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ABSTRACT 

A vehicle crash is the combined effect of various factors, such as those related 

to the driver, vehicle, roadway geometry, environmental conditions, and so on. 

However, the existing databases only cover a very limited part of a large number of 

elements that would influence the vehicle crash outcomes. The absence of important 

information would turn into unobserved heterogeneity. Without an appropriate 

statistical modeling approach, the unobserved heterogeneity could cause serious 

specification biases leading to erroneous inference and predictions. Thus, finding 

proper methods to accommodate the unobserved heterogeneity is one of the major 

challenges in vehicle crash analysis. 

Recent studies have proved the methodological advantages of random 

parameter negative binomial (RPNB) models in capturing unobserved heterogeneity. 

By allowing the mean function of the crash frequency to vary through certain 

distributional assumptions, the random parameter approach reflects the heterogeneous 

effect of a given roadway element on crash outcome across observations. In particular, 

this approach has been very useful in quantifying the effect of roadway geometrics on 

crash frequencies via the count model structure. The negative binomial (NB) model 

inclusive of the well known overdispersion parameter is an example, and one that has 

been used widely in crash frequency analysis. While numerous studies have explored 

the utility of the random parameter approach, all of the published studies have 

assumed constant overdispersion in random parameter frameworks. In situations 

where overdispersion has been allowed to vary as a function of observational 

attributes, the mean function has been modeled using a fixed-parameter NB 

specification. The statistical superiority of the random parameter framework relative to 

the fixed-parameter NB model with variable overdispersion has already been 

established in the published literature. Residual heterogeneity that is constrained to be 

the same through a fixed overdispersion parameter implies that unobserved effects not 

captured via the mean function are the same across observations. This is a highly 

restrictive assumption. For example, two locations with identical geometrical 
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attributes may have unobserved effects that are only partly revealed through a random 

parameter in the mean function and the residual heterogeneity may vary across 

observations. Thus, a more comprehensive and unrestricted exploration of 

heterogeneity by allowing both the mean function variables and the overdispersion 

parameter to vary across observations simultaneously is potentially beneficial in 

minimizing the impact of unobserved heterogeneity. 

An alternative view of unobserved heterogeneity is that functional form 

assumptions may contribute in part to unobserved effects. Accounting for proper 

functional form may therefore capture types of heterogeneity due to nonlinearities and 

the variation of nonlinearities over time (temporal instability of nonlinearities). In such 

a case, a linear mean function definition may be too restrictive when in fact the effect 

of a particular roadway variable may be highly nonlinear. Apriori assumptions of the 

functional form of geometric variables are hard to justify, since no prior theory is 

available to guide the definition of the nonlinearity. Therefore, empirical search of the 

functional form is a necessity in traffic safety analysis. In the functional form 

perspective, the hypothesis is that with the proper functional form for the mean 

function, and a variable overdispersion parameter, sufficient coverage of unobserved 

heterogeneity can be achieved so as to provide for a specification that is equally 

plausible as the traditional random parameter framework. 

Finally, one needs to consider the effects of temporal correlation in crash 

frequency analysis. When multiple years of data are used for a given site, it induces 

temporal correlation. Panel forms of the RPNB are available and have been used to 

tackle this issue. The RPNB-panel is therefore a reasonable baseline model against 

which alternative heterogeneity frameworks can be evaluated. The baseline therefore 

in both of the hypotheses presented above for unobserved heterogeneity modeling of 

count data is the random parameter negative binomial (RPNB) panel model with a 

fixed overdispersion parameter. Evaluation of the proposed alternative heterogeneity 

models will be conducted using the RPNB model as a baseline. This dissertation 

therefore targets two methodological developments in crash frequency analysis: a) a 
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multivariable fractional polynomial copula (MFP-Copula) framework that can address 

heterogeneity and temporal correlation through a functional form perspective; and b) a 

heterogeneous random parameter NB panel model that addresses heterogeneity and 

temporal correlation through a random parameter mean function coupled with a 

variable overdispersion parameter using a panel framework. 

Through these original contributions, the MFP-NB-copula fills the gaps in the 

extant literature due to the fact that conventional MFP approaches can’t utilize intra-

observation correlation, which leads to potential biased and inefficient parameter 

estimation and outcome prediction in a crash frequency panel setting. The second 

original contribution involves the HRPNB-panel model which allows for random 

parameters and an overdispersion parameter that varies across segments 

simultaneously. Further, the overdispersion parameter is modeled with a log-linear 

specification with non-linear-in-variables functional form as opposed to the log-linear 

specification with linear-in-variables form usually found in heterogeneous dispersion 

parameter models. 

The scope of the study area covers the entire Washington State Interstate 

system containing crash counts, geometric, and traffic volume information for a period 

of two years – 2014 and 2015. Seven Interstates, namely, I-5, I-82, I-90, I-182, I-205, 

I-405, and I-705, with comprehensive information were evaluated in this study, which 

covered in total, 763.83 centerline miles. The fixed-length segmentation of 1-mile 

segments is applied here, which results in 763 total segments and a balanced 2-year 

panel of 1,526 observations. A total of 338 initial variables were identified from the 

Washington State Department of Transportation (WSDOT) database and represent 

detailed roadway geometry and traffic volume information within every single 

segment. This includes horizontal curvature, vertical curvature, roadway width and 

number of lanes, travel shoulder width, pavement material type, and segment location 

information such as route number, county number, and urban versus rural setting. 

The two newly proposed methodological approaches are compared to the 

widely used random parameter negative binomial panel model (RPNB-panel). The 
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empirical results suggest that the model fit of the MFP-NB-copula is greatly improved 

comparing to the MFP-NB that ignored intra-observation correlations. The MFP-NB 

panel model is still marginally inferior to the RPNB-panel model. As for the HRPNB-

panel model, there is a significant improvement in statistical fit relative to the 

conventional fixed-dispersion parameter RPNB-panel model. The standard deviations 

of the random parameters appear to decrease in the heterogeneous RPNB-panel model 

compared to the fixed-dispersion RPNB-panel model. This seems to suggest that 

allowing for the overdispersion effect to vary across segments may decrease the 

“spread” and increase the “peakedness” of the distributions of the random parameters 

influencing the mean crash frequency. This is consistent with the expectation that 

constraining the overdispersion parameter to be fixed across segments is restrictive in 

that it masks the true nature of the random parameter distributions. The results indicate 

that the HRPNB-panel model is a more effective tool for capturing the effects of 

geometric features in a comprehensive manner.  

Several advancements can occur using this dissertation as a methodological 

basis. For example, spatial correlation is not accounted for in the proposed 

frameworks. Spatial correlation has been shown to be a significant issue in the 

modeling constructs for count models of crash frequency. This can be considered a 

significant improvement over the proposed models presented in this dissertation. The 

models in this dissertation address fundamental questions relating to how unobserved 

heterogeneity can be approached as a specification issue, since the published literature 

to date has not explicitly addressed the specification effects of wrong functional form 

on both the mean function and the overdispersion parameter. 

Keywords: Heterogeneity, Multivariable fractional polynomial (MFP), Copula 

function, Heterogeneous overdispersion parameter, Random parameters, Fixed length 

segment, Roadway geometrics, Total crash frequency 
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CHAPTER I 

INTRODUCTION 

Background  

As of 2016, the United States  is the country with the largest vehicle ownership 

- over 269 million (Federal Highway Administration, 2018). According to the latest 

study produced by National Highway Traffic Safety Administration (Kahn and 

Gotschall, 2015), the  lifetime economic cost to society for every fatality and seriously 

injured survivor are about 1.4 and 1.0 million dollars respectively. This lifetime cost 

includes medical, legal, lost workplace, and household productivity. Without a doubt, 

enormous efforts are made to improve roadway safety both location specific and 

system-wide. By stepping into the data era, the Department of Transportation (DOT) 

is targeting a data-driven safety analysis (DDSA) system. The goal of this system is to 

provide agencies abilities to analyze crash and roadway data to predict the safety 

impact of roadway improvements and allowing agencies to target investments with 

more confidence and reduce crashes on the roadways. Thus, a handy tool with good 

prediction power is in need.  

Currently, the American Association of State Highway and Transportation 

Officials (AASHTO) provides safety performance functions (SPFs) as standard 

statistical tools used to estimate crash frequency per mile per year for target highway 

sites. In essence, SPFs are equations developed through statistical regression models. 

The specifications utilized in SPFs are traffic volume, roadway segment length, and 

some site characteristics such as lane width, shoulder width, degree and radius of 

horizontal curvature. The predicted number of crashes from SPFs will be used in three 

ways. First, they will be used to screen the roadway network and identify sites with 

potentials for safety improvement. Second, they will be used to compare the long-term 

crash frequency for baseline conditions (without safety countermeasures) and 

estimated crash frequency with countermeasures. Thirs, they will be used to evaluate 

the safety effects of engineering countermeasures and provide suggestions for future 



Texas Tech University, Shuaiqi Huang, May 2019 

2 

planning, policy and programming decisions(AASHTO, 2010). However, given the 

nature of fixed parameter, linear regression, and limited specifications, the SPFs have 

limited predictive power and importantly, limited explanatory insights. This mostly 

arises from the inability of current SPFs in tracking unobserved heterogeneity in 

vehicle crashes – a major methodological challenge to tackle in the traffic safety field. 

As described in Mannering et al. (2016), unobserved heterogeneity in vehicle 

crash analysis majorly comes from four aspects: (a) driver (b) vehicle (c) segment 

specific roadway characteristic (d) environmental conditions. In contrast to some other 

transportation modes with a limited number and strictly certified operators (such as 

railway, water, and air transport), vehicle operators (i.e. drivers) have a wider range of 

skill, physical, and mental abilities. That’s saying, different drivers would process the 

same built environment stimulus differently resulting in heterogeneous outcomes (for 

example, near-crash versus crash or possible injury versus serious injury crash, etc.) 

This kind of heterogeneity is further complicated by various human factors (angry 

mood, fatigue, illness) and impaired driving (alcohol and drug usage). Vehicles also 

have a considerable variation in their mass, ground clearance, breaking distance, 

safety features, occupant protection, crash energy dissipation design, running 

condition, etc. Besides, there are variations in segment-specific roadway 

characteristics such as pavement frictions and condition, roadside features, guardrail 

and median design and condition, and so on. Finally, variation from the environment 

cannot be ignored either such as lighting, temperature, precipitation, sight distance, 

etc. All of the elements mentioned above would largely influence the likelihood of 

vehicle crashes. However, the existing databases only cover a very limited part of a 

large number of elements that would influence the vehicle crash outcomes. 

To address this issue, recent research have an emphasis on utilizing random 

effect and random parameter models (RPM). The RPM allows for a random intercept 

as well as random parameters varying across observations through distributional 

assumptions. By doing so, a variable would have various effects on different 

observations, thus, it would track observation-level unobserved heterogeneity which 



Texas Tech University, Shuaiqi Huang, May 2019 

3 

are not accounted for in a fixed parameters models.  Milton et al. (2008) is among one 

of the earliest applications of RPM in the safety filed. In 2009, Anastasopoulos and 

Mannering (2009) provided the first instance of random parameter negative binomial 

models (RPNB) modeling the vehicle crash frequency. Since then, RPNBs have been 

widely used to improve the prediction and understanding of various effects on vehicle 

crash frequency (See example, Venkataraman et al., 2013, 2011). These studies have 

proved the methodological advantages of random parameter models in their ability to 

capture unobserved heterogeneity. 

An alternative way to view heterogeneity across observations is through the 

functional form perspective. The state of the art in fixed parameter NB models is the 

linearity of the functional form used for the mean function. It is likely that 

nonlinearities in the relationship between crash frequency and the roadway variables 

are of the form where apriori theory cannot used as a guide. For example, logarithm 

transformations of certain independent variables such as ADT, shoulder width, 

roadway width, etc have not been shown to be effective in capturing heterogeneity. A 

more involved approach that has the potential to extract composite functional forms 

(combinations of multiple power functions for example) has the potential to capture 

heterogeneities in a more effective manner. As proposed by Hariharan (2015),  

heterogeneity can be tracked through a multinomial fractional polynomial functional 

(MFP) search algorithm (Sauerbrei and Royston, 1999). Different from RPM which 

relies on assumed distribution, the MFP search method is completely dependent on the 

observed distribution of the data. The empirical results suggest that the MFP model 

results in a good prediction power and model fit (i.e. loglikelihood, Akin and Bayesian 

information criteria). 

Objective 

While plenty of studies involved fix-dispersion parameter models while 

allowing for random parameters in the definition of the mean function, recent studies 

indicate that the use of heterogeneous dispersion parameter may be more efficient in 

uncovering heterogeneity at the observational level (e.g. Park, 2012; Venkataraman et 
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al., 2016). However, in these studies, the parameters in the mean function for the 

negative binomial specification remained fixed. Therefore, the current literature is 

limited in its insight on the utility of a varying overdispersion parameter effect in 

combination with random parameters in the mean function. This approach has the 

potential for capturing residual heterogeneity that remains after random parameters are 

accounted for. 

One of the concerns in adopting the MFP search is that it lacks an efficient way 

to utilize the correlation within the same segment. Due to the fact that most roadway 

characteristics would remain unchanged especially in a short time period (in this 

dissertation, 2 years), it would be reasonable to expect a certain level of correlation 

among crash frequencies across multiple years within the same segment. Thus, 

ignoring such intra-segment correlation would cause loss of efficiency in parameter 

estimates.  

With challenges in the traffic safety field and limitations of current methods in 

the literature in mind, the goal of this dissertation is set. The first goal of this 

dissertation is to provide a comprehensive evaluation of the newly proposed 

multivariable fractional polynomial negative binomial (MFP-NB) model against the 

state of the art, widely adopted random parameter negative binomial panel model 

(RPNB-panel). Considering the advantage of RPNB-panel models in utilizing the 

internal correlation among the panel data which the conventional MFP-NB lacks, this 

dissertation proposes an improved MFP-NB using a copula approach (MFP-NB-

copula) which is able to use the potential correlation and improve parameter 

efficiency. The second goal of this dissertation is to develop a heterogeneous random 

parameter negative binomial (HRPNB-panel) panel model of crash frequency and 

compare its performance with the widely used RPNB-panel specification which 

restricts the overdispersion parameter to be the same across segments. The third goal 

is to optimize the overdispersion parameter modeling process through the non-linear-

in-variables functional form. This approach is opposed to the traditional heterogeneous 
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dispersion parameter models with only linear-in-variables form. The scholarly and 

practical benefits of this dissertation will be discussed in later parts. 

Knowledge gaps and originality of research 

The early attempt of modeling the unobserved heterogeneity is through 

estimating the fixed-overdispersion parameter in fixed-parameter negative binomial 

(FPNB) (See examples, Miaou, 1994; Shankar et al., 1995). By assuming a Gamma-

distributed disturbance term, the FPNB accommodates the unobserved effects which 

influence the Poisson rate across observations and thus improve the estimation 

efficiency and accuracy. In 2007, random parameter models of crash frequency data 

were first developed through unpublished thesis work by Vikas Sharma (2007). 

Following this work, published studies (Anastasopoulos and Mannering, 2009; 

Venkataraman et al., 2011) further proved the methodological advantages of random 

parameter negative binomial (RPNB) models in their ability to capture unobserved 

heterogeneity. The extant literature involves the RPNB approach using a fixed-

overdispersion parameter. However, recent studies have suggested that the use of 

heterogeneous dispersion parameter (HNB) models may help uncover heterogeneity at 

the observational level more effectively (Hariharan et al., 2016; Park, 2012; 

Venkataraman et al., 2016) while the mean function specification still assumed a 

fixed-parameter structure.  

An alternative way to track unobserved heterogeneity is through a composite 

functional form. To get the form, a multivariable fractional polynomial (MFP) search 

was adopted in this dissertation. This method was first proposed by Hariharan (2015). 

A 9-year history of total crash frequencies on 117 state routes in Washington State 

was used to develop the approach. The empirical results suggested that the MFP 

model results in a good prediction power and model fit. However, the research did not 

consider the internal correlation of the panel setting crash frequency data. Due to the 

fact that most roadway characteristics would remain unchanged especially in a short 

time period (in this dissertation, 2 years), it would be reasonable to expect a certain 
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level of correlation among crash frequency rate from a different period while located 

in the same segment.  

Scholarly and practical benefits of research 

The benefit of the newly proposed hierarchical random parameter negative 

binomial (HRPNB-panel) model comes from two aspects: first, by allowing 

overdispersion to vary across observations while the NB specification parameters 

remain random. This approach would provide a more efficient parameter estimation 

due to relaxation of the unobserved heterogeneity constraint across observations. Not 

relaxing this constraint by using the fixed overdispersion parameter causes the 

unobserved heterogeneity to be spuriously picked up by the random parameter 

distribution through the standard deviation portion.  This can cause fixed parameters to 

be identified as random parameters when they truly have fixed parameter effects in the 

mean function specification. The second advantage of using a random parameters 

mean function framework with a heterogeneous overdispersion function is that the 

model serves as a general framework that can accommodate a variety of heterogeneity 

combinations: a) heterogeneity in the mean function parameters alone; b) 

heterogeneity in the overdispersion parameter alone; and c) heterogeneity in both the 

mean function parameters and the overdispersion parameter. This allows for a more 

comprehensive and unrestrictive exploration of the parameter space concerning 

geometric, traffic flow and geographic factors (rural versus urban for example) that are 

expected to influence crash outcomes. From a practical aspect, the ability in capturing 

heterogeneity from various source through the HRPNB-panel enables more insight 

into different elements driving total crash frequencies and provide a better prediction 

power. 

Due to the fact that correlation among crash frequency from a different period 

while located in the same segment can be expected, ignoring this correlation would 

lead to an overestimation of variance for some variables and underestimation for 

others. In addition, it would also cause the loss of efficiency in parameter estimation 

(Hsiao, 2007; Liang and Zeger, 1993). Therefore, by introducing the intra-segment 
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correlation, one would expect the MFP-NB-copula model provide a more efficient 

parameter estimation and generate more accurate predictions for individual outcomes. 

Analytical framework 

With the research goals being set, a dataset used to test model frameworks was 

in need. This dissertation started with generating fixed-length segmentation for the 

study area – the entire Washington State Interstate system. Figure 1.1 provides an 

overall look at the study area. Seven Interstates, namely, I-5, I-82, I-90, I-182, I-205, 

I-405, and I-705, with comprehensive geometric features and traffic volume 

information were inspected in this dissertation, which consists, in total, 763.83 

centerline miles. 

 

Figure 1.1 Washington State Interstate system 

 

Seven Interstates were divided into 757 one-mile segments. Due to the 

milepost location (last segment effect) and missing data effects (small portions of the 

interstate had incomplete geometric or traffic information), few segments did not 

conform to the one-mile length. Segments with complete information were retained to 
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result in 763 total segments. With the two year period 2014-2015, the dataset used in 

this dissertation consisted of a balanced panel of 1,526 observations. A total of 28,973 

recorded vehicle crashes over the 2-year period were assigned to the 763 segments 

basing on their location information. These crashes included all five severity level 

crashes (i.e. property-damage-only, possible injury, evident injury, and fatal) as 

documented in the Washington State Department of Transportation system (WSDOT).  

A total of 338 segment-specific variables were specified from the WSDOT 

dataset and tested in this dissertation. These variables included 4 types: (1) continuous 

variables that described traffic volume, length-based weighted average number of 

lanes, roadway width, travel shoulder width, and median width; (2) count variables 

which included total number of vertical or horizontal curve and counts of curves with 

specific geometric or design features (for example, radius, design speed, absolute 

initial grade, etc.); (3) proportion variables reflecting the length percentage of specific 

geometric or design features; and (4) indicator variables for urban-rural settings, 

county location of segment, route location, and curve combinations. 

A fixed-parameter negative binomial model (FPNB) was first developed and 

severed as the baseline to guide specification search for the MFP and random 

parameter models. Out of 338 initial variables specified, 21 variables were found to be 

statistically significant. Then, an MFP – negative binomial with fixed overdispersion 

parameter (MFP-NB) specification was estimated and it shared the same base 

variables from the FPNB model but with appropriate transformations. In the next step, 

the overdispersion parameter was modeled using extra exogenous variables to develop 

the MFP-NB with heterogeneous overdispersion parameter (MFP-HNB) specification.  

Subsequently, an RPNB model was developed by using the same group of 

specifications as FPNB and 7 variables were found to have both statically significant 

mean and standard deviation. All 4 models discussed above didn’t consider the 

potential correlation which existed in this panel dataset. To address this correlation, an 

MFP-NB with copula (MFP – NB – copula) approach and RPNB with panel effect 

(RPNB-panel) models were then developed. Finally, a heterogeneous random 
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parameter negative binomial panel (HRPNB-panel) model was developed. Figure 1.2 

provides the overall framework and the methodological flow of modeling activities 

employed to fulfill the objective of this dissertation. 

 

Figure 1.2 Methodological flow of the modeling process 

 

This dissertation follows a journal-manuscripts-into-dissertation style. The rest 

of this dissertation is organized as follows: the next chapter presents a comprehensive 

review of current literature related to statistical analysis in traffic safety applications 

and methodologies proposed in this dissertation. Chapter 3 contains a journal 

manuscript which provides a comparison between the random parameter panel 

approach and MFP copula approach in a panel data setting. This chapter also propose 

the MFP-NB copula utilizing the internal correlation in a 2-year panel dataset. Chapter 

4 proposes the HRPNB-panel approach and provide a comprehensive comparison 

against the widely used RPNB-panel model. Chapter 5 presents the conclusions and 

recommendations. This chapter includes a brief summary of the goals and findings of 

this dissertation. In addition, the future direction of the proposed methods was also 

discussed here. The overall framework and idea-flow of this dissertation are shown in 

Figure 1.3. 



