of charge distributions. Some have created empirical models 

based upon the free electron gas model [18]. The author feels that these models are 

somewhat suspect since they require certain tunable parameters. Thomas Gibson 

initially chose a uniform spherical distribution after experimenting with a hydrogen 

Is distribution. The radius of the first distribution was chosen to be half of the 

expectation value of the electron-positron distance for the positronium atom, 

Rp = 1.5ao. The second charge distribution was chosen to be half the value of the 

point where the radial probability density is maximum for the positronium atom, 

Rp = LOCQ. The former seemed to work best for molecules and the latter seemed to 

work best for small atoms. However the time required for direct quadrature 

integration of the above matrix elements was comparable to that of the time 

required to calculate the two electron integrals. This meant that calculations 

involving large systems would be too time intensive with the technology available. 

The author began to explore other options and found that the ST0-3G 

approximation to the hydrogen Is orbital with a C = 1.2 gave results comparable to 

the older method at a very small fraction of the time. This is the charge distribution 

used for the remainder of this work unless otherwise noted. While this method is not 

entirely ab initio, it is as close as possible given the current state of mathematical 

and chemical knowledge. The author however would like to see further research into 

this matter in hopes that a method that is entirely ab initio might be found. Such a 

method should also yield a polarization potential that approaches zero as the kinetic 
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energy of the incident particle becomes large. If such a method were found, it would 

also be extremely useful to those doing calculations involving electron scattering. 

There are other manners which effect this calculation. As mentioned above, at 

large distance the polarization potential can be given by equation 3.1. The value of 

tto can be measured in many different ways using optical as well as other means. In 

general for calculations using the SCF Hartree Fock method, one finds that value 

that one calculates for this parameter is less than what one finds experimentally. 

Thus one must include several diffuse functions in the basis set in order to get as 

close possible to the Hartree Fock limit for the particular molecule in question. For 

some molecules, such as CO2, the polarization is more dependent on the electronic 

correlation. Hence the Hartree Fock limit yields inaccurate values and for greater 

accuracy one needs to go beyond the Hartree Fock approximation. Also in the case 

of SFe, we found that some measurements were inconsistent with other 

measurements. This particular molecule has a large contribution to ao from 

vibrational degrees of freedom as well as a large electron scattering vibrational cross 

section. So the result for the SCF Hartree Fock polarizability of approximately 25 

atomic units did not seem to be close to the experimental number of 41 atomic units 

that we were aware of at the time. However a paper by Maroulis [19] in which the 

contributions from electronic degrees of freedom were given separately from those 

involving vibration, showed that our calculations were in fact accurate. Since the 

positron collision takes place on very small time scales, the purely electronic 

contribution is the most applicable to our problem. The reason is that the positron 

interacts with the target for far too short a time (10^^^ seconds) to be affected by 

the polarization arising from the vibrational degrees of freedom(10-^° seconds). 

Also for the same reason, vibrational degrees of freedom do not play a prominent 

role in the scattering of positrons unlike the case for electron scattering. 

A brief summary of our procedure for finding the potential at a group of points is 

now in order. We choose a hopefully adequate basis set and solve for the ground 
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state wavefunction and energy of the atom or molecule. We then introduces the 

positron and calculates the long range potential in order to find ao and if needed a2-

If the calculated values agree well with experiment we proceed to find the potential 

at all points we wish. Since our initial guess for the SCF procedure at each point is 

the ground state wavefunction, the difference in energy of the first iteration and 

ground state supplies us with what the author refers to as a pseudo-static potential 

term. At most points, the true static potential and the former agree quite well. 

Howe\-er at small distances there is some disagreement. The difference in the initial 

energy and final energy of the SCF method yield the polarization potential at that 

point. If one uses enough points, one can then use a spline fit or some other 

interpolation scheme to find values for points where the calculation was not done. 

Note if one were interested in non elastic processes one would need to do some sort 

of configuration interaction calculation to find the electronic states. Since this work 

concerns itself with elastic scattering only, this complication will be ignored. 
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CHAPTER IV 

RESULTS 

We now come to the results of the calculations. For atomic targets the results 

were generally disappointing for lighter atoms such as helium and neon. For argon 

and molecules, our results seem quite good when compared to experiment. For the 

lighter atoms there are much more powerful methods such as the R Matrix method 

and the Convergent Close Coupling method (see the book. Computational Atomic 

Ph}-sics [20] for a review of these methods), hence there is not a drastic need for our 

model for these targets. For larger atoms and molecules, the more powerful models 

above are at best cumbersome and our model would be more useful for these 

targets. The experimental polarizabilities listed for atoms below are all taken from 

Miller [21]. In general, the calculated Hartree Fock values for these tend to be too 

low. Some authors, such as Hatab [22], have found a point for which the calculated 

polarization potential equals the experimental asymptotic value and then assumed 

that the potential is equal to — ̂  from that point outward. I found that it is no 

consequence if one uses this procedure or if one used the calculated value at say 

fifteen Bohr and assumes the potential is asymptotic from that point. I will also 

refrain from showing differential cross sections for the lighter atoms and just admit 

that these calculations were truly unlike any experimental results. Also one will find 

the basis sets of these calculations in an appendix following this work. All 

calculation were completed using these basis sets and the program PATMOL 

written by the author. While PATMOL does not have the generality of use of other 

more mainstream programs, the program is optimized for calculation of polarization 

potentials and can be easily extended to whatever application might appear in the 

future. PATMOL is available free of charge under the GNU public license. 
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4.1 Atoms 

The helium results were obtained from a triple zeta correlation consistent 

polarized quadrupole zeta (CCPVQZ) basis set of Dunning [23] which was then 

uncontracted and augmented with a s, p, and a d shell. These augmented shells 

were created by continuing the geometric progression of the exponents of the two 

least dense shells to create one that was the same factor more diffuse than the last. 

