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ABSTRACT
Electron emission driven by both a strong DC applied bias and a superimposed laser field is examined through numerical simulations. Heating
at the electrode surface that creates a dynamic, nonequilibrium electron distribution is included based on appropriate rate-equation analyses
for energy balance. Much higher emission currents are predicted that follow the AC oscillations over the femtosecond range. The hot car-
rier population are predicted to persist much longer to yield a more gradual decay in the emission current beyond laser termination. The
numerical results are also extended to an emitter array, given the interest in such configurations for obtaining high output coherent currents.
The capability can subsequently be extended to assess the coherence and emittance of the electron source based on Monte Carlo transport
techniques.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5122212., s

I. INTRODUCTION

Ultrafast, laser-driven electron emission from metal nanostruc-
tures is of interest for free electron lasers and as sources of electrons
in high power microwave devices. Applications range from photo-
electron injectors for accelerators and free electron lasers,1 and even
has relevance to time-resolved imaging of fundamental processes in
solid state physics,2,3 chemistry,4 and biology.5 Applying strong elec-
tric fields to a metallic tip with nanometer sharpness enables elec-
tron emission via tunneling, producing continuous electron beams
with high brightness and coherence.6,7 Furthermore, illumination of
such tips by femtosecond laser pulses, in combination with a mod-
erate dc voltage applied to the tip, has realized pulsed field emis-
sion with femtosecond and nanometer resolution. This has opened
up avenues for both basic research and new applications like time-
resolved electron microscopy, spectroscopy, holography, and free-
electron lasers.8 Photoemission from lasers with small pulse-widths
affords tightly bunched bursts having low emittance.

As such, the physics of photoemission has been well studied
for both weak and strong laser fields.9–11 Here, while electron emis-
sion driven by both a strong DC applied bias and a strong laser field

is examined, as was done previously by Zhang and Lau,12 the role
of heating by the laser to create dynamic, nonequilibrium electron
distributions is additionally incorporated. Field screening in multi-
emitter arrays is also discussed. The theory is first developed, and
results presented for the emission current as a function of time, at
different DC fields and AC intensities. The role of electron heating
on the photoemission is also probed. While the emission currents
are predicted to follow the AC oscillations over the femtosecond
range, the hot carrier population persists much longer to yield a
more gradual decay in the emission current. The numerical results
are then extended to an emitter array, since the latter configurations
are of interest from the standpoint of obtaining high current outputs.
As might be expected, the role of screening and decreases in elec-
tric field due to proximity between adjacent emitters arise, and are
treated and discussed here on the basis of equivalent charge models.

II. MODEL DETAILS
A. Time dependent transmission coefficient

The time-dependent transmission coefficient can be obtained
from a solution of the time-dependent Schrodinger wave equation.
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A solution to this problem involving both DC and AC electric fields
was reported by Truscott13 and Wagner14 based on a co-ordinate
transformation. More recently, an analysis for the transmission coef-
ficient was discussed by Zhang and Lau12 that included multiphoton
processes, and both the optical and DC fields. Hence, only an outline
of the inherent formulation is included here.

Outside the metal, the wavefunction ψ(z, t) is given by:

ψ(z, t) = T0G0(z, t)exp(−iωt)exp[i(kxx + kyy)]
× exp[i{qzF1 sin(ωt)}/(h−ω)
− iq2F0F1 sin(ωt)}/(h−mω3)
+ iq2F2

1 sin(2ωt)}/(8h−mω3)], z ≥ 0 (1)

where T0 is the transmission coefficient, and G0 given by the follow-
ing expression:

G0 = Ai(−η0) − i Bi(−η0). (2)

In eqn. (1) above, F0 and F1 are the magnitudes of the DC and
AC fields, ω the angular frequency of the optical excitation, h− the
reduced Planck’s constant, m the electron effective mass, z the coor-
dinate normal to the metal-air interface, and t the time. In addition,
η0 = {E0/(q F0)+ ξ} (2qmF0/h− 2)1/3, with E0 = E - EF –W- Up, ξ = z+{q
F1/(m ω2)} cos(ωt), and Up = q2 F1

2/(4m ω2). In the above, the work-
function is denoted by W, while EF represents the Fermi energy.
Finally in Eqn. (1), kx, and ky denote wavevectors in the transverse
direction.

