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ABSTRACT 

Simultaneous normal force and torque measurements were made as a function of 

deformation and temperature in a series of polymeric glasses with different chemical 

structures. A large normal force with a fast relaxation rate was found in two n-alkyl 

methacrylates, PMMA and PEMA. Examination of the change in volume during torsion 

of PMMA samples cannot explain the large normal force response observed. When the 

measurements are expanded to polycarbonate and polysulfone, no difference is found 

between torque and normal force behaviors. The results show that the normal force 

response in PMMA and PEMA is influenced by their large sub-vitreous p relaxation 

which has been attributed to side chain motions. In this work the data are analyzed in the 

context of a time dependent modification of Rivlin's finite elasticity model which allows 

us to extract the first and second derivatives ofthe strain energy density function, Wi and 

W2. Very interestingly, polycarbonate and polysulfone exhibit a behavior closed to neo-

Hookean (W2 = 0) while for PMMA and PEMA W2 decreases with time. The 

microstructural origins of these behaviors are thoroughly examined. 
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CHAPTER 1 

INTRODUCTION 

1.1. Introduction 

1.1.1 Nonlinear Viscoelastic Behavior of Glassy (amorphous) Polymers 

For many applications, understanding the mechanical behavior of polymeric 

systems is of fundamental importance. These materials exhibit viscous and elastic 

behaviors which are combined in certain ways. Therefore, the material properties of 

polymeric materials are a function of time (or frequency). There is a considerable amount 

of work reported in the literature on the phenomenological theories of viscoelasticity 

which characterize the material functions of polymers from the linear to the nonlinear 

range of deformation and/or stress [1-5]. By restraining the viscoelastic behavior to small 

enough deformations such that doubling the applied strain also doubles the stress 

response, the pol3nner shows a linear viscoelastic behavior. Relatively simple 

mathematical representations have been developed to model the linear viscoelastic 

response of polymers. These include constitutive equations described by the discrete and 

continuous relaxation spectra represented with a group of Maxwell or Voigt elements [1, 

5] as well as constitutive equations derived from the single integral representation ofthe 

Boltzmann superposition principle [6]. 

On the other hand, for glassy polymers which are used at low temperatures below 

the glass transition temperature (Tg), the nonlinear range is observed at very low levels of 

strain (or stress). Much more complicated constitutive equations than the ones derived 

from the Boltzmann superposition principle are required to adequately describe the 

nonlinear material response. In "Creep and relaxation of nonlinear viscoelastic 

materials", Onaran, Lai and Findley give an overview of a large number of nonlinear 

viscoelastic theories which have been developed [3]. Most of these theories are derived 

from continuum mechanics and are based on the concept of simple materials introduced 

by Green [7] and further discussed by Coleman and Noll [8, 9]. Simple materials have the 

property that the stress is defined by a functional of the history of the deformation 

gradient. The general representation ofthe constitutive functional for the stress tensor is a 
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series of multiple integral expansions in which the time-dependent material functions are 

represented by kemel functions as implemented by Pipkin [10], Green and Rivlin [11], 

and Coleman and Noll [8]. Because of the experimental difficulties encountered in 

evaluating the kemel functions, Bernstein, Kearsley and Zapas (BKZ) made some 

reasonable assumptions to simplify the multiple integral representation [12]. They 

therefore derived the BKZ theory for an incompressible elastic fluid from the Coleman 

and Noll fluid theory and by postulating the existence of a strain energy density function 

in a similar way as it is done in the finite elastic theory [13]. Green, Rivlin and Spencer 

[14] provided another remarkable simplification in the formulation of the nonlinear 

viscoelastic constitutive equation by expressing the stress relaxation in terms of the 

invariants of the strain tensor instead of the stretches. By doing so, there is no need to 

calculate the principle directions in order to obtain a solution to the problem of 

inhomogeneous deformations (for instance torsion). Following this approach, Zapas and 

Craft [15] published a modified version ofthe BKZ theory for an elastic fluid with a 

formulation of the strain energy density function in terms of the invariants of the 

deformation tensor. 

Recently, Lustig, Shay and Camthers [16-18] derived a thermoviscoelastic 

constitutive equation based on the Coleman and Noll thermodynamic theory for 

describing the stress, entropy and enthalpy from the Helmoltz free energy over a wide 

range of temperatures and strains (including yielding). In this approach, the multiple 

integral is simplified into a single integral representation using the notion of a volume 

clock. The volume clock is then implemented in a reduced time defining a time scale on 

which the relaxations depend on the state of the material as opposed to the laboratory 

time scale. The concept of reduced time was first introduced by Leaderman [19] to allow 

the time temperature superposition principle to be applicable [1] (i.e. all relaxation 

processes are affected in a similar way by the temperature). Later, Bemstein and Shokooh 

defined a stress clock to account for the effect of nonlinearity on the time scale of the 

material [20]. Others investigators including Bemstein and Shokooh consider a strain 

clock in the relaxation process ofthe material [21-23]. The strain clock is also used in the 

Shapery model for nonlinear creep behavior which uses a modified Boltzmann 



superposition principle [24]. Viscoplasticity is another representation of the nonlinear 

viscoelastic response that has been explored [25, 26]. However, this representation fails 

to describe one ofthe main features of polymers, i.e. the time temperature superposition 

principle. The strain clock model is not convenient to use in the sense that the knowledge 

of the stress does not suffice to determine the strain uniquely. The Lustig, Shay and 

Caruthers, and the stress clock model of Bemstein and Shokooh have been relatively littie 

tested. On the other hand, the simple formulation ofthe BKZ theory of isothermal elastic 

fluid shows very good agreement with experimental results [27]. 

1.1.2 Phenomenology versus Molecular Understanding 

One ofthe challenges for rheologists is to understand the nature ofthe molecular 

motion that underlies the viscoelastic responses with the ultimate goal being to be able to 

predict material response after changing the molecular structure ofthe polymer. Although 

the phenomenological theories listed above are of great importance to the formulation of 

the stress-strain analysis of viscoelastic materials, they do not address the issue of 

chemical structure property relationships because they are valid for all materials 

regardless of the molecular structure. However, there is considerable work in the 

literature describing the impact of molecular motions on the linear viscoelastic response 

of glassy polymers. For example, side group motions are often attributed to be the cause 

of the so called p-relaxation (the first sub Tg relaxation) in the n-alkyl methacrylate 

system [28, 29]. The height ofthe P maximum in G" decreases with increasing length of 

the side chain [28]. Interestingly, the location ofthe p peak remains the same, around 30 

^C, while the a relaxation transition is shifted to lower temperatures as the alkyl side 

group length increases due to an increase in the flexibility ofthe chain backbone [28] (see 

Fig. 1). This provides a clear indication that the a and p transitions in poly(alkyl 

methacrylate)s are govemed by two different molecular mechanisms. Similarly, Yee and 

coworkers have extensively examined the behavior of polycarbonate and polyester [30-

33]. They found that the P-relaxation of polycarbonate is due to the cooperative motion 

of several repeating units along the polymer chain and that it is at about 60 °C as shown 

in Fig 2. For polyester, the p-relaxation was attributed to local motion ofthe ester group 
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in the backbone. In polysulfone, the p-relaxation appears at 60 ""C and it has also been 

attributed to a motional cooperativity that includes backbone repeating units [34, 35] 

(Fig. 3). 

On the other hand, there is little work that attempts to understand the impact of 

molecular motion or molecular structure on the nonlinear viscoelastic response of 

polymeric glasses. Some representative studies are listed below. McKenna and Duran 

[36] investigated the nonlinear response of epoxy under torsion and found that the 

torsional deformation has a small influence on the volume relaxation. McKenna and 

Zapas [37], and McKenna and Kovacs [38] show the interaction between torque and 

normal force responses of PMMA under torsion. Knauss and Lu [39] reported the effect 

of volume change on the shear creep of PMMA. Lesser and Crawford described the 

effect ofthe molecular architecture on the axial response of epoxy in compression [40]. 

The influence of the normal stress on the shear creep of epoxy was shown by Hu, EUyin 

and Xia [41]. O'Connell and McKenna studied the torque response of polycarbonate 

subjected to large deformations [42]. Although valuable information conceming the 

nonlinear viscoelastic response of glassy polymers can be obtained from the pieces of 

work just presented, it is difficult to assemble them in a way that allows us to frame a 

clear picture of what is happening at the microscopic level. First, different types of 

experiments in which manifestations of the nonlinear viscoelastic behavior do not 

necessarily have the same molecular origin have been investigated. Second, no 

systematic study has been performed in which the chemical structure of the polymer is 

changed and the nonlinear viscoelastic behavior observed. In this work, the normal force 

behavior in torsion is studied because examination of prior data provided by work from 

McKenna and coworkers [37, 43] indicates that it is different for different polymers. 

1.1.3 Thesis Objective 

As mentioned previously, for solid polymers, a microscopic or chemical structure 

origin has not yet been attributed to the nonlinear viscoelastic behavior for glassy 

polymers. Understanding of the molecular origin of the nonlinear viscoelasticity of cross 

linked mbber, polymer melts and solutions has progressed farthest than for polymeric 
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glasses. The development of finite elasticity theory [44-47] and of molecular theories of 

rubber elasticity [48-51], and the reptation [52] and tube [53] models of melt behavior 

[54] were major accomplishments. The advances in the understanding of rabber behavior 

led to many practical advances in the design of rubber in load bearing applications from 

tires to earthquake isolation bearings for buildings. The reptation and tube models of 

polymer rheological behavior led to better understanding of molecular effects on, e.g., 

polymer processing. Continued advances in the apphcation of glassy polymers require 

similar advances in our understanding of the chemical structure-property relations that 

determine the nonlinear viscoelastic responses of solid polymers. 

In torsional stress relaxation experiment, it is required to apply not only a torque 

but also a normal force [46, 55, 56] to maintain a constant deformation due to the fact 

that under torsion unconstrained solid cylinders elongate. This is an expected non-linear 

mechanical response behavior. The normal forces that result when a polymeric glass is 

subjected to a torsional deformation can be very large [37, 57], even for relatively small 

and sub-yield deformations. There are no molecular or micro-structural models to provide 

insight into the parameters that might affect the nonlinear response in the glassy state-

which should be affected primarily by the segmental interactions [1]. Nor are there data 

that explore systematically the chemical stmcture effects on the normal forces. However, 

there is some preliminary evidence that they can vary dramatically with the chemical 

stmcture of the glassy polymer. Precisely, the limited set of data on the normal force 

response versus strain for glassy polymers reveals that at ambient temperature, the 

normal force response of PMMA can be approximately 3 times that of polycarbonate for 

the same strain while the torsional moduli ofthe samples are approximately the same [37, 

43]. Since an obvious difference between polycarbonate and PMMA at ambient 

temperature is the large p-relaxation related to side chain motions observed in PMMA 

[28], in the present work the following hypothesis is tested: 

Is the strong normal force response of PMMA a result of its prominent fi process? 

Our methodology consists of increasing the length of the methyl side group of 

PMMA to an ethyl side group, i.e. PEMA, which decreases the intensity ofthe p peak. 

The torque and normal force responses of PMMA and PEMA are then measured and 
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compared. In the n-alkyl methacrylates, increasing the side chain length not only 

decreases the intensity ofthe P relaxation but also decreases the temperature at which the 

a-relaxation (glass transition) occurs (Fig. 1). Interestingly, the temperature location of 

the p peak remains unchanged (around 30 °^) when the side chain length varies [28]. 

Consequently, the effect of two parameters on the normal force is investigated here, i.e., 

the intensity of p and the closeness or interaction between a and p relaxations. The 

objective of this work being to provide insight into the influence of these relaxations on 

the normal force and torque responses. 

The present dissertation is divided in four chapters. The present chapter 1 is the 

Introduction. In chapter 2, the effect ofthe finite step rate in stress relaxation experiments 

is investigated and it is determined whether a correction method should be applied to the 

viscoelastic responses reported in this work in order to get a reliable estimate of the 

material functions [15, 58-60]. Chapter 3 is divided in four parts. Part A present results 

on the normal force and torque responses for glassy PMMA and PEMA. Furthermore, 

simultaneous measurement of the normal force and torque responses of incompressible 

isotropic elastic solids provides the means to obtain the strain energy density function, W. 