This basis set is then of pentuple zeta quality. The ground state energy of-2.86154 

Hartrees is very close to the Hartree Fock limit of-2.86168 Hartrees as listed by 

Dunning. As a side note, the author has also experimented with doubling the 

amount of augmented shells and found that the only difference was in the ground 

state energy. The polarizability was 1.33 atomic units at fifteen Bohr as compared to 

the experimental value of 1.38. The results for helium were somewhat disappointing. 

The integral cross sections were about a factor of two too large as can be seen by 

Figure 4.1. The author tried various approaches to explain this result. The first 

approach was to cut the calculated polarization potential at the radial distance 

where the polarizability was equal to that of experiment and assume from that 

distance outward the polarization fell off asymptotically (^ ) . The second approach 

was to use the full calculated polarization potential. Both approaches yielded an 

almost identical result. The author also used a bare positron approximation which 

yielded only a very slight improvement. The reason for this failure is that the 

charge distribution of the positron is much larger than the electronic charge 

distribution of the atom. Since the positron is strongly correlated with the electron, 

one would expect that the positron wavefunction would only be appreciable in the 

region where the electronic distribution is dense. However in this model, the 

positron distribution cannot contract. Thus the model fails. One should expect this 

for all atoms where the electronic distribution is restricted to a small volume. 

The results for neon were similar to those of helium. The basis set used was a 

Dunning uncontracted 10.s6p basis set augmented with 4s3p8d shells [24, 16]. The 
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basis set was then of better than quadruple zeta quality. The ground state energy 

was -128.5420 Hartrees which compares well with the near Hartree Fock Umit value 

of-128.547. The polarizability was found to be 2.42 atomic units at 15 Bohr which 

compared with the experimental value of 2.67. Again the integral cross sections in 

Figure 4.2 show the same features as those of the helium atom. One will note the 

Ramsauer minimum near the zero energy range in both cases. Also the cross section 

IS too large though in this case less than a factor of two. The author has noted that 

based upon the work of Hatab for the spherical distributed model and positron neon 

scattering [22]. the results for that model with a radius of 1.5 Bohr did as poorly as 

m}- model, while if one used a radius of 1.0 Bohr for this model, the results were 

much better. The two implementations of the uniform spherical distributed positron 

model have quite different distortion potentials. The latter being much deeper. 

Since the Gaussian distributed model is closer to the former, this explains the 

failure of the model for atomic targets. 

The results for argon are an improvement. Argon is a large enough atom that the 

electronic charge distribution is comparable in size to that chosen for the positron. 

The basis set chosen was a 12s9p uncontracted basis set of McLean and 

Chandler [25] with 3s3p7d augmentation. The polarizability was 10.9 atomic units 

at 15 Bohr while the experimental value is 11.07. The ground state energy was 

-526.810 Hartrees, while the near Hartree Fock value is reported to be -526.817 

Hartrees. From Figure 4.3, one can see that the integral cross sections are 

noticeably closer to the experimental values. The results for this atom seem to 

indicate that for larger atoms the Gaussian distributed model seems to be an 

adequate treatment. The differential cross sections shown in Figure 4.4 and in 

Figure 4.5 are quite similar for of the Uniform Spherical Distributed Positron 

Model(Rj, = 1.5) and the Gaussian Distributed positron model. 

While the use of this model for atoms is perhaps risky, for other atoms there are 

other problems. Cu, Be. Li, and H are all believed to posses stable bound states 
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with the positron (e.g., see [26, 27]), hence the use of a scattering calculation such 

as ours which ignores the effect of bound states would be unwise. One condition 

which signals the existence of a bound state would be an ionization energy which is 

less than the ionization energy of positronium. This condition also implies that the 

positronium formation channel would be open for ah scattering energies. This is 

another effect we, as of yet, have not taken into account. The author could not find 

any evidence, however, that if an atom's ionization energy was greater than that of 

positronium that a bound state could be ruled out. 

4.2 N2 

The basis set for molecular nitrogen is the standard 9s5p/5s3p basis set of 

Huzinaga and Dunning [28, 29]. These basis sets are optimized for molecular energy 

calculations. In order to aid in polarization of the molecule by the positron a s, p, 

and two d shells are added to the basis set to make a 10s6p2d/6s4p2d basis set. The 

general idea of augmenting the s and p basis functions is to choose the two smallest 

exponents in the set and assume a geometric series to find one that is smaller. The 

d shell with the largest exponent was suggested by Dunning [30] and the smaller 

exponent was chosen to be similar to the smallest p exponent. The internuclear 

separation was chosen to be 2.068 Bohr as suggested by Herzberg [31]. The 

Hartree-Fock ground state wavefunction has the lcr|lcr^2cr^2cr^3cr^l7r^ configuration. 

