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ABSTRACT 

This dissertation follows a three-paper format. Abstracts for each paper are presented 

below.  

 

First Research Study: Novel Heuristic for Approximating Minimum Weight 

Triangulation of Planar Point Sets 

 

We introduce a novel heuristic for the problem of finding close approximations 

to Minimum Weight Triangulation (MWT) of a planar point set, a classical problem of 

computational geometry with many applications. Our algorithm constructs Greedy 

Compact Triangulation (GCT) by progressively adding most compact non-intersecting 

empty 3-gons. It further improves GCT by performing weight-reducing edge flips to 

create improved Greedy Compact Triangulation (iGCT). We prove that the time and 

space complexity of our algorithm are O(n4) and O(n3) respectively. We also 

demonstrate that GCT approximates MWT to within a constant factor in a variety of 

point set configurations, including ones where other important triangulations such as 

Delaunay and Greedy fail to do so. This leads us to conjecture that GCT is only the 

second known triangulation that approximates MWT to within a constant factor in all 

point set configurations. 

 

Second Research Study: Incidence of Minimum Perimeter Polygon within Compact 

Triangulation of Planar Point Sets 

 

In prior research study we introduced improved Greedy Compact Triangulation 

(iGCT) as approximating to within constant factor the Minimum Weight Triangulation 

(MWT) of planar point sets. In this research we investigated the degree of 

embeddedness of TSP polygons within iGCT of planar point sets and the quality of 

minimum perimeter polygons embedded fully in iGCT. We achieved this by analyzing 

eighteen planar point sets from the library of TSPLIB problems. We found that TSP 
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polygons are fully embedded in iGCT approximately 61% of the time, and that on 

average the minimum perimeter polygons embedded in iGCT are within 0.36% of the 

perimeter length of TSP polygons. In one of the TSPLIB problems the length of the 

minimum perimeter polygon was found to be lower than the previously reported 

optimal TSP solution. We also presented an in-depth review of deviations between the 

embedded minimum weight polygon embedded in iGCT and the TSP polygon 

identified for the given planar point set in our sample. 

 

Third Research Study: “Apple Carving” Algorithm to Approximate Minimum 

Perimeter Polygon within Compact Triangulation of Planar Point Sets 

 

We propose a modified version of the Convex Hull algorithm for 

approximating minimum-length Hamiltonian cycle (TSP) in planar point sets. Starting 

from a full compact triangulation of a point set, our heuristic “carves out” candidate 

triangles with the minimal Triangle Inequality Measure until all points lie on the outer 

perimeter of the remaining partial triangulation. The initial candidate list consists of 

triangles on the convex hull of a given planar point set; the list is updated as triangles 

are eliminated and new triangles are thereby exposed. We show that the time and 

space complexity of the “apple carving” algorithm are O(n2) and O(n) respectively. 

We tested our algorithm using a well-known problem subset and demonstrated that 

our proposed algorithm outperforms nearly all other TSP tour construction heuristics. 
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CHAPTER I 

INTRODUCTION 

History and Background 

Traveling Salesman Problem, or TSP, is the perhaps the most well-researched 

problem in Combinatorial Optimization. In its general form we are given a collection 

of cities and the distance to travel between each pair of them, and the problem then is 

to find the shortest route to visit each city and to return to the starting point (Cook, 

2012). Figure 1.1 illustrates a tour through all US cities with population greater than 

500 as of 1998 (wired.com, 2013).  

 

Figure 1.1- TSP Example (13,509 cities) (wired.com, 2013) 

TSP belongs to the class of NP-hard problems since no polynomial-time 

algorithm exists that can solve the problem optimally in polynomial time, regardless of 

its complexity (i.e. the number of cities in the tour). The best result to date is a 



Texas Tech University, Marko Dodig, August 2020 

2 

solution method, introduced in 1962, that runs in time proportional to n22n (Cook, 

2012).  In our writings we use optimal TSP solution and TSP interchangeably. 

Good heuristics such as Lin-Kernighan method exist; powerful software 

packages tackling large problems are available on the web (Cook, n.d.), but the best 

guarantee of worst-case performance is still 50% away from the optimal solution 

(Christofides, 1976). To date, researchers have introduced many optimization 

techniques such as Simulated Annealing, Ant Colony Optimization, Genetic 

Algorithms; while these techniques produce good results, they do not make a critical 

shift in either incidence of optimal solutions generated or the worst-performance 

guarantee. To a letter, present methodologies rely on distance between points (i.e. 

edge lengths) as the key quality measure towards creating and/or maintaining point set 

tour positions. 

In the early 1990s Fekete defined TSP as one of the three optimal 

polygonization problems (Fekete, 1992). Indeed, in a planar point set S with n points, 

one can seek optimal polygonizations (with all points on the perimeter representing 

polygon vertices) that minimize area (MINAP), maximize enclosed area (MAXAP), 

and minimize perimeter (TSP). In his doctoral thesis and subsequent research, he has 

proven that both MINAP and MAXAP are also NP-hard problems and harder to solve 

for than TSP due to the fact that edge lengths are not good representatives of the 

inclusion or exclusion criteria (Fekete, 2000). Fekete proposed a simple heuristic for 

minimum area polygonization, a one that starts with the smallest 3-gon (i.e. empty 

triangle), and greedily adds to the partial polygonization candidate triangles with 

smallest area until full polygonization is obtained. Candidate triangles are remaining 

triangles that share edges with triangles already in the polygonization. Several 

researches have since improved this basic heuristic; however, in our research this was 

the first time that triangles rather than edges were used to build a complex polygon. In 

his doctoral thesis a decade later, Vassilev used the area of simple triangles as a 

constraint, not as a quality measure, in building optimal Min-Max triangulation 

(Vassilev, 2005). 
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De Loera et al. claimed that triangulations represent the most intuitive way one 

can partition a planar point set (De Loera, Rambau, & Santos, 2010). Conceptually, 

triangulations have been discussed before TSP and polygonizations in general and are 

very valuable tools in cartography and topology of old, and mesh generations in 

Computer Science of new. Full triangulation completely partitions a planar point set. 

Triangulations are typically created according to some quality measure (Vassilev, 

2005). One might choose to minimize the maximum angle or maximize the minimum 

angle in a planar set triangulation; these are called Min-Max and Max-Min 

triangulations. One can also choose to minimize the total sum of edge lengths; this is 

called Minimum Weight Triangulation, or MWT. None of the triangulations captures 

one’s imagination as much as Delaunay triangulation. The origins of its dual, the 

Voronoi diagram, reach way back into the 17th century and writings of Descartes 

(Descartes, 1644). Voronoi diagram mimics the end stage of the cell formation, and 

several other key biological and chemical processes. Like TSP heuristics, all 

triangulation heuristics found in the literature utilize distance between points as key 

edge inclusion/exclusion criteria. 

Delaunay triangulation of a planar point set contains Minimum Spanning Tree 

(shortest spanning tree), Nearest Neighbor Graph (graph containing edges between 

closest points), and Gabriel Graph (graph in which points x and y are neighbors only if 

there are no other points inside their diameter circle). It is therefore not surprising that 

researchers speculated Delaunay triangulation was also MWT, and that it also 

contained TSP (Shamos & Hoey, 1975). The claim that Delaunay and MWT contained 

TSP was rejected by Dillencourt, who used a specific point set configuration example 

to disprove the claim (Dillencourt, 1987). The claim that Delaunay even approximated 

MWT in all point set configurations has been rejected by Manacher and Zobrist who 

also used a specific point set configuration of a simple regular polygon to disprove the 

hypothesis (Manacher & Zobrist, 1979). Even though Delaunay triangulation is not 

MWT, it does approximate it in randomized point set configurations (Chang & Lee, 

1984). Several researchers have since shown that using only edges from Delaunay 
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triangulation and existing solution techniques like Concorde optimization engine can 

produce good TSP approximations, often approaching optimality (Letchford & 

Pearson, 2008).   

Other than Fekete using triangle area in polygonizations (Fekete, 1992), 

Vassilev using triangle area in triangulations (Vassilev, 2005), and the use of triangle 

inequality in Convex Hull construction heuristic, we did not find other evidence of 

using triangle attributes in building optimal triangulations or polygonizations. To this 

end, we researched Isoperimetric Inequality principle (𝐿2 ≥ 4𝜋𝐴, where L is the 

perimeter and A is the area) and its use in triangulation and polygonization heuristics. 

Isoperimetric inequality principle states that of all geometric figures with fixed 

perimeter it is a circle that contains maximum area. As with most of basic geometry, 

this special property dates to antiquity. Researchers speculate that ancient Greeks 

might have proven the inequality; however all records of proofs were lost. In recent 

times, it was Steiner that introduced the first, albeit non-complete, proof in 19th 

century. According to the work of Kesavan, this inequality can be restated to indicate 

that of all triangles with equal area it is the equilateral triangle that has the smallest 

perimeter (Kesavan, 2014). Isoperimetric inequality can also be re-written to express 

what researchers call the Compactness Index of simple geometric figures.  According 

to this, circle has the Compactness Index of 1, and all other figures have Compactness 

Indices of strictly less than 1. 

Our research uncovered a clear knowledge gap in using triangle attributes of 

Compactness Index and Triangle Inequality in creating approximations of MWT and 

TSP polygonization. To this end, we proposed a new data hierarchy in Figure 2.12b 

and its matching conceptual framework in Figure 2.13 to further guide our research 

efforts. Proposed data hierarchy defines empty triangles, with points from planar point 

set as vertices, as key triangulation building blocks. According to our proposed 

hierarchy, edge lengths can only be discussed in the context of simple triangles they 

constitute. In similar fashion, polygonizations are viewed only as perimeters of partial 

or full triangulations they are contained within. 
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To demonstrate applicability of both the proposed methodology and conceptual 

framework we turn to the example shown in Figure 1.2. There are n = 52 points in this 

planar point set called Berlin52, as it depicts 52 locations in the city of Berlin. Both 

gray and red lines represent edges in MWT of Berlin52. Red polygon represents the 

shortest Hamiltonian cycle, or TSP. Since there are exactly h = 8 locations on the 

Convex Hull of this point set, there are n – 2 = 50 gray triangles denoting TSP 

polygon, in what we would call a partial triangulation.  Conversely, there are exactly n 

– h = 44 remaining white triangles, representing the “environment”. 

 

Figure 1.2 - Berlin52 problem (TSPLIB) 

 We speculate, as others have also done in the past (Letchford & Pearson, 

2008), that the fact TSP polygon is perfectly contained inside planar set MWT is not 
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coincidental, and that it merits far more scientific attention than that which was given 

to it until now. 

Problem Statement 

In his book “In Pursuit of the Traveling Salesman: Mathematics at the limits of 

Computation”, Cook speculated that we might never be able to fully solve the TSP 

problem (Cook, 2012). This, of course, begs the question of “What exactly is the TSP 

problem?” To re-state, we quote Merrill Flood (Flood, 1956): 

“It seems very likely that quite a different approach from any yet used may be 

required for successful treatment of the problem. In fact, there may well be no general 

method for treating the problem and impossibility results would also be valuable.” 

Though Flood made this statement on the intractability of TSP before precise 

statement of P versus NP was first fully described (Cook, 1971), his quote has 

withstood more than half a century of research; it is as true today as it has been more 

than half a century ago. Considering this, we say the problem is there are presently no 

solution methodologies that successfully, or at least consistently, solve TSP to 

optimality. Here, we define success as being able to materially improve incidence of 

cases where large-scale TSP problems are indeed solved to optimality. 

Research Questions 

In the course of our research, we introduce new conceptual framework and 

methodology for finding TSP solutions (via approximations to MWT) and evaluate 

their effectiveness against TSP point sets solved to optimality in prior research. 

Overarching research question relates to how effective these methodology and 

framework are in solving both MWT and TSP problems. 

Research Questions for Research 1 

In the course of our research, we introduce a novel algorithm to create an 

improved Greedy Compact Triangulation, or iGCT, using Compactness Index of 
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simple triangles formed by points constituting the given planar point set. 

Corresponding research questions can then be formulated as follows: 

What is iGCT algorithm? What are the time and space complexities of iGCT 

algorithm? To what extent does iGCT approximate MWT in simple polygons? To what 

extent does iGCT approximate MWT in TSPLIB point set configurations? How does 

iGCT algorithm fare against greedy and Delaunay triangulations in approximating 

MWT? 

We intend to answer these questions both theoretically and experimentally, 

where applicable. 

Research Questions for Research 2 

Next logical step in our research is to quantify the extent to which MWT and 

its assumed approximation iGCT contain optimal TSP solution. To this end, we 

formulate following research questions: 

How often is TSP polygon fully embedded in the iGCT of a planar point set? If 

and when iGCT does not contain TSP, how many triangles are intersecting with it, in 

both number and percentage? In cases where TSP is not fully embedded in iGCT, 

what is the difference in length between its shortest Hamiltonian Cycle and TSP?  

What factors contribute to lack of embeddedness? 

Research Questions for Research 3 

In the course of the third and final step in our research we introduce a novel 

algorithm, called an “apple-carving” method, to reduce full iGCT to a partial 

triangulation intended to resemble a TSP polygon.  Our research questions can then be 

stated as follows: 

What is “apple-carving” algorithm? What are the time and space complexities 

of “apple-carving” algorithm? Does “apple-carving” algorithm approximate TSP in 

TSPLIB problems, and to what extent? How comparable are its results to the results 

of other TSP heuristics? 
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We intend to answer these questions both theoretically and experimentally, 

where applicable. 

General Hypothesis 

Our general hypothesis is that utilizing proposed data hierarchy and conceptual 

framework can yield TSP results comparable to the Lin-Kernighan heuristic.  To rival 

Lin-Kernighan, our methods would need to produce solutions that are within 3% of 

the optimal solution. 

Research 1 

There are 2n - h - 2 simple triangles in a full triangulation of a planar set S of n 

points, where h represents the number of points on the CH(S), or Convex Hull of S 

(Vassilev, 2005). The area of CH(S) of the same planar point set is a constant 

depending on planar coordinates of h points belonging to CH(S). Since both the total 

area and the number of triangles are constant, we hypothesize that MWT for a planar 

point set can be approximated by a full triangulation that maximizes Compactness 

Indices of its constituent triangles, and thereby minimizes their perimeters; this is due 

to isoperimetric inequality principle. We further hypothesize that the additional 

exhaustive steps of edge flipping will achieve this triangulation’s local optimality. We 

call the resulting triangulation improved Greedy Compact triangulation, or iGCT. We 

call the algorithm that creates it the iGCT algorithm. 

We further hypothesize that iGCT algorithm’s time complexity is O(n3), since 

there are (
𝑛
3

) triangles in a planar point set with n points that need to be assessed. We 

also hypothesize that the algorithm’s space complexity is O(n2), since there are no 

more than 
3771

2240
𝑛2empty 3-gons (empty triangles containing no points) in a planar 

point set of n points (Barany & Valtr, 2004). We also hypothesize that iGCT 

approximates MWT in simple regular polygons, since triangles highest in 

Compactness Index are also the greatest in their area comparison. We hypothesize that 

iGCT is within O(1) of MWT in randomized point sets and in TSPLIB problems, 
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since our final hypothesis is that iGCT performs better then Delaunay triangulations in 

all point set configurations, in part due to the second algorithm’s step of edge-flipping.  

Research 2 

We hypothesize that TSP polygon is embedded in iGCT of a planar point set in 

more than 50% of the cases; this is based on our literature review and the initial 

treatment of the problem. In cases when full embeddedness does not occur, we 

hypothesize less than 5% of the TSP polygon triangles will be intersecting optimal 

TSP. We further hypothesize that minimum length polygon embedded fully in iGCT 

will approximate the optimal TSP solution to within 2%. We further hypothesize that 

lack of optimality will be due to unique point configuration in the area where sub-

optimality occurs. Finally, we hypothesize that best results will occur in randomized 

TSPLIB point set configurations, since prior research in restricting candidate edges to 

Delaunay edges only occurred in these point set configurations.  

Research 3 

There are 2n - h - 2 simple triangles in both iGCT and MWT triangulation of a 

planar set S of n points, where h represents the number of points on the CH(S), or 

Convex Hull of S (Vassilev, 2005). We know perimeter length of CH(S) is less than 

perimeter length of its planar set’s TSP polygon. Following Steiner’s proof of 

Isoperimetric Inequality, we can “carve out” from CH(S) a triangle on the perimeter of 

full triangulation with the lowest Triangle Inequality Factor and still be certain that 

TSP polygon is fully contained in the resulting partial triangulation. We can continue 

carving out eligible triangles with the lowest Triangle Inequality Measure, until all 

points are at the perimeter of the partial triangulation. We consider this method to be 

the basis of the “apple carving” algorithm. 

We hypothesize that “apple carving” algorithm has time complexity is O(n2), 

since there are up to 2n - h - 2 triangles which need to be evaluated for lowest Triangle 

Inequality Measure, up to n - h times for each triangle evaluation. We also hypothesize 
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that the algorithm’s space complexity is O(n), since we need to keep track of 2n - h - 2 

triangles in a full triangulation. We hypothesize that such “apple carving” algorithm 

can produce optimal TSP polygonizations more than 50% of the time, and that it can 

on average produce results comparable to that of Lin-Kernighan heuristic.  

Research Format 

We intend to formulate relevant algorithms and comprehensive quantitative 

comparative studies in each of the research sections, together with any appropriate 

propositions, theorems, and lemmas. We then plan to develop the computer code to 

test iGCT and “apple carving” heuristics against other well-performing solution 

methods for each of the mentioned TSP and simple regular polygon instances. We 

intend to use TSPLIB library of TSP problems for which best (or in many cases 

optimal) solutions are posted (Reinelt, 1991). We will use Chapters III, IV, and V to 

document results of our research efforts, and Chapter VI to present our conclusions 

and next steps. 

Research Purpose 

The primary purpose of this research is to test the applicability of the proposed 

data hierarchy and its related conceptual framework in solving for TSP in planar point 

sets. The major benefit of this novel conceptual framework is that it introduces 

Compactness Index of empty 3-gons in planar point sets as a quality measure for 

constructing a near-optimal triangulation, and Triangle Inequality Measure of its 

constituent triangles to produce a near-optimal TSP polygon embedded in the near-

optimal triangulations. 

Research Objective 

Objective of our research is to determine whether TSP can be solved to near-

optimality using tools of basic geometry (simple triangle attributes, isoperimetric 

inequality, and triangle inequality) and computational geometry (triangulations and 
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polygonizations), only resorting to a single distance measure of edge length in the 

context of triangle inclusion and/or exclusion decisions. 

Limitations and Assumptions 

A key assumption is that we are looking at planar sets in two-dimensional 

Euclidean space, where all cities are connected. We also assume that triangle 

inequality holds, i.e. no three or more points can be connected via a straight line. 

Finally, our research is limited to planar point sets organized into simple regular 

polygons, and randomized point sets found in TSPLIB problems. 

Relevance of this study 

This research is related to industry as it provides two algorithms that can be 

used in a variety of software tools. For instance, computer engineers can benefit from 

using iGCT algorithm for mesh generation, where Delaunay triangulation might not be 

sufficient. When combined with “apple carving” algorithm, this combination can be 

utilized for both polygonizations of planar point sets, as well as for producing near-

optimal TSP tours in both online and offline software packages. 

The research is relevant to academics as it provides a novel conceptual 

framework for triangulating planar point sets, as well as for finding good TSP 

solutions. We are certain this will provide ripe grounds for further research into this 

approach as there will be ample opportunities for further improvements to our 

algorithms, both in space and time complexity reduction, and optimality 

improvements.  

Need for this research 

Improvements in TSP algorithms can lead to many benefits. TSP has numerous 

applications in fields such as planning, logistics, and the manufacturing of microchips 

in connecting VSLI data sets. TSP in their pure or modified form also appear in 

eminent scientific fields of today such as health (i.e. DNA sequencing) and astronomy 



Texas Tech University, Marko Dodig, August 2020 

12 

(programming of telescope movements) for example. Modifying TSP often involves 

additional constraints such as limited resources or operational windows. 

Benefits for this research 

There are both theoretical and practical benefits to our research. They are 

outlined in sub-sections below. 

Theoretical 

Our research is the first to combine basic properties of geometric shapes in 

isoperimetric inequality, via Compactness Index, in novel algorithms to generate near-

optimal triangulation of planar point sets. We call this new triangulation improved 

Greedy Compact Triangulation, or iGCT, and we seek to show it approximates MWT 

in a variety of planar point set configurations. Our research also aims to quantify the 

rate of full containment of TSP within MWT of planar point sets for TSPLIB 

problems, something that has not been done in research to date. Finally, our research is 

also first to utilize another basic property of simple triangles, the Triangle Inequality 

Measure, to generate TSP approximations of very good quality for given planar point 

sets out of TSPLIB library. 

Practical 

There are several practical benefits of our research. First, we provide iGCT 

algorithm to produce approximate MWT of any planar point set. Second, we provide 

“apple carving” algorithm to reduce iGCT and/or MWT to near-optimal TSP 

approximation. Both of these algorithms can quickly find their way into both academic 

and non-commercial software packages such as Concorde (Cook W. ).   

