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Abstract

In the first part of this dissertation we consider uniformizing a given do-
main Ω in Riemann sphere onto a domain bounded by a rectangles (which is a
rectangluar domain) via an extremal problems. We work with the class of func-
tions Σ(Ω) which has the expansion f(z) = z+ a1

z
+ · · · near ∞ and univalent on

a finitely connected domain Ω, ∞ ∈ Ω ⊂ C. One of the classical results due to
G. Grötzsch, the function f0 maximizing S0(f,Ω) = 2π< a1 over the class Σ(Ω)
maps Ω onto a domain in C bounded by slits parallel to the real axis. Recently,
M. Bonk found a similar extremal problem, which maximizer f1 ∈ Σ(Ω) maps
Ω onto a domain on C, whose complementary components are squares. In this
dissertation , we present a parametric family of extremal problems on the class
Σ(Ω) with maximizers fm, 0 < m < 1, mapping Ω onto domains on C, whose
complementary components are rectangles with horizontal and vertical sides and
with module m.

In the second part of the dissertation we focus on conformal mappings and
its relation with the quadratic differentials. Our main goal is to give a general
existing theorem for conformal mappings on a finitely connected domain Ω ∈ C
onto a domain bounded by slits on trajectories of a quadratic differential Q(z)dz2.
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Chapter 1

Introduction

The present research is mainly influenced by one of the open problems
in uniformization theorems which states " whether each domain Ω in z-sphere(
Riemann sphere) can be unifomized by a circle domain". In other words it is an
interesting to see whether there is a conformal homeomorphism between Ω and
a circle domain D. By definition a circle domain in z-sphere is a domain whose
complementary components are either closed Euclidean disks or single points as
degenerated Euclidean disks. Thanks to Paule Koebe [20] it was proven that
any finitely connected domain in z-sphere can be uniformized by a circle domain.
Further, Z. X. He and O. Schramm [9] extended the results to a domain Ω having
countably many boundary components. It is still an open problem for a arbitrary
domain Ω in the z-sphere having infinitely many boundary components which is
known to be Koebes "Kreisnormierungsproblem". To be precise it is important to
note that throughout our discussion Ω will always denote a domain that is open
and connected in the Riemann sphere C̄ = C ∪ {∞} unless otherwise specified.
The study starts by looking at the canonical conformal mappings which are readily
available. One of the significant results in the uniformization theorems is the
Riemann mapping theorem and it plays a central role in most canonical conformal
mappings.

Theorem 1.1 (Riemann Mapping Theorem). Let Ω be a simply connected domain
in C which is different from C. Let a ∈ Ω then there exists a unique conformal
map f : Ω→ D such that f(a) = 0 and f ′(a) > 0. Where D = {z : |z| < 1} is the
open unit disk.

The above theorem is very strong and a powerful tool in theory of confor-
mal mappings. It only gives the idea about existence of a Riemann mapping and
it does not address anything about constructing such a mapping. It is extremely
important that the proof was given as a solution to the extremum problem. In
most cases we only know that proper simply connected domain can be mapped
conformally onto a unit disk but it is tremendously difficult to construct a such
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mapping by elementary conformal mappings. We are interested in finding the
canonical domains in z-sphere with specified configurations. Among the canon-
ical conformal mappings one of the famous results is the parallel slit mapping
which slits parallel to real or the imaginary axis. We will only discuss selected
examples of canonical mappings in Chapter 4 reader may refer Jenkins book [13]
for further details.
Among the techniques of the conformal uniformization extremum problems play
a significant role. There are still only a few well known extremum problems. The
study of the univalent analytic functions is not at all easy because univalent func-
tion forms no linear space and characterizing extremum element by comparison
within the family is extremely challenging. The central object is that the fam-
ily of analytic univalent functions form a normal family. Each univalent analytic
function realizes a canonical domain which can be single out as a solution to a
extremum problem. The present study is convinced again due to the recent paper
[3] by Mario Bonk about "Uniformization by square domains". He found an ex-
tremal problem which uniformized a finitely connected domain Ω in z-sphere onto
a domain bounded by squares. The significant importance of Bonk’s results be-
cause he proved it by formulating an extremum problem. As mentioned earlier the
study of existence of numerous canonical domains with specified shapes was one
of the fundamental problems in the classical theory of the conformal mappings.
Therefore, research directed towards finding various types of canonical conformal
mappings. The initial fundamental object was the calculus of variation to estab-
lished the existence theorems. The main ingredient of the study is the family
of univalent analytic functions in a given domain forms a normal family. This
yields to the result that any sensible extremum problem has at least one function
within the family of univalent analytic functions which attains the extremum con-
sidered. One of the classical extremum problems are canonical slit mapping with
slits parallel to real axis. we have the following result.

Theorem 1.2. Let Ω be a finitely connected parallel slit domain with slits parallel
to the real axis and let f ∈ F : Ω→ D ⊂ C̄ be a univalent analytic function with
the expansion f(z) = z + a1

z
+ ... near ∞. Then L(f) = Re(a1) ≤ 0 for all f ∈ F

and equality occurs if and only if f is the identity on on Ω.

2
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The above extremum problem can be solved by using variational argument as
well as using the General Coefficient Theorem. However, even simple extremum
problems are impossible to solve using the variational technique since a priori
there is no guarantee of the regularity of the boundary of the extremum domain.

In the current study we focus on uniformizing any given finitely connected
domain Ω in z-sphere onto a domain bounded by rectangles which sides parallel
to real or imaginary axis. That is we wanted to see whether there is a conformal
homeomorphism between any finitely connected domain Ω in z-sphere and a rect-
angular domain D. By definition a rectangular domain in z-sphere is a domain
whose complementary components are either closed rectangles or single points.
We present parametric family of extremal problems on the class Σ(Ω) with the
maximizers fm, 0 ≤ m ≤ 1, mapping Ω onto a domains on C, whose complemen-
tary components are rectangles with horizontal and vertical sides and with the
module m. Here, We will only mentioned the theorem and details are given in the
chapter 4.

Theorem 1.3. Let m > 0 be fixed and let Ω be a finitely connected domain on
C with ∞ ∈ Ω having n nondegenerate boundary components. There is a unique
function fm ∈ Σ(Ω), which maximizes the functional

Sm(f,Ω) = 2π< a1 +
n∑
j=1

(Aj −mH2
j ) (1.1)

over all functions f(z) = z + a1
z

+ · · · in the class Σ(Ω).

The function fm maximizing (4.15) is the only function in Σ(Ω), which
maps Ω onto a rectangular domain with module m.

We present the proof which uses the advanced calculations in complex
analysis. We need the knowledge of the conformal module where we used the con-
formal module related of the rectangles joining the opposite sides of the rectangles
or more generally the conformal module of the quadrangles for the family of curves
joining opposite sides of the quadrangles. The details of the conformal module
and extremal metric are given in chapter 3. In the proof of theorem 1.3 there is
essentially the use of normal families and their properties of convergence which
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guarantees the existence of the extremum function. The important theorems re-
lated to the normal families of analytic functions and background is discussed in
Chapter 2. We are still interested to see whether we can give direct proof without
restating the Brandt Harrington theorem by using the variational techniques or
similar method.

The new extremal problem immediately provide the theorem of the Mario
Bonk and also strengthen the some classical results about parallel slit domains
given in Jenkins book [13].

It was mentioned earlier that the solving an extremum problem which
the solution is analytic and univalent function is extremely challenging. The
best studied extremum problem is so far is the Bieberbach Conjecture which was
stated by German mathematician Ludwig Bieberbach in 1916 paper [2] which was
appeared as a footnote in the paper [2] which the principle result was the second
coefficient theorem. Before stating Bieberbach Conjecture we need to define the
well known S functions.

Definition 1.1. We denote the normalized schilicht class S is the family of uni-
valent analytic functions f : D → C with the conditions, where D = {z : |z| < 1}

1. f(0) = 0

2. f ′(0) = 1

The above conditions implies that f ∈ S has the following power series expansion.

f(z) = z + a2z
2 + a3z

3 + · · · = z +
∞∑
n=2

anz
n.

Conjecture 1 (Biberbach Conjecture). If f(z) = z + ∑∞
n=2 anz

n is in S, then
|an| ≤ n for every n ≥ 2. If, for any n , |an| = n, then f is a rotation of the
Koebe function

k(z) = z

(1− z)2 .

The Biberbach conjecture is easy to state and to understand. However, it
was with extreme difficulty of solving for a few decades until De Branges proved
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the conjecture completely in 1984 it was only proved upto n = 6 by several
mathematicians. The various techniques were developed to solve the Biberbach
conjecture specially the variational techniques of Menahem Schiffer plays a signif-
icant role. We are dealing with his methods in [23] to give an independent proof
of the theorem 1.3 without restating the Barndt Harrigonton Theorem.

In the second part of our study we work with a different approach by
using Quadratic Differentials because of the strong relationship with conformal
mappings. We denote Quadratic differential on a Riemann surface generically by
Q(z) dz2 where Q(z) is a meromorphic function. We are particularly interested
about the trajectory structures of a quadratic differential that are the maximal
regular curves which Q(z) dz2 > 0. The importance of this is that the trajectory
structures of a quadratic differentials are preserved under the conformal mappings.
Not only the trajectory structures it preserves critical points of Quadratic differ-
ential under the conformal transformation. Critical points are the zeros and the
poles of Q(z) dz2 relative to Q(z). A point P ∈ R is called a critical point of order
k of Q(z) dz2 if a point P having this property with respect to Q(z). We work
with the strip, circle, ring and end domains on a given Riemann surface which can
be classified with respect to the Q(z) dz2. The Basic Structure Theorem classify
the trajectory structures of a given quadratic differential. It is worth mentioning
the connection of quadratic differentials and conformal mappings by giving few
examples. The details are discussed in the chapter 5.

The parallel slits domains which slits parallel to real axis can be expressed
byQ(z) dz2 = 1·dz2 and while parallel slit domain which slits parallel to imaginary
axis can be expressed by Q(z) dz2 = −1 · dz2. We will only mention one of the
examples from classical theory before stating the main theorem of our focus.

Theorem 1.4. Let the domain D in the z-sphere be of finite connectivity and
contain the origin and the point at infinity. Then for each real θ, 0 ≤ θ < 2π
there exists a unique function fθ(z) in Σ(D) mapping D onto a domain bounded
by slits on trajectories of the quadratic differential e−iθ dw2

w2 .

The above theorem is one of the examples of existing theorems of a conformal
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mapping such that a finitely conncted domain maps onto a domain bounded by
slits on trajectories of specific quadratic differential equation. Our idea is to prove
the following theorem for general quadratic differential which we can map a finitely
connected domain onto a domain bounded by slits on trajectories of Q(z) dz2 .
We will use the basic structure theorem to classify the trajectory structures and
when we use the basic structure theorem we assume that there are only end, strip,
circle and ring domains but no any density domains are presence there.

Theorem 1.5. Let Ω be a finitely connected domain in C and Q(z) dz2 be a
quadratic differential. Then for any point z0 ∈ C there is a conformal mapping
f : Ω→ C such that a domain bounded by slits along arc of trajectories of Q(z) dz2

with the properties f(z0) = w0, f
′(z0) > 0 and f(γ0) = Γ0. Where Γ0 is connected

set of trajectories of Q(z) dz2.

We will use the standard theorems of quadratic differentials to prove the unique-
ness and the existence of the theorem 1.5.

6
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Chapter 2

Normal Families of Analytic Functions and Related Results.

We will first introduce the analytic functions of complex variables which
will play the major role throughout our discussion in conformal mappings. More-
over, we will discuss main theorems associated with analytic univalent functions
which is the main object through the entire discussion. We work with the usually
calculus defined on the complex valued functions. We define an analytic (holo-
morphic) function in a complex sense to be a fucntion in complex plane which is
complex differentiable at every point of its domain in a neighborhood of the point.

2.1 Analytic Functions.

We define the complex derivative as follows in a similar way we define in
real variable calculus.

f ′(z) = lim
∆z→0

∆f
∆z = lim

∆z→0

f(z + ∆z)− f(z)
∆z (2.1)

The term analytic function is often used interchangeably with the term holomor-
phic function where the term analytic has a boarder meaning in the sense of real,
complex or any general type function. Holomorphic functions are also called regu-
lar functions depending on the context. We now turn into the definition of analytic
function and its related results. We always work with functions f(z) which are
complex valued functions defined on a open domain Ω ⊂ C.

Definition 2.1. A function f : Ω → C on a domain Ω ⊂ C is called analytic if
f(z) is complex differentiable at each point of Ω and the complex derivative f ′(z)
continuous on Ω.

We also have the following definitions related to the analyticity of a complex
valued function f(z).

Definition 2.2. We called f(z) is analytic at a point z0 if it is analytic in some

7
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neighborhood of z0.

Definition 2.3. An analytic function which is defined in whole complex plane is
called an entire function.

We will mostly work with analytic functions in the upcoming sections and
also with meromorphic function. Let’s define the meromorphic function.

Definition 2.4. A meromorphic function on a domain Ω ∈ C is a function that
is analytic except for a set of isolated points, which can be identified as the poles
of the function.

We also need to define what it means to be univalent function since we
work with univalent analytic functions defined on Ω ⊂ C.