There is some evidence from electron scattering that as a charged particle nears the 

center of mass of the molecule, the highest occupied molecular orbital switches from 

being one with 7r„ symmetry to one with Oy, symmetry [32]. This produces a possible 

shortcoming for the Hartree Fock treatment which we have appHed. Nevertheless, 

the method does seems to work. Using the computer program PATMOL we 

obtained a ground state energy of-108.974567 Hartrees with this basis set. The 

quadrupole moment was -0.9065eag. The isotropic polarizability was 11.58 and the 

anisotropic polarizability was 3.64. In terms of polarizability with respect to the 
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axis of s>mmetry for the molecule, we obtained 15.207 in the parallel polarizability 

and 9.771 in the transverse polarizability. This can be compared with the work of 

Morrison and Hay who used the same basis set. They obtained a ground state 

energy of -109.96788 Hartrees using POLYATOM and the GVBONE SCF program. 

The value for the quadrupole moment for their work was -0.9065ea^, their parallel 

polarizability was 14.79, and their transverse polarizability was 9.75 [33]. The near 

Hartree Fock limit results of Christiansen and McCollough give a ground state 

energy of-108.9939 and a quadrupole moment of -.939eag [34]. The experimental 

results yield a quadrupole moment of-1.04+.007eag, a parallel polarizability of 

14.82+.02, and a transverse polarizabihty of 10.20+.01 [35, 36, 37, 38]. In general, 

we seem to have done well for a simple Hartree Fock program written by a graduate 

student. The integral cross section results were also good. In Figure 4.6 and 

Figure 4.7, one can not see a significant difference between the polarization potential 

of the Uniform spherical distributed positron model versus that of the Gaussian 

distributed model. However, one will note from Figure 4.8 that the calculated 

integral cross section results from these two models are noticeably different. This is 

a sign of how sensitive this molecule is to slight changes in the potential. This 

sensitivity may be in part to a change in symmetry in the HOMO as mentioned 

before. Note also that the Hartree Fock approximation fails for this molecule when 

applied to the problem of finding its ionization spectra [15]. This would indicate 

that there are definite shortcomings to the Hartree Fock level treatment for this 

molecule when one is far from equilibrium, such as, when the positron is close to the 

molecule. One can also see the discrepancies in the various experiments. There is 

much that can go wrong in an experiment of this nature and since very little money 

is available for positron scattering experiments the situation is not likely to improve. 

This fact makes some physicists who study positron scattering believe that theory 

should be used to sort out the experimental situation which is the opposite of how 

things are done in other areas of physics. 1 am not one of these. However without 
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further experiments the situation seems rather bleak. The differential cross sections 

are very diflficult to compare against. First, the experimental differential cross 

sections are not truly elastic since there seems to be no known way to separate out 

inelastic collisions and elastic collisions for this experiment [39]. Secondly, most 

experimental differential cross sections are not absolute and thus one must scale the 

results. This is done by finding the point with the smallest error bars and setting 

the experimental differential cross section equal to the theoretical one at that point. 

In Figure 4.9 and in Figure 4.10 that point is at 75 degrees. This gives a scale factor 

which all other points of the experimental results are multiplied by. If one gets 

something that looks vaguely like the experimental result one should be thankful. 

4.3 CO2 

The results for CO2 were much better. The same type of basis set that was used 

for N2 was used for this molecule, so I will not go into this aspect of the calculation 

further. The Hartree Fock wavefunction configuration is 

lalla'?2al2a^,3a^'3aliall7rhiT^. This molecule is linear and the oxygen carbon 
Q U y U y LI y LL y 

separation was taken to be 2.1944 Bohr [40]. Using the 10s6p2d/6s4p2d basis set we 

obtained a ground state energy of-187.69076 Hartrees. The quadrupole moment 

was -3.797eag. The parallel polarizability was 25.26 and the transverse polarizability 

was 11.67. Morrison and Hay used a 10s6p2d/5s3p2d basis set for this molecule and 

obtained a ground state energy of-187.68304 Hartrees, and a quadrupole moment of 

-3.837eag [33]. The near Hartree Fock limit calculations of McLean and 

Yoshimine [41] yielded a ground state energy of -187.7073 Hartrees and a 

quadrupole moment of -3.860eag . The experimental result for the quadrupole 

moment is -3.2+.02ea^ which is obtained from averaging over the vibrational states 

of the molecule. Morrison and Hay believe that the Hartree Fock method 

overestimates the charge separation between the oxygen and carbon atoms and that 

seems obvious. The question is why there is a discrepancy between the values for 
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the quadrupole moment. In short, why are the values we obtain and that of 

Morrison and Hay closer than the near Hartree Fock value? Morrison and Hay [33] 

obtained a parallel polarizability of 23.82 and transverse polarizability of 11.73 

using the finite field method and using the external charge method they obtained a 

value 24.24 and 11.55 respectively at 20 Bohr (where we took our values) 

Experimental results for the parallel polarizability yield a value of 26.91+0.03 and 

12.88+0.02 for the transverse case [42, 43]. The polarization potentials are shown in 

Figure 4.11 and Figure 4.12. As was the case for N2, the two different versions of 

the distributed positron model do not yield significantly different polarization 

potentials. The integral cross sections were much better. For this molecule, our 

model seems to have captured the basic physics of the scattering process for 

positrons. The differential cross sections in Figures 4.14 and 4.15 seem to agree 

well with experiment only for large angles. As mentioned previously, even this 

partial agreement is a sign of an exceptionally good theory. 