Research outputs and outcomes 

The results of this research will be: 

1. New methodology and conceptual framework combining various fields of 

Computational Geometry and solving for MWT and TSP, 



Texas Tech University, Marko Dodig, August 2020 

13 

2. New iGCT algorithm to generate near-optimal MWT approximation, 

3. Quantitative study outlining incidence of full containment of TSP polygons 

in iGCT of a representative sample of planar point sets in TSPLIB, and 

4. New “apple carving” algorithm to generate near-optimal minimum 

perimeter polygon in iGCT.  
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CHAPTER II 

LITERATURE REVIEW 

Polygonization of Planar Point Sets 

Polygonization of a planar point set S is a way in which all the points in S can 

be connected to form a polygon (Deneen & Shute, 1988). Fekete stated that the 

questions of algorithmic optimization become pressing in the 1970s due to 

development of fields such as computer graphics, image processing, robotic, and 

pattern recognition (Fekete, 1992). Fekete also introduced the following definitions of 

key optimal polygonizations. 

 

Definition 1: (Minimum Area Polygonization). The area optimization problem 

referred to as minimum area polygonization (MINAP) asks for a simple polygon with 

a given set of points for which the enclosed area attains the minimum.  

 

Definition 2: (Maximum Area Polygonization). The area optimization problem 

referred to as maximum area polygonization (MAXAP) asks for a simple polygon 

with a given set of points for which the enclosed area attains the maximum.  

 

Definition 3: (Traveling Salesman Problem). In geometric terms, the perimeter 

optimization problem referred to as traveling salesman problem (TSP) asks for a 

minimum circumference polygon with a given set of points for which the polygon 

perimeter attains the minimum.  

 

Figure 2.1 illustrates an example planar point set S. For this point set, we show 

the convex hull, MINAP, and MAXAP of S. 
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Figure 2.1 - Planar point set S with n = 9 points, with key polygonizations shown 
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Optimal Area Polygonizations (MINAP and MAXAP) 

Optimal area polygonization problems are computationally hard 

(Peethambaran, Parakkat, & Muthuganapathy, 2016). Additionally, minimizing the 

enclosed area of a polygon has been determined to be more difficult than the 

minimization of its perimeter, which we will address further down in this chapter. 

Fekete considered a tour as a set of line segments and a polygonal region as a set of 

triangles (Fekete, 1992). Points of a short edge are necessarily at a close distance, but 

a smaller-area triangle can have its points far apart, as in the case of a very “skinny” 

triangle. Further difficulty arises from self-intersections of polygons. While self-

intersections do not occur automatically in the case of a polygon with a minimum 

perimeter, it is algorithmically difficult to build up a simple polygon from triangles 

(Fekete, 1992).  

Finding the number of polygonizations has also been shown to be NP-hard 

(Muravitskiy & Tereshchenko, 2011); hence, for large point sets it gets exponentially 

more difficult to find the optimal solution from the corresponding set of all feasible 

simple polygonizations. Research regarding minimum area polygonizations of fixed 

points in the plane has been rather limited. In the area optimization domain, a 

pioneering work by Fekete in his doctoral dissertation work (Fekete, 1992), continued 

in his subsequent work (Fekete, 2000), established the NP-completeness of minimum 

weight polygons or maximum weight polygons of a vertex set. In the latter article, 

Fekete outlined the NP-completeness proof of corresponding area optimization 

problems. His work also contained some of the first polynomial approximation 

heuristics for optimal area polygons (Fekete, 1992).  

Muravitskiy and Tereshchenko introduced a polynomial greedy approximation 

algorithm (APPROXIMATE-MINAP) for computing the minimal area simple 

polygon of a planar point set (Muravitskiy & Tereshchenko, 2011). They also stated 

an impossibility of a constant factor approximation algorithm for MINAP. Authors did 

not conjecture on the quality of the solutions generated by their algorithm, nor did they 

assess the quality of the performance of their proposed algorithm experimentally.  
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Taranilla et al. suggested two novel random search strategies (RS-MAP, and 

ACO-MAP) to approximate the MINAP of planar point sets ( Taranilla, Gagliardi, & 

Penalver, 2011). Described heuristics employed a random search over the space of 

feasible solutions (RS-MAP) and an ant colony optimization (ACO-MAP) strategy. 

The authors also pointed at the lack of benchmark problems, or solutions, they can 

compare their heuristics to. They opted for utilizing planar point sets with 40 to 200 

points, generating x and y coordinates according to the uniform distribution over the 

interval of [0, 9999]. Finally, they compared performance of their two heuristics to 

Greedy-MAP performance, concluding that RS-MAP outperformed Greedy-MAP by 

39% on average (superior in all 12 random point sets) and outperformed ACO-MAP 

by 19% on average (superior in 10 out of 12 random point sets).  

Recently, Peetharambaran at al. (Peethambaran, Parakkat, & Muthuganapathy, 

2016) presented simple, randomized, and greedy algorithms for constructing optimal 

area (both minimum and maximum) polygonizations of planar point sets of any size. 

Authors generated algorithm solutions on some general convex point sets and 

demonstrated that their heuristic reaches optimal solutions for these convex point sets. 

They also performed experiments on random point sets ranging in size from 100 to 

1,000, utilizing 20 trials for each point set size, where each trial contained 100 

executions of the algorithm. They did not describe how they generated random point 

sets, however. These authors also demonstrated quality of their solutions on some 

solved TSP instances from TSPLIB. Finally, they presented a limited performance 

comparison between their RAND-MINAP and APPROXIMATE-MINAP of 

Muravitskiy and Tereshchenko. RAND-MINAP algorithm outperformed 

APPROXIMATE-MINAP algorithm in all four test instances, with minimum area 

improvement ranging anywhere from 3% to 31%. Yet again, no specifications were 

given on how random point sets (ranging in size from 150 to 400 points) were 

generated. 

Table 2.1 summarizes optimal area polygonization heuristics from the 

literature. Our research seems to confirm the findings from Taranilla at al. that there is 
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no accepted benchmarking data nor methods to compare different optimal area 

heuristics. 

Table 2.1 - Summary of MINAP and MAXAP algorithms in literature 

Algorithm Brief Description Complexity 

“Greedy Build”, 

or Greedy-MAP 

 

(Fekete, 1992) 

Start with the smallest non-degenerate triangle. 

Continue adding smallest non-degenerate 

triangles formed with an edge of the existing 

polygon until all points are added.  

Not stated, 

assumed to be 

O(n4) 

APPROX-

MAXAP 

 

(Fekete, 2000) 

Perform slope-based sorting of input points 

with respect to a point on the convex hull, then 

join the points in the sorted order. Break ties 

between points with the same slope based on 

Euclidean distance. Return polygons greater 

than ½ of the area of the convex hull. 

O(n×log n) 

time 

APPROXIMAT

E-MINAP 

 

(Muravitskiy & 

Tereshchenko, 

2011) 

Construct a convex hull of a planar point set. 

In each subsequent step, add a point from 

inside the current polygon which, together with 

one edge of the current polygon, forms the 

largest area 3-gon. Continue until all points are 

added. 

O(n3) time, 

O(n) space 

RS-MAP 

 

( Taranilla, 

Gagliardi, & 

Penalver, 2011) 

BuildPolygonization algorithm with 6 different 

randomized strategies (3 different selection of 

initial triangles, plus 3 for subsequent 

triangles). Result is the best solution out of 

6,000 randomized trials. 

Not stated, 

assumed to be 

O(k×(n log n)), 

k is number of 

randomized 

trails 

ACO-MAP 

 

( Taranilla, 

Gagliardi, & 

Penalver, 2011) 

Utilize Ant Colony Optimization (ACO) 

algorithm and run randomized trials with 

varying values of α = 1; β = 1, 5; and ρ = 0.10, 

0.25, 0.50. 

Not stated, 

assumed to be 

O(k×(n log n)), 

k is number of 

randomized 

trails 

RAND-MINAP 

(MAXAP) 

 

(Peethambaran, 

Parakkat, & 

Muthuganapathy

, 2016) 

Randomly pick initial triangle. Randomly 

select a new point p and perform a line sweep. 

If p is inside current polygon, subtract the 

largest (smallest) triangle formed by p and a 

current polygon edge; otherwise add the 

smallest (largest) triangle formed by p and a 

current polygon edge. Continue until all points 

are added. 

O(n2×log n)) 

time, O(n) 

space  
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Traveling Salesman Problem (TSP) 

Traveling salesman problem (TSP) is perhaps the best-known and most-

researched problem in combinatorial optimization (Cook, 2012). In its general form 

we are given a collection of cities and the distance to travel between each pair of them, 

and the problem then is to find the shortest route to visit each city and to return to the 

starting point (Cook, 2012). TSP belongs to the class of NP-hard problems, in other 

words no polynomial-time algorithm exists that can solve the problem optimally in 

polynomial time, regardless of its complexity (i.e. the number of cities in the tour).  

TSP has been fascinating both researchers and general public for more than sixty 

years. In 1954, three researchers from Rand Corporation had solved a long-standing 

public challenge to find the shortest tour through 49 US state capitals and DC, shown 

in Figure 2.2 (Cook, 2012). 

 

Figure 2.2 - Newsweek coverage of 49-city tour through United States (Cook, 

2012) 

In purely mathematical terms, TSP is the problem of finding a Hamiltonian 

tour of minimum weight in a complete edge-weighted graph G = (V, E), with weights 
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on the edges of E, where one seeks the minimum cost tour which uses only edges in E. 

In the earliest and most-often cited Integer Programming (IP) formulations of the 

problem which eliminates sub-tours, aptly named MTZ formulation, we have: 

Min ∑ 𝑑𝑖𝑗𝑥𝑖𝑗𝑖,𝑗    

s.t.    ∑ 𝑥𝑖𝑗 = 1𝑖  ∀𝑗, 

   ∑ 𝑥𝑖𝑗 = 1𝑗  ∀𝑖, 

   0 ≤ 𝑥𝑖𝑗 ≤ 1 𝑥𝑖𝑗 integer, 

   𝑢1 = 1, 

2 ≤ 𝑢𝑖 ≤ 𝑛 ∀𝑖 ≠ 1, 

   𝑢𝑖 − 𝑢𝑗 + 1 ≤ (𝑛 − 1)(1 − 𝑥𝑖𝑗)      ∀𝑖 ≠ 1, ∀𝑗 ≠ 1 , 

where n is the number of cities, 𝑑𝑖𝑗  is the distance/cost covered between cities i 

and j, 𝑥𝑖𝑗  is the non-negative integer to mark edge 𝑒𝑖𝑗 tour inclusion, and 𝑢𝑖  is the 

non-negative sub-tour elimination integer  (Miller, Tucker, & Zemlin, 1960). 

The best algorithmic result to date is a solution method, proposed in 1962, that 

runs in time proportional to n22n (Cook, 2012). The best approximation algorithm for 

the planar TSP is Christofides algorithm. It was developed in 1976 and achieves an 

approximation ratio of  
3

2
 (Christofides, 1976). The algorithm uses no geometry 

beyond the triangle inequality, so it achieves this same ratio in any metric space. 

Failure to better Christofides approximation has led researchers to investigate ancillary 

questions, such as the approximation ratios of commonly used heuristics (Bern & 

Eppstein, 1996). 

Heuristic algorithm refers to finding a solution by ‘trial and error’, not 

guaranteeing global optimum solutions (Halim & Ismail, 2017). Yang (Yang, 2010) 

stated, however, that most of the solutions found by heuristic algorithm typically yield 

good results. Halim and Ismail (Halim & Ismail, 2017) defined heuristics as problem-

dependent techniques that use systematic procedures derived from relatively simple 

idea towards finding a good solution, and presented a very comprehensive taxonomy 

of TSP heuristics, reproduced here in Figure 2.3. 
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Figure 2.3 - Taxonomy of TSP Heuristics (Halim & Ismail, 2017) 

 Over the last twenty years, with the tremendous increase of computing power, 

heuristics software packages such as Concorde (Cook, n.d.) have become fully capable 

of producing near-optimal solutions for planar point sets with hundreds of thousands 

of points. In 2010, for example, a Danish computer scientist Keld Helsgaun produced 

a best to-date solution to 1,904,711-city problem consisting of every city, town, and 

village in the world. His solution of 7,512,218,268 meters is guaranteed to be no 

worse than 0.0476% longer than the optimal tour (Cook, 2012). 

 In simplest terms, TSP heuristics can be divided into two distinct categories. 

Tour construction heuristics stop when a solution is found. Improvement heuristics 

start with a subset of points, and then insert the rest according to some selection rules. 

Table 2.2 gives a brief overview of the most cited heuristics from both types. 
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Table 2.2 - Summary of the most-cited TSP heuristics 

Algorithm Brief Description Complexity 

Nearest Neighbor 

(Construction) 

 

(Kizilates & 

Nuriyeva, 2013) 

Start with a random city. Find the nearest non-

visited city and go there. Keep adding non-

visited cities in the same fashion until all cities 

are included. Then, return to the initial city. 

O(n2) time, 

O(n) space 

Greedy 

(Construction) 

 

(Nilsson, 2003) 

Gradually construct a tour by repeatedly 

selecting the shortest remaining edge and adding 

it to the tour as long as it does not create a cycle 

with less than n edges, or increases the degree of 

any node to more than two. 

O(n×log2 n) 

time, O(n) 

space 

Cheapest 

Insertion 

(Construction) 

 

(Golden, Bodin, 

Doyle, & Stewart 

Jr, 1980) 

Start with the shortest edge, which becomes an 

initial sub-tour. Then, select a city not in the 

current sub-tour, having the shortest distance to 

any one of the cities in the sub-tour. Find an 

edge in the sub-tour such that the cost of 

inserting the selected city between the edge’s 

cities will be minimal. Keep inserting shortest-

distance remaining cities until none remain. 

O(n2) time, 

O(n) space 

Convex Hull 

(Construction) 

 

(Golden, Bodin, 

Doyle, & Stewart 

Jr, 1980) 

Find the convex hull of a point set, and make it 

an initial sub-tour. For each remaining point, 

find its cheapest insertion. Then chose the city 

with the least cost/increase ratio, and insert it. 

Keep doing this with remaining points until none 

remain. 

O(n2×log2 

n) time, 

O(n) space 

Christofides 

(Construction) 

 

(Christofides, 

1976) 

Build a minimal spanning tree (MST) of the 

planar point set. Create a minimum-weight 

matching (MWM) on points having an odd 

degree. Add the MST together with the MWM. 

Create an Euler cycle from the combined graph 

and traverse it taking shortcuts to avoid already 

included points. 

O(n3) time, 

O(n) space 

2-opt (Insertion) 

 

(Nilsson, 2003) 

2-opt algorithm removes two edges from the 

feasible tour and re-connects the two paths 

created if the new tour will be shorter. There is 

only one way to reconnect the two paths and still 

have a valid tour. Continue removing and 

reconnecting the tour until no 2-opt 

improvements can be found. The tour is now 2-

optimal. Algorithm works the same for any path  

O(n2) time, 

O(n) space  
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Table 2.2 - continued 

Algorithm Brief Description Complexity 

 

 

connecting k points, however the time 

performance severely lags starting at 5-opt. 

 

Lin-Kernighan 

(Insertion) 

 

(Nilsson, 2003) 

It is basically is a variable k-opt algorithm, in 

that it decides which k is the most suitable at 

each iteration step.  

O(n2.2) time, 

O(n) space  

 

TSP heuristics results are typically compared to the Held-Karp (HK) lower 

bound. This lower bound is the solution to the LP relaxation of the IP formulation of 

the TSP, which can be found in polynomial time by using the Simplex method and a 

polynomial constraint-separation algorithm (Johnson, McGeoch, & Rothberg, 1996). 

A HK lower bound averages about 0.8% below the optimal tour length (Johnson, 

McGeoch, & Rothberg, 1996); however the guaranteed lowest bound is only 2/3 of the 

optimal tour. Figure 2.4 summarizes typical performance of the heuristics mentioned 

in Table 2.2 (Nilsson, 2003). 

 

 

Figure 2.4 - Typical performance over HK lower bound (%) (Nilsson, 2003) 
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Triangulations in Computational Geometry 

In their very comprehensive text, De Loera and his co-authors (De Loera, 

Rambau, & Santos, 2010) provided a great introduction into the world of 

triangulations. Their text preface aptly stated that triangulations appear in many 

different parts of mathematics, computer science, and we might add engineering. This 

is because triangulations represent the most intuitive approach to decompose a region 

of space into smaller, convex pieces. De Loera at al. also proposed that there are many 

situations, volume computations and meshing to algebra and topology among others, 

in which one has a fixed set of points that can be used as vertices for the triangulation 

(De Loera, Rambau, & Santos, 2010). In his doctoral dissertation, Vassilev (Vassilev, 

2005) introduced a definition of triangulation which is very applicable to our work, 

reproduced here in its entirety: 

 

Definition 4: (Triangulation) Let S be a set of n points in two-dimensional Euclidean 

space (plane). A set T of triangles is called a triangulation of the point set S if and only 

if: 

• every triangle of T has its vertices in S, 

• no triangle of T contains a point from S in its interior, 

• every two triangles in T have disjoint interiors, and 

• the union of all the triangles in T is exactly the convex hull of S. 

 

The sides of the triangles in T are called edges of the triangulation. It follows 

from the definition above that no two edges of a triangulation intersect properly. In 

some texts on computational geometry a triangulation is defined, equivalently, as a set 

of edges (De Loera, Rambau, & Santos, 2010). We prefer working definition of 

Vassilev because triangles and their characteristics are the main focus of our work. 

When defining a point set, we mean a point set in general position, i.e., no three points 
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of the set being collinear. This assumption is made to avoid degeneracies. Vassilev 

also provides us with the following important property defining the number of 

triangles in a full triangulation (Vassilev, 2005). 

 

Property 5: Let S be a set of n points in the plane, h of which are on the convex hull 

of S. Every triangulation of S has exactly 2n - h - 2 triangles and exactly 3n - h - 3 

edges.  

 

As Vassilev correctly pointed out, this property indicates that triangulation has 

linear complexity with respect to the size of the point set, which is a useful fact when 

analyzing time and space requirements of any triangulation algorithm.  The next 

important property deals with the possible number of triangulation’s essential building 

blocks. It was Barany and Valtr who introduced an upper bound to the maximum 

number of simple triangles (i.e. 3-gons) in a planar point set (Barany & Valtr, 2004).  

 

Property 6: We say that a set S of n points in the plane is in general position if it 

contains no three points on a line. Let S be a finite set of n points in general position in 

the plane. We call a subset A of k points in S an empty k-gon if the convex hull of A is 

a k-gon containing no point of S in A. Let g3(n) be the minimum number of empty 3-

gons in a set of n points in general position in the plane. The following upper bound 

on g3(n) is given as follows: 

  𝑔3(𝑛) ≤
3771

2240
𝑛2                            (2.1) 

Triangulations of point sets in the plane have been studied for the last four 

decades as one of the important structures in computational geometry (Vassilev, 

2005). Vassilev pointed to three important attributes of a triangle: edge lengths, angles 

and area in his thesis, and utilized seldom-studied attribute of triangle area as a 

constraint rather than as a general optimization criterion. This he stated was a 
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significant motivator for his doctoral work. Our work, as it will be further revealed, 

will be chiefly anchored on what we call the fourth triangle attribute, or the 

Compactness Index. 

The major reason to study optimal triangulations, apart from the abundant 

mathematical challenges, is dictated by the practical applications (Vassilev, 2005). 

Practical fields where optimal triangulations are used include computer graphics 

(Schwarzkopf, 1995), terrain approximations, multivariable analysis, numerical 

methods, and mesh generation (Baker & Pebay, 2001). Connected subgraphs of 

triangulations like Gabriel Graph and Relative Neighborhood Graph are used in 

wireless networking and ad hoc routing (Bose, Morin, Stojmenovic, & Urr, 2001). 

However, computing a triangulation with particular and optimal properties is complex, 

mostly due to the exponential number of possible triangulations of a given planar point 

set (Aichholze, Hurtado, & Noy, 2004). Vassilev (Vassilev, 2005) utilized this 

information to give us yet another important triangulation property: 

 

Property 7: For a point set S of n points in the plane, there are  

Ω(2.33𝑛) ≤ 𝑡(𝑆) ≤ 𝑂(59𝑛−𝜃(𝑙𝑜𝑔𝑛))                 (2.2) 

different triangulations, where t(S) denotes the number of the different triangulations 

of the point set S (Aichholze, Hurtado, & Noy, 2004). 

 

 Since the number of possible triangulations grows exponentially with the 

number of points, brute force algorithms to find important triangulations described in 

the next section cannot be utilized. 

Important Triangulations 

According to Vassilev (Vassilev, 2005), quality measure is a function that 

allows us to quantitatively compare two triangulations. It can be any reasonable 

function or composition of functions that arises from our needs. For example, the sum 
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of the lengths of the edges of a triangulation T, denoted by w(T ), is a quality measure. 

Figure 2.5 presents two distinct triangulations of a planar point sets with n = 9 points, 

adopted from Vassilev. The first triangulation is more optimal utilizing previously-

defined w(T) as a quality measure. 