The BKZ theory [12] is used to determine the derivatives ofthe strain energy density 

function of these materials from the torsional responses. In part B the present study is 

complemented by examining normal force and torque responses for polycarbonate and 

polysulfone because they have a different molecular origin for the P-relaxation (see 

1.1.2.). Using the derivatives ofthe strain energy density function obtained in torsion the 

derivative of the Valanis-Landel form of the strain energy density (V-L) function were 

extracted [61]. The deviation of the strain energy density function of these different 

materials from the neo-Hookean behavior is also examined [62]. In part C is presented 

results on the volume change during torsion for PMMA with the objective of determining 

the contribution of volume changes on the normal force response. Glassy polymers are 

non-equilibrium structures which therefore tend to reach the equilibrium [63-65]. During 

this course to the equilibrium, the mechanical responses change, this is called stmctural 

recovery or physical aging [38, 66, 67]. In part D, the physical aging behavior of PMMA 

and PEMA is examined. Chapters 4 constitute the Discussion and Conclusion sections. 
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1.2 Background 

1.2.1 Finite Step Rate in Stress Relaxation Experiments 

The time-dependent response of a viscoelastic material can, in principle, be 

straightforwardly obtained by applying a step strain to the material [1, 2]. In practice 

however, an ideal step strain cannot be achieved. This is similar in principle to 

experiments in temperature jumps where the finite rate of temperature change must be 

corrected [53, 54]. In mechanical tests it takes a finite time to apply the deformation and 

an idealization of this is obtained by considering a ramp deformation history. This mode 

of deformation consists of a constant rate of shear strain, fo ? applied for a time t} after 

which the sample is held at a constant strain ro =7^ ^ • We refer to this type of history in 

the present work as Ramp I loading. The ramp time, /y, can be chosen arbitrarily 

depending on the specifications ofthe testing device. It is clear that the stress relaxation 

measured in this way differs from the stress relaxation that would be obtained either from 

the constant strain or the constant strain rate type of loading history. Consequently, it is 

of interest to have a procedure to evaluate the linear viscoelastic material function, i.e. the 

relaxation modulus, from the relaxation response after the ramp. Kelchner and Aklonis 

[70] derived a regression procedure, based on the Boltzmann superposition principle [1], 

for the determination of G(t) from the stress relaxation data obtained dX t < ti. Their 

procedure assumes that the "factor often rule" is valid, i.e. at / > 10 ̂ ,̂ G(t) is correctly 

given by the measured values of Ti2(t) I ro- It also ideally requires an infinitely small time 

increment in sampling the stress data in the interval of time tj <t<lO tj. Smith [71] used 

the forward computation of the recursive procedure proposed by Kelchner and Aklonis 

[70] to overcome the assumption that the "factor of ten rule" holds. The procedure 

requires that the stress response to the ramp can be measured with good accuracy in the 

interval of time X < t}. However, experimental difficulties arise in recording the stress 

relaxation in the period of time 0<X<ti. Consequently, the stress relaxation data after t} 

are more commonly used to evaluate G(t) than the stress relaxation data before t}. Zapas 

and Craft [15], and Zapas and Phillips [60] developed another method of correction ofthe 
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ramp data using the Bemstein, Kearsley and Zapas [12] single integral theory and the 

mean value theorem. Recently, Lee and Knauss [59] developed a technique to determine 

the relaxation data from the ramp test. This technique is based on the "factor often rule" 

and on the assumption that the stress can be recorded at suitably small time intervals. 

Because ofthe use ofthe Boltzmann superposition principle the Lee and Knauss method 

of correction is vahd only for linear viscoelastic materials while the Zapas and Craft 

method is theoretically apphcable to nonlinear viscoelastic materials. 

1.2.2 Strain Energy Density Function 

The origins of the normal force response in cross linked elastomers are 

understood to arise through a combination of the finite deformation geometry and the 

action ofthe molecular network through the strain energy density function [46, 55, 56] 

W(Ii,l2). In fact, molecular theories of mbber elasticity consider that the strain energy 

density function and the Helmholtz free energy are the same. In the case of finite 

elasticity theory, this is a hyper-elastic material [46]. Similarly, the torsional response in a 

macromolecular melt can be understood in terms ofthe material functions in large shears 

or high shear rates through a molecular model such as the Doi-Edwards [54] tube model 

of reptation, where an equivalent ofthe strain energy density function is referred to as a 

damping function h(Ii,l2) [54, 72, 73]. In both mbber elasticity and the Doi-Edwards 

models, there is little evidence that details ofthe chemical stracture dramatically affect W 

or h, other than through parameters that impact crosslink density or entanglement 

molecular weights respectively. An important aspect of the responses described above is 

that they are generally considered at relatively large strains in the finite deformation 

range of material behaviors. The strain energy density function of glassy polymers has 

been very little examined. However, there is evidence that the strain energy density 

behavior of these materials may depend strongly on the chemical stmcture ofthe polymer 

molecule. McKenna and Zapas [37, 74] and McKenna and Kovacs [38] have reported 

some values for the derivatives of the strain energy density function for PMMA. These 

were extracted from the normal force and torque responses using the Penn and Kearsley 

scaling law for torsion of incompressible elastic materials. McKenna and Pesce [43] 
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found a very different behavior in the strain energy density function of glassy 

polycarbonate using the same framework. 

The restriction of incompressibility made the determination of the strain energy 

density function easier since in that case only two invariants are required (W(Ii,l2)) and 

the material response is independent ofthe isotropic pressure. Rivlin and Saunders [55] 

developed an analysis for the determination of the strain energy density function in 

homogeneous deformation. The analysis was used by Treolar [75], Kawabata and Kawaii 

[76], and Becker [77] on the stress deformation responses obtained by stretching sheets of 

rabber in different directions. The condition of incompressibility also makes possible the 

determination of the strain energy density function from the responses obtained in 

inhomogeneous deformation. In particular, Rivlin's [44] expressions for the torque and 

normal force responses of a right circular cylinder of incompressible material in terms of 

the derivatives ofthe strain energy density function. Further, the scaling law of Penn and 

Kearsley [78] provides a very useful method for using Rivlin's solution to the torsional 

problem determine the strain energy density function. 

1.2.3 Compressibility Issues 

The assumption of incompressibility is ordinarily a good one for elastomeric 

materials. Solid polymers are compressible but under the assumption that torsion is an 

isochoric motion, the solution for torsion of incompressible material can be used for 

glassy polymers. However, it is not clear whether the assumption that torsion of polymer 

glasses is an isochoric motion is good. This is due to the fact that there are only few 

results reported on the volume change during torsion of glassy polymers and a lack of 

agreement between them. Some researchers have found an increase in the volume of 

epoxy during torsional stress relaxation experiments [79-81]. Others have found a 

decrease in the volume of different materials subjected to a twist with slightly different 

boundary conditions, i.e. the length was not constrained during the twist. Wang 

performed torsional experiments on PMMA, polycarbonate and poly(tetrafluoroethylene) 

and found a decrease in the volume of these materials [82]. Under the same boundary 

conditions, Pixa showed that the volume of poly(vinyl chloride) decreases under small 



deformation but increases back toward its initial value as the deformation increases [83]. 

The isothermal compressibility of PMMA, poly(n-butyl methacrylate) (PnBMA) and 

poly(cyclohexyl methacrylate) (PCHMA) has been investigated by Olabisi and Simha 

[84]. In this case no deformation was applied to the sample and a lower compressibility 

was found for the glassy polymer with the bulky side group, i.e. PCHMA. The Tait 

equation of state was successfully used to describe the pressure-volume-temperature of 

these materials with different flexibility in the side group [84]. To our knowledge there is 

no model which attempts to describe the change in volume of poly(alkyl methacrylate)s 

with side groups of different nature and subjected to a large twist. 

1.2.4 Physical Aging 

When a glass-forming Uquid is cooled from the melt state, at a certain point called 

the glass transition temperature (Tg), the volume and enthalpy will depart from their 

equilibrium values. When the material is held isothermally below the glass transition 

temperature, it undergoes a time-dependent relaxation towards equilibrium marked by a 

decrease in volume and enthalpy [69]. This is called stractural recovery and it is 

accompanied by changes in mechanical properties referred to as physical aging [66]. 

Stiffness, yield stress, density, diffusivity, viscosity are some ofthe properties which are 

affected by physical aging [85, 86]. Greater molecular mobihty and relaxation rate are for 

temperatures close to Tg, therefore signatures of physical aging are observable on useful 

experimental time scales at aging temperatures near the Tg. 

In performing physical aging time experiments, an isothermal, isochronal or 

isostractural approach can be used. These are defined in detail by Cerrada and McKenna 

and presented in Fig. 4 [87]. The isothermal and isochronal types of experiment consist of 

first annealing the sample above Tg. In the isothermal approach the sample is quenched at 

a specific aging temperature and the viscoelastic responses are probed at different aging 

times (te,i, te,2) during the isothermal treatment while it is held at different temperatures 

and probe at a specific aging time (te) for the isochronal process. Isostractural 

experiments are more complicated as it involves a Active temperature Tp (see Fig. 4) 

which is used to define an isostractural state. The sample is quenched close to but below 
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Tg (Ta), annealed for a specific aging time then quenched to different temperatures at 

which the viscoelastic responses are probed. In this work, the assumption is made that the 

isochronal type of experiment gives a reasonable framework for the comparison of the 

physical aging effect on the normal force and torque. The aging experiments are 

conducted using the isothermal approach. A common practice in the physical aging 

experiments is to superimpose the data obtained at different aging times. This is done by 

shifting the responses using time-aging time superposition [66, 88]. Certain polymers, as 

for instance poly (ethylene naphthalate) have a p relaxation that overlaps with the main a 

or glass transition [87]. It has been shown that poly (ethylene naphthalate) is stracturally 

rheological complex (time-aging time superposition does not hold) as a result of the 

different characteristic times of p and a mechanisms. 
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Figure 1. Temperature dependence of G" for polymethylmethacrylate and 
polyethylmethacrylate (after Heijboer [28]). Data was digitized. 
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Figure 2. Temperature dependence of G" for polycarbonate (after Yee [30]), Data was 
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Figure 3. Temperature dependence of G" for polysulfone (after Fried [34]). Data was 
digitized. 
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different types of aging experiments developed by Cerrada and McKenna [87]. 
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CHAPTER 2 

FINITE STEP RATE CORRECTION [43] 

2.1 Abstract 

The material response after the application of a constant strain rate ramp, 

followed, at time 7̂, by a constant strain differs from the response to an ideal 

(instantaneous) step of strain at short test times. Due to experimental limitations, the ideal 

step-strain cannot be achieved. As a result, short time stress relaxation data have to be 

corrected in order to obtain reliable estimates of, for example, the modulus G(t) at times 

shorter than approximately ten times the ramp time. Here two methods of correction to 

the stress relaxation data obtained after a linear ramp are compared, assuming a 

relaxation modulus ofthe formG(^) = G^e'^^'^^ . The Lee and Knauss correction uses an 

iterative scheme based on Boltzmann superposition. This method is compared with the 

Zapas-Craft approach in which the "trae" relaxation time becomes t ti / 2 (t is the 

experimental time and ti is the finite time to apply the step in strain). Our numerical 

computations show that when the relaxation time is short, there is a substantial error in 

the Lee-Knauss correction. Although the Zapas-Craft approach provides a better 

correction for times just sHghtly greater than ti I 2, it is limited in that it cannot be used 

for times shorter than ti I 2. The case for which the ramp-step is replaced with a more 

reahstic nonlinear function of time is also investigated. Finally, it is often desirable to 

have a similar correction for large deformation responses. The Lee-Knauss method is 

valid only for linear viscoelastic systems whereas the Zapas-Craft approach has not been 

rigorously evaluated for large deformations. The use of the latter for large deformations 

within the context of the Bemstein, Kearsley and Zapas single integral model is 

evaluated. An interesting result for the work performed in this thesis is that ignoring the 

first 1 s (more precisely, 10 times the ramp time ofthe RMS 7200 rheometer used in this 

thesis work) of the nonlinear viscoelastic response of glassy polymers is sufficient to 

obtain a good estimate ofthe material responses. 
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2.2 Methodologv 

In order to compare the Zapas-Craft method of correction ofthe ramp data to the 

Lee-Knauss correction method [58] we assume a Kohlrausch [89], Williams and Watts 

[90] (KWW) relaxation modulus to simulate the ramp data (G{t)=GQe^'^ ). The 

simulated stress relaxation ramp response data is modeled using the parameters Go= 10̂  

Pa, /?= 0.5 and either r= 3 s (material A, melt type of polymer) or r= 100 s (material B, 

glassy type of polymer). The rate of strain ofthe linear ramp (Ramp I) is fo = 0.001 s~^ 

and ramp time is 7̂ = 1 s. Next, the Lee-Knauss and the Zapas-Craft methods of 

correction are applied to the simulated ramp response. The corrected curves are then 

compared with the calculated response to an ideal step. The method of evaluation 

considers not only the absolute difference, but also the results of curve fitting the data to 

obtain the KWW parameters Go, fi, and T. These are then compared to the KWW values 

used to calculate the simulated responses to an ideal ramp. Recalling that the Lee-Knauss 

method of correction is strictly limited to linear viscoelasticity, the applicabihty of the 

Zapas-Craft method to the nonlinear response regime is then considered because torsional 

relaxation experiments are performed in the high range of deformations. 

2.3 Methods of Analysis 

2.3.1 Background 

The ramp history of strain can be determined as illustrated in Figure 5 and can be 

described by the following equation [2]: 

r{t) = fo[iH{t)-{t-t,)H{t-t,)] (1) 

where the unit step fimction h(t - ti) is defined by, 

/ . \0, t<ti 

^ ^^ [I, t>ty 

and YQ is the constant rate of strain for the ramp in deformation. 
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Applying the Boltzmann superposition principle [1] to the type of history defined 

in Eq. 1, the shear stress response T}2(t) at times greater than ti is determined by the 

difference between two relaxation functions, ri(t) and ri(t - ti) [2] : 

r (t) = V''^^^''' 0<t<t, 

where 77(0 = lG{^)d^ 
0 

Eq. 2 then becomes, 

ro]G(^)d^, 0<t<t, 
0 

f,]G{^)d^-f,"jG{<^)d^, t>t, 
hiit) = (3) 

2.3.2 Lee-Knauss Recursive Procedure [59] 

By performing a differentiation of Eq. 3, Lee and Knauss [59] calculated the 

following backward computation: 

G(,,,J.G(,)_-L^i^(^-^^)-^i^(^) t > t, (4) 
n 

where h is the time increment in the evaluation ofthe above derivative. 

At / > 10 ŷ, the relaxation modulus G(t) is assumed to be equal to that obtained 

from a trae step and, using the slope of the relaxation curve at this time, G(t - tj) is 

computed. The procedure, starting at /* = 10 /y, is followed for a sequence of times t and 

completed as t goes to ti. Again, it must be emphasized that because of the use of the 

Boltzmann superposition principle, Eq. 4 is strictly limited to the linear (small 

deformation) range. 
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2.3.3 Zapas-Craft Approach [15, 60] 

In order to extend the correction of ramp data to large deformations, Zapas and 

Craft [15, 60] used the incompressible isothermal form ofthe BKZ theory [12]. This 

states that the response at time / is given by: 

1̂2(0 = - Iw. {j.{t)-r{t'),t-t'Mt)-r{t'))dt^ (5) 

Ot 
(6) 

where t and t' are the present and past times, respectively. 