4.4 SFe 

The SFe molecule was a rather large molecule by our standards. In fact, the first 

ground state calculation took almost four hours on a dual 500 MHz Pentium 

workstation. For a linear molecule the polarization potential can be completely 

specified by knowing its values on two radial axes (one parallel to the axis of 

symmetry and one that is transverse). However this molecule is not linear so we 

needed to find the values of the polarization potential along many axes and at 

literally several hundred thousand points. Since the calculation per point also takes 

much longer (about an order of magnitude longer) we were forced to use a parallel 

computer. Initially we used the TTHIE SGI Origin2000. We eventually purchased 

our own Beowulf cluster of 16 Emachines with 500 MHz Celeron processors. Despite 

the fact that we were using some of the cheapest processors available at the time, 

we were able to maintain about seventy percent of the performance of the Origin 
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2000. This price per performance ratio was about 20 times that of the SGI 

Origin2000! The second selling point of a Beowulf cluster is that for the cost of a 

high end workstation, one can upgrade the whole system. This means about a 

factor of two increase in performance per upgrade. I would like to say that the 

Beowulf cluster should be at the heart of any serious scientific computing for the 

next decade. Even with this much computational horsepower the calculation took 

about a week and a half of total run time excluding time lost to network outages, 

power failures, and so on. A calculation with the current system of gigahertz 

Athlons takes only a few days. Clearly this means calculations on even larger 

molecules will be practical in the near future. 

The basis set for this calculation was chosen to be a tz2p basis set with double 

polarization of Ahlrichs [44]. This consists of a 12s9p2d/7s5p2d on the sulfur atom 

and a 9s5p2d/5s3p2d on the fluorine atoms. The geometry of this molecule is easily 

described. The sulfur atom is placed at the origin. Then each fluorine atoms lies on 

the x. y, or z Cartesian axis in either the positive or negative direction. The S-F 

distance was taken to be 2.948 AU. The calculated ground state energy was 

-994.2489 Hartree. For this molecule, the polarizability is clearly a tensor with many 

components. However the long range form is almost spherical due to the high 

symmetry of the molecule. Hence the spherically averaged polarization for some 

flxed distance from the S atom is the usual quantity of interest. Experimentally the 

value measured is 30.37 AU [45, 19], however, our calculated value was found to be 

24.58 AU. This seems to be a sign of an inaccuracy in the model. However the 

calculations of Maroulis [19] indicate that a sizable fraction of the polarizability of 

this molecule is due to vibrational relaxation. Since the positron interaction time is 

several orders of magnitude smaller than the vibrational period, only the electronic 

relaxation is relevant for the positron. This explains the discrepancy in the 

calculated and experimental polarizabilities. However one might question which 

polarization is the correct one for positron scattering calculations. The calculated 
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one seems to be the one which is most physical. The problem with this approach is 

that there is no way to separate out the electronic contribution to the 

experimentally measured polarization. So one will always have to question if a bad 

result for the polarizability is the result of a flaw in the model or is the result of a 

large vibrational contribution to the experimental polarizability. Gianturco and 

others have developed a positron scattering model based upon the free electron gas 

model for which the polarizability is a parameter. While this model is not the most 

accurate, the results of this model when one uses only the electronic part of the 

polarization agree more strongly with experiment than the results when they use 

the full polarization [46]. This seems to indicate our approach is justified. 

Unfortunateh' we have not attempted calculations for the differential cross sections, 

which might shed more light on this matter. The polarization potential results using 

the Gaussian distributed model are shown in Figure 4.16. The calculated integral 

cross section shown in Figure 4.17 show fairly good agreement with both 

experimental results. Again it seems that the larger the system, the better the 

model seems to be as compared to experiment. The experimental numbers once 

again show a disagreement between themselves. 

The author would like to thank Robert Lucchese for calculating the integral cross 

sections using the potentials calculating by the DPM model. One can also see in 

these polarization potentials that the polarizability is nearly spherical until one is 

very near the fluorine atoms. In consideration of future work on this molecule and 

others which show this feature, it might be advantageous to spherically average the 

total potential, which is also nearly spherical, and use this result for those partial 

waves with a large angular momentum. This would allow direct Born Closure just 

as one would have for the atomic case. Overall one has to be pleased with the 

results for this molecule. 
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4.5 Conclusions 

There are some general points to be made for the use of this model for positron 

molecule scattering. One, it does seem to work well. Another point would be related 

to the Ramsauer miminum in the integral cross sections at about 1 eV It is not 

clear if this minimum is physical or not. It does not appear in CO2 for example. 