 

Figure 2.5 -Two different triangulations of a point set with n = 9, h = 6 consisting 

of 3n − h − 3 = 18 edges and 2n − h − 2 = 10 triangles (Vassilev, 2005) 

Before going any further in describing important triangulations of today, we 

define the triangulation optimization step called the flip as follows (Vassilev, 2005): 
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Definition 8: (Flip). If two triangles △ABC and △BCD in a triangulation share an edge, 

say BC, and form a convex quadrilateral ABCD, then replacing the triangles △ABC and 

△BCD with the triangles △ACD and △ABD is called a flip.  

 

It is also called “edge flip” as in fact we remove the edge BC and replace it 

with the edge AD, all the while maintaining the full triangulation, as shown in Figure 

2.6. 

 

Figure 2.6 – Example of the (edge) flip 

In the following sections, we describe some of the significant optimal 

triangulations. We first provide an overview of the Delaunay triangulation which is 

famous for having a great number of useful geometrical applications. We then 

describe greedy triangulation which is constructed by progressively adding remaining 

shortest edges that do not intersect with edges already in the triangulation. Finally, we 

give a good overview of the Minimum Weight Triangulation (MWT), which is 

characterized by having the lowest sum of edge lengths of any possible triangulations 

for a given planar point set. 

Flip 
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Delaunay Triangulation 

 Delaunay triangulation, or more accurately its dual the Voronoi diagram, 

differs from other areas of Computational Geometry, as their concept goes back to the 

17th century and writing of Descartes. Descartes described space as being filled with 

points (vertices), and illustrated a decomposition of space into convex regions, each 

consisting of matter revolving around one of the fixed points (Descartes, 1644).  

Though Descartes did not explicitly define extension of these regions, Aurenhammer 

and Klein (Aurenhammer & Klein, 2000) described the underlying idea in the 

following way: “Let a space M, and a set S of points p in M be given, together with a 

notion of influence a site p exerts on a point x in M. Then the region of p consists of 

all points x in M for which the influence of p is the strongest, over all s S.” In our 

case, we say that the distance is the measure of influence. 

Aurenhammer and Klein further described how this concept has crystalized 

and bore significant fruit in several fields of science such as biology, physiology, 

chemistry, and physics. Lee and Schachter explained that Voronoi polygons may be 

thought of as the cells of a growth process (Lee & Schachter, 1980): 

 “Suppose that we let each vertex in V be the nucleus of a growing cell. Cells 

will propagate outward from their nuclei, simultaneously and at a uniform rate. The 

border of a growing cell will freeze in place at its points of contact with the border of 

another growing cell. Eventually, only the cells whose nuclei are on the convex hull of 

V are still expanding. The remaining cells have completely partitioned (or tessellated) 

a region of the plane into a set of non-overlapping closed convex polygons, one 

polygon about each nucleus. These closed polygons, together with the open polygons 

on the convex hull, define a Voronoi tessellation of the entire plane.”  

Figure 2.7 illustrates this example, and also shows its dual Delaunay 

Triangulation (Lee & Schachter, 1980). 
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Figure 2.7 - Voronoi diagram (solid lines) and Delaunay triangulation (dashed 

lines) of a planar set of 16 points (Lee & Schachter, 1980) 

Voronoi was one of the first mathematicians that formally introduced the 

concept (Voronoi, 1908). He was also the first to consider a dual of this planar 

structure, where points are connected when their regions have a common boundary. 

Later on it was Delaunay who reached the same conclusion by defining that two points 

are connected if and only if they lie on a circle that contains no other points from a 

given planar point set. This is where our operational definition of Delaunay 

Triangulation is derived from (Vassilev, 2005). 
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Definition 9: (Delaunay Triangulation) Given a planar set of points S, the Delaunay 

Triangulation (DT) of S consists of all triangles with vertices in S such that their 

circumscribed circles do not have interior points from the set S. 

 

De Loera at al. (De Loera, Rambau, & Santos, 2010) summarized how 

Delaunay triangulations in the plane are optimal among triangulations of a fixed point 

set in the following senses: 

 

1. They minimize the maximum circumradius of triangles in the triangulation. 

2. They maximize the minimum circumradius of triangles in the triangulation. 

3. For all real number powers m > 0, they minimize the functional Στ∈T    

R(τ)m, where the sum is over all triangles τ in the triangulation. 

4. They maximize the minimum angle in a triangulation. 

 

There are several algorithms that can find Delaunay triangulation of a planar 

point set. Su and Drysdale (Su & Drysdale, 1997) provided a very comprehensive 

experimental comparison of basic algorithm concepts. A brief summary of the most 

cited algorithms is provided in Table 2.3. 
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Table 2.3 - Summary of the most-cited Delaunay triangulation algorithms 

Algorithm Brief Description Complexity 

Lawson flip 

Algorithm 

 

(Lawson, 1977) 

Compute any full triangulation of S.  While there 

exists a sub-triangulation of four points in 

convex position that is not Delaunay, replace this 

with another sub-triangulation of the same four 

points. In other words, perform an edge flip on 

the diagonal. 

O(n2) time 

Divide-and-

Conquer 

 

(Dwyer, 1987) 

Sort the given set V of n points in 

lexicographically ascending order and rename 

the indices. Next, divide V into two subsets VL 

and VR. Recursively construct DT(VL) and 

DT(VR). To merge DT(VL) and DT(VR) to 

form DT(VL  VR), we make use of the convex 

hull CH(VL  VR). Forming the union of 

CH(VL) and CH(VR) results in two new hull 

edges which are the lower and upper common 

tangents of CH(VL) and CH(VR), which are the 

final Delaunay triangulation. 

O(n×logn) 

time 

Sweepline 

 

(Fortune, 1987) 

The algorithm keeps track of two sets of state, 

(1) the frontier of the diagram representing the 

subset of the Delaunay triangulation around the 

outside; and (2) the priority queue, or the event 

queue, which keeps track of the locations where 

sweepline should stop. The priority queue stores 

the circle events and the site events. The 

algorithm sweeps a line up in the y direction, 

processing events as they are encountered. 

O(n×logn) 

time 

Incremental 

 

(Lischinski, 1994) 

Add one point at a time, hence the name 

“incremental”. When each new point is added, 

we split in three the triangle that contains it. 

Then we apply the Lawson flip algorithm - 

search through all the triangles to find the one 

that contains the newly added point, then we flip 

away every non-Delaunay edge if necessary. 

O(n2) time 

 

Perhaps not surprisingly, there are significant geometrical applications of the 

Voronoi diagrams and Delaunay triangulations. Most significant of these is the fact 

that Delaunay triangulation contains the minimum spanning tree, or MST (De Loera, 

Rambau, & Santos, 2010). It also contains Nearest Neighbor Graph, or NNG. Finally, 
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every Delaunay triangulation contains its planar set Gabriel Graph, which is a graph in 

which any two points x and y are connected if they are distinct, and the closed disc of 

which line segment xy is a diameter contains no other points from the given planar 

point set. 

Greedy Triangulation 

Vassilev presented the following definition of Greedy Triangulation (Vassilev, 

2005). 

 

Definition 10: (Greedy Triangulation) The Greedy Triangulation of a planar 

set of points S is produced by the following algorithm: List all possible edges between 

pairs of points in S. Sort the list in ascending order of edge length. Repeat the 

following step, until the list is empty: add the first edge in the list to the current 

triangulation, and discard from the list all the edges that intersect properly this edge. 

 

A graphical example of a greedy triangulation and its comparison to other 

important triangulations is given in Figure 5. Although it does not optimize any 

particular characteristic, Greedy triangulation is well studied in how it relates to other 

important triangulations, especially MWT (Manacher & Zobrist, 1979).  Greedy 

triangulation can be derived from Delaunay triangulation, thus carrying the same time 

complexity of O(n×logn). 

Minimum Weight Triangulation 

 Minimum weight triangulation, or MWT, is one of the most researched 

triangulations. For MWT, the quality measure is the sum of the lengths of its edges. 

To formally define it, we adopt the definition from De Loera et al. (De Loera, 

Rambau, & Santos, 2010). 
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Definition 11: (Minimum Weight Triangulation) Let S be a set of n points in 

two-dimensional Euclidean space (plane). Suppose that for each pair of points pi,pj ∈ 

R2 we are given a certain “cost” or weight wi, j ∈ (0,∞) of using the edge pipj, where 

weight is the Euclidean distance between points. Then we can call the weight of a 

triangulation the sum of weights of the edges used in it. The minimum weight 

triangulation, or MWT(S), is the full triangulation of S with the smallest possible 

weight. 

The first appearance of the problem dates back to the early 1970s, when it was 

considered by Duppe and Gottschalk (Duppe & Gottschalk, 1970) in the area of 

cartographies. They speculated that Greedy triangulation was MWT.  Not long 

thereafter, Shamos and Hoey proposed that Delaunay triangulation might in fact be 

MWT (Shamos & Hoey, 1975).  In 1979, Manacher and Zobrist (Manacher & Zobrist, 

1979) have proven that in certain cases neither Greedy nor Delaunay even 

approximate MWT. In fact, they showed that Greedy triangulation length for some 

chordal point sets is longer than MWT’s by a factor of Ω(𝑛3/2). They also 

demonstrated that for convex polygons with a single, slightly off-center, interior point, 

Delaunay triangulation is worse than MWT by a factor of Ω(n /log n). Here, Manacher 

and Zobrist used Knuth’s O-notation, where Ω means “of the same or greater order”.  

Figure 2.8 depicts these triangulations on the same planar point set (Mulzer & Rote, 

2008). 
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Figure 2.8 - Planar point set of 11 points, and different ways to triangulate it. 

(Mulzer & Rote, 2008) 

Manacher and Zobrist findings, however, do not imply that Delaunay 

triangulation edge length is far longer than that of MWT. On the contrary, it was 

Chang and Lee (Chang & Lee, 1984) that demonstrated that on the average, the total 

length of a Delaunay triangulation is of the same order as that of MWT, under the 

assumption that the points are drawn from a homogeneous planar Poisson point 

distribution. Gilbert (Gilbert, 1979) proved that MWT problem can be solved in O(n3) 

time with dynamic programming for simple polygons, which was then further 

generalized to polygons with k inner points. Hoffmann and Okamoto (Hoffmann & 

Okamoto, 2006) demonstrated how to obtain the MWT for such point sets in O(6kn5 

log n)-time by using an algorithm based on a polygon decomposition through x-

monotone paths. 

In 1979, Garey and Johnson wrote a landmark book on the theory of NP-

completeness (Garey & Johnson, 1979). This book mentioned MWT as one of twelve 
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open problems whose NP-completeness was not yet known. This mention had also 

contributed to directing the attention of many researchers towards answering this 

question. Polynomial-time heuristics that restrict solution space to admissible edges 

with certain properties showed good promise. Das and Joseph (Das & Joseph, 1989) 

have shown that every edge in a MWT has the diamond property, which states that an 

edge e cannot be in MWT if both of the two isosceles triangles with base e and base 

angle of /8 contain other points of S. This angle was further improved by Drysdale et 

al. (Drysdale, McElfresh, & Snoeyink, 2001) to /4.6. If applied to uniformly 

distributed point sets, this property excludes all but an expected number of O(n) edges. 

Dickerson et al. (Dickerson, Keil, & Montague, 1997) introduced the LMT-skeleton 

heuristic based on a simple criterion of local optimality fulfilled by every edge in 

MWT. The LMT-skeleton algorithm often yields a connected graph, such that the 

remaining polygonal areas can be optimally triangulated with previously-mentioned 

dynamic programming to obtain the MWT.  

Combining the diamond property and the LMT-skeleton makes it possible to 

compute the MWT for large, randomized point sets. Beirouti and Snoeyink effectively 

combined these two heuristics and reported that their implementation could compute 

the exact MWT of 40,000 uniformly distributed points in less than 5 minutes and even 

up to 80,000 points with the improved diamond property (Beirouti & Snoeyink, 1998). 

Haas further refined these techniques, and extended them to instances of much bigger 

size and different type, based on an array of modifications and parallelizations in 

combination with more efficient geometric encodings and data structures (Haas, 

2018). As a result, he was able to solve MWT instances with up to 30,000,000 

uniformly distributed points in less than 4 minutes to provable optimality. He also 

computed optimal solutions for a significant number of additional benchmark 

instances that are not uniformly distributed, including normally distributed instances 

of up to 30,000,000 points, and all point sets in the TSPLIB of up to 85,900 points 

(Reinelt G., 1991). 
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It was only in 2008 that Mulzer and Rote finally proved that MWT was an NP-

hard problem (Mulzer & Rote, 2008). Their proof involved a complex reduction from 

another NP-hard problem and employs Python computer code to prove correctness of 

the NP-hardness claim. With NP-hardness questions as it relates to MWT now settled, 

we provide a brief overview of the most-cited and historical MWT heuristics in Table 

2.4. 

Table 2.4 - Summary of the most-cited and historical MWT heuristics 

Algorithm Brief Description Complexity 

Simple Polygon 

Triangulation (w/ 

or w/o k inner 

points) 

 

(Gilbert, 1979) 

Points are numbered consecutively around the 

boundary of the polygon. For each diagonal 

from point x to point y that lies within the 

polygon, the optimal triangulation is calculated 

by considering all possible triangles xyz within 

the polygon, adding the weights of the optimal 

triangulations below the diagonals xz and yz, 

and choosing the point k that leads to the 

minimum total weight. 

O(n3) time 

Polygon 

Decomposition  

 

(Hoffmann & 

Okamoto, 2006) 

Polygon decomposition through x-monotone 

paths. 

O(6kn5 log 

n) time 

LMT-Skeleton 

Heuristic 

 

(Dickerson, Keil, 

& Montague, 

1997) 

Construct LMT-skeleton by finding all edges 

that are locally optimal and therefore have to be 

in MWT (LMT = locally minimal 

triangulation). If this skeleton is a connected 

graph, create full MWT by utilizing simple 

polygon triangulation for all non-triangulated 

areas. 

O(n4) time, 

O(n2) space 

Beirouti LMT-

Skeleton Heuristic 

 

(Beirouti & 

Snoeyink, 1998) 

Improved the asymptotic time and memory 

usage of the LMT-skeleton heuristic while 

utilizing filters that identify initial candidate 

edges. Also employing bucketing and further 

tuning for evenly distributed points.  

O(n4) time, 

O(n2) space,  

Haas LMT-

Skeleton Heuristic 

 

(Haas, 2018) 

Builds on pervious LMT-heuristics and 

improves them with an array of modifications 

and parallelizations in combination with more 

efficient geometric encodings and structures. 

Not stated 
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Table 2.4 - continued 

Algorithm Brief Description Complexity 

Genetic MWT 

Algorithm 

 

(Qin, Wang, & 

Gong, 1997) 

Code triangulation status of points into the 

lower triangular matrix. Use elitist strategy so 

the max fitness value of the population does not 

decrease as the process of evolution continues. 

Exchange polygon chromosomes from two 

parents according to some probability. Use edge 

flipping as a legal mutation step. Terminate if 

you reach max number of generations or fitness 

stabilizes. 

 

Not stated 

Branch & Bound 

MWT Heuristic 

 

(Kyoda, Imai, 

Takeuchi, & 

Tajima, 1997) 

Find a minimum-weight maximal independent 

set of intersection graphs of edges. There are 

known many cuts for the independent set 

problem, and algorithm further uses a cut 

induced by geometric properties of 

triangulations, combined with e β-skeleton 

method 

O(n2) time 

Ant Colony 

(ACO) MWT 

Heuristic 

 

(Jahani, Bigham, 

& Askari, 2010) 

At the start of any iteration all ants are placed in 

start vertices. The task of each ant is the 

construction of a feasible triangulation of the 

given point set. Each ant k moves from its 

current point I to another feasible neighbor 

point j according to some probability𝑃𝑖𝑗
𝑘(𝑡). If 

ant reaches a node it cannot move from, it dies. 

Not stated 

 

Triangle Attributes 

In our literature review it was important to briefly visit the most basic 

geometric shape, a triangle. Perhaps not surprisingly, edges dominate our topics of 

Computational Geometry and Combinatorial Optimization, and triangles are only 

sparsely utilized to construct polygonizations or triangulations. Fekete uses area of 

empty 3-gons (i.e. triangles) in his “Greedy build” heuristics for MINAP (Fekete , 

1992). In his doctoral thesis, Vassilev relied on triangles, namely their areas, as 

important constraints in building his MIN-MAX triangulation algorithm (Vassilev, 

2005). Triangle inequality, in particular relaxation (Andreae, 2001) and 

parametrization (Andreae & Bandelt, 1995) of such, is used for TSP approximation 
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algorithms’ worst-case guarantees and/or improvements. In this section we review 

basic triangle attributes of perimeter and area. We also review Triangle Inequality as a 

measure of triangle inequality. Finally, we review the Compactness Index, a well-

researched attribute of geometric figures.  For illustration purpose we present the 

triangle in Figure 2.9. 

 

Figure 2.9 - Example of a simple triangle (i.e. 3-gon) 

Perimeter 

Perimeter of a shape, such as a triangle, is one of its basic and most widely 

used attributes. Our literature review has not identified its use in Computational 

Geometry as it relates to building either triangulations or polygonizations. 

 

Definition 12:  (Triangle Perimeter) Consider triangle T with edges a, b, and c. 

Perimeter of triangle T, P(T), is equal to sum of lengths of its edges, or  

 

 𝑃(𝑇) = 𝑎 + 𝑏 + 𝑐                 (2.3) 
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Area 

Area is yet another widely used geometrical property rarely used in 

polygonizations and triangulations. Here, we note Heron’s formula of triangle area as 

our working definition. 

 

Definition 13: (Triangle Area) Consider triangle T with edges a, b, and c. Area of 

triangle T, A(T), is then calculated as follows: 

 

𝐴(𝑇)  =  √𝑠 × (𝑠 − 𝑎) × (𝑠 − 𝑏) × (𝑠 − 𝑐), where 𝑠 =
𝑎+𝑏+𝑐

2
             (2.4) 

Triangle Inequality Measure 

Triangle inequality can be defined either in the absolute terms utilizing unit of 

distance, or in relative terms as the ratio. Our definition is basic and is given below. 

 

Definition 14: (Triangle Inequality Measure) Consider triangle T with edges a, b, and 

c. We can define any of its edges to be a base edge, here denoted as c. Triangle 

inequality of triangle T, TI(T), in regards to its base edge c, is then calculated as 

follows (in absolute terms): 

 

𝑇𝐼(𝑇 , 𝑐) = 𝑎 + 𝑏 − 𝑐                           (2.5) 

 

or (in relative terms): 

 

𝑇𝐼(𝑇 , 𝑐) =
𝑎+𝑏

𝑐
                    (2.6) 

Compactness Index 

The compactness measure of a shape, also known as its shape index, is a 

numerical quantity representing the degree to which a shape is compact (Gillman, 

2002). For our purpose, we are interested in compactness measure, or index, of shapes 
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in R2, specifically compactness index of simple triangles indicated in triangulations of 

planar point sets. To that extent, we use working definition of compactness index 

proposed by Osserman (Osserman, 1978). 

 

Definition 15: (Compactness Index) Consider triangle T with edges a, b, and c. 

Compactness index of triangle T, CI(T), is then calculated as follows: 

 

𝐶𝐼(𝑇)  =
4𝜋𝐴(𝑇)

[𝑃(𝑇)]2                  (2.7) 

 

The Compactness Index it is easy to compute, has values between 0 and 1, and 

is insensitive to size changes while keeping shape constant (Li, Goodchild, & Church , 

2013). Figure 2.10 demonstrates the range of values Compactness Index takes for 

different types of shapes. It is easy to make a link between “skinny” triangles and low 

Compactness Index, but surprisingly we see no mention of this attribute in our 

literature review of triangulation methods. Compactness Index is closely linked to 

Isoperimetric Inequality, a topic we review in our next section. 
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Figure 2.10 - Compactness index range for 2D geometric shapes 

A Few Words on Isoperimetric Inequality 

Few articles on the isoperimetric inequality have been cited as frequently as 

Osserman (Osserman, 1978), who recounted this geometric property as follows: 

 

Property 16: Among all simple closed plane curves of given length L, the circle of 

circumference L encloses maximum area. This is most succinctly expressed in the 

isoperimetric inequality: 

𝐿2 ≥ 4𝜋𝐴                  (2.6) 

where A is the area enclosed by the curve C of length L, and where equality holds if 

and only if C is a circle. 
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Siegel (Siegel) wrote that this theorem has generalizations to higher 

dimensions, and many variants in two dimensions. One variant, he explained, stated 

that for all k-sided fixed-perimeter polygons it is the regular (i.e. symmetric) polygons 

that hold the maximum area. He also claimed that these volume and surface 

optimization problems explain many nature phenomena. They tell us why cats curl up 

in cold weather, minimizing its exposed surface area. They help us understand why 

honeybees build hives with cells that are perfectly hexagonal in shape, simultaneously 

minimizing quantity of building materials and maximizing cells’ storage capacity. In 

applying this theorem to human domains, we also begin to understand why water 

pipes should have a round cross-section (Siegel).  