Definition 2.5. A function f : Ω → C is called univalent (one-to-one) on Ω if
f(z1) 6= f(z2) for all z1, z2 ∈ Ω whenever z1 6= z2.

The German name schilicht and Russian odnolistni are also refereed to the term
univalent.

2.2 Classification of Analytic Functions.

The Cauchy-Riemann equations provide an alterantive way of defining the
complex derivative. If f(z) be a complex valued function then we can represent
it as sum of the real and imaginary parts as follows.

f(x, y) = u(x, y) + i v(x, y) (2.2)

where, u = u(x, y) and v = v(x, y) are functions of two real variables.

Definition 2.6. If f : Ω→ C is analytic on Ω. Let f(z) = u+ i v Then we define
Cauchy-Riemann equations to be:

∂u

∂x
= ∂v

∂y
and ∂u

∂y
= −∂v

∂x
(2.3)

8
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We have the following theorem.

Theorem 2.1. Consider the complex valued function f(z) = u(x, y)+ i v(x, y) on
a domain Ω, where u and v are real-valued functions. Then the function f(z) is
analytic on Ω if and only if u and v satisfy the Cauchy-Riemaan equations and
have continuouse first order partial derivatives which satisfy the Cauchy-Riemann
equations.

2.3 Inverse Mapping and the Jacobian.

Let f = u +i v be analytic on a domain Ω and f : Ω→ C with the real and
imaginary parts u(x, y), v(x, y) respectively. The Jacobian matrix of this map is

Jf =
∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

 (2.4)

and the determinant of the Jacobian matrix is given by

detJf = ∂u

∂x

∂v

∂y
− ∂u

∂y

∂v

∂x
(2.5)

Since f is analytic by Using Cauchy-Riemann equations we obtain,

det Jf =
(
∂u

∂x

)2

+
(
∂v

∂x

)2

(2.6)

=
∣∣∣∣∣∂u∂x + i

∂u

∂x

∣∣∣∣∣
2

(2.7)

= |f ′(z)|2 (2.8)

Theorem 2.2. Let f(z) be a analytic function, then its Jacobian matrix has the
determinant

det Jf = |f ′(z)|2 . (2.9)

We have the following result which is directly applied for the proof of 4.2
in chapter 4. Let’s stats as a lemma.

9
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Lemma 2.1. Let f : Ω→ C be a bounded analytic function, defined on a bounded
domain on C. Further, suppose that f(z) is univalent (one-to-one). Then the
Area (f(Ω)) is given by,

Area(f(Ω)) =
∫∫

Ω
|f ′(z)|2 dx dy. (2.10)

We will now state the inverse mapping theorem.

Theorem 2.3. Suppose that f(z) is analytic on a domain Ω, z0 ∈ Ω, and f ′(z0) 6=
0. Then there is a small disk U ⊂ Ω containing z0 ∈ U such that f(z) is one-to-one
on U , the image V = f(U) of U is open, and the inverse function

f−1 : V → U (2.11)

is analytic and satisfies

(f−1)′(f(z)) = 1
f ′(z) , z ∈ U. (2.12)

2.4 Complex Version of Green’s Theorem.

There is an application of Green’s theorem which is directly related to the
proof of the theorem 4.2 in chapter 4.

Theorem 2.4 (Green’s Theorem). Let Ω be a bounded domain in the complex
plane and boundary ∂ Ω consists of a finite number of disjoint piecewise smooth
closed curves. Let P and Q be continuously differentiable functions on Ω ∪ ∂Ω.
Then ∫

∂Ω
P dx+Qdy =

∫∫
Ω

(
∂Q

∂x
− ∂P

∂y

)
dx dy (2.13)

We have the following relation between area integral and the line integrals
which relates the area bounded by a simple closed curve to the integral over simple
closed curve which bounds the domain.

Theorem 2.5. Let Ω be a domain bounded by its boundary which is simple closed
curve ∂ Ω, then

1
2i

∫
∂Ω
z̄ dz =

∫∫
Ω
dx dy (2.14)

10
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Proof. Let z = x+ iy, then consider

1
2i

∫
∂Ω
z̄ dz = 1

2i

∫
∂Ω

(x− iy) (dx+ idy)

= 1
2i

∫
∂Ω

(x dx+ y dy) + 1
2i

∫
∂Ω

(ixdy − iydx)

= 1
2i

∫
Ω

(0 + 0) dx dy + 1
2

∫
Ω

(1− (−1)) dx dy

= 1
2

∫
Ω

2 dx dy

=
∫

Ω
dx dy

= Area(Ω) (2.15)

2.5 Conformal Mappings and Riemann Mapping Theorem.

In this section we will briefly discuss about the basic conformal mappings
and the Riemann Mapping theorem. When we map a domain Ω in the com-
plex plane there may be area or angle distortion in the image plane. We prefer
conformal mappings because they are free of angle distortion.

Definition 2.7. A mapping f : Ω→ C is conformal if it preserves angles locally.
This means when you consider a angle between two curves in the x, y plane then
by a conformal map they have the same angle in the image plane.

Consider the parametrization of the curve γ(t) = x(t) + i y(t) which terminates
at z0 = γ(0). We define the tangent vector to the curve γ at z0 as follows. which
is the complex representaion of the usual tangent vector.

γ′(0) = lim
t→0

γ(t)− γ(0)
t

= x′(t) + i y′(t) (2.16)

Definition 2.8. We define the angle between two curves at the point z0 to be the
angle between their tangent vectors at z0.

Theorem 2.6. Let γ(t), 0 ≤ t ≤ 0, is a smooth parametrized curve terminating at

11
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z0 and f(z) be analytic at z0. Then the tangent to the curve f(γ(t)) is terminating
at f(z0).

we say that a function f(z) is conformal if it preserves angle.

Definition 2.9. A conformal mapping f : Ω → C is a differentiable one-to-one
function that is conformal at each point on the domain Ω.

we will now look at one of the main theorems involved in conformality of
a function and which gives a direct way of finding out the conformality of a map.

Theorem 2.7. If f(z) is a analytic at z0 and f ′(z0) 6= 0, then f(z) is conformal
at z0.

Theorem 2.8 (Riemann Mapping Theorem). Let Ω be a simply connected domain
in C which is different from C. Let z0 ∈ Ω then there exists a unique conformal
map f : Ω → D such that f(z0) = 0 and f ′(z0) > 0. Where D = {z : |z| < 1} is
the open unit disk.

The Riemann mapping theorem gives you and an idea about the existence
of a conformal map between two simply connected domains. But, even for a simple
Riemann mapping such as the interior of a square to the interior to the circle there
is no simple explicit formula by only using basic functions. It is significant for our
study in chapter 4 which the proof of the Riemann mapping was obtained as the
solution to an extremal problem.

2.6 Normal Families.

In this section we will discuss the basic concepts about normal families
and related results. We will work with univalent analytic functions in chapter 4
where we need a very good knowledge of the behavior of the analytic functions.
The family of univalent analytic function on a given domain Ω. The fact that
the univalent analytic functions form a family is crucial for our study of extremal
problems because it guarantees the solution of a sensible extremal problem. In
other words there is at least one function in the family which attains the extremal
value.

12
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Let’s define the concepts of equicontinuity and uniform boundlessness.

Definition 2.10. A family F = {f : Ω → C : f is continuous} is bounded if
for each compact subset K ⊆ C , sup {‖f‖ : f ∈ F} < ∞, in other words the
functions in F are uniformly bounded on each compact subset of Ω.

Definition 2.11. A family of functions F = {f : K → C} is uniformly equicon-
tinuous on K if ∀ ε >0 ∃ δ >⇒ |f(z)− f(w)| <ε

We have the following theorem which relates the boundlessness and the
equicontinuity.

Theorem 2.9. Let F be a family of holomorphic functions on Ω. If F is bounded
then F is equicontinous at each point in Ω.

Proof. Let z0 ∈ Ω and r > 0 such that D̄(z0, r) ⊂ Ω. Then for z ∈ D(z0, r) and
f ∈ F , By Cauchy Integral formula we have

f(z)− f(z0) = 1
2πi

∫
C(z0,r)

f(w)
w − z

dw − 1
2πi

∫
C(z0,r)

f(w)
w − z0

dw

By taking absolute values

≤| 1
2πi

∫
C(z0,r)

f(w)
w − z

dw − 1
2πi

∫
C(z0,r)

f(w)
w − z0

dw |

= 1
2πi

∫
C(z0,r)

f(w)
w − z

dw − 1
2πi

∫
C(z0,r)

f(w)
w − z0

dw

Since F is bounded ∃ Mr such that |f(z)| ≤ Mr, ∀w ∈ C(z0, r) and ∀ f ∈ F .
Consequently, if z ∈ D(z0, r) and f ∈ F , then we have

|f(z)− f(z0)| = 1
2πi

∫
C(z0,r)

f(w)
w − z

dw − 1
2πi

∫
C(z0,r)

f(w)
w − z0

dw ≤ r|z − z0|
Mr

(r/2)2

We will now discuss important theorems associated to analytic functions.

13
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Theorem 2.10 (Hurwitz’s Theorem). Let {fn} be a sequence of analytic functions
on a connected open set Ω that converges to holomorphic function f uniformly on
compact subsets of Ω. Consider D(z0, r) ⊂ Ω and suppose that f(z) 6= 0 for
|z − z0| = r. Then there is a positive integer N ∈ N such that ∀n ≥ N , both fn
and f have the same number of zeros in D(z0, r).

Theorem 2.11. Let {fn} be a sequence of analytic functions on a connected open
set Ω such that fn → f uniformly on compact subsets of Ω. If f(z) has no zeros
in Ω then either f has no zeros in Ω or f ≡ 0 .

Theorem 2.12. Let {fn} be a sequence of analytic functions on a connected open
set Ω such that fn → f uniformly on compact subsets of Ω. If fn is one-to-one
on Ω, then either f is one-to-one on Ω or f is constant.

Theorem 2.13 (Arazail Azcoli). If a family of functions F={f : K → C }, then
every sequence fn in F has a subsequence which converges uniformly on K.

Theorem 2.14 (Montel’s Theorem). If F is a family of analytic(holomorphic)
functions defined on an open set Ω ⊂ C, uniformly bounded on every open subset
of Ω, then F is normal.

Let’s summaries two theorems related to the convergence of Analytic func-
tions.

Theorem 2.15. If fk(z) is a sequence of analytic function on a domain Ω that
converges to f(z) uniformly on Ω. Then f(z) is analytic on Ω

Theorem 2.16. Suppose that fk(z) is a sequence of analytic functions which
converges uniformly to f(z) for |z − z0| < R. Then for each r < R and for each
n > 1 the sequence of the nth derivatives fnk (z) converges to fn(z) for |z−z0| < r.

we say a sequence of analytic functions fk(z) on a domain Ω converges
normally to a analytic function f(z) on Ω if it converges uniformly to f(z) in each
compact subset K ⊂ Ω.
The concept of the normal family argument is much important when it comes to
the conformal uniformization. What it means to be that the univalent analytic

14
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function represent a conformal homeomorphism. The family of univalent analytic
functions form a normal family is essentially important when the search directed
to the extremum function of an extrmal problem where it guarantees the existence
of at least one function within the family which gives the extremum fucntion. We
will use this fact in chapter 4 to prove the exisitence of such a extremum function
to the extremal problems that we formulate to uniformized a finitely connected
domain in z-sphere onto a domain bounded by rectangles which sides parallel to
real or imaginary axis.
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Chapter 3

Conformal Module and The Extremal Problem

It is important to introduce the conformal module for a given family of
rectifiable curves. We will extensively work with the conformal module specially
in chapter 4. One can actually use the extremal length rather than the conformal
module. It is just a matter of taste whether to use the conformal module or the
extremal length. Both quantities are invariant under the conformal transforma-
tions. Let’s first look at the conformal module of the family of rectifiable curves.
We will mostly deal with the conformal module in the later sections because the
author prefers to work with the conformal module rather extremal length. To
define the extremal problem let’s recall background information. We will work
generally on the Riemann surfaces unless restricted to complex sphere in some
cases.

3.1 Conformal Module.

We will first define the conformally invariant metric.

Definition 3.1. Let R be a Riemann surface. A conformally invariant metric
ρ(z) |dz| defined on R is an entity which associates to every local uniformizing
parameter z of R a real-valued non-negative measurable function ρ(z) satisfying
the following conditions.

1. if γ is a rectifiable curve in the parameter plane neighborhood for z,
∫
r ρ(z) |dz|

exists (as a Lebesgue-Stieltjes integral), possibly having the value + ∞.

2. if a second uniformizing parameter z∗ of R, which intersects that for z is
associated with function ρ∗(z∗), then at every common point of the neigh-
borhood of z and z∗ we have

ρ∗(z∗) = ρ(z)
∣∣∣∣∣ dzdz∗

∣∣∣∣∣ . (3.1)
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Definition 3.2. Let R be a Riemann surface. A curve γ given on R is called lo-
cally rectifiable, if for every subcurve of γ on R for a local uniformizing parameter
z the corresponding curve in the complex plane is rectifiable.

Let’s define the ρ-length for a given family of curves Γ.

