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The problem of interest is the design of a cross flow filter to capture carbon nanoparticles that 
occur as a byproduct in the process used to convert carbon dioxide to water and oxygen, in 
particular the stage in which hydrogen is recovered from methane. The final filtration system 
design must not only be optimized with respect to a set of selection criteria, it must also have a 
stable and predictable performance envelope that anticipates possible variations in driver 
parameter values. The stability of the performance envelope of a prescribed filtration system can 
be quantified by sensitivity analysis of the response parameters to reasonably expected deviations 
of driver variables from assumed values. Engineering an advanced filtration system is a high order 
problem with potentially multiple solutions that meet the physical performance requirements. 
Criteria in addition to standard process and material science requirements that must be met for an 
optimal filtration system include capital cost, energy consumption, and ease of media regeneration. 
For extraterrestrial applications, further considerations include period of use (e.g. during transit 
or on-site), launch mass and volume footprint.  The optimization of a filtration system for 
extraterrestrial applications requires precise specification of the NASA mission architecture. In the 
present paper stability of solutions will be examined using a mathematical model with parameters 
expressed in a matrix format that allows calculation of the impact of simultaneous deviations of up 
to fourteen relevant parameters. Catastrophic conjunctions of driver parameter deviations will be 
identified and the deviation of performance from the desired result will be quantified. Design of a 
filtration system meeting NASA specifications and determining the stable performance envelope 
(bounded below by the minimum filter surface area with no margin for error and above as an over-
designed system with unacceptable launch mass and footprint) are of particular interest.  

Nomenclature 
𝑑𝑄# = cumulative permeate flow rate total differential, [m3/sec]  
dD =  differential of filter inner diameter, [m] 
dH =  differential of filter media thickness, [m] 
dµ   = differential of gas dynamic viscosity at operating temperature, [Pa-sec] 
D =  filter inner diameter, [m] 
H =  filter media thickness, [m] 
𝐿 =  filter length, [m] 
L¥   = Limit on filter length, [m] 
P0   = inlet pressure, [Pa] 
P¥   = permeate pressure, [Pa] 
Q0 = inlet gas volumetric flow rate, [m3/sec] 
Qp = cumulative permeate flow rate, [m3/sec]  
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Qref = reference flow rate, [m3/sec] 
x = distance from the filter inlet, [m] 
Δ𝑄# =  linearization of cumulative permeate flow rate total differential, [m3/sec] 
Δ𝑄#&'(=  linearization, with absolute values, of cumulative permeate flow rate total differential, [m3/sec] 
G   = specific permeability of filter media, [m2] 
lc   = characteristic length, [m]             
µ   = gas dynamic viscosity at operating temperature, [Pa-sec] 
j(x)  = permeate flux at position x, [m/sec] 
Favg   = Average flux per unit area [m3/(sec-m2)] 
SLPM  =  Standard Liters per Minute 

I.  Introduction 
HE goal of this paper is to develop and demonstrate a method to quantify the impact of reasonable deviations in  
process parameters on the performance of a filter intended for a particular application for closed-environment 

crewed space missions.  The application of interest is filtration of solid carbon particulates that are generated in the 
Plasma Pyrolysis Assembly that is used to recover hydrogen from the methane produced by the Sabatier Reactor, an 
integral part of the Atmosphere Revitalization Subsystem.1-5  The approach illustrated in the present work is readily 
extensible to other filtration applications. 

Cross flow filtration (also called tangential flow filtration) is the filter technology considered in this paper.  Under 
appropriate conditions, cross flow filters are known to exhibit a dynamic equilibrium between deposition of solids on 
the filter surface and transport of solids downstream, for both solid/liquid and solid/gas filtration.6  This feature, along 
with other characteristics such as the capability to operate in either cross flow or closed (dead-end) mode, supports 
the consideration of cross flow filters, as compared to dead-end or perpendicular-flow filters, for long-duration 
missions. 

The cross flow filter for carbon capture will be a component of a total system that will conserve and recycle the  
permeate by either a) recycling the retentate stream through a Brazilian cyclone7, ultracentrifuge, or large sink with 
HEPA level filtration, or b) operating the cross flow filter with retentate exit valve closed during the filtration process 
and only operating in cross flow mode during regeneration by in situ oxidation of the trapped carbon with hot carbon 
dioxide and discharge of the generated carbon monoxide to space. 