Inside the metal, the wavefunction is given by:

ψ(z, t) = exp(−iωt)exp[i(kxx + kyy + kzz)]
+R0 exp(−iωt)exp[i(kxx + kyy + kzz)]. (3)

where R0 is the reflection coefficient. Continuity of the wavefunc-
tion and its derivative at the interface (z=0), then yields solutions for
T0 and R0. The ratio R(kz , t) of the transmitted current density to
the incident current density (= Jtran/Jinc), can be obtained after some
algebra. Some of the steps are outlined in Appendix, and the final
expression is:

R(kz , t) = ∣T0∣2[ke/(πkz) + (p(t)/kz){(Ai)2 + (Bi)2}], (4)

where p(t) ≡ qF1 sin(ωt)
h−ω . The emission current density, Jtran, transmit-

ted from the metal can then be obtained as given below:

Jtran = ∫ ∫ ∫ q vzR(kz)[1/(2π)3]2k//dk//dθdkzf (k//,kz), (5)

once the distribution function f (k//, kz) for the electrons inside the
metal is known.

B. Electron distribution function with heating
The electron distribution function needed for the current den-

sity calculation was computed in a dynamic fashion, based on rate
equations that embody energy exchanges between the electron and
phonon sub-systems. In the process, energy gain by the electrons
from the incident optical radiation, which deposits energy onto the
metal, is taken into account. This is offset by energy losses from the
electron sub-system through electron-phonon interactions which
represent relaxation processes. A single lumped electron-phonon
coupling constant has been assumed. Furthermore, for simplicity,

the decay of phonons via the anharmonic phonon-phonon cou-
pling has been modeled on the basis of an effective phonon lifetime
Γph. The coupled rate equations provide a time-dependent lattice
temperature Te(t), involving the following rate equations:

pabs - G[Te(t) − TL(t)] = Ce dTe(t)/dt, (6a)

and

G[Te(t) − TL(t)] = CL[dTL(t)/dt + {TL(t) - T0}/Γph], (6b)

where G is the electron-phonon coupling constant (taken to be
4x1016 W/m3/K as a typical value for gold), while Ce and CL are
the electronic and lattice heat capacities. These values, based on the
literature15 have been taken here to be: Ce = 71.5 J/m3/K2 Te, with
Γph = 7 ps and CL = 3.5x106 J/m3/K. Also, Te(t) and TL(t) are the
effective temperatures of the electrons and the host lattice, t denotes
the time, and Pabs is the power density (in Watts/m3). Finally, T0
denotes the ambient lattice temperature, while Γph is the phonon
lifetime of 7 ps due to anharmonic decay.16,17 The input power was
related to the field strength F1 of incident optical signal. The coupled
set of equations (6) were solved using the fourth-order Runge-Kutta
method.

For the electron system, the distribution function f e(t) was
taken to comprise of two parts given by:18

fe(Te, t) = fe−NT(t) + fe−T(Te, t), (7)

where f e-NT(t) and f e-T(t) denote the non-thermal and thermal com-
ponents. The thermal part of the electron distribution was taken to
be the usual Fermi-Dirac, but at an elevated, time-dependent tem-
perature Te(t). The non-thermal part of the distribution f e-NT(t), was
obtained at each time t and energy E based on the following relation:

fe−NT(E, t + dt) = fe−NT(E, t) − fe−NT(E, t){[E − Ef ]/Ef }
2dt/Γ0

+ [pabsdt/(h−ω)][(E − h−ω)/E]
1/2T

/{exp[(E − h−ω − Ef )/(kTe(t))] + 1}. (8)

where, T = 1

∫EF
EF−h− ω

⎡⎢⎢⎢⎢⎢⎣

√
E

1+exp
(E−EF)
kTe(t)

⎤⎥⎥⎥⎥⎥⎦
dE

.