Definition 3.3. Let R be a Riemann surface, let Γ be the collection of rectifiable
curves in R and P be a family of conformally invariant metrics ρ(z) |dz| on R
where ρ : R → [0,∞] is a Borel measurable function. Then we define the ρ-
length of γ ∈ Γ by,

Lρ(γ) =
∫
γ
ρ(z) |dz|. (3.2)

Now, we can define the minimum length as follows,

Lρ(Γ) = inf
γ∈Γ

∫
γ
ρ(z) |dz|. (3.3)

and the ρ-area on the Riemann surface R by,

Aρ(R) =
∫∫
R
ρ2(z) dx dy. (3.4)

When both Lρ(Γ) and Aρ(R) are not simultaneously 0 or ∞, then the conformal
module of Γ in R is defined as

m(Γ) = inf
ρ∈P

Aρ(R)
Lρ(Γ)2 . (3.5)

It is possible to admit both the values 0 and ∞. The extremal length is
defined as the reciprocal of the confromal module m(Γ). It is notable that the
conformal module is homogeneous as the value given by Aρ(R)

Lρ(Γ)2 remain unchanged
if we multiply the metric ρ(z) |dz| by a positive constant K > 0.

The module problem can be normalized in various manners. Let PL denote
a subclass of P with the following condition for ρ ∈ PL and γ ∈ Γ

∫
γ
ρ(z) |dz| ≥ 1. (3.6)
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If PL is non void, then we have

m(Γ) = inf
ρ∈PL

Aρ(R). (3.7)

This is an alternative definition for the conformal module and we call this nor-
malization the L-normalization.
There is another normalization for the conformal module, called A-normalization,
which is defined by

m(Γ) = inf
ρ∈PA

1
Lρ(Γ)2 . (3.8)

for the subclass PA of the metrics which satisfies the following condition

Aρ(R) ≤ 1. (3.9)

We will now define the extremal metric which is a significant tool for upcoming
sections.

Definition 3.4. Let Γ be a family of locally rectifiable curves given on a Riemann
surface R with m(Γ) 6= ∞. If there exists a metric ρ∗(z) |dz| ∈ P which satisfies
the following condition

m(Γ) = Aρ∗(R)
Lρ∗(Γ)2 . (3.10)

then this metric is called extremal metric. Further, if we consider L-normalization
then the extremal metric is the metric ρ∗(z) |dz| ∈ PL which satisfy the condition

m(Γ) = Aρ∗(R). (3.11)

The most fundamental concept is the fact that the conformal module is
conformallly invariant in the following sense.

Theorem 3.1. Suppose that Rand R′ are two given conformally equivalent Rie-
mann surfaces related by the conformal map f : R → R′. Let Γ be a family of
locally rectifiable curves given on R and let Γ′ be the corresponding family of image
curves of Γ under f . Then m(Γ′) = m(Γ).

The next theorem essentially tells us the uniqueness of the the extremal
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metric if it exists.

Theorem 3.2. Let R be a Riemann surface and Γ be a family of locally rectifiable
curves on R. Suppose that m(Γ) 6= ∞. If ρ∗1(z) dz and ρ∗2(z) dz are two extremal
metrics for the module problem then

ρ∗1(z) = ρ∗2(z). (3.12)

almost everywhere on R. (i.e. apart from a set of measure zero)

3.2 Conformal Module for Specific Curve Families.

It is important to define the modules for rectangles and annulus for a different
class of curve families.

Definition 3.5. A simply connected domain D whose configuration has four
assigned distinct boundary elements is called a quadrangle. These elements are
called the vertices and the remaining boundary is divided in a natural sense into
four sets which are called the sides of the quadrangle. An open arc in D which
tends to two sides of the quadrangle is said to join two sides of the quadrangle.

It is well know that a quadrangle can be mapped conformally onto a rectan-
gle with sides parallel to real and imaginary axis thanks to the Riemann mapping
theorem.

Theorem 3.3. Suppose that the quadrangle D has the vertices A, B, C, D and
is mapped to the rectangle with the vertices A1, A2, A3, A4 such that A, B, C, D,
corresponding to these vertices. Let Γ be the class of locally rectifiable curves
joining the sides AB and CD. Now, consider the rectangle with the vertices
A1, A2, A3, A4 and the side lengths A1A2 = A3A4 = a and A2A3 = A4A1 = b.
Let Γ′ be the image of the locally rectifiable curves Γ joining the sides AB and
CD. Then

m(Γ′) = m(Γ) = a

b
. (3.13)

Proof. By performing a magnification we may assume that A1A2 = A3A4 = l = a
b

and A2A3 = A4A1 = 1.
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Note that the euclidean metric |dz| is admissible for the problem. We will work
with the L-normalization.
We have ρ = 1 and

Ar(D) =
∫
D
ρ2 dxdy =

∫
D
dx dy = a

b
(3.14)

Therefore,
m(Γ) ≤ a

b
(3.15)

Let ρ(z) |dz| be any admissible metric for the problem and let lx = {x+ it :
t ∈ [0, 1]}. Since we have the L- normalization

∫
lx
ρ dy ≥ 1 (3.16)

Now, integrating with respect to x over (0, l) we have

∫
D
ρ dx dy =

∫ l

0

∫
lx
ρ dx dy ≥

∫ l

0
1 dx = l (3.17)

Now,

0 ≤
∫
D

(ρ− 1)2 dx dy =
∫
D
ρ2 dx dy − 2

∫
D
ρ dx dy +

∫
D
dx dy (3.18)

Which give us

0 ≤
∫
D
ρ2 dx dy − l or

∫
D
ρ2 dx dy ≥ l (3.19)

By taking the minimum over all admissible ρ(z) we have

m(Γ) ≥ a

b
. (3.20)

The conclusion follows by 3.15 and 3.20. Further, the Euclidean metric gives the
extremal metric.

Corollary 3.1. Let D be as in the above theorem. Let Γ∗ be the family of locally
rectifiable curves joining the sides BC and DA. Then Γ∗ has the module m(Γ∗) =
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b
a
. Further m(Γ)m(Γ∗) = 1.

Next, important case is the familly of curves in a doubly connected domain,
with neither boundary component reduce to a point and the family of curves which
either separate the boundary components or join the boundary components.

Theorem 3.4. Let Γ be the family of rectifiable curves seperating the components
of a circular ring C in the z-plane defined by

r1 < |z| < r2 (0 < r1 < r2 <∞). (3.21)

Then Γ has the module
m(Γ) = 1

2π log r2

r1
. (3.22)

Proof. Consider the family of rectifiable Jordan curves seperating boundary com-
ponents of C. Note that the metric |dz|

2π|z| is admissible for the problem. For the
Joradn curve γ which seprates the boundary components and setting z = reiϕ we
have

∫
γ

|dz|
2π|z| =

∫
γ

1
2πr (dr2 + r2dϕ2) 1

2

≥ 1
2π

∫
γ
|dϕ|

≥ 1

The area integral
∫∫

C

1
(2πr)2 r dr dϕ =

∫ 2π

0

∫ r2

r1

1
(4π)2r

dr dϕ = 1
2π log r2

r1
. (3.23)

Therefore,
m(Γ) ≤ 1

2π log r2

r1
. (3.24)

Consider the any metric ρ(z) |dz| admissible for the problem and the Jordan curve
γr which |z| = r

Since ∫
γr
ρ r dϕ ≥ 1 or

∫
γr
ρ dϕ ≥ 1

r
. (3.25)
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Now, we integrate
∫
γr
ρ dϕ with respect to r over (r1, r2).

∫ r2

r1

∫
γr
ρ dϕ dr ≥

∫ r2

r1

dr

r

≥ log r2

r1
(3.26)

Now,

0 ≤
∫∫

C
(ρ− 1

2πr )2 r dr dϕ

=
∫∫

C
ρ2r dr dϕ− 2 1

2π

∫∫
C
ρ dr dϕ+ 1

4π2

∫∫
C

1
r
dr dϕ (3.27)

Then we have
0 ≤

∫∫
C
ρ2 r dr dϕ− 1

2π log r2

r1
(3.28)

Taking the infimum over all p(z) |dz| we have

m(Γ) ≥ 1
2π log r2

r1
. (3.29)

The conclusion follows by 3.23 and 3.29.

It is well know that the module m(Γ) is a conformal invariant.

Theorem 3.5. Let D be a doubly connected domain in the w-plane which neither
boundary component is homotopic to a point. Let Γ′ be the family of rectifiable
curves lying in D and joining its boundary components. The domain D can be
mapped conformally onto the circular ring C in the z-plane defined by

r1 < |z| < r2 (0 < r1 < r2 <∞) (3.30)

Then Γ′ has the module
m(Γ′) = 2π

log r2
r1

. (3.31)

We will use the following theorem in a later section and therefore we include
it here.
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Theorem 3.6. Suppose that D is a doubly connected domain with the module M
for the family of curves seprating its boundary components. Let Dj, j = 1, ..., n be
non-intersecting doubly connected domain in D such that each Dj has the module
Mj for the family of curves separating its boundary components. Then

M ≥
n∑
j=1

Mj. (3.32)

Since, D is conformally equivalent to the circular ring C defined by r1 < |z| <
r2 (0 < r1 < r2 < ∞). Then the equality occurs if and only if the domains Dj

are obtained by dividing the D along n − 1 Joradan curves which seperates the
boundary components of D which corresponding to the circles in C concentric
with its boundary circles.

For the proof of the theorem reader may refer to the Jenkins book [13].

Theorem 3.7. Suppose that D is a doubly connected domain with module M for
the family of curves joining its boundary components. Let Dj, j = 1, ..., n be non-
intersecting doubly connected domains in D such that each with pair of opposite
sides respectively in D each Dj and has the module Mj for the family of curves
joining its boundary components. Then

M ≥
n∑
j=1

Mj. (3.33)

Further, D is conformally equivalent to the circular ring C defined by
r1 < |z| < r2 (0 < r1 < r2 < ∞) Then the equality occurs if and only if the
domains Dj are obtained by dividing the D along n open arcs joining the bound-
ary components of D which corresponding to the radial segments in C joining its
boundary components.

3.3 Reduce Module.

Sometimes, we want to work with the punctured disk where the module is
infinity. Therefore, we need to define the reduced module for the case.
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Definition 3.6. Suppose that Ω is a simply connected domain in the z-plane with
z0 ∈ Ω. Consider the set

Ω(r) = Ω ∩ {z : |z − z0| > r}

for r > 0 which is clearly a doubly connected domain. Suppose that Ω(r) has the
module m(r) for the family of curves seperating its boundary components. If we
have 0 < r1 < r. then we have

m(r) + 1
2π log r

r1
≤ m(r′). (3.34)

by simplifying we get

m(r) + 1
2π log r ≤ m(r′) + 1

2π log r. (3.35)

We have that m(r) + 1
2π log r is increasing as r → 0 and bounded above.

so it has a limiting value. The value

lim
r→0

(
m(r) + 1

2π log r
)

(3.36)

is called the reduced module of Ω with respect to z0.

Definition 3.7. Let Ω be a simply connected domain of hyperbolic type in the
z-plane having the inner conform radius R with respect to the point z0 ∈ Ω. Then
the reduce module of Ω with respect to z0 is given by 1

2π logR.

3.4 Extremal Problems.

So far we only consider the one family of curves lying in a domain D. We
can easily extend our discussion into the families of locally rectifiable curves. There
are several important applications to univalent function by extension obtained by
considering the number of disjoint curve families.

Definition 3.8. Let R be a Riemann surface and Γj, j = 1, ..., n be families of
locally rectifiable curves lying in R. Let aj, j = 1, ..., n be non-negative number

24



Texas Tech University, Nadeesha Vidanage, August 2020

not all zero. Let P (a1, a2, ..., an) denote the class of conformally invariant metrics
ρ(z) |dz| on R for which ρ(z) measurable, non-negative function in the z-plane for
each local uniformizing parameter z = x+ iy such that

∫
γj
ρ |dz| ≥ aj, γj ∈ Γj, j = 1, ..., n. (3.37)

If P (a1, a2, ..., an) is not void then we define the module problem for the families
of curves Γj.
Find the greatest lower bound M(a1, a2, ..., an) of

∫∫
R
ρ2 dx dy. (3.38)

for ρ(z) |dz| ∈ P (a1, a2, ..., an). That is

M(a1, a2, ..., an) = inf
ρ∈P

∫∫
R
ρ2 dx dy. (3.39)

Any metric p(z) |dz| ∈ P (a1, a2, ..., an) is called an admissible metric for this
problem. Moreover, if there is a metric ρ∗ |dz| ∈ P (a1, a2, ..., an) such that

M(a1, a2, ..., an) =
∫∫
R

(ρ∗(z))2 dx dy (3.40)

Then the metric ρ∗|dz| is called the extremal metric for the problem. We define
another extremal problem for the same situation and for the admissible family of
domains Dj with module Mj associated with the families of curves Γj. Find the
least upper bound M̄(a1, a2, ..., an) of

n∑
j=1

a2
jMj. (3.41)

That is
M̄(a1, a2, ..., an) = sup

Dj

n∑
j=1

a2
jMj. (3.42)

Note: Jenkins has showed in [14] that the both problems yield a same solution.
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That is
inf
ρ∈P

∫∫
R
ρ2 dxdy = sup

Dj

n∑
j=1

a2
jMj. (3.43)
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Chapter 4

Uniformization by Rectangular Domains.