The authors, in previous papers, have presented analytical solutions for cross flow filtration models involving 
either rectangular or cylindrical geometries, for the clean (no fouling) and also early-in-time/light fouling cases.8-9  
The optimization of permeate flow, given a range of available filter and process parameters for a rectangular cross 
flow filter was considered in Reference 10.   

The governing equations for the sensitivity analysis in this paper are developed similarly to those used in Reference 
10, with respect to the equation for cumulative permeate flow rate, (denoted Qp in this paper).  In the present work we 
consider stability from two perspectives that complement one another: (1) varying parameters stepwise over a 
percentage range (i.e. using a matrix format) and examining the corresponding change in Qp, and (2) using a 
linearization of the total derivative of Qp.     

The rest of this paper is organized as follows.  In Section II, the mathematical model used to analytically address 
the sensitivy of Qp to parameter variations will be developed.  Results to illustrate the application of the model to the 
carbon capture problem are given in Section III.  A summary and brief description of ongoing steps in this effort are 
the subject of Section IV.   

 

II. Mathematical Model 

A. Governing Equations for Cross Flow Filtration in a Cylindrical Domain 
The geometry of a cylindrical filter, shown in Figure 1, can be specified in terms of the inner diameter and length 

of the flow domain (D and L, respectively), and the thickness, H, of the filter media that comprises the cylinder walls. 
Inlet values of pressure and flow rate are represented by P0 and Q0, respectively.  Permeate pressure is denoted by P¥. 

Assumptions made in the development of the mathematical model are that the flow is primarily one-dimensional, 
laminar and incompressible,  effects of curvature in the tube are negligible, the permeate pressure, media permeability 
G, and dynamic viscosity, µ, are constant, and the permeate velocity is much less than the cross flow velocity.   

T 
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A derivation of the solution for the volumetric flow 
rate, pressure, and permeate flux as functions of axial 
distance from the inlet, x, is in Reference 8.  For this 
paper it suffices to start with the solution for 
permeate flux, j(x):8 
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In equation (1), lc and Qref are design parameters that simplify the solutions and are defined as8  
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and  
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The composite parameter Qref has the physical interpretation as the flow rate that would result at a pressure drop  
𝑃Q − 𝑃R in a tube of inside diameter D and length lc. 

B. Limiting Value for Filter Length 
As was shown in Reference 8, there is a limiting value on the filter length, L¥, that is derived from the analytical 

solution for the cross flow model, i.e. 
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𝜆C tanhWG X

.>
./01

Y if		𝑄Q < 𝑄KLM

𝜆C tanhWG :
./01
.>
< if		𝑄KLM < 𝑄Q

 (4) 

 
There is no limiting value for L¥ if 𝑄KLM = 𝑄Q. 

C. Cumulative Permeate Flow Rate as a Response Variable 
It is assumed as in Reference 10 that optimizing filter permeate capacity is the primary objective, now for the 

case of  a cylindrical filter.  We integrate the permeate flux to calculate the average flux per unit area, Favg: 
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The cumulative permeate flow rate, Qp, is then calculated as  
 

 𝑄# = 𝜋𝐷𝐿Φ&]^	 (6) 
 
Our goal is to analyze the sensitivity of Qp to variations in process parameters, first by evaluating Qp at a matrix 

of values of the parameters and then by considering the total differential of Qp.  Counting the design terms lc and Qref, 
Qp depends on 10 different parameters.  For the transient case (with deposition on the media surface and/or in filter 
pores), there are several more parameters to consider.  Our focus is the steady state, clean filter case and we will 
consider variations in three parameters: media thickness (𝐻), permeability (Γ), and viscosity (𝜇).  For this case the 
total differential of 𝑄# is  
 𝑑𝑄# =

j.k
jF

𝑑𝐻 +	j.k
jJ
𝑑Γ + j.k

jO
𝑑𝜇 (7) 

 
Calculations are performed with an approximation to 𝑑𝑄#, i.e. the linearization Δ𝑄# about values (𝐻Q, ΓQ, 𝜇Q): 

 
 

Figure  1.  Cylindrical cross flow filter. 
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To further examine the sensitivity of Qp, we also consider the case in which there is no cancellation of error terms 

(i.e. a worst case scenario of sensitivity to parameter variations): 
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m
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The approximate total differential becomes increasingly useful with the growth in the number of parameters that 

are varying, i.e. when the exhaustive evaluation using a matrix of inputs becomes unwieldy. 