In the above equation, the first term on the right side of the
equation (8) represents the current state, while the second term takes
account of the loss in occupancy over an elemental time step dt due
to the electron-electron interactions. The last term arises from pho-
ton absorption. It was derived based on the assumption of a smooth
density of states with a ∼E1/2 dE dependence over an incremental
energy range dE.

III. RESULTS AND DISCUSSION
The time-dependent evolution of the electron temperature

obtained in response to an incident power input from a constant
laser source is shown in Figure 1a. The energy density was taken
to be 2x1013 W/m2. A sharp rise to about 2x104 ○K is predicted
within about 1.5 ps, followed by a more gentle rise. This heating of
the electrons affects the overall distribution. As might be expected,
the temperature reaches a saturating value at a point in time when
the losses from the electron subsystem begin to equal the energy gain
from the input laser. However, in practice, such a laser cannot be sus-
tained for long periods, and so a finite duration laser pulse presents

AIP Advances 9, 105302 (2019); doi: 10.1063/1.5122212 9, 105302-2
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FIG. 1. Effective electron temperatures as a function of time following two different
incident laser excitation waveforms on a gold electrode. (a) Response to a unit
step function, and (b) a 100 fs laser excitation.

a more reasonable waveform. Taking a 100 fs pulse, the tempera-
ture evolution Te(t) was obtained for two different AC field inten-
sities (F1) of 0.1 V/nm and 0.15 V/nm, respectively. The results are
given in Figure 1(b). The peak electron temperatures of 2563 ○K and
5391 ○K for the two AC field strengths are predicted at the end of the
100 fs pulse.

Based on the above time-dependent electron temperature Te(t)
formulation, the combined distribution f e(Te, t) comprised of both
the thermal and nonthermal components was obtained for F1
= 108 V/m. This value is quite large, but does help demonstrate the
nonequilibrium changes and disparities in the distribution function.
Later, smaller and more reasonable values of F1 have been chosen.
The distribution at four different time instants of 50 fs, 100 fs, 200 fs,
and 500 fs are shown in Figure 2. The Fermi level was at 5.53 eV and
is marked on the figure. Due to the heated, nonequilibrium, nonther-
mal contribution, the f e(Te, t) curve exhibits a relative “shoulder” at
the 100 fs instant with elevated values at the higher energies. Beyond
the 100 fs time, the distribution function is predicted to gradually fall
and evolve towards its equilibrium state.

The emission current densities resulting from combined fields
(i.e., both F0 and F1) can be expected to naturally exhibit undula-
tions because of the superimposed AC component in the driving
excitation. The values over a few cycles, as obtained from the cal-
culations, are shown in Figure 3 for F0 = 7x109 V/m, F1 = 107 V/m,
and incident laser power of 1.33x1011 W/m2. For clarity, the inset
shows the behavior up to 40 fs. Upon termination of the laser pulse,
the oscillations in the current density cease, and the values exhibit a

FIG. 2. Snapshots of the overall combined distribution function f e(Te, t) as a
function of electron energy at four time instants of 50 fs, 100 fs, 200 fs, and
500 fs.

slow but gradual decrease over time. The latter, almost impercepti-
ble over the time scales shown, is the result of the slow relaxation of
the distribution function as the electron cool in the presence of on-
going interactions with the phonons. Upon taking the average over
last cycle prior to laser termination, at different DC biasing levels, the
field dependent behavior shown in Figure 4 for the current density
(Jtran) emerged. For comparison, values of Jtran for the equilibrium
Fowler-Nordheim (F-N) case are also shown in the figure. The two
consequences apparent in the curves of Figure 4 are: (i) higher pre-
dicted currents for the non-equilibrium case as compared to the F-N
levels because of the highly energetic distribution function which
reduces transmission probabilities for a larger fraction of the elec-
trons, and (ii) reduced threshold fields for the start of non-negligible
currents.