 The isoperimetric inequality dates back to antiquity and writings of Virgil 

Aneid and his story of the creation of the city of Carthage. Siegel reported that Queen 

Dido from Phoenicia, fleeing her bloodthirsty brother to North Africa, made a deal 

with a local chieftain to trade her fortune to as much land as she could isolate with the 

skin of a single ox. After agreeing to the deal, the Queen broke the skin of the animal 

down into very thin strips of leather, tied them together and constructed an incredibly 

large semicircle which, together with the natural boundary of the sea, turned out to be 

much greater than expected. Siegel mentions that the Queen understood the 

isoperimetric inequality and how to apply it to her advantage (Siegel). 

 The history of isoperimetric inequality proofs goes back to the ancient Greeks. 

Pappus of Alexandria in the fourth century AD credited Zenodorus who lived during 

the second century BC. According to modern standards his proofs were incomplete as 

they apparently did not study the irregular cases. Archimedes studied the isoperimetric 

problem as well; however both his work and the original writing of Zenodorus have 

been lost. In modern days Steiner realized that the Greek arguments were incomplete 

and established a better way to prove the inequality by means of showing how any 

figure that does not have a circular boundary can be transformed into a new one with 

the same perimeter but greater area. However, Weierstrass, by a new formalized 

mathematical system, showed that the proof could still not be considered a rigorous 
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proof. It was Weierstrass himself who did the first rigorous proof as a corollary of his 

Theory of Calculus of Several Variables in 1870. Since that time, several new proofs 

have been introduced (Osserman, 1978). 

 When it comes to isoperimetric inequality as it relates to our research, the 

question most important to us is how it relates to simple 3-gons, i.e. triangles in R2. To 

this end, Kesavan (Kesavan, 2014) related triangle and isoperimetric inequalities, and 

has proven that of all triangles with a fixed area and fixed base, the isosceles triangle 

minimizes the sum of the lengths of the other two sides. We further generalize his 

theorem into the following property: 

 

 Property 17: Of all triangles with the fixed area, the isometric triangle minimizes the 

sum of the lengths of the triangles’ sides. 

 

Kesavan theorem and Property 9 are evident in the curve showing the 

triangle’s compactness index on the basis of the relations between three sides shown in 

Figure 6. When x = a = b = c = 1, the Compactness Index attains its maximum of 

roughly 0.6. 

Putting It All Together 

Our literature review followed along the theoretical framework presented in 

Figure 2.11, while in this section we focus on where these named areas of applicable 

research overlap, and where gaps in knowledge exist. Both theoretical overlaps and 

gaps lead us into defining proposed data hierarchy and conceptual framework that 

guide rest of our work. 
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Figure 2.11 - Theoretical framework 

In 1975, Shamos and Hoey hypothesized that MWT cycles were subgraphs of 

the Delaunay triangulation (Shamos & Hoey, 1975). Several years after, Kantabutra 

presented an example showing a degenerate Delaunay triangulation which in fact did 

not contain a Hamiltonian cycle, invalidating their claim (Kantabutra, 1983). 

Dillencourt went even further and presented a planar point set in which Delaunay and 

MWT are identical, and both do not contain optimal TSP (Dillencourt, 1987). Of 

course, as TSP is the Hamiltonian cycle of smallest perimeter, this proved Shamos’ 

hypothesis was incorrect. Recently, however, Letchford and Pearson (Letchford & 

Pearson, 2008) created heuristics that use edges of greedy and Delaunay triangulations 

of 29 TSPLIB problems to solve for TSP using Concorde. They found that heuristic 

results where on average only 0.28% larger than optimal, while in no case being more 

than 3.3% worse than optimal.  

While these results would give any traditional heuristics a run for their money, 

authors did not go further into explaining why this is the case, other than to speculate 

that both Greedy and Delaunay triangulations are good approximations of MWT.  

They also did not investigate why MWT contained edges suitable for TSP other than 
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state its good geometrical properties. While their heuristics produce impressive results, 

the authors did not consider that sub-optimality of results might lie in sub-optimality 

of predefined heuristics coded in Concorde. The authors did mention that neither 

greedy not Delaunay triangulations are typically full triangulations but failed to 

mention that Delaunay is also not locally optimal. In other words, potential 

improvement to their heuristics could lie in adding edge-flipping routine reducing total 

edge length in case of Delaunay triangulations. Nonetheless, their article seems to 

point to a rather dramatic link between optimal triangulations and TSP that has not 

been fully explored nor understood yet. 

Our literature review has failed to uncover evidence of prior theoretical work 

relying on triangulations constructed by progressively adding their constituent 

triangles according to some predefined triangle attribute or quality measure. Our 

research indicates that all of the triangulation algorithms are built on distance between 

edges (i.e. edge lengths). Other than Vassilev using triangle area as constraint in his 

Min-Max triangulation algorithm (Vassilev, 2005), there also seems to be no heuristics 

using simple triangle attributes (i.e. perimeter, area, Compactness Index) as quality 

measures guiding their exclusion from, or inclusion into, major triangulations.  

In nearly all the theoretical fields mentioned in our literature review, 

researchers seem to follow a traditional data hierarchy model outlined in Figure 2.12a. 

To create TSP approximation, heuristics tend to look to distance between points (i.e. 

edge length) as a key indicator of fitness for their inclusion into or exclusion from a 

triangulation or polygonization of choice. Our research, on the other hand, proposes 

data hierarchy shown in Figure 2.12b. This hierarchy organizes points into triangles, 

and then fits triangles into triangulations, all based on the triangles’ attribute of choice. 

In this structure, edges are looked at only in the context of the triangles they constitute. 

 Similarly, polygonizations are only viewed as triangulation attributes; they are 

simply outer perimeters of either full or partial triangulations. This adjustment allows 

us to deploy system theoretical thinking in that it allows us to view polygonization 

simply as a systems boundary between triangles belonging to the polygonization, 
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representing the “system”, and remaining triangles in the triangulation representing the 

“environment”.  

 

 

Figure 2.12 - a) Data hierarchy prevalent in the existing theoretical framework; 

b) Proposed data hierarchy guiding our research 

 Prevalent data hierarchy presented in Figure 12a depends on intelligent 

selection of candidate edges from an exponential number of possibilities, a problem 

that grows more and more difficult as the number of points increases. An advantage of 

the proposed hierarchy lies in both the greater density of information contained in 

triangles and in comparatively smaller, or polynomial, number of triangle candidates.  

Here is the summary of what we claim is the clear advantage the proposed 

hierarchy bestows on those who choose to embrace it. According to Property 5, there 

are exactly 2n - h - 2 triangles in a full triangulation of planar set S. Since we can 

easily show there are exactly n - 2 triangles inside a polygonization of planar set S, 

there remain exactly n - h triangles in the triangulated environment. This finding 

allows us to adopt one of two novel approaches; either (1) build a polygonization 

within a triangulation by starting with an empty triangle set and adding triangles to it 

until n-2 connected triangles are included, or (2) remove triangles from the full 
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triangulation until exactly n-2 connected triangles remain. In the initial case, we know 

triangles need to be connected via at least one of its edges to the polygonization, or 

they need to be connected to the remaining environment, unless they contain an edge 

on the Convex Hull of S. This is summarized in Figure 2.13 which presents 

Conceptual Framework which will guide our further research effort.  

 In Chapter 3 we design an algorithm to create locally optimal (i.e. improved) 

greedy compact triangulation, or iGCT. The algorithm utilizes Compactness Index as 

the chief inclusion criteria. We investigate whether the triangulation produced by this 

algorithm approximates MWT in all point set configurations (simple polygons, 

randomized point sets in TSPLIB), both theoretically and experimentally, and on a 

variety of point set configurations. 

 In Chapter 4 we investigate to what extent optimal TSP is contained in 

approximate MWT (i.e.  iGCT) in a representative sample of TSPLIB problems 

previously solved to optimality. This will allow us an opportunity to isolate benefits of 

the approach employed by Letchford and Person (Letchford & Pearson, 2008) when 

they constrained their TSP solution to only the candidate edges found in Delaunay and 

greedy triangulations - as approximation of MWT. 

 Finally, in Chapter 5, and on the basis of our findings in Chapter 4, we propose 

the “apple carving” heuristic algorithm. This algorithm utilizes Triangle Inequality as 

its triangle exclusion criteria, and its objective is to reduce iGCT to its minimum 

polygon partial triangulation containing all points from a given planar point set. We 

then evaluate (i.e. quantify) its effectiveness against the same representative sample of 

TSPLIB problems utilized in Chapter 4. 
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Figure 2.13 - Proposed conceptual framework 
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CHAPTER III 

RESEARCH 1: NOVEL HEURISTIC FOR APPROXIMATING 

MINIMUM WEIGHT TRIANGULATION OF PLANAR POINT 

SETS 

 

 

We introduce a novel heuristic for the problem of finding close approximations 

to Minimum Weight Triangulation (MWT) of a planar point set, a classical problem of 

computational geometry with many applications. Our algorithm constructs Greedy 

Compact Triangulation (GCT) by progressively adding most compact non-intersecting 

empty 3-gons. It further improves GCT by performing weight-reducing edge flips to 

create improved Greedy Compact Triangulation (iGCT). We prove that the time and 

space complexity of our algorithm are O(n4) and O(n3) respectively. We also 

demonstrate that GCT approximates MWT to within a constant factor in a variety of 

point set configurations, including ones where other important triangulations such as 

Delaunay and Greedy fail to do so. This leads us to conjecture that GCT is only the 

second known triangulation that approximates MWT to within a constant factor in all 

point set configurations. 
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Abstract 

We introduce a novel heuristic for the problem of finding close approximations 

to Minimum Weight Triangulation (MWT) of a planar point set, a classical problem of 

computational geometry with many applications. Our algorithm constructs Greedy 

Compact Triangulation (GCT) by progressively adding most compact non-intersecting 

empty 3-gons. It further improves GCT by performing weight-reducing edge flips to 

create improved Greedy Compact Triangulation (iGCT). We prove that the time and 

space complexity of our algorithm are O(n4) and O(n3) respectively. We also 

demonstrate that GCT approximates MWT to within a constant factor in a variety of 

point set configurations, including ones where other important triangulations such as 

Delaunay and Greedy fail to do so. This leads us to conjecture that GCT is only the 

second known triangulation that approximates MWT to within a constant factor in all 

point set configurations. 

Introduction to MWT 

Minimum weight triangulation, or MWT, is one of the most researched 

triangulations. For MWT, the quality measure is the sum of the lengths of its edges. 

Formally, we can define it as follows (De Loera, Rambau, & Santos, 2010): 

 

Definition 3.1: (Minimum Weight Triangulation) Let S be a set of n points in two-

dimensional Euclidean space (plane). Suppose that for each pair of points pi,pj ∈ R2 

we are given a certain “cost” or weight wi, j ∈ (0,∞) of using the edge pipj, where 

weight is the Euclidean distance between points. Then we can call the weight of a 

triangulation the sum of weights of the edges used in it. The minimum weight 

triangulation, or MWT(S), is the full triangulation of S with the smallest possible 

weight. 

The first appearance of the problem dates back to the early 1970s, when it was 

considered by Duppe and Gottschalk in the area of cartographies. They speculated that 

Greedy triangulation was MWT (Duppe & Gottschalk, 1970).  Not long thereafter, 
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Shamos and Hoey proposed that Delaunay triangulation might in fact be MWT 

(Shamos & Hoey, 1975).  In 1979, Manacher and Zobrist proved that in certain cases 

neither Greedy nor Delaunay even approximate MWT (Manacher & Zobrist, 1979). In 

fact, they showed that Greedy triangulation length for some chordal point sets is 

longer than MWT’s by a factor of 𝛺(𝑛3/2). They also demonstrated that for convex 

polygons with a single interior point, slightly off-center, Delaunay triangulation is 

worse than MWT by a factor of Ω(n/log n). Here, Manacher and Zobrist used Knuth 

O-notation, where Ω means “of the same or greater order”.  

Manacher and Zobrist findings, however, do not imply that Delaunay 

triangulation sum of edge lengths is typically far greater than that of MWT. On the 

contrary, it was Chang and Lee that demonstrated that, on average, the total length of a 

Delaunay triangulation is of the same order as that of MWT, under the assumption that 

the points are drawn from a homogeneous planar Poisson point distribution (Chang & 

Lee, 1984). Gilbert proved that MWT problem can be solved in O(n3) time with 

dynamic programming for convex polygons, which was then further generalized to 

polygons with few k inner points (Gilbert, 1979). Hoffmann and Okamoto 

demonstrated how to obtain the MWT for such point sets in O(6kn5 log n)-time by 

using an algorithm based on a polygon decomposition through x-monotone paths 

(Hoffmann & Okamoto, 2006). 

In 1979, Garey and Johnson wrote a landmark book on the theory of NP-

completeness (Garey & Johnson, 1979). This book mentioned MWT as one of twelve 

open problems whose NP-completeness was not yet known. This mention had also 

contributed to directing the attention of many researchers towards answering this 

question, when polynomial-time heuristics that restrict solution space to admissible 

edges with certain properties showed good promise. Das and Joseph have shown that 

every edge in a MWT has the diamond property, which states that an edge e cannot be 

in MWT if both of the two isosceles triangles with base e and base angle of /8 

contain other points of S (Das & Joseph, 1989). This angle was further improved by 

Drysdale et al. to /4.6 (Drysdale, McElfresh, & Snoeyink, 2001). If applied to 
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uniformly distributed point sets, this property excludes all but an expected number of 

O(n) edges. Dickerson et al. introduced the LMT-skeleton heuristic based on a simple 

criterion of local optimality fulfilled by every edge in MWT (Dickerson, Keil, & 

Montague, 1997). The LMT-skeleton algorithm often yields a connected graph, such 

that the remaining polygonal areas can be optimally triangulated with previously-

mentioned dynamic programming to obtain the MWT.  

Combining the diamond property and the LMT-skeleton made it possible to 

compute the MWT for large, randomized point sets. Beirouti and Snoeyink effectively 

combined these two heuristics and reported that their implementation could compute 

the exact MWT of 40,000 uniformly distributed points in less than 5 minutes and even 

up to 80,000 points with the improved diamond property (Beirouti & Snoeyink, 1998). 

Haas further refined these techniques, and extended them to instances of much bigger 

sizes and different types, based on an array of modifications and parallelizations in 

combination with more efficient geometric encodings and data structures (Haas, 

2018). As a result, Hass was able to solve MWT instances with up to 30,000,000 

uniformly distributed points in less than 4 minutes to provable optimality. He also 

computed optimal solutions for a significant number of additional benchmark 

instances that are not uniformly distributed, including normally distributed instances 

of up to 30,000,000 points, and all point sets in the TSPLIB (Reinelt, 1991) of up to 

85,900 points. 

It was only in 2008 that Mulzer and Rote finally proved that MWT was an NP-

hard problem (Mulzer & Rote, 2008). Their proof involves a complex reduction from 

another NP-hard problem and employs computer code, a Python program, to prove 

correctness of their NP-hardness claim. 

Our Approach 

Our literature review had failed to uncover evidence of significant prior 

research relying on triangulations constructed by progressively adding their 

constituent triangles according to some predefined triangle attribute or quality 
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measure. Other than Vassilev using triangle area as constraint in his Min-Max 

triangulation algorithm (Vassilev, 2005), there seems to be no heuristics using simple 

triangle attributes (i.e. perimeter, area, Compactness Index) as quality measures 

guiding their exclusion from, or inclusion into, major triangulations.  

 

Definition 3.2: (Compactness Index) Consider triangle T with edges a, b, and c. 

Compactness index of triangle T, CI(T), is then calculated as follows: 

 

𝐶𝐼(𝑇)  =
4𝜋𝐴(𝑇)

[𝑃(𝑇)]2
                  (3.1) 

 

The Compactness Index it is easy to compute, has values between 0 and 1, and 

is insensitive to size changes while keeping shape constant (Li, Goodchild, & Church , 

2013). Figure 3.1 demonstrates the range of values Compactness index takes for 

different types of shapes. It is easy to make a link between “skinny” triangles and low 

Compactness Index, but we see no mention of this attribute in our literature review of 

triangulation algorithms.  
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Figure 3.1 - Compactness Index range for simple geometric shapes in R2 

Compactness Index is closely linked to Isoperimetric Inequality. Few articles 

on the isoperimetric inequality have been cited as frequently as Osserman, who 

recounted this geometric property as follows (Osserman, 1978): 

 

Definition 3.3: (Isoperimetric Inequality) Among all simple closed plane curves of 

given length L, the circle of circumference L encloses maximum area. This is most 

succinctly expressed in the isoperimetric inequality: 

𝐿2 ≥ 4𝜋𝐴                   (3.2) 

where A is the area enclosed by the curve C of length L, and where equality holds if 

and only if C is a circle. 
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Siegel wrote that this theorem has generalizations to higher dimensions, and 

many variants in two dimensions. One variant, he explains, states that for all k-sided 

fixed-perimeter polygons it is the regular (i.e. symmetric) polygons that hold the 

maximum area (Siegel). He also claims that these volume and surface optimization 

problems explain many phenomena from nature. They tell us why cats curl up in cold 

weather, minimizing its exposed surface area. They help us understand why honeybees 

build hives with cells that are perfectly hexagonal in shape, simultaneously 

minimizing quantity of building materials and maximizing cells’ storage capacity. In 

applying this theorem to human domains, we also begin to understand why water 

pipes should have a round cross-section.  

 When it comes to isoperimetric inequality as it relates to our research, the 

question most important to us is how it relates to simple 3-gons, i.e. triangles in R2. To 

this end, Kesavan related triangle and isoperimetric inequalities, and has proven that 

of all triangles with a fixed area and fixed base, the isosceles triangle minimizes the 

sum of the lengths of the other two sides (Kesavan, 2014). We further generalize his 

theorem into the following property: 

 

 Property 3.4: (Isometric Triangle) Out of all triangles with the fixed area, the 

isometric triangle minimizes the sum of the lengths of the triangles’ sides. 

 

Kesavan theorem is evident in the curve showing the triangle Compactness 

Index on the basis of the relations between three sides shown in Figure 3.1. When x = 

a = b = c = 1, the Compactness Index attains its maximum of roughly 0.6. Related to 

this is yet another property concerning the triangles inscribed into a given circle, given 

as follows: 

 

Property 3.5: (Maximum Area Property of Equilateral Triangles) Among all triangles 

inscribed in a given circle, the equilateral one has the largest area. 
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There are 2n - h - 2 simple triangles in a full triangulation of a planar set S of n 

points, where h represents the number of points on the CH(S), or Convex Hull of S 

(Vassilev, 2005). The area of CH(S) of the same planar point set is a constant 

depending on planar coordinates of h points belonging to CH(S). Since both the total 

area and the number of triangles are constant, we hypothesize that MWT for a planar 

point set can be approximated by a full triangulation that maximizes Compactness 

Indices of its constituent triangles, and thereby minimizes their perimeters; this is due 

to isoperimetric inequality principle (Kesavan, 2014). We call this triangulation 

Greedy Compact Triangulation, or GCT. We further observe that the additional 

exhaustive steps of edge flipping will achieve its local optimality. We call the 

resulting triangulation improved Greedy Compact Triangulation, or iGCT. We call the 

algorithm that creates it the GCT algorithm. 

 The remainder of this paper is organized as follows. First, we introduce our 

proposed algorithm in pseudocode format. Second, we evaluate our algorithm 

theoretically with respect to the following: (a) time and space complexity, and (b) 

GCT optimality in a variety of convex point set configurations. Next, we evaluate 

GCT performance experimentally for point sets distributed uniformly in a unit square, 

for point sets organized in dual chordal subsets and for a number of TSPLIB problems 

where MWT weight is known. Finally, we make our conclusions, discuss research 

limitations, and outline next steps. 

GCT Algorithm  

 Figure 3.2 contains pseudocode of GCT algorithm. 
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Input planar point set S with n points 

Output GCT(S) 

GCT Algorithm 

1 
Initialize arrays of Points, Stripe, simpleTriangles, GCT, iGCT. Load 

point set coordinates into the array Points 

2 
Create the array Stripe where Stripe(a,b) is equal to the number of points 

below line segment [a,b]. 

3 Enumerate all empty triangles and store into simpleTriangles array. 

4 Sort simpleTriangles array on Compactness Index in decreasing order. 

5 
Loop through simpleTriangles array and continue adding new candidates 

to GCT only if they do not intersect any of the triangles already in GCT. 

6 

Set iGCT = iGCT. Continue to improve iGCT by performing edge 

(triangle) flipping until there are no flips that result in iGCT weight 

decrease. 

Figure 3.2 - GCT Algorithm Pseudocode 

Theoretical Implications 

 

Lemma 3.6 The space complexity of GCT algorithm is 𝑂(𝑛3). 

 

Proof: It is easy to show that the size complexity of Points, GCT, and iGCT arrays is 

𝑂(𝑛) by 𝑂(1), as the length of each of these arrays is proportional to n (Vassilev, 

2005). The size complexity of the Stripe array is 𝑂(𝑛2) (Eppstein, Overmars, Rote, & 

Woeginger, 1992). The size complexity of the simpleTriangles array is 𝑂(𝑛3) since 

there are no more than (𝑛
3
) empty triangles in a planar point set of n points.  

We can therefore conclude that the overall space complexity of GCT algorithm 

is 3 × 𝑂(𝑛) + 𝑂(𝑛2) + 𝑂(𝑛3) =  𝑂(𝑛3)             
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Lemma 3.7 The time complexity of GCT algorithm is 𝑂(𝑛4). 