W(r,t) is the relaxation function and is here assumed to be separable in time and strain, 

w{r,t) = G{t)D{r) (7) 

/ >. [=1 for linear case 
D[r) is an arbitrary damping function < 

[̂  1 for nonlinear case 
(8) 

Zapas and Craft, and Zapas and Phillips assumed that the mean value theorem is 

valid for nonlinear material behavior. Then the response to a ramp history of strain as 

given by Eq. 5 becomes: 

G{t) = 

( o 
7 

for the linear case (9) 

W{y,t) = 
12 t + ^ 

7 
for the nonlinear case (10) 
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Thus, the correction term is t} / 2 , i.e., tcorrected = t-(ti/2) 

2.4 Results 

2.4.1 Linear Viscoelastic Material 

2.4.1.1 Difference between the Trae and Ramp Responses at Various Times 

Before comparing the two methods of finite step-rate correction, we look at the 

assumption made in the Lee-Knauss correction that at times greater than 10̂ 7, the G(t) 

(from the ramp step experiment) is equal to that from a pure step function. This is a 

commonly applied method to obtain material data in relaxation or creep experiments and 

is a sort of "rule of thumb" [59, 70]. Hence, the range of data that can be ignored to give 

a reasonable approximation to the trae step response is first investigated. As noted in the 

previous section, the application of a strain as a trae step function of time is unattainable. 

Instead, a strain as a ramp function of time is imposed. According to Eq. 2, the material 

response to a ramp of strain at ^ > ti, can be considered as the response to a constant 

strain rate from which, at time tj, the response to the same rate of strain is subtracted (see 

also Fig. 5). Therefore, the response after the ramp deformation is an upper bound to the 

trae step response. 

In Fig. 6 is illustrated the calculated responses to a step strain and a ramp strain as 

a function of time for two different systems: 

(A) short relaxation time r= 3 s, Go= 10̂  Pa, fi= 0.5 (melt type of polymer) 

(B) longer relaxation time r= 100 s, Go= lO^Pa, /?= 0.5 (glassy type of polymer) 

In Fig. 7 is plotted the difference between the ramp and trae response normaUzed 

by the trae response, A(T]2(t)) / Tnft). From this it is seen that Afruft)) / rj2(t) at the ramp 

time ti is greater for the material A, i.e., the material with shorter relaxation time. At ti (tj 

= 1 s), A(Ti2(t)) / Ti2(t), is 3% for material B and 12% for material A. As time increases, 

A(Ti2(t)) / Ti2(t) decreases such that at 10 times ti it is about 0.6% and 1% for B and A, 
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respectively. At 100 times ti, A(r}2(t)) / znit) is no more than 5x10"^ for A and 9 x lO""̂  for 

B (not shown in Fig. 7 for clarity). 

A compararison is made between the input parameters ofthe KWW equation and 

the parameters Go (glassy modulus), r (relaxation time) and fi (related to the width of 

distribution of the relaxation times) obtained by curve-fitting the modeled ramp response 

(i.e. before correction) from which an increasing portion ofthe early time data has been 

neglected. Note that a nonlinear regression method based on the Levenberg-Marquardt 

algorithm is used to curve fit the data. Typically, the fitting curve consists of 5000 data 

points in the range 0 s to 500 s. A validation of the curve fit procedure is first made by 

fitting the parameters for the step response directly. In this case the fit leads to the fitting 

parameters and the input parameters being the same. For material A (Table 1), there is a 

substantial error of 13% in the parameter Go and 10% in the parameter r, when the first 

10 s (i.e. lO ŷ) ofthe stress relaxation curve have been neglected. By comparison, the 

errors in the parameters for material B are 2% for Go and 3% for r (Table 2). When the 

portion ofthe stress curve neglected is 50 tj and 100 ti, it can be seen that the errors in the 

parameter estimates decrease but may still be significant (e.g., the error in Go is 7% for 

material A when t = 50 ti and 2% when t=\00 ti). 

To conclude this section, it is worth noting that for materials where the 

characteristic relaxation time is ofthe same order as the ramp time i.e., material A, the 

relaxation modulus obtained from the ramp history of strain is a good approximation of 

the trae relaxation modulus only when the experimental time is more than 100 times 

larger than the ramp time ti. For the longer relaxation time, material B, the trae step 

response approaches the ramp response at times of 10 ti to 20 ti. Clearly this resuh has 

important implications for models of material behavior which may assign physical 

significance to parameters obtained from curve fits to results that only ignore data up to 

10 tl. Next, the impUcation of these observations on the methods of correction of ramp 

data is analyzed. 
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2.4.1.2 Results of Comparison of Two Methods of Correction 

As discussed previously, our methodology uses a KWW functional form for the 

relaxation modulus. Using this form, the ramp response is calculated and the procedures 

outlined in section 2.3 are used to correct the ramp response. The corrected responses are 

then compared with the modeled response for a trae step strain. Pre-empting the results 

below it is shown that for material A (short relaxation time), the Zapas-Craft approach 

gives a better approximation of the stress relaxation response for the step strain history 

for times slightly greater than ti I 2. However, only the Lee-Knauss recursive method 

with a numerical time interval h less than ^7/2 provides an evaluation of the trae 

relaxation modulus for times less than 7̂ / 2 (actually down to a shortest time of h 

seconds). 

As a reminder, the stress relaxation response is modeled using the KWW 

parameters Go= 10^Pa, fi= 0.5 and either r= 3 s (material A) or r= 100 s (material B). 

For material A, the modeled ideal response with the corrected responses by both Lee-

Knauss and Zapas-Craft procedures are shown in Fig. 8. A curve fitting of the ramp 

response corrected by the Lee-Knauss procedure shows a substantial error of 14% for the 

r parameter when /z = 0.1 s (Table 3). The error is half of this value when the Zapas-Craft 

correction is applied (Table 4). The computation of G(t) using the Lee-ICnauss method is 

not accurate for short relaxation times for the following reasons: 

(1) The assumption that the moduli calculated from the ramp strain and ideal strain at 

10 ̂ 7 are equivalent is not correct. As shown above, the modulus from the ramp 

strain calculated at 10 ̂ 7 is 1% higher than the ideal strain step modulus. 

Additionally, a different starting point r* is used for the Lee-Knauss algorithm 

and found that for material A, the error in the relaxation time parameter (r), is 

more than halved when /* = 100 s (= 100 7̂) is used as opposed to when ?* = 10 s 

(=10 7̂) is used (Table 3.1). 

(2) The evaluation ofthe time derivative of tnit) (i.e. the last term in Eq. 4) with a 

numerical time increment of A = 0.1 s as suggested by Lee and Knauss is not 
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small enough to provide a good representation when the relaxation times are short 

and the decay in the modulus is fast. 

For material B, both correction techniques applied to the ramp response are more 

satisfactory than for material A (Fig. 9). A curve fitting ofthe ramp response corrected by 

the Lee-Knauss procedure shows an error of 1% for the r parameter when h = 0.\ s 

(Table 5). The error is 0% when the Zapas-Craft correction is appUed (Table 6). 

The y9 parameter is also changed (measure ofthe broadness ofthe relaxation time 

distribution) in the KWW function and found that both methods of correction show 

systematically greater errors for materials having a broader relaxation time function, i.e., 

when fi is smaller (Figs. 10, 11 and Tables 7, 8). It is worth noting. Tables 3-6 also 

demonstrate that for both corrections the best curve fitting is obtained for closely spaced 

data points (h = 0.001 s). Note that an ideal step response is used, i.e. without the noise 

that is commonly present in experimental data. This is made to critically compare the two 

methods of correction, though the authors acknowledge that experimental noise may 

affect the quality of each fitting procedure to varying degrees. 

2.4.1.3 Non Ideal Ramp of Strain 

In the previous sections, the two methods of correction were evaluated for an 

ideal ramp with a constant rate of strain (Ramp I), Fig. 12. Here a more realistic nonlinear 

strain-time curve is simulated (denoted as Ramp II and shown graphically in Fig. 12) and 

the two correction methods are compared. The following relation gives the time 

derivative ofthe Ramp II loading history. 

r « = T 
^ t^' 

K 2y 
+ bt + c 

The boundary conditions used are, 

^dr{t)'^ 

dt y,=o 
= 0 
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rW.. = 7c 

7{tU=^ 
2 2 

From the boundary conditions defined above, 

« = ^--roJx 

b = ^^ 

2 t. 

K^J 

c = --7o 

Ramp II loading is used to simulate the stress response for materials A and B 

using the Boltzmann superposition principle. Fig. 13 shows the Lee-Knauss and Zapas-

Craft corrections for finite step-rate applied to the simulated stress response for material 

A. Curve fitting of the Lee-Knauss corrected data (Table 9) indicated that the error in the 

parameter r i s 19% (for h = 0.l s). By comparison, the error was 14% for the hnear ramp. 

For the Zapas-Craft correction the error for the linear ramp was 7% and it appears that the 

apphcation ofthe nonlinear ramp (Ramp II) does not affect the error (Table 10). For 

material B, the introduction of a nonlinear ramp (Ramp II) results in no significant 

difference to either ofthe corrected curves when compared to the linear ramp (Fig. 14, 

Tables 11 and 12). Similar methods could be used to evaluate the effects of other 

nonideal ramps. 

2.4.2 Nonlinear Viscoelastic Material 

The simulations performed above are strictly limited to the linear viscoelastic 

range since the Boltzmann superposition principle was used to constract the ramp 

response. The Zapas-Craft correction method for a nonlinear viscoelastic material is now 

evaluated. The nonlinearity is introduced by the following arbitrary damping function 

(Fig. 15): 
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D{r) = i~i2A50ir' (11) 

The BKZ theory (Eq. 5) in its summation form was used to simulate the ramp 

response r^ft) for different large deformations. Figures 16 and 17 present the 

comparison for materials A and B, respectively, of Ti2(t)/ro from the Zapas-Craft 

correction with the ramp response and the ideal step response for a deformation of y= 

10%. A curve fit to the relaxation responses (using W{r,t) = G(r)xZ)(x); and remark 

that D(y) is a constant here) to the corrected curve gives an error in the r parameter of 9% 

and 0% for materials A and B respectively (Table 13). The technique of correction seems 

reasonable for the defined nonlinear range. However, when a larger deformation of ;K = 

20% is used, which is further into the nonlinear range (see Figure 15), the correction 

method begins to break down, hi fact, an error of 27% and 3% is found in the r parameter 

for materials A and B respectively (Table 13). Importantiy, the damping function of Eq. 

11 is typical for a glassy polymer where the nonlinearity can be very strong. A milder 

nonlinearity such as that used by the Doi-Edwards model [53] would not be expected to 

create problems until much higher strains are reached. 

2.5 Discussion 

In the preceding the impact of a finite rate step on the determination of the 

relaxation modulus was examined for different viscoelastic material parameters using the 

KWW stretched exponential function. The results of our analysis are somewhat 

surprising. First, the "rule of thumb" that the ramp effect dies away after approximately 

ten times the ramp time (10 7̂) is examined. While the differences between the response 

after a ramp and the response after an ideal step become small, the calculation of the 

material response parameters when compared to the input parameters exhibit errors that 

can be relatively large, particularly when the material relaxation times are ofthe order of 

the ramp time. In one case shown, when r ^ 3 s, it is required to wait more than one 

hundred times the longest relaxation time, i.e. more than 100 tj for the errors to become 

insignificant. It is worth noting that Chang [91] came to a similar conclusion for a single 
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relaxation time material. This indicates that the "rule of thumb" is not a sufficient 

criterion for the evaluation ofthe relaxation modulus from ramp data. 

The use ofthe "rule of thumb" also contributes to the errors that arise in using the 

Lee-Knauss correction method for a linear viscoelastic material. In addition, the Lee-

Knauss method gives greater errors than expected, given that it is based on linear 

viscoelasticity theory, because their recommended time increment for data analysis is too 

large, particularly for short relaxation time materials. 

In our comparisons of the Lee-Knauss method and the Zapas-Craft method for 

correcting the effects ofthe finite rate step, it is found that the latter method worked well 

to times of approximately t tj/ 2. However, the method does not permit corrections to 

shorter times. The Lee-Knauss method permits corrections to the smallest time 

increment in the numerical scheme used in their recursive method. 

Although the relative errors between the corrected response and the trae step 

response were small, the input model parameters (KWW model) calculated from the 

corrected data showed significant errors for the material with the short relaxation times. 

This result is surprising and suggests that care needs to be taken even with corrected data 

when trying to use, e.g., the KWW function and interpreting the model parameters as 

having a physical significance. The reason for the result is, in our view, due to the 

difference in curvature ofthe corrected data relative to the trae step data. 

Also, when the ramp applied is not an ideal linear ramp, it is found that the Zapas-

Craft method worked as well as it had for the linear ramp. However, the Lee-Knauss 

method gave increased errors compared with the results for the linear ramp. Since most 

test machines do not apply a linear ramp in a step mode, it may be advantageous in some 

circumstances to apply a slower step, but one which more closely approximates the linear 

ramp when doing stress relaxation measurements. 

The evaluation of the Zapas-Craft method for the nonlinear deformation range 

showed that for a moderate nonlinearity, i.e., the modulus is approximately 0.9 times the 

linear modulus, the method works very well. However, when the deformation is doubled 

and the modulus at the strain of interest was only 0.5 times the linear modulus significant 
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errors were introduced in the calculated response function, particularly for the material 

with the short relaxation time. 