Finally, the above modifications to the emission current density
were probed for the case of multiple emitters in an array. For such
analysis it is crucial to first determine the electric fields in the vicin-
ity of the emitting tips. As is well known, the presence of multiple
emitters in close proximity to each other leads to a screening effect
with reductions in the peak electric field magnitudes.19 As shown in
the recent past, such effects can conveniently and simply be probed

FIG. 3. Simulation results of the time-dependent electron emission current density
in response to a 100 fs laser pulse with inclusion of electron temperature increases
and evolution of a nonequilibrium distribution function.
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FIG. 4. Emitted electron current density as a function of electric field, based on
assumptions of equilibrium and nonequilibrium electron distribution functions.

on the basis of Line Charge Models (LCMs) which approximate the
surface of an ungated, large aspect ratio field emitter tip by appro-
priate equipotentials above a dipole line charge.20 The advantage of
the LCM, and similar models,21–23 is that they facilitate the study of
key array parameters, such as emitter height, tip radius, and array
geometry, while invoking conceptual simplicity. These models yield
quick solutions to the potentials and electric field distributions for a
nanoemitter array, and are designed to provide an equivalent struc-
ture consisting of a line charge and its image, to replace the actual
nanoprotrusion. Simple analytic expressions are then made available
as a result, instead of having to solve a three-dimensional problem
with the affiliated boundary conditions.

However, as pointed out recently by Biswas et al.,23 the LCM
generically mimics ellipsoidal emitters rather than a Cylindrical-
Post-with-an-Ellipsoidal-Tip (CPET) that is typical of nanowires.
An ellipsoidal emitter would be governed by the following equa-
tion in cylindrical co-ordinates: z2/z12 + r2/(a1 z1) = 1, with the
radius of curvature at the tip of the major axis (the emitter tip,
essentially) equal to a1. Charge densities beyond the linear regime,
for example a quadratic charge distribution, would allow for mod-
eling shapes that are closer to a CPET. Here, in order to address
such aspects, higher-order charge density distributions from multi-
ple rings were used in determining the electric fields and the screen-
ing effects in multi-emitter arrays. For example, the equipotential
contours were improved in going from a three-ring to a nine-ring
model, as shown in Fig. 5. For these calculations of Fig. 5, emitters
of 1500 μm height and tip radius of 47.43 um were used to ensure
a high aspect ratio. The distribution of charges for the two cases is
listed in Table I. The use of multiple rings can be seen to improve the
potential profiles. For example, the slight undulation near the emit-
ter surface at a height of ∼1400 μm in Fig. 5(a) is smoothened out in
Fig. 5(b). In the present scheme, a charged ring was first set up close
to the tip. Next, numerous other charge rings were added sequen-
tially at different locations to ensure that the resulting equipotential

FIG. 5. Equipotential profiles near a single emitter of 1500 μm height and tip radius
of 47.43 um based on a linear charge model (LCM) with: (a) three charged rings,
and (b) nine charged rings.

contour from the emitter top to its base remained straight. Thus, the
placement of an additional Nth ring was governed by the need to
smooth out the occurrence of any undulation in the potential profile
from the collective effect of the N-1 rings and their images, over any
region.

The nine-ring model was applied to multi-emitter arrays to
probe screening in arrays. The predicted electric field values at the

TABLE I. Details of the three and nine-ring models of the 1500 μm high nanoemitter.

Height (μm) Ring radius (μm) Charge (10-10 C)

3 – Ring Model
1490 4.018 2.721505
1420 12.5 4.09219
1371 5.6 3.49624
9 – Ring Model
1490 4.018 2.7215
1420 12.5 4.09219
1371 5 3.49624
1324 5.5 2.62218
1259 10 2.18515
1200 13 1.370685
1140 13 1.092575
1082 30 0.655545
1000 25 0.53635

AIP Advances 9, 105302 (2019); doi: 10.1063/1.5122212 9, 105302-4
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FIG. 6. Predicted electric field values at the emitter tip as a function of emitter
spacing (delta) for various numbers of emitters in the array.

emitter tip as a function of emitter spacing (delta) for various num-
bers of emitters in an array are shown in Fig. 6. The peak field is
predicted to reduce down to about 79% of the value for an isolated
emitter at a 100 μm separation. Furthermore, the screening effect
is predicted to almost disappear when separations equal the emitter
height.