III.  Numerical Results 
We provide example calculations using the parameter values in Table 1.  All numerical calculations were carried 

out using MATLAB.11 The only errors in these calculations 
are due to round off, since the solutions are represented as 
closed-form expressions. 

The viscosity is chosen to be the viscosity of hydrogen at 
300 oC.  The value for Q0 corresponds to 7 SLPM, specified 
for 4 crew members.12  Values for D, H, and P¥ are based on 
specifications given in Reference 13, and the value for P0 is 
from Reference 3.  The goal of the first modeling step was to 
determine a maximum filter length, using equation (4), given 
the parameters in Table 1 (other than L).  Values of 𝐿R, 
corresponding to variations in multiples of ±5% in 𝐻, Γ, and 
𝜇 from the values in the Table 1, were calculated.  A minimum 
value of 𝐿R= 0.0853 m corresponds to letting 𝐻 and Γ vary by 
±15% and µ vary by ±25%.  The three parameters were varied 
by those amounts and the filter length was set to 0.0762 m (3 
inches) corresponding to a specification given in Reference 13.  Figures 2 and 3 are plots of 𝑄# vs. H and 𝑄# vs. G, 
respectively.  The plots indicate that when either H or G separately vary by 15%, 𝑄# varies by a similar (absolute) 
amount. 

	
Figure 2.  Qp vs. H, varying H  ±15%. 

	
Figure 3.  Qp vs. G, varying G  ±15%.	

 
Figure 4 is a surface plot that shows the effect on 𝑄# of letting both H and G vary.  The stronger effect of varying 

two parameters simultaneously compared to one at a time is evident from comparing Figures 2 and 3 to Figure 4.  

Table 1.  Parameter values. 
Parameter Value 

Q0 1.9851x10-4  m3/s 
L 0.0762 m (= 3 inches) 
D 0.006 m 
H 0.0016 m 

G	 0.125x10-12 m2 
µ	 1.37x10-5 Pa-s 
P0 14665.5 Pa (= 110 Torr) 
P¥	 2666.45 Pa (= 20 Torr) 
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When varying both H and G, the response variable 𝑄# takes values over the interval [7.26x10-5, 13.3x10-5].  This is a 
variation between -26% to 36% of the base value (9.8x10-5) calculated at the values given in Table 1. 

Figure 5 is a plot of 𝑄# vs. µ, with µ varying by ±25% of the value in Table 1.  𝑄# varies by a similar (absolute) 
amount.  Figure 6 is a surface plot of 𝑄# vs. both H and µ (by ±15% and ±25%, respectively), again illustrating the 
effect of multivariable dependence in increasing the variation in the response variable.  There is a variation 
between -30% to 59% of the base value of 𝑄#.  with values ranging over the interval [6.835x10-5, 15.4x10-5]. 

The effect of varying all three parameters (𝑯, 𝚪, 𝝁) simultaneously by the amounts ±15%, ±15%, and ±25% , 
respectively is more dramatic, as expected, than varying one or two parameters.  Values of 𝑸𝒑 ranged from 
5.81x10-5  to 1.77x10-4, i.e. from -40% to 80% of the base value. 

Table 2 displays application of equations (5) and (6) to calculate the total differential and the absolute total 
differential, as 𝐻, Γ, and 𝜇 vary from the base values.  The MapleTM symbolic algebra package was used to calculate 
the derivatives, analytically.14  Results for Δ𝑄# and Δ𝑄#&'(	are expressed as values relative to the base value of 𝑄#. 

 
An additional set of calculations was 

performed to analyze the sensitivity of  
𝑄#when 4 parameters (𝐻, Γ, 𝜇, 	𝑃Q) varied 
simultaneously. A minimum value of 𝐿R= 
0.0764 m (calculated using parameters other 
than L than in Table 1) corresponds to letting 
𝐻 vary by ±5% and Γ vary by ±10% and µ and 
𝑃Q	vary by ±25%, allowing the value of 0.0762 
m to be used for L.  In this case 𝑄# ranged from 
4.678x10-5  to 1.98x10-4, i.e. from -52% to 
101.5% of the base value.  This could be 
described as a catastrophic conjunction of 
parameter variations. 