Also the experimental results of Sueoka et al. [47] exhibit this minimum for N2 and 

SFe, but not for CO2 in direct agreement with our model. The experimental results 

of the Wayne State group [50, 52] do not exhibit this minimum for N2 and SFg. In 

Figure 4.17 and Figure 4.8, this is clearly the main area of disagreement for the 

experimental groups. It would seem that for N2 and SFg our results support the 

experimental results of Sueoka. However for CO2, our results seem to be closer to 

the experimental results of the Wayne State group. 

Yet another point concerns the Gaussian distributed positron model (GDPM). 

This model is several orders of magnitude faster than the uniform spherical positron 

model (USDPM) for some systems. This makes the GDPM the model of choice for 

large systems such as SFe. Future calculations are planned for CF4, CCI4, and Ceo. 

For the latter molecule, there will most likely be modifications to the PATMOL 

computer program in order to deal with the several terabytes of two electron 

integral data that will be generated during this calculation. 

Since PATMOL is free and open source, these modifications should be relatively 

easy to implement. This is a clear advantage for open source programs and the 

author hopes that the quantum chemistry community will in the future embrace 

this paradigm. There are many philosophical and ethical reasons for doing so. 

Scientific honesty is clearly one such reason. When other scientist are able to 

critique all components of one's scientific work, the whole scientific community is 

able to make greater progress. Unfortunately, many scientists in both physics and 

chemistry do not agree with this position. The possibility of commercial gain and 

the desire to avoid close scrutiny of their work prevent them from sharing their 
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knowledge with the scientific community to the detriment of all concerned. 

The last point is lack of a single model for both atoms and molecules. The extent 

of the positron charge distribution is clearly too large for atoms. In experiments 

carried out by the author, a reduced positron charge distribution for the GDPM 

leads to good results for atomic targets. However, just as was the case for the 

USDPM, that same reduced positron distribution performed poorly for molecules. 

The results for the differential cross sections are inconclusive in the author's opinion 

since these experiments are quite prone to error. However, the results seem to 

indicate that the distributed positron model leads to small inaccuracies in the 

polarization potential. If one studies Figure 4.9, one will note that there is a 

minimum around 45 to 60 degrees. This minimum is due to interference from the 

part of the wave scattered off the attractive region of the potential and the part of 

the wave scattered off the repulsive region of the potential [13]. This miminum is 

verv sensitive to the potential. Since our calculated results fail to agree with the 

experimental results, one can conclude that our model is not exact or that the 

experimental results are fiawed. In the author's pessimistic opinion both are true to 

some extent. Clearly, both the GDPM and USDPM have faults. This would most 

likely be the case for any model which is not fully ab initio. However, the GDPM 

and USDPM are quite accurate for the calculation of integral cross sections and 

thus provide one of the best theoretical tools until a ab initio theory can be found. 
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APPENDIX A 

BORN CLOSURE 

Before explaining Born Closure, one should first understand the first Born 

approximation. A standard and complete treatment is given in [13]. Born Closure 

or Completion is first presented in [53] and [54] gives a good presentation of it use in 

the case of linear molecules. The equation for the first Born scattering amplitude is 

given by 

1 TOO niy p2n 

f̂  = / / / e'^°'Y{r,9,(l))e-'^'T^dvsm{9)d9d(j). (A.l) 
27r Jr=0 J9=0 7</>=0 

For now we will assume that the f ̂  is a function of the angle that the incident 

particle is scattered through and not write this as a function such as f'®(^scat). We 

should first expand the exponential terms use the following relations. Note that 

|ko| = |k| and 

e^'°" = E E 4 ^ ; ^ ^ - ^ Y r ( f ) Y r ( k o ) . (A.2) 
L=Om=-L 

Thus, 

^''" = E E 4^(-0"^^Vr*(k)Yf (f). (A.3) 
L=0 m=-L 

We will also use the spherical projection of the potential, 

v(r,^,^) = E E ^A .̂(r)Yr(̂ ,</')- (A-4) 

This yields for the general case 

^ = - ^ 1 : ^ 1 : t E E Y?*WYr(i. 
)m\=—X 

JL(kr)jV(kr)vAm,(r)dr 

Y^*{i)Y'J^{9,(t))Y'i;:{i)sm{9)d9d(j). (A.5) 

A=0 m\=—\ 

-y^ L oo L' oo \ 

k 2 
L=0 7n=-LL'=0m'=-L' X=Omx=-^ 

Jr=0 
•n /•27r 

= 0 J(t>=0 
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The result of the angular integral 

fTT /•27r 
T-\mm mx 
^LL'X / / YrmTiO,<f>)Y^:{i)sm{9)d9d<j>, (A.6) 

J 9=0 J(p=0 

is a constant. We can now perform the sum over A and mx, 

oo A 

vr" ' ( r ) = E E Drr^^^VA..(r). (A.7) 
A=0 mx=-\ 

Our equation is now 

2 oo L oo L' 

' E E E I 
L=0 m=-L L'=0 m'=--L' 

f^'^-i^E E E E Yr(k)Yr(ko 
poo 

/ j\(kr)v—'(r)jV(kr)dr. (A.8) 
JT=0 IT=0 

Note that this is a complicated mess. 