Texas Tech University, Shuaiqi Huang, May 2019 

10 

 

Figure 1.3 Dissertation process 
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CHAPTER II 

LITERATURE REVIEW 

Fixed-parameter statistical approach 

The estimation of crash frequency started with conventional linear regression. 

Considering the non-negative nature of crash counts, linear regression with potential 

negative predictions surely was not an ideal technique to employ. In 1986, Jovanis and 

Chang (1986) proposed the Poisson regression model and illustrated the relationship 

between vehicle crash frequency and various elements such as vehicle mile traveled 

(VMT), hours of snow, hours of rain, and influence of weekend. As mentioned in the 

paper, the Poisson regression approach accommodates the independent and non-

negative nature of vehicle crash counts. A later study by Miaou and Lum (1993) 

further proved the methodological advantage of Poisson estimation when observed 

data had mean-variance equality. However, the author also pointed out that with 

overdispersed data (variance greater than the mean), the Poisson regression models 

tend to overstate or understate the likelihood of the crashes. 

To relax the equality of the mean-variance assumption of Poisson regression, 

as well as to accommodate the unobserved heterogeneity, negative binomial (NB) 

regression was first introduced into the traffic safety by Miaou (1994). As an 

extension of Poisson regression, the NB model assumes the Poisson parameter follows 

a gamma probability distribution. Thus, the NB approach allows the mean to differ 

from variance in a closed form. Since then, the NB model was widely used in the field 

(El-Basyouny and Sayed, 2009a, 2006; Karlaftis and Tarko, 1998; Kim and 

Washington, 2006; Lord, 2006; Milton and Mannering, 1998; Poch and Mannering, 

1996; Shankar et al., 1995). With the large application of the NB approach, several 

transformations of conventional NB model were also applied to provide for better 

estimation. In 1997, Shankar et al. (1997) pointed out the conventional NB model 

could not address the problem of preponderance of zero-crash observations. To 

accommodate this effect, zero-inflated negative binomial (ZINB) and zero-inflated 

Poisson (ZIP) model were applied. The empirical results proved the advantage of 
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ZINB and ZIP approach in illustrating the causality underlying on zero-crash versus 

possible-crash segments. Subsequent studies (Lee and Mannering, 2002; Lord et al., 

2007, 2005; Poch and Mannering, 1996; Shankar et al., 2003) further proved the 

methodological advance of the zero-inflated approach in dealing with crash data 

especially containing a large portion of zero-count observations. In 2009, Malyshkina 

et al. (2009) took the zero-inflated approach further with zero-state Markov switch 

negative binomial models. The proposed approach allowed sections transiting between 

zero-crash state and normal-count state over time. Thus, it relaxed the theoretically 

implausible assumption that some sections would be immune to crashes. The 

following study (Malyshkina and Mannering, 2010) utilized this approach to study the 

influence of average annual daily traffic (AADT), pavement quality, median type, 

number of ramps, and presence of travel shoulder and curve on crash frequency. 

To serve the purpose of understanding factors influencing vehicle crashes and 

provide better prediction, plenty of other statistical approaches were also tested along 

the way. For example, in order to utilize the correlation between different types of 

crash counts, the multivariate Poisson-Lognormal approach was adopted (El-

Basyouny and Sayed, 2009b; Ma et al., 2008; Park and Lord, 2007; Wang and 

Kockelman, 2013). To accommodate the potential under-distribution under some 

crash-count cases, the Conway-Maxwell-Poisson model (Geedipally and Lord, 2011; 

Lord et al., 2010, 2008; Lord and Guikema, 2012; Sellers and Shmueli, 2010) and 

Winkelman’s gamma probability model (Daniels et al., 2010; Oh et al., 2006) were 

used as an alternative to the conventional NB approach. The generalized estimating 

equations model (Lord and Persaud, 2000; Wang and Abdel-Aty, 2006) and negative 

multinomial models (Caliendo et al., 2007; Ulfarsson and Shankar, 2003) were used to 

uncover temporal or spatial correlation among crash counts. As to testing non-linear 

relationship between crash counts and explanatory variables, generalized additive 

models were tested (Lee et al., 2015; Li et al., 2011; Xie and Zhang, 2008). 

Recent studies have suggested that the use of heterogeneous dispersion 

parameter models may help uncover heterogeneity at the observational level more 
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effectively (Park 2012; Venkataraman et al 2016; Hariharan et al 2016). These studies 

employed fixed parameter NB models with a heterogeneous dispersion parameter 

function. Recently, work done by Mothafer et al (2018) employed the heterogeneous 

dispersion form for multivariate count outcomes using copulas. These approaches do 

not involve a random parameter mean function specification. 

Random parameter statistical approach 

The random parameter approach started with the random effects negative 

binomial (RENB) model, in which the constant would vary across observations. In the 

context of crash prediction, the random constant accommodates those unobserved 

heterogeneities which are unrelated to exogenous variables defined in the model. The 

methodological advantage of RENB in traffic crash frequency analysis was discussed 

in multiple studies (Johansson, 1996; Miaou et al., 2005, 2003; Shankar et al., 1998).  

The, RPNB gives an enhanced ability in modeling the unobserved 

heterogeneity by allowing not only the constant but also exogenous variables to vary 

across observations. RPNB models for count data were first developed in the traffic 

safety community through unpublished thesis work by Vikas Sharma (2007). In the 

published literature, Anastasopoulos and Mannering (2009) were the first instances of 

applying RPNB models to count data. Since then, RPNBs have been widely used in 

the field (Bhat et al., 2014; El-Basyouny and Sayed, 2009a; N. Venkataraman et al., 

2014; Venkataraman et al., 2013, 2011). These studies further proved the 

methodological advantages of random parameter models in their ability to capture 

unobserved heterogeneity. However most studies assume the normal distribution for 

continuous random variables, a uniform distribution for indicator variables, and other 

distributions such as log-normal, triangular, if apriori theory suggests positive density 

distributions. In crash frequency data, the unobserved heterogeneities are not fully 

tracked by the assumed parameter distributions (Huang et al., 2016; Seraneeprakarn et 

al., 2017). Residual heterogeneity that is spuriously captured via random parameters 

remains an issue. Therefore, an improve RPNB model with improved ability in 

tracking observation-specific residual heterogeneity through the overdispersion is in 
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need. One of the goals in this dissertation is to fulfill this need and shed further light 

on random parameter applications in the safety field. 

Functional form approach 

As described in Hariharan (2015), an alternative view of the source of the 

heterogeneity and related variation across observations may be due to the lack of 

proper functional form. In his work, the author addressed the issue by utilizing a 

widely-used approach in the medical field, namely, the MFP search algorithm, to crash 

frequency analysis.  

The MFP was developed by Sauerbrei and Royston (1999). With a pre-defined 

set of fractional polynomial transformation powers {-2, -1, -0.5, 0, 0.5, 1, 2, 3} and 

backward elimination, this search algorithm tests against different transformation 

functional forms based on optimum deviance (i.e. -2*loglikelihood. As opposed to the 

random parameter approach, the MFP approach does not require any distributional 

assumptions and is completely based on observed distribution from the data. In 

addition, with multi-degree transformations (in this dissertation, the FP2 

transformation was applied), the functional form provides non-monotonic correlations 

between dependent variable and covariates, which relaxes the limitation of monotonic 

correlation assumptions in conventional crash frequency analysis. Though the number 

of transformation powers in the predefined set seems to be limited, the functions 

derived from this small power set are very rich and lead to satisfactory model fits in 

most empirical applications (Royston and Sauerbrei, 2008). 

The MFP search algorithm application in traffic safety analysis still remains 

very limited. The very early example in the published literature includes Valecký 

(2012), where the author applied MFP with negative binomial regression (MFP-NB) 

to investigate insured crash risk. The results proved the methodological advantage of 

the MFP-NB relative to conventional negative binomial regression. Later, Hariharan 

(2015) took the MFP-NB further with MFP incorporating the heterogeneous negative 

binomial (MFP-HNB) framework to model the correlation between total crash 
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frequency and traffic volume, location, various roadway geometry, and roadside 

features. To test the method, the author used 9-year crash data across the Washington 

State Route system. The empirical results indicated that, through the appropriate 

functional forms and heterogeneous overdispersion parameter, the MFP-HNB 

uncovers unobserved heterogeneity and provides superior model fit over the widely-

used random parameter negative binomial model. However, the author overlooked the 

effect of intra-segment correlation across different periods and its potential in 

improving model estimation in both MFP and random parameter approach. This is 

partially due to the methodology limitation in MFP-HNB used in that research. Thus, 

an improved MFP-HNB approach with the ability to accommodate intra-segment 

correlation is in need. As such, another goal of this dissertation is to address this need 

and explore the suitability of the MFP approach in traffic safety analysis. 
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CHAPTER III 

NONLINEAR FUNCTIONAL FORM VERSUS RANDOM 

PARAMETER ASSUMPTIONS IN NEGATIVE BINOMIAL 

CRASH ANALYSIS: A COMPARATIVE STUDY 

Abstract 

This paper proposes the multivariable fractional polynomial (MFP-NB) copula 

model as an alternative to the random parameter negative binomial panel (RPNB-

panel) for the analysis of crash counts. Total crash frequencies on Washington State 

interstates are analyzed. A total of 763 directional fixed-length segments were used 

based on seven Interstate highways in Washington State. With the 2-year balanced 

panel, the analysis yielded a statistical model of total crash frequency based on 1,526 

observations. To evaluate the RPNB-panel and MFP-NB copula methods thoroughly, 

six different specifications were estimated and compared in this paper. The empirical 

results suggested that the RPNB-panel model gave the best prediction power and 

statistical model fit. MFP-NB with copula approach (MFP-NB-copula) was marginally 

inferior to RPNB-panel in terms of model fit. These two specifications (i.e. RPNB-

panel and MFP-NB-copula) show great improvement in model fit over four non-panel-

model specifications. This shows that intra-segmental correlation has significant 

implications for traffic safety analysis. The RPNB-panel is superior to the MFP-NB-

copula in longer panels (3 or more years). The MFP framework incorporating a 

heterogeneous overdispersion parameter provided a better model fit in non-panel 

settings compared to the RPNB model. Overall, the results showed that both the 

RPNB-panel and the heterogeneous MFP-NB-copula models have promise for 

capturing unobserved heterogeneity provided great model fit with uncovering 

observed heterogeneity.  

 

Keywords: Random parameters, Multivariable fractional polynomials (MFP), 

negative binomial, Total crash frequency 
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Introduction 

Functional form and associated effects on unobserved heterogeneity has not 

been evaluated comprehensively in crash frequency analysis. Work that has attempted 

to address this has occurred in the form of generalized additive models (Lee et al., 

2015; Li et al., 2011; Xie and Zhang, 2008). These models did not address the issue of 

heterogeneous overdispersion which is an extension of the functional form 

applications beyond the specification of the mean function in NB model structures. 

Recent studies have suggested that the use of heterogeneous dispersion 

parameter models may help uncover heterogeneity at the observational level more 

effectively (Park 2012; Venkataraman et al 2016; Hariharan et al 2016). These studies 

employed fixed parameter NB models with a heterogeneous dispersion parameter 

function. Recently, work done by Mothafer et al (2018) employed the heterogeneous 

dispersion form for multivariate count outcomes using copulas. While these 

approaches show that heterogeneous overdispersion enables richer capture of 

unobserved effects, their evaluation did not occur in concert with a specification that 

accounted for sources of heterogeneity due to improper functional form.  

Random parameter statistical approach 

The random parameter approach started with the random effects negative 

binomial (RENB) model, in which the constant would vary across observations. In the 

context of crash prediction, the random constant accommodates those unobserved 

heterogeneities which are unrelated to exogenous variables defined in the model. The 

methodological advantage of RENB in traffic crash frequency analysis was discussed 

in multiple studies (Johansson, 1996; Miaou et al., 2005, 2003; Shankar et al., 1998).  

The, RPNB gives an enhanced ability in modeling the unobserved 

heterogeneity by allowing not only the constant but also exogenous variables to vary 

across observations. RPNB models for count data were first developed in the traffic 

safety community through unpublished thesis work by Vikas Sharma (2007). In the 

published literature, Anastasopoulos and Mannering (2009) were the first instances of 

applying RPNB models to count data. Since then, RPNBs have been widely used in 
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the field (Bhat et al., 2014; El-Basyouny and Sayed, 2009a; N. Venkataraman et al., 

2014; Venkataraman et al., 2013, 2011). These studies further proved the 

methodological advantages of random parameter models in their ability to capture 

unobserved heterogeneity. However most studies assume the normal distribution for 

continuous random variables, a uniform distribution for indicator variables, and other 

distributions such as log-normal, triangular, if apriori theory suggests positive density 

distributions. In crash frequency data, the unobserved heterogeneities are not fully 

tracked by the assumed parameter distributions (Huang et al., 2016; Seraneeprakarn et 

al., 2017). Residual heterogeneity that is spuriously captured via random parameters 

remains an issue. Therefore, an improved RPNB model with improved ability in 

tracking observation-specific residual heterogeneity through the overdispersion is in 

need. One of the goals in this dissertation is to fulfill this need and shed further light 

on random parameter applications in the safety field. 

Functional form approach 

As described in Hariharan (2015), an alternative view of the source of the 

heterogeneity and related variation across observations may be due to the lack of 

proper functional form. In his work, the author addressed the issue by utilizing a 

widely-used approach in the medical field, namely, the MFP search algorithm, to crash 

frequency analysis.  

The MFP was developed by Sauerbrei and Royston (1999). With a pre-defined 

set of fractional polynomial transformation powers {-2, -1, -0.5, 0, 0.5, 1, 2, 3} and 

backward elimination, this search algorithm tests against different transformation 

functional forms based on optimum deviance (i.e. -2*loglikelihood. As opposed to the 

random parameter approach, the MFP approach does not require any distributional 

assumptions and is completely based on observed distribution from the data. In 

addition, with multi-degree transformations (in this dissertation, the FP2 

transformation was applied), the functional form provides non-monotonic correlations 

between dependent variable and covariates, which relaxes the limitation of monotonic 

correlation assumptions in conventional crash frequency analysis. Though the number 
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of transformation powers in the predefined set seems to be limited, the functions 

derived from this small power set are very rich and lead to satisfactory model fits in 

most empirical applications (Royston and Sauerbrei, 2008). 

The MFP search algorithm application in traffic safety analysis still remains 

very limited. The very early example in the published literature includes Valecký 

(2012), where the author applied MFP with negative binomial regression (MFP-NB) 

to investigate insured crash risk. The results proved the methodological advantage of 

the MFP-NB relative to conventional negative binomial regression. Later, Hariharan 

(2015) took the MFP-NB further with MFP incorporating the heterogeneous negative 

binomial (MFP-HNB) framework to model the correlation between total crash 

frequency and traffic volume, location, various roadway geometry, and roadside 

features. To test the method, the author used 9-year crash data across the Washington 

State Route system. The empirical results indicated that, through the appropriate 

functional forms and heterogeneous overdispersion parameter, the MFP-HNB 

uncovers unobserved heterogeneity and provides superior model fit over the widely-

used random parameter negative binomial model. However, the author overlooked the 

effect of intra-segment correlation across different periods and its potential in 

improving model estimation in both MFP and random parameter approach. This is 

partially due to the methodology limitation in MFP-HNB used in that research. Thus, 

an improved MFP-HNB approach with the ability to accommodate intra-segment 

correlation is in need. As such, another goal of this dissertation is to address this need 

and explore the suitability of the MFP approach in traffic safety analysis. 

Basing on the discussion made above, this study is therefore aimed at 

expanding the knowledge in abilities of MFP-NB approach in tracking unobserved 

heterogeneity relatively to the more widely used PRNB approach. To fully explore the 

potential of both approaches (i.e. MFP-NB and RPNB), this research took a step 

further from Hariharan’s research by estimating two models with considering the 

potential correlation among a panel data. In this research, a two-year balanced panel of 

crash frequency data from Washington State’s Interstate system was used. An RPNB 
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model with panel effect was estimated to provide an efficient estimation from random 

parameters approach. Since MFP-NB model could not be estimated through a panel 

manner directly, to utilize potential correlations, this research proposed a bivariate 

copula-based MFP-NB count model. Two MFP-NB models were estimated 

individually based on two-year data, then a bivariate copula-based count approach 

(Ghasak I M A Mothafer et al., 2018; Mothafer et al., 2017) was applied to join two 

MFP-NB estimation accomplished in the previous step. The rest of this paper began 

with a detailed presentation of methodology followed by a description of balanced 

two-year panel data. We then provided a comparison between these two approaches 

will be presented in the modeling results part, followed by conclusions and 

recommendations. 

Methodology 

Negative binomial regression 

Due to the overdispersion and non-negative nature of crash frequency data, 

fixed parameter negative binomial regression model (FPNB) has been widely used in 

the field. This research started with estimating the FPNB of “total annual crash 

frequency” through the approach described in (Greene, 2011). Given a vector of 

geometric and traffic data, the general error form of negative binomial model shown 

as following: 

 

𝑙𝑛𝜆𝑖𝑡 = 𝑿𝑖𝑡𝛽 + ε𝑖𝑡        ( 1 ) 

 

where 𝜆𝑖𝑡 and 𝑿𝑖𝑡 represents the expected total crash frequency rate and vector 

of geometric and traffic data on roadway segment i in year t respectively. exp (ε𝑖𝑡) is 

the Gamma distributed error term allowing the mean-variance relationship: 
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𝑉𝑎𝑟[𝑛𝑖𝑡] = 𝐸[𝑛𝑖𝑡][1 + 𝛼𝐸[𝑛𝑖𝑡]]       ( 2 ) 

 

A 𝛼 is statistically significantly different from zero indicating the existence of 

overdispersion in the data, otherwise, the model would reduce to the Poisson 

distribution with equaled mean and variance. The resulting probability distribution 

form of NB is, 

 

𝑃(𝑛𝑖𝑡) =
𝛤(𝜃+𝑛𝑖𝑡)

𝛤(𝜃)𝑛𝑖𝑡!
[

𝜃

𝜃+𝜆𝑖𝑡
]

𝜃

[
𝜆𝑖𝑡

𝜃+𝜆𝑖𝑡
]

𝑛𝑖𝑡

      ( 3 ) 

 

where 𝜃 = 1/𝛼, and 𝛤(. ) is a value of the gamma function. 𝜆𝑖𝑡 can be 

estimated through maximum loglikelihood procedure. The likelihood function of 

negative binominal is given as below: 

 

𝐿(𝜆𝑖𝑡) = ∏ ∏
𝛤(𝜃+𝑛𝑖𝑡)

𝛤(𝜃)𝑛𝑖𝑡!
𝑇
𝑡

𝑁
𝑖 (

𝜃

𝜃+𝜆𝑖𝑡
)

𝜃
(

𝜆𝑖𝑡

𝜃+𝜆𝑖𝑡
)

𝑛𝑖𝑡
     ( 4 ) 

 

where N is the total number of segments (N = 763 in this research) and T is the 

total number of years of observation (T=2 i.e. data from 2014 and 2015). The 

estimates of 𝛽 and 𝛼 is obtained through the maximization of equation 4. One thing 

needs to be emphasized here is that in a FPNB model, the overdispersion term 𝛼 

remains constant across all observations. Though the presence of significant 𝛼 provide 

a limited ability in tracking the heterogeneity, it does little to improve researcher’s 

understanding on the source of overdispersion and track the heterogeneity across 

observations. To overcome this shortcoming of conventional FPNB, this research also 

applied the heterogeneous negative binomial method. 
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By allowing the over-dispersion term to be parameterized, heterogeneous 

negative binominal (HNB) regression give the ability to captures heterogeneity in the 

over-dispersion parameter. When considering the plausible correlations among 

segment geometric and design features, a certain level of heterogeneity in the over-

dispersion parameter would be expected and estimable. To do so, over-dispersion 

parameter is modeled as: 

 

𝛼𝑖 = 𝐸𝑋𝑃(𝜀𝑖) = 𝐸𝑋𝑃(𝜌 + 𝜎ℎ𝑖) 𝑜𝑟  𝑙𝑛 𝛼𝑖 = 𝜌 + 𝜎ℎ𝑖   ( 5 ) 

 

Where σℎi is the heterogeneity in the mean of the over-dispersion parameter as 

a function of variable ℎi. ρ and σ are parameters to be estimated along with the rest 

model coefficients. When  ℎi is not defined, HNB will produce the same result as 

conventional NB since the over-dispersion parameter will be estimated as a constant, 

in other words, it will be consistent across all observations. 

The evolution of conventional NB models comes to more and more emphasis 

on tracking unobserved heterogeneity across observations. To achieve this goal, state 

of art NB model was expanded to the random parameters negative binomial model 

(RPNB). The estimation of RPNB for this research follows a well-known simulation-

based method described in (Lord and Mannering, 2010; N. Venkataraman et al., 2014; 

Venkataraman et al., 2013). According to the literature, the probability distribution 

form of RPNB given as follow: 

 

𝑃(𝑛𝑖𝑡|𝑥𝑖𝑡, ω𝑖𝑡) = ∏ 𝑔(𝑛𝑖𝑡, β′𝑖𝑡𝑥𝑖𝑡)𝑇
𝑡       ( 6 ) 

 

where g(.) is a density function that relates to the mean crash occurrence rate. 