In this chapter we will discuss new findings for uniformizing a finitely con-
nected domain Ω onto a domain bounded by rectangles via extremum problems.
This present study was influenced mainly by the paper [3] by Mario Bonk about
the Uniformization by Square Domains. The problem about uniformization by
circle domains has already have a solution thanks to the Koebe who proved the
following theorem 1 in [20]. For a finitely connected subdomain Ω in C the results
were extended by He and Oded Schramm in [9] more generally to a domain with
countably many boundary components in the z-sphere. It is still an open problem
whether each domain in z-sphere can be uniformized by a circle domains. In other
words whether there is a conformal map f : Ω → D where D is a circle domain
in the z-sphere. By a circle domain we mean a domain D in z-sphere whose com-
plementary components are either single points or closed disks. This is known as
Koebe’s " Kreisnormierungsproblem". In paper [3] author has studied about uni-
formization by square domains for finitely connected domains in the z-sphere. An
Extremal problem has been found which solves the problem for finitely connected
domain. Our main purpose of the current study is to generalize his idea for the
rectangular domains and find out an extremal problem. By rectangular domain
we mean a domain D in the z-sphere whose complementary components are either
single points or closed rectangles with sides parallel to real or the imaginary axis.
Before going into the main discussion we will point out an important theorem
related to the uniformization by circle domains and there is a new version of the
proof of the Koebe’s theorem reader may refer to the paper [9]. We only outline
the most significant results.

Theorem 4.1 (P. Koebe). Any domain Ω in C̄, whose boundary ∂Ω has finitely
many components is conformally homeomorphic to a circle domain Ω∗ in C̄. More-
over Ω∗ is unique up to Mobius transformation and every conformal automorphism
of Ω∗ is the restriction of a Mobius transformation.

The above result was extended to a domain Ω having countably many
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boundary componets by He and O. Scharamm by using fixed point index and
for more details with proof and related results reader may refer to [9]. As a
consequence of the above theorem we have the following.

Theorem 4.2. Let Ω be an open Riemann surface with finite genus and at most
countably many ends. Then there is a closed Riemann surface R∗ such that Ω
is conformally homeomorphic to a circle domain Ω∗ in R∗. Moreover the pair
(R∗,Ω∗) is unique up to conformal homeomorphism.

It is still an open problem to whether the each domain Ω can be uni-
formized by a circle domain. Even for the finitely connected domain Ω there is no
known simple extremal problem which solves the problem. Our main idea is to
concentrate about the domains in C whose complementary components are either
single points or closed rectangls.
We will only point out the main theorem in the paper [3] and will use some mod-
ifications to his method to solve the problem for the rectangular domains. There
is one more canonical mapping, which is more relevant to our study, is the map-
ping fθ ∈ Σ(Ω), 0 ≤ θ < π, from Ω onto a domain in C bounded by slits along
rectilinear segments in the direction θ; those are segments forming angle θ with
the direction of the positive real axis. Its existence, for finitely connected domains
Ω, was proved by D. Hilbert in 1909 [10] and then, in 1931, Hilbert’s result was
extended by H. Grötzsch [7] for the case of all infinitely connected domains; see
Theorems 5.8 and 5.16 in [13]. It is clear that fθ maps Ω onto C slit along seg-
ments in the direction θ if and only if f0(z) = e−iθfθ(eiθz) maps Ω onto C slit
along horizontal segments. Thus, it would be enough to work with f0 to study
properties of fθ. The following theorem 4.3 summarizes important results on ex-
istence, uniqueness and certain extremal properties of functions in the class Σ(Ω)
mapping Ω onto C slit along horizontal segments.

Definition 4.1. Let Ω be a domain in the z-sphere containing the point at infinity.
Then Σ(Ω) denote the class of functions f(z) meromorphic and univalent in Ω with
the Laurent series expansion in the neighborhood of infinity given by

f(z) = z + a1

z
+ · · ·+ an

zn
+ · · · (4.1)
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Theorem 4.3 (see Theorems 5.8 and 5.16 in [13]).

(1) There is a unique function f0 ∈ Σ(Ω), which maximizes the functional

S0(f,Ω) = 2π< a1 (4.2)

over all functions f(z) = z + a1
z

+ · · · in the class Σ(Ω).

(2) If Ω is finitely connected, then the function f0 maximizing (4.2) is the only
function in Σ(Ω) which maps Ω onto C slit along horizontal segments.

(3) If Ω is infinitely connected, then f0 maps Ω onto C slit along horizontal
segments and is the only function in Σ(Ω) possessing the following property:

(∗) If L > 0 is large enough and QL(f0) = f0(Ω)∩ {w : |<w| < L, |=w| <
L}, then the module of QL(f0) for the family of locally rectifiable curves
in QL(f0) joining the pair of vertical sides of QL(f0) is one.

x−4 −3 −2 −1 1 2 3 4

y

−3

−2

−1

1

2

3

0

Figure 4.1. Parallel Slit Domain

For the definition and properties of the module of a family of curves we
refer to Jenkins’ book [13] and the essential details were given in the chapter 3.
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As an example, we want to recall that, if R is a rectangle with horizontal sides of
length a > 0 and vertical sides of length b > 0, then the module of the family of
curves γ ∈ R joining its vertical sides, also known as the conformal module of R,
is m = b/a, see Theorem 2.3 in [13] and Theorem 3.3 in chapter 3.

As stated in part (3) of Theorem 4.3 suggests and, indeed, it was shown
by an example by H. Grötzsch, f0 is not, in general, the only function in Σ(Ω)
mapping Ω onto C slit along horizontal segments if Ω is infinitely connected do-
main in C. However, f0 is the only function in the family Σ(Ω) maximizing the
functional in (4.2). The latter extremal property is one of the key ingredients in
the proof of the existence of a function with required mapping properties.

As mentioned earlier, In contrast with Theorem 4.3, it is not known whether
or not a function f∅ mapping Ω onto a circular domain maximizes any reason-
able functional. Indeed it is still open problem for a finitely connected domain Ω.
And this lack of information is a reason why Koebe’s Kreisnormierungsproblem
remains open.

In the literature, theorems which were established conformal equivalence
of a given domain with some “canonical” domain, such as Theorem 4.3 above, are
customary called uniformization theorems. Thus, Theorem 4.3 assures that every
domain Ω with ∞ ∈ Ω can be uniformized by a domain, which complementary
components are horizontal slits. When Ω is finitely connected, a very general
uniformization theorem was established by A.N. Harrington [8]. We will need one
particular case of Harrington’s result to continue (see Theorem and Corollary in
[8]), which we state as the following proposition.

Proposition 4.1 (A. Harrington). Let m > 0 and let Ω be a finitely connected
domain in C with nondegenerate boundary components such that ∞ ∈ Ω. Then
there is a function fm ∈ Σ(Ω), which maps Ω onto a domain on C whose comple-
mentary components are rectangles with module m.

A domain Ω ⊂ C, which boundary components are rectangles with hori-
zontal and vertical sides, will be called a rectangular domain. Furthermore, if all
boundary rectangles of Ω have module m > 0, then we say that Ω is a rectangular
domain with module m. In particular, a square domain is a rectangular domain
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with module 1; i.e. Ω is a square domain when all its boundary components are
squares.

Thus, when m = 1, the function f1 defined in Proposition 4.1 maps Ω onto
a square domain. We note that Harrington’s proof in [8] rely on Sard’s theorem
on the existence of smooth homotopy paths and on Brower’s fixed point theorem
and does not use any extremal property of the function f1; for details, see [8].
Thus, Harrington’s method cannot be extended to the case of infinitely connected
domains. In a recent paper [3], in a search for an extremal property of functions
mapping Ω onto domains complementary to squares, M. Bonk succeeded in finding
a functional with an extremal function f1.

4.1 Uniformization by Square Domains.

To state M. Bonk’s main result, we first introduce necessary notations. Let Ω
be finitely connected domain with n nondegenerate boundary components such
that ∞ ∈ Ω. For f ∈ Σ(Ω), let Kj = Kj(f), j = 1, . . . , n, be complementary
components of D = f(Ω). Furthermore, let Aj = Aj(f) denote the area of Kj

and let Hj = Hj(f) and Vj = Vj(f) denote, respectively, the horizontal and the
vertical variations of Kj defined as

Hj = max
w∈Kj

<w − min
w∈Kj

<w, Vj = max
w∈Kj

=w − min
w∈Kj

=w. (4.3)

With these notations, M. Bonk’s main result in [3] can be restated in the
following form more convenient for our purposes. The author prefers to consider
maximization problem because in latter part it is to work with some classical
results.

Theorem 4.4 (cf. M.Bonk Theorem 1.1 [3]). Let Ω be a finitely connected domain
on C̄ with∞ ∈ Ω having n nondegenerate boundary components. There is a unique
function f1 ∈ Σ(Ω), which maximizes the functional

S1(f,Ω) = 2π< a1 +
n∑
j=1

(Aj −H2
j ) (4.4)
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over all functions f(z) = z + a1
z

+ · · · in the class Σ(Ω).

The function f1 maximizing (4.4) is the only function in Σ(Ω), which maps
Ω onto a square domain.

In [3], instead of the maximization problem for S1(f,Ω), M. Bonk considers
the minimization problem for the functional

S⊥1 (f,Ω⊥) = 2π< a1 +
n∑
j=1

(V 2
j − Aj) (4.5)

over the class Σ(Ω⊥) of functions f(z) = z + a1
z

+ · · · univalent in the domain
Ω⊥ = {z : −iz ∈ Ω}. Switching from the domain Ω to the domain Ω⊥ and from
a function f ∈ Σ(Ω) to a function f⊥(z) = if(−iz) ∈ Σ(Ω⊥), we conclude that
S⊥1 (f⊥,Ω⊥) = −S1(f,Ω).

Lemma 4.1. S⊥1 (f⊥,Ω⊥) = −S1(f,Ω).

Proof. Consider the function f(z) ∈ Σ(Ω) with the expansion

f(z) = z + a1

z
+ · · · (4.6)

and the maximization problem on Ω over all f(z) ∈ Σ(Ω)

S1(f,Ω) = 2π< a1 +
n∑
j=1

(Aj −H2
j ) (4.7)

Since f(z) ∈ Σ(Ω) we have that f⊥(z) = if(−iz) ∈ Σ(Ω⊥). Then,

f⊥(z) = i f(−iz)

= i{−iz + a1

−iz
+ · · · }

= z − a1

z
+ · · ·
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Now lets switch from domain Ω to Ω⊥ and function f(z) to f⊥(z)

S1(f,Ω) = 2π< a1 +
n∑
j=1

(Aj −H2
j )

= 2π< (−a1) +
n∑
j=1

(Aj − V 2
j )

= −2π< (a1) +
n∑
j=1

(Aj − V 2
j )

= −{2π< a1 +
n∑
j=1

(V 2
j − Aj)}

= −S⊥1 (f⊥,Ω⊥)

The latter shows that the minimization problem for the functional (4.5)
on the class Σ(Ω⊥) is equivalent to the maximization problem (4.4) on the class
Σ(Ω). The main reason why we prefer to work with the form (4.4) is because it
allows us to include the function f0 of Theorem 4.3 and the function f1 of Theo-
rem 4.4 into a family {fm : 0 ≤ m ≤ 1} of functions fm continuously depending
on the parameter m, 0 ≤ m ≤ 1, where fm ∈ Σ(Ω) maps Ω onto a rectangular
domain with module m. Moreover, as we will show in the next section, each of
the functions fm maximizes a modified version of the functional (4.4).
Before moving to next section we will outline the main part of M. Bonk’s theo-
rem in its orginal version and its reduction to start with square domain for the
consistency.

Theorem 4.5. Let Ω be a finitely connected domain in C̄ with ∞ ∈ Ω. Among
all conformal maps f : Ω→ D ⊆ C̄ with the normalization

f(z) = z + a1

z
+ ...

near ∞, the functional

S1(f,Ω) = 2π < a1 +
n∑
j=1

(V 2
j − Aj) (4.8)
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has a unique minimizer f = f0 ∈ F . The map f0 is the unique conformal
f0 : Ω → D map with the normalization onto a square domain. Where f ∈ F
is conformal map defined on the finitely connected domain Ω. Let Kj be comple-
mentary components of D, then Aj is the Euclidean area which is the Lebesgue
measure of Kj and Vj be its vertical variation defined as

Vj = max
w∈Kj

=w − min
w∈Kj

=w. (4.9)

In the paper [3] the proof has been reduced to start with a square domain
by using Brandt-Harrington’s theorem 4.1 and following proposition 4.2 actually
gives the solution to the problem.

Proposition 4.2. Let Ω be a finitely connected square domain in C̄ with ∞ ∈ Ω.
For all conformal maps f : Ω→ D ⊆ C̄ with the normalization

f(z) = z + a1

z
+ · · · (4.10)

near ∞, we have

S1(f,Ω) = 2π< a1 +
n∑
j=1

(V 2
j − Aj) ≥ 0. (4.11)

with the equality if and only if f is the identity on Ω.
Moreover, the identity on Ω is the only conformal map f of Ω with the normal-
ization onto a square domain.