 

Proof: Step 1 of GCT algorithm is performed in 𝑂(𝑛) time, as there are n points in 

planar point set S. Step 2 allows us to pre-process a point set such that the number of 

points in any triangle can be found in linear time, and is known to have the time 

complexity of 𝑂(𝑛2) (Eppstein et al., 1992). The time complexity of Step 3 is 𝑂(𝑛3) 

as there are (𝑛
3
) triangles to be evaluated, in 𝑂(1) time each, for possible emptiness 

and inclusion into SimpleTriangles array. It is easy to show that the time complexity of 

Step 4 is 𝑂(3𝑛3 × log 𝑛), provided we utilize Heap Sort algorithm whose worst-time 

complexity is 𝑂(𝑚 × log 𝑚) where 𝑚 = 𝑂(𝑛3) represents the number of items to be 

sorted (Williams, 1964). Step 5 has the time complexity of 𝑂(𝑛4), as we check up to 

(𝑛
3

) candidate triangles from simpleTriangles array against intersecting with up to 

𝑂(3𝑛) triangles already included in GCT. Finally, Step 6 has the time complexity of 

𝑂(𝑛2), as this is the maximum time complexity to transform any triangulation into 

another (Lawson, 1977). This proves that the time complexity of GCT Algorithm is 

𝑂(𝑛) + 𝑂(𝑛2) + 𝑂(𝑛3) + 𝑂(3𝑛3 × log 𝑛) + 𝑂(𝑛4) + 𝑂(𝑛2) = 𝑂(𝑛4).       

 

Lemma 3.8 For certain planar point sets of class S1, we have 
𝐸𝐿(𝐷𝑇(𝑆1))

𝐸𝐿(𝑀𝑊𝑇(𝑆1))
= 𝛺(1).  

 

Proof: To prove Lemma 3.8, we use a class of point sets S1, and follow the proof of 

Theorem 3 from Manacher and Zobrist (Manacher & Zobrist, 1979). The class of 

point sets S1 consists of n = 2k + 1 points with 2k forming a regular polygon of 

diameter d and the remaining point c which is slightly displaced from the center of the 

polygon (to the top left) in order to avoid having any three points collinear. 
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a) 

 

 

b) 

 

 

Figure 3.3 - a) DT of S1    b) GCT of S1 

Figure 3.3a shows DT of S1. It consists of the convex hull and the edges 

extending from each vertex of the convex hull to c. Hence for each such S1, 

𝐸𝐿(𝐷𝑇(𝑆1))  =  𝜃(𝑑𝑛). It is easy to show that the length of iGCT, presented in 

Figure 3.3b, is superior to that of DT for S1. First set of triangles are inserted into GCT 

forming an inner hexagon with six edges extending from its vertices to point c. The 

sum of the lengths of the six edges extending from the vertices to point c is equal to 

6d. The sum of the length of the edges in the hexagon is 𝜃(𝑑), since we know that the 

sum of these edges has to be lower than 2d, which would be equal to the perimeter of 

the circle drawn through the points on the perimeter of S1. It is also easy to show that 

the following round of triangle insertion in GCT algorithm will be on the exposed 

edges of the inner hexagon. The sum of the length of the newly added edges is also 

𝜃(𝑑). As each of the subsequent iterations would open two additional edges for each 

of the already exposed edges, we can infer that there would be up to 𝑙𝑜𝑔2𝑛 iterations 

until GCT was fully triangulated. Since each shell contains edges whose length totals 

𝜃(𝑑), and there are  𝑙𝑜𝑔2𝑛 shells, we have at once 𝐸𝐿(𝐺𝐶𝑇(𝑆1))  =  𝜃(𝑑 log2 𝑛). 
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Consequently, we have 
𝐸𝐿(𝐷𝑇(𝑆1))

𝐸𝐿(𝐺𝐶𝑇(𝑆1))
=

θ(d n)

θ (d log n)
= 𝛺 (

𝑛

log 𝑛
).  Furthermore, Plaisted and 

Hong showed that EL(MWT(S))  = θ (d log2 n), matching their ring heuristic 

(Plaisted & Hong, 1987). This allows us to conclude that 
𝐸𝐿(𝐺𝐶𝑇(𝑆1))

𝐸𝐿(𝑀𝑊𝑇(𝑆1))
= 𝛺(1).      

 

Lemma 3.9 If planar point sets S is a regular polygon, then 
𝐸𝐿(𝐺𝐶𝑇(𝑆))

𝐸𝐿(𝑀𝑊𝑇(𝑆))
= 𝑂(1).  

 

Proof: 

 

Figure 3.4 - MWT and GCT for regular polygon S where n = 16 

From Property 3.5 it follows that for regular polygons the largest-area triangles 

are also the most compact, as can also be inspected in Figure 3.4. Once one of these 

triangles is inserted into GCT(S), there remain three complex polygons, each bound by 

one of the edges of the previously inserted triangle and the perimeter of S. It is also 

easily verifiable that the largest remaining triangles will have an already-inserted 

triangle edge as one of its edges. Once these triangles are inserted into GCT(S) in the 

second and subsequent rounds of GCT algorithm iteration, observe the outer perimeter 

of the triangles inserted thus far form the hexagon not dissimilar to the one observed in 

the proof of Lemma 3.8. The sum of the lengths of the three edges forming the inner 
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triangle is less than 6d. The sum of the length of the edges in the hexagon is 𝜃(𝑑), 

since we know that the sum of these edges has to be lower than 2d, which would be 

equal to the perimeter of the circle drawn through the points on the perimeter of S. It 

also follows that the following round of triangle insertion in GCT algorithm will be on 

the exposed edges of this inner hexagon. The sum of the length of the newly added 

edges is also 𝜃(𝑑). As each of the subsequent iterations would open two additional 

edges for each of the already exposed edges, we can infer that there would be up 

to 𝑙𝑜𝑔2𝑛 iterations until GCT was fully triangulated. Since each shell contains edges 

whose length totals 𝜃(𝑑), and there are  𝑙𝑜𝑔2𝑛 shells, we prove that 𝐸𝐿(𝐺𝐶𝑇(𝑆1))  =

 𝜃(𝑑 log2 𝑛). Since we also know that the optimal triangulation of a regular polygon 

having m = 2k points is also 𝜃(𝑑 log2 𝑛) (Plaisted & Hong, 1987), this implies that 

𝐸𝐿(𝐺𝐶𝑇(𝑆))

𝐸𝐿(𝑀𝑊𝑇(𝑆))
= 𝑂(1) , which proves the lemma.            

 

Lemma 3.10 GCT(S) approximates MWT(S) when S is a planar convex polygon. 

 

Proof:  To prove this lemma, we will follow earlier work of Kantabutra (Kantabutra, 

1994). Just like Kantabutra did, we will prove GCT approximates MWT in two parts. 

 

Part 1: Special Case 

Kantabutra first considered a special case of an (n + 1)-sided polygon, in which 

there is a very long side s and in which the two sides adjacent to s make angles 

that are less than some α, where α < 90°; see Fig. 1. He called the polygon 

sides other than s by the names of s1, s2, ....., sn from left to right, as shown in 

Figure 3.5. 
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Figure 3.5 - A special case (Kantabutra, 1994) 

Let the length of the projections of si onto s be pi. We will consider the 

problem of triangulating the polygon so that the sum of the lengths of all the 

projections of the triangulation edges onto s is at most a constant factor β of 

the minimum possible. Kantabutra showed that the length of such a 

triangulation T' can only be a constant factor of the length of any minimum-

length triangulation T. 

Let us consider a case where T' is GCT. It is easy to show that the first 

insertion into GCT will be a triangle containing edges s, (v0, vk), and (vk, vn+1), 

where vk is the point whose projection on s is closest to the mid-point of s 

(Kantabutra, 1994). It is also easy to show that the sum of the lengths of 

projections of the two other edges on s equals s.  

The next round of triangle insertions will be two triangles, with bases 

(v0, vk), and (vk, vn+1), and the greatest possible Compactness Indices 

respectively.  It is easy to show that the sum of the lengths of the projections of 

the four non-base edges of these two triangles equals s also. 

In each subsequent iteration GCT algorithm will insert two times more 

triangles than in the previous iteration, and in each of these iterations the sum 

of the projection lengths of the newly inserted edges will also be equal to s. 

This leads us to conclude that 𝐸𝐿(𝑇′)  =  𝑂(log2 𝑛). Since we also know that 

the optimal triangulation of a regular polygon having m = 2k points is also 

𝑂(𝑙𝑜𝑔2 𝑚) (Plaisted & Hong, 1987), this proves that GCT approximates MWT 

in this special case. 
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Part 2: The General Case 

Let us consider a convex polygon S of n points with maximum distance 

between points of a and b in each planar dimension. The example of S is 

shown in grey color in Figure 3.6. In order to find a near-optimal triangulation, 

Kantabutra draws a frame (some line segments joining some polygon vertices) 

and then finds a triangulation T that includes this frame (a triangulation 

includes the frame if all the line segments of the frame are triangulation edges) 

and is no longer than some constant times the shortest triangulation that 

includes the frame. 

 

 

Figure 3.6 - A frame triangulation 

Here we show that length of the frame drawn by the GCT Algorithm is 

in fact constant. First we consider the triangle first inserted by the GCT 

algorithm, denoted as 1 in Figure 3.6, and observe that the length of its edge 

can be described as follows: 

 

 𝑙 <  
𝑎

cos (30°)
=

2𝑎

√3
                  (3.3) 

 

Now we consider the next two inserted triangles, denoted as 2 and 2’ in 

Figure 3.6. It is obvious that the lengths of the new edges have to be less than 

the maximal equilateral edge l. This is also the case for all of the subsequently 

inserted triangles, which we continue adding until only chordal sets described 
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in our special case remain. Let us define a finite number of triangles added into 

the frame as k, and state that the number of points making the frame, which we 

denote as nF, can be expressed as follows: 

 

 𝑛𝐹 ≤  𝑘
2𝑎+2𝑏

𝑙
+ 2 = √3𝑘 (1 +

𝑏

𝑎
) + 2               (3.4) 

 

If we define hF to be equal to the number of points in the frame 

triangulation of our point set, we can then state that the number of edges hF in 

the frame triangulation of GCT is (Vassilev, 2005): 

 

 𝑒𝐹 = 3𝑛𝐹 − ℎ𝐹 − 3 = 2√3𝑘 (1 +
𝑏

𝑎
) + 1               (3.5) 

 

Finally, this implies that the total edge length of the frame triangulation 

within GCT, denoted here as TF is: 

 

𝐸𝐿(𝑇𝐹) < 𝑒𝐹 × 𝑙 = 𝐶                  (3.6) 

 

where C is some constant. Since EL(TF) = O(1), this proves that frame 

triangulation of the GCT has to approximate optimal triangulation of the points 

in the frame to within a constant factor.  

 

Finally, we say that GCT consists of the frame triangulation and no more than 

k chordal sets (as described in a special case), and can state that the length of iGCT is: 

 

𝐸𝐿(𝐺𝐶𝑇) < 𝐶 + 𝑘 × 𝑂(𝑙𝑜𝑔2𝑛)               (3.7) 

 

Since 𝑂(𝑙𝑜𝑔2𝑛) represents the order of total edge length of the optimal 

triangulation in regular polygons (Plaisted & Hong, 1987), we say that this must be 

true for any convex polygon, which is provable by contradiction (if we assume there is 
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a lower order of magnitude for the total edge length of the optimal triangulation, than 

this would also apply to regular polygon, which contradicts order of magnitude of the 

total edge length for the regular polygon as stated by Plaisted and Hong.). This proves 

that GCT approximates MWT in complex polygons in general.                

Experimental Methodology 

Objective 

We wanted to test performance of our algorithm experimentally. To that end, a 

set of numerical experiments was performed to achieve three main objectives: (a) to 

assess how well GCT approximates MWT in point sets where points are distributed 

uniformly within a unit square, (b) to assess GCT performance in a point set 

configuration where Greedy does not approximate MWT to within a constant factor, 

and (c) to assess performance of GCT and iGCT in a variety of TSPLIB point sets 

where MWT weights are known. 

Hypotheses 

We hypothesize that GCT approximates MWT to within a constant factor in 

point sets distributed uniformly within a unit square. We hypothesize that GCT 

outperforms Greedy in point set configurations where Greedy is known to not 

approximate MWT to within a constant factor. We further hypothesize that iGCT 

outperforms Delaunay in all point set configurations. 

Data Sets 

We have prepared three data sets for our experiments, and denoted them as 

Unit Square, Concave Chains, and TSPLIB. Examples from each data set are shown in 

Figure 7.  

In our Unit Square data set, we have generated point sets using rand() function 

in Excel for both horizontal and vertical coordinates of each point. Within this data set 

there are 5 subsets, each containing 5 point sets; the number of points in each subset 

was varied from 100 in the first to 500 in the fifth subset. 
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Figure 3.7- Example problems from each data set 

For our Concave Chains data set we created 11 instances of the set S0, starting 

from m = 10 in the first instance to m = 60 in the eleventh instance. Point set S0 was 

introduced by Manacher and Zobrist to show that the Greedy triangulation does not 

approximate MWT to within a constant factor in general (Manacher and Zobrist, 

1979). S0 consists of three parts bound by its convex hull T PRQ. The first part is an 

isolated point P at (0,0). The second part is a chordal subset A, which is slightly 

concave with respect to the convex hull, consisting of about m3/2 points located 

between (1, ε) and (2, ε). The points in A are denoted a1,a2,..., reading left from right. 

Point P is located above the line defined by a1a2. Third part consists of a chordal 

subset B of m points, also slightly concave, extending almost vertically as shown in 

Figure 7b. All b ∈ B are visible from P in the sense that the edge joining each b ∈ B to 

P does not pass through the arc on which the points in B reside. Point b1 is also called 

T and point b|B| is also called Q. The vertical position of each point bi is given by y(bi) 

= fi1/2. In our experiments we set ε = 0.5 and f = 0.8. Manacher and Zobrist proved 

that there exists a Better Triangulation (BT) that outperforms Greedy triangulation by 

Ω(n1/3) (Manacher and Zobrist, 1979), so in our experiments we also produce BT 

weights for comparison purposes. 

For our TSPLIB data set we have selected 18 problem sets from TSPLIB, a 

well-known online problem library created to provide researchers with a broad set of 
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test problems from various sources and properties (Reinelt, 1991). We have chosen 11 

problem sets which are given with points in general position (att48, berlin52, ch130, 

eil51, eil76, eil101, gr06, gr137, rat99, rat195, rd100). This was important as point sets 

in general position do not have 3 or more co-linear points. We have also chosen 7 

problem sets with a significant number of co-linear points (lin105, pr76, pr107, pr124, 

pr136, pr144, u159). This was done to test performance of our algorithm in both point 

set configurations. Another important reason to choose these problem sets was their 

appearance in prior research that already identified their respective MWT weights 

(Haas, 2018). 

Programming 

To achieve our experimental objectives we have programmed GCT Algorithm 

in Python 3.8 utilizing PyCharm 2019.3.1 (Professional Edition) software. This 

algorithm outputs Delaunay, GCT, and iGCT weights for any given problem set, and 

was utilized for all of the problems in our sample data sets. We then calculated relative 

difference of GCT and iGCT to MWT weight for TSPLIB problems, and to other 

well-known triangulation weights for Unit Square and Concave Chain problems, since 

for those point sets other triangulations either approximate MWT rather well, or their 

sub-optimality is well-documented. All of our experiments were performed on 

Latitude 5490 laptop with Intel Core i5−8250U CPU @ 1.60GHz with 8GB of RAM, 

running Windows 10 64-bit operating system. 

Experimental Results 

In our experiments GCT Algorithm was confirmed to be computationally 

intensive. For Unit Square data sets we saw the average run times range from 48 

seconds (for n = 100 points) to 2,029 seconds (for n = 500 points). For Concave 

Chains data sets we saw the highest average run times, as they varied from 40 seconds 

(for n = 42 points) to 20,729 seconds (for n = 525 points). Table 3.1 shows our 

experimental results for Unit Square problems. Table 3.2 shows our experimental 

results for TSPLIB problems. Table 3.3 shows our results for Concave Chain set. 
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Table 3.1 - Experimental results for 25 Unit Square problems 

Instance n 

Flip 

Distance EL(DT) EL(GCT) EL(iGCT) 

CPU 

Time (s) 

1 100 45 36.9 37.7 36.4 43 

2 100 46 37.2 38.7 36.8 47 

3 100 39 36.6 37.1 35.9 51 

4 100 46 36.3 37.7 36.5 52 

5 100 37 37.7 38.3 37.1 46 

6 200 113 52.8 54.4 51.6 275 

7 200 125 51.5 53.4 50.4 281 

8 200 114 51.4 53.6 50.7 246 

9 200 119 51.7 53.7 50.7 217 

10 200 95 52.5 53.9 52 237 

11 300 171 63.9 65.8 62.5 568 

12 300 129 63 64.4 62 303 

13 300 144 63.6 65.9 63.5 681 

14 300 170 64.3 67.6 63.8 527 

15 300 127 64.4 65.7 63.4 689 

16 400 157 73.2 73.3 71.1 296 

17 400 225 73.1 76.4 72.7 1,257 

18 400 178 75 77.4 74.3 1,386 

19 400 232 75.6 78.8 74.8 1,415 

20 400 151 73.4 74.3 72 517 

21 500 228 80.6 84.1 80.5 2,087 

22 500 254 83.7 86.1 82 2,562 

23 500 209 82.3 85.5 81.8 2,477 

24 500 216 83.5 83.9 80.9 851 

25 500 236 82.5 85.6 82.1 2,171 
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Table 3.2 - Experimental results for 18 TSPLIB instances 

Instance S  n EL(DT) EL(GCT) EL(iGCT) EL(MWT) 

CPU 

Time 

(s) 

1 att48 48 135,105 136,414 133,824 133,239 10 

2 berlin52 52 31,711 32,532 31,277 31,028 8 

3 ch130 130 30,158 30,969 29,107 29,062 78 

4 eil51 51 1,578 1,626 1,572 1,572 17 

5 eil76 76 2,112 2,153 2,084 2,084 20 

6 eil101 101 2,518 2,585 2,494 2,494 64 

7 gr96 96 2,378 2,434 2,291 2,288 43 

8 gr137 137 3,899 3,819 3,648 3,620 85 

9 lin105 105 73,634 73,542 72,307 72,049 61 

10 pr76 76 563,408 562,883 544,360 540,699 18 

11 pr107 107 295,674 295,674 295,674 295,674 188 

12 pr124 124 374,963 387,127 366,505 365,817 66 

13 pr136 136 420,227 412,464 411,114 410,378 223 

14 pr144 144 551,352 541,889 528,568 507,690 109 

15 rat99 99 5,215 5,303 5,168 5,148 39 

16 rat195 195 10,203 10,487 10,143 10,062 257 

17 rd100 100 37,485 38,109 37,380 37,041 49 

18 u159 159 207,999 218,018 206,550 204,120 88 
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Table 3.3 - Experimental results for 11 Concave Chain instances 

Instance m n EL(DT) EL(BT) EL(GCT) EL(iGCT) 

Flip 

Distance 

CPU 

Time 

(s) 

1 10 42 157.7 112.2 110.8 101.6 133 40 

2 15 74 293.3 188.7 170.5 162.1 56 573 

3 20 110 448.3 274.6 221 195.3 136 2,500 

4 25 151 626.8 372.2 246.8 219.2 157 3,258 

5 30 195 779.1 492.6 330.5 300 119 5,439 

6 35 243 1,046.50 594.9 348.3 311.4 163 4,473 

7 40 293 1,269.00 718.2 400.1 383.9 180 6,900 

8 45 347 1,516.70 849.9 447.1 422.6 177 9,836 

9 50 404 1,780.00 989.9 493.5 469.2 245 14,313 

10 55 463 2,045.40 1,131.40 533.5 511.5 254 14,199 

11 60 525 2,333.80 1,280.70 599.6 575.3 294 20,729 

 

Experimental Observations 

 

Observation 3.11 GCT(S) approximates MWT(S) to within a constant factor when S 

is a large point set distributed uniformly in a unit square. 

 

Basis:  We know that the expected weight of MWT is 𝑂(√𝑛) for point set S 

distributed uniformly in a unit square, where n is the number of points in S (Chang and 

Lee, 1984). To this end, our initial hypothesis of GCT approximating MWT to within 

a constant factor in a unit square point set could be restated to the Eq. 3.8 below. 

 

𝐸𝐿(𝐺𝐶𝑇(𝑆)) = 𝑎√𝑛 + 𝑏                 (3.8) 
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We have produced a scatter plot of the observed GCT(S) values versus the 

number of points for our Unit Square data set, and the results with the best fit are 

shown in Figure 3.8.  

 

 

Figure 3.8 - Fit of GCT(S) values in a unit square (from JMP 14.0.0) 

We found that for a = 3.81 and b = −0.163 we produce a very good fit with R2 

> 0.99. We note that even though our problem sets did not go over 500 points there 

are no indications that larger point sets would behave differently than what we have 

observed in our experiments.                        