β′𝑖𝑡 is a vector of estimable random and fixed parameters of i-th segment at time t with 
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β′𝑖𝑡 =  𝛽 + ω𝑖𝑡. The rest characters are defined in previous equations. Then the 

likelihood is approximated basing on simulation though the relationship, 

 

𝐸ω𝑖𝑡
[𝐿𝑖|ω𝑖𝑡 , 𝑡 = 1 𝑡𝑜 𝑘] ≅  

1

𝑅
∑ 𝐿𝑖𝑟|𝑅

𝑟=1 ω𝑖𝑡𝑟     ( 7 ) 

 

where R is the number of Halton draws used during the estimation. In this 

research, 1,000 Halton draws was selected. ω𝑖𝑡 is a randomly distributed term. The 

continuous variable with random effect was assumed to follow the normal distribution 

and urban-rural indicator follows the uniform distribution. The conditional estimates 

of all the random parameters are conducted through the equation given below: 

 

ℎ(β|𝑛𝑖, X𝑖, 𝜃) =
𝑝(𝑛𝑖|X𝑖,𝛽)𝑔(𝛽|𝜃)

𝑝(𝑛𝑖|X𝑖,𝜃)
      ( 8 ) 

 

where ℎ(. ) represents the conditional distribution of the random parameters. 

The next section will discuss MFP method for searching appropriate functional forms 

as an additional way of tracking heterogeneity.   

 

Multinomial fractional polynomials  

A general form of a fractional polynomial with degree m (FPm) and powers 𝒑 

is the function (Royston and Altman, 1994): 

𝜑 𝑚(𝑥; 𝜷, 𝒑) = 𝛽0 + ∑ 𝛽𝑗𝐻𝑗(𝑥)𝑚
𝑗=1   𝑤𝑖𝑡ℎ 𝐻𝑗(𝑥) =

           {
𝑥𝑝𝑗                          𝑖𝑓 𝑝𝑗 ≠ 𝑝𝑗−1

𝐻𝑗−1(𝑥)ln (𝑥)     𝑖𝑓 𝑝𝑗 = 𝑝𝑗−1
        ( 9 ) 

Where m indicates degree of fractional polynomial (FP) as a positive integer. 𝒑 

and 𝜷 are real-valued vector and coefficient respectively with 𝒑 = (𝑝1 ≤ ⋯ ≤ 𝑝𝑚) 
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and 𝜷 = (𝛽1, … , 𝛽𝑚). A power 𝒑 of 0 is taken as Ln(x). For empirical applications, the 

degree m is usually limited to 2 (also known as FP2) with a predefined set of power 

𝒑 = (−2, −1, −0.5, 0,0.5 , 1, 2, 3) which is also applied in this study. With enormous 

amount of verification from empirical applications (Royston and Altman, 1994; 

Royston and Sauerbrei, 2008; Sauerbrei et al., 2006), this small sampling set powers 

have been well proved to provide sufficient FP2 specifications. 

To obtain multinomial FP (e.g. MFP) with preserving continuous nature of 

covariates, a backward elimination procedure combined with FP algorithm is 

employed to give a systematic search for appropriate variable transformation 

(Sauerbrei and Royston, 1999). The procedure starts with nominating P-values 𝛼 1 and 

𝛼 2  and maxima permitted degree of freedom (d.f.) for FP functions. 𝛼 1 and 𝛼 2  is to 

select statistically significant variables and FP transformation respectively. In this 

research, to ensure the best model fit by referring to Log-Likelihoods, AIC, and BIC, 

𝛼 1 = 0.05, 𝛼 2 = 0.15, and d.f. =4 (e.g. most complex permitted FP function for a 

given continuous variable is FP2) are employed. The estimation of the MFP procedure 

start with fitting a NB regression to determine the transformation sequence for 

desirable variables by an arbitrary order of variable significance, and this sequence 

will be maintained in all cycles of the procedures. At each transformation search step, 

if the target variable 𝑥𝑗 is not significant at 𝛼 1 level it is dropped. Otherwise, a FP or 

liner function will be selected at 𝛼 2 level, while all the other variables will be 

included and retain their current functional form as adjustment terms. A univariate x 

fractional polynomial prediction with power 𝒑 is given the form as 𝛽0 + ∑ 𝛽𝑗𝑥𝑝𝑗𝑚
𝑗=1 , 

and the form of multivariable FP is rewritten the previous function as 𝛽0 +

∑ ∑ 𝛽𝑗𝑥𝑘

𝑝𝑗𝑚
𝑗=1

𝐾
𝑘=1 + ∑ 𝛽𝑙

𝐿
𝑙=𝐾+1 𝑥𝑙, where 𝑥𝑘 indicates the variable including in the FP 

search and 𝑥𝑙 represents the rest dummy or continuous variables which are excluded 

from the search.  

To perform the function search at 𝛼 2 level, the search algorithm suggested in 

(Royston and Altman, 1994) is applied in this research. The function search starts with 
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comparing the most permitted complex FP2 with the best fit transformation to the best 

fit FP1 on 2 degree of freedom at the 𝛼 2 = 0.15 significance level. If significant, FP2 

will be the optimistic result. Otherwise, this similar procedure will be conducted with 

FP1 testing against a straight line on 1 degree of freedom and the straight-line testing 

against omitting the selected variable on 1 degree of freedom both at 𝛼 2 level till the 

optimistic results achieved. When the targeted variable is found to be in the optimum 

form, the algorithm fix it and move to the next variable according to the sequence 

decided by variable significance from the liner regression fitted at the beginning. The 

model will reach the optimum stage (i.e. final stage) and exit iteration when there is no 

more covariates dropped and no more modification to the functional form of existing 

covariates.  

MFP search provides a feasible way to track unobserved heterogeneity through 

functional form. However, the conventional MFP does not have the ability to utilize 

potential correlations in a panel data when comparing to an RPNB-panel. To 

overcome this shortcoming, two MFP-NB estimations were first applied on 2014 and 

2015 crash frequency data independently, then a copula approach was adopted to join 

these two individual estimations and conduct the MFP-NB-copula model. MFP-NB-

copula provides one complete estimation system. The parameterized correlation will 

help to improve modeling efficiency and fit on both system level and two sub-

estimations level. Thus, the MFP-NB-copula is the suitable approach to compare with 

RPNB-panel. The technical details of the copula approach for bivariate count-data 

models will be introduced in the following session. 

 

Copulas for Intra-Segmental Correlation 

To accommodate the statistical correlation between two-year crash, copula 

functions are applied here to improve the model fit and efficiency. Copula functions 

are first introduced by Sklar (Sklar, 1959). Considering q random uniform variables, 

U1, …, Uq on the [0,1] interval, we define a function: 
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𝐶(𝑢1, … , 𝑢𝑞) = 𝑃(𝑈1 ≤ 𝑢1, … , 𝑈𝑞 ≤ 𝑢𝑞 )              ( 10 ) 

 

where C(.) is a copula function and 𝑢𝑗  is a particular realization of 𝑈𝑗 for j = 

1,2 , … , q with q ≥ 2. To meet the requirement as a copula, the functional C must be 

grounded and increasing over its q-dimensional domain. To further explain this 

fundamental concept of copula, we use a 2-dimentional copula as an example. In a 2-

dimentional copula with function 𝐶: [0,1]2 → [0,1], for every 𝑢 𝜖 [0,1], we have 

a.  

𝐶(0, 𝑢) = 𝐶(𝑢, 0) = 0                ( 11 ) 

b.  

𝐶(0, 1) = 𝐶(1, 𝑢) = 𝑢                ( 12 ) 

 

c. For every (𝑢1, 𝑢2), (𝑣1, 𝑣2) ∈ [0,1] × [0,1] with 𝑢1 ≤ 𝑢2 and 𝑣1 ≤ 𝑣2, we 

have 

𝐶(𝑢1, 𝑢2) − 𝐶(𝑢1, 𝑣2) − 𝐶(𝑣1, 𝑢2) + 𝐶(𝑣1, 𝑣2) ≥ 0             ( 13 ) 

 

Any 2-dimensional joint distribution function meets all three properties list 

above will be defined as grounded and 2-increasing. By applying the concept above, a 

bivariate copula function can be written as: 

 

𝐻(𝐹(𝑥), 𝐺(𝑦)) = 𝐶(𝑢, 𝑣, 𝜃)                ( 14 ) 
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Where C(.) is a copula function, u and v are marginal cumulative distribution 

functions of outcomes x and y, respectively. And 𝜃 is a correlation coefficient. If x and 

y have no correlation, 𝜃 will be 0 and the joint distribution can be written as the 

product of their margins as 𝐻(𝐹(𝑥), 𝐺(𝑦)) = 𝑢𝑣. Three copula functions, namely, 

normal, Frank, and Kimeldorf and Sampson (KS), are tested in this study (see (Xu and 

Hardin W., 2016) for additional information). Their correlated C(.) and range of 𝜃 are 

shown in Table 3.1. In 2010, Famoye presented a generalized bivariate count model, 

which allows negative, zero, and separate dispersion parameters for marginal 

distribution. According to Famoye (Famoye, 2010), the bivariate negative binomial 

distribution is given as: 

 

𝑃(𝑦1, 𝑦2) = {∏ (𝑚𝑘
−1+𝑦𝑘−1

𝑦𝑘
) (

𝜇𝑘

𝑚𝑘
−1+𝜇𝑘

)
𝑦𝑘

(
𝑚𝑘

−1

𝑚𝑘
−1+𝜇𝑘

)
𝑚𝑘

−1

2
𝑘=1 } × {1 +

𝜆(𝑒−𝑦1 − 𝑐1)(𝑒−𝑦2 − 𝑐2)}                 ( 15 ) 

 

where 𝜇𝑘 ∈ 𝑘 = 1,2 is the mean of the marginal negative binominal 

distribution and 

 𝑐𝑘 = {(1 − 𝜃𝑘)/(1 − 𝜃𝑘𝑒−1)}𝑚𝑘
−1 with 𝜃𝑘 = 𝜇𝑘/(𝑚𝑘

−1 + 𝜇𝑘). The sign of 𝜆 

represents the sign of correlation between two outcomes. When 𝜆 = 0, it indicates the 

two outcomes are independent with each other. 𝑚𝑘 are the dispersion parameters for 

negative binominal distribution in two outcomes, respectively. Therefore, if 𝑚𝑘 → 0, 

the negative binomial marginal model will reduce to the Poisson marginal model. The 

correlation among each observation 𝜌𝑖  can be obtained as: 

 

𝜌𝑖 = 𝜆𝑑2√𝜇1𝑖𝜇2𝑖(1 + 𝑚1𝜇1𝑖)(1 + 𝑚2𝜇2𝑖)(1 + 𝑑𝑚1𝜇1𝑖)
−1−1/𝑚1(1 +

𝑑𝑚2𝜇2𝑖)
−1−1/𝑚2                  ( 16 ) 
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The correlation of two outcome variables can be computed as the average of 

𝜌𝑖. The log likelihood of a bivariate negative binomial regression (BNBR) model with 

n independent vectors(𝑦𝑖1, 𝑦𝑖2), where i represents the i-th vector in BNBR, is given 

as: 

 

log 𝐿 = ∑ {∑ [𝑦𝑖𝑘𝑙𝑜𝑔𝜇𝑖𝑘 − 𝑚𝑘
−1𝑙𝑜𝑔𝑚𝑘 − (𝑦𝑖𝑘 + 𝑚𝑘

−1)𝑙𝑜𝑔(𝜇𝑖𝑘 +2
𝑘=1

𝑛
𝑖=1

𝑚𝑘
−1) − log(𝑦𝑖𝑘!) + ∑ 𝑙𝑜𝑔(𝑚𝑘

−1 + 𝑗)𝑦𝑖𝑘−1
𝑗=0 ] + 𝑙𝑜𝑔[1 + 𝜆(𝑒−𝑦𝑖1 − 𝑐1)(𝑒−𝑦𝑖2 − 𝑐2)]}

                    ( 17 ) 

 

Where 𝑐𝑘 = (1 + 𝑑𝜇𝑖𝑘𝑚𝑘)−1/𝑚𝑘 with 𝑑 = 1 − 𝑒−1, and k = 1,2. The 

maximum log-likelihood is obtained through the estimation of parameters  𝛽𝑘𝑗(𝑗 =

0,1,2, … , 𝑧 𝑎𝑛𝑑 𝑘 = 1,2), 𝑚𝑘 and 𝜆. The initial value of 𝛽𝑘𝑗(𝑗 = 0,1,2, … , 𝑧) and 𝑚𝑘 

are the corresponding estimates from the univariate negative binominal regression 

models. The initial value of 𝜆 can be obtained through a moment estimates by 

equating the sample correlation coefficient to the population correlation coefficient. 

 

Table 3.1 Copula functions and range of theta 

Copula Function 𝑪(𝒖, 𝒗, 𝜽) Range of 𝜽 

Normal Φ{Φ−1(𝑢), Φ−1(𝑣); 𝜃} −1 ≤ 𝜃 ≤ 1 

Frank −𝜃−1𝑙𝑜𝑔 {1 +
(𝑒−𝜃𝑢 − 1)(𝑒−𝜃𝑣 − 1)

(𝑒−𝜃 − 1)
} −∞ < 𝜃 < ∞ 

Kimeldorf & Sampson (𝑢−𝜃 + 𝑣−𝜃 − 1)
−1/𝜃

 −1 < 𝜃 < ∞, 𝜃 ≠ 0 

 

Empirical Setting 

The data in this research contained two years of balanced panel data with seven 

Interstates, namely, I-5, I-82, I-90, I-182, I-205, I-405, and I-705 from Washington 
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State. The data included annual crash frequency, traffic volume, urban-rural indicator, 

and geometric variables, such as horizontal curve and vertical curve in a unidirectional 

manner. The geometric information relating to roadway and travel shoulder were 

recorded in a directional manner. 

A total of 763 segments were defined based on the adjusted road milepost 

(ARM) and transferred the 763.83 miles of Interstate system into an estimable data 

structure. Among the segments, 757 of them were 1-mile fixed length, one segment 

was 0.55 miles long, and five segments had an average segment length of 1.25 miles. 

As mentioned in (Shankar et al., 1995), the benefit of applying one-mile fixed-length 

segmentation is that one avoids location error due to excessively short segments, 

mitigates heteroscedasticity due to unequaled segment length, capability in tracking 

the effect of heterogeneous geometric features since features tend to vary over a length 

of one mile, and the ability to address potential effects of crash migration. With a 

complete data for two years and 763 roadway segments, the data yielded a balanced 

panel of 1,526 observations of crash frequency per year and by roadway segment. 

Table 3.2 shows the descriptive statistics for key variables used in this 

research. A total of 338 variables related to geometric features and traffic volume were 

extracted from the electronic information of the Washington State Department of 

Transportation (WSDOT) databases. Based on the fixed-length segment setting, 

several variables were defined in a percentage-by-length within segment manner. 

Other variables, such as traffic volume, the width of roadway and travel shoulder were 

measured in a weighted average manner by the proportion of length. The significant 

variables included horizontal curve count and proportion based on specific design 

standards, vertical curve count and proportion based on parabolic parameters, roadway 

and travel shoulder width and pavement type by direction manner, and other factors 

such as traffic volume, urban-rural indicator, and proportion of median in 10 to 20 foot 

width range. Comparing to the traditional indicator variable approach which only 

indicates the presence of specific geometric features, the variables containing detailed 

count and proportion provided better capabilities in tracking segment specific 
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heterogeneity and added resolution for both the random parameters and MFP models. 

Due to the large number of geometric variables, the detailed statistical characteristics 

of these variables are not discussed here for space constraints consideration. 

According to Table 3.2, the average crash frequency for every 1-mile fixed 

length segment is 18.056 and 19.916 with standard deviation 31.297 and 34.142 for 

2014 and 2015 respectively. This indicates significant overdispersion in both periods. 

The maximum segmental crash frequency is 265 for the year 2015 and 283 crashes for 

year 2014. 
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Table 3.2 Descriptive statistics of significant variables for 1 mile fixed length segment 

model 

Variable Mean Std.Dev. Minimum Maximum 

Horizontal curve information 

    Count of horizontal curves within the fixed length 

segment 1.435 1.118 0.000 9.000 

Count of horizontal curves with design speed ranged 

from 30 to 35 (mph) within the fixed length segment 0.254 0.523 0.000 3.000 

Count of horizontal curves with design speed ranged 

from 60 to 65 (mph) within the fixed length segment 0.113 0.438 0.000 6.000 

Count of horizontal curves with design speed more 

than 70 (mph) within the fixed length segment 0.216 0.524 0.000 3.000 

Count of horizontal curves with 1000 <= radius < 

1500 feet within the fixed length segment 0.048 0.269 0.000 3.000 

Proportion of horizontal curves with 2000 <= radius < 

3000 feet within the fixed length segment 0.053 0.121 0.000 0.660 

Vertical curve information 

    Count of vertical curves with 200 < K value <=300  

within the fixed length segment 0.392 0.717 0.000 4.000 

Count of vertical curves with 300 < K value <=400  

within the fixed length segment 0.292 0.566 0.000 3.000 

Proportion of vertical curves with absolute initial 

grade < 2 within the fixed length segment 0.119 0.107 0.000 0.659 

Proportion of vertical curves with 2 <= absolute initial 

grade < 4 within the fixed length segment 0.049 0.080 0.000 0.559 

Proportion of vertical curves with 50 < K value <=100  

within the fixed length segment 0.001 0.011 0.000 0.190 

Roadway information 

    Scaled roadway weighted average width in decreasing 

milepost direction (width/10) 3.036 0.843 1.914 6.000 

Proportion of roadway with 12 < width <= 24 feet in 

decreasing milepost direction 0.596 0.476 0.000 1.000 

Proportion of roadway with 24 < width <= 36 feet in 

decreasing milepost direction 0.284 0.422 0.000 1.000 

Proportion of roadway with 36 < width <= 48 feet in 

decreasing milepost direction 0.095 0.252 0.000 1.000 

Proportion of roadway surface type is bituminous in 

increasing milepost direction 0.013 0.113 0.000 1.000 

Proportion of roadway surface type is portland cement 

concrete in decreasing milepost direction 0.452 0.482 0.000 1.000 

Travel shoulder information 

    Proportion of travel shoulder with 2 < width <=4 feet 

on the left-center side in increasing milepost direction 0.532 0.481 0.000 1.000 

Proportion of travel shoulder with 4 < width <=6 feet 

on the left-center side in increasing milepost direction 0.159 0.345 0.000 1.000 
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Table 3.2 Continued 

Variable Mean Std.Dev. Minimum Maximum 

Travel shoulder information 

    Proportion of travel shoulder with 4 < width <=6 feet 

on the right-center side in increasing milepost 

direction 0.149 0.337 0.000 1.000 

Proportion of travel shoulder with 6 < width <=8 feet 

on the right-center side in increasing milepost 

direction 0.031 0.158 0.000 1.000 

Proportion of travel shoulder with 8 < width <=10 feet 

on the right-center side in increasing milepost 

direction 0.065 0.218 0.000 1.000 

Proportion of travel shoulder width is wider than 10 

feet on the right-center side in increasing milepost 

direction 0.001 0.016 0.000 0.290 

Proportion of travel shoulder with 8 < width <=10 feet 

on the right side in increasing milepost direction 0.908 0.227 0.000 1.000 

AADT, location and median information 

    AADT (ADTK10=AADT/10000) 5.734 5.285 0.8117 24.197 

Location indicator (if segment is located in urban area, 

1, else, 0) 0.389 0.488 0.000 1.000 

Proportion of median with 10 < width <= 20 feet 0.113 0.294 0.000 1.000 

Count of crashes 

    Number of crashes in each segment from 2014 18.056 31.297 0 283 

Total number of crashes from 2014 13,777 

Number of crashes in each segment from 2015 19.916 34.142 0 265 

Total number of crashes from 2015 15,196 
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Modeling Results 

The modeling process for this research started with estimating a base fixed 

parameter negative binomial (FPNB) model. As shown in Table 3.3, the base FPNB 

regression contained 23 parameters with loglikelihood at convergence as - 4,793.146. 