It was mentioned in [3] that the existence proof of the result without having
the Brandt-Harrington’s theorem is somewhat questionable.

4.2 Uniformization by Rectangular Domains.

This section mainly based on the paper [32] which we submitted during this
dissertation. We have constructed a new parametric family of extremal problems
for the uniformization of finitely connected domains onto a rectangular domain.
By a rectangular domain we mean a domain D in C̄ with ∞ ∈ Ω whose com-
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plementary components are either single points or closed rectangles with sides
parallel to the real and imaginary axis. We introduce the class of functions Σ(Ω)
defined on Ω ⊂ C̄ as follows.

Definition 4.2. Let Ω be a domain in the z-sphere containing the point at infinity.
Then Σ(Ω) denote the class of functions f(z) meromorphic and univalent in Ω with
the Laurent series expansion in the neighborhood of infinity given by

f(z) = z + a1

z
+ ...+ an

zn
+ · · · (4.12)

Here, we will fix some notation to formulate the extremal problem. Let
f ∈ Σ(Ω) is a conformal mapping defined on finitely connected Ω and D = f(Ω)
its image domain which is also finitely connected and denote by Kj = Kj(f), j =
1, ..., n the complementary components of D ∈ C̄. We will allow the situation
when n = 0 then simply we have Ω = D = C̄ then Σ(Ω) only consists of the
identity map. We will ignore the components of Ω that are points which can be
seen as degenerated rectangles.
The set Kj, j = 1, · · · , n is a compact subset of C, We will denote Aj = Aj(f) to
be its Euclidean area which is the Lebesgue measure of Kj and by Vj = Vj(f) its
vertical variation and Hj = Hj(f) by its horizontal variation defined respectively
as

Vj = Vj(f) = max
w∈Kj

=w − min
w∈Kj

=w (4.13)

Hj = Hj(f) = max
w∈Kj

<w − min
w∈Kj

<w (4.14)

Note that the quantities Aj , Vj andHj all depend on the function f but
for the simplicity we omit this dependence in our notations. Now, let’s state the
main theorem.

Theorem 4.6. Let m > 0 be fixed and let Ω be a finitely connected domain on
C with ∞ ∈ Ω having n nondegenerate boundary components. There is a unique
function fm ∈ Σ(Ω), which maximizes the functional

Sm(f,Ω) = 2π< a1 +
n∑
j=1

(Aj −mH2
j ) (4.15)
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over all functions f(z) = z + a1
z

+ · · · in the class Σ(Ω).

The function fm maximizing (4.15) is the only function in Σ(Ω), which
maps Ω onto a rectangular domain with module m.

The proof of this theorem consists of two major parts. First, we will use
Harrington’s result stated in Proposition 4.1, to show that it is enough to solve
maximization problem of Theorem 4.6 for a particular case when Ω is already a
rectangular domain with module m.
Then, in the second part we use a special metric to find relation between three
quantities: coefficient a1 = a1(f), area of the complement C\f(Ω), and horizontal
variations Hj = Hj(f). If minimization problems is considered we need to find a
relationship between a1, C \ f(Ω), and vertical variation Vj. As it was mentioned
by Jenkins (see Sections 5.3 – 5.5 in [13]), the background ideas of these proofs go
back to P. Koebe, del Possel, and H. Grötzsch. More recently, similar approach
was used by He and Schramm in [9] and by Bonk in [3]. In our proof, we follow
closely to the lines of the proof of Theorem 2.1 in [3].

Proof. Let Ω be a finitely connected domain as in Theorem 4.6. By Proposi-
tion 4.1, there is a function

ϕ(z) = z + b1

z
+ · · · (4.16)

in the class Σ(Ω), which maps Ω onto a rectangular domain Ωm with module m.
Since ϕ is a conformal bijection between Ω and Ωm it follows that f belongs to
the class Σ(Ω) if and only if the function g = f ◦ϕ−1 belongs to the class Σ(Ωm).
Using expansions (4.12) and (4.16), we find:

g(z) = z + a1 − b1

z
+ · · · (4.17)

where f(z) has the expansion

f(z) = z + a1

z
+ · · · (4.18)
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We have that
Sm(f,Ω) = 2π<(a1) +

n∑
j=1

(Aj −mH2
j ) (4.19)

and
Sm(g,Ωm) = 2π< (a1 − b1) +

n∑
j=1

(Aj −mH2
j ) (4.20)

Since f(Ω) = g(Ωm), taking into account (4.19) and (4.20), we obtain

Sm(f,Ω) = Sm(g,Ωm) + 2π< b1. (4.21)

Thus, as equation (4.21) shows, a function fm ∈ S(Ω) maximizes the functional
Sm(f,Ω) if and only if the function gm = fm ◦ ϕ−1 ∈ Σ(Ωm) maximizes the
functional Sm(g,Ωm). Now, Theorem 4.6 will follow from Proposition 4.3 stated
below. In this way we could start from the finitely connected domain Ω to be
the rectangular domain in C̄ and the proof of the theorem reduces to following
value of m. Recall that the conformal module of the rectangle which is given by
m(Γ) = a

b
considering the family of locally rectifiable curves joining the vertical

sides with the length vj, and horizontal sides with the length hj.

Proposition 4.3. Let Ω ⊂ C be a rectangular domain with module m > 0, which
has n ≥ 1 boundary components, such that ∞ ∈ Ω. Then, for f ∈ Σ(Ω),

Sm(f,Ω) = 2 π< a1 +
n∑
j=1

(Aj −mH2
j ) ≤ 0 (4.22)

with equality if and only if f is the identity on Ω.

Moreover, the function f(z) = z is the only function in Σ(Ω) mapping Ω
onto a rectangular domain with module m.
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Ω

∂R ∂R1

∂R2

∂R3

∂R4

Sj

hj

vj

ly

Figure 4.2. Rectangular Domain Ω and Rectangle R.

To prove (4.22), we will estimate certain area and line integrals. Let R =
{z : |< z| ≤ r, |= z| ≤ l} be a rectangle on C with large r > 0. This rectangle
is shown in Figure 4.2, which illustrates notations used in this proof. We choose
l = r

2
3 so that

l/r → 0 and r/l2 → 0 as r →∞. (4.23)

The choice of relations (4.23) between r and l, which was suggested by M. Bonk
in [3], is, in a certain sense, crucial for this proof.

We assume that r is large enough and that C̄\Ω is contained in the interior
of the rectangle R. Then, it is clear that ∂R ⊂ Ω and J = f(∂R) is a Jordan
curve in C. We will estimate the area A = A(r) of the region bounded by the
positively oriented Jordan curve J = f(∂R) up to a term o(1) as r → 0.

Applying the complex version of the Green’s formula, we obtain
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A = 1
2i

∫
J
w̄dw

= 1
2i

∫
∂R
f(z)f ′(z)dz

= 1
2i

∫
∂R

(
z + a1

z
+ ...

)(
1− a1

z2 + ...
)
dz

= 1
2i

∫
∂R

(
z̄ + ā1

z̄
+ ...

)(
1− a1

z2 + ...
)
dz

= 1
2i

∫
∂R

(
z̄ + ā1

z̄
− a1z̄

z2 +O

(
1
|z|2

))
dz

= 1
2i

∫
∂R
z̄dz + 1

2i

∫
∂R

(
ā1z

z̄
− a1z̄

z

)
dz

z
+ o(1)

A = 4rl +
∫
∂R
=
(
ā1z

z̄

)
dz

z
+ o(1)

The above calculation gives the following asymptotic expression for the area A:

A = 4rl +
∫
∂R
=
(
ā1z

z̄

)
dz

z
+ o(1). (4.24)

Now we will estimate the integral
∫
∂R
=
(
ā1z

z̄

)
dz

z
(4.25)

To estimate the integral
∫
∂R=

(
ā1z
z̄

)
dz
z
, we will integrate over horizontal

sides and vertical sides of R separately. Let ∂R1 = {z = t − il : −r ≤ t ≤ r},
∂R2 = {z = r + it : −l ≤ t ≤ l}, ∂R3 = {z = −t + il : −r ≤ t ≤ r}, and
∂R4 = {z = −r − it : −l ≤ t ≤ l}. We also put a1 = α + iβ, α, β ∈ R.

Since the area A in the equation (4.24) is real and positive, we may ignore
the imaginary part when estimating our integrals. Integrating over horizontal
sides of R and simplifying, we get the following.
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On ∂R1

<
∫
∂R1
=
(
ā1z

z̄

)
dz

z
= <

∫
∂R1
=
(

(α− iβ)(t− il)
t+ il

)
dt

t− il

= <
∫ r

−r
=
(

(α− iβ)(t− il)2

t2 + l2

)
dt

t− il

= <
∫ r

−r
=
(

(α− iβ)(t2 − 2til − l2
t2 + l2

)
(t+ il)dt
(t2 + l2)

= <
∫ r

−r
=
(
αt2 − αl2 − 2tlβ − 2itlα− iβt2 + iβl2

t2 + l2

)
(t+ il)dt
(t2 + l2)

= <
∫ r

−r

(
−2tlα− βt2 + βl2

t2 + r2

)
(t+ il)dt
(t2 + l2)

=
∫ r

−r

(
−2tlα− βt2 + βl2

t2 + r2

)
tdt

(t2 + l2)

=
∫ r

−r

(
−2tlα
t2 + l2

)
tdt

(t2 + l2) +
∫ r

−r

(
−β(t2 − l2)
t2 + l2

)
tdt

(t2 + l2)

=
∫ r

−r

(
−2t2l α

(t2 + l2)2

)
dt+

∫ r

−r

(
−β(t2 − l2)
(t2 + l2)2

)
dt

= −2α
∫ r

−r

(
t2l

(t2 + l2)2

)
dt− β

∫ r

−r

(
t2 − l2

(t2 + l2)2 tdt

)
u = t

l

= −2α
∫ r

l

− r
l

(
u2

(u2 + 1)2

)
du− β

∫ r

−r

(
u2 − 1

(u2 + 1)2udu

)

= −2απ2

(
l

r
→ 0 as r →∞.

)
= −πRe(a1) (4.26)
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On ∂R3

<
∫
∂R3
=
(
ā1z

z̄

)
dz

z
= <

∫
∂R3
=
(

(α− iβ)(−t+ il)
−t− il

)
−dt
−t+ il

= <
∫
∂R3
=
(

(α− iβ)(t− il)
t+ il

)
dt

t− il

= <
∫ r

−r
=
(

(α− iβ)(t− il)2

t2 + l2

)
dt

t− il

= <
∫ r

−r
=
(

(α− iβ)(t2 − 2til − l2
t2 + l2

)
(t+ il)dt
(t2 + l2)

= <
∫ r

−r
=
(
αt2 − αl2 − 2tlβ − 2itlα− iβt2 + iβl2

t2 + l2

)
(t+ il)dt
(t2 + l2)

= <
∫ r

−r

(
−2trα− βt2 + βr2

t2 + r2

)
(t+ il)dt
(t2 + r2)

=
∫ r

−r

(
−2tlα− βt2 + βl2

t2 + l2

)
tdt

(t2 + l2)

=
∫ r

−r

(
−2t2lα
t2 + l2

)
dt

(t2 + l2) − β
∫ r

−r

(
t2 − l2

(t2 + l2)2 tdt

)

= −2α
∫ r

−r

(
t2l

(t2 + l2)2

)
dt− β

∫ r

−r

(
t2 − l2

(t2 + l2)2 tdt

)
u = t

l

= −2α
∫ r

l

− r
l

(
u2

(u2 + 1)2

)
du+−β

∫ r

−r

(
u2 − 1

(u2 + 1)2udu

)

= −2απ2

(
l

r
→ 0 as r →∞.

