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Thermo-elastic analysis in the frequency domain using the 
LISA instrument as a case study 

James Etchells.1 
European Space Agency 

The thermo-mechanical stability requirements for the LISA instrument are some of the 
most demanding of any space mission. The associated analysis challenges to design the 
instrument and verify the requirements are well known, having been the subject of a number 
of ICES papers in the past – which have focused on both LISA and its precursor mission, 
LISA Pathfinder.  

 
In past papers the focus was on techniques to address the thermal analysis in the frequency 

domain. This paper builds upon this previous work and presents an approach to carry out 
thermo-elastic analysis in the frequency domain. This approach has the potential to reduce 
the computational effort associated with this type of analysis, to lessen the impact of numerical 
errors, and to facilitate better understanding of the thermo-mechanical input-output 
behavior. 

 
A case study, addressing the conceptual design and analysis of a support structure for the 

LISA instrument, is used to illustrate the presented method. Specifically an investigation into 
the performance of a thermally compensated structure, carried out at ESA/ESTEC, is 
presented.  

 
The analysis tools used for the case study were ESATAN-TMS, pySINAS and NASTRAN 

for the thermal analysis, temperature mapping and mechanical analysis respectively. This 
analysis pipeline is described in the paper, however, the methods presented are technically 
applicable to any tool chain. As such, an outline of the theoretical background is presented, 
with emphasis placed on the thermo-elastic topic.  

Nomenclature 
A =  Plant matrix of state space system 
B =  Input matrix of state space system 
C =  Heat capacity matrix 
𝐂 = Output matrix of standard state space system 
D =  Feedthrough matrix of state space system 
f =  Heat load variation about operating point for linearization 
G(s) = Thermal transfer function (matrix) temperature or power input to temperature output 
H(s) = Thermo-mechanical transfer function (matrix) temperature or power input to mechanical output 
K = Conduction matrix 
𝑲 = Linearized conduction matrix (including linearized radiative terms) 
q = Heat load vector  
R = Radiation matrix including Stefan Boltzmann constant 
T = Temperature vector (Kelvin) 
u = Generic input 
y = Generic output 
𝜹 = Temperature variation about operating point for linearization 
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𝜇 = Mechanical output (displacement or rotation) 
𝛼, 𝛽, 𝜙 = Generic phase angles 
 
Subscripts 
 
a = Arithmetic node 
b = Boundary node 
d = Diffusion node 
e = Equilibrium (steady state) condition 
i = Output node index 
j = Input node index 

I. Introduction 
REQUENCY domain (FD) techniques for thermal analysis have been applied to a number of past space missions 
and have been the subject of a number of past papers at ICES and elsewhere. These FD thermal analysis techniques 

were originally developed for missions such as the Laser Interferometer Space Antenna (LISA)2 – and its precursor 
mission LISA Pathfinder (LPF) – for which many of the driving requirements are actually expressed in the frequency 
domain as spectral density profiles. For example, for the LISA mission, a typical requirement on temperature stability 
could be expressed as the linear spectral density (LSD) curve shown in Figure 1. In order to derive these LSDs from 
real measurement data, or numerical analysis results, then the Discrete Fourier Transform (DFT) is used, this was 
presented at ICES in [2]. 
 

 
Figure 1: Exemplary temperature stability requirement expressed as a linear spectral density. 

 
There are two common approaches for verifying these type of temperature stability requirements using numerical 

analysis: 
1. Use of transient analysis cases, fed by input disturbances (or noise sources), and post-processed using 

DFTs [2]. 
2. Use of direct FD techniques, based on linear systems theory, to derive input/output transfer functions 

using the thermal mathematical model (TMM) [3] [4]. 
However, in many cases the requirements on temperature stability are actually derived from other more 

fundamental requirements, for example mechanical stability requirements (which are in turn often derived from optical 
requirements). Therefore, when using numerical analysis to verify these mechanical stability requirements, using 
thermo-elastic analysis, it is natural to apply the same class of FD techniques to the overall thermo-elastic system. 
This paper will introduce an extension to the FD thermal analysis approaches that allows thermo-elastic analysis to be 
tackled in a more efficient and direct manner.  