 



Texas Tech University, Marko Dodig, August 2020 

73 

Observation 3.12 GCT(S0) outperforms BT(S0), GT(S0), and DT(S0). 

 

Basis:  We know that the weight of Better Triangulation (BT) is 𝑂(𝑛) for point set S0 

in our Concave Chains data, where n is the number of points in S0 (Manacher & 

Zobrist, 1979).  

We have created a scatter plot of the GCT(S0) values versus m points in a less 

dense concave chain B in our Concave Chains data set, as shown in Figure 9. We have 

also produced scatter plots of the DT(S0) and the BT(S0) values versus n points for our 

Concave Chains data set, also shown in Figure 3.9.  

 

 

Figure 3.9 - Fit of GCT(S0), DT(S0), BT(S0) values for Concave Chains (from 

JMP 14.0.0) 

A high degree of linear fit for all three triangulations was observed at R2 > 

0.99. Based on these results we conclude that EL(GCT(S0)) = O(m), which is strictly 

smaller than both EL(DT(S0)) = O(n) and EL(BT(S0)) = O(n), since n = m3/2 + m + 1. 

These results demonstrate that GCT produces triangulation weights shorter than any 

other known triangulation of concave chains of type S0. 

Here we again note that even though our point sets did not go over 525 points 

there are no indications that larger point sets would behave differently than what we 

have observed in our experiments.            
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Observation 3.13 For point sets distributed uniformly in a unit square, GCT performs 

slightly worse, and iGCT performs slightly better than Delaunay. 

 

Basis:  We know that Delaunay expected weight is 𝑂(√𝑛) for point sets distributed 

uniformly in a unit square (Chang and Lee, 1984). Since we have also observed this to 

be the case for GCT (see Observation 3.11), the comparisons between iGCT, GCT, 

and Delaunay weights are indeed warranted. For point sets in our Unit Square data set 

Delaunay triangulation consistently outperformed GCT by an average of 3.0%, and 

was consistently outperformed by iGCT by an average of 1.5%. When comparing 

these results to TSPLIB experimental results we see that Delaunay performance gets 

slightly worse overall. While Delaunay still performs better than GCT, now by an 

average of 1.4%, there are several instances when GCT in fact does better than 

Delaunay. This is of course due to data sets where there are significant cases of 

convex polygon formations, where our Lemmas 3.3 through 3.6 prove that Delaunay 

performs significantly worse than GCT. As expected, Delaunay was still consistently 

outperformed by iGCT, this time by an even greater average margin of 2.0%. 

Comparisons of performance Delaunay-to-GCT, and Delaunay-to-iGCT across both 

data sets have been fully summarized in box plots shown in Figure 3.10.     

 

Observation 3.14 For point sets distributed uniformly in a unit square, the flip 

distance between GCT and iGCT is 𝑂(𝑛). 

 

Basis:  Figure 3.11 shows the scatter plot of the number of points (n) versus number 

of flips (f) observed for each of the problems in our Unit Square data set. Here we 

observe that the number of flips averages slightly less than half of the number of 

points, and that the relationship appears strongly linear with R2 = 0.90. Since the 

maximal flip distance between any two triangulations is 𝑂(𝑛2) we can conclude that 

iGCT and GCT are relatively close in terms of the flip distance criteria.        
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Figure 3.10 - Box Plot Comparison 

 

Figure 3.11 - Flip Distance from GCT to iGCT in Unit Square Data Sets (from 

JMP 14.0.0) 
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Observation 3.15 In our experiments iGCT produced very close approximations to 

MWT. 

 

Basis:  In our experiments with TSPLIB data set we observed that iGCT weight was 

on average only 0.65% higher than that of MWT. GCT weight, on the other hand, was 

on average 4.04% longer than that of MWT, which compared less favorably to the 

average error of 2.66% observed for Delaunay. Of course we know LMT-skeleton 

heuristics can produce MWT exactly, but this is so only when LMT-skeleton is a 

connected graph (Haas, 2018). This leads us to conclude that iGCT does produce very 

close approximations to MWT and should be utilized when LMT-skeleton heuristics 

fail to produce a connected graph.            

Conclusions and Future Work 

In the course of our research we introduced GCT algorithm to produce a near-

optimal triangulations of a planar point set. We hypothesized near-optimality of GCT 

on the basis of Isoperimetric Inequality principle as it applies to simple 3-gons. We 

have proven that GCT algorithm is polynomial in nature and have demonstrated its 

near-optimality in a variety of point set configurations. Our key results are 

summarized in Table 3.4. 

Table 3.4 - GCT Performance in key point set configurations 

Point Set Configuration Size GCT Weight 

Convex Polygon n 𝑂(log2 𝑛) 

Unit Square n 𝑂(√𝑛) 

Concave Chains n < 𝑂(𝑛) 

 

We have experimentally confirmed that, on average, iGCT is within 0.65% of 

MWT in tested TSPLIB 365 instances, and have observed that iGCT consistently 

outperforms Delaunay across all of our experiments. 366 All this leads us to 

conjecture that GCT approximates MWT in all point set configurations. 
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Conjecture 3.16 GCT approximates MWT to within a constant factor in all point set 

configurations. 

 

Limitations in our work lie mainly with the relatively small problem sizes 

employed (i.e. maximum of 525 points). This limitation is brought about by the 

relative computational inefficiencies of our algorithm. Therefore, computational time 

improvements will be a priority in our future research. Speeding up of our algorithm 

will improve quality of our experiments as we will then be able to test the strength of 

GCT algorithm in all named TSPLIB instances. 

We will also aim to theoretically confirm the experimental findings regarding 

GCT weights in both Unit Square and Concave Chains data sets. 

Important line of our future research is based on prior research that shows good 

triangulations contain good TSP cycles (Letchford and Pearson, 2008). Our aim is to 

quantify this for GCT across various TSPLIB instances, and to formulate ways to 

carve out near-optimal TSP approximations from GCT. Figure 3.12 shows an example 

of full TSP containment within GCT for one of our tested TSPLIB instances. 

 There are n = 52 points in this planar point set, called Berlin52, which depicts 

52 locations in the city of Berlin. Both gray and red lines represent edges in iGCT of 

Berlin52. Red polygon represents the shortest Hamiltonian cycle, or TSP. Since there 

are exactly h = 8 locations on the Convex Hull of this point set, there are n – 2 = 50 

gray triangles denoting TSP polygon.  Conversely, there are exactly n – h = 44 

remaining white triangles, representing the “environment”. 
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Figure 3.12 – TSP (shaded) fully contained in iGCT for Berlin52 problem from 

TSPLIB 
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CHAPTER IV 

RESEARCH 2: INCIDENCE OF MINIMUM PERIMETER 

POLYGON WITHIN COMPACT TRIANGULATION OF PLANAR 

POINT SETS 

 

In prior research study we introduced Greedy Compact Triangulation (GCT) as 

approximating to within constant factor the Minimum Weight Triangulation (MWT) 

of planar point sets. In this research we investigated whether a fully connected 

symmetric TSP could be reduced to iGCT without a significant loss of optimality of 

its minimum perimeter polygon (TSP). We did this by investigating the degree of 

embeddedness of TSP polygons within iGCT of planar point sets and evaluating the 

quality of minimum perimeter polygons embedded fully in iGCT as compared to the 

length of the optimal TSP solution. We achieved this by analyzing eighteen planar 

point sets from the library of TSPLIB problems. We found that TSP polygons are fully 

embedded in iGCT approximately 61% of the time, and that on average the minimum 

perimeter polygons embedded in iGCT are within 0.36% of the perimeter length of 

optimal TSP polygons. Interestingly, we found that in one of the TSPLIB problems 

the length of the minimum perimeter polygon was lower than the previously reported 

optimal TSP solution. We also identified four distinct deviation types between the 

embedded minimum weight iGCT polygon and the optimal TSP polygon for the given 

planar point sets in our sample. 

 

 

 

 

 

 

 

 

Major findings were included in the article published in International Journal of 

Advanced Computer Science and Applications in April of 2020 (Dodig & Smith, 

2020b).  
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Abstract 

In prior research we introduced improved Greedy Compact Triangulation 

(iGCT) as approximating to within a constant factor the Minimum Weight 

Triangulation (MWT) of planar point sets. In this research study we investigated the 

degree of embeddedness of TSP polygons within iGCT of planar point sets and the 

quality of minimum perimeter polygons embedded fully in iGCT. We achieved this by 

analyzing eighteen planar point sets from the library of TSPLIB problems. We found 

that TSP polygons are fully embedded in iGCT approximately 61% of the time, and 

that on average the minimum perimeter polygons embedded in iGCT are within 0.36% 

of the perimeter length of TSP polygons. In one of the TSPLIB problems the length of 

the minimum perimeter polygon was found to be lower than the previously reported 

optimal TSP solution. We also classified and reviewed deviations between the 

embedded minimum weight polygon embedded in iGCT and the TSP polygon 

identified for the given planar point set in our sample. 

Introduction 

Traveling Salesman Problem, or TSP, is the perhaps the most well-researched 

problem in Combinatorial Optimization. In its general form we are given a collection 

of cities and the distance to travel between each pair of them, and the problem then is 

to find the shortest route to visit each city and to return to the starting point (Cook, 

2012). Figure 4.1 illustrates a tour through all US cities with population greater than 

500 as of 1998 (wired.com, 2013).  
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Figure 4.1- TSP Example (13,509 cities) (wired.com, 2013) 

TSP belongs to the class of NP-hard problems since no polynomial-time 

algorithm exists that can solve the problem optimally in polynomial time, regardless of 

its complexity (i.e. the number of cities in the tour). The best result to date is a 

solution method, introduced in 1962, that runs in time proportional to n22n (Cook, 

2012). 

In purely mathematical terms, TSP is the problem of finding a Hamiltonian 

tour of minimum weight in a complete edge-weighted graph. In our research, we 

consider a symmetric TSP, or STSP, in that we assume that edge-costs are symmetric, 

or, equivalently, that the graph is undirected. A special case of the TSP is obtained 

when the vertices of the graph correspond to points in the Euclidean plane, and the 

distance between any two points is equal to the Euclidean distance between the 

corresponding points. The Euclidean TSP is a special case of the metric TSP, in which 

the costs obey the triangle inequality. Metric TSP was found to be strongly NP-hard 

(Garey, Graham, & Johnson, 1976). Related to, but distinct from, the Euclidean TSP is 
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the planar graph TSP which is the focus of our research. This is the version of the TSP 

in which a planar graph G = (V, E) is given, with weights on the edges of E, and one 

seeks the minimum cost tour which uses only edges in E. Not only is this problem NP-

hard, it is NP-hard even to test if a planar graph is Hamiltonian (Garey, Johnson, & 

Tarjan, 1976).  

In this research we examine the following heuristic for the planar TSP: take a 

triangulation of the planar set and then find the minimum Hamiltonian cycle 

embedded in the triangulation. While the possibility of using Delaunay and Greedy 

triangulations to generate heuristic tours was already explored by Reinelt (Reinelt, 

1992), Stewart (Stewart, 1997), and Letchford and Pearson (Letchford & Pearson, 

2008), our research presents several key distinguishing features.  

First distinguishing feature of our research is that instead of Delaunay and 

Greedy triangulations we consider the improved Greedy Compact triangulation, or 

iGCT, which was introduced in Chapter III. Dodig and Smith defined iGCT of a 

planar point set S as a full triangulation of S constructed by greedily adding most 

compact non-intersecting empty 3-gons formed by points from S, followed by the step 

of exhaustive triangle flipping to achieve local optimality. In our prior work we have 

strongly conjectured that iGCT approximates Minimum Weight Triangulation, or 

MWT, which is defined as the full triangulation of a planar point set S having the 

lowest total edge length out of all full triangulations of a planar point set S. This strong 

conjecture has led us to the hypothesis that iGCT contains minimum perimeter 

polygons that either fully or very closely approximate optimal TSP solutions. 

Our research is also distinguished by not utilizing a known TSP solution 

engine like Concorde to solve for a near-optimal Hamiltonian cycle (Cook, n.d.). 

Instead, by visual inspection we identify the extent of deviations between a known 

optimal TSP and the minimum length polygon identified when comparing iGCT and 

TSP visually. We also identify and elaborate on the point patterns given as root causes 

of identified deviation patterns.  
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The structure of the remainder of this article is defined as follows. First, we 

introduce our methodology. Next, we describe the results of the extensive analysis 

performed on instances from the well-known TSPLIB library. Then we present our 

results which include the extent of embeddedness of optimal TSP solutions in iGCT 

and typical deviations from the optimal tours. Some concluding remarks, as well as 

research limitations and future research steps, are given in the final section. 

Methodology 

In our research we define P’(S) as the shortest Hamiltonian Cycle in S that 

contains only the edges that are found in iGCT(S). Assuming our hypothesis that 

iGCT(S) contain great majority of the edges from TSP(S) holds, we would be able to 

construct P’(S) by visual inspection. Overlay inaccuracy (or error) of TSP within 

iGCT is then defined as the ratio of the difference in the perimeter lengths of P’(S) and 

TSP(S) to the perimeter length of TSP(S), or: 

 

 𝜀𝑝′(𝑠) =
𝑃𝐿(𝑃′(𝑆)))−𝑃𝐿(𝑇𝑆𝑃(𝑆))

𝑃𝐿(𝑇𝑆𝑃(𝑆))
, ∀𝑆 𝑖𝑛 𝑅2               (4.1) 

  

As previously mentioned, overlay inaccuracy was calculated for each of the 18 

TSPLIB point sets utilized in Chapter III where we demonstrated experimentally that 

iGCT lengths were within 0.65% of the MWT lengths for their respective planar point 

sets (Dodig & Smith, 2019a). iGCT and TSP for each planar point set were plotted and 

then utilized as an input for our analysis, as shown in Figure 4.2. 
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1. att48 

 

2. berlin52 

 

3. ch130 

 

4. eil51 

 

5. eil76 

 

6. eil101 

 

Figure 4.2 - 18 TSPLIB problems with optimal tours (in bold/red) and iGCT (in 

light/blue) 
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7. gr96 

 

8. gr137 

 

9. lin105 

 

10. pr76 

 

11. pr107 

 

12. pr124 

 

Figure 4.2 - continued 
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13. pr136 

 

14. pr144 

 

15. rat99 

 

16. rat195 

 

17. rd100 

 

18. u159 

 

Figure 4.2 - continued 
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Results 

We have programmed the GCT algorithm in VBA for Excel and ran it to 

identify iGCT for each of the 18 TSPLIB problems utilized in prior research in 

Chapter III. We have plotted each of these triangulations, together with their 

respective optimal TSP tours, in MATLAB as shown in Figure 4.2. We have then 

visually inspected for the deviations from full embeddedness in each TSPLIB instance 

and identified minimal corrections to optimal TSP cycles which are then fully 

embedded in iGCT for each problem. We have programmed tour length calculations in 

VBA for Excel to calculate tour lengths of the shortest Hamiltonian cycles found in 

iGCT of each planar point set.  

Table 4.1 shows the performance comparison between iGCT and Delaunay 

triangulations in the form of a ratio of the sum of edge lengths for each of the 

triangulations against the sum of edge lengths of MWT. Full embeddedness occurs in 

11 out of 18 cases, which represents 61.1% of the sample problems. In 5 out of 7 cases 

we have identified a single deviation from optimality, where the remaining 2 cases had 

2 deviations from optimality. Interestingly, in one of the well-known TSP problems 

(gr137) we have identified an improvement to the stated optimal solution. On average, 

shortest Hamiltonian cycles found in our test problems are 0.36% longer than optimal 

TSP solutions. 
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Table 4.1 - Comparison of the perimeter lengths of optimal TSP solutions and 

iGCT triangulation -bound shortest Hamiltonian cycles for 18 TSPLIB problems 

Instance S 𝑷𝑳(𝑻𝑺𝑷(𝑺)) 𝑷𝑳(𝑷′(𝑺)) 𝜺𝒑′(𝒔) # of  

Corrupti-

ons 

# of 

Improve-

ments 

1 att48 33,523.71  33,634.69  0.0033  1 0 

2 berlin52 7,544.37  7,544.37  0.0000  0 0 

3 ch130 6,110.86  6,114.04  0.0005  1 0 

4 eil51 426.00  426.00  0.0000  0 0 

5 eil76 538.00  538.00  0.0000  0 0 

6 eil101 642.31  642.31  0.0000  0 0 

7 gr96 512.31  517.17  0.0095  2 0 

8 gr137 729.38  729.98  0.0008  1 1 

9 lin105  14,383.00  14,383.00  0.0000  0 0 

10 pr76 108,159.44 108,444.05 0.0026  1 0 

11 pr107 44,301.69  44,301.69  0.0000  0 0 

12 pr124 59,030.74  61,851.74  0.0478  1 0 

13 pr136 96,770.93  96,770.93  0.0000  0 0 

14 pr144 58,535.23  58,545.59  0.0002  1 0 

15 rat99 1,219.24   1,219.24  0.0000  0 0 

16 rat195 2,333.87  2,333.87  0.0000  0 0 

17 rd100 7,910.40  7,910.40  0.0000  0 0 

18 u159 42,075.66  42,075.66  0.0000  0 0 

  

In total, we have identified 9 deviations which we have classified into 3 

different point configurations. We have identified yet another point set configuration 

type which can cause multiple iGCT solutions. This type is observed when we deal 

with symmetrical convex point set configurations. Since depending on which iGCT 

solution we use can cause a potential deviation, we also describe it, even though we do 
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not count it as a deviation; since an iGCT exists that contains the optimal TSP. Figure 

4.3 shows examples of all four point-set configurations we identified. 

 

a)  

 

b) 

 

 

c) 

 

d) 

 

Figure 4.3 - Distinct point set configurations where deviations from optimal TSP 

were observed 

Table 4.2 describes each configuration type in further detail. Perhaps not 

surprisingly, neither deviation type is dominant. 
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Table 4.2 - Deviation types from optimal TSP 

Deviation Type 
TSPLIB 

instance 
Count Freq. 

a) Diamond convex structure with one of the 

constituent triangles with very low Compactness Index. 

(See Figure 4.2a) 
 

att48, 

gr96, 

gr137 

3 33% 

b) Near-symmetrical trapezoidal convex structure. 

iGCT contains shortest diagonal, and TSP contains 

longer diagonal. (See Figure 4.2b) 

ch130, 

gr96, 

gr137 

3 33% 

c) Multi-point convex polygon with multiple diagonals. 

TSP edge is not one of those diagonals, therefore 

cutting across these iGCT diagonals. (See Figure 4.2c) 

pr76, 

pr124, 

pr144 

3 33% 

d) Rectangular 4-point convex structure, resulting in 2 

possible iGCT configurations. (See Figure 4.2d) 

(Note: this was not considered a deviation, since iGCT 

solution that contains TSP exists) 

u159 1   

 

Conclusions and Future Work 

We have hypothesized that full TSP containment would be observed more than 

50% of time. Indeed, in our experiments we have observed full TSP containment in 11 

out of 18 TSPLIB problems we investigated, which amounts to 61.1% of problems. 

We have further hypothesized that the number of deviations from optimal will 

occur for less than 5% of the edges, and our experiments have indeed confirmed this 

hypothesis. In 7 out of 18 TSPLIB instances where the full TSP containment was not 

attained, the average percentage of edges not in iGCT was observed to be 1.32%. 
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We have also hypothesized that the iGCT minimum length polygons will be 

within 2% of the TSP solution. Indeed, shortest Hamiltonian cycles observed in 18 

TSPLIB instances are on average only 0.36% longer than optimal.  

Finally, we hypothesized that the better results will be observed in randomized 

TSPLIB point set configurations. This has indeed been confirmed in our analysis. If 

we exclude 6 TSPLIB problems which have 4 or more co-linear points, the full 

containment rate jumps to 66.7%, and the full containment is observed in 8 out of 12 

instances. In 6 TSPLIB problems which have 4 or more collinear points, the shortest 

Hamiltonian cycles observed are on average 0.84% longer than optimal, whereas the 

shortest Hamiltonian cycles observed in remaining 12 TSPLIB problems are on 

average only 0.12% longer than optimal. 

Limitations in our work lie in the number of TSPLIB instances we used (i.e. 18 

problems), as well as in the relatively small problem sizes employed (i.e. maximum of 

195 points). To improve quality of our experiments we intend to expand our tests to all 

named TSPLIB instances, which will also allow us to compare how our algorithm 

performs on problems of significant size. To do this efficiently we will automate 

deviation checking procedures to flag automatically instances where edges in optimal 

TSP cycles are not found in iGCT of their respective point sets. 

Finally, our future work will focus on developing efficient heuristics to 

construct near-optimal polygons out of iGCT of a planar point set. 
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CHAPTER V 

RESEARCH 3: “APPLE CARVING” ALGORITHM TO 

APPROXIMATE MINIMUM PERIMETER POLYGON WITHIN 

COMPACT TRIANGULATION OF PLANAR POINT SETS 

 

 

In Chapter III we introduced improved Greedy Compact Triangulation (iGCT) 

as approximating to within constant factor the Minimum Weight Triangulation 

(MWT) of planar point sets. In Chapter IV we found that, on average, the minimum 

perimeter polygons embedded in iGCT are within 0.36% of the perimeter length of 

optimal TSP polygons. In this chapter we proposed a modified version of the classical 

Convex Hull algorithm. Modifications to the Golden-Stewart tour construction 

heuristic included evaluating only triangles from iGCT and varying between absolute 

and relative measures of Triangle Inequality, depending on triangle optimality criteria. 