After obtaining this stable FPNB base model, a random parameter negative binomial 

model (RPNB) without utilizing panel effect specification was estimated. The 

empirical results suggested that there are 7 variables which were found to be random 

with mean and standard deviation being statically significantly different from zero at 5 

percent confidence level or better (namely, constant, count of horizontal curves with 

design speed ranged from 60 to 65 (mph), count of vertical curves with 200 < K value 

<=300, proportion of roadway with 12 < width <= 24 foot in decreasing milepost 

direction, proportion of travel shoulder with 4 < width <=6 foot on the left-center side 

in increasing milepost direction, urban-rural indicator, and proportion of median with 

10 < width <= 20 foot). By applying the random parameters approach to track the 

potential unobserved heterogeneity in the data, the RPNB model without intra-panel 

correlation showed a strong improvement in model fit relative to the conventional 

FPNB specification. Another way to uncover the heterogeneities, as mentioned in 

previous part, was through multivariate fractional polynomial functional form search 

(MFP) incorporating NB specification. Out of the 21 variables from the FPNB 

specification, ten variables were found to require FP1 transformation (i.e. the original 

variable would be transformed into one function without any change in degree of 

freedom), another ten required FP2 transformation (i.e. the original variable would be 

transformed into two functions with one additional unit decreasing in degree of 

freedom), and the urban-rural indicator remained untransformed. The loglikelihood at 

convergence for the MFP model incorporating NB specification was - 4724.447 with 

33 parameters. This empirical result was consistent with suggestions from multiple 

previous research as the necessary for tracking unobserved heterogeneity (Mannering 

et al., 2016; N. Venkataraman et al., 2014). The detailed estimation results from fixed 

parameter NB, RPNB without panel effect, and MFP-NB specifications are presented 

in the appendix. 
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Table 3.3 Summary of different specification 

Specification Log-Likelihood K AIC BIC 

Fixed parameter NB specification -4,793.146 23 9,632.291 9,754.890 

RPNB without panel effect specification -4,756.344 30 9,572.689 9,732.601 

MFP incorporating NB specification  -4,724.447 33 9,514.894 9,690.797 

MFP incorporating heterogeneous NB 

specification -4,656.312 48 9,408.624 9,664.484 

MFP incorporating NB Copula specification  -4,531.742 58 9,179.484 9,488.647 

RPNB with panel effect specification -4,510.326 30 9,080.653 9,240.565 

 

Due to the impossible nature of knowing the true functional forms of the target 

variable and the limited empirical search set of transformation power, less efficient 

functional forms could be selected for a covariate in the MFP analysis. Therefore, 

even after accounting for the heterogeneity through functional forms, the effects of 

some heterogeneity could still remain in the MFP model estimation. To keep 

addressing the need in uncovering heterogeneity and understand the causative factors, 

an MFP incorporating heterogeneous NB specification (MFP-HNB) was introduced 

here, where MFP transformed variables could be both the vector of variables for NB 

specification and heterogeneity in over-dispersion parameter. The final specification 

of MFP-HNB model included both transformed and untransformed forms of roadway 

characteristic, traffic volume, and urban-rural indicator variables. According to the 

model specification from Table 5, count of horizontal curve and urban-rural indicator 

remained untransformed and modeled as NB specification. For the rest of the variables 

from NB specification, 9 variables required an FP1 transformation and 10 variables 

required the FP2 transformation. As for the vector for heterogeneity in the over-

dispersion parameter, there were in total 15 variables that had a statistically significant 

impact on the over-dispersion parameter. Among the 15 variables, 9 of them remained 

untransformed, 5 of them required an FP1 transformation, and 1 variable required the 

FP2 transformation. The resulting model specification exhibited a significantly 

improved loglikelihood of - 4,656.312 relative to both the RPNB without panel effect 

and the MFP-NB. Despite the degree of freedom loss in MFP-HNB, the BIC of MFP-
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HNB still showed an improvement of approximately 26 over the MFP-NB 

specification and 68 over the RPNB without panel effect specification. 

Though the model specification discussed above provided efficient ways in 

tracking unobserved heterogeneity and improving model fit over the baseline FPNB 

specification, the potential correlation due to the panel nature of segment-specific 

vehicle crash frequency data was ignored and not utilized to improve the efficiency of 

model estimation in those specifications. To maximize the modeling efficiency, an 

RPNB with panel effect specification was estimated. The contribution to the 

likelihood from two years of data in the RPNB is based on the same parameter draws 

in the simulation.  
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Table 3.4 Random parameters NB with panel effect specification 

Variable Coefficient t-stat 

Horizontal curve information 

  Count of horizontal curves within the fixed length segment 0.075 8.24 

Count of horizontal curves with 1000 <= radius < 1500 feet within the fixed length segment 0.289 11.14 

Proportion of horizontal curves with 2000 <= radius < 3000 feet within the fixed length segment 0.532 7.94 

Vertical curve information 

  Count of vertical curves with 300 < K value <=400  within the fixed length segment 0.105 7.32 

Proportion of vertical curves with absolute initial grade < 2  within the fixed length segment -1.155 -11.08 

Proportion of vertical curves with 2 <= absolute initial grade < 4  within the fixed length segment -0.865 -7.20 

Roadway information 

  Roadway weighted average width in decreasing milepost direction -0.153 -2.49 

Proportion of roadway with 24 < width <= 36 feet in decreasing milepost direction -0.808 -4.83 

Proportion of roadway with 36 < width <= 48 feet in decreasing milepost direction -0.399 -3.77 

Proportion of roadway surface type is portland cement concrete in decreasing milepost direction 0.340 16.65 

Travel shoulder information 

  Proportion of travel shoulder with 4 < width <=6 feet on the right-center side in increasing milepost direction 0.393 8.16 

Proportion of travel shoulder with 6 < width <=8 feet on the right-center side in increasing milepost direction 0.407 8.46 

Proportion of travel shoulder with 8 < width <=10 feet on the right-center side in increasing milepost direction 0.704 20.43 

Proportion of travel shoulder with 8 < width <=10 feet on the right side in increasing milepost direction -0.601 -18.90 

AADT information   

AADT (ADTK10=AADT/10000) 0.051 31.05 
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Table 3.4 Continued 

Variable Coefficient t-stat 

Means (standard deviation) for random parameters with normal distribution 

Constant 3.412 (0.351) 9.09 (41.64) 

Count of horizontal curves with design speed ranged from 60 to 65 (mph) within the fixed length segment 0.069 (0.287) 3.86 (14.13) 

Count of vertical curves with 200 < K value <=300  within the fixed length segment 0.220 (0.100) 19.77 (12.50) 

Proportion of roadway with 12 < width <= 24 feet in decreasing milepost direction -1.588 (0.315) -6.73 (21.34) 

Proportion of travel shoulder with 4 < width <=6 feet on the left-center side in increasing milepost direction -0.547 (0.295) -11.34 (12.28) 

Location indicator (if segment is located in urban arear, 1, else, 0) 0.805 (0.655) 33.51 (37.21) 

Proportion of median with 10 < width <= 20 feet 0.637 (0.570) 23.73 (27.62) 

 Over-dispersion parameter 

Alpha 52.935 7.28 

Number of observation: 1,526  Number of parameters: 30  Number of random parameters: 7 Log-likelihood: -4,510.326 

AIC: 9,080.653  BIC: 9,240.565  McFadden Pseudo R-square: 0.2410 
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According to Table 3.4, the variable specifications of RPNB with panel effect 

remained the same as RPNB without panel effect, where 7 variables were found to be 

significant as random parameters. With 30 variables defined in the model, the RPNB-

panel specification provided a superior loglikelihood at convergence of - 4,510.326. 

AIC and BIC were 9,080.653 and 9240.565 respectively.  

Among 7 random parameters, the count of horizontal curve with design speed 

range from 60 to 65 mph had a mean of 0.069 and a standard deviation of 0.287. This 

result suggested that, in 59.5% of segments, an increase in the number of high-speed 

horizontal curves tends to be associated with higher number of crash frequency, 

however in 40.5% of segments, it would be associated with lower crash frequencies. 

The count of vertical curves variable with K value range from 200 to 300 had a mean 

of 0.220 and a standard deviation of 0.100. This outcome indicated that a frequent 

grade change appears to have a larger counter-productive effect on crash frequency. 

According to the parameter estimation, 98.61% of segments were associated with 

higher crash frequency as the number of vertical curves within this certain K-value 

range increases, whereas, only 1.39% of segments were expected to have fewer 

crashes. Comparatively, an increasing proportion of roadways with width ranging 

from 12 to 24 feet were expected to relate to fewer crashese (with a mean of -1.588 

and a standard deviation of 0.315.) This empirical result could be viewed in multiple 

aspects; first, a narrower roadway would be adopted in a less busy area with less 

traffic volume, where less lane-changing behavior would be expected. Second, a 

narrow roadway usually indicates narrower lane and narrow travel shoulder width, 

where people usually tend to be more cautious when driving through these segments. 

Therefore, it could potentially prevent crashes related to lane-changing or careless 

driving. Similarly, an increase of proportion of travel shoulder ranging from 4 to 6 feet 

in width on the left-center side was also related to a potential for decreasing the crash 

frequency (with a mean of -0.547 and a standard deviation of 0.295), where 96.81% of 

segments were associated with fewer crashes. Right-center shoulder with the same 

width standard had a fixed parameter of 0.393. When the segment showed symmetry 
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design on travel shoulder closing to median side with the range varying from 4 to 6 

feet, 69.21% of segments would be expected to have less crashes with an increasing 

proportion of this type shoulder, whereas, 30.79% of segments would be expected to 

have more crashes. From a system-wide view, an increase of the proportion of center-

side shoulder with 4 to 6 feet width range would be expected to result in fewer 

crashes, since the elasticity of the left-center side was -0.087 comparing to the right-

center side of 0.059. The urban-rural indicator variable as a random parameter was 

significant with a mean of 0.85 and a standard deviation of 0.655. This outcome 

suggests, that in 89.05% of urban segments higher crash frequencies would be 

expected, whereas, 10.95% segments would be expected to have lower crash 

frequencies. An increasing proportion by length of median with width ranging from 

10.01 to 20 foot would be expected to have 86.81% of segments relating to more 

crashes and 13.19% of segments relating to fewer crashes. The elasticity suggests that 

a 1% increase in proportion of 10 to 20 feet median would be expected to have on 

average 0.072% more crashes. The constant of this model was also estimated as a 

random parameter with a mean of 3.412 and a standard deviation of 0.351. This would 

help further control for unobserved heterogeneity. 
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Table 3.5 Elasticity of random parameters NB with panel effect specification 

Variable Elasticity 

Horizontal curve information 
 

Count of horizontal curves within the fixed length segment 0.107 

Count of horizontal curves with design speed ranged from 60 to 65 (mph) within 

the fixed length segment 
0.008 

Count of horizontal curves with 1000 <= radius < 1500 feet within the fixed 

length segment 
0.014 

Proportion of horizontal curves with 2000 <= radius < 3000 feet within the fixed 

length segment 
0.028 

Vertical curve information   

Count of vertical curves with 200 < K value <=300  within the fixed length 

segment 
0.086 

Count of vertical curves with 300 < K value <=400  within the fixed length 

segment 
0.031 

Proportion of vertical curves with absolute initial grade < 2  within the fixed 

length segment 
-0.137 

Proportion of vertical curves with 2 <= absolute initial grade < 4  within the 

fixed length segment 
-0.043 

Roadway information   

Roadway weighted average width in decreasing milepost direction -0.466 

Proportion of roadway with 12 < width <= 24 feet in decreasing milepost 

direction 
-0.947 

Proportion of roadway with 24 < width <= 36 feet in decreasing milepost 

direction 
-0.229 

Proportion of roadway with 36 < width <= 48 feet in decreasing milepost 

direction 
-0.038 

Proportion of roadway surface type is portland cement concrete in decreasing 

milepost direction 
0.154 

Travel shoulder information   

Proportion of travel shoulder with 4 < width <=6 feet on the left-center side in 

increasing milepost direction 
-0.087 

Proportion of travel shoulder with 4 < width <=6 feet on the right-center side in 

increasing milepost direction 
0.059 

Proportion of travel shoulder with 6 < width <=8 feet on the right-center side in 

increasing milepost direction 
0.013 

Proportion of travel shoulder with 8 < width <=10 feet on the right-center side in 

increasing milepost direction 
0.046 

Proportion of travel shoulder with 8 < width <=10 feet on the right side in 

increasing milepost direction 
-0.546 

AADT, location and median information   

AADT (ADTK10=AADT/10000) 0.290 

Location indicator (if segment is located in urban arear, 1, else, 0)* 0.553 

Proportion of median with 10 < width <= 20 feet 0.072 

*indicates pseudoelasticity and compute as: 𝐸𝑥𝑖𝑘

𝜆𝑖 =
𝐸𝑋𝑃(𝛽𝑘)−1

𝐸𝑋𝑃(𝛽𝑘)
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Since both MFP-NB and MFP-HNB specification couldn’t incorporate the 

correlation from the panel data as the RPNB-panel effect, a copula approach was 

incorporated with the MFP-NB specification to further improve the model fit. Due to 

the limitation of techniques, a copula incorporating MFP-HNB specification was not 

able to be estimated here. As shown in Table 3.6, to conduct the MFP-NB with copula 

approach specification, two individual MFP searches were conducted individually for 

years 2014 and 2015. For year 2014 data, there were in total 31 parameters with 8 

going through FP1 transformation and 10 variables going through FP2 transformation. 

The likelihood at convergence was -2324.940 with AIC of 4711.881 and BIC of 

4855.636. For year 2015 data, there were in total 28 parameters with 13 variables 

going though FP1 transformation and 6 variables going through FP2 transformation. 

The likelihood at convergence was -2391.065 with AIC of 4843.129 and BIC of 

4967.976. 

After obtaining the year-specific MFP search, three types of copula functions 

(i.e. normal, Frank, and Kimeldorf and Sampson as discussed in the methodology part) 

were tested. According to the estimation results, the normal copula function provided 

the best model fit with a statically significant dependency parameter of 0.623. This 

outcome suggested that there was a significant positive correlation between two years’ 

segment specific crash frequency and it can be utilized to improve the modeling fit 

and efficiency. During the copula estimation, two variables (the AADT MFP 

transformation for 2014 and 2015) were dropped, since they become statistically 

insignificant. The log-likelihood at convergence of the MFP-NB with copula (MFP – 

NB – copula) approach specification was -4531.742 with 58 parameters (including one 

additional joint parameter), which is better than the combined loglikelihood from two 

subset models. The AIC and BIC were 9197.484 and 9488.647 respectively. It is 

worth noticing that, in year-specific transformation, certain variables obtain different 

non-linear transformations across the years, such as variables related to vertical 

curves. As the functional form is the way to accommodate unobserved heterogeneity, 

the different functional forms could reflect the temporal instability as described by 
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Mannering (2018). Thus, the year-specific MFP could be a prospective method in 

incorporating functional form instability over time for crash-data analysis. 

When comparing the elasticity between MFP-NB-copula and RPNB-panel, the 

proportion of vertical curves with absolute initial grade ranged from 2 to 4 gave the 

biggest change. Besides, the proportion of roadway width ranged from 24 to 36 feet in 

decreasing milepost direction also showed significant different between two methods. 

These two variables were both more elastic in the MFP-NB-copula approach. One 

thing worth noting here was the proportion of roadway with width ranging from 12 to 

24 feet in decreasing milepost direction was close to elastic in the RPNB-panel model 

with elasticity of - 0.947, while it was elastic for both 2014 and 2015 under the MFP-

NB-copula modeling approach. The count of vertical curves with K value ranging 

from 200 to 300, and 300 to 400, and the proportion of roadway with width ranging 

from 36 to 48 feet in decreasing milepost direction, in general, became less elastic 

under the MFP-NB-copula modeling approach. 
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Table 3.6 MFP incorporating NB with copula approach specification 

Variable 2014 MFP 2015 MFP 
2014-15 MFP 

Copula 

Variable Transformation 
Coeff. 

(t-stat) 
Transformation 

Coeff. 

(t-stat) 
2014 2015 

Constant Constant 
2.615 

(14.64) 
Constant 

3.031 

(14.06) 

2.581 

(17.96) 

2.94 

(16.45) 

Horizontal curve information             

Count of horizontal curves within the 

fixed length segment 
𝑥 − 1.4351 

0.080 

(3.17) 
    

0.074 

(3.80) 
  

Count of horizontal curves with design 

speed ranged from 60 to 65 (mph) within 

the fixed length segment 
 

  𝑥 − 0.1166 
0.186 

(3.55) 
  

0.136 

(3.52) 

Count of horizontal curves with 1000 <= 

radius < 1500 feet within the fixed length 

segment 
𝑥 − 0.00485 

0.279 

(3.29) 
𝑥 − 0.00485 

0.244 

(2.92) 

0.304 

(3.88) 

0.268 

(3.46) 

Proportion of horizontal curves with 

2000 <= radius < 3000 feet within the 

fixed length segment 
ln(𝑥 + 0.0100) + 2.7665 

0.059 

(3.07) 

1

(𝑥 + 0.0100)2 − 255.2234 
-2.13E-05  

(-3.60) 

0.054 

(3.18) 

-2.01E-

05  

(-3.78) 

Vertical curve information             

Count of vertical curves with 200 < K 

value <=300  within the fixed length 

segment 
𝑥 − 0.3919 

0.170 

(5.00) 
𝑥 − 0.3919 

0.196 

(5.75) 

0.148 

(4.56) 

0.186 

(5.81) 

Count of vertical curves with 300 < K 

value <=400  within the fixed length 

segment 

    𝑥 − 0.2923 
0.119 

(2.76) 
  

0.098 

(3.08) 

Proportion of vertical curves with 

absolute initial grade < 2  within the 

fixed length segment 

1

(𝑥 + 0.0010)2
− 69.7168 

-2.51E-07  

(-2.51) 
ln(𝑥 + 0.0010) + 2.1223 

-0.463  

(-5.53) 

-2.17E-

07  

(-2.34) 

-0.413  

(-5.36) 

√𝑥 + 0.0010 − 0.3461 
-0.987  

(-4.17) 
ln (x + 0.0010)2 − 4.5040 

-0.048  

(-5.00) 

-0.894  

(-4.07) 

-0.042  

(-4.76) 
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Table 3.6 Continued 

Variable 2014 MFP 2015 MFP 
2014-15 MFP 

Copula 

Variable Transformation 
Coeff. 

(t-stat) 
Transformation 

Coeff. 

(t-stat) 
2014 2015 

Vertical curve information             

Proportion of vertical curves with 2 <= 

absolute initial grade < 4  within the 

fixed length segment 

ln(𝑥 + 0.0010) + 2.9861 
-0.428  

(-4.15) 
ln(𝑥 + 0.0010) + 2.9885 

0.188 

(4.70) 

-0.445  

(-4.68) 

0.19 

(5.18) 

ln (x + 0.0010)2 − 8.9167 
-0.047  

(-4.11) 
√𝑥 + 0.0010 − 0.2244 

-2.816  

(-5.04) 

-0.049  

(-4.65) 

-2.854  

(-5.59) 

Roadway information             

Roadway weighted average width in 

decreasing milepost direction 

√
10

𝑥
− 0.5739 

31.100  

(4.14) 
   

23.202 

(3.64) 
  

√
10

𝑥
∗ ln (

𝑥

10
) − 0.6374 

34.388 

(3.81) 

10

𝑥
∗ 𝑙𝑛 (

𝑥

10
) − 0.3293 

35.297 

(4.42) 

24.465 

(3.22) 

26.382 

(3.86) 

Proportion of roadway with 12 < width 

<= 24 feet in decreasing milepost 

direction 
𝑥 − 0.5960 

-2.459  

(-4.34) 
𝑥 − 0.5963 

-3.19  

(-6.24) 

-2.259  

(-5.12) 

-2.597  

(-6.06) 

Proportion of roadway with 24 < width 

<= 36 feet in decreasing milepost 

direction 

ln (𝑥 + 0.0020) − 1.2527 
-0.926 

 (-4.37) 
𝑥 − 0.2843 

-2.249  

(-5.03) 

-0.803  

(-4.68) 

-1.74  

(-4.65) 

ln (x + 0.0020)2 − 1.5694 
-0.102  

(-4.32) 
    

-0.092  

(-4.79) 
  

Proportion of roadway with 36 < width 

<= 48 feet in decreasing milepost 

direction 

1

(𝑥 + 0.0010)2
− 107.6587 

-2.09E-07  

(-2.91) 
(𝑥 + 0.0030)2 − 0.0095 

-1.04  

(-3.74) 

-1.82E-

07  

(-3.30) 

-0.793  

(-3.33) 

(𝑥 + 0.0010)2 − 0.0093 
-1.116  

(-3.94) 
    

-0.895  

(-3.77) 
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Table 3.6 Continued 

Variable 2014 MFP 2015 MFP 
2014-15 MFP 

Copula 

Variable Transformation 
Coeff. 

(t-stat) 
Transformation 

Coeff. 

(t-stat) 
2014 2015 

Roadway information             

Proportion of roadway surface type is 

portland cement concrete in decreasing 

milepost direction 

1

𝑥 + 0.0030
− 2.1963 

-0.039  

(-4.3) 

1

𝑥 + 0.0030
− 2.1952 

-0.029  

(-3.21) 

-0.036  

(-4.26) 

-0.027  

(-3.20) 

1

𝑥 + 0.0030
∗ ln (𝑥 + 0.0030)

− 1.7281 

-0.007  

(-4.23) 

1

𝑥 + 0.0030
∗ 𝑙𝑛(𝑥

+ 0.0030)
+ 1.7260 

-0.005  

(-3.13) 

-0.006  

(-4.19) 

-0.005  

(-3.11) 

Travel shoulder information             

Proportion of travel shoulder with 4 < 

width <=6 feet on the left-center side in 

increasing milepost direction 
(𝑥 + 0.0040)2 − 0.0266 

-0.653  

(-4.94) 
(𝑥 + 0.0040)2 − 0.0266 

-0.700  

(-4.85) 

-0.633  

(-5.19) 

-0.655  

(-4.97) 

Proportion of travel shoulder with 4 < 

width <=6 feet on the right-center side in 

increasing milepost direction 

1

√𝑥 + 0.0060
− 2.5413 

-0.704  

(-3.30) 
𝑥 − 0.1488 

0.594 

(4.31) 

-0.571  

(-3.34) 

0.535 

(4.26) 

1

√𝑥 + 0.0060
∗ ln(𝑥 + 0.0060)

+ 4.7404 

-0.120  

(-3.18) 
    

-0.097  

(-3.23) 
  

Proportion of travel shoulder with 6 < 

width <=8 feet on the right-center side in 

increasing milepost direction 
ln(𝑥 + 0.0100) + 3.1885 

0.100 

(3.47) 

1

(𝑥 + 0.0100)2
− 588.2092 

-4.58E-05  

(-3.92) 

0.085 

(3.23) 

-3.96E-

05  

(-3.74) 

Proportion of travel shoulder with 8 < 

width <=10 feet on the right-center side 

in increasing milepost direction 

(𝑥 + 0.0030)3 − 0.0003 
0.610 

(4.51) 

1

𝑥 + 0.0030
− 14.7577 

0.005 

(3.63) 

0.507 

(4.37) 

0.003 

(3.46) 

(𝑥 + 0.0030)3 ∗ ln(𝑥 + 0.0030)
+ 0.0008 

-3.419  

(-2.82) 
𝑙𝑛(𝑥 + 0.0030) + 2.6918 

0.393 

(4.71) 

-2.271  

(-2.48) 

0.302 

(4.50) 
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Table 3.6 Continued 

Variable 2014 MFP 2015 MFP 
2014-15 MFP 

Copula 

Variable Transformation 
Coeff. 