2.6 Conclusions 

The Zapas-Craft correction provides a better approximation of the material 

response than the Lee-Knauss correction, as developed in the Lee-Knauss paper. The 

Zapas-Craft correction uses the data obtained after a ramp of strain and avoids the 

difficulties with the "factor often rule" for short relaxation time materials—which is one 

cause of error in the Lee-Knauss method. The Zapas-Craft method for finite 

deformations (nonlinear range) was also evaluated using an arbitrary damping function 

and strains of 10% and 20%. Our simulations reveal that the method is applicable for a 

weak nonlinearity. The Lee-Knauss procedure, strictly vahd only for the linear 

viscoelastic range, is appropriate for materials with long relaxation times and is vahd for 

short relaxation times only when the time scale increment used to treat the data is suitably 

small and when the correction starts at times much greater than 10 7̂. Also the Lee-

Knauss algorithm is constmcted on the basis of a ramp having a constant rate of strain. In 

the case of a non-constant rate of strain in applying the deformation step, the algorithm 

has to be modified in order to obtain vahd results. No such change is necessary for the 

Zapas-Craft method at least for the non-ideal ramp history investigated here. However, 

both correction methods are more appropriate for materials having a narrow relaxation 

time function (large fi). A particularly surprising result is that, while the corrections 

provide small relative errors in the value of the G(t) function, curve fitting of the 

corrected data to the (KWW) function can still give significant error in the material 

parameters. Because these parameters are often interpreted for physical significance, it is 

important to understand the errors that can be introduced when fitting experimental data 

to the curves, whether corrected or uncorrected. Finally, the common practice of simply 

ignoring the first 10 s (== 10 7̂) ofthe relaxation data is not valid for materials where the 

relaxation time is of the same order of magnitude as the ramp time. In this thesis are 

studied soUd polymeric materials for which relaxation times are at least one order of 

magnitude greater than the ramp time of the rheometer (RMS 7200) used to measure the 
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mechanical responses (ti = 0.08s). As a result, ignoring the first 10 s is sufficient to 

obtain a good estimate of the material responses. Another torsional apparatus having a 

ramp time of 0.5 s is used for the determination ofthe volume change (see chapter 3, part 

C). The first 5 s ofthe responses obtained from this device are therefore ignored. 
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Figure 6. Simulated relaxation modulus for the ramp (Xo = 0.1%, t^ = ^s) and the ideal 
step-strain for two different relaxation times, material A (r = 3 s) and B (r = 100 s). 
Material parameters: Go = 10 Pa, /?= 0.5 
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Figure 7. Computed values ofthe difference between the ramp (ro = 0.1%, t^ = Is)) and 
the ideal step responses at various experimental times for two different relaxation times, 
materials A ( r= 3 s) and B (r= 100 s). Material parameters: Go= 10^Pa, fi= 0.5 
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Figure 8. The simulated trae step response, the simulated ramp response, the Lee-Knauss 
corrected response (t = 10 ti) and the Zapas-Craft corrected response for material A. 
Material parameters: Go = lO^Pa, r= 3 s and ^5= 0.5 (ro= 0.1%, 7̂==1 s, /z = 0.1 s) 
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Figure 9. The simulated ideal step response, the simulated ramp response, the Lee-
Knauss corrected response (̂ * = 10 ti) and the Zapas-Craft corrected response for 
material B. Material parameters: Go = 10̂  Pa, r= 100 s and /?= 0.5 (/o= 0.1%, tj= I s,h 
= 0.1 s) 
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Figure 10. The simulated ideal step response and the Lee-Knauss corrected response at 
various fi for material A. Material parameters: Go = 10̂  Pa, r = 3 s (ro = 0.1%, ?7 = 1 s, /z 
= 0.1 s) 
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Figure 11. The simulated ideal step response and the Zapas-Craft corrected response at 
various fi for material B. Material parameters: Go = 10̂  Pa, r = 3 s (ro =0.1 %, tj^ I s, h 
= 0.1 s) 
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Figure 12. Ramp I and II of strain 
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Figure 13. The simulated ideal step response, the simulated ramp response, the Zapas-
Craft corrected response and the Lee-Knauss corrected response to the ramp II (material 
A). Material parameters: Go= 10^Pa,y9=0.5, r = 3 s (/o=0.1%, ^7= 1 s,/z = 0.1 s) 
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Figure 14. The simulated ideal step response, the simulated ramp response, the Zapas-
Craft corrected response and the Lee-Knauss corrected response to the ramp II (material 
B). Material parameters: Go= lO^Pa,/?=0.5, r=100s (;KO= 0.1%, ^7= 1 s,h = 0.l s) 

38 



Q 

1 .0 

0 . 8 -

0 .6 -

0 .4 -

0 . 2 -

0 .0 
0 .00 0 . 2 5 0 , 3 0 

Figure 15. Damping function: Z)(;K) = 1-12.4501;K' 
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Figure 16. The Zapas-Craft corrected response for a nonlinear viscoelastic material, r ~-
10% (material A). Material parameters: Go= 10^Pa,;5=0.5, r= 3 s (?y= 1 s,/z - 0.1 s) 
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Figure 17. The Zapas-Craft corrected response for a nonlinear viscoelastic material, r ~ 
10% (material B). Material parameters: Go = lO^Pa, /?= 0.5, r= 100 s (ti=ls,h = 0.1 
s) 
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Table 1. Ramp response-fitting (material A). Material parameters: Go = 10̂  Pa, fi 

0.5, r= 3 s (ro = 0.1%, tj = 1 s). Range of fits: up to 500 s 

Portion of the stress 

relaxation curve 

neglected̂ "-* 

5s 

10 s 

20 s 

50 s 

100 s 

Go, fit / Go 

1.18 

1.13 

1.10 

1.07 

1.02 

Tfit / T 

0.85 

0.90 

0.93 

0.96 

0.99 

^rJj3 

0.97 

0.98 

0.99 

0.99 

1.00 

^̂^ Time interval for which data are neglected from beginning of ramp (t = 0) 
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Table 2. Ramp response-fitting (material B). Material parameters: Go = 10̂  Pa, fi 

= 0.5, T=100s (̂ 0 = 0.1%, ^y=l s). Range offits: up to 500 s 

Portion ofthe stress 

relaxation'curve 

neglected^^^ 

5s 

10 s 

20 s 

50 s 

100 s 

*• ^ n T i m f * Mr\ip^T\T 

Go, fit / Go 

1.02 

1.02 

1.01 

1.01 

1.00 

•al -^rw wT\\\r\\ Hcifa are^ ir\p 

Tfit/ T 

0.97 

0.97 

0.98 

0.98 

0.99 

*ci\f^n\f^A frr\Tn V^painninc 

/?fi,//? 

0.99 

0.99 

0.99 

0.99 

0.99 

T n f r a m n (t = 0^ 
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Table 3. Lee-Knauss corrected modulus-fitting using different numerical time 

increments (material A). Material parameters.- Go = 10^ Pa, y? = 0.5, r = 3s (/* = 

10̂ 7, ro = 0.1%, tj = 1 s). Range offits: up to 500 s 

h = l s 

h = OAs 

h = 0.0\s 

A = 0.001 s 

Go, fit / Go 

0.78 

0.96 

0.99 

1.00 

Tfit / r 

1.51 

1.14 

1.07 

1.01 

J3rj/^ 

1.12 

1.03 

1.02 

1.00 
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Table 3. 1. Lee-Knauss corrected modulus-fitting at various t* (material A). Material 

parameters: Go= 10^ Pa, /?= 0.5, r= 3s (xo= 0.1%, tj=l s,h = 0.1 s). Range offits: up 

to 500 s 

t* 

10 s 

100 s 

1000 s 

Go, fit / Go 

0.96 

0.96 

1.00 

Tfit / r 

1.14 

1.06 

1.04 

/?fit/y5 

1.03 

1.01 

1.01 

45 



Table 4. Zapas-Craft corrected modulus-fitting using different numerical time 

increments (material A). Material parameters.* Go= 10̂  Pa, /? = 0.5, r = 3 s(ro = 

0.1%, ti = 1 s). Range offits: up to 500 s 

h = l s 

h = OAs 

h = O.Ol s 

/z = 0.001 s 

Go, fit / Go 

1.07 

1.04 

1.03 

1.03 

Tfit / T 

0.88 

0.93 

0.95 

0.95 

/^rJ/3 

0.96 

0.98 

0.98 

0.98 
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Table 5. Lee-Knauss corrected modulus-fitting using different numerical time 

increments (material B). Material parameters.* Go = lO^Pa, fi= 0.5, r= 100 s (/* = 

lO ŷ, ro = 0.1%, tj = 1 s). Range offits: up to 500 s 

h = l s 

/z-O. ls 

h = O.Ol s 

A = 0.001s 

Go, fit / Go 

1.00 

1.00 

1.01 

1.00 

Tfit / T 

1.00 

0.99 

0.99 

1.00 

>5fit//? 

1.00 

1.00 

1.00 

1.00 
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Table 6. Zapas-Craft corrected modulus-fitting using different numerical time 

increments (material B). Material parameters.' Go = 10̂  Pa, fi= 0.5, r= 100 s (ro = 

0.1%, tj - 1 s). Range offits: up to 500 s 

h = l s 

A = 0.1s 

A = 0.01 s 

A = 0.001 s 

Go, fit / Go 

1.00 

1.00 

1.00 

1.00 

Tfit / T 

1.00 

1.00 

1.00 

1.00 

y^fit/y? 

1.00 

1.00 

1.00 

1.00 
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Table 7. Lee-Knauss corrected modulus-fitting for different fi (material A). 

Material parameters." Go = lO^Pa, r= 3 s (̂ * = lO ŷ, h - 0.1 s, ro = 0.1%, ti = 1 s). 

Range offits: up to 500 s 

fi 

0.25 

0.5 

1 

Go,fit / Go 

0.94 

0.95 

0.99 

Tfit/ T 

1.30 

1.14 

1.00 

firJfi 
1.05 

1.03 

0.98 
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Table 8. Zapas-Craft corrected modulus-fitting for different fi (material A). 

Material parameters: Go = lO^Pa, r= 3 s (ro = 0.1%, tj = l s,h = 0.l s). Range of 

fits: up to 500 s 

p 
0.25 

0.5 

1 

Go, fit / Go 

1.05 

1.04 

1.00 

Tfit / T 

0.85 

0.93 

1.00 

j3rJP 

0.98 

0.98 

1.00 
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Table 9. Lee-Knauss corrected modulus-fitting for two types of ramp (material 

A). Material parameters.- Go = 10̂  Pa, fi = 0.5, T=3 s{h = OA tj, t*=lO s, yo = 

0.1%, ti = 1 s). Range offits: up to 500 s 

Ramp I 

Ramp II 

Go, fit / Go 

0.95 

0.93 

Tfit / T 

1.14 

1.19 

Pm/P 

1.03 

1.04 
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Table 10. Zapas-Craft corrected modulus-fitting for two types of ramp (material 

A). Material parameters.* Go = lO^Pa, y5= 0.5, r= 3s(ro = 0.1%, /y = 1 s, /z = 0.1 

s). Range offits: up to 500 s 

Ramp I 

Ramp II 

Go, fit / Go 

1.04 

1.02 

Tfit/ T 

0.93 

0.96 

PrJP 
0.98 

0.99 
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Table 11. Lee-Knauss corrected modulus-fitting for two types of ramp (material 

B). Material parameters.- Go = 10^Pa, /?= 0.5, T = 100 s {h = 0.1 s, t*= lOtj, yo = 

0.1%, ti = Is) Range offits: up to 500 s 

Ramp I 

Ramp II 

Go, fit / Go 

1.00 

1.00 

Tfit / T 

0.99 

1.01 

PmiP 

1.00 

1.00 
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Table 12. Zapas-Craft corrected modulus-fitting for two types of ramp (material 

B). Material parameters." Go = lO^Pa, /?= 0.5, r= 3s(ro = 0.1%, tj = \ s,h = 0.1 

s). Range offits: up to 500 s 

Ramp I 

Ramp II 

Go, fit / Go 

1.00 

1.00 

Tfit / T 

1.00 

1.00 

PrJP 
1.00 

1.00 
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Table 13. Zapas-Craft corrected modulus-fitting for the nonlinear range. Material 

parameters.- Go = lO^Pa, /?= 0.5, {y =10%, ti = ls,h = OA s). Range offits: up to 

500 s 

A(;K=10%) 

B {y=lO%) 

A ( / = 2 0 % ) 

B (^=20%) 

Go, fit / Go 

1.05 

1.00 

1.18 

1.01 

Tfit/ T 

0.91 

1.00 

0.73 

0.97 

Pra/P 

0.97 

1.00 

0.93 

0.99 
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CHAPTER 3 

TORSION OF AN ISOTROPIC NONLINEAR VISCOELASTIC CYLINDER -

ISOCHORIC MOTION 

PART A: NORMAL FORCE RESPONSE OF GLASSY POLYMERS WITH SIDE 

CHAIN MOTIONS 

A.3.1 Abstract 

Resuhs from torsional stress relaxation experiments in which the torque and 

normal force responses of two glassy poly(alkyl methacrylate)s are measured, are 

presented. Tests were performed at temperatures ranging from the dynamic glass 

transition (a-relaxation) to the first sub-glass transition relaxation (P-relaxation) and in 

the sub-yield range of deformations (strains ranging from 0.02 to 0.045) and at a fixed 

aging time of 4980s. A significant difference between the relaxation behavior of the 

normal force response and the torque response of poly(methyl methacrylate) (PMMA) 

was found. The results provide evidence that the normal force of PMMA is influenced by 

the P-relaxation. For specimens having a longer side chain length, i.e. poly(ethyl 

methacrylate) (PEMA), the difference between the normal force and torque relaxation 

behaviors is less. This is consistent with the less pronounced p-relaxation mechanism in 

PEMA (see Fig. 1). Furthermore, an examination ofthe effect of temperature on the ratio 

of the normal force modulus to the shear modulus of PMMA provides strong evidence 

that the normal force modulus relaxes faster than the shear modulus as the P-relaxation is 

approached. Also, following the scaling law relations of Penn and Kearsley [78], the 

derivatives of the strain energy density function with respect to the first and second 

invariants ofthe strain tensor were determined. From these, a Valanis-Landel form ofthe 

strain energy density ftanction [61] used to describe the response in uniaxial deformation 

was extracted. Finally, the departure of the strain energy density function behavior of 

PMMA and PEMA from the neo-Hookean material behavior is shown. 
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A.3.2 Experimental Work 

The PMMA was obtained from Cadillac Plastics in the form of cast rods of 25 

mm diameter. PEMA powder was obtained from Aldrich Chemical Company. The 

average molecular weight ofthe PMMA is 1x10^ g / mol and it is 8.5x10^ g / mol for the 

PEMA as reported by the provider. The PEMA powder was molded into rectangular solid 

plaques using a platen press at a temperature of Tg + 40 °C (103 °^) for five hours and 

then cooled slowly to below Tg. To facilitate gripping in a special fixture for torsion of 

solid materials [38], samples with a gauge section of 25 mm length and 4.8 mm diameter 

with a standard uncertainty of 0.01 mm were machined. The glass transition temperature 

(Tg) of each material was determined on cooling from DSC measurements at a rate of 10 

°C / min and was found to be 116 °C for PMMA and 63 °C for PEMA. The samples were 

annealed at 4 °C above Tg for 1800 s before being machined and 900 s prior to each 

experiment in order to remove the effects of mechanical history. 