For a linear molecule things will simplify. The potential has no <f) dependence 

which implies that m = m' in the equation above. If the target is an atom, the 

potential is spherically symmetric and the equation is simplified far more. For an 

atom all but the A = 0 vanishes. This implies m = m' = 0 and L — L' So the 

equation becomes 

o 2 °° poo 

^^ = - T ^ E YL*(k)Y°(ko) / Ji(kr)v(r)dr. (A.9) 
^ L=0 ^^=0 

This can be further reduced by noting the relation 

oo A °° 

f^PL{cos{9-9')) ^-^Y.^l*{cos{9))Yl{cos{9')). (A.IO) 
L=0 L=0 

So we have now the much simpler equation 

,-y O O poo 

f̂  = - ^ E ^ 2 L + l)Pi(q) / ji(kr)v(r)dr. (A.ll) 
^ L=0 "^"=° 

In the above equation, q represents the direction of the change in momentum. There 

is of course a much better way for an atom. One can combine the exponentials, 

g- t (k -ko )T ^ gikoTg-jk-r^ ( A . 1 2 ) 
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f̂  = -
q Jr=0 

and 

g-i(k-ko).r _ g-iqrcos(e)_ (A 13) 

Integration over 9 and (f) yields the equation most people are familiar with. 

1 f^ 
- / rsin(qr)V(r)dr (A.14) 

Note that q = |k - ko| = 2|k| s i n ( ^ ) where ŝcat is the angle of scattering. For 

6'scat = 0 we need to use the schoolboy trigonometric relation 

1. sinqr 
hm — ^ = 1. (A.15 
qr-+0 qr 

So that out equation becomes in this limit 

poo 
fS ^ _ / r2y(^)^^ ^ ^ ^ g ^ 

JT=0 

We know from reading our quantum mechanics textbook that the Born 

approximation is nearly exact when the phaseshifts are small. For example, for large 

partial waves of high L or for weak potentials this is true. When we perform our 

calculations numerically we must halt at some finite L = I/max- For the integrated 

cross sections one can usually find that the calculation converges for a Lma.x of 

around 20 h. However, it is often the case that the partial waves with L > Lmax 

contribute a great deal to the differential cross section as ŝcat ^ 0. In order to 

converge the calculation in this region for the differential cross sections, we can do 

the following. We first calculate the components for f up to some finite L = Lmax. 

Next we calculate the first Born approximation for the total scattering amplitude. 

Now we can use the relations above to calculate the components of the first Born 

approximation for each partial wave of L < = Lmax. These of course will be in error 

since L is too small for the approximation to be valid. But the components for 

L > Lmax should be very close to the exact value. So we can now find a correction 

term that includes contributions from all values of L. 

Lmux imax 

i{9) = Y, kPiicosiB)) -f (f^(^) - E ^i^L{cos{9)) (A.17) 
L=0 L=0 
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This is Born Closure. Note that for molecules, one can not find f̂  without doing 

the infinite sum. Thus this is not nearly as useful for molecules. However one can 

find the first Born scattering amplitude contribution for the values L = 0 to 

L — Lent where Lcut > > LmaD^ and then sum the results for which L > Lmax to 

approximate the equation above. 
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APPENDIX B 

PARTIAL WAVE EXPANSION OF THE POTENTIAL 

In order to perform the calculation outlined in previous chapters, we first must 

expand the potential in partial waves. A good introduction for the case of linear 

molecules is [55, 56]. We will handle the general case first then move on to the 

specific cases of higher symmetry. The potential can be split into two parts, the 

static field and the polarization. 

\ '(r, 9, 0) = \-static(r, 9, </.) + Vpoi(r, 9. 4>) (B.l) 

We should focus on the static field part first. This term can also be split into two 

parts. The static field due to the electrons of the target and the other which is due 

to the nuclei. 

^•s ta t ic ( r , 9, (p) = \ 'electronic(r, 9, (f)) - f Vnuclear(r , 9, (j)) ( B . 2 ) 

All of these parts may be expanded as series of products of a radial function times a 

spherical harmonic. For the electronic part of the static field, 

A = 00 77l=A 

\'electron,c(r, ^ , </>) = - E E ^U^)^'J:{G, 4>)' (B.3) 
A=0 m=-A 

We also show 

\-eiect.o„.c(r,̂ » = - r r r^^^p^r'^dr'sMeWdcP' (B.4) 
JO Jo Jo F 1̂ 

as well. We can also expand peiec(r, 0, (j)) as a spherical series. 

A=Do m=\ 

Pe,ec(r, 0,ct>) = - Y Y . aA,n(r)Yr(^, 4>)- (B.5) 
A=0 m = - A 

The aAm(rj can be found by taking the output of the final density matrix of some 

quantum chemistry program and integrating over several angular values on a radial 

mesh. 

a ,„(r) = - r rp,,,,{r,9,cP)Yr{d,<t>)sm{9)d9d4> (B.6) 
Jo Jo 
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The relation for the electronic charge density at some point can be found in most 

quantum chemistry texts. 

orbitals orbitals 

p,,ec{r,e,4>)= Y E °'J*»(r'^.</')*^j(u^,</') (B.7) 
i = l j i = l 

In the equation above, D,j is the charge density matrix and ^^{r,9,(t)) is the ith 

atomic orbital. One can see the integral from the aAm(r) suggests the use of Gauss 

quadrature. \ \ e will use the relation below to convert the preceding equation into 

the form of the expansion above. 