(t-stat) 
Transformation 

Coeff. 

(t-stat) 
2014 2015 

Travel shoulder information             

Proportion of travel shoulder with 8 < 

width <=10 feet on the right side in 

increasing milepost direction 

1

(𝑥 + 0.0020)2
− 1.2064 

1.45E-06 

(2.41) 

1

(𝑥 + 0.0020)2
− 1.2064 

1.3E-06 

(2.13) 

-1.37E-06 

(2.48) 

1.17E-

06 

(2.10) 

(𝑥 + 0.0020)3 − 0.7546 
-0.236  

(-2.12) 
(𝑥 + 0.0020)3 − 0.7547 

-0.202  

(-1.75) 

-0.244  

(-2.39) 

-0.246  

(-2.31) 

AADT, location and median 

information 
            

AADT (ADTK10=AADT/10000) 

10

𝑥
− 2.1745 

-0.001  

(-2.69) 

10

𝑥
− 2.1030 

-0.001  

(-1.83) 
    

(
𝑥

10
)

2

− 0.2115 
0.209  

(6.32) 
(

𝑥

10
)

2

− 0.2261 
0.190  

(6.19) 

0.232 

(7.83) 

0.205 

(7.45) 

Location indicator (if segment is located 

in urban arear, 1, else, 0) 
No Transformation 

0.698 

(10.88) 
No Transformation 

0.806 

(12.50) 

0.692 

(11.55) 

0.808 

(13.52) 

Proportion of median with 10 < width <= 

20 feet √𝑥 + 0.0090 − 0.3494 
0.781  

(8.64) √𝑥 + 0.0090 − 0.3494 
0.827  

(9.01) 

0.778 

(9.30) 

0.836 

(9.88) 

Overdispersion parameter             

Natural log of form of alpha  
-1.29  

(-17.60) 
natural log of form of alpha 

-1.219  

(-17.21) 

-1.42  

(-19.07) 

-1.368  

(-19.00) 

Joint parameter             

Natural log of form of theta N/A N/A 0.623 (28.75) 

Number of observations 763 763 763 

Number of parameters 31 28 58 

Log-likelihood -2324.940 -2391.065 -4531.742 

AIC 4711.881 4843.129 9179.484 

BIC 4855.636 4967.976 9488.647 
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From a model fit point of view, the RPNB-panel specification gave a superior 

loglikelihood, AIC, and BIC among all 6 specifications estimated in this research. The 

proposed MFP-NB-copula approach did not perform as well as the RPNB-panel 

model, however, it still showed a significant improvement over the rest 4 

specifications despite it had the largest number of parameters. By incorporating the 

correlation across years for segment-specific crash frequencies, both the RPNB-panel 

and MFP - NB exhibited a great improvement in model fit and efficiency compared to 

their baseline (i.e. RPNB without panel and MFP-NB without panel). When there was 

no panel effect to be considered (for example, modeling a one-year data), MFP-HNB 

specification gave the best model fit in terms of loglikelihood, AIC, and BIC over the 

currently widely used RPNB approach. Comparatively, specifications from MFP 

incorporating NB family (i.e. MFP - NB, MFP - HNB, MFP - NB - copula) provided a 

plausible method to generate specifications without sacrificing the ability in 

uncovering heterogeneities. Especially, the MFP-HNB specification could be an 

appropriate method towards improving the prediction power, while providing good 

insights into effective safety decision at a segment level through the parameterization 

of overdispersion parameter. 
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Table 3.7 Elasticity of MFP incorporating NB with copula approach specification  

  Elasticity 

Variable 2014 2015 

Horizontal curve information     

Count of horizontal curves within the fixed length segment 0.106 
 

Count of horizontal curves with design speed ranged from 60 to 65 (mph) 

within the fixed length segment  
0.011 

Count of horizontal curves with 1000 <= radius < 1500 feet within the 

fixed length segment 
0.015 0.008 

Proportion of horizontal curves with 2000 <= radius < 3000 feet within 

the fixed length segment 
0.046 0.004 

Vertical curve information 
  

Count of vertical curves with 200 < K value <=300  within the fixed 

length segment 
0.058 0.068 

Count of vertical curves with 300 < K value <=400  within the fixed 

length segment  
0.024 

Proportion of vertical curves with absolute initial grade < 2  within the 

fixed length segment 
-0.153 -0.235 

Proportion of vertical curves with 2 <= absolute initial grade < 4  within 

the fixed length segment 
-0.149 -0.132 

Roadway information 
  

Scaled roadway weighted average width in decreasing milepost direction -0.444 -0.995 

Proportion of roadway with 12 < width <= 24 feet in decreasing milepost 

direction 
-1.338 -1.541 

Proportion of roadway with 24 < width <= 36 feet in decreasing milepost 

direction 
-0.566 -0.498 

Proportion of roadway with 36 < width <= 48 feet in decreasing milepost 

direction 
-0.017 -0.020 

Proportion of roadway surface type is portland cement concrete in 

decreasing milepost direction 
0.002 0.037 

Travel shoulder information   

Proportion of travel shoulder with 4 < width <=6 feet on the left-center 

side in increasing milepost direction 
-0.033 -0.039 

Proportion of travel shoulder with 4 < width <=6 feet on the right-center 

side in increasing milepost direction 
0.241 0.075 

Proportion of travel shoulder with 6 < width <=8 feet on the right-center 

side in increasing milepost direction 
0.064 0.030 

Proportion of travel shoulder with 8 < width <=10 feet on the right-center 

side in increasing milepost direction 
0.005 0.235 

Proportion of travel shoulder with 8 < width <=10 feet on the right side in 

increasing milepost direction 
-0.555 -0.564 

AADT, location and median information   

AADT (ADTK10=AADT/10000) 0.149 0.135 

Location indicator (if segment is located in urban arear, 1, else, 0)* 0.499 0.554 

Proportion of median with 10 < width <= 20 feet 0.126 0.130 

*indicates pseudoelasticity and compute as: 𝐸𝑥𝑖𝑘

𝜆𝑖 =
𝐸𝑋𝑃(𝛽𝑘)−1

𝐸𝑋𝑃(𝛽𝑘)
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Conclusions and Recommendations  

The research detailed in this paper was aimed at comparing multiple ways of 

tracking unobserved heterogeneity in crash count data. To perform the research, a 

fixed-length segment setting was first applied to roadway crash data from seven 

Interstates from Washington State into 763 segments. With a complete dataset for 2 

years and 763 segments, the data yielded a balanced panel of 1,526 observations of 

crash frequency, detailed geometric features varying and mixing, and traffic volume 

information by year and segment-specific manner. The methodological alternatives 

examined in this paper provided significant insight into 3 issues: (1) the RPNB-panel  

specification showed the strongest ability in uncovering the unobserved heterogeneity 

through assumed distribution for random parameters; (2) MFP - NB - copula approach 

was also proved to be an effective way of tracking unobserved heterogeneity through 

empirically optimum forms for various continuous variables; (3) The internal 

correlations existing in crash count data with panel setting should not be ignored. The 

specification comparison indicated benefits from applying an RPNB-panel. While the 

MFP - NB - copula approach was inferior to RPNB-panel in terms of model fit, it did 

not require any assumptions on parameter distributions and took less time to estimate. 

Considering RPNB required the segment-specific parameters for those random 

parameters to conduct estimation and track unobserved heterogeneity, it was difficult 

to incorporate its ability in tracking unobserved heterogeneity into implementable 

tools for safety prediction. However, the MFP-NB-copula showed greatly promise in 

implementability of predictive tools with stronger prediction power through 

appropriate statistical functional form than current fixed-parameter specifications. 

Another thing worth to be noted here was that, under both RPNB and MFP-NB 

specifications, the utilization of internal correlation among two-year panel setting 

significantly improved the model fit. 

Although, both RPNB-panel and MFP - NB - copula approach proved to be 

promising tools, some caveats remain. Due to technical limitations, the MFP-HNB 

incorporating copula approach was estimated in this research. However, one should 
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recognize its great potential as a practical tool for providing strong prediction power, 

which could be comparable to an RPNB-panel specification. Future studies are for the 

development of panel MFP-HNB models. Another limitation remaining in this 

research was the specifications only examined variables from the geometric feature, 

traffic volume, and geographic features. Other important exogenous variables such as, 

area specific weather information (i.e. number of days with snow, rain, fog, icy 

surface, etc.), roadside features, human factors, composition of traffic volume (for 

example, average percentage of SUV, sedan, pick up), segment specific lighting 

condition, indicator of different type of interchange existing in the segment or in the 

up-stream segment, would be statistically meaningful for inclusion in future studies. 

Though this information would not come without cost, considering their significant 

potential in uncovering unobserved heterogeneity, they would help provide more 

insight into the nature of the mean function as well as the nature of heterogeneity in 

the overdispersion parameter. A significant improvement in model fit and 

understanding of crash frequency would be expected. 

Overall, the empirical findings in this paper suggested that the RPNB-panel 

provides the best model fit. While the MFP-NB with copula approach specification 

was marginally inferior to RPNB-panel in term of predictive accuracy, it has 

significant promise for capturing segment specific unobserved heterogeneity as well as 

variations in functional form due to temporal instability. 
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CHAPTER IV 

A RANDOM PARAMETER NEGATIVE BINOMIAL PANEL 

MODEL WITH NONLINEAR-IN-VARIABLES 

HETEROGENEOUS OVERDISPERSION 

Abstract 

A two-year (2014 and 2015) continuous panel of crash data on seven 

Interstates from Washington State, USA was used to estimate a nonlinear-in-variables 

heterogeneous random parameter negative binomial (HRPNB) panel model. The 

model allows for random parameters and an overdispersion parameter that varies 

across segments. Further, the overdispersion parameter is modeled with a log-linear 

specification with non-linear-in-variables functional form as opposed to the log-linear 

specification with linear-in-variables form usually found in heterogeneous dispersion 

parameter models. The use of nonlinear fractional polynomial functions in our 

overdispersion parameter function specification allows for more flexible and efficient 

capture of unobserved heterogeneity. The model is used to estimate total crash 

frequency. In total, 763 fixed length interstate mainline segments, which contains a 

continuous period of 2 years yielding 1,526 observations, were analyzed in this 

research. The results suggest that there is a significant improvement in statistical fit 

measures when applying the HRPNB-panel model relative to a homogeneous-

dispersion random parameter negative binomial (RPNB) panel model. Weighted 

roadway width as a proportion variable in the 12-to-24 foot range, weighted shoulder 

width in the 4-to-6 foot range, median width in the 10-to-20 foot range, and the urban-

rural indicator, are found to have random parameters. The standard deviations of the 

random parameters appear to decrease in the heterogeneous RPNB-panel model 

compared to the fixed-dispersion RPNB-panel model. This seems to suggest that 

allowing for the overdispersion effect to vary across segments may decrease the 

“spread” and increase the “peakedness” of the distributions of the random parameters 

influencing the mean crash rate. This is consistent with the expectation that 

constraining the overdispersion parameter to be fixed across segments is restrictive in 
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that it masks the true nature of the random parameter distributions. With respect to the 

variables influencing the overdispersion effect, an increase in average roadway width, 

as well as AADT, decreases the overdispersion parameter effect, whereas, the 

presence of a complex horizontal-vertical curvature combination is found to increase 

the overdispersion parameter. These effects are statistically significant. The results 

suggest that the HRPNB-panel model is a more effective tool for capturing the effects 

of geometric features in a comprehensive manner. 

Keywords: Heterogeneous overdispersion parameter, Random parameters, 

fixed length segment, Roadway geometrics, Total crash frequency 

Introduction 

Random parameter models of crash frequency data were first developed in the 

traffic safety community through unpublished thesis work by Vikas Sharma (2007) 

who developed random parameter negative binomial models (RPNB) of total crash 

frequencies for Washington interstates. In the published safety literature, the first 

instance of RPNB models is found in the work by Anastasopoulos and Mannering 

(2009). Since then, RPNBs have been widely used in the field (Venkataraman et al., 

2014; Venkataraman et al., 2013, 2011). These studies further proved the 

methodological advantages of random parameter models in their ability to capture 

unobserved heterogeneity. (Mannering et al., 2016) provided a comprehensive 

evaluation of sources of various heterogeneities. 

The above mentioned studies involve fixed-dispersion parameter models while 

allowing for random parameters in the definition of the mean function. Recent studies 

have suggested that the use of heterogeneous dispersion parameter models may help 

uncover heterogeneity at the observational level more effectively (Park 2012; 

Venkataraman et al 2016; Hariharan et al 2016). These studies employed fixed 

parameter NB models with a heterogeneous dispersion parameter function. Recently, 

work done by Mothafer et al (2018) employed the heterogeneous dispersion form for 

multivariate count outcomes using copulas. However, the mean specification was still 
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assumed to consist of fixed parameters. The behavior of random parameters in the 

specification of the mean remains unknown when overdispersion is allowed to vary 

across observations (in our case, segments). One can expect the distributions of the 

random parameters to become smaller in “spread” and more “peaked” if 

overdispersion is heterogeneous. This would be due to the relaxation of the 

unobserved heterogeneity constraint across observations, which otherwise would be 

picked up by the random parameter distribution through the standard deviation 

portion.  The second advantage of using a random parameters mean function 

framework with a heterogeneous overdispersion function is that the model serves as a 

general framework that can accommodate a variety of heterogeneity combinations: a) 

heterogeneity in the mean function parameters alone; b) heterogeneity in the 

overdispersion parameter alone; and c) heterogeneity in both the mean function 

parameters and the overdispersion parameter. This allows for a more comprehensive 

and unrestrictive exploration of the parameter space concerning geometric, traffic flow 

and geographic factors (rural versus urban for example) that are expected to influence 

crash outcomes.  

The object of this paper is therefore to develop a heterogeneous random 

parameter negative binomial (HRPNB) panel model of crash frequency and compare 

its performance with a traditional RPNB-panel specification which restricts the 

overdispersion parameter to be the same across segments. The two random parameter 

models are baselined against a fixed parameter negative binomial model. The rest of 

this paper begins with an explanation of the modeling methodology followed by a 

description of the dataset. Then goodness of fit measures are used to compare three 

models – namely, the random effects RPNB panel model results of the estimated 

models followed by a detailed interpretation of HRPNB-panel estimation results and 

comparative analysis of the HRPNB-panel and RPNB-panel is presented, and 

followed by conclusions and recommendations. 
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Methodology  

As noted in Lord and Mannering (Lord and Mannering, 2010) and 

Venkataraman et al (2014), the probability density of total crash frequency for the i-th 

segment with t years of observation is given as follows: 

 

𝑃(𝑦𝑖𝑡|𝑥𝑖𝑡, ω𝑖𝑡) = ∏ 𝑔(𝑦𝑖𝑡, β′
𝑖
𝑥𝑖𝑡),   ∀𝑖 = 1, … ,763; ∀𝑡 = 1,2;2

𝑡=1            ( 18 ) 

 

where 𝑦𝑖𝑡 and 𝑥𝑖𝑡 represent the observed total crash frequency and vector of 

geometric and traffic variables for segment i at time t, respectively. The estimation 

dataset contains 763 fixed 1-mile length segments with variables observed from both 

directions of travel, across two years of observation (2014 and 2015). The function 

g(.) is a density function that relates to the mean crash occurrence rate and  β′𝑖 is a 

vector of estimable random and fixed parameters of i-th segment. According to Greene 

(2011), this density function of the negative binomial model is given as follows: 

 

𝑔(𝑦𝑖𝑡|𝑥𝑖𝑡, β′
𝑖
, 𝜃) =

𝜃𝜃𝜆
𝑖𝑡

𝑦𝑖𝑡Γ(𝑦𝑖𝑡+𝜃)

Γ(𝜃)𝑦𝑖𝑡!(𝜆𝑖𝑡+𝜃)𝑦𝑖𝑡+𝜃               ( 19 ) 

 

where the mean rate of total annual crash frequencies is 𝜆𝑖𝑡 = 𝑒𝑥𝑝(β′
𝑖
𝑥𝑖𝑡), 

𝜃 = 1/𝛼 represents the overdispersion parameter, and Γ(. ) is a value of gamma 

function. In the RPNB model: 

 

β′
𝑖

= 𝛽 + Γ𝑣𝑖𝑡                  ( 20 ) 

 

where 𝛽 is the mean of random parameters. The second term is a random 

deviation from the mean with Γ representing an estimable diagonal covariance matrix 
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absorbing temporal and spatial parameter correlation and 𝑣𝑖 as unobserved normally 

distributed random error terms with 𝐸(𝑣𝑖) = 0 and 𝑉𝑎𝑟(𝑣𝑖) = 1. When Γ𝑣𝑖 is 

suppressed, β′
𝑖
 is estimated as a vector of fixed parameters. In the heterogeneous 

random parameters negative binomial model (HRPNB), the over-dispersion parameter 

is modeled as:  

 

θit = EXP(εit) = EXP(ψ + σℎit) 𝑜𝑟  ln θit = ψ + σℎit            ( 21 ) 

 

Where σℎit is the heterogeneity in the mean of the over-dispersion parameter 

as a function of variables in the vector ℎit, ψ and σ are parameters to be estimated 

along with the rest of the model parameters influencing the mean function. When  ℎit 

is not defined, HRPNB will produce the same result as conventional NB since the 

over-dispersion parameter will be estimated as a constant, in other words, the 

overdispersion parameter will be constant across every observation.  

The vector ℎit, is a non-linear-in-variables vector of geometric factors 

influencing the log-specification of the overdispersion parameter. The log-

specification for the overdispersion parameter ensures positivity. The nonlinear-in-

variables form ensures that functional form restrictions on overdispersion effects 

through linear-in-variables forms are relaxed. To determine the best nonlinear 

functional form, a multivariable fractional polynomial (MFP) approach was employed.  

A general form of a fractional polynomial with degree m (FPm) and powers 𝒑 

is the function (Royston and Altman, 1994): 

 

𝜑 𝑚(𝑥; 𝜷, 𝒑) = 𝛽0 + ∑ 𝛽𝑗𝐻𝑗(𝑥)𝑚
𝑗=1   𝑤𝑖𝑡ℎ 𝐻𝑗(𝑥) =

           {
𝑥𝑝𝑗                          𝑖𝑓 𝑝𝑗 ≠ 𝑝𝑗−1

𝐻𝑗−1(𝑥)ln (𝑥)     𝑖𝑓 𝑝𝑗 = 𝑝𝑗−1
                ( 22 ) 
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Where m indicates degree of fractional polynomial (FP) as a positive integer. 𝒑 

and 𝜷 are real-valued vector and coefficient respectively with 𝒑 = (𝑝1 ≤ ⋯ ≤ 𝑝𝑚) 

and 𝜷 = (𝛽1, … , 𝛽𝑚). A power 𝒑 of 0 is taken as Ln(x). For empirical applications, the 

degree m is usually limited to 2 (also known as FP2) with a predefined set of power 

𝒑 = (−2, −1, −0.5, 0,0.5 , 1, 2, 3) which is also applied in this study. (Royston and 

Altman, 1994; Royston and Sauerbrei, 2008; Sauerbrei et al., 2006), this small 

sampling set pf powers have been well proved to provide sufficient FP2 specifications. 

The general form of multivariable FP is rewritten as 𝛽0 + ∑ ∑ 𝛽𝑗𝑥𝑘

𝑝𝑗𝑚
𝑗=1

𝐾
𝑘=1 +

∑ 𝛽𝑙
𝐿
𝑙=𝐾+1 𝑥𝑙, where 𝑥𝑘 indicates variables in the FP form and 𝑥𝑙 represents indicator 

variables and continuous linear variables. 