Mechanical testing was performed using an RMS 7200 (Rheometrics, Inc) load 

frame equipped with a digitally controlled servomotor. The torque and normal force 

responses were measured using the RMS 7200 strain gage transducer that has a 2000 g 

normal force capacity and a 20,000 g.cm torque capacity (original to the equipment). 

Moreover, the sample and grips were placed in a heater chamber to control the 

temperature, allowing experiments to be performed from ambient to 100 °C. The strain is 

a linear function ofthe radius r, here YR is the nominal strain based on the outer radius: 

yR = R e / L = \|/R (12) 

where R is the cylinder radius, 9 is the angle of twist, L is the length ofthe gauge section 

and \|; is the angle of twist per unit of length. The strains applied to the sample covered 

both linear and nonlinear viscoelastic ranges, but below the yield point (from 0.02 to 

0.045). The standard uncertainty in the torque measurement is 0,03 N m and is 0,8 N in 

the normal force measurement depending on the applied strain and temperature. In each 

experiment, the application ofthe constant strain takes less than 0.08 s. In order to 

account for the effect ofthe ramp loading stage on the mechanical responses, the first 

second (about 10 times 0.08 s) ofthe relaxation data was ignored [58]. 
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As mentioned previously, prior to each single step stress relaxation experiment, 

the samples were kept at Tg + 4 °C for 900 s to remove the prior mechanical history. They 

were then quenched in less than 180 s to below Tg (80 °C, 50 °C and 30°C for PMMA, 50 

°C and 30°C for PEMA). Because of this isobaric quenching process to below Tg, a non-

equilibrium polymer glass was formed. Since non-equilibrium polymer glasses are 

unstable [63-65], the volume of the samples spontaneously evolves towards the 

equilibrium volume when the samples are tested at constant temperature in the RMS 

oven. The approach to the equilibrium volume is associated with a change in the 

mechanical properties, so-called physical aging [38, 66, 67]. Therefore, in order to 

account for the changes observed during physical aging, the Struik protocol [66] was 

adopted. Here, the strains are applied sequentially at aging times that double with each 

stress relaxation test and the duration ofthe stress relaxation test is one tenth ofthe aging 

time (the moment of the quench defining the origin of the aging time). By using this 

protocol, not only the effect of physical aging during the application of the strain was 

minimized but also the effect of the previous loading cycle. The results reported in this 

paper are for an aging time of 4980 s and the duration ofthe stress relaxation tests is 360 

s. Remark that this sequence provides "isochronal" aging information instead of 

"isostructural" information which are more difficult to obtain, (see 1.2.2., Fig. 4) [87]. 

A.3.3 Theoretical Considerations 

A.3.3.1 Torsion of a Solid Cylinder 

Assuming a cylinder of length L and radius R subjected to a twist i|/ = 9 / L per 

unit of length, the strain through the cylinder is independent of the length and linearly 

dependent on the radial position r. The equations describing the torque and normal force 

as a function of the twist \\f imposed at the end of the incompressible cylinder material 

whose length is maintained constant were derived by Rivlin [44] : 

The same equations can be derived using the BKZ theory. This is shown in the Appendix 
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R 
T = 47rif/l{Wi -^W2)r^dr 

0 
(13) 

R 
N = -27ri//^ l{Wi-\-2W2)r^dr 

0 
(14) 

where T is the torque, N is the normal force, Wi and W2 are the derivatives ofthe strain 

energy density fimction with respect to the first and second invariants (Ii and I2) of the 

strain tensor. In torsion, one finds that Ii and I2 = 3 + (\\fRf. Using an appropriate change 

of variables and differentiation of T and N with respect to the limits ofthe integral in the 

above Eqs. (13) and (14), Penn and Kearsley derived the scaling law for incompressible, 

elastic and nonlinear materials [78], McKerma and Zapas [74] showed that identical 

results are obtained using the BKZ [12] theory for viscoelastic isothermal, incompressible 

elastic fluids. Furthermore, since isochronal viscoelastic data can be treated as elastic 

(again after Rivlin [92]), McKenna and Zapas developed the following equations [74]: 

wAthwAt)=^ = 1 

27ti//R 
3T{t) + i// 

dTJt) 
dy/ 

(15) 

W^{t)+2W2{t) = 
N^it) 

niif^R' 
N{t) + y/ 

2 dNJt) 

d{yf^) 
(16) 

where G(t) is the shear relaxation modulus at strain y = i|/R and we refer to '^^^|{X) as the 

normal force relaxation modulus in the present work. By solving simultaneously Eqs. 

(15) and (16), the values of Wi(t) and W2(t) can be determined as a function of twist. 

Note that the method requires good estimates of the slopes dT/dv and dN/d(v|/^) which 

respectively, make up '/4 ofthe total in Eq. (15) and V2 ofthe total in Eq. (16) when the 

response is linear and quadratic in strain, respectively. The slopes are obtained by 
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performing a fifth order regression to the isochronal torque data (ai)/̂  + h\\f^ + cii/) and a 

sixth order regression to the isochronal normal force data (ai|/^ + h\\f^ + ci|/). 

A.3.3.2 The Valanis-Landel Function for Incompressible Material 

For an incompressible material, Valanis and Landel (VL) postulated the existence 

of a strain energy density fimction that is separable in the principal stretches X\, Xj and X-^ 

[61]: 

W(lxJ2)=W{Xi,X2,?^z) = WM^W{h)^W{X2,)+a\n{XiX2 (17) 

where a is an arbitrary constant. The relationship between the derivative of the VL 

function v^\X) and Wi and W2 for torsion was derived by Kearsley and Zapas [93] as 

follows: 

w 
( , ) _ W l ) , 2 ( , 2 _ , ) 

X A 
Wi + 

W2 (18) 

and in torsion, 

>^rv-iQ-v /Ll 
-max 

i^^R^+4j +1//R (19) 

^min ~ -̂ 3 [^^R^+Aj -y/R (20) 

Ao =1 (21) 

By showing that w'(l) can be set to zero in Eq. (18), Kearsley and Zapas provided 

a useful method for the determination of the VL function derivative term firom the 
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denvatives ofthe strain energy density fimction obtained in torsion of an incompressible 

material [93]: 

w'W^l^'-l) (22) 

A.3.3.3 Neo-Hookean Class of Material 

The neo-Hookean theory applies to incompressible materials having the strain 

energy function in the form W(Ii) (W2 = 0). Using Eqs. (15) and (16), a universal relation 

was proposed by Horgan and Saccomandi to describe this class of materials [94]: 

i^T{t)-\-2N{t)=^0 (23) 

The above relation was used by Wineman [62] to evaluate the behavior of 

peroxide vulcanized natural mbber from data reported in torsion. The analysis consists of 

plotting 2|N(t)| as a fimction of \j/T(t). For the neo-Hookean type of materials, the plot is a 

straight line with a slope of 1, otherwise it is not a straight line and fiirthermore, for W2 > 

0 [62], 

i//T{t)<2\N{t} (24) 

Note that the theoretical considerations presented in this paper use the condition 

of incompressibility such that the inhomogeneous deformation, in the present case 

torsion, can be used to measure the strain energy density fimction. Because polymer 

glasses are compressible materials, we recognize this as an approximation. However, 

volume changes in torsion are small (< 10" cm / cm ) [79-81] and work done by 

Schultheisz and McKenna suggest that the contributions of the volume change to the 

normal force are minor [79]. In Part C the change in volume during torsion of PMMA is 

measured. It is found to be less than 5x10" cm / cm . 
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A.3.4 Results 

A.3.4.1 Time Dependent Normal Force and Torque Responses 

The relaxation data for PMMA and PEMA specimens at the in common beta peak 

temperature of 30 °C are presented in Fig. 18 for a strain of 0.04. Both specimens have a 

normal force that relaxes faster than the torque response though the effect is more 

pronounced for PMMA. The torque response for the PMMA is higher and relaxes more 

slowly than does the torque response of PEMA. Consequently, at short times, the torque 

response for the PMMA is 1.8 times higher than that of PEMA. With increasing time the 

difference between torque responses increases such that at a test time of 360 s the torque 

response of PMMA is 2 times higher than that of PEMA, This result is in agreement with 

the widely accepted concept that the shear modulus or torque of polymer glasses is 

primarily related to difference between the experimental temperature and glass transition 

temperature (a-relaxation). Here the tests were performed at 83 °C below the Tg of 

PMMA and 33 °C below the Tg of PEMA; consequentiy the torque response of PMMA is 

higher than that of PEMA and relaxes more slowly. A different scenario is observed for 

the normal force responses of these materials. At short times the normal force for the 

PMMA is 2 times higher than that ofthe PEMA. Due to the faster relaxation rate ofthe 

PMMA normal force, at a test time of 360 s the normal force of PMMA is 1.8 times 

higher than that of PEMA, The fast normal force relaxation rate of PMMA at 83 °C 

below the glass transition (where one might expect a slow relaxation process) suggests 

that the behavior is influenced differently at the molecular level than simply by the 

a-relaxation. Moreover, this result agrees with the hypothesis that the normal force 

response for PMMA is related to the prominent p peak relaxation present at 30 °C. For 

PEMA which has a weaker p-relaxation, one can expect the intensity ofthe normal force 

to be smaller and to relax more slowly. This is what is observed here. 

A.3.4.2 Influence of Temperature and Strain on the Time Dependent Normal Force and 

Torque Responses 

Based on the present hypothesis that the normal force response is more strongly 

affected by the p-relaxation than is the torque response, it would be expected that as we 
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go far from and above the temperature of the p-relaxation maximum and therefore, 

approach Tg, the intensity ofthe normal force should decrease. It can be seen that this is 

the case from data presented in Figs. 19 and 20 for PMMA and PEMA, respectively. 

Also, as Tg is approached from below, the magnitude ofthe torque response decreases as 

expected. For both materials, temperature influences the normal force and torque 

responses differently. The normal force responses obtained at different temperatures 

merge at long time (at about 300s) while the torque responses are distinct. 

In Figs. 21 and 22 are presented the normal force and torque responses as a 

fimction of strain and at 30 ""C for PMMA and PEMA, respectively. Consistently, as the 

strain increases, both normal force and torque responses increase. It is also observed that 

for PMMA as well as for PEMA the strain does not have the same effect on the normal 

force and the torque. This becomes more obvious upon examination of the isochronal 

responses as a fimction of deformation. 

A.3.4.3 Isochronal Responses 

In figures 23 and 24, isochronal plots of normal force and torque versus nominal 

strain for both materials are shown for data at 30 °C (at the p peak maximum) and at 

times of 1 s, 10s, and 100 s. As expected in the low strain region, the data are quadratic 

for the normal force and linear for the torque. The responses show a non-quadratic and 

nonlinear behavior, respectively, as the strain increases (>3%) showing that the nonlinear 

range of deformations is reached. It can be also seen that the strain at which the nonlinear 

range is reached decreases with increasing temperature. 

A.3.4.3.1 Normal Force Modulus and Shear Modulus 

Using Eqs. (15) and (5), the normal force modulus (Nv,;(t)) and shear modulus 

(G(t)) for PMMA and PEMA at various strains and at 30 °C are presented. The resuhs are 

shown in Figures 25 and 26. The relaxation rate ofthe normal force modulus for PMMA 

is faster than that of PEMA at each strain level while the opposite is observed for the 

relaxation rate ofthe shear moduh. 
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In order to compare the magnitude and rate of relaxation of the normal force 

modulus with the shear modulus, the ratio (Nvjy(t) / G(t)) is presented in Fig. 27. Note that 

from Eqs. (15) and (16) a ratio of 1 corresponds to a neo-Hookean type of material (W2 = 

0). For PMMA the ratio Nv„(t) / G(t) is greater than unity and decreases with time. This 

indicates that the normal force modulus is higher than the torque modulus and that N^(t) 

decreases faster than G(t). For PEMA, the ratio N^(t) / G(t) is also greater than 1 but it 

decreases more slowly with time than it does for PMMA. The effect of temperature on 

the ratio ^^ I G for PMMA and PEMA is presented in Fig. 28. For PMMA, as the 

temperature increases the rate of relaxation of N,,, approaches the rate of relaxation of G 

(Nv|, / G tends to be a constant). For PEMA, the ratio N̂ ^ / G is less affected by the 

temperature at least for the two temperatures investigated here. 