_ ( = oc m=l J 

uTT^ = E E ^^^^r{o',ct>')Yr{9,ci>) (B.S) 
' ' 1=0 m=~l '"> 

Where r< = mm(r , r ' ) and r> = max(r, r'). Substituting the preceding and the 

expansion for the electronic charge density into the integral for the electronic static 

field and performing the angular part of the integral gives 

A=oo m=\ „oo , A 

Ve lec t ron .c ( r , e ,<^) = - E E / ^ X T I ^ ' ' " ^ ' ' ^ ^ ' " ' ^ ' ' - ^ ^ ' ^ ^ 
A=0 m = - A ' ^ ° ^> 

Clearly 
A poo A 

CA™(r) = - ^ | a A . ( r ' ) ^ r ' V . (B.IO) 

It is left as an exercise to the reader to show that the static field due to the nuclei is 

given by 

A = oc m=X i=nuclei \ 

V„.cie.(r,^» = E E E Z .^Yr(^ .<^OYr(^ ,^ ) , (B.ll) 
A=0 m = - A j=0 > 

where the nuclei with label i is located at (r„ 9^,(t)^) and it has a charge of Z,. Also 

r< = mzn(r,r,j and r> = max{T,r^). For linear molecules the spherical expansion 

reduces to a Legendre expansion, 

A=oo 

Vstatic(r,^)=E^>(^)P^(^«^(^))- ^^-^^^ 
A=0 
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The electronic static field is defined by 

The nuclear static field is also simplified to 

A=oo i=nuclei \ 

ynncM{r,9)=Y, E Z,4fTSA(^^)PA(cOs(0)) , (B.14) 
A=0 j=0 '•> 

where s\(6',) equals 1 if the nucleus is on the positive side of the z axis and -1 if the 

nucleus is on the negative side. The polarization part of the potential is usually only 

significant for the A = 0 and A = 2 components. For large values of r this part takes 

on a simple form, 

V p o . ( u ^ ) ^ - " ° + % y " ^ ' ^ ^ (B.15) 

For an atom the potential is spherically symmetric and only the A = 0 components 

contribute. The polarization part of the potential is spherically symmetric as well. 

For large values of r this part takes on a simple form, 

Vpoi(r) = ^ | ^ (B.16) 

We can now formulate the scattering equation in a more succinct form. The 

angular integration will yield a constant. 

C-- '™"=. r dnYr{0,ct>)Yf{9,cj>)Yf{9,4>) (B.17) 
Jo 

Multiplving this by the corresponding component of the potential yields the tensor 

V[I""' = E E Cl^r^'^'vA.. (B.18) 
A=0 mA=—A 

Our matrices P and I" now can be expressed in their full form, 

l i / ) - ' ( k r ) = ^ E E rdr 'Mkr ' )Vr"(r ' )u?) ' ; " ' (kr ) , (B.19) 

l i r " " ' ( k r ) = E E ( ^ « " ^ ' " " ' ' - ^ r d r ' n , ( k r ' ) V r " ( r > r ' ; ' ' " ' ( k r ) ) , (B.20) 
III n .. n 111 "^ '-' l"=Om" = -l" 

and 

j , (kr ) l i^^- - ' (kr )+hKkr) i r ' " ' (kr ) . (B.21) 
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APPENDIX C 

BASIS SETS 

Table C l : Hehum Uncontracted Dunning CC-PVTZ 

s type Shells 

528.5000 

79.3100 

18.0500 

5.0850 

1.6090 

0.5363 

0.1833 

0.0480 

p type Shells 

5.9940 

1.74.50 

0.5600 

0.1626 

d type Shells 

4.2990 

1.2230 

0.3510 

f type Shells 

2.6800 

0.6906 
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Table C.2: Neon Huzinaga B 

Neon Huzinaga Basis 

s Shells 

28660.0000000000 

4263.0000000000 

946.8000000000 

261.5000000000 

83.3400000000 

29.1700000000 

10.7600000000 

3.3430000000 

1.2410000000 

0.4063000000 

0.i3543.33333 

0.0451444444 

0.0150481482 

0.0050160494 

p shells 

84.8400000000 

19.7100000000 

6.2190000000 

2.2110000000 

0.7853000000 

0.2566000000 

0.0855333333 

0.0285111111 

0.0095037037 

d shells 

17.1000000000 

5.7000000000 

1.9000000000 

0.6333333333 

0.2111111111 

0.0703703704 

0.0234567901 

0.0078189300 

asis 
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Table C.3: Argon Huzinaga Basis 