Incorporating the MFP variable search for the heterogeneous overdispersion 

parameter function involved a two-step process, conducted as follows: 

1) In step 1, an MFP-NB specification is estimated with a fixed parameter 

assumption. The variables in the mean function that are MFP transforms are 

identified in terms of best statistical fit (see Hariharan, 2015 and Huang et al, 

2018); 

2) In step 2, the MFP transformed variables are inserted into the overdispersion 

parameter function to identify which variables are MFP transforms and which 

variables are to be retained in linear form 

 

The likelihood of both RPNB-panel and HRPNB-panel can be approximated 

using the well-known Gauss-Hermite Quadrature method through the relationship 

(Greene, 2011): 

 

ln 𝐿 =  
1

√𝜋
∑ 𝑙𝑛 ∑ 𝑧ℎ [∏ 𝑔 (𝛽, σ, Γ, ψ|𝑦𝑖𝑡, 𝑥𝑖𝑡, ℎ𝑖𝑡 ,

𝑣𝑖𝑡)𝑇
𝑡=1 ]𝑅

𝑟=1
𝑛
𝑖=1             ( 23 ) 

 



Texas Tech University, Shuaiqi Huang, May 2019 

57 

where 𝑧ℎ represents the weight basing on number of R support points (12 in 

our study) used in the Gauss-Hermite Quadrature estimation (Constantijn and Panis, 

2003).  

Empirical Setting 

The entire Washington State Interstate system containing crash counts, 

geometric, and traffic volume information was used in this study to develop the 

HRPNB-panel model. As shown in Table 4.1, seven Interstates, namely, I-5, I-82, I-

90, I-182, I-205, I-405, and I-705, with comprehensive information were inspected in 

this study, which consists, in total, 763.83 centerline miles.  

Shankar et al (1995), note that a potential problem of homogeneous 

segmentation is the likelihood of excessively short segments and sensitivity to location 

reporting errors. In addition, they note the potential of heteroscedasticity leads to a 

loss of estimation efficiency, and therefore, erroneous inferences about parameter 

significance. An alternative is the fixed-length segmentation approach which presets 

the length of a segment at a constant value (1 mile in this study). The fixed length 

segmentation approach tends to be more robust to heteroskedastic effects (Shankar et 

al, 1995). Further, the segmentation scale provides for inferences that are consistent 

with project-level decision making scales.  

Seven interstates in the Washington State Department of Transportation 

(WSDOT) system was divided into 757 one-mile segments. A few segments did not 

conform to the 1-mile length requirement due to milepost location (last segment 

effect), or missing data effects (some segments in between had missing geometric, or 

traffic information). These segments were not removed but retained to result in 763 

total segments. For the two year period 2014-2015, this resulted in a balanced panel of 

1,526 observations. 

Table 4.1 shows the descriptive statistics for key variables used in the 

estimation of both RPNB- panel and HRPNB-panel models of total annual crash 

frequency. Out of 338 initial variables specified from the WSDOT dataset, 20 key 
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variables were identified, as described in Table 1. The variables were categorized into 

6 information groups, namely, 1) traffic volume and urban or rural indicator group; 2) 

horizontal curve group including total number of curves within the segment, count and 

proportion by length of curve with certain radius; 3) vertical curve group including 

count of curves within a certain K-value range, proportion by length of curve with 

absolute initial grade less than 2 percent, proportion by length of curve with absolute 

initial grade in the 2-4 percent range, and horizontal-vertical curve combination 

presence; 4) roadway information including weighted average width of roadway, 

proportion by length of roadway in the 12-24 foot width range, proportion by length of 

roadway in the 24-36 foot width range, proportion by length of roadway with Portland 

cement concrete; 5) travel shoulder width  including proportion of certain width 

ranges; and 6) proportion by length of median width ranges. 

According to Table 4.1, the mean crash frequency for 2014 was 18.056 and 

19.916 for 2015 respectively. The maximum reported crash frequency for 2014 was 

283, compared to 265 for 2015. The AADT was measured in a unidirectional way and 

weighted by length to address the issue of AADT changes within a segment. The mean 

AADT was 57,430 with a maximum of 241,970. The proportion of segments classified 

as urban was 38.90 percent. The mean number of horizontal curves within a segment 

was 1.435, while the count of horizontal curves in the 1000-1500 foot radius range 

was 0.048. The proportion by length of horizontal curves in the 2000-3000 foot radius 

range was 5.3 percent.  

The count of vertical curves in the 200-300 K-value range was 0.392, while the 

count in the 300-400 k-value range was 0.292. The proportion by length of curve with 

absolute initial grade less than 2 percent was 11.9 percent, while the proportion by 

length of curve with absolute initial grade in the 2-4 percent range was 4.9 percent. 

Segments with 1 horizontal and 3 vertical curves were found to be statistically 

significant, 9.2 percent of all segments had this geometric characteristic. 

Weighted average width of roadway by direction was 30.36 feet, while the 

proportion by length of roadway in the 12-24 foot width range was 59.6 percent. The 
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proportion by length of roadway in the 24-36 foot width range was 28.4 percent, while 

the proportion by length of roadway with Portland cement concrete was 45.2 percent. 

Travel shoulder width in terms of proportion by length for the right shoulder 

width was roughly 90.8 percent for the 8-10 foot range. Left shoulder width in the 4-6 

foot range was roughly 15.4 percent on average. Left shoulder width in the 6-8 foot 

range was 3.1 percent, while the 8-10 foot range proportion was 6.5 percent on 

average. Median width proportion in the 10-20 foot range was 11.3 percent.  
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Table 4.1 Descriptive statistics of significant variables for 1 mile fixed length segment 

model 

Variable Mean Std.Dev. Minimum Maximum 

Horizontal curve information 

    Count of horizontal curves within the fixed length 

segment 1.435 1.118 0.000 9.000 

Count of horizontal curves with 1000 <= radius < 

1500 feet within the fixed length segment 0.048 0.269 0.000 3.000 

Proportion of horizontal curves with 2000 <= radius 

< 3000 feet within the fixed length segment 0.053 0.121 0.000 0.660 

Vertical curve information 

    Count of vertical curves with 200 < K value <=300  

within the fixed length segment 0.392 0.717 0.000 4.000 

Count of vertical curves with 300 < K value <=400  

within the fixed length segment 0.292 0.566 0.000 3.000 

Proportion of vertical curves with absolute initial 

grade < 2 within the fixed length segment 0.119 0.107 0.000 0.659 

Proportion of vertical curves with 2 <= absolute 

initial grade < 4 within the fixed length segment 0.049 0.080 0.000 0.559 

Curvature combination indicator (1, if the fixed 

length segment contains 1 horizontal with 3 vertical 

curves, else, 0) 0.092 0.290 0.000 1.000 

Roadway Information 

    Scaled roadway weighted average width in 

decreasing milepost direction (width/10) 3.036 0.843 1.914 6.000 

Proportion of roadway with 12 < width <= 24 feet in 

decreasing milepost direction 0.596 0.476 0.000 1.000 

Proportion of roadway with 24 < width <= 36 feet in 

decreasing milepost direction 0.284 0.422 0.000 1.000 

Proportion of roadway surface type is portland 

cement concrete in decreasing milepost direction 0.452 0.482 0.000 1.000 

Travel Shoulder Information 

    Proportion of travel shoulder with 4 < width <=6 feet 

on the left-center side in increasing milepost 

direction 0.159 0.345 0.000 1.000 

Proportion of travel shoulder with 4 < width <=6 feet 

on the right-center side in increasing milepost 

direction 0.149 0.337 0.000 1.000 

Proportion of travel shoulder with 6 < width <=8 feet 

on the right-center side in increasing milepost 

direction 0.031 0.158 0.000 1.000 

Proportion of travel shoulder with 8 < width <=10 

feet on the right-center side in increasing milepost 

direction 0.065 0.218 0.000 1.000 

Proportion of travel shoulder with 8 < width <=10 

feet on the right side in increasing milepost direction 0.908 0.227 0.000 1.000 
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Table 4.1 Continued 

Variable Mean Std.Dev. Minimum Maximum 

AADT, location and median information 

    AADT (ADTK10=AADT/10,000) 5.734 5.285 0.8117 24.197 

Location indicator (if segment is located in urban 

arear, 1, else, 0) 0.389 0.488 0.000 1.000 

Proportion of median with 10 < width <= 20 feet 0.113 0.294 0.000 1.000 

Count of Crash 

    Number of crashes in each segment in 2014 18.056 31.297 0 283 

Total number of crashes in 2014 13,777 

Number of crashes in each segment in 2015 19.916 34.142 0 265 

Total number of crashes in 2015 15,196 

 

Modeling Results 

Table 4.2 presents a comparison of model goodness of fit values for three 

different specifications. The baseline specification is the random effects random 

parameter negative binomial-panel model with 21 parameters inclusive of a random 

constant and the overdispersion parameter. This specification yielded a convergent 

likelihood of -4,527.471, an AIC of 9,096.942 and a BIC of 9,208.881. (BIC here is 

calculated with number of observations equal to 1,526.) The BIC calculation assumes 

the observations are independent, and therefore is termed in this study as unadjusted 

BIC, shown as BICa in Table 2. However, since the observations are from a balanced 

two-year panel, we also computed a BIC with number of independent segments, in this 

case being 763. The BIC adjusted for number of independent segments is 9,194.324, 

shown under the column BICb in Table 4.2.  

The next specification that was evaluated involved the same set of variables 

used in the random effects RPNB-panel but inclusive of geometric random parameters 

in a random parameter framework with balanced panels. Out of the 18 geometric and 

traffic volume variables specified in the baseline random effects random parameters 

model, four variables were found to be random with both statistically significant mean 

and standard deviation. The proportion of roadway width in the 12-24 foot range, 

proportion of travel shoulder width in the 4-6 foot range, urban/rural area indicator, 

and proportion of median width in the 10-20 foot range were the geometric variables 
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for which both the mean and standard deviation were found to be random. In addition, 

the constant was also found to be random with a significant mean and significant 

standard deviation. This specification is the RPNB-panel model. Due to the fact that 5 

parameters were found to be random, the total number of parameters in the model was 

25. The convergent likelihood for this specification was -4,514.192, with an AIC of 

9,078.383 and BICa of 9,211.644, and BICb of 9,194.315. 

The final specification that was tested was the HRPNB-panel model. In this 

model, the five parameters that were found to be random in the RPNB-panel model 

were retained as random parameters. In addition, the overdispersion parameter was 

modeled as a function of nonlinear variables. Variables influencing the overdispersion 

parameter included scaled AADT (ADT/10,000), horizontal and vertical curve-

combination indicator, and two nonlinear transformations of weighted average 

roadway width. Due to the fact that four variables were found to significantly 

influence the overdispersion parameter, the total number of parameters in this model 

increased to 29. The convergent likelihood for this specification was -4,484.920, with 

an AIC of 9,027.840 and BICa of 9,182.422, and BICb of 9,162.320. 

Compared to the baseline random effects RPNB-panel model, the HRPNB-

panel with nonlinear overdispersion variables shows the best BIC, AIC, and 

convergent likelihood. It must be noted here that the starting likelihood for all three 

models shown in Table 4.2 is the fixed parameter NB likelihood. 
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Table 4.2 Comparison of different specification fit statistics 

Specification 
Log-

Likelihood 

Number of 

Parameters 
AIC BICa BICb 

Random effects random 

parameter specification -4,527.471 21 9,096.942 9,208.881 9,194.324 

RPNB with panel effect 

specification -4,514.192 25 9,078.384 9,211.644 9,194.315 

RPNB with panel effect and 

heterogeneous dispersion 

parameter specification -4,484.920 29 9,027.840 9,182.422 9,162.320 

BICa represents BIC calculation with 1,526 observations assuming observations from the same segment 

are independent  

BICb represents BIC calculation based on 763 observations assuming observations from the same 

segment are correlated 

 

Interpretation of Model Parameters 

Model estimation results are provided for the RPNB-panel model and the 

HRPNB-panel model with nonlinear overdispersion variables. Coefficient magnitudes 

in the RPNB-panel and the HRPNB-panel model appear to be comparable as shown in 

Table 4.3. In particular, the random parameters means and standard deviations are of 

interest due to the potential for impacts on the parameter distributions. Relaxing the 

restriction that the overdispersion parameter is of constant magnitude across segments 

is expected to influence the nature of unobserved heterogeneity captured by the 

random parameters influencing the mean crash rate. It may influence both the mean 

and standard deviation of the distribution. The net effect in terms of marginal effects 

and the area under the curve (for positive magnitudes versus negative magnitudes) is 

discussed below. 

An inspection of the marginal effects and elasticity as shown in Table 4.5 

indicates that the mean effect of the variables which have random parameters does not 

appear to change substantially. The marginal effects were computed using the 

bootstrapping method with randomly selected samples from the original dataset 

repeated 2,000 times. The range of change in magnitude for the marginal effects of 

count variable from the RPNB-panel to the HRPNB-panel was [0.654%, 9.035%]. The 

count of horizontal curves within the segment had the lowest change at 0.654%, 
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whereas count of vertical curves with k-value ranged from 200 to 300 changed by 

9.035%. The vertical curve effect was positively signed, indicating that without the 

HRPNB-panel specification, we would be overestimating the increase in crash 

frequency by 9.035% if we relied on the traditional RPNB-panel approach.  
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Table 4.3 RPNB with panel effect and with both panel effect and heterogeneous dispersion parameter specification 

Model type RPNB-panel HRPNB-panel 

Variable Coeff. T-Stat Coeff.  T-Stat 

Fixed Parameters         
Count of horizontal curves within the fixed length segment 0.109 4.18 0.108 4.68 

Count of horizontal curves with 1000 <= radius < 1500 feet within the fixed length 

segment 
0.276 2.84 0.293 3.30 

Proportion of horizontal curves with 2000 <= radius < 3000 feet within the fixed 

length segment 
0.451 2.37 0.460 2.77 

Count of vertical curves with 200 < K value <=300  within the fixed length segment 0.231 7.15 0.210 6.66 

Count of vertical curves with 300 < K value <=400  within the fixed length segment 0.103 2.38 0.095 2.43 

Proportion of vertical curves with absolute initial grade < 2  within the fixed length 

segment 
-1.099 -4.59 -1.173 -5.17 

Proportion of vertical curves with 2 <= absolute initial grade < 4  within the fixed 

length segment 
-0.806 -2.52 -0.700 -2.32 

Proportion of roadway with 24 < width <= 36 feet in decreasing milepost direction -0.239 -2.15 -0.209 -2.3 

Proportion of roadway surface type is portland cement concrete in decreasing 

milepost direction 
0.339 5.97 0.337 6.53 

Proportion of travel shoulder with 4 < width <=6 feet on the right-center side in 

increasing milepost direction 
0.361 3.23 0.430 4.1 

Proportion of travel shoulder with 6 < width <=8 feet on the right-center side in 

increasing milepost direction 
0.412 2.28 0.417 3.62 

Proportion of travel shoulder with 8 < width <=10 feet on the right-center side in 

increasing milepost direction 
0.654 6.48 0.784 9.20 

Proportion of travel shoulder with 8 < width <=10 feet on the right side in increasing 

milepost direction 
-0.583 -5.24 -0.476 -4.97 

AADT (ADTK10=AADT/10000) 0.050 9.18 0.048 10.63 

Mean (Standard Deviation) for Random Parameters         

Constant 2.220 (0.322) 12.50 (5.10) 2.122 (0.374) 13.05 (7.53) 

Proportion of roadway with 12 < width <= 24 feet in decreasing milepost direction -0.822 (0.362) -7.64 (5.58) -0.811 (0.306) -8.14 (4.13) 
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Table 4.3 Continued 

Model type RPNB-panel HRPNB-panel 

Variable Coeff. T-Stat Coeff.  T-Stat 

Mean (Standard Deviation) for Random Parameters         

Proportion of travel shoulder with 4 < width <=6 feet on the left-center side in 

increasing milepost direction 
-0.501 (0.344) -4.32 (3.27) -0.575 (0.299) -5.21 (2.49) 

Location indicator (if segment is located in urban arear, 1, else, 0) 0.814 (0.420) 13.06 (7.46) 0.829 (0.411) 13.15 (7.7) 

Proportion of median with 10 < width <= 20 feet 0.625 (0.507) 5.84 (4.08) 0.650 (0.495) 7.78 (5.85) 

Heterogeneous Dispersion Parameter         

Constant -3.879 5.15 -3.942 -11.44 

AADT (ADTK10=AADT/10,000)     -0.091 -4.72 

Scaled roadway weighted average width in decreasing milepost direction with 

transformation as: 10 ∗ (
1

𝑥
− 0.3923) 

    8.828 3.31 

Scaled roadway weighted average width in decreasing milepost direction with 

transformation as: 10 ∗ (√
1

𝑥
− 0.5739) 

    -9.747 -3.48 

Curvature combination indicator (1, if the fixed length segment contains 1 horizontal 

with 3 vertical curves, else, 0) 
    1.293 2.67 

Number of observations 1,526 

Number of parameters 25 29 

Log-likelihood -4,514.192 -4,484.920 



Texas Tech University, Shuaiqi Huang, May 2019 

67 

Table 4.4 Positive and negative sign density of the random parameters 

Random Parameters 
RPNB-panel HRPNB-panel 

Positive Negative Positive Negative 

Constant 100 0 100 0 

Proportion of roadway with 12 < width <= 24 feet in decreasing milepost direction 1.16 98.84 0.04 99.60 

Proportion of travel shoulder with 4 < width <=6 feet on the left-center side in 

increasing milepost direction 
7.26 92.74 2.72 97.28 

Location indicator (if segment is located in urban arear, 1, else, 0) 97.37 2.63 97.82 2.18 

Proportion of median with 10 < width <= 20 feet 89.12 10.88 90.54 9.46 

 

Table 4.5 Elasticity and marginal effects at Xs means of random parameters NB with panel effect and with both panel effect 

and heterogeneous dispersion parameter specification 

Model RPNB-panel HRPNB-panel 

Variable Elasticity 

Marginal 

effects  

(T-stat) 

Elasticity 

Marginal 

effects  

(T-stat) 

Horizontal curve information         

Count of horizontal curves within the fixed length segment 0.156 

0.917  

(3.380) 0.155 

0.911 

(3.817) 

Count of horizontal curves with 1000 <= radius < 1500 feet within the fixed length segment 0.013 

2.326 

(9.711) 0.014 

2.477 

(10.371) 

Proportion of horizontal curves with 2000 <= radius < 3000 feet within the fixed length 

segment 0.024 
 

0.024 
 

Vertical curve information 

 

     

Count of vertical curves with 200 < K value <=300  within the fixed length segment 0.090 

1.948 

(8.132) 0.082 

1.772 

(7.421) 

Count of vertical curves with 300 < K value <=400  within the fixed length segment 0.030 

0.871 

(3.636) 0.028 

0.800 

(3.350) 
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Table 4.5 Continued 

Model RPNB-panel HRPNB-panel 

Variable Elasticity 

Marginal 

effects  

(T-stat) 

Elasticity 

Marginal 

effects  

(T-stat) 

Vertical curve information 

 

     

Proportion of vertical curves with absolute initial grade < 2  within the fixed length segment -0.131  -0.139  

Proportion of vertical curves with 2 <= absolute initial grade < 4  within the fixed length 

segment -0.040 
 

-0.035 
 

Roadway information 

 

     

Proportion of roadway with 24 < width <= 36 feet in decreasing milepost direction -0.068  -0.059  

Proportion of roadway surface type is portland cement concrete in decreasing milepost 

direction 0.154 
 

0.152 
 

Travel shoulder information 

 

     

Proportion of travel shoulder with 4 < width <=6 feet on the right-center side in increasing 

milepost direction 0.054 
 

0.064 
 

Proportion of travel shoulder with 6 < width <=8 feet on the right-center side in increasing 

milepost direction 0.013 
 

0.013 
 

Proportion of travel shoulder with 8 < width <=10 feet on the right-center side in increasing 

milepost direction 0.042 
 

0.051 
 

Proportion of travel shoulder with 8 < width <=10 feet on the right side in increasing milepost 

direction -0.530 
 

-0.433 
 

AADT 

 

     

AADT (ADTK10=AADT/10000) 0.288 

0.424 

(1.771) 0.272 

0.401 

(1.680) 
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Table 4.5 Continued 

Model RPNB-panel HRPNB-panel 

Variable Elasticity 

Marginal 

effects  

(T-stat) 

Elasticity 

Marginal 

effects  

(T-stat) 

Random parameters     

Proportion of roadway with 12 < width <= 24 feet in decreasing milepost direction -0.490  -0.483  

Proportion of travel shoulder with 4 < width <=6 feet on the left-center side in increasing 

milepost direction -0.080 
 

-0.092 
 

Location indicator (if segment is located in urban arear, 1, else, 0)* 0.557 

7.733 

(32.280) 0.564 

7.900 

(33.068) 

Proportion of median with 10 < width <= 20 feet 0.071  0.074  

The marginal effects were computed at the means of all independent variables. 

Conditional mean at sample point and scale factor for marginal effects for RPNB-panel and HRPNB-panel model were 8.4418 and 8.4438 through 

bootstrapping respectively. 

* Indicates the total annual crash frequency changed as location indicator changes from 0 to 1 and the pseudoelasticity computed as: 𝐸𝑥𝑖𝑘

𝜆𝑖 =
𝐸𝑋𝑃(𝛽𝑘)−1

𝐸𝑋𝑃(𝛽𝑘)
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The scaled AADT shows a positive sign as a fixed effect with a significant 

marginal effect of 0.401 in HRPNB-panel. This indicated a consistent 0.401 higher 

crash frequency expectation across the 1-mile fixed length when the scaled AADT 

increases by 1 unit from the sample mean. One thing worth to be noted here is that, All 

the variables from the horizontal curve data have positive signs and work as fixed-

parameter effects, which is consistent with the expectation of the higher frequency in 

segments with horizontal curves. For instance, when there are multiple curves 

appearing within the segment, the sequence of multiple stimuli due to changes from 

curve to tangent and vice versa would generate a higher likelihood of a crash 

compared to a tangent only segment. According to the HRPNB-panel result, one 

additional horizontal curve would be associated with 11.4% (as of 𝑒0.108 − 1) more 

crashes in that fixed-length segment, and the count of horizontal curve variable 

yielded a 0.911 marginal effect. The count of relatively sharp curves with radius 

ranging from 1,000 to 2,000 foot has 2.477 marginal effect, indicating a substantial 

increase in expected number of crashes for each curve added to the segment.  