)
= −πRe(a1) (4.27)
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Similarly, integration over the vertical sides leads to the following: On ∂R2

<
∫
∂R2
=
(
ā1z

z̄

)
dz

z
= <

∫ l

−l
=
(

(α− iβ)(r + it)
r − it

)
idt

r + it

= <
∫ l

−l
=
(

(α− iβ)(r + it)2

r2 + l2

)
idt

r + it

= <
∫ l

−l
=
(

(α− iβ)(r2 + 2irt− t2)
r2 + t2

)
idt

r + it

= <
∫ l

−l
=
(
αr2 − αt2 + 2rtβ − iβr2 + iβt2 + 2αirt

r2 + t2

)
i(r − it)dt
r2 + t2

= <
∫ l

−l

(
2αtrt− βr2 + βt2

l2 + t2

)
i(r − it)dt
r2 + t2

=
∫ l

−l

(
2αrt− βr2 + βt2

r2 + t2

)
tdt

r2 + t2

=
∫ l

−l

(
2αrt2
r2 + t2

)
dt

r2 + t2
− β

∫ l

−l

r2 − t2

(r2 + t2)2 tdt

= 2α
∫ l

−l

rt2

(r2 + t2)2dt− β
∫ l

−l

r2 − t2

(r2 + t2)2 tdt

= 2α
∫ l

r

− l
r

u2

(1 + u2)2du− β
∫ l

r

− l
r

1− u2

(1 + u2)2udu

= 2α
∫ ∞
−∞

u2

(1 + u2)2du− β
∫ ∞
−∞

1− u2

(1 + u2)2udu

= o(1) (4.28)
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On ∂R4

<
∫
∂R4
=
(
ā1z

z̄

)
dz

z
= <

∫ l

−l
=
(

(α− iβ)(−r − it)
−r + it

)
−idt
−r − it

= <
∫ l

−l
=
(

(α− iβ)(r + it)2

r2 + l2

)
idt

r + it

= <
∫ l

−l
=
(

(α− iβ)(r2 + 2irt− t2)
r2 + t2

)
idt

r + it

= <
∫ l

−l
=
(
αr2 − αt2 + 2rtβ − iβr2 + iβt2 + 2αirt

r2 + t2

)
i(r − it)dt
r2 + t2

= <
∫ l

−l

(
2αtrt− βr2 + βt2

l2 + t2

)
i(r − it)dt
r2 + t2

=
∫ l

−l

(
2αrt− βr2 + βt2

r2 + t2

)
tdt

r2 + t2

=
∫ l

−l

(
2αrt2
r2 + t2

)
dt

r2 + t2
− β

∫ l

−l

r2 − t2

(r2 + t2)2 tdt

= 2α
∫ l

−l

rt2

(r2 + t2)2dt− β
∫ l

−l

r2 − t2

(r2 + t2)2 tdt

= 2α
∫ l

r

− l
r

u2

(1 + u2)2du− β
∫ l

r

− l
r

1− u2

(1 + u2)2udu

= 2α
∫ ∞
−∞

u2

(1 + u2)2du− β
∫ ∞
−∞

1− u2

(1 + u2)2udu

= o(1) (4.29)

Now, combining 4.26, 4.28, 4.27 and 4.29 we have

∫
∂R
=
(
ā1z

z̄

)
dz

z
=

4∑
j=1

∫
∂Rj
=
(
ā1z

z̄

)
dz

z
= −2π< a1. (4.30)

Thus combining 4.24 and 4.30 we find the following asymptotic expression for the
area A:

A = 4rl − 2π< a1 + o(1), where o(1)→ 0 as r →∞. (4.31)

We need to define a measurable function ρ so we will again fix some no-
tations. Let Sj, j = 1, · · ·n be the complementary components of Ω and the
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complementary componets of D = f(Ω) denoted by Kj = Kj(f). We assume that
there is one-to-one correspondence with the components of Ω and D such that if
for z ∈ ∂Sj then f(z) ∈ ∂Kj, j = 1, ..., n.
Recall that Ω is a rectangular domain to start with hence its complementary
components are rectangles with sides parallel to real and imaginary axis. Let
hj ∈ [0,∞] be the side lenght of Sj, j = 1, ..., n which is parallel to the real axis.
We define the Borel measurable function ρ (z) : C→ [0,∞] as follows,

ρ (z) =

 |f
′(z)| if z ∈ Ω,

Hj
hj

if z ∈ Sj.
(4.32)

Since, the rectangle R contains all the rectangles and the interior, We have

∫
R
ρ2 dx dy =

∫
R∩Ω
|f ′(z)|2 dx dy +

n∑
j=1

∫
Sj

(
Hj

hj

)2

dx dy

= Area(f(R ∩ Ω)) +
n∑
j=1

(
Hj

hj

)2 ∫
Sj
dx dy

= Area(f(R ∩ Ω)) +
n∑
j=1

(
Hj

hj

)2

vj hj

= Area(f(R ∩ Ω)) +
n∑
j=1

H2
j

vj
hj

= Area(f(R ∩ Ω)) +
n∑
j=1

mH2
j +

n∑
j=1

Aj −
n∑
j=1

Aj

= Area(f(R ∩ Ω)) +
n∑
j=1

Aj −
n∑
j=1

(Aj −mH2
j )

= A−
n∑
j=1

(Aj −mH2
j )

Combining this with formula (4.31), we obtain the following:

= 4rl − 2π< a1 −
n∑
j=1

(Aj −mH2
j ) + o(1)

= 4rl − Sm(f,Ω) + o(1) as r →∞ (4.33)
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The following results follows by integrating with respect to the Lebesgue measure,
where Area(A) is the Lebesgue measure of the Borel set A ⊆ C.

For y ∈ [−l, l] let ly denote the line segment of ly = {t+ iy : −r ≤ t ≤ r}.
W e have
∫
ly
ρ(z) |dz| =

∫
ly∩Ω
|f ′(z)| |dz|+

n∑
j=1

∫
Sj∩ly 6=∅

Hj

hj
|dz|

=
∫
ly∩Ω
|f ′(z)| |dz|+

n∑
j=1

∫
Sj∩ly 6=∅

Hj

hj
dt

=
∫
ly∩Ω
|f ′(z)| |dz|+

n∑
j=1

Hj

hj

∫
Sj∩ly 6=∅

dt

=
∫
ly∩Ω
|f ′(z)| |dz|+

n∑
j=1

Hj

hj
hj

=
∫
ly∩Ω
|f ′(z)| |dz|+

∑
Sj∩ly 6=∅

Hj

≥ < (f(r + iy)− f(−r + iy))

= <


(
r + iy + a1

r + iy
+ · · ·

)
−
(
−r + iy + a1

−r + iy
+ · · ·

)
= <

 ((r + iy)− (−r + iy)) +
(

a1

r + iy
+ · · ·

)
−
(

a1

−r + iy
+ · · ·

)
= <

2 r +
(

a1

r + iy
+ · · ·

)
−
(

a1

−r + iy
+ · · ·

)
= 2r +O(1

r
)

From above, It follows that

( ∫
ly
ρ |dz|

)2
≥ 4r2 +O(1) (4.34)
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By integrating over [−l, l].

1
2r
( ∫

ly
ρ |dz|

)2
≥ 2r + o(1)

1
2r

∫ l

−l

( ∫
ly
ρ |dz|

)2
dy ≥

∫ l

−l
2r dy + o(1)

1
2r

∫ l

−l

( ∫
ly
ρ dx

)( ∫
ly
ρ dx

)
dy ≥ 4rl + o(1)

1
2r

∫ l

−l

( ∫
ly
ρ2 dx

)( ∫
ly
dx
)
dy ≥ 4rl + o(1)

1
2r

∫ l

−l

( ∫
ly
ρ2 dx

)( ∫ r

−r
dx
)
dy ≥ 4rl + o(1)∫ l

−l

( ∫
ly
ρ2 dx

)
dy ≥ 4rl + o(1)∫

R
ρ2dxdy ≥ 4rl + o(1)

Combining this with formula (4.33), we obtain the following:

4rl − Sm(f,Ω) + o(1) ≥ 4rl + o(1) (4.35)

From above it immediately follows that Sm(f,Ω) ≤ 0 as required.
Finally, Suppose that we have Sm(f,Ω) = 0, Then by 4.33

∫
R
ρ2 dx dy = 4rl + o(1) r →∞ (4.36)

Let’s define ρ̄ = (ρ+ 1), then it follows that
∫
ly
ρ̄ |dz| =

∫
ly

(ρ+ 1) dx

=
∫
ly
ρ dx+ 2r

≥ 4r +O(1
r

)

Then integrating over [−l, l] we have
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1
2r
( ∫

ly
ρ̄ |dz|

)2
≥ 8r + o(1)

1
2r

∫ l

−l

( ∫
ly
ρ̄ |dz|

)2
dy ≥

∫ l

−l
8r dy + o(1)

1
2r

∫ l

−l

( ∫
ly
ρ̄ dx

)( ∫
ly
ρ̄ dx

)
dy ≥ 16rl + o(1)

1
2r

∫ l

−l

( ∫
ly
ρ̄2 dx

)( ∫
ly
dx
)
dy ≥ 16rl + o(1)

1
2r

∫ l

−l

( ∫
ly
ρ̄2 dx

)( ∫ r

−r
dx
)
dy ≥ 16rl + o(1)∫ l

−l

( ∫
ly
ρ̄2 dx

)
dy ≥ 16rl + o(1)

we find that ρ̄(z) satisfies the following inequality:

∫
R
ρ̄2dxdy ≥ 16rl + o(1) (4.37)

Next we estimate the non negative integral
∫
R(1− ρ)2 dx dy,

∫
R

(1− ρ)2dxdy =
∫
R

(1− 2ρ+ ρ2) dx dy

=
∫
R

(1 + 1 + ρ2 − ρ̄2 + ρ2) dxdy

=
∫
R

(2 + 2ρ2 − ρ̄2) dx dy

≤ 8lr + 8lr − 16lr + o(1) = o(1). (4.38)

Letting r →∞, we have that
∫
C(1− ρ)2 dxdy = 0. So it is immediate that

ρ = 1 almost everywhere on C. It also follows that |f ′(z)| = 1 for all z ∈ C.
Hence f ′ is a constant and with the given normalization it follows that f ′(z) = 1
and therefore f is the identity on Ω. This completes the proof of the proof of the
first part of the Proposition 4.3 .

It remains to prove uniqueness statement of the second part of Proposi-
tion 4.3. To prove this suppose that there exists a function f ∈ Σ(Ω) mapping Ω
onto another rectangular domain Ω′ with modulem. Then the inverse function f−1
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is in the class Σ(Ω′) and the relevant coefficients of f(z) and f−1(z) are related by
a1(f) = −a1(f−1). Since, the domains Ω and Ω′ play the symmetric roles there is
no generality loss if we assume that < a1 ≥ 0, otherwise, we start with the function
f−1 instead of f(z). Since f(Ω) = Ω′ is a rectangular domain, we have m = Vj

Hj
for

j = 1, ..., n. Therefore, we have Sm(f,Ω) = 2π< a1 ≥ 0 and by plugging m = Vj
Hj

and VjHj = Aj in the inequality 4.22 we have Sm(f,Ω) = 2π< a1 ≤ 0. Hence, we
have Sm(f,Ω) = 0. Thus, under our assumption, the function f(z) maximizes the
functional in (4.22). As we proved before, the latter happens if and only if f(z)
is the identity mapping. This completes the proof of Proposition 4.3.

Remark 4.1. The results for the square domains immediately followed by m = 1.

Corollary 4.1. Let Ω be as in Theorem 4.6 and let f0 ∈ Σ(Ω) maps Ω onto a
domain bounded by slits parallel to the real axis. If f ∈ Σ(Ω), then

< a1(f) + 1
2π

n∑
j=1

Aj(f) ≤ < a1(f0). (4.39)

Equality occurs in (4.39) if and only if f(z) = f0(z).

Proof. Consider the functional we defined in 4.15

Sm(f,Ω) = 2π< a1 +
n∑
j=1

(Aj −mH2
j ) (4.40)

when m = 0, we have

S0(f,Ω) = 2π< a1(f) +
n∑
j=1

Aj(f) (4.41)

Now consider the maximal of the functional which attains by the function f0

mapping Ω onto a domain bounded by slits parallel to the real axis.

S0(f0,Ω) = 2π< a1(f0) (4.42)
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Since we know that

S0(f0,Ω) = 2π< a1(f0) ≥ S0(f,Ω) = 2π< a1(f) +
n∑
j=1

Aj(f)

We have the required inequality

< a1(f) + 1
2π

n∑
j=1

Aj(f) ≤ < a1(f0).

The inequality (4.39) strengthens the classical inequalities; see, for in-
stance, Lemma 5.6 and the proof of Lemma 5.7 in [13].

4.3 Further Results and Questions.

In this section we discuss observations how the maximal value of the func-
tional Sm(f,Ω) and related extremal functions fm ∈ Σ(Ω) depend on the param-
eter m, 0 < m < 1. Let Sm(Ω) denote the maximal value of Sm(f,Ω) over the
class of functions Σ(Ω). Then

Sm(Ω) = Sm(fm,Ω) = 2π< a1(fm) = max
f∈Σ(Ω)

Sm(f,Ω). (4.43)

Proposition 4.4. With our notations introduced above, the following holds.

(1) If mk ≥ 0 for k = 0, 1, . . ., and mk → m0 as k →∞, then fmk(z)→ fm0(z)
uniformly on compact subsets of Ω.

(2) The quantities a1(fm), Aj(fm) and Hj(fm), and therefore the functional
Sm(Ω), are continuous functions of m, m ≥ 0.

Proof. This result follows from standard convergence theorems for sequences of
normalized univalent functions and uniqueness part of Theorem 4.6. Indeed, if
mk → m0 as k → ∞ but the sequence fmk(z) does not converge to fm0(z) uni-
formly on compact subsets of Ω, then there is a subsequence, we may assume that
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it is the sequence fmk(z) itself, which converges uniformly on compact subsets of Ω
to some function f̃ ∈ Σ(Ω). We may also assume that the sequences of vertices of
complementary components Kj = Kj(fmk) defined in Section 1, those are rectan-
gles in our case, also converge to some points on C. Then, one can easily see that
the limit function f̃(z) maps Ω onto a rectangular domain with module m. But,
by the uniqueness part of Theorem 3, such a rectangular domain is unique. Since
both fm0(z) and f̃(z) are normalized as in (4.12), we must have f̃(z) = fm0(z)
and therefore fmk(z)→ fm0(z), proving part (1) of the proposition.

Now, since fmk(z)→ fm0(z) as m→∞, if follows that a1(fmk)→ a1(fm0)
and the sequences of vertices of boundary rectangles of the domains fmk(Ω) con-
verge to appropriate vertices of the boundary components of the domain fm0(Ω).
The latter immediately implies the continuity properties of the areas Aj(fm) and
horizontal variations Hj(fm), which, in turn, implies the continuity property of
the functional Sm(Ω).