Starting from a full iGCT our proposed heuristic “carves out” candidate triangles with 

the minimal Triangle Inequality Measure until all points lie on its outer perimeter. The 

initial candidate list consists of triangles on the convex hull of a given planar point set; 

it is updated as triangles are eliminated, and new triangles are then exposed. The first 

step of this research study focused on the introduction to the problem, followed by an 

appropriate literature review of TSP algorithms and relevant triangulations. Next step 

focused on describing our methodology and the “apple carving” algorithm itself. Next, 

the algorithm was built and tested with planar point sets available in the well-known 

set TSPLIB library and utilized in prior chapters. Some concluding remarks, as well as 

research limitations and future research steps, are given in the final section. 

 

 

 

 

 

 

This article was published in International Journal of Advanced Computer Science 

and Application in March of 2020 (Dodig & Smith, 2020a). 
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Abstract 

We propose a modified version of the Convex Hull algorithm for 

approximating minimum-length Hamiltonian cycle (TSP) in planar point sets. Starting 

from a full compact triangulation of a point set, our heuristic “carves out” candidate 

triangles with the minimal Triangle Inequality Measure until all points lie on the outer 

perimeter of the remaining partial triangulation. The initial candidate list consists of 

triangles on the convex hull of a given planar point set; the list is updated as triangles 

are eliminated and new triangles are thereby exposed. We show that the time and 

space complexity of the “apple carving” algorithm are O(n2) and O(n) respectively. 

We test our algorithm using a well-known problem subset and demonstrate that our 

proposed algorithm outperforms nearly all other TSP tour construction heuristics. 

Introduction 

In this article we examine the following tour-construction heuristic for the 

planar TSP: take a compact triangulation of the planar set and then find the minimum 

Hamiltonian cycle embedded in the triangulation by progressively removing triangles 

of minimal Triangle Inequality measure until n-2 triangles remain. We call this 

heuristic “apple carving” as this descriptor accurately describes the triangle removal 

process which is the basis of the algorithm. Possibility of using well-known 

triangulations such as Greedy and Delaunay to generate heuristic tours was already 

explored by Reinelt (Reinelt, 1992), Stewart (Stewart, 1997), and Letchford and 

Pearson (Letchford & Pearson, 2008). These authors looked at triangulations as 

presenting a “good” subset of edges and utilized well-established TSP solutions 

engines like CONCORDE to solve for TSP. Our research is different in that we (a) 

utilize improved Greedy Compact Triangulation (GCT) proposed in Chapter III, and 

(b) utilize a modification of Convex Hull Heuristic on GCT triangles to approximate 

TSP.  

Our paper is organized as follows. First, we formally define the TSP and 

review the present state of its solution algorithms. Second, we introduce our approach. 
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Third, we present our experimental methodology and review our experimental results. 

Finally, we highlight our conclusions and outline future research steps. 

Literature Review 

Traveling Salesman Problem 

Traveling salesman problem (TSP) is perhaps the best-known and most-

researched problem in combinatorial optimization (Cook, 2012). In its general form 

we are given a collection of cities and the distance to travel between each pair of them, 

and the problem then is to find the shortest route to visit each city and to return to the 

starting point (Cook, 2012). TSP belongs to the class of NP-hard problems; in other 

words no polynomial-time algorithm exists that can solve the problem optimally in 

polynomial time, regardless of its complexity (i.e. the number of cities in the tour).  

TSP has been fascinating both researchers and general public for more than sixty 

years. In 1954, three researchers from Rand Corporation had solved a long-standing 

public challenge to find the shortest tour through 48 US state capitals and DC, shown 

in Figure 5.1. 
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Figure 5.1 - Newsweek coverage of 49-city tour through United States           

(Cook, 2012) 

TSP belongs to the class of NP-hard problems since no polynomial-time 

algorithm exists that can solve the problem optimally in polynomial time regardless of 

its complexity (i.e. the number of cities in the tour). The best result to date is a 

solution method, introduced in 1962, that runs in time proportional to n22n (Cook W. 

J., 2012). 

In purely mathematical terms, TSP is the problem of finding a Hamiltonian 

tour of minimum weight in a complete edge-weighted graph. In our research, we 

consider a symmetric TSP, or STSP, in that we assume that edge-costs are symmetric, 

or, equivalently, that the graph is undirected. A special case of the TSP is obtained 

when the vertices of the graph correspond to points in the Euclidean plane, and the 

distance between any two points is equal to the Euclidean distance between the 

corresponding points. The Euclidean TSP is a special case of the metric TSP, in which 

the costs obey the triangle inequality. Metric TSP was found to be strongly NP-hard 

(Garey, Graham, & Johnson, 1976). Related to, but distinct from, the Euclidean TSP is 
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the planar graph TSP which is the focus of our research. This is the version of the TSP 

in which a planar graph G = (V, E) is given, with weights on the edges of E, and one 

seeks the minimum cost tour which uses only edges in E. Not only is this problem NP-

hard, it is NP-hard even to test if a planar graph is Hamiltonian (Garey, Johnson, & 

Tarjan, 1976).  

TSP Solution Algorithms 

There is a multitude of planar TSP solution algorithms; few are exact 

algorithms, and many are heuristic algorithms. Importantly, since planar TSP is NP-

hard, exact algorithms are exponential and heuristic algorithms are polynomial; 

selecting between exact or heuristic algorithms to solve for TSP presents a clear case of 

precision and time tradeoff. 

Branch-and-bound algorithm is an exact algorithm based on the IP formulation 

of TSP. This algorithm consists of two steps, (a) branching, which means splitting the 

problem into sub-problems, and (b) bounding, which means calculating lower and/or 

upper bounds for the objective function value of the sub-problem. The branching is 

performed in the following algorithm by separating the current subspace into two parts 

using the integrality requirement. Using the bounds, unpromising sub-problems can be 

eliminated. LP-relaxation of the problem is formed by relaxing integer requirements. 

In the algorithm, a list of sub-problems is maintained. A sub-problem is fathomed 

(totally solved) and removed from the list only when it has an integer solution that is 

best so far and becomes the new incumbent solution, or its’ optimum LP-solution 

objective is worse than the current incumbent value, or its’ LP-problem is infeasible. 

Advantages of branch-and-bound algorithm can be seen in relatively small point sets, 

which they will solve to optimality. For larger point sets, using classical branch-and-

bound approach becomes more and more infeasible as the point set size increases, as 

its time complexity is non-polynomial. 

 Held-Karp algorithm is a dynamic programming algorithm utilizing graph 

theoretical representation of TSP. In a way, it is an intelligent brute force method in 
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that it utilizes recursive formulation to find minimal distance paths between points. It 

was proposed independently by Bellman (Bellman, 1962) and by Held and Karp (Held 

& Karp, 1962). This algorithm utilizes an optimization property of TSP in that every 

sub-path of a path of minimum distance is itself of minimum distance, which is easily 

proven by contradiction. The algorithm computes the solutions of all sub-problems, 

starting with the smallest, and looks up solutions already computed when requiring 

solutions for smaller problems. At the end, computing minimum distance tour means 

using the final equation to generate the initial node, and then repeating for all other 

nodes. The advantage of this algorithm is that it is exact, in that it finds the optimal 

solution given enough time to execute. The biggest drawback, of course, is its 

exponential space and time complexity. Held-Karp is exhaustive, in that all sub-

problems need to be solved; it has time complexity of O(2nn2), and space complexity 

of O(2nn). 

In simplest terms, TSP heuristics can be divided into two distinct categories. 

Tour construction heuristics execute a sequence of operations until a valid tour is 

obtained, at which point the heuristics stop and report the constructed tour. Tour 

improvement heuristics start with a valid tour (for example an output of a tour 

construction heuristic) and iteratively improve the tour cost, typically via local search, 

until some stopping criterion is reached (Kahng & Reda, 2004). Solution quality of tour 

improvement techniques far exceeds quality of solutions achieved by tour constructions 

(Kahng & Reda, 2004). Table 5.1 gives a fair overview of the most cited or relevant 

heuristics from both types. 
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Table 5.1 – Overview of TSP heuristics 

Algorithm (Type) Brief Description Complexity 

Nearest Neighbor 

(Construction) 

 

(Kizilates & 

Nuriyeva, 2013) 

Description 

Start with a random city. Find the nearest non-

visited city and go there. Keep adding non-

visited cities in the same fashion until all cities 

are included. Then, return to the initial city. 

 

Strengths 

NN is perhaps the most well-known heuristic. It 

is a simple and intuitive algorithm. 

 

Weaknesses 

It does not approximate TSP well, especially in 

asymmetric TSP instances. It is not guaranteed 

to find a solution, even when one exists.  

O(n2) time, 

O(n) space 

Greedy 

(Construction) 

 

(Nilsson, 2003) 

Description 

Gradually construct a tour by repeatedly 

selecting the shortest remaining edge and 

adding it to the tour as long as it does not create 

a cycle with less than n edges or increases the 

degree of any node to more than two. 

 

 

O(n×log2 n) 

time, O(n) 

space 

 

  



Texas Tech University, Marko Dodig, August 2020 

102 

Table 5.1 – continued 

Algorithm (Type) Brief Description Complexity 

 Strengths 

It is also a well-known heuristic. It is a simple and 

intuitive algorithm as well. It is also computationally 

faster than Nearest neighbor. 

 

Weaknesses 

It also does not approximate TSP well, especially in 

asymmetric TSP instances. It is not guaranteed to 

find a solution, even when one exists. 

 

Cheapest Insertion 

(Construction) 

 

(Rosenkrantz, 

Stearns, & Lewis, 

1974) 

Description 

Start with the shortest edge, which becomes an 

initial sub-tour. Then, select a city not in the current 

sub-tour, having the shortest distance to any one of 

the cities in the sub-tour. Find an edge in the sub-

tour such that the cost of inserting the selected city 

between the edge’s cities will be minimal. Keep 

inserting shortest-distance remaining cities until 

none remain. 

 

Strengths 

It is a simple and intuitive algorithm. It is guaranteed 

to be at most two times worse than optimal. 

 

Weaknesses 

It is computationally intensive for the TSP tour 

accuracy it produces. 

O(n2×log2 

n) time, 

O(n) space 
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Table 5.1 – continued 

Algorithm (Type) Brief Description Complexity 

Convex Hull 

(Construction) 

 

(Golden, Bodin, 

Doyle, & Stewart 

Jr, 1980) 

Description 

Find the convex hull of a point set and make it an 

initial sub-tour. For each remaining point, find its 

cheapest insertion. Then chose the city with the 

least cost/increase ratio and insert it. Keep doing 

this with remaining points until none remain. 

 

Strengths 

This is yet another intuitive way of creating both 

the initial tour, and of inserting points not 

currently in the tour. 

 

Weaknesses 

Worst-case performance guarantee is not known. 

O(n2×log2n) 

time, O(n) 

space 

Christofides 

(Construction) 

 

(Christofides, 

1976) 

Description 

Build a minimal spanning tree (MST) of the 

planar point set. Create a minimum-weight 

matching (MWM) on points having an odd 

degree. Add the MST together with the MWM. 

Create an Euler cycle from the combined graph 

and traverse it taking shortcuts to avoid already 

included points. 

 

Strengths 

Christofides algorithm has the best worst-case 

performance guarantee of all TSP heuristics; it  

O(n3) time, 

O(n) space 
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Table 5.1 – continued 

Algorithm (Type) Brief Description Complexity 

 always produces tours no worse than 1.5 times the 

optimal. 

 

Weaknesses 

It has a high degree of time complexity of O(n3) 

relative to its typical inaccuracy of 10% on 

average. 

 

Match twice and 

stitch 

(Construction) 

 

(Kahng & Reda, 

2004) 

Description 

The first phase uses two sequential minimum-

weight matchings to construct the cycles. The first 

matching returns the usual minimum-cost edge set 

with each point incident to exactly one matching 

edge. The second matching returns the minimum-

cost edge set with each point incident to exactly 

one matching while ignoring the edges found in 

the first matching. The first phase results in 

multiple subtours. The second phase stitches the 

constructed cycles to form the TSP tour, with the 

exact (slow) and approximate (fast) patching 

procedure to join two cycles. A minimum 

spanning tree (MST) calculation determines a way 

to stitch all cycles into a tour. 

 

Strengths 

It is the best construction heuristics reported, with 

the different versions of the heuristic reporting  

O(n2) time 
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Table 5.1 – continued 

Algorithm (Type) Brief Description Complexity 

 average tour lengths between 4.79% (slowest) to 

7.10% (fastest) over HK bound. 

 

Weaknesses 

No known worst-case performance guarantee. 

 

2-opt 

(Improvement) 

 

(Nilsson, 2003) 

Description 

2-opt algorithm removes two edges from the 

feasible tour and reconnects the two paths created if 

the new tour will be shorter. There is only one way 

to reconnect the two paths and still have a valid 

tour. Continue removing and reconnecting the tour 

until no 2-opt improvements can be found. The tour 

is now 2-optimal. Algorithm works the same for 

any path connecting k points, however the time 

performance severely lags starting at 5-opt. 

 

Strengths 

Worst-case performance guarantee is known, as it 

is guaranteed to produce results not more than two 

times the optimal. 

 

Weaknesses 

It covers local improvements for pairs of two nodes 

only. This is a main weakness that were addressed 

in subsequent k-opt algorithms, where k > 2, 

namely Lin-Kernighan algorithm. 

O(n2) time, 

O(n) space  
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Table 5.1 – continued 

Algorithm (Type) Brief Description Complexity 

Lin-Kernighan 

(Improvement) 

 

(Nilsson, 2003) 

Description 

It is basically is a variable k-opt algorithm, in that 

it decides which k is the most suitable at each 

iteration step.  

 

Strengths 

It is one of the best heuristics for solving TSP in 

that it consistently produces results within 1-2% 

of optimal. 

 

Weaknesses 

This heuristic is computationally complex. 

O(n2.2) time, 

O(n) space  

 

Solutions generated by TSP heuristics are typically compared to the Held-Karp 

(HK) lower bound. This lower bound is the solution to the LP relaxation of the IP 

formulation of the TSP, which can be found in polynomial time by using the Simplex 

method and a polynomial constraint-separation algorithm (Johnson, McGeoch, & 

Rothberg, 1996). A HK lower bound averages about 0.8% below the optimal tour 

length (Johnson, McGeoch, & Rothberg, 1996); however, its’ guaranteed lowest 

bound is only 2/3 of the optimal tour. Figure 5.2 summarizes typical performance of 

the most-significant TSP heuristic algorithms. 
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Figure 5.2 - Typical performance of cited heuristics over HK lower bound [ 

(Kahng & Reda, 2004), (Nilsson, 2003)] 

Compact Triangulation (iGCT) 

In Chapter III we defined iGCT of a planar point set S as a full triangulation of 

S constructed by greedily adding most compact non-intersecting empty 3-gons formed 

by points from S, followed by targeted triangle flipping to achieve local optimality. We 

have conjectured that iGCT approximates Minimum Weight Triangulation, or MWT. 

MWT is defined as the full triangulation of a planar point set S having the lowest total 

edge length out of all full triangulations of a planar point set S. Time complexity of the 

GCT algorithm is O(n4). 

In Chapter IV, we have confirmed that the optimal TSP solution is frequently 

fully embedded in iGCT (61% of the time), and that the minimum perimeter polygon 

fully contained in iGCT is nearly optimal, or 0.36% longer than optimal. Figure 5.3 
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shows full embeddedness of the optimal TSP tour in iGCT of eil101, one of the 

TSPLIB problems for which the optimal TSP is known. 

 

Figure 5.3 - iGCT (in blue/light) and optimal TSP solution (in red/dark) for 

eil101 problem from TSPLIB 

Methodology 

There are 2n - h - 2 simple triangles in both iGCT and MWT triangulation of a 

planar set S of n points, where h represents the number of points on the Convex Hull 

of S, or CH(S) (Vassilev, 2005). We know perimeter length of CH(S) is less than 

perimeter length of TSP polygon for this planar point set. Following Steiner proof of 

Isoperimetric Inequality, we can “carve out” from CH(S) a triangle on the perimeter of 

full triangulation with the lowest Triangle Inequality Factor and have high degree of 

confidence that minimum perimeter polygon is still fully contained in the resulting 
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partial triangulation. We can continue carving out eligible triangles with the lowest 

Triangle Inequality Measure, until all points are at the perimeter of the partial 

triangulation. We give priority to removing triangles whose absolute Triangle 

Inequality, or TI, is not only lowest, but also “optimal”. “Optimal” TI on any point a is 

here defined as the lowest TI of all triangles containing this point. We consider this 

method to be the basis of the “apple carving” algorithm. In fact, this method is very 

similar to the Convex Hull heuristics, through Convex Hull Heuristics does not follow 

a pre-defined tour building roadmap such as the one provided by the compact 

triangulation (Golden, Bodin, Doyle, & Stewart Jr, 1980). “Apple carving” algorithm 

pseudocode is given in Figure 5.4 below. 

 

INPUTS 

1. Planar point set S with n points; S has h points on CH(S). 

2. iGCT(S) with 2n – h – 2 triangles; each Triangle(a, b, c) and Edge(a, b) in 

iGCT satisfies a < b < c. 

BEGIN Apple Carving Algorithm 

1. Initialize variables 

2. Initialize points 

 FOR i = 1 TO n 

  Point (i) := Coordinates(x, y) 

 NEXT 

3. Initialize iGCT 

FOR each triangle i in iGCT  

Figure 5.4 - “Apple carving” algorithm pseudocode 
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            Record Triangle  

SimpleTriangle(i) := Triangle(a, b, c) 

Increase count of triangles on each constituent point of 

Triangle i 

CountTriangles(a) +=1; CountTriangles(b)+=1; 

CountTriangles(c) +=1 

Record minimum absolute TI for each point in 

SimpleTriangle(i) 

   IF TIA (a, SimpleTriangle(i)) < min_TI (a) THEN 

    min_TI(a) := TIA(a, SimpleTriangle(i)) 

   ENDIF 

  Increase count for each edge in SimpleTriangle(i) 

CountEdges(a,b) += 1; CountEdges(a,c) += 1; 

CountEdges(b,c) += 1 

  Add SimpleTriangle(i) to Polygon (Apple) 

NEXT i 

4. Initialize Candidate List 

 FOR each Edge(a, b) 

  IF CountEdges(a, b) == 1 THEN 

   Add Edge(a, b) to CandidatesList 

   Add a and b to VisitedList 

   TourLength += Distance(a, b) 

ENDIF 

 NEXT 

5. Carve triangles from Polygon (Apple) 

change_recorded := 1 

WHILE VisitedCities < n AND change_recorded == 1 

change_recorded := 0 

Figure 5.4 - continued 
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Let k be the index of a triangle containing the candidate edge         

Edge(a, b) such that: 

a) CountTriangles(a) > 1 AND CountTriangles (b) > 1 AND 

CountTriangles(c) > 1, 

b) Min_TI(c) == TIA(c, SimpleTriangle(k)) 

c) SimpleTriangle(k) == Triangle(a, b, c) with the lowest TIA(c, 

SimpleTriangle(k)) for all triangles satisfying a) and b) 

IF SimpleTriangle(k) does not exist THEN 

Let k be the index of a triangle containing any candidate edge 

Edge(a,b) such that: 

d) CountTriangles(a) > 1 AND CountTriangles(b)>1 AND 

CountTriangles(c) > 1, 

e) SimpleTriangle(k) = Triangle(a, b, c) with the lowest TIR(c, 

SimpleTriangle(k)) for all triangles satisfying d) 

ENDIF 

Remove SimpleTriangle(k) from Polygon (Apple) 

Add Edge(a,c) and Edge(b,c) to CandidatesList 

Remove Edge(a,b) from CandidatesList 

CountTriangles(a) -= 1; CountTriangles(a) -= 1; CountTriangles(a) -= 

1 

Add c to VisitedList 

TourLength := TourLength - Distance(a, b) + Distance(a, c) + 

Distance(b, c) 

VisitedCities += 1 

change_recorded := 1 

WHILE END 

 

Figure 5.4 - continued 
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6. Correct infeasibility conditions (if any) 

IF VisitedCities < n THEN 

FOR each point c NOT in VisitedList 

Let a and b be points in S such that  

f) Edge(a,b) is in CandidatesList, 

g) Triangle(a,b,c) has the lowest TIA(c, Triangle(a,b,c)) for any 

pair of points a and b satisfying f) 

Add c to VisitedList 

 Add Edge(a,c) and Edge(b,c) to CandidatesList 

      Remove Edge(a,b) from CandidatesList 

TourLength = TourLength - Distance(a, b) + Distance(a, c) + 

Distance(b, c) 

VisitedCities += 1 

NEXT c 

ENDIF 

7. Record the polygon tour 

FOR each Edge(a, b) in CandidatesList 

Predecessor(b) := a 

NEXT 

END Apple Carving Algorithm 

Figure 5.4 - continued 

In Chapter IV we have investigated deviation from optimality, denoted as 

P’(S), of the minimum perimeter polygons fully embedded in iGCT. In this research 

study we define 𝜀𝑃′′
𝐴 (𝑠) as the absolute deviation from the optimal of the perimeter 

length of the polygon found via “apple carving” algorithm, and define it as follows: 

 

𝜀𝑃′′
𝐴 (𝑠) =

𝑃𝐿(𝑃′′(𝑆)))−𝑃𝐿(𝑇𝑆𝑃(𝑆))

𝑃𝐿(𝑇𝑆𝑃(𝑆))
, ∀𝑆 𝑖𝑛 𝑅2              (5.1) 
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As previously mentioned, overlay inaccuracy was calculated for each of the 18 

TSPLIB point sets utilized in Chapter III, where it was demonstrated experimentally 

that iGCT lengths were within 0.65% of the MWT lengths for their respective planar 

point sets.  