The vertical curve data yielded two type of fixed effect variables as count and 

proportion of specific vertical curvature. Both count of vertical curve with K value 

ranging from 200 to 300 and 300 to 400 are expected to increase the crash frequency 

in 1-mile segments. This effect may relate to a frequent grade change would have an 

influence on vehicle speed consistency due to sight distance adjustments. The more 

rapid the grade change, the stronger the positive correlation with a high crash 

frequency the segment would have. As shown in the results, count of vertical curves 

with K value between 200 and 300 yields a larger positive coefficient of 0.21 (i.e. 

addition curve would increase the expected crash frequency by 23.4 percent) and 

marginal effect of 1.772 relative to the count of vertical curves with K value between 

300 and 400 having a coefficient of 0.095 (i.e. addition curve would increase the 

expectation by 10%) and marginal effect of 0.800. The proportions of vertical curves 

with absolute initial grade smaller than 2 percent and from 2 to 4 percent give negative 

elasticity of -0.139 and -0.035 respectively. This may indicate that low values of initial 
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slopes for vertical curves may mitigate crash occurrence compared to values 

exceeding 4 percent.  

With respect to roadway variables, the discussion of fixed parameter effects is 

presented first. The proportion by length of Portland cement concrete pavement is 

positively associated with higher crash frequency. This finding should be discussed 

with an environment where the concrete pavement usually applied. Since concrete 

pavement was mostly used in heavy volume areas, considering the age of the 

pavement which was built during the dawn of the interstate boom, a significant portion 

of the Portland cement concrete network either requires a structural rebuild or dowel 

bar retrofit. This shows that infrastructure condition of less than desirable quality is 

associated with higher crash frequencies.  

With respect to roadway width, the expected crash frequency will decrease as 

the length of roadway with width between 24 and 36 foot increases with an elasticity 

of - 0.059. The proportion variable for roadway width ranging from 12 to 24 foot was 

found to be a random parameter with mean of - 0.811 and standard deviation of 0.306. 

This outcome suggests that in 99.6 % of the segments, an increase in 12 to 24 foot 

roadway width by length would be associated with lower crash frequencies, whereas 

in 0.4% of segments, it would be associated with higher crash frequencies. These 

effects should be discussed with a comparison to those wider roadways. Narrower 

roadways on the interstate system are in rural areas and associated with lower traffic 

volumes, thereby reducing the potential for crashes within the segment.  

In terms of travel shoulder effects on the crash frequency, these effects were 

modeled by direction as well. Four of the shoulder width variables were found to have 

fixed parameters and one was found to have a random parameter. The proportions of 

right-center shoulder width ranging from 4 to 6, 6 to 8, and 8 to 10 feet are found to be 

associated with higher crash frequencies as fixed effects, whereas, the fixed effect of 

travel shoulder width on the right side ranging from 8 to 10 feet is associated with 

lower frequency. Comparatively, proportion of travel shoulder range from 4 to 6 foot 

on the left-center sides shows a random effect with mean of -0.575 and standard 
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deviation of 0.299. This result suggests that 97.28% of the segments, the increasing in 

4 to 6 foot left-center travel shoulder by length would be associated with lower crash 

frequency, whereas in 2.72% of segments, it would be associated with higher crash 

frequency. This ambiguous effect is likely an artifact of the dataset and needs further 

exploration in future studies. 

The urban-rural indicator has as a random parameter with mean of 0.829 and 

standard deviation of 0.411. This outcome suggests, 97.82% of segments in an urban 

setting are associated with higher crash frequencies, whereas, 2.18% of segments is 

associated with lower crash frequencies. This outcome meets the expectation that, 

urban settings may experience frequent lane changing, and are subject to shorter 

interchange spacing and therefore greater weaving effects. Proportion of median with 

width ranging from 10 to 20 feet also shows a random effect with mean of 0.65 and 

standard deviation of 0.495. This outcome suggests that in 90.54% of segments, the 

increase in median width proportion for widths ranging from 10 to 20 feet would be 

associated with higher crash frequencies, whereas in 9.46% of segments, it would be 

associated with lower crash frequencies.  

As for heterogeneity in the over-dispersion parameter, the scaled AADT gives 

a negative effect with a coefficient of -0.091, which suggests that segments with 

higher AADT are associated with smaller overdispersion. The combination of two 

transformed roadway width variables gives an overall negative effect on over-

dispersion parameter in a non-linear manner. Theoretically, the strongest negative 

effects are reached when weighted average roadway width in decreasing milepost 

direction is approximately equal to 32.8 foot. In the dataset, the actual strongest 

decreasing effect occurs when the weighted average roadway width equals 32.7 feet. 

Various proportion measures of roadway width, travel shoulder width, number of 

lanes, and original form of roadway width were also tested during model estimation. 

However, none of the variables mentioned above provided a significant improvement 

in the model’s statistical fit. The curve combination of 1 horizontal with 3 vertical 

curves shows a strong effect in increasing the over-dispersion parameter. Compared to 
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the segment with no curves or other types of curvature combination, this complex 

horizontal and vertical alignment mixing would increase the over-dispersion 

approximately 3.64 (𝑒1.293)  times. This may indicate a strong heterogeneity effect on 

driving behavior due to the complexity of stimuli from both horizontal and vertical 

curvatures.  

Conclusion and Recommendations 

This paper has shown a framework for a heterogeneous overdispersion random 

parameter negative binomial model. Out of the 338 initial variables that were tested, 

21 were found to be statistically significant in the HRPNB-panel model. It appears that 

specific roadway width, travel shoulder width, median width, and urban-rural indicator 

have heterogeneity effects as random parameters. The 1-mile fixed-length segment 

setting provides an ideal structure to track the fixed and heterogeneous effects of 

different geometric features and effects of geometric mixing on crash frequency.  

Traditional random parameter models capture the observation-specific 

heterogeneity by assuming the parameters varies across observations basing on a pre-

defined distribution. To relax this potential imperfect assumption, random parameter 

with heterogeneity in means and variance (see N. Venkataraman et al., 2014; 

Venkataraman et al., 2013, 2011) as examples for RPNB model and (Seraneeprakarn 

et al., 2017;Huang et al., 2016) as examples for mixed logit model) and latent class 

models (which do not require distributional assumptions, see (Mannering et al., 2016)) 

had been applied in previous research. 

Allowing for heterogeneity in the overdispersion parameter (i.e. parameterized 

overdispersion parameter) empirically provides additional ways to track the 

unobserved heterogeneity in the data with limited distributional assumption. As shown 

by the statistical fit in Table 2, it is safe to conclude that HRPNB-panel model 

provides superior fit relative to the conventional RPNB-panel approach. Though the 

finding on the heterogeneous overdispersion parameter is model specific (i.e. different 

data, different severity will have their own set of heterogeneities in overdispersion 
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parameter), this research provides another potential tool in the crash frequency 

analysis. 

The findings from the HRPNB-panel model indicate that a wider roadway and 

higher AADT would, in general, be associated with lower overdispersion. Further, 

segments with complex curve combinations where horizontal and vertical curvature 

are both present, tend to be associated with greater overdispersion. Other findings on 

variables such as frequency of horizontal and vertical curves within a 1-mile distance 

and higher AADT, suggest that higher crash frequencies are expected with increasing 

values of these variables. 

Although the HRPNB-panel model proved to be a promising tool for 

predicting and understanding the crash frequency, some caveats remained. The 

variables tested in this research are from seven major Interstates in Washington State 

and limited to detailed geometric features and traffic volume. Other important 

information on weather, roadside features, human factors, constructions, and 

composition of traffic, was not included in this model. Future research is 

recommended to include this information to provide further insights into robustness, 

additional randomness effects and heterogeneity, at the same time, improve the 

prediction and understanding of crash frequency. Specifically under a fixed-length 

segment setting, regional weather information along the segment (e.g. number of rain, 

snow, poor visibility, icy pavement days within the segment), human factors data (e.g. 

approximation of proportion of impaired driver, different age group, gender, distracted 

while driving within segment), constructions (e.g. proportion and number of days 

segment under construction and operation with limited capacity), composition of 

traffic (e.g. average proportion of SUV, pick up, sedan, hybrid, pure electric vehicle 

within the segment) could be tested to further improve the model.  
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CHAPTER V 

CONCLUSIONS AND RECOMMENDATIONS 

Summary 

The ultimate goal of this dissertation was to shed further light on uncovering 

unobserved heterogeneity in vehicle crash frequency modeling, which is one of the 

major challenges in traffic safety analysis. To serve this goal, three sub-goals were 

defined: a) developing an MFP-NB-copula model and comparing its performance with 

RPNB-panel model; b) developing an HRPNB-panel model and comparing its 

performance with the conventional RPNB-panel model; c) and developing a method to 

incorporate nonlinear-in-variables functional forms in the overdispersion parameter 

specification. The extant literature has provided various modeling approaches to 

accommodate the heterogeneous nature of crash data, from the earliest attempt of 

applying a Gamma over-dispersion parameter in Poisson regression model to more 

advanced random effect and random parameter approach, and recently MFP approach 

was also proved to be an alternative way as well. However, the conventional MFP 

approach does not consider the intra-observation correlation in a panel setting, which 

is another important feature of modern crash datasets. Besides, the widely-used 

random parameter negative binomial model assumes a constant overdispersion 

parameter, which lacks the ability to capture the heterogeneity in overdispersion 

parameter along, and in both mean function parameters and overdispersion parameter. 

This dissertation hopes to fill these gaps in the extant literature by proposing two new 

modeling approaches, namely, MFP-NB-copula and HRPNB-panel with the 

application of non-linear-in-variables heterogeneous overdispersion parameters. In 

addition, the author hopes to provide more effective tools for capturing the effects 

unobserved heterogeneity in a comprehensive manner and generate better insights into 

how geometric features would correlate with crash frequency. 

The data used in this dissertation consisted of the entire Interstate system in 

Washington State with 763.83 centerline miles and for a period of 2 years – 2014 and 

2015. As to avoid potential problems existing in a homogenous segment setting, such 
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as excessively short segments, the potential of heteroscedasticity, and loss of 

estimation efficiency (Shankar et al., 1995), a 1-mile fixed-length segmentation 

strategy was applied here. This resulted in 763 total segments and a balanced 2-year 

panel of 1,526 observations. A few segments did not conform to the 1-mile length due 

to milepost location (last segment effect) were still retained in the dataset. 338 initial 

variables were specified from the WSDOT dataset, and represented detailed geometric 

design and mixing information within every single segment. This information included 

horizontal curvature, vertical curvature, roadway, travel shoulder, pavement materials, 

traffic volume, and location information. 

The modeling procedure started with developing the fixed parameter negative 

binomial (FPNB) specification as the cornerstone for the subsequent MFP-NB, MFP-

HNB, MFP-NB-copula, RPNB, HRPNB specifications. Out of 338 initial variables, 

21 exiguous variables were found to be statistically significant as FPNB specification 

with loglikelihood (LL) at the convergence of -4,793.146, AIC of 9,632.291, and BIC 

of 9,754.890. The next phase was to estimate RPNB without panel effect specification 

through a simulation-based maximum likelihood estimation with 1,000 Halton draws.  

7 variables, namely, constant, count of horizontal curves with design speed ranged 

from 60 to 65 mph, count of vertical curves with K value ranging from 200 to 300, 

proportion of roadway with width ranging from 12 to 24 feet, proportion of travel 

shoulder with width ranging from 4 to 6 feet on the left-center side in increasing 

milepost direction, urban indicator, and proportion of median with width ranging from 

10 to 20 feet, were found to have statistically significant means and standard 

deviations. The LL at convergence was of -4,756.344, as well as AIC of 9572.689, and 

BIC of 9732.601.  

Subsequently, the MFP – NB and MFP - HNB specifications were developed. 

through FP1 and FP2 transformations. However, despite the loss of degree of freedom 

due to additional parameters and increasing model complexity, the BIC was still in 

favor of MFP – NB and MFP – HNB over the RPNB. By allowing the overdispersion 

parameter to vary across observations, the MFP - HNB provided improved model fits 
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with LL of -4,656.312, AIC of 9,408.624, and BIC of 9,664.484 over the constant 

overdispersion parameter MFP – NB with LL of -4,724.447, AIC of 9,514.894, and 

BIC of 9,690.797. The superior model fit shown by the MFP approach over RPNB 

specification under fixed-length segmentation in this research were consistent with 

findings from Hariharan (2015) under homogeneous segmentation. These findings 

occurred under the assumption of zero correlation of crash frequencies across years. 

Considering the correlated nature of crashes located in the same segment, an 

improvement in efficiency of model estimation can be expected by utilizing this nature 

of panel setting crash data. Therefore, an MFP-NB-copula was proposed to address 

this issue. To estimate this specification, two MFP - NB models were first developed 

based on 2014 and 2015 individually, then a bivariate copula-based count modeling 

approach was applied to jointly estimate the parameter of two MFP – NB 

specifications through the marginal cumulative distribution from the two outcomes. 

Gaussian (or normal), Frank, and Clayton (or Kimeldorf and Sampson) copula 

functions were tested. Gaussian copula function gave the best model fit with a 

statically significant joint parameter of 0.623, LL of -4531.742, AIC of 9197.484, and 

BIC of 9488.647.  

The RPNB-panel specification consisted of the same fixed and random 

parameter specifications as the RPNB without panel. By incorporating intra-

observation correlation through the panel effect modeling approach, the RPNB-panel 

provided the best model fit among 6 specifications we discussed so far with LL of - 

4,510.326, AIC of 9,080.653, and BIC of 9240.565. Overall, the empirical findings 

from the comparison between MFP and random parameter approach suggested that the 

RPNB-panel show the best model fit and it’s easy to utilize multi-periods panel effect. 

While MFP-NB - copula is marginally inferior to RPNB-panel, it still provided a good 

alternative way to view and capture the unobserved heterogeneity, namely, through a 

non-linear-in-variable functional form. 

The conventional RPNB-panel only allows the mean function varying across 

observations through distributional assumption, which could only accommodate the 
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heterogeneity in the mean function parameters alone. However, recent studies 

suggested that the use of heterogeneous dispersion parameter models may help 

uncover heterogeneity at the observational level more effectively (Hariharan et al., 

2016; Ghasak I.M.A. Mothafer et al., 2018; Park, 2012), while the mean function of 

these studies remained fixed. In order to capture heterogeneity in both the mean 

function, and in the overdispersion parameter, while accounting for intra-segmental 

correlation, the HRPNB-panel approach was developed as a final step in this 

dissertation.  

The HPRNB – panel model showed a superior fit with LL of -4,484.920, AIC 

of 9,027.840, and BIC of 9,182.422. The empirical results suggest the advantage of 

HRPNB-panel approach results from the ability to provide for a more comprehensive 

and unrestrictive exploration of the parameter space concerning geometric, traffic flow 

and geographic factors that are expected to influence crash outcomes. Besides, 

allowing for the overdispersion effect to vary across segments decrease the “spread” 

and increase the “peakedness” of the distributions of the random parameters 

influencing the mean crash rate. This was consistent with the expectation that 

constraining the overdispersion parameter to be fixed across segments is restrictive in 

that it masks the true nature of the random parameter distributions. 

Direction for future research 

The directions for further research resulting from this dissertation could be 

navigated through two directions – more variable types and improvement in 

methodology. The variables tested in this dissertation were mostly limited to 

conventional information, such as traffic volume, detailed roadway geometry 

information, location indicators. While some extant literature suggested that other 

information could provide extra information in controlling or understanding the 

heterogeneity in crash outcomes, such information could include area specific weather, 

interchange type (diamond, part diamond, clover, and part clover), lighting condition 

(median, single side, both-side, point, and no lighting), vehicle type composition 

(portion of sedan, portion of SUV, portion of hybrid vehicle), human-related 
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information (portion of impaired driver or distracted driver), and roadside features 

(Hariharan et al., 2016; Seraneeprakarn et al., 2017; N. Venkataraman et al., 2014; 

Venkataraman et al., 2013, 2011).  

From a methodology perspective, one should recognize the potential of the 

MFP-HNB approach with its strong model fit under non-panel effect conditions. The 

MFP provides a feasible way to release this restriction with rich transformation giving 

both monotonic and non-monotonic relationships that can be useful for incorporating 

heterogeneity arising from temporal instability. A plausible method to jointly estimate 

multiple period MFP-HNB, which would track both unobserved heterogeneities and 

internal correlation in panel settings, is recommended. This could greatly expand the 

application of MFP approaches in modeling the data with intra-observation 

correlations.  
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 APPENDIX A 

ADDITIONAL ESTIMATION RESULTS FOR MFP AND 

RANDOM PARAMETER APPROACH 

Table A.1 Fixed parameter negative binominal (NB) model of total number of 

accident on interstate freeway 

Variable Coefficient S.E. t-stat 

Constant 5.304 1.141 4.65 

Horizontal curve information    
Count of horizontal curves within the fixed length 

segment 
0.081 0.022 3.66 

Count of horizontal curves with design speed ranged 

from 60 to 65 (mph) within the fixed length segment 
0.095 0.049 1.95 

Count of horizontal curves with 1000 <= radius < 1500 

feet within the fixed length segment 
0.266 0.079 3.39 

Proportion of horizontal curves with 2000 <= radius < 

3000 feet within the fixed length segment 
0.586 0.152 3.86 

Vertical curve information    
Count of vertical curves with 200 < K value <=300  

within the fixed length segment 
0.227 0.024 9.61 

Count of vertical curves with 300 < K value <=400  

within the fixed length segment 
0.073 0.032 2.26 

Proportion of vertical curves with absolute initial grade < 

2  within the fixed length segment 
-1.340 0.207 -6.47 

Proportion of vertical curves with 2 <= absolute initial 

grade < 4  within the fixed length segment 
-0.666 0.271 -2.46 

Roadway information    
Roadway weighted average width in decreasing milepost 

direction 
-0.441 0.192 -2.29 

Proportion of roadway with 12 < width <= 24 feet in 

decreasing milepost direction 
-2.591 0.694 -3.73 

Proportion of roadway with 24 < width <= 36 feet in 

decreasing milepost direction 
-1.451 0.486 -2.98 

Proportion of roadway with 36 < width <= 48 feet in 

decreasing milepost direction 
-0.705 0.327 -2.16 

Proportion of roadway surface type is portland cement 

concrete in decreasing milepost direction 
0.281 0.043 6.51 

Travel shoulder information    
Proportion of travel shoulder with 4 < width <=6 feet on 

the left-center side in increasing milepost direction 
-0.653 0.112 -5.85 

Proportion of travel shoulder with 4 < width <=6 feet on 

the right-center side in increasing milepost direction 
0.520 0.111 4.67 

Proportion of travel shoulder with 6 < width <=8 feet on 

the right-center side in increasing milepost direction 
0.488 0.152 3.22 

Proportion of travel shoulder with 8 < width <=10 feet on 

the right-center side in increasing milepost direction 
0.774 0.076 10.23 
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Table A.1 Continued  

Variable Coefficient S.E. t-stat 

Travel shoulder information    
Proportion of travel shoulder with 8 < width <=10 feet on 

the right side in increasing milepost direction 
-0.646 0.081 -8.01 

AADT, location and median information    
AADT (ADTK10=AADT/10000) 0.040 0.004 9.03 

Location indicator (if segment is located in urban arear, 

1, else, 0) 
0.886 0.046 19.13 

Proportion of median with 10 < width <= 20 feet 0.713 0.065 10.97 

Over dispersion parameter 

Alpha 0.335 0.0164 20.36 

Number of observation: 1,526  Number of parameters: 23  Log-likelihood: -4,793.146 

AIC: 9,632.291  BIC: 9,754.890  McFadden Pseudo R-square: 0.1934 
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Table A.2 Random parameters NB without panel effect specification 

Variable Coefficient S.E. t-stat 

Horizontal curve information       

Count of horizontal curves within the fixed length segment 0.085 0.009 9.23 

Count of horizontal curves with 1000 <= radius < 1500 feet 

within the fixed length segment 0.283 0.027 10.69 

Proportion of horizontal curves with 2000 <= radius < 3000 

feet within the fixed length segment 0.550 0.068 8.08 

Vertical curve information 

 
  

Count of vertical curves with 300 < K value <=400  within the 

fixed length segment 0.092 0.015 6.30 

Proportion of vertical curves with absolute initial grade < 2  

within the fixed length segment -1.214 0.106 -11.42 

Proportion of vertical curves with 2 <= absolute initial grade < 

4  within the fixed length segment -0.874 0.121 -7.23 

Roadway information 

 
  

Roadway weighted average width in decreasing milepost 

direction -0.367 0.062 -5.91 

Proportion of roadway with 24 < width <= 36 feet in 

decreasing milepost direction -1.290 0.167 -7.71 

Proportion of roadway with 36 < width <= 48 feet in 

decreasing milepost direction -0.615 0.106 -5.80 

Proportion of roadway surface type is portland cement concrete 

in decreasing milepost direction 0.314 0.021 15.22 

Travel shoulder information 

 
  