Theorem 4.7. The functional Sm(Ω), defined by equation (4.43), is a strictly
decreasing smooth function of m, m ≥ 0, which derivative is given by

d

dm
Sm(Ω) = −

n∑
j=1

H2
j (fm). (4.44)

Proof. We proceed as in the proof of Theorem 5.1 in [31]. Same idea was used
earlier in some proofs in the paper [30]. Since fm(z) is admissible for the maxi-
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mization problem for the functional Sm+Mm(f,Ω), assuming Mm > 0, we have

lim inf
Mm→0

Sm+Mm(Ω)− Sm(Ω)
Mm

≥ lim inf
Mm→0

Sm+Mm(fm,Ω)− Sm(Ω)
Mm

(4.45)

= lim
Mm→0

2πa1(fm) +∑n
j=1(Aj(fm)− (m+ Mm)H2

j (fm))− Sm(fm,Ω)
Mm

= lim
Mm→0

2πa1(fm) +∑n
j=1(Aj(fm)−mH2

j (fm))−∑n
j=1 MmH2

j (fm)− Sm(fm,Ω)
Mm

= lim
Mm→0

Sm(fm,Ω)−∑n
j=1 MmH2

j (fm)− Sm(fm,Ω)
Mm

= lim
Mm→0

− Mm
∑n
j=1H

2
j (fm)

Mm

= −
n∑
j=1

H2
j (fm).

On the other hand, fm̃(z), with m̃ = m+ Mm, is admissible for the max-
imization problem for Sm(Ω). Thus, assuming Mm < 0 and using continuity
property of horizontal variations Hj(fm) established in Proposition 4.4, we have

lim sup
Mm→0

Sm+Mm(Ω)− Sm(Ω)
Mm

≤ lim sup
Mm→0

Sm+Mm(Ω)− Sm(fm̃,Ω)
Mm

(4.46)

= lim
Mm→0

2πa1(fm̃) +∑n
j=1(Aj(fm̃)− (m+ Mm)H2

j (fm̃))− Sm(fm̃,Ω)
Mm

= lim
Mm→0

2πa1(fm̃) +∑n
j=1(Aj(fm̃)−mH2

j (fm̃))−∑n
j=1 MmH2

j (fm̃)− Sm(fm̃,Ω)
Mm

= lim
Mm→0

Sm(fm̃,Ω)−∑n
j=1 MmH2

j (fm̃)− Sm(fm̃,Ω)
Mm

= −
n∑
j=1

H2
j (fm).

For Mm < 0, we obtain inequalities similar to (4.45) and (4.46). Combining
all these inequalities, we obtain (4.44). By Proposition 4.4, for each j = 1, . . . , n,
the horizontal variation Hj(fm) is a continuous function of m. This, together with
formula (4.44), implies that Sm(Ω) is a smooth strictly decreasing function on the
interval m ≥ 0.

Here we provide an example illustrating results of Theorems 4.6 and 4.7
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when all calculations are available explicitly in terms of special functions. Let
Ω = D∗ = {z ∈ C : |z| > 1} and let fm ∈ Σ(D∗) maps D∗ onto a domain exterior
to the rectangle R(a, b) = {z : |< z| ≤ a, |= z| ≤ b} with module m = b/a.

The function fm(z) can be represented as the composition fm(z) = gk(J(z)),
where J(z) is the Joukowski function defined as

J(z) = (1/2)(z + 1/z), (4.47)

and the function gk(ζ), that is a Schwarz-Christoffel integral depending on the
parameter k = k(m), 0 < k < 1, which is given by the following formula:

gk(ζ) = 2k2
∫ ζ/k

0

√
1− t2

1− k2t2
dt+ 2ik2

∫ 1/k

1

√
t2 − 1

1− k2t2
dt. (4.48)

Using (4.47) and (4.48), we find the following expansion near z =∞:

fm(z) = gk(J(z)) = z + 2k2 − 1
z

+ · · · (4.49)

Therefore,
Sm(D∗) = 2π(2k2 − 1). (4.50)

Also, using (4.48), we find that

H1(fm) = 4k2
∫ 1

0

√
1− t2

1− k2t2
dt, V1(fm) = 4k2

∫ 1/k

1

√
t2 − 1

1− k2t2
dt. (4.51)

From the latter equations, we find the following relation between m and k:

m =
∫ 1/k
1

√
t2−1

1−k2t2
dt∫ 1

0

√
1−t2

1−k2t2
dt

. (4.52)

Finally, using (4.44) and (4.49)–(4.52), we conclude that

d

dm
Sm(D∗) = 8πk dk

dm
= −H2

1 (k) = −16k4

∫ 1

0

√
1− t2

1− k2t2
dt

2

. (4.53)
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The integral in equation (4.53) can be expressed in terms of complete
elliptic integrals as follows:

∫ 1

0

√
1− t2

1− k2t2
dt = E(k)− (1− k2)K(k)

k2 , (4.54)

where

K(k) =
∫ 1

0

dt√
(1− t2)(1− k2t2)

, E(k) =
∫ 1

0

√
1− k2t2

1− t2 dt.

From equations (4.52)-(4.54), we derive the following formula for the derivative of
the quotient of the integrals in the equation (4.52):

dm

dk
= d

dk

∫ 1/k
1

√
t2−1

1−k2t2
dt∫ 1

0

√
1−t2

1−k2t2
dt

 = −π2
k

(E(k)− (1− k2)K(k))2 . (4.55)

We were not able to locate differentiation formula (4.55) in the accessible literature
but it might be known to experts in the area of elliptic functions.

We finish this chapter with few questions. For the case m = 1, the first
and the second of these questions were posed in an equivalent form by M. Bonk
in [3].

(1) What function minimizes the functional Sm(f,Ω) defined by (4.15)?

(2) It would be interesting to see whether the functional (4.15) with m > 0
can be used to give an independent existence proof for a conformal map
of a finitely connected domain Ω onto a rectangular domain with module
m without restating to the Harrington’s result which is stated in Proposi-
tion 4.1.

(3) The previous problem is open even in the simplest special case, when Ω = D∗

exterior of the unit disk . Thus, we restate it as follows. Find a variational
method to prove that a function fm ∈ Σ(D∗) maximizing the functional
Sm(f,D∗) maps D∗ onto a rectangular domain C \ R(a, b) defined above
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with a = H1(fm), b = V1(fm), where H1(fm) and V1(fm) are defined by
formulas (4.51) and (4.52).

(4) Prove that the sum ∑n
j=1H

2
j (fm) is a decreasing function for m ≥ 0. This

will imply that the functional Sm(Ω) is a convex function for m ≥ 0.

(5) We suspect that even stronger result, than stated in (4) is true. Precisely,
we conjecture that for each j, 1 ≤ j ≤ n, the individual horizontal variation
Hj(fm) is a decreasing function for m ≥ 0. For simply connected domains
Ω, i.e. when n = 1, the monotonicity of H1(fm), and therefore the convexity
property of Sm(Ω), easily follows from normalization of functions f ∈ Σ(Ω)
and from a version of the Schwarz lemma applied to this class of functions.
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Chapter 5

Quadratic Differential and Conformal Mappings

In this chapter we will discuss quadratic differentials and their relationship
with conformal mappings. We will also discuss more general results on Riemann
surfaces and special treatments in the Riemann sphere. Most of the existing results
are due to Jenkins extensive work relating quadratic differentials to conformal
mappings. Teichmüller was the first mathematician to apply the idea of quadratic
differential to extremal problems by mentioning the behavior of the important
curves associated with the quadratic differentials that we now call as trajectories.
We first concern ourselves with quadratic differentials and the so-called trajectory
structures of them.

5.1 Quadratic Differentials

Definition 5.1. Let R be an (oriented) Riemann surface (open or closed). A
quadratic differential defined on R assigns to every local uniformizing parameter
z ofR a functionQ(z) meromorphic on the neighborhood for z which satisfying the
following condition. For another local uniformizing parameter z∗ of R let Q∗(z∗)
be the function associated with z∗, if the neighborhood on R for z∗ intersects for
z, then at intersecting points of these neighborhoods we have

Q∗(z∗) = Q(z)
( dz
dz∗

)2
, (5.1)

and we denoted quadratic differential generically by Q(z) dz2.

We also recognize quadratic differentials as 2-forms defined on the Riemann sphere
where Q(z) is a rational function on C.

The critical points of the quadratic differential Q(z) dz2 are defined to be
the zeros and poles of the function Q(z). Zeros and simple poles are called finite
critical points and the totality of them will be generically denoted by C while the
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poles of quadratic differentialQ(z) dz2 of order two or greater are called the infinite
critical points of the quadratic differential and the totality of them, generically
denoted by H. All other points of R are called regular points of the quadratic
differential Q(z) dz2.

Definition 5.2. LetR be a Riemann surface and Q(z) dz2 a quadratic differential
given on R. The curves Q(z) dz2 > 0 are of great importance. A maximal regular
curves with this property is called a trajectory ofQ(z) dz2, while a maximal regular
curve on which Q(z) dz2 < 0 is called an orthogonal trajectory.

We will first study the local behavior of the trajectory structures generated
by a quadratic differential Q(z) dz2 on a Riemann surface R and then look at the
global behavior visualize any trajectory as either a closed curve with no critical
points, or as an arc connecting two critical points or, arc that has no limit along
at least one of its direction. Structure domains are defined by investigating the
behavior of family of the trajectories of defined by a quadratic differential. We
will first state well known results associated with trajectory structures and will
refer to Jenkins Book [13] for further details.

5.2 Local Behavior of the Trajectories

Theorem 5.1. For a point P ∈ R\ (C∪H) there exist a neighborhood N of P on
R and a homeomorphic mapping of N onto the disc |w| < 1 (w = u + iv) under
which a maximal open arc of a trajectory on N goes into a segment on which v is
constant.

Corollary 5.1. There is a trajectory of Q(z) dz2 through every point P ∈ R \
(C ∪H) which is either an open arc or a Jordan curve on R.

The structure of a family of trajectories near a neighborhood of any point
in the Riemann surface R is obtained by considering the (multi-valued) function

ζ =
∫ (

Q(z)
)(1/2)

dz (5.2)

near the neighborhood of the point.This is extensively done in the paper of Jenkins
[15], and we will only focus on their results.
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5.2.1 Finite Critical Points.

Let P ∈ R be a zero of order n of the quadratic differential Q(z) dz2, Then
there are n+ 2 trajectories with the limiting end points at P which have limiting
directions spaces at the angle 2π

n+2 . An appropriate neighborhood of the zero is
divided by these trajectories into n+ 2 sectors swept out by open analytic arcs of
trajectories. The same result is valid in the case of a simple pole which has the
order n = −1. Therefore, a simple pole of a quadratic differential Q(z) dz2 has
single trajectory which has a limiting direction at the pole.
The trajectory structures of a simple pole and a simple zero are illustrated below.

Figure 5.1. Trajectory Structure Near Simple Zero

Figure 5.2. Trajectory Structure Near Simple Pole

5.2.2 Poles of Order Two.

A special treatment is needed for the poles of order 2 where we obtain three
distinct sets of trajectory structures. The first is a logarithmic spiral, second is a
radial structure and the third is a ring domain.
Here we will mention Jenkins results [13] for the case of pole of order 2.

Lemma 5.1. Let Q(z) have a pole of order two at z = 0 and let (Q(z))(−1/2) have
the expression (for one choice of the root)

(Q(z))(−1/2) = (a+ ib)z{1 + b1z + b2z
2 + · · · } (5.3)
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about z = 0.
Case I: a 6= 0, b 6= 0 , For α > 0 sufficiently small, every trajectory which meets
|z| < α tends in the one sense to z = 0, and in the other sense leaves |z| < α.
Both modulus and argument of z vary monotonically on the trajectory in |z| < α.
Each trajectory spirals about z = 0, behaving asymptotically like a logarithmic
spiral.
Case II: a 6= 0, b = 0: For α > 0, sufficiently small, every trajectory which meets
|z| < α tends in the one sense to z = 0 and in the other sense leaves |z| < α.

The modulus of of z varies monotonically on the trajectory in |z| < α. Each
trajectory has a limiting direction at z = 0 depending on the trajectory. Case

Figure 5.3. Trajectory Structure Near a Double Pole-Radial

III: a = 0, b 6= 0: Given ε > 0, there exists α(ε) > 0 such that for α ≤ α(ε) a
trajectory which meets |z| = α is a Jordan curve which lies in the circular ring
α(1 + ε)−1 < |z| < α(1 + ε).

Figure 5.4. Trajectory Structure Near a Double Pole-Circular Ring

5.2.3 Poles of Order Three and Greater.

Lemma 5.2. Let Q(z) dz2 have a pole of order n, n > 2, at z = 0. There are n−2
limiting directions in which trajectories can approach the pole and these directions
are equally spaced at angles of 2π

n−2 . For α > 0, sufficiently small, every trajectory
which meets |z| < α in each sense either tends to z = 0 or leaves |z| < α. If a
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trajectory lies entirely in |z| < α, by adjoining to it the point z = 0 we obtain a
Jordan curve whose interior angle at z = 0 is 2π

n−2 . For α as above there exits a
number ρ(α) such that if a trajectory meets |z| = ρ, ρ ≤ ρ(α), it tends in at least
one sense to z = 0 as limit.