Time Complexity 

 

Theorem 5.1 Time complexity of the “apple-carving” algorithm is O(n2). 

 

Proof: Step 2 of the “apple carving” algorithm has time complexity of O(n), since in 

this step we initialize arrays of n points. Step 3 of the “apple carving” algorithm has 

time complexity of O(n), as we also know that there are O(n) triangles in a full 

triangulations of a planar point set S of n points (Vassilev, 2005). Step 4 of the “apple 

carving” algorithm loops through no more than n candidate edges, and therefore has 

the time complexity of O(n). Step 5 of the “apple carving” algorithm removes up to n 

– h triangles from iGCT, where h is the number of points on the Convex Hull of S. In 

each removal step, we evaluate up to 2n - h - 2 candidate triangles that can be 

removed. This guarantees the time complexity of O(n2) for Step 5. Step 6 of the “apple 

carving” algorithm has the time complexity of O(n2). We know this because there are 

not more than n points that need to be evaluated against up to n candidate 

edges/triangles. Finally, step 7 of the “apple carving” algorithm assigns predecessors 

for each of n points in S by looping through not more than n edges in the candidate 

lists, guaranteeing the time complexity of O(n). 

 This proves that the time complexity of the “apple carving” algorithm is O(n) 

+ O(n) + O(n) + O(n2) + O(n) + O(n2) = O(n2).          

 

Theorem 5.2 When combined with finding iGCT, the time complexity of the full 

“apple-carving” algorithm is O(n4). 
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Proof: Theorem 5.1 shows that the time complexity of the final step of the “apple 

carving” algorithm is O(n2). In Chapter III we proved that the time complexity of the 

GCT algorithm, tasked with finding iGCT, is O(n4).  

 This proves that the time complexity of the combined iGCT and “apple 

carving” algorithms is O(n4) + O(n2) = O(n4).            

 

Results 

We have programmed the “apple carving” algorithm in VBA for Excel and ran 

it utilizing iGCT of the 18 TSPLIB point sets utilized in prior research studies in 

Chapters III and IV. Table 5.2 shows the optimal TSP solution length, length of the 

“apple carving” algorithm resulting polygon, and the resulting deviation from 

optimality (i.e. absolute error). 

On average, polygons produced by the “apple carving” algorithm in our test 

problems are 8.07% longer than optimal TSP solutions. For gr137 problem, the 

absolute error is the lowest at 1.85%, and for pr124 problem, the error is the highest 

recorded at 15.31%. If we exclude point sets of 4 or more co-linear points, the 

absolute error drops to the average of 6.12%, with the maximum error recorded for 

ch130 problem at 11.17%. 
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Table 5.2 - "Apple Carving" algorithm results for 18 TSPLIB problem sets 

Instance S PL(TSP(S)) PL(P"(S)) 𝜺𝑷′′
𝑨 (𝒔) 

Co-

linearity 

1 att48  108,159.44      118,702.00       0.0975  
 

2 berlin52      7,544.37          7,710.87       0.0221  
 

3 ch130      6,110.86          6,793.25       0.1117  
 

4 eil51         429.98            452.72       0.0529  
 

5 eil76         545.39            577.50       0.0589  
 

6 eil101         642.31            701.18       0.0917  
 

7 gr96         512.31            534.43       0.0432  
 

8 gr137         729.38            742.87       0.0185  
 

9 lin105    14,383.00        15,207.16       0.0573  
 

10 pr76  108,159.44      112,152.39       0.0369  Yes 

11 pr107    44,301.69        49,653.13       0.1208  Yes 

12 pr124    59,030.74        68,069.09       0.1531  Yes 

13 pr136    96,770.93      108,572.52       0.1220  Yes 

14 pr144    58,535.23        67,866.51       0.1594  Yes 

15 rat99      1,219.24          1,264.82       0.0374  
 

16 rat195      2,333.87          2,516.97       0.0785  
 

17 rd100      7,910.40          8,425.52       0.0651  
 

18 u159    42,075.66        47,354.41       0.1255  Yes 

 

Conclusions and Future Work 

We have introduced a simple algorithm that takes the compact triangulation 

(iGCT) of a planar point set and then reduces it to a simple polygon by removing 
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triangles with low Triangle Inequality Measure starting from triangles on the convex 

hull of this point set. We have proved that the time complexity of the “apple carving” 

algorithm is O(n2). We have also shown that time complexity grows to O(n4) when 

this algorithm is also tasked with finding iGCT beforehand. We have then 

demonstrated that, on average, polygons produced by this “apple carving” algorithm in 

our test problems are 8.07% longer than optimal TSP solutions. If we exclude point 

sets of three or more co-linear points, the absolute error drops to the average of 6.12%, 

with the maximum error recorded for ch130 problem at 11.17%. 

Based on these results and our literature review we conclude that the “apple 

carving” algorithm produces better quality of solutions than any other construction 

heuristics other than match-twice-and-stitch heuristic, as evident in Figure 5.5 below. 

Here it is important to note that the “apple carving” average results have been adjusted 

up by 0.8%, since HK lower bound is on average 0.8% lower than the optimal TSP 

solution (Johnson, McGeoch, & Rothberg, 1996). 

While our initial research hypothesis that the “apple carving” algorithm will 

produce results comparable to that of Lin-Kernighan heuristic was not met, we were 

able to demonstrate that the “apple carving” algorithm performs significantly better 

than all of the tour construction heuristics, and is only slightly outperformed by 

Match-twice-and-stich heuristic introduced in 2004 (Kahng & Reda, 2004). 

Limitations in our work lie in the number of TSPLIB instances we used (i.e. 18 

problems), as well as in the relatively small problem sizes employed (i.e. maximum of 

195 points). To improve quality of our experiments we intend to expand our tests to all 

named TSPLIB instances, which will also allow us to compare how our algorithm 

performs on problems of significant size. Another improvement to our work and what 

could strengthen our conclusion is running the traditional construction heuristics on 

the same sample of TSPLIB problems that “apple carving” algorithm would be run on. 
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Figure 5.5 - Typical performance of cited heuristics over HK lower bound 

(including “apple carving” algorithm results) 

Finally, our future work will focus on fine-tuning the “apple carving” 

algorithm and adding the improvement steps of switching the relevant triangles in and 

out of the solution polygon depending on whether adding or removing related triangle 

pairs will result in desired tour improvements. Triangle pairs would be relevant and 

suitable for “swapping” in and out of the resulting polygon if the share at least one 

point, and their “swap” would not result in a loss of solution feasibility. 
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CHAPTER VI 

GENERAL CONCLUSIONS AND FUTURE WORK 

 

Research Features and Outcomes 

TSP belongs to the class of NP-hard problems since no polynomial-time 

algorithm exists that can solve the problem optimally in polynomial time, regardless of 

its complexity (i.e. the number of cities in the tour). The best result to date is a 

solution method, introduced in 1962, that runs in time proportional to n22n (Cook, 

2012). Good heuristics such as Lin-Kernighan method exist; powerful software 

packages tackling large problems are available on the web (Cook, n.d.), but the best 

guarantee of worst-case performance is still 50% away from the optimal solution 

(Christofides, 1976). To date, researchers have introduced many optimization 

techniques such as Simulated Annealing, Ant Colony Optimization, and Genetic 

Algorithms. While these techniques produce good results, they do not make a critical 

shift in either incidence of optimal solutions generated or the worst-performance 

guarantee. To a letter, present methodologies rely on distance between points (i.e. 

edge lengths) as the key quality measure towards creating and/or maintaining point 

sequences in a planar point set. 

In the early 1990s Fekete defined TSP as one of the three optimal 

polygonization problems (Fekete, 1992). Indeed, in a planar point set S with n points, 

one can seek optimal polygonizations (with all points on the perimeter representing 

polygon vertices) that minimize area (MINAP), maximize enclosed area (MAXAP), 

and minimize perimeter (TSP). In his doctoral thesis and subsequent research, he 

proved that both MINAP and MAXAP are also NP-hard problems and harder to solve 

for than TSP due to the fact that edge lengths are not good representatives of the 

inclusion or exclusion criteria (Fekete, 2000). Fekete proposed a simple heuristic for 

minimum area polygonization, one that starts with the smallest 3-gon (i.e. empty 

triangle), and greedily adds to the partial polygonization candidate triangles with 
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smallest area until full polygonization is obtained. Candidate triangles are remaining 

triangles that share edges with triangles already in the polygonization. Several 

researches have since improved this basic heuristic; however, this was the first time 

that triangles rather than edges were used to build a complex polygon. A decade later 

Vassilev used the area of simple triangles as a constraint, not as a quality measure, in 

building optimal Min-Max triangulation (Vassilev, 2005). 

Other than Fekete using triangle area in MINAP polygonizations (Fekete, 

1992), Vassilev using triangle area in triangulations (Vassilev, 2005), we did not find 

other evidence of research using triangle attributes in building optimal triangulations 

or polygonizations. To this end, we researched Isoperimetric Inequality principle 

(𝐿2 ≥ 4𝜋𝐴, where L is the perimeter and A is the area) and its use in triangulation and 

polygonization heuristics. Isoperimetric inequality principle states that of all geometric 

figures with fixed perimeter it is a circle that contains maximum area. According to 

the work of Kesavan, this inequality can be restated to indicate that of all triangles 

with equal area it is the equilateral triangle that has the smallest perimeter (Kesavan, 

2014). Isoperimetric inequality can also be re-written to express what researchers call 

the Compactness Index of simple geometric figures (Osserman, 1978).  According to 

this, circle has Compactness Index of 1, and all other figures have Compactness 

Indices of strictly less than 1. 

Our research uncovered a clear knowledge gap in using triangle attributes such 

as Compactness Index and Triangle Inequality in creating approximations of MWT 

and TSP polygonization and introduced new conceptual framework and methodology 

for finding TSP solutions (via approximations to MWT) and evaluate their 

effectiveness against TSP point sets solved to optimality in prior research. This 

conceptual framework is shown in Figure 6.1 below. 
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Figure 6.1 - Proposed Conceptual Framework 

As evident in Figure 6.1 this framework relies exclusively on simple 3-gons as 

both triangulation and polygonization building blocks. Overarching research question 

for us then was to answer as to how effective this conceptual framework was in 

solving both MWT and TSP problems. 

First step in our research, as can be observed in Figure 6.1, was to investigate 

how effective our approach was in creating a full triangulation of planar point sets that 

could approximate Minimum Weight Triangulation, or MWT. MWT is the full 
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triangulation of a planar point set with the minimum sum of its constituent edge 

weights. To that end, we were able to formulate an algorithm that evaluates all simple 

3-gons in a planar point set, constructs a greedy triangulation by including non-

intersecting simple 3-gons with highest Compactness Indices, and ensures local 

optimality by performing targeted edge flipping. We called this final triangulation 

improved Greedy Compact Triangulation, or iGCT. We proved that the GCT 

algorithm is polynomial by showing its time and space complexity to be O(n4) and 

O(n3) respectively. We have proven that GCT approximates MWT for convex 

polygons in general. We have experimentally shown that GCT approximates MWT for 

planar point sets where points are drawn uniformly from a unit square. We have also 

experimentally shown that GCT outperforms all other known triangulations for point 

sets organized in concave chains. This led us to strongly conjecture that GCT and 

iGCT approximates MWT of any planar point set.  

Next step of our research was to investigate how often TSP polygons are fully 

embedded in the novel compact triangulation introduced in our initial research study. 

This was done in order to set a tight upper bound for the results of an algorithm we 

were looking to formulate in the last step of our research. To that end, we were able to 

show experimentally that optimal TSP polygon is fully embedded in iGCT often (i.e. 

61.1% of the time) , and that if we were able to find the minimum perimeter polygon 

fully embedded in iGCT we would produce an algorithm which would rival any 

polynomial heuristic currently available. 

Our final research question to answer was whether we can use our proposed 

conceptual framework to design an algorithm which would take iGCT of a planar 

point set as an input and generate a subset of triangles forming iGCT which would, 

taken together, represent a polygon whose perimeter approximating that of an optimal 

TSP solution. For that purpose, we formulated the “apple carving” algorithm. This 

algorithm works by maintaining a list of candidate triangles; initial candidate list 

included triangle containing only edges on the Convex Hull of a given planar point set. 

Candidate triangles are evaluated, and the ones with lowest Triangle Inequality 
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Measure or Index are removed sequentially while candidate list is updated to include 

new candidate triangles generated by removal of triangles. The “apple carving” 

algorithm terminates when all points in a given planar point set have been visited, or 

when no new cities have been included in the solution. We have shown that this 

“apple carving” algorithm outperforms all but one tour construction heuristic. 

Furthermore, we were able to show that if we apply our algorithm to planar point sets 

without three or more co-linear points, the “apple carving algorithm” approaches 

performance of the best tour construction heuristic found to date, called match-twice-

and-stitch (Kahng & Reda, 2004). 

We conclude by making an important run time comparison between our novel 

approximation heuristics and Held-Carp algorithm. We have proven in the course of 

our work that the proposed heuristics are polynomial in time, since the time 

complexity of GCT and “apple carving” algorithms are O(n4) and O(n2) respectively. 

We also know that the time complexity of the best exact solution method is O(n22n) 

(Held & Karp, 1962).  In Table 6.1 we then compare the average running times of the 

three algorithms.  

Table 6.1 - Average run time comparison 

n 
GCT Algorithm  

Solution Time (s) 

Apple Carving Algorithm 

Solution Time (s) 

Held-Karp Algorithm 

Solution Time (s) 

10 13 0.1 102 

100 48 10 1.27×1031 

200 251 40 6.43×1061 

300 554 90 1.83×1092 

400 974 160 4.13×10122 

500 2,030 250 8.18×10152 
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All of our experiments were performed on Latitude 5490 laptop with Intel 

Core i5−8250U CPU @ 1.60GHz with 8GB of RAM, running Windows 10 64-bit 

operating system.. Here we also note that the running times of the Held-Karp 

Algorithm were of course approximated, and not experimentally observed, past n = 

100. For n = 10, TSP can still be determined exactly by the Held-Karp algorithm in a 

rather reasonable time of 102 seconds. Even for n = 100, however, it takes more than 

1023 years to generate the exact solution, clearly demonstrating both the 

impracticability of even the best of the exact solution methods and the benefit of our 

research outcomes. 

Findings 

This dissertation proposed a novel conceptual framework which can be seen in 

Figure 6.1, and this framework was validated across three research topics. Research 

findings for each study topic are shown below. 

Research 1 

In the course of this research we introduced a novel algorithm, called GCT 

algorithm, to produce compact triangulations GCT and iGCT of planar point sets. We 

speculated near-optimality of GCT based on isoperimetric inequality principle as it 

applies to simple triangles having points from planar point sets as vertices. We have 

found that the space and time complexity of this algorithm are O(n3) and O(n4) 

respectively. We have proven that GCT approximates MWT to within a constant 

factor for both regular polygons and regular polygons with an additional point in the 

middle of the regular polygon, slightly off-center. We have also shown that GCT 

approximates MWT for complex polygons in general. This has led us to a strong 

conjecture that iGCT approximates MWT of any planar point set. We have also 

experimentally confirmed that, on average, iGCT is within 0.65% of MWT in 18 

TSPLIB instances. In our experiments we have also shown that iGCT was at most 

4.2% less-optimal than MWT. If we excluded point sets which allow collinearity of 
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three or more points, the strength of the near-optimality improved even more 

significantly, down to 0.36%. 

Research 2 

We have hypothesized that full TSP containment within iGCT would be 

observed more than 50% of time. Indeed, in our experiments we have found the full 

TSP containment in 11 out of 18 TSPLIB problems we investigated, which amounts to 

61.1% of problems. 

We have further hypothesized that the number of deviations from optimal will 

occur for less than 5% of the edges, and our experiments have indeed confirmed this 

hypothesis. In 7 out of 18 TSPLIB instances where the full TSP containment was not 

attained, the average percentage of edges not in iGCT was observed to be 1.32%. 

We have also hypothesized that the iGCT minimum length polygons will be 

within 2% of the TSP solution. Indeed, shortest Hamiltonian cycles observed in 18 

TSPLIB instances are on average only 0.36% longer than optimal.  

Finally, we hypothesized that the better results will be observed in randomized 

TSPLIB point set configurations. This has indeed been confirmed in our analysis. If 

we exclude TSPLIB problems which have three or more co-linear points, the full 

containment rate jumps to 66.7%, and the full containment is then observed in 8 out of 

12 instances. In 6 TSPLIB problems which have three or more collinear points we 

found that the shortest Hamiltonian cycles observed are on average 0.84% longer than 

optimal, whereas the shortest Hamiltonian cycles observed in remaining 12 TSPLIB 

problems are on average only 0.12% longer than optimal. 

Research 3 

In Research 3 we introduced a simple algorithm that takes a full triangulation 

(iGCT) of a planar point set and reduces it to a simple polygon by removing triangles 

with low Triangle Inequality Measure; initially starting by evaluating triangles on the 

convex hull of a planar point set. We found that, on average, polygons produced by 

this “apple carving” algorithm in our test problems are 8.07% longer than optimal TSP 
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solutions. If we exclude point sets of three or more co-linear points, we found that the 

absolute error drops to the average of 6.12%. While our initial research hypothesis that 

the “apple carving” algorithm will produce results comparable to that of Lin-

Kernighan heuristic was not met, we found that the “apple carving” algorithm 

performs better than all of the tour construction heuristics, and is only slightly 

outperformed by Match-twice-and-stich heuristic introduced in 2004 (Kahng & Reda, 

2004). 

Future Research 

Our research was the first to introduce a conceptual framework of integrating 

optimal triangulation and polygonization of planar point sets. There is therefore ample 

opportunities to expand this research in a multitude of directions addressed briefly in 

sections below. 

Addressing Research Limitations 

In all three research sections we mentioned experimental research limitations. 

These limitations lie in the number of TSPLIB instances we used (i.e. 18 problems), as 

well as in the relatively small problem sizes employed (i.e. maximum of 195 points for 

TSPLIB problems, and no more than 525 points in other problem sets). To improve 

the quality of our experiments we intend to expand our tests to all named TSPLIB 

instances, which will also allow us to compare how our algorithm performs on 

problems of significant size. To do this efficiently, and especially for experimentation 

performed in Research 2, we will automate deviation checking procedures to flag 

automatically instances where edges in optimal TSP cycles are not found in iGCT of 

their respective point sets.  

Research in Higher Dimensions 

Foundational element of our research is the near-optimal triangulation defined 

in Research 1. This triangulation uses most compact simple 3-gons as its building 

blocks. Compactness Index is defined as the ratio of area to the square of perimeter 
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length, multiplied by a constant (Osserman, 1978). We hypothesize that GCT 

algorithm could be easily modified to work in higher dimensions. In R3, for instance, 

triangles would be replaced by triangular pyramids. Compactness Index would entail a 

ratio of the volume to area, rather than area to length. We would also hypothesize that 

the “apple carving” algorithm could also be easily modified to work in higher 

dimensions. Instead of looking at Triangle Inequality we would define Pyramid 

Inequality Measure which could easily be calculated as the sum of areas of the side 

triangles over the area of the base triangle. We are eager to address this topic in our 

future research. 

Tour Improvement Extensions to “Apple carving” Algorithm 

In Research 2 we found that the minimum perimeter polygons fully embedded 

in iGCT are within 0.36% of optimal TSP solutions. In Research 3 we introduced 

“apple carving” algorithm as a tour construction heuristic and found that it reduces 

iGCT to polygons whose perimeter length is within 8.07% of optimal TSP solutions. 

We intend to further optimize “apple carving” algorithm with tour improvement sub-

routines to further reduce this solution quality gap, while still respecting our 

conceptual framework of utilizing simple 3-gons as the only available building or 

elimination blocks.  

Applications to Asymmetric TSP 

In purely mathematical terms, TSP is the problem of finding a Hamiltonian 

tour of minimum weight in a complete edge-weighted graph. In our research, we 

consider a symmetric TSP, or STSP, in that we assume that edge-costs are symmetric, 

or, equivalently, that the graph is undirected. Our research has focused only on 

symmetric TSP, or STSP to date. To that end, we propose an investigation into 

adjusting our research assumptions to test whether our findings could be replicated in 

asymmetric TSP domain, where edge-costs are not symmetric, and conversely the 

graphs are directed. 
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