A.3.4.3.2 Derivatives ofthe Strain Energy Density Function 

Figs. 29 and 30 depict Wi and W2 versus time at various strains and at 30 °C. For 

PMMA, Wi is positive and increases with time while W2 is positive and becomes zero or 

negative as time increases. For PEMA, Wi is positive and nearly independent of time 

while W2 is positive and decreases with increasing times. As the temperature increases, 

Wi of PMMA and PEMA decreases as it is shown in Fig. 31. Furthermore, for PMMA 

Wi tends to be a constant with increasing temperatures. Fig. 32 shows the effect of 

temperature on W2 in Fig. 32. For PMMA and PEMA, it can be seen that W2 decreases 

faster at 30 °C. For both PMMA and PEMA and at all temperatures investigated here, W2 

is greater than Wi at short times. As time increases, W2 approaches or becomes lower 

than Wi. This is different than the behavior reported on mbbers and polymer melts where 

Wi is usually larger than W2. However, within the experimental uncertainties Wi is 

positive for both PMMA and PEMA as it is usually observed in rubbers and mehs. 

A.3.4.3.3 Derivative ofthe Valanis-Landel (V-L) Function 

Using isochronal values of Wi and W2 for PMMA and PEMA at 30 °C, the 

isochronal V-L function are calculated. The resuU is shown in Fig. 33. Both PEMA and 

PMMA have a sigmoidal shape to their w'(A,) function. Quahtatively similar results have 
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been reported for polycarbonate [43]. hnportantly, the sigmoidal shape for the VL 

fimction is very different from the concave shape observed in elastomers [95, 96]. For 

each isochronal value, v^\X) is higher for PMMA than for PEMA. Also, for both PMMA 

and PEMA the absolute value of w'(A,) decreases with increasing temperature as shown 

in Fig. 34. It is expected that the VL function, used to describe tensile and compressive 

behavior, decreases with increasing temperature. 

A.3.4.3.4 Deviation from the Neo Hookean Class of Material 

In Fig. 35 are plotted the values of 2 | N(t)| as a function of v|;T(t) for PMMA and 

PEMA at 30 °C and for 1 s and 100 s. Most ofthe plots are not straight lines indicating 

that the behavior is not neo-Hookean (see Eq. (24)). Also, PMMA tends towards neo-

Hookean behavior at long times. This is consistent with the value of Wa approaching zero 

for PMMA at long times (see Fig. 30). When the temperature increases, the behavior of 

both materials does not change much (Fig. 36). 

A.3.5 Discussion 

The difference in the relaxation rates for the normal force modulus and shear 

modulus of PMMA indicates that the normal force and torque responses depend 

differently on the a and P relaxations. Furthermore, the increase in the magnitude ofthe 

ratio Nviy(t) / G(t) for the PMMA as the temperature varies from p to a relaxations shows 

that the P relaxation mechanism influences the normal force response. For PEMA 

specimens having a lower p relaxation peak intensity, the difference between the normal 

force modulus and shear modulus relaxation rates is low. Also, due to the fact that the a 

and p relaxations are very close together (Tg - Tp = 33 °C) in PEMA, it is difficuh to 

separate the contribution of these two relaxation mechanisms on the normal force 

modulus and shear modulus. The effect of temperature on the ratio Nv,;(t) / G(t) is 

therefore, not very strong. 

The reason for the differences in the derivatives of the strain energy density 

fimction of PMMA and PEMA carmot be explained at this point and could originate from 
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the limitation of analyzing the data using a framework based on the assumption that 

under torsion, glassy cylinders can be treated as incompressible^ It could also be due to 

the limitation of examining the nonlinear material properties within a theoretical 

framework based on homogeneous materials. In fact, Beiner [98, 99] found evidence of 

dynamic and stmctural nanoheterogeneities in the n-alkyl methacrylates due to the 

difference in motion of the side group and the main chain. It may therefore, be of 

importance to consider that the macroscopic normal force and torque responses of n-alkyl 

methacrylates might be influenced by such nanoheterogeneity, which also influences the 

P and a relaxations. 

A.3.6 Conclusions 

Simultaneous measurements of normal force and torque responses in torsion on 

cylinders made of glassy PMMA and PEMA have been performed in stress relaxation at 

deformations below yield. It is found that the sub-vitreous P-relaxation influences the 

relaxation behavior ofthe normal force of PMMA and PEMA to different degrees. In the 

following part B, data are provided on the normal force and torque responses of other 

polymers that have a different microscopic origin in their P mechanism (polycarbonate 

and polysulfone) which fiirther emphasize the effect of the p-relaxation on the normal 

force in the n-alkyl methacrylates. 

^ Volume change measurements in torsion are cunently available. The NIST torsional dilatometer 

developed by Duran and McKenna [36] has now been moved to the laboratories of Texas Tech University 

and has been modified so that measurements can be made. 
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Figure 18. Double logarithmic representation ofthe normal force and torque responses 
vs. time for PMMA and PEMA in single step torsional stress relaxation tests at a value of 
\|/R = 0.04 and at 30 °C. The dash lines represent the decrease in the normal forces for 
PMMA and PEMA. 
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Figure 20. Double logarithmic representation of the normal force and torque responses 
vs. time for PEMA in single step torsional stress relaxation tests at a value of \|/R = 0.04 
and at 30 °C. Error bars represent one standard deviation. Squares are for data at 30 °C, 
circles are for data at 50 ^C. Closed symbols represent normal force data and open 
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Figure 21. Double logarithmic representation ofthe normal force and torque responses 
vs. time for PMMA in single step torsional stress relaxation tests at values of \|/R = 0.025, 
0.03, 0.035, 0.0375, 0.04, 0.045 and at 30 °C. Closed symbols are for normal force data, 
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Figure 22. logarithmic representation ofthe normal force and torque responses vs. time 
for PEMA in single step torsional stress relaxation tests at values of \}/R = 0.025, 0.03, 
0.035, 0.0375, 0.04, 0.045 and at 30 °C Closed symbols are for normal force data, open 
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0.0375; [• ,<>] 0.04; [<,<] 0.045. 
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Figure 23. Double logarithmic representation ofthe isochronal values ofthe normal force 
responses vs. strain for PMMA and PEMA in single step torsional stress relaxation tests 
at various temperatures. Isochronal times are indicated in the figure. 
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Figure 25. Double logarithmic representation ofthe normal force modulus (Nv,,, Eq. (5)) 
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G(t)) vs. logarithm of time for a) PMMA and b) PEMA in single step torsional stress 
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PART B: NORMAL FORCE RESPONSE OF GLASSY POLYMERS WITHOUT SIDE 

CHAIN MOTIONS 

B.3.1 Abstract 

In part A, it was shown that the normal forces of PMMA and PEMA obtained in 

torsional stress relaxation experiments are strongly influenced by their P-relaxation 

mechanisms which are related to a side group motion. In part B, the normal force 

response behavior of polymers with a P-relaxation mechanism that is due to a main chain 

motion as opposed to the P-relaxation mechanisms due to a side chain motion in n-alkyl 

methacrylates is investigated. The result further confirms that the P-relaxation of the n-

alkyl methacrylate systems contributes substantially to their normal force responses. 
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B.3.2 Experimental Work 

The polycarbonate and polysulfone were obtained from GE Polymershapes. The 

glass transition temperature (Tg) of each material was determined on cooling from DSC 

measurements at a rate of 10 °C / min and was found to be 190 °C for polysulfone and 

141 T for polycarbonate. The experimental procedure is the same as the one described in 

part A. 

B.3.3 Results 

B.3.3.1 Time Dependent Normal Force and Torque Responses 

The normal force and torque responses of PMMA, PEMA, polysulfone and 

polycarbonate at the beta peak temperature (30 °C for PMMA and PEMA, 60 °C for 

polycarbonate and polysulfone) are shown in Fig. 37 for a strain of 0.04. PEMA and 

PMMA have normal forces that relax faster than the relevant torque responses while for 

polycarbonate and polysulfone specimens, the torque and normal forces relax at the same 

rate. For clarity, Fig. 38 represents the responses for PMMA and polysulfone obtained at 

temperatures at the maximum in p transition (30 °C and 60 °C, respectively) and at the 

same strain of 0.04. Very interestingly, at short times the normal force response of 

PMMA is 1.9 times higher than that of polysulfone while the torque responses are 

similar. As time increases the normal force response of PMMA becomes smaller than the 

normal force response of polysulfone because ofthe faster relaxation rate ofthe PMMA 

normal force. The torque responses remain comparable over the full domain tested. In 

Fig. 39, the responses for PEMA and polycarbonate are plotted. At short times, the 

normal force response of PEMA is 1.5 times higher than that of polycarbonate while the 

torque response of PEMA is lower than the torque response of polycarbonate. As time 

increases, the normal force response of PEMA becomes smaller than that of 

polycarbonate due to the faster relaxation rate of the PEMA normal force. The torque 

response of PEMA also relaxes faster than that of polycarbonate which is expected 

because experiments are performed at 30 °C from Tg of PEMA and 81 °C from the Tg of 

polycarbonate. Consequently, at long times, the torque response of PEMA is 1.6 times 

lower than that of polycarbonate. 
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ResuUs for the temperature effect on the responses are presented in Fig. 40. The 

temperature affects the normal force and torque responses of both PMMA and PEMA 

differently. This is not what is observed for polycarbonate and polysulfone, at least for 

the temperatures investigated here. 

B.3.3.2 Isochronal Responses 

The isochronal normal force and torque responses versus strain are presented in 

fig. 41, at least for the range of strain used in the present study. In the low strain region, 

the data are quadratic for the normal force and linear for the torque which is in agreement 

with Eqs. (4) and (5). A deviation from the quadratic and linear behaviors as strain 

increases but remains below the yield strain. 

B.3.3.2.1 Normal Force Modulus and Shear Modulus 

The normal force modulus (Nv|,(t)) and shear modulus (G(t)) ofthe four specimens 

at their p peak relaxation are plotted in Figs. 42 and 43. They were obtained by 

substituting the values ofthe normal force and torque responses in Eqs. (4) and (5). The 

normal force moduli of PMMA and PEMA relax faster than those of polysulfone and 

polycarbonate. The same observation is made for the shear moduli. Note that the 

experiments are performed at the same distance from the glass transition temperatures for 

PMMA and polycarbonate as indicated in the legend of Figs. 42 and 43. A similar 

observation is made for the shear moduli but at different degrees than for the normal 

force moduli. 

The ratio of the normal force modulus to the shear modulus, (N^(t) / G(t)) are 

calculated in order to compare the magnitude and rate of relaxation ofthe two moduli. 

The resuh is presented in Fig. 44. For PMMA and PEMA, the ratio Nvi;(t) / G(t) is greater 

than unity, 1.6 and 1.5 respectively, at the shortest time, and it decreases with time 

though the decay is faster for PMMA. For polysulfone and polycarbonate, the ratios are 

1.15 and 1 respectively, and they remain relatively constant with time. Note that using 

Eqs. (4) and (5) it is found that a ratio of 1 corresponds to a neo-Hookean type of material 

(W2 = 0). 
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B.3.3.2.2 Derivatives ofthe Strain Energy Density Function 

The behaviors of Wi and W2 versus time are shown in Fig. 45 for the four 

materials. Polycarbonate and polysulfone exhibit the same Wi behavior. It is greater in 

magnitude than that of PMMA and PEMA and it remains constant with time. For 

PMMA, Wi increases with time while for PEMA it remains relatively constant with a 

lower magnitude than that of PMMA. For polycarbonate and polysulfone, W2 is close to 

zero at all times (neoHookean type of behavior). For PMMA, the magnitude of W2 is 

high at the shortest time of Is (0.3 GPa) but it decreases rapidly to zero as time increases. 

The same observation is made for PEMA except that the decay of W2 is lower than it is 

for PMMA. 

As the temperature increases, Wi of PMMA and PEMA decreases as shown in 

Fig. 46. For polysulfone and polycarbonate no remarkable changes are observed at least 

for the two temperatures investigated here. Furthermore, for PMMA Wi tends to be a 

constant with increasing temperature. Fig. 47 shows W2 at different temperatures. For 

PMMA and PEMA, it can be seen that W2 decreases faster at 30 °C while for 

polycarbonate and polysulfone it remains very close to zero with increasing time and for 

the temperatures investigated here. 

B.3.3.2.3 Derivative ofthe Valanis-Landel (V-L) function 

Eq. 6 was used to calculate the isochronal V-L function. The result at the p 

transition temperature (30 °C for PMMA and PEMA, and 60 °C for polysulfone and 

polycarbonate) is shown in Fig. 48. For all specimens w'(A.) has a sigmoidal shape. 

Recall that the sigmoidal shape of the VL function found for these glassy polymers is 

very different from the concave shape observed in elastomers [95, 96]. The absolute 

value of w'(A,) decreases in the following order: 

w\X) (PMMA)>W'(?L) (Polysulfone) >w'(^) (Polycarbonate) > w'(?i) (PEMA) 
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B.3.3.2.4 Deviation from the neo-Hookean class of material 

In order to evaluate the deviation from neo-Hookean behavior of the glassy 

polymers studied in this work, 2 I N(t)| is plotted as a fimction of v|;T(t) (see section 3.3). 

The resuhs are shown in Fig. 49 for 1 s and 200 s. A near neo-Hookean behavior is 

observed for polysulfone and polycarbonate which is not observed for PMMA and 

PEMA. 