Specific names were given for trajectories considering the nature of the critical
points on that they are associated. A trajectory passing through a critical point
(zeros and poles) of a quadratic differential Q(z) dz2 is called critical trajectory.
In particular a trajectory through a finite crtical points is called a finite critical
trajectory if it starts and ends at a finite critical point C. Otherwise, it is called
as infinte critical trajectory.
The structure domains of a quadratic differential on a given Riemann surface are
completely determined by using the Basic Structure Theorem. Before entering
into Basic Structure Theorem, we need to classify the different types of structure
domains defined by the family of trajectories of a quadratic differential Q(z) dz2

on a given Riemann Surface.

5.3 Classification of Domains Relative to Q(z) dz2.

We will work with the finite oriented Riemann Surfaces to analyze the
global structure of the trajectories of a quadratic differential. A finite oriented
Riemann surface R is a Riemann surface of finite genus which may have finite
number of boundary components. Let’s now define quadratic differential on a
finite oriented Riemann surface.

Definition 5.3. By a quadratic differential Q(z) dz2 on a finite oriented Riemann
surface R we mean a quadratic differential Q(z) dz2 in the sense of definition 5.1
which satisfies further the condition that in terms of boundary uniformizing pa-
rameter z, Q(z) is regular apart from simple poles and real-valued on the segment
of the real axis corresponding to boundary ponts of R′.

We also define the positive quadratic differential on a finite Riemann sur-
face R.
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Definition 5.4. By a positive quadratic differential on a finite oriented riemann
surface is a quadratic differential on R such that, in terms of boundary uniformiz-
ing parameter z, Q(z) is positive on the segment of the real axis corresponding to
boundary points of R apart from possible zeros of Q(z).

We have an important lemma which relates the number of zeros and pols
of a quadratic differential on a finite oriented Riemann surface.

Lemma 5.3. Let Q(z) dz2 be a positive quadratic differential on a finite oriented
Riemann surface R of genus g with n boundary components. Suppose Q(z) dz2 has
poles of total order p and zeros of total order q, where boundary zeros (necessarily
of even order ) are counted with half multiplicity. Then,

p− q = 4− 4g − 2n. (5.4)

Let’s now define the F -set.

Definition 5.5. We define F -set (with respect to Q(z) dz2) to be the set K on
R such that any trajectory of Q(z) dz2 which meets K lies entirely in K.

Definition 5.6. We define inner closure of a set K on R to be the interior of the
closure of the set. The inner closure will be denoted as K̂.

Now, in the following we will define a set of domains generated by a
quadratic differential Q(z) dz2 on a finite Riemann surface R.

Definition 5.7. An end domain D (relative to Q(z) dz2) is a maximal connected
F -set on R with the following properties.

1. D does not contain any critical points of Q(z) dz2.

2. D is swept out by trajectories Q(z) dz2 each of which has limiting end point
in each of its possible sense at a given point A in H.

3. D is mapped by ζ =
∫
Q(z)−1/2 dz conformally onto an upper or lower half-

plane in the ζ-plane.
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For example,
Q(z) dz2 = −z + 1

z3 dz2 (5.5)

Definition 5.8. A strip domain D(relative to Q(z) dz2) is a maximal connected
F -set on R with the following properties.

1. D does not contain any critical points of Q(z) dz2.

2. D is swept out by trajectories of Q(z) dz2 each of which has at one point
A ∈ H in the one sense a limiting end point and at another (possibly
coincident) point b ∈ H in the other sense a limiting end point.

3. D is mapped by ζ =
∫
Q(z)−1/2 dz conformally onto a strip a < = ζ < b (a, b

finite real number a < b)

For example,
Q(z) dz2 = − 1

z2(z − 1 dz
2 (5.6)

Definition 5.9. A circle domain D (relative to Q(z) dz2) is a maximal connected
F -set on R with the following properties.

1. D contains a single double pole A of Q(z) dz2.

2. D \ A is swept out by trajectories of Q(z) dz2, each of which is a Jordan
curve seperating A from the boundary of D.

3. For a suitable purely imaginary constant c, the function

w = ec
∫

(Q(z)1/2 dz (5.7)

maps D conformally onto a circular ring

r1 < |w| < r2 (0 < r1 < r2 <∞) (5.8)

For example,
Q(z) dz2 = − z − 1

z2(z − 3 dz
2. (5.9)
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Definition 5.10. A ring domain D (relative to Q(z) dz2) is a maximal connected
F -set on R with the following properties.

1. D does not contain any critical points of Q(z) dz2.

2. D is swept out by trajectories of Q(z) dz2 each of which is a Jordan curve .

3. For a suitable purely imaginary constant c, the function

w = ec
∫

(Q(z)1/2 dz (5.10)

maps D conformally onto a circular ring

r1 < |w| < r2 (0 < r1 < r2 <∞) (5.11)

For exampl,e
Q(z) dz2 = − z − i

(z − 2i)2(z2 − 1 dz
2. (5.12)

We can now state the Basic Structure Theorem.

5.4 Basic Structure Theorem.

Theorem 5.2 (Basic Structure Theorem). Let R be a finite Riemann surface and
Q(z) dz2 a positive quadratic differential on R, where we exclude the following
possibilities and all configurations obtained from them by conformal equivalence:

1. R is the complex sphere , and Q(z) dz2 = 1 · dz2,

2. R is the complex sphere, and Q(z) dz2 = Keiα dz2, α real, K positive,

3. R is a torus, and Q(z) dz2 is regular on R.

Let Φ denote the union of all trajectories which have a limiting end point of C.
Then,

1. R − Φ consists of a finite number of end, strip, circle, ring and density
domains,
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2. Each such domain is bounded by a finite number of trajectories together
with the points at which the latter meet. Every boundary component of such
a domain contains a point of C except that a boundary component of a
circle or ring domain may coincide with a boundary component of R. For
a strip domain, the two boundary elements arising from points of H divide
the boundary into two parts on each of which is a point of C.

3. Every pole of Q(z) dz2 of order m greater than two has a neighborhood cov-
ered by the inner closure of m−2 end domains and a finite number (possibly
zero) of strip domains,

4. Every pole of Q(z) dz2 of order two has a neighborhood covered by the inner
closure of a finite number of strip domains or has a neighborhood contained
in a circle domain.

5. The inner closure Φ̂ of Φ is an F -set consisting of a finite number of domains
on R each with a finite number (possibly zero) of boundary components,

6. Each boundary component of a such a domain is a piecewise analytic curve
composed of trajectories and their limiting end points in C.

The explicit examples given in the paper [17] clearly show that Φ̂ need not
be empty and may contain a finite number of components. For the proof of the
theorem and further results we refer to Jenkins book [13].
We will also point out some important results which arose from the basic structure
theorem.

5.5 Classical Results

The main point of the present section is to prove the general existence
of conformal mapping from a finitely connected planar domain Ω onto a domain
bounded by slits on trajectories of a quadratic differential Q(z) dz2. We will first
discuss some well known results. Let’s work with the class of functions Σ(Ω) and
Σ0(Ω) which we define following manner.
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Definition 5.11. Let Ω be a domain in z-sphere containing the origin and point
at infinity, Then Σ0(Ω) is the class of functions f(z) meromorphic and univalent
in Ω with the Laurent series expansion

f(z) = z + a0 + a1

z
+ · · ·+ an

zn
+ · · · near∞. (5.13)

such that f(0) = 0.

Definition 5.12. Let Ω be a domain in the z-sphere containing the point at
infinity. Then Σ(Ω) is the class of functions f(z) meromorphic and univalent in
Ω with the Laurent series expansion in the neighborhood of infinity given by

f(z) = z + a1

z
+ · · ·+ an

zn
+ · · ·

Here we will summarize few classical results associated with quadratic differentials
and conformal mappings.

Theorem 5.3 (Grötzsch). Let the domain Ω in the z-sphere be of finite connectiv-
ity and contain the origin and point at infinity. Then for each real θ, 0 ≤ θ < 2π
there exists a unique function fθ(z) ∈ Σ0(Ω) mapping Ω onto a domain bounded
by slits on trajectories of the quadratic differential e−iθ dw2

w2 .

[Grötzsch]

Theorem 5.4 (Grötzsch). Let the domain Ω in the z- sphere have a finite number
of boundary continua γ1, γ2, . . . , γn, n ≥ 1, and contain the point at infinity. Then
for each real θ, 0 ≤ θ < 2π, there is a unique function fθ(z) in Σ(Ω) under which
γ1 corresponds to a rectilinear segment from the origin to a point Reiθ, R > 0, and
the remaining boundary components of Ω correspond to slits on trajectories of the
quadratic differential e−iθ dw2

w2 .

Theorem 5.5 (Grötzsch). Let the domain Ω in the z-sphere be of finite connec-
tivity and contain the origin and the point at infinity. Let b be a interior point
of Ω. Then there is unique function f1(z) in Σ0(Ω) mapping Ω onto a domain
bounded by slits on trajectories of the quadratic differential − dw2

w(w−f1(b)) .
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Theorem 5.6 (Grötzsch). Let the domain Ω in the z-sphere contain the point at
infinity and be bounded by a finite number of boundary continua γ1, γ2, . . . , γn, n ≥
2, and contain the point at infinity. Then there exist a unique real value θ, 0 ≤
θ < 2π, and unique function f2θ(z) in Σ(Ω) such that under the mapping f2(θ)
γ1 corresponds to a rectilinear segment from the origin to the point r1e

iθ, γ2 cor-
responds to the rectilinear segment from the point r2e

iθ to the point r3e
iθ where

0 < r1 < r2 < r3 and the remaining boundary components of Ω correspond to slits
on trajectories of the quadratic differential − dw2

w(w−r3eiθ) .

Theorem 5.7 (Grötzsch). Let the domain Ω in the z-sphere contain the point at
infinity and be bounded by finite number of continua γ1, γ2, . . . , γn, n ≥ 2. Then
for each real θ, 0 ≤ θ < 2π,there exists a unique function f3(θ) in Σ(Ω) under
which γ1 corresponds to a segment joining the points −Reiθ, Reiθ, R positive, and
the remaining boundary components of Ω correspond to slits on trajectories of the
quadratic differential − dw2

(w2−R2e2iθ) .

Theorem 5.8 (Grötzsch). Let the domain Ω in z-sphere be of finite connectivity
and contain the origin and the point at infinity. Letb be a further interior point of
Ω. Then there exists a unique function f4(z) in Σ(Ω) mapping Ω onto a domain
bounded by slits on trajectories of the quadratic differential dw2

w(w−f4(b)) .

Theorem 5.9 (Grötzsch). Let the domain Ω in the z-sphere contain the point
at infinity and be bounded by a finite number of continua γ1, γ2, . . . , γn, n ≥ 2.
Then there exists a unique real value θ, 0 ≤ θ < 2π and a unique function f5(z)
in Σ(Ω) such that under the mapping w = f5(z), γ1 corresponds to a rectilinear
segment from the origin to the point r1e

iθ, r1 > 0, γ2 corresponds to a rectilinear
segment from the point −r2e

iθ to the point −r3e
iθ where 0 < r2 < r3 and the

remaining boundary components of Ω correspond to slits on trajectories of the
quadratic differential dw2

w(w+r2eiθ) .

5.6 Generalization.

Here, we state the main theorem of this section.

Theorem 5.10. Let Ω be a finitely connected domain in C and Q(z)dz2 be a
quadratic differential. Then for any point z0 ∈ C there is a conformal mapping
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f : Ω → C such that slits along arc of trajectories of Q(z)dz2 with the properties
f(z0) = w0, f

′(z0) > 0 and f(γ0) = Γ0, where Γ0 is connected set of trajectories of
Q(z)dz2.

We will first prove the uniqueness part of the theorem.

Proof. To obtain the uniqueness part of the theorem we need to fix one of the
boundary component in the given domain. That is we suppose γ0 maps to Γ0

under the map f . We can start from the domain bounded by a Jordan curve and
will always work with the smooth boundary components. Since, any boundary
component can be mapped in to the boundary in the unbounded component
of the complement of the domain by using reflection about a circle inside the
Jordan curve. Now consider only the boundary component γ0 which maps to
fixed Γ0 which is a arc of trajectory of the Q(z)dz2. By the Riemann mapping
theorem we can map C̄−Γ0 onto the unit disk such that trajectory arcs go to the
boundary of the unit disk. Let’s define this map to be ϕ : C̄ − Γ0 → D, where
D = {z : |z| < 1}such that ϕ(w0) = 0, ϕ′(w0) > 0. Further, by Lemma 5.1, [13]
the trajectory actually maps into the circle slit on a circle |w| = 1.
Since the conformal mappings preserves critical points of quadratic differential
and the local structure of the trajectories, it follows that the set of critical points
near Γ0 are in one-to-one correspondence with the critical points near ϕ(Γ0).
Now suppose that there exists a second map g : Ω → C̄ with the properties
g(z0) = w0, g

′(z0) > 0 and g(γ0) = Γ0, where Γ0 is connected set of trajectories of
Q(z) dz2.
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