IV. SUMMARIZING CONCLUSIONS
Thus, electron emission driven by both a strong DC applied

bias and a superimposed laser field has been examined, with inclu-
sion of the heating that can create dynamic, nonequilibrium elec-
tron distributions. The evolution of the electron temperatures and
the energy distribution was obtained on the basis of dynamic rate
equations to ensure energy balance. While the emission currents
are predicted to follow the AC oscillations over the femtosecond
range, the hot carrier population persists much longer to yield a
more gradual decay in the emission current beyond termination
of the laser. Much higher emission currents were predicted due to
the heating produced by the photoexcitation. The numerical results
were then extended to an emitter array, given the interest in such
configurations for obtaining high output coherent currents. The
treating based on local charge models, naturally included the role
of screening and proximity effects.

In actual practice, the electron emission from the metal would
depend on details of the internal scattering governed by both
electron-electron, electron-phonon, and electron-plasmon interac-
tions. This would fashion the characteristics, such as the energies,
velocities, angular directions etc. of the emergent electron swarm.
These aspects would be important for assessing the coherence and
emittance of the electron source. The details could be treated by

Monte Carlo transport techniques,24,25 and will be the focus of
subsequent analysis.
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APPENDIX: TRANSMITTED CURRENT RATIO
Inside the metal, the wavefunction is given by:

ψ(z, t) = exp(−iωt)exp[i(kxx + kyy + kzz)]
+R0exp(−iωt)exp[i(kxx + kyy − kzz)], z ≤ 0 (A1)

where R0 is the reflection coefficient, kx, ky, kz are the wavevectors
along the x-, y- and z-directions, ω is the angular frequency, and
t the time. Here, the z=0 defines the interface. On the transmitted
side, the wavefunction ψ(z, t) is given by:

ψ(z, t) = T0G0(z, t)exp(−iωt)exp[i(kxx + kyy + kzz)]
× exp[i{qzF1sin(ωt)}/(h−ω) − iq2F0F1sin(ωt)/(h−mω3)
+ iq2F2

1sin(2ωt)/(8h−mω3)], z > 0 (A2)

where T0 is the transmission coefficient. Matching wavefunctions at
z = 0 leads to:

1 + R0 = T0G0(0, t)exp[−iA(t)], (A3)

where

A(t) ≡ q2F0F1sin(ωt)/(h−mω3) − q2F2
1sin(2ωt)/(8h−mω3)], (A4)

G0 = Ai(−η0) − i Bi(−η0), (A5)

η0 = {E0/(qF0) + ξ}ke, with E0 = E − EF −W −Up, (A6)

ξ = z + {qF1/(m ω2)}cos(ωt), and Up = q2F2
1/(4m ω2), (A7)

and
ke = (2qmF0/h− 2)

1/3
. (A8)

Matching the derivatives of the wavefunctions at z = 0 yields:

ikz − ikzR0 = T0
∂G0(z, t)

∂z
exp[−iA(t)] + T0G0(0, t)

× exp[−iA(t)] i{qF1sin(ωt)}
h−ω

. (A9)

Finally, using ∂G0
∂z = −ke(Ai′ − iBi′), some algebra leads to:

∣T0∣2 =
4

[{Ai(1 + {qF1sin(ωt)}
h−ωkz ) + ke

kz
Bi′}

2
+ { ke

kz
Ai′ − Bi − {qF1sin(ωt)}

h−ωkz Bi}
2
]

. (A10)
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The incident current density Jinc is given by:

Jinc =
ih−

2m
(−2ikz) =

h−kz
m

, (A11a)

while the transmitted current density Jtrans given by:

JTrans =
ih−

2m
(ψ∂ψ

∗

∂z
− ψ

∗∂ψ
∂z
). (A11b)

The transmitted current density then works out to:

JTrans =
h− ∣T0∣2

m
[ke
π

+ P{(Ai)2 + (Bi)2}], (A12)

where P ≡ qF1 sin(ωt)
h−ω .

So finally, the ratio R(kz , t) of the transmitted current density to
the incident current density (= Jtran/Jinc) is obtained as:

R(kz , t) =
JTrans
Jinc
= ∣T0∣2[

ke
πkz

+
P(t)
kz
{(Ai)2 + (Bi)2}]. (A13)
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