B.3.4 Discussion 

Both polysulfone and polycarbonate have normal force moduli of the same 

magnitude as the shear modulus at the p-transition. Moreover, these two moduli relax at 

the same rate (Ny^(t) I G(t)). This is not what was observed for PMMA and PEMA. At the 

P peak, the two n-alkyl methacrylates have a normal force modulus higher than the shear 

modulus. Both PMMA and PEMA have a normal force modulus relaxing faster than the 

shear modulus. This is a clear indication that the weak p mechanisms of polysulfone and 

polycarbonate has a little effect on the normal force relaxation behavior unlike the intense 

p-relaxation in PMMA and PEMA. As mentioned previously, interpretation of the 

differences in the derivatives of the strain energy density function of PMMA and PEMA 

is not straightforward. In the present work, it was found a consistency between the strain 

energy density of polycarbonate and polysulfone. In fact, these materials exhibit similar 

behavior in the values of Wi and the small time dependence of this material function. 

Furthermore both polycarbonate and polysulfone can be approximated as neo-Hookean 

since their W2 values are close to zero. 

B.3.5 Conclusions 

In this work, data on the normal force and torque responses of two kinds of 

polymers have been provided. The first polymer type has a p mechanism which is related 

to a side chain motion (PMMA and PEMA). The p mechanism of the second kind of 

polymer studied in this work is due to a main chain motions (polysulfone and 

polycarbonate). It is shown that the normal force response is influenced by the 

p mechanism caused by the side chain motion while the weaker main chain motion 
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P mechanism does not have a significant influence on the normal forces. Considering the 

derivatives ofthe strain energy density function both polysulfone and polycarbonate have 

near neo-Hookean behavior while the strain energy density behaviors of the two n-alkyl 

methacrylates differs from each other. A possible cause for these differences is that the 

volume change during the torsion of PMMA and PEMA is not negligible and therefore 

the BKZ theory cannot be used. Volume measurements during torsion of PMMA are 

presented in part C. 
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Figure 37. Double logarithmic representation ofthe normal force and torque responses 
vs. time for PMMA, PEMA, polysulfone and polycarbonate in single step torsional stress 
relaxation tests at a value of \|;R = 0.04 and at p-transition temperature i.e., 30 °C (PMMA 
and PEMA), 60 °C (polysulfone and polycarbonate). 
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Figure 40. Double logarithmic representation of the normal force and torque responses 
vs. time for a) PMMA, PEMA and b) polysulfone and polycarbonate in single step 
torsional stress relaxation tests at a value of \|/R = 0.04 and at different temperatures. 
Closed symbols are for normal force data, open symbols are for torque data, a) [D, • ] 
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tests at y = 0.03, 0.04. Tests are performed at the P transition temperature, i.e. 30 °C 
(PMMA and PEMA), 60 ""C (polysulfone and polycarbonate). Closed symbols are for 
tests at y = 0.03, open symbols are for tests at y = 0.04. [D, • ] PMMA; [ © , • ] PEMA; 
[ A , A ] Polysulfone; [ V , V ] Polycarbonate. 

98 



10 100 

Log (Time /s) 

1000 

Figure 44. Representation ofthe ratio ofthe normal force modulus to the shear modulus 
(Nv|/(t) / G(t)) vs. logarithmic representation of time for PMMA, PEMA, polysulfone and 
polycarbonate in single step torsional stress relaxation tests at y = 0.04 and at 30 °C 
(PMMA and PEMA), 60 °C (polysulfone and polycarbonate). 

99 



4x10 

3x10 

£ 2x10' 

1x10 

' ' ' - 1 ' r-

f l ix ixxixxixx^i* 

! • • • 

• 

^ 4 'A 

• • 
• 

• 
• 
• 

• 

* * * * A 4 *A 

. . . - • • 
• 

• 

PMMA, 30 "C 
PEMA, 30 "C 
Polysulfone. 60 "C 
Polycarbonate, 60 "C 

• • • ' 

10 100 

Log (Time / s) 

1000 

4x10" 

3x10 

2x10 

1x10" 

0 -

• • • 

• PMMA, 30̂ *0 
• PEMA , 30 'C 
A Polysulfone , 60 °C 
T Polycarbonate , 60 °C 

; • • 

^ A A A A A A I A A A ^ 

' • • • T T T T T T • • • • T • T T T y T T T . T . y • • • T • • . 

10 100 

Log (Time / s) 

1000 

Figure 45. Representation of a) Wi and b) W2 vs. logarithmic representation of time for 
PMMA, PEMA, polysulfone and polycarbonate in single step torsional stress relaxation 
tests at y - 0.04 and at 30 °C (PMMA and PEMA), 60 °C (polysulfone and 
polycarbonate). 
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Figure 46. Representation of Wi vs. logarithmic representation of time for PMMA, 
PEMA, polysulfone and polycarbonate in single step torsional stress relaxation tests at y 
= 0.04 and at different temperatures. Closed symbols are for tests 30 °C, open symbols 
are for tests at 50 °C and crossed symbol is for 80 °C. [D, •,ffl] PMMA; [ 0 , « ] PEMA; 
[ A , A ] Polysulfone; [ V , V ] Polycarbonate. 
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Figure 47. Representation of W2 vs. logarithmic representation of time for PMMA, 
PEMA, polysulfone and polycarbonate in single step torsional stress relaxation tests at y 
= 0.04 and at different temperatures. Closed symbols are for tests 30 °C, open symbols 
are for tests at 50 ^C and crossed symbol is for 80 °C. [D, •,ffl] PMMA; [©, • ] PEMA; 
[A,A] Polysulfone; [V,V] Polycarbonate. 
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Figure 48. Valanis-Landel function derivative v/\X) vs. X for PMMA, PEMA, 
polysulfone and polycarbonate determined from normal force and torque data obtained in 
single step torsional stress relaxation test in torsion. Isochronal time is indicated in the 
figure. 
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Figure 49. Representation of 2 I N(t)| as a function of \\iT{t) for PMMA, PEMA, 
polysulfone and polycarbonate in single step torsional stress relaxation tests performed at 
30 °C. Closed symbols are for isochronal time of 1 s, open symbols are for isochronal 
time of 1 s. [D, • ] PMMA at 30 °C; [O,^] PEMA at 30 °C; [A,A] Polysulfone at 60 
°C; [V,T] Polycarbonate at 60 °C. 
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PART C: VOLUME MEASUREMENT 

C.3.1 Abstract 

In part A, differences in the derivatives of the strain energy density function for 

the two n-alkyl methacrylates extracted from torsional responses using the BKZ theory 

for incompressible materials were found. However, in part B it was found that the BKZ 

framework resuhs in a near neo-Hookean behavior for polysulfone and polycarbonate. In 

this part, the volume change in torsion of PMMA is determined to estabhsh whether it is 

an isochoric motion and therefore, the incompressible material framework applicable. It 

was found that the PMMA densifies slightly by torsion performed at the p peak 

temperature (Tp). The result shows that the large compressive normal force needed in 

torsional stress relaxation experiments on PMMA is not due to the volume change. 

In torsional stress relaxation experiments on circular cylinders made of a glassy 

polymer, the change in volume during the deformation is directly related to the diameter 

change. Here is presented a new technology based on the determination of the volume 

change during stress relaxation using a micrometer with an adequate accuracy. The 

method has the great advantage to avoid the use of mercury. Torsions are performed on 

PMMA using a rheometer built at NIST by Duran and McKenna [80] (NIST torsional 

rheometer) which allows deformations to be performed on samples with large diameter. 

Also, a good agreement between torque and normal force responses obtained using the 

NIST torsional rheometer with results obtained on the RMS 7200 was found. A good 

agreement is also found between the volume changed for epoxy determined using the 

micrometer and the volume change measured by Duran and McKenna on the same epoxy 

using the dilatometer part ofthe NIST torsional rheometer which used mercury. 
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c.3.2 Experimental work 

In torsional stress relaxation experiment the length ofthe cylinder (L) is kept 

constant. Therefore, the volume change during torsion (5v) is directly related to the 

change in diameter as follows [79]: 

nRiL DI DI DQ 

where R and D are the radius and diameter of the cylinder at time t, respectively, and Ro 

and Do are the initial radius and diameter of the cylinder respectively. After expanding 

(l+5v) in power series and neglecting second and higher order terms, we obtain: 

^ 0 

The diameter change is measured with a high precision Mitutoyo Laser 

Micrometer (LSM-501H). The measuring range is 0.05 to 10 rmn. The device was 

calibrated using a calibration mount and two diameter gages of 0.1 mm and 10 mm 

provided by Mitutoyo. The repeatability as measured for 30 minutes with a measurement 

interval of 0.32 s with a 10 mm diameter gage is 0.08 nm (which corresponds to two 

standard deviations). The resolution ofthe device is 10 nm. For a sample of diameter of 7 

mm, a resolution of 10 nm means that the smaller relative volume change measurement 

possible is 6v = 3 X 10"̂ . This is 3 orders of magnitude smaller than the volume change 

(6v= 10"̂  cm^ / cm^) reported during torsion of glassy polymers [80, 81]. The LSM-501H 

consists of moving a scanning laser beam over the horizontal cross section of the 

cylinder. The diameter of the cylinder is determined by measuring the duration in which 

the beam is obstmcted by the horizontal cross section ofthe cylinder. Measurements can 

be made continuously by selecting the continuous mode from the display unit (LSM-

6100) attached to the LSM-501H. The interval of time between two consecutive data 
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point is determined by the number of scans that is selected. In our measurements 512 

scans are selected. In this case, each 0.32 s the display unit shows the arithmetic average 

of the 512 scans. The data are collected from a personal computer using the RS-232 

communications port ofthe display unit. 

The same PMMA material as the one described in part A was used in this 

study. For the epoxy experiment, pure diglycidyl ether of bisphenol A (DGEBA, DER 

332, Dow Chemical) epoxide monomer was used. It was cured with amine terminated 

poly(propylene oxide) (Jeffamine, designation of Texaco Chemical Company) to form a 

crosslinked network. The molecular weight of the Jeffamine (D400) is 400. Torsional 

measurement were performed with the NIST torsional rheometer described in the paper 

by Duran and McKenna [80]. The NIST torsional rheometer built by Duran and 

McKenna is used here instead ofthe RMS 7200 because of its strain gage transducer that 

has a high 1000 N normal force capacity and 39 N.m torque capacity. Due to the elastic 

deformation of the load frame, the calculated volume change obtained from the diameter 

change measurement is corrected. This is done using the calibration of the load cell 

frame's compliance as reported by Duran and McKenna [80]. The dilatometer chamber 

was not used since the volume changes in stress relaxation are measured using the laser 

scan micrometer technology. Samples with a gauge section of 60 mm length and 7 mm 

diameter with a disk of 1mm thick at the end were machined. The standard uncertainty in 

the diameter ofthe sample is 0.01 mm. The diameter ofthe disk is the same as the two 

stainless steel end grips used. Both disk and end grips have a standard uncertainty of 0.01 

mm, V blocks were used to bond the samples with a filled epoxy automotive adhesive 

between the two end grips. The effect ofthe adhesive is assumed to be neghgible since it 

represent less than 1% ofthe volume ofthe sample and has a much higher glass transition 

than the sample. The precision in the ahgnment ofthe sample with the end grips was less 

than 0.05 mm as calculated from standard uncertainty of the grips, sample end, V bloc 

and gluing process. 
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c.3.3 Results 

Fig. 50 shows the normal force and torque responses for PMMA obtained 

with the RMS 7200 and the NIST torsional rheometer. Recall the diameter size used in 

the RMS 200 is 4.8 mm and that it is 7 mm for the NIST torsional rheometer, the data are 

normalized to 7 mm diameter. The results are in agreement within 15% for the normal 

force and 9% for the torque which is attributed to the difference in compliance between 

the devices. Importantly, the faster relaxation rate of the normal force compared to the 

torque is confirmed from measurements obtained from both instmments. Fig. 51 shows 

the volume change (5v) during torsion in a two step relaxation experiments were the 

sample were allow to relax between the two steps. It can be seen that under torsion the 

volume of PMMA decreases. For a strain of y = 0.04, 5v is 3x10'"̂  cm^/cm\ For a smaller 

strain of 0.03, 5v is smaller and relaxes slowly as it is shown in Fig. 52. On the other 

hand, fig. 54 shows that for epoxy the volume increases during torsion. The normal force 

and torque responses of this material are presented in Fig. 53. At 27 °C, 5v is 6x10' 

cm /̂cm"̂ . This result agrees with the volume change measured on the same epoxy by 

Duran and McKenna [80]. In Fig. 54 the differences in the volume changes of PMMA 

and epoxy are shown. 