Proportion of travel shoulder with 4 < width <=6 feet on the 

right-center side in increasing milepost direction 0.417 0.048 8.60 

Proportion of travel shoulder with 6 < width <=8 feet on the 

right-center side in increasing milepost direction 0.441 0.049 9.03 

Proportion of travel shoulder with 8 < width <=10 feet on the 

right-center side in increasing milepost direction 0.682 0.034 19.93 

Proportion of travel shoulder with 8 < width <=10 feet on the 

right side in increasing milepost direction -0.591 0.032 -18.41 

AADT information 

 
  

AADT (ADTK10=AADT/10000) 0.049 0.002 29.68 

Means for random parameters 

Constant 4.657 0.377 12.34 

Count of horizontal curves with design speed ranged from 60 

to 65 (mph) within the fixed length segment 0.059 0.018 3.36 

Count of vertical curves with 200 < K value <=300  within the 

fixed length segment 0.231 0.011 20.81 

Proportion of roadway with 12 < width <= 24 feet in 

decreasing milepost direction -2.339 0.237 -9.89 

Proportion of travel shoulder with 4 < width <=6 feet on the 

left-center side in increasing milepost direction -0.563 0.049 -11.60 

Location indicator (if segment is located in urban arear, 1, else, 

0) 0.822 0.024 34.02 

Proportion of median with 10 < width <= 20 feet 0.622 0.027 22.85 
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Table A.2 Continued 

Variable Coefficient S.E. t-stat 

Standard deviation for the random parameters with normal distribution 

Constant 0.383 0.008 45.56 

Count of horizontal curves with design speed ranged from 60 

to 65 (mph) within the fixed length segment 0.141 0.016 8.62 

Count of vertical curves with 200 < K value <=300  within the 

fixed length segment 0.111 0.008 13.80 

Proportion of roadway with 12 < width <= 24 feet in 

decreasing milepost direction 0.326 0.015 22.00 

Proportion of travel shoulder with 4 < width <=6 feet on the 

left-center side in increasing milepost direction 0.259 0.024 10.75 

Location indicator (if segment is located in urban arear, 1, else, 

0) 0.619 0.017 35.42 

Proportion of median with 10 < width <= 20 feet 0.510 0.020 25.25 

 Over dispersion parameter 

Alpha 48.802 6.498 7.51 

Number of observation: 1,526  Number of parameters: 30  Log-likelihood: -4,756.344 

AIC: 9,572.689  BIC: 9,732.601  McFadden Pseudo R-square: 0.1996 
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Table A.3 MFP incorporate NB specification  

Variable Transformation Coefficient S.E. t-stat 

Constant   2.870  0.141  20.36 

Horizontal curve information         

Count of horizontal curves within 

the fixed length segment 𝑥 − 1.4351 0.043  0.020  2.17 

Count of horizontal curves with 

design speed ranged from 60 to 

65 (mph) within the fixed length 

segment 𝑥 − 0.1127 0.096  0.041  2.36 

Count of horizontal curves with 

1000 <= radius < 1500 feet within 

the fixed length segment 𝑥 − 0.0485 0.250  0.061  4.11 

Proportion of horizontal curves 

with 2000 <= radius < 3000 feet 

within the fixed length segment 

1

(𝑥 + 0.0100)2 − 254.0518 
-0.00001 0.000004  -4.33 

Vertical curve information         

Count of vertical curves with 200 

< K value <=300  within the fixed 

length segment 𝑥 − 0.3919 0.186  0.024  7.69 

Count of vertical curves with 300 

< K value <=400  within the fixed 

length segment 𝑥 − 0.2916 0.086  0.030  2.83 

Proportion of vertical curves with 

absolute initial grade < 2  within 

the fixed length segment 

ln(𝑥 + 0.0010) + 2.1222 -0.407  0.060  -6.83 

ln (x + 0.0010)2 − 4.5039 -0.043  0.007  -6.23 

Proportion of vertical curves with 

2 <= absolute initial grade < 4  

within the fixed length segment 

ln(𝑥 + 0.0010) + 2.9873 -0.491  0.076  -6.48 

ln (x + 0.0010)2 − 8.9239 -0.054  0.008  -6.43 

Roadway information         

Roadway weighted average width 

in decreasing milepost direction 

10

𝑥
− 0.3294 

-61.689  12.307  -5.01 

√
10

𝑥
− 0.5739 

72.711  13.900  5.23 

Proportion of roadway with 12 < 

width <= 24 feet in decreasing 

milepost direction 𝑥 − 0.5962 -2.685  0.466  -5.76 

Proportion of roadway with 24 < 

width <= 36 feet in decreasing 

milepost direction 

1

√𝑥 + 0.0200
− 1.8700 

-0.023  0.006  -4.03 

√𝑥 + 0.0200 − 0.5348 -2.555  0.455  -5.61 

Proportion of roadway with 36 < 

width <= 48 feet in decreasing 

milepost direction 

1

(𝑥 + 0.0010)2
− 108.4477 

-0.0000001  

0.00000

005 -2.67 

(𝑥 + 0.0010)2 − 0.0092 -1.098  0.217  -5.06 

Proportion of roadway surface 

type is portland cement concrete 

in decreasing milepost direction 

1

𝑥 + 0.0030
− 2.1958 

-0.034 0.006 -5.31 

𝑙𝑛(𝑥)

𝑥 + 0.0030
+ 1.7271 

-0.006 0.001 -5.20 
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Table A.3 Continued 

Variable Transformation Coefficient S.E. t-stat 

Travel shoulder information     

Proportion of travel shoulder with 

4 < width <=6 feet on the left-

center side in increasing milepost 

direction (𝑥 + 0.0040)2 − 0.0266 -0.659  0.098  -6.75 

Proportion of travel shoulder with 

4 < width <=6 feet on the right-

center side in increasing milepost 

direction 

1

√𝑥 + 0.0060
− 2.5413 

0.126  0.039  3.21 

Proportion of travel shoulder with 

4 < width <=6 feet on the right-

center side in increasing milepost 

direction 𝑙𝑛(𝑥 + 0.0060) + 1.8654 0.394  0.100  3.94 

Proportion of travel shoulder with 

6 < width <=8 feet on the right-

center side in increasing milepost 

direction 

1

√𝑥 + 0.0100
− 4.9247 

-0.052  0.010  -5.27 

Proportion of travel shoulder with 

8 < width <=10 feet on the right-

center side in increasing milepost 

direction (𝑥 + 0.0030)3 − 0.0003 0.604  0.097  6.21 

 

𝑙𝑛(𝑥) ∗ (𝑥 + 0.0030)3

+ 0.0008 -3.942  0.890  -4.43 

Proportion of travel shoulder with 

8 < width <=10 feet on the right 

side in increasing milepost 

direction 

1

(𝑥 + 0.0020)2
− 1.2064 

0.000  0.000  2.88 

 (𝑥 + 0.0020)3 − 0.7547 -0.226  0.081  -2.79 

AADT, location and median information       

Scaled AADT information 

(AADT/10,000) 

10

𝑥
− 2.1381 

-0.001  0.00003  -3.16 

(
10

𝑥
)

2

− 2.1874 
0.195  0.023  8.51 

Location indicator (if segment is 

located in urban arear, 1, else, 0)  No transformation 0.752  0.046  16.4 

Proportion of median with 10 < 

width <= 20 feet √𝑥 + 0.0090 − 0.3494 0.802  0.065  12.26 

Over dispersion parameter     

Alpha 0.290 0.015 19.71 

Number of observation: 1,526  Number of parameters: 33  Log-likelihood: -4,724.447 

AIC: 9,514.894  BIC: 9,690.797  McFadden Pseudo R-square: 0.2050 
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Table A.4 MFP incorporate heterogeneous NB specification 

Variable Transformation Coefficient S.E. t-stat 

Constant   2.912  0.128  22.72  

Horizontal curve information         

Count of horizontal curves within 

the fixed length segment  No Transformation 0.049  0.016  3.11  

Count of horizontal curves with 

1000 <= radius < 1500 feet within 

the fixed length segment 𝑥 − 0.0485 0.235  0.054  4.36  

Proportion of horizontal curves with 

2000 <= radius < 3000 feet within 

the fixed length segment 

1

(𝑥 + 0.0100)2 − 254.0518 
0.000  0.000  -6.27  

Vertical curve information         

Count of vertical curves with 200 < 

K value <=300  within the fixed 

length segment 𝑥 − 0.3919 0.184  0.023  8.03  

Count of vertical curves with 300 < 

K value <=400  within the fixed 

length segment 𝑥 − 0.2916 0.114  0.030  3.72  

Proportion of vertical curves with 

absolute initial grade < 2  within the 

fixed length segment 

ln(𝑥 + 0.0010) + 2.1222 -0.340  0.053  -6.45  

ln (x + 0.0010)2 − 4.5039 -0.035  0.006  -5.76  

Proportion of vertical curves with 2 

<= absolute initial grade < 4 within 

the fixed length segment ln(𝑥 + 0.0010) + 2.9873 -0.518  0.071  -7.25  

Proportion of vertical curves with 2 

<= absolute initial grade < 4 within 

the fixed length segment ln (x + 0.0010)2 − 8.9239 -0.056  0.008  -7.13  

Roadway information         

Roadway weighted average width in 

decreasing milepost direction 

1

𝑥
− 0.3294 

-66.263  9.752  -6.80  
1

√𝑥
− 0.5739 

78.202  10.943  7.15  

Proportion of roadway with 12 < 

width <= 24 feet in decreasing 

milepost direction 𝑥 − 0.5962 -2.956  0.366  -8.07  

Proportion of roadway with 24 < 

width <= 36 feet in decreasing 

milepost direction 

1

√𝑥 + 0.0200
− 1.8700 

-0.029  0.005  -5.85  

√𝑥 + 0.0200 − 0.5348 -2.963  0.360  -8.24  

Proportion of roadway with 36 < 

width <= 48 feet in decreasing 

milepost direction 

1

(𝑥 + 0.0010)2 − 108.4477 
0.000  0.000  -2.82  

(𝑥 + 0.0010)2 − 0.0092 -1.264  0.170  -7.44  

Proportion of roadway surface type 

is portland cement concrete in 

decreasing milepost direction 

1

𝑥 + 0.0030
− 2.1958 

-0.032  0.006  -5.18  

𝑙𝑛()

𝑥 + 0.0030
+ 1.7271 

-0.005  0.001  -5.07  
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Table A.4 Continued  

Variable Transformation Coefficient S.E. t-stat 

Travel shoulder information         

Proportion of travel shoulder with 4 

< width <=6 feet on the left-center 

side in increasing milepost direction (𝑥 + 0.0040)2 − 0.0266 -0.709  0.084  -8.49  

Proportion of travel shoulder with 4 

< width <=6 feet on the right-center 

side in increasing milepost direction 

1

√𝑥 + 0.0060
− 2.5413 

0.095  0.033  2.84  

ln(𝑥 + 0.0060) + 1.8654 0.327  0.085  3.86  

Proportion of travel shoulder with 6 

< width <=8 feet on the right-center 

side in increasing milepost direction 

1

√𝑥 + 0.0100
− 4.9247 

-0.044  0.009  -5.19  

Proportion of travel shoulder with 8 

< width <=10 feet on the right-

center side in increasing milepost 

direction 

(𝑥 + 0.0030)3 − 0.0003 0.523  0.076  6.86  

ln(𝑥) ∗ (𝑥 + 0.0030)3

+ 0.0008 -3.920  0.797  -4.92  

Proportion of travel shoulder with 8 

< width <=10 feet on the right side 

in increasing milepost direction 

1

(𝑥 + 0.0020)2
− 1.2064 

0.000  0.000  3.30  

(𝑥 + 0.0020)3 − 0.7547 -0.203  0.072  -2.83  

AADT, location and median information       

Scaled AADT information 

(AADT/10,000) 

10

𝑥
− 2.1381 -0.001  0.000  -3.92  

(
10

𝑥
)

2

− 2.1874 
0.218  0.018  11.80  

Location indicator (if segment is 

located in urban arear, 1, else, 0)  No transformation 0.725  0.044  16.55  

Proportion of median with 10 < 

width <= 20 feet √𝑥 + 0.0090 − 0.3494 0.838  0.066  12.69  

Heterogeneous alpha 

 Constant  -2.141  0.154  -13.90  

Horizontal curve information         

Count of horizontal curves within 

the fixed length segment 𝑥 − 1.4351 -0.196  0.058  -3.36  

Count of horizontal curves with 

2000 < Angle of Deflection (∆) <= 

3000 (degrees)  within the fixed 

length segment  No transformation 0.352  0.112  3.15  

Count of horizontal curves with 

design speed ranged from 30 to 35 

(mph) within the fixed length 

segment  No transformation 0.321  0.106  3.04  

Proportion of horizontal curves with 

design speed ranged from 60 to 65 

(mph) within the fixed length 

segment  No transformation 1.672  0.629  2.66  
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Table A.4 Continued  

Variable Transformation Coefficient S.E. t-stat 

Vertical curve information         

Count of vertical curves with 2 <= 

absolute final grade < 4  within the 

fixed length segment  No transformation 0.224  0.065  3.43  

Count of vertical curves with design 

speed ranged from 60 to 65 (mph) 

within the fixed length segment  No transformation 0.314  0.091  3.45  

Proportion of vertical curves with 

absolute initial grade < 2  within the 

fixed length segment ln(𝑥 + 0.0010) + 2.1222 -0.461  0.208  -2.21  

Proportion of vertical curves with 

absolute initial grade < 2  within the 

fixed length segment ln (x + 0.0010)2 − 4.5039 -0.041  0.024  -1.75  

Proportion of vertical curves with  4 

<= downhill ahead slope < 6  within 

the fixed length segment  No transformation -8.557  2.664  -3.21  

Roadway information         

Proportion of roadway with 36 < 

width <= 48 feet in decreasing 

milepost direction 

1

(𝑥 + 0.0010)2

− 108.4477 0.000  0.000  2.67  

Proportion of roadway width is 

wider than 60 in increasing milepost 

lanes  No transformation -3.655  1.716  -2.13  

Travel shoulder information         

Proportion of travel shoulder with 8 

< width <=10 feet on the right-

center side in increasing milepost 

direction 

ln(𝑥) ∗ (𝑥 + 0.0030)3

+ 0.0008 -7.055  2.168  -3.25  

Proportion of shoulder surface type 

is portland cement concrete on the 

right-center side  No transformation -0.862  0.449  -1.92  

AADT, location and median information       

AADT (ADTK10=AADT/10000) (
10

𝑥
)

2

− 2.1874 
-0.140  0.053  -2.66  

Proportion of median with 10 < 

width <= 20 feet √𝑥 + 0.0090 − 0.3494 0.714  0.169  4.22  

Proportion of median width is 

between 30 and 40 feet(including)  No transformation 0.676  0.168  4.02  

Number of observation: 1,526  Number of parameters: 48  Log-likelihood: -4,656.312 

AIC: 9,408.624  BIC: 9,664.484  McFadden Pseudo R-square: 0.2168 
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Table A.5 Multivariate fractional polynomial (MFP) incorporate NB specification by 

replacing random parameters with MFP transformation 

Variable Coefficient S.E. t-stat 

Constant 3.273 0.224 14.63 

Horizontal curve information 
   

Count of horizontal curves within the fixed length segment 0.070 0.020 3.46 

Count of horizontal curves with 1000 <= radius < 1500 feet 

within the fixed length segment 
0.269 0.064 4.20 

Proportion of horizontal curves with 2000 <= radius < 3000 feet 

within the fixed length segment 
0.590 0.149 3.95 

Vertical curve information 
   

Count of vertical curves with 300 < K value <=400  within the 

fixed length segment 
0.079 0.031 2.53 

Proportion of vertical curves with absolute initial grade < 2  

within the fixed length segment 
-1.351 0.190 -7.10 

Proportion of vertical curves with 2 <= absolute initial grade < 4  

within the fixed length segment 
-0.909 0.251 -3.62 

Roadway information 
   

Proportion of roadway with 24 < width <= 36 feet in decreasing 

milepost direction 
-2.357 0.470 -5.02 

Proportion of roadway with 36 < width <= 48 feet in decreasing 

milepost direction 
-1.248 0.308 -4.06 

Proportion of roadway surface type is portland cement concrete 

in decreasing milepost direction 
0.291 0.041 7.02 

Travel shoulder information 
   

Proportion of travel shoulder with 4 < width <=6 feet on the 

right-center side in increasing milepost direction 
0.594 0.104 5.70 

Proportion of travel shoulder with 6 < width <=8 feet on the 

right-center side in increasing milepost direction 
0.508 0.120 4.24 

Proportion of travel shoulder with 8 < width <=10 feet on the 

right-center side in increasing milepost direction 
0.782 0.084 9.35 

Proportion of travel shoulder with 8 < width <=10 feet on the 

right side in increasing milepost direction 
-0.560 0.082 -6.80 

AADT, location information 
   

AADT (ADTK10=AADT/10000) 0.040 0.004 9.32 

Location indicator (if segment is located in urban arear, 1, else, 

0) 
0.852 0.046 18.44 

Transformed random parameters    

Variable Transformation Coefficient S.E. t-stat 

Count of horizontal curves with design 

speed ranged from 60 to 65 (mph) 

within the fixed length segment 

𝑥 − 0.1127 

 
0.078 0.042 1.85 

Count of vertical curves with 200 < K 

value <=300  within the fixed length 

segment 
𝑥 − 0.3919 0.213 0.025 8.66 
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Table A.5 Continued 

Variable Coefficient S.E. t-stat 

Transformed random parameters    

Variable Transformation Coefficient S.E. t-stat 

Roadway weighted average width in 

decreasing milepost direction 

10

𝑥
− 0.3293 -67.090 13.688 -4.90 

√
10

𝑥
− 0.5739 78.760 15.752 5.00 

Proportion of roadway with 12 < width 

<= 24 feet in decreasing milepost 

direction 
𝑥 − 0.5962 -2.990  0.588  -5.08 

Proportion of travel shoulder with 4 < 

width <=6 feet on the left-center side in 

increasing milepost direction 

(𝑥 + 0.0400)2

− 0.5962 
-0.759  0.107  -7.11 

Proportion of median with 10 < width 

<= 20 feet 
√𝑥 + 0.0090
− 0.3493 

0.793  0.069  11.49 

Over dispersion parameter     

Alpha  0.325 0.016 20.55 

Number of observation: 1,526  Number of parameters: 24  Log-likelihood: -4,777.751 

AIC: 9,603.503  BIC: 9,731.433  McFadden Pseudo R-square: 0.1960 
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APPENDIX B 

ADDITIONAL ESTIMATION RESULTS FOR 

HETEROGENEOUS OVERDISPERSION RANDOM 

PARAMETER APPROACH 

Table B.1 Random effect model 

Variable Coeff. T-Stat 

Random constant 
2.345 23.295 

Standard deviation of random constant 
0.536 38.236 

Horizontal curve information   

Count of horizontal curves within the fixed length segment 0.174 11.991 

Count of horizontal curves with 1000 <= radius < 1500 feet within the 

fixed length segment 
0.300 7.554 

Proportion of horizontal curves with 2000 <= radius < 3000 feet within 

the fixed length segment 
0.132 1.236 

Vertical curve information   

Count of vertical curves with 200 < K value <=300  within the fixed 

length segment 
0.203 10.226 

Count of vertical curves with 300 < K value <=400  within the fixed 

length segment 
0.055 2.111 

Proportion of vertical curves with absolute initial grade < 2  within the 

fixed length segment 
-1.186 -6.290 

Proportion of vertical curves with 2 <= absolute initial grade < 4  within 

the fixed length segment 
-0.495 -2.512 

Roadway information   

Proportion of roadway with 12 < width <= 24 feet in decreasing 

milepost direction 
-1.033 -18.510 

Proportion of roadway with 24 < width <= 36 feet in decreasing 

milepost direction 
-0.349 -6.937 

Proportion of roadway surface type is portland cement concrete in 

decreasing milepost direction 
0.294 8.141 

Travel shoulder information   

Proportion of travel shoulder with 4 < width <=6 feet on the left-center 

side in increasing milepost direction 
-0.509 -5.769 

Proportion of travel shoulder with 4 < width <=6 feet on the right-center 

side in increasing milepost direction 
0.325 4.197 

Proportion of travel shoulder with 6 < width <=8 feet on the right-center 

side in increasing milepost direction 
0.446 4.781 

Proportion of travel shoulder with 8 < width <=10 feet on the right-

center side in increasing milepost direction 
0.451 7.920 
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Table B.1 Continued  

Variable Coeff. T-Stat 

Travel shoulder information   

Proportion of travel shoulder with 8 < width <=10 feet on the right side 

in increasing milepost direction 
-0.548 -11.707 

AADT, location and median information   

AADT (ADTK10=AADT/10000) 0.050 18.491 

Location indicator (if segment is located in urban arear, 1, else, 0) 0.749 14.972 

Proportion of median with 10 < width <= 20 feet 0.555 13.340 

Overdispersion parameter   

Alpha 
0.019 5.479 

Number of observations: 1,526  Number of variables: 21 

Log-likelihood: -4,527.471 AIC: 9,096.942  BIC: 9,208.881 

 