 
 

 

Figure 5.  Qp vs.	µ varying ±25%. 
 

	
Figure 6.  Qp vs.	H	and	µ	varying by ±15% and  ±25%.	

 
 
 

Figure 4. Qp vs. H and G, varying H and G by ±15% 
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Table 2.  Relative values of 𝚫𝑸𝒑 and 𝚫𝑸𝒑
𝒂𝒃𝒔 as 𝑯, 𝚪, and 𝝁 vary 

Variation 
in 𝐻 

Variation 
in	Γ 

Variation 
in	𝜇 

Total 
Differential 

Absolute Total 
Differential 

7.5% 15% 25% -17.5% 47.51% 
15% 15% 0% 0% 30% 
-15% 0% 25% -10% 40% 
15% 15% 25% -25% 55% 

 
The results in this section can be summarized as follows. An equation for the maximum length of a clean filter 

was used to define an envelope that provides an acceptable range of parameter values, i.e. values for which the filter 
solution is physically meaningful.  The chosen driver parameters were varied within that range to examine the stability 
of the response variable (cumulative permeate flow rate) with respect to changes in the parameters.  Changes in the 
response variable were relatively small when only one parameter varied.  However when two or three driver 
parameters varied simultaneously, larger variations occurred in the response (more than 50% in the case where three 
parameters varied by 15% or 25% and as much as 100% when four parameters were allowed to vary).  This numerical 
experiment suggests that more catastrophic results could occur in the realistic scenario when a larger number of 
parameters vary together.  The insight gained from models of this type will be useful in the design of filtration systems 
that must perform within a prescribed envelope to sustain crew members in deep space. 

IV. Conclusions and Continuing Work 
The authors have presented a mathematical model for analysis of sensitivity of the cumulative permeate flow rate 

to reasonable variations in filter and process parameters.  The approach developed and illustrated in this paper is 
directly applicable to other response variables and also extensible to more driver parameters.  Two methods for 
exploring stability (direct calculations with input consisting of a matrix of parameter values and evaluating the total 
differential of the response variable) were implemented and shown to yield consistent results, i.e. variations that are 
similar in magnitude.  Values of the model parameters were chosen to align with filtration of carbon nanoparticles that 
are produced in the Plasma Pyrolysis Assembly, an integral part of the Atmosphere Revitalization Subsystem for 
crewed missions in closed cabin environments in space.  Sensitivity with respect to three driver parameters (media 
thickness, permeability, and dynamic viscosity) was analyzed in order to demonstrate the approach.     

The mathematical model presented in this paper is a component in a larger effort to design and build filters for 
crewed missions to deep space.  The models being developed can be classified as either (1) predictive models that 
allow one to explore parameter space and examine a spectrum of results, or (2) determine the design parameters to 
produce desired (optimal) results.  The modeling presented in this paper falls under Category 1.  The authors are also 
developing Category 2 models, for example one which addresses the question of how to design a filter to capture all 
carbon generated during a mission of specified duration.10,15  Solutions to Category 2 problems provide more 
comprehensive answers than those for Category 1 problems, though they are accompanied by the additional difficulty 
of non-uniqueness (there are multiple solutions), so that optimization criteria must be carefully specified. 

Experimental characterization and verification are critical aspects in the success of this modeling effort.  In order 
to characterize the carbon nanoparticle cake that forms on the filter surface, permeability measurements will be made 
of carbon nanofiber mats which exhibit properties similar to the filter cake.15-18  These experiments will also allow a 
study of the effects of compression on the permeability of the cake. 

While models with closed-form (analytical) solutions provide insight into initial stages of filtration processes and 
yield operating envelopes for material and process parameters, numerical methods that approximate the solutions of 
mathematical models for more complex scenarios are also under development.  These will allow more thorough 
examination of transient phenomena, for example and also effects in two and three dimensions.   

In order to enable the use of these models for both development and educational purposes, this team is developing 
a web-based filter performance calculator.19  The model is driven by a graphical user interface that can be accessed 
through a web browser. 
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