C.3.4 Conclusions 

In this work a new and reliable procedure to measure the volume change of 

cylinders of glassy polymer in torsional stress relaxation which does not require using 

mercury is presented. It is found that upon torsion at the p relaxation peak temperature 

(27 °C), the volume of PMMA decreases only slightly (5v = 3x10"'̂  cmVcm^ when y = 

0.04). Importantly, volume shrinkage cannot be responsible for the normal force. 
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Figure 50. Comparison between the normal force and the torque responses vs. time for 
PMMA measured with the dilatometer (\[/R = 0.04 and at 27 °C) and the RMS 7200 (I|;R = 
0.04 and at 30 X). The data are normalized to 7 mm diameter. Closed symbols represent 
normal force data and open symbols are for torque data. Data are normalized for a sample 
diameter of 4.8 mm. 
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Figure 51. Change in volume measured in two individual single step torsional relaxation 
experiment for PMMA at a strain V|/R = 0.04 and at 27 °C. 
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Figure 52. Change in volume measured in single steps torsional relaxation experiment for 
PMMA at a strain \)/R = 0.03 and 0.04 and at 27 °C. 
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Figure 53. Double logarithmic representation of the normal force and torque responses 
vs. time for epoxy in single step torsional stress relaxation test at a value of V|/R = 0.04 and 
at 27 °C. 
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single step torsional relaxation experiment at a strain V(/R = 0.04 and at 27 °C. 
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PART D: PHYSICAL AGING IN PMMA AND PEMA 

D.3.1 Abstract 

Having observed differences between the torque and the normal force behavior 

for PMMA and for PEMA, it becomes of interest to examine whether torque and normal 

force responses age differently. Previous measurements on PMMA performed by 

McKenna and Kovacs [38] show that the normal force ages faster than the torque. The 

results reported here are for tests done at temperatures close to Tg, for aging times 

ranging from 1800 s to 63180 s and at a strain of 0.04. h is found that for both PMMA 

and PEMA the normal force ages faster than the torque except close to Tg (100 °C ) for 

the PMMA. At 50 °C the torque responses of PMMA obtained at different aging times we 

could not be superimposed while the normal force responses were superimposable. 
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D.3.2 Experimental 

The torsion measurements on PMMA, PEMA and polycarbonate were carried out 

with an RMS 7200 (Rheometrics, hic). The reader referred to section A.3.2. for details of 

the instrament and samples. Recall that before each experiment, the samples were kept at 

Tg + 4 °C for 900 s in order to erase the previous mechanical and thermal history. They 

were then quenched to below Tg at the aging temperature Te. The origin ofthe aging time 

te ofthe sample is defined by the time at which the sample reaches the aging temperature 

Tg. The isothermal type of physical aging experiments described in section 1.2.4 was 

performed. In this, the strains were applied sequentially during time ti and at aging times 

that double with each test. Similar to Stmik's aging protocol, here the loading time ti 

represents one tenth of aging time U. Therefore, the effect of aging during time ti on the 

relaxation function is negligible. In this loading sequence the minimum interval of time 

between the end of a relaxation test and the beginning of the successive relaxation test is 

9 X te (= t2) such that the sample can recover between two loading steps. The torque and 

normal force responses were examined for aging times ranging from 1800 s to 63180 s. 

D.3.3 Method of Analvsis 

Time-aging time superposition is based on the premise that the shape ofthe relaxation 

spectmm does not change with aging time although the spectrum shifts to longer times as 

aging time increases. Generally for polymers, the relaxation responses over short time ranges 

are well described by the KWW function defined as: 

R{t) = Roe ^^^^ (27) 

where R(t) is the torque or normal force response at time t, Ro is the zero time torque or 

normal force response, Xo is a characteristic time and P is a shape parameter related to the 

breadth ofthe relaxation spectrum. In the context ofthe KWW relaxation function, the time-

temperature superposition is valid, i.e stmctural-rheological simplicity applies to the 

material, when the P parameter does not change with aging time. For stmctural-rheological 
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simplicity, aging primarily affects the relaxation properties through changes in the relaxation 

times. Therefore, a change in aging time from teo to te results in a change in the characteristic 

relaxation time leading to a time shift factor defined as: 

^0,?eo 
ate= ~ (28) 

^0,?e 

where To,teo and To,te are the characteristic relaxation times at times teo to te respectively. A 

vertical shift is sometimes needed to superimpose the relaxation curves. It is defined as: 

K - ^ (29) 

Stmik characterized aging with the double-logarithmic shift rate \i defined as: 

d logia.^) 

At a given aging temperature and far from the equilibrium glassy line, the relaxation 

time increases in a power law [x with the aging time. \i is generally a constant which is often 

close to one in the so-called aging region [66]. As we go far below Tg, the segmental 

mobility is small, and that below the first sub Tg transition the shift rate [x is close to zero. In 

this work |i is examined as a function of temperature for the PMMA and PEMA specimens 

and for a strain of 0.04. 

D.3.4 Results 

In order to illustrate the time-aging time superposition, the normal force and torque 

relaxation curves for PMMA at different aging times, at a strain of 0,04 and at temperature T 

= 80 °C are shown in Fig.55. For both responses, the data are shifted to longer times with 

increasing aging time. Because of its broad time range, the longer aging time (63180 s) curve 

served to determine To,teo and Ro,teo and p (see analysis section ofthe present part). At shorter 

aging times, the data are fitted to the KWW with p fixed to the value determined for the 
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longer aging time response (63180 s). The values of T and Ro obtained at different aging 

times were then used in Eqs. 28 and 29 to determine ate and bte. The aging rate ^ was 

determined by performing a linear regression ofthe plot log (ate) versus log (te) (see Eq.30). 

The resuhs are presented in Fig. 56 for PMMA and in Fig. 57 for PEMA. For a strain of 0.04 

it can be seen that for both materials, the normal force response ages faster than the torque 

response except for PMMA at 100 °C. For the PMMA at 50 °C, it was possible to 

superimpose the normal force curves while the torque response curves could not be shifted 

along the time scale to form a master curve. Recall that value of P determined from the 

longer aging time response is fixed in curve fitting the shorter aging times. In Table 1. the 

variation of p with aging times from a general fit with p free to float is presented. The resuhs 

reveal that p does not vary much with aging time. Therefore, in this work the KWW function 

fully represent the relevant relaxation spectmm. 

D.3.5 Conclusions 

The normal force responses of PMMA and PEMA age faster than their torque 

responses except for PMMA when Tg is approached. The result further emphasizes the fact 

that these two mechanical responses are driven by two different mechanisms. The faster 

aging rate of the normal force compared to the torque implies that the P relaxation is more 

sensitive to the volume change than the a relaxation. This might explain the fast relaxation 

rate of the normal force of PMMA and PEMA observed in part A and B of this chapter. 

However, the volume shrinkage argument cannot account for the normal force. 
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Figure 55, Relaxation responses a) normal force and b) torque, for PMMA at a strain of 
0.04 and 80 °C as a function of aging fime as indicated in the legend. 
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Figure 56. Aging time shift factor as a function of aging time for PMMA at a strain of 
0.04 and temperatures of 50 °C , 80 °C and 100 °C. 
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Table 14. Variation of KWW p term with aging time for the normal force of 

PMMA at T = 80 T . 

Log (Aging Time / s) 

3.58 

3.89 

4.19 

4.50 

4.80 

P 
0.187 

0.193 

0.212 

0.186 

0.231 

Standard Error of Fit to p 

0.011 

0.009 

0.064 

0.005 

0.007 
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CHAPTER 4 

DISCUSSION AND CONCLUSIONS 

In this thesis work I showed that side chain polymers with a pronounced sub-

vitreous p relaxation mechanism exhibit a large normal force response with a fast 

relaxation rate when compared to the torque response. For polymers with a weak p 

relaxation mechanism related to a main chain motion, normal force and torque behaviors 

do not differ. The sub vitreous p relaxation mechanism is a main feature of glass formers 

which is very poorly understood and has been little examined compared with, for 

instance, the glass transition phenomenon. This is probably due to the fact that at the p 

transition the material does not undergo a change from liquid to glass as it does at the 

glass transition temperature. However, it has been recognized recently that the P 

transition mechanism has to be explored in order to get a complete picture of the 

dynamics of glass formers including small molecules, metallic glasses and polymeric 

systems. From a theoretical point of view it is important to know that the normal force 

response of poly(alkyl methacrylate)s is due to their P mechanism which is related to side 

chain motion. In fact, nonlinear viscoelastic phenomena are described by theories based 

on rational mechanics and therefore without any molecular basis. In this work, one of 

these theories is used (Rivlin or BKZ) to analyze the strain energy density function of 

polymers with and without side chain motions. It was found that for a single step 

torsional deformation experiment, the BKZ theory does not give a clear picture of the 

strain energy density function of glassy polymers with side chain motions. The results 

suggest that molecular theories have to be considered in describing the nonlinear 

viscoelastic behavior of these materials. The task is not simple and it was not attempted 

in this thesis to develop or modify existing nonlinear viscoelastic theories such that they 

include relevant molecular parameters. However, here data which can be used in the 

mathematical formulation of the nonlinear viscoelastic constitutive equation for glassy 

polymers with side chain motions are provided. Furthermore, data from small angle X-

ray scattering (SAXS) reported in the literature on poly(alkyl methacrylate)s indicate that 

these materials are formed with nanostmctured domains due to incompatible main and 
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side chain parts [98, 99]. ft may be therefore of interest to understand how the relaxation 

behaviors of the different domains translate into a macroscopic normal force response. 

This requires that a nano technology be developed to experimentally determine how the 

deformation is distributed in the different domains. These resuhs could be used in 

molecular modehng and simulation in order to best discover new insights into the 

nonlinear viscoelastic responses of polymers. In this work we chose to examine the 

influence ofthe p relaxation on the normal force response of poly(alkyl methacrylate)s 

because the intensity ofthe p peak of these materials decreases with increasing the alkyl 

side group length. However, with increasing the alkyl side length the p-relaxation 

remains at the same temperature but the a-relaxation temperature decreases hence 

moving the two relaxations closer together (see Fig. 1). It is therefore not straightforward 

to study the relative influence of p and a relaxations on the nonlinear viscoelastic 

response of poly(alkyl methacrylate)s other than PMMA and PEMA which have their 

P and a relaxation peaks relatively distinguishable. A more subtie methodology in the 

study of the chemical stmcture - normal force relationship of glassy polymers is to 

examine the effect of stereo-regularity on the normal force behavior in PMMA as the 

strength of the p-relaxation is a strong function of the tacticity while the a-relaxation 

does not vary very much. This will be investigated in a future work. It would also be 

interesting to perform SAXS on PMMA with different tacticities to examine the size of 

the nanostmctured domains as the strength ofthe P peak varies with the tacticity [100, 

101]. 

To summarize, the influence ofthe sub-vitreous P relaxation on the normal force 

response of glassy polymers with (PMMA and PEMA) and without (polysulfone and 

polycarbonate) side groups is thoroughly studied. The temperature effect of the ratio of 

the normal force modulus to the torque modulus for PMMA and PEMA shows that their 

large normal force response is due to their p relaxation mechanism which is related to the 

side chain motion. However, the strain energy density function of these materials is not 

easy to understand using the BKZ theoretical framework which is based on rational 

mechanics. This suggests that the p relaxation molecular parameter is needed to describe 
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the nonlinear viscoelastic behavior of polymer with side chain motions. A new 

experimental technique is developed to determine the change in volume during torsion of 

glassy polymers. The results show that the volume of PMMA decreases slightiy in torsion 

while the volume of epoxy increases. Moreover, the fast relaxation rate of the normal 

force of PMMA reveals that the relaxation time of the p transition decreases as the 

polymer glass densifies in torsion. Finally, the increase in density of PMMA and PEMA 

during stmctural recovery has a larger effect on the normal force than on the torque. 
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APPENDIX 

SOLUTION FOR TORSION OF AN ISOTROPIC INCOMPRESSIBLE CYLINDER 

Let the axis of a cylindrical coordinate system coincide with the axis of the 

cylinder of radius R with the plane Z' = 0 at one end. A material point has coordinates (r, 

6, Z) in the reference state and (Y\ 0\ Z ' ) in the deformed state. The displacement 

function is: 

r ^ r' (no change in diameter) 

0 = 9' + \j/Z' (angle of twist is proportional to the length) 

Z = Z' (length is constant) 

We use BKZ constitutive equation for incompressible elastic fluid. The single step stress 

relation is: 

a. =-pS. +2Wi{l^,l2,t)B. -2W2{h,l2,t)Bij' (a) 

with 
u ^^u 

dli ^ dli 

a/2 f 5/2 

dW 

u ̂  — 
dt 

U is potential, W is the strain energy density fimction, p is a hydrostatic pressure, Ii and 

I2 are the invariants of the deformation tensor (Ii- l2= 3 + {^^f). The matrix B of the 

relative Cauchy-Green tensor is defined as: 
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B = FF^ (b) 

F is the deformation gradient matrix. The physical components of F with respect to the 

cylindrical coordinate system are: 

1 0 0 

0 1 ry/ 

0 0 1 

Thus using Eq. b, the matrix B is computed: 

B 

1 0 0 

0 l + {ry/) ry/ 

0 ry/ 1 

The inverse of B is: 

B 

1 

0 

0 

0 

1 

-ry/ 

0 
-ry/ 

l^iry/) 

Applying the BZK model, Eq. a gives: 

o-,, = - p + 2 ^ 1 - 2 ^ 2 

+ 2x(l + (r^^)2))^l-2^2 ""ee =-P 

C7ZZ =-P + 2Wi-2x{l + {ry/f)w2 

^rO =^er^ ^rZ =<^Zr =^ 

(C) 

(d) 

(e) 

(f) 

(g) 

The torque T on the cylinder is calculated by integrating the shear stress: 
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R R 
T = 2n \(Tgzr^dr = 47ni/ l{Wi+W2)r^dr (h) 

0 0 

To determine the normal force N we need to determine p. This will be done using the 

equilibrium equation: 

or or 

Substituting (d) and (c) into (i); 

da 
rr 

dr 
= 2ri^''Wi (j) 

Integrating (j) and using the boundary condition an- = 0 at r = R (stress free at the 

surface): 

yf r 

'^^ 2 \d(7rr = C7rr {r) = \2ry/^Wxdr (k) 
0 R 

The normal force is given by: 

R 
N = 27J: \r(Jzzdr (̂ ) 

0 

Substituting (f) into (1): 
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R fr ^ R 
N = 27t\i \2ry/^Wx dr 

\R 
dr-27rlr[2r^y/^W2)dr (m) 

After integrating \2ry/ ^ j Jr by parts (m) becomes, 
R 

R 
N = -2ny/^ \i^i + 2W2) r^dr 

0 
(n) 
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