Argon Huzinaga Basis 

s shells 

118022.3800000000 

176S3.5410000000 

4027.7657000000 

1145.3977000000 

377.1637500000 

138.1596900000 

54.9891170000 

23.1706670000 

7.3778600000 

2,9236890000 

0.6504050000 

0.2328250000 

0.0833440000 

0.0298350000 

p shells 

663.0620100000 

157.0928100000 

50.2311000000 

18.6353450000 

7.4465370000 

3.0956980000 

1.1064630000 

0.4156010000 

0.1454490000 

0.0509030000 

0.0178150000 

d Shells 

5500000000 

8500000000 

2833333333 

0944444444 

0314814815 
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Table C.4: Carbon Dunning-Huzinaga 10s6p2d/6s4p2d Basis 

Carbon Dunning-Huzinag 

shell type 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

p 

p 

p 

p 

p 

p 

p 

d 

d 

exponents 

4232.610000 

634.882000 

146.097000 

42.497400 

14.189200 

1.966600 

5.147700 

0.496200 

0.153.300 

0.043020 

0.012073 

18.155700 

3.986400 

1.142900 

0.359400 

0.114600 

0.036290 

0.011492 

1.750000 

0.110000 

a 10s6p2d/6s4p2d Basis 

contraction coefficients 

0.006228 

0.047676 

0.231439 

0.789108 

0.791751 

0.321870 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

0.039196 

0.244144 

0.816775 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 
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Table C.5: Nitrogen Dunning-Huzinaga 10s6p2d/6s4p2d Basis 

Nitrogen Dunning-Huzinaga 10s6p2d/6s4p2d Basis 

shell type 

s 

s 

s 

s 

1 s 

s 

s 

s 

s 

s 

s 

p 

p 

p 

p 

p 

p 

p 

p 

d 

d 

exponents 

5909.4400000 

887.4510000 

204.7490000 

59.8376000 

19.9981000 

2.6860000 

7.1927000 

0.7000000 

0.2133000 

0.0602900 

0.0170412 

26.7860000 

5.9564000 

1.7074000 

0.5314000 

0.1654000 

0.0514800 

0.0160230 

1.6000000 

0.4000000 

0.1000000 

contraction coefficients 

0.0062400 

0.0476690 

0.2313170 

0.7888690 

0.7929120 

0.3236090 

1.0000000 

1.0000000 

1.0000000 

1.0000000 

1.0000000 

0.0382440 

0.2438460 

0.8171930 

1.0000000 

1.0000000 

1.0000000 

1.0000000 

1.0000000 

1.0000000 

1.0000000 
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Table C.6: Oxygen Dunning-Huzinaga 10s6p2d/6s4p2d Basis 

Oxygen Dunning-Huzinaj 

shell type 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s 

p 

p 

p 

p 

p 

p 

p 

d 

d 

exponents 

7816.540000 

1175.820000 

273.188000 

81.169600 

27.183600 

3.413600 

9.532200 

0.939800 

0.284600 

0.082270 

0.023782 

35.18.3200 

7.904000 

2.305100 

0.717100 

0.213700 

0.065080 

0.019819 

0.850000 

0.210000 

?a 10s6p2d/6s4p2d Basis 

contraction coefficients 

0.006436 

0.048924 

0.233819 

0.784798 

0.803381 

0.316720 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

0.040023 

0.253849 

0.806842 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 

1.000000 
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Table C.7: Fluorine T Z 2 P Ra<;iQ 

shell type 

s 

s 

s 

s 

s 

s 

s 

s 

s 

p 

p 

p 

p 

p 

d 

d 

Fluorine TZ2P Basis 

exponents 

16378.8420000 

2456.8546000 

559.1418100 

158.1646300 

51.2920080 

18.1781040 

6.7441248 

1.3187418 

0.3912535 

43.9110.350 

9.9304240 

2.9313662 

0.9143472 

0.2678416 

0.8100000 

2.4200000 

contraction coefficients 

0.0006747 

0.0052103 

0.0266445 

0.1023807 

0.2865705 

1.0000000 

1.0000000 

1.0000000 

1.0000000 

0.0166481 

0.1044260 

0.3170288 

1.0000000 

1.0000000 

1.0000000 

1.0000000 
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Table C.8: Sulfur TZ2P Basis 

shell type 

s 

s 

s 

s 

s 

s 

s 

s 

s 

s , 

s 

s 

p 

p 

p 

p 

p 

p 

p 

p 

p 

d 

d 

Sulfur TZ2P Basis 

exponents 

103953.9500000 

15583.7860000 

3546.1293000 

1002.6808000 

324,9028800 

115.5122500 

44,5282100 

18,3978920 

5.5100683 

2,1259867 

0.4369189 

0.1573085 

606.6936700 

143.5069600 

45.7461600 

16.8729120 

6.6399196 

2.6727135 

1.0000089 

0.3543894 

0.11671.30 

0.3200000 

0.9500000 

contraction coeflficients 

0.0002474 

0.0019178 

0.0099610 

0.0403864 

0.1306752 

1.0000000 

0.5040355 

0.2306805 

1.0000000 

1.0000000 

1.0000000 

1.0000000 

0.0023230 

0.0185705 

0.0860327 

0.2524843 

0,4463274 

1.0000000 

1.0000000 

1.0000000 

1.0000000 

1.0000000 

1.0000000 
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