II. Introduction to the Case Study – the LISA Moving Optical Subassembly Support Structure 
To illustrate the ideas presented in this paper, a case study is used – the support structure for the LISA Moving 

Optical Subassembly (MOSA). The LISA mission will observe gravitational waves in the frequency band of 0.1 mHz 
to 0.1 Hz. This frequency band contains gravitational waves from sources such as merging supermassive black hole 
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binaries, and intermediate mass black holes. LISA can be thought of as a high precision Michelson interferometer in 
space. Gravitational waves change optical path-length between the test masses (TMs), and variations are measured 
using laser interferometers. In the LISA concept, free falling test masses are located inside three identical spacecraft 
(S/C.). Foreseen orbits for LISA consist of three Earth-trailing heliocentric orbits, 50 to 65 million km from Earth. 

In order to prepare for the phase-A of the project development, an early concept of the LISA mission was developed 
by the concurrent design facility at ESA ESTEC. This concept is shown in Figure 2, and although this is not a current 
concept, it nonetheless shows some important features that are common to all concepts considered to date, notably the 
solar array/sun-shield, and the core payload assembly, comprised of two MOSAs. All surfaces of the S/C sit in the 
shadow of the solar array during all mission phases. 

 

 

 

 

 

 

 

30° 

2 x MOSA 

 
Figure 2: An early  concept for LISA showing: (top left) the Earth trailing orbit, (top right) the constellation 

of three S/C, (bot left) the solar aspect angle, and (bot right) internal accommodation of MOSAs 
 
 An exploded view of an old MOSA concept is show in Figure 3. Whilst the details of the design are still evolving, 
the basic layout of the components is accurate.. A telescope, or beam expander, is placed at the outermost end of the 
MOSA and forms the instrument large pupil. Behind the telescope, the optical bench (OB) interfaces with the laser 
light and accommodates the different interferometer systems and photodetectors. Finally the Gravitational Reference 
Sensor (GRS) accommodates the test mass (TM), capacitive sensing and electrostatic actuators. This GRS was fully 
validated in flight on the LISA Pathfinder (LPF) mission and will as far as possible be used as-is. 
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Pivot 
MSS 

Telescope 

 
Figure 3: Overview of MOSA (out of date concept) 

 
The three main optical elements – the telescope, OB and GRS – are mounted on the MOSA support structure 

(MSS). Functionally the MSS provides the mechanical interfaces for these optical items, and also with the S/C via a 
pivot point. The MSS is therefore responsible for maintaining the relative alignment of the items during integration, 
testing, and flight operations. The mechanical stability of the MSS – and in the context of this paper the thermo-
mechanical stability – is therefore of paramount importance.  

One of the critical requirements for LISA is the stability of the distance between the GRS and the OB in the science 
measurement frequency band Figure 3. The requirement is a function of frequency but, approximately, an effective 
coefficient of thermal expansion (CTE) of the structure less than 1x10-6 m/m.K is required. For reference, the CTE of 
some candidate materials is shown in Table 1. It can be seen that, in crude terms, only carbon composites and zerodur 
approach the required CTE, and all of these materials present other challenges (typically moisture sensitivity for the 
composites and to the fracture toughness for zerodur). Therefore the LISA project decided to explore other options, 
one of which is described in the following section. 
 

Material Approx. CTE at 20°C  
(K-1) 

Heritage Remark 

Ti6Al4V 9x10-6 Multiple missions  
SiC 4x10-6 Herschel, GAIA  

Si3N4 3x10-6 PLEIADES  
CFRP 1x10-6 Multiple missions Performance highly dependent on design 

Carbon - Carbon 1x10-6 GOCE, PLEIADES  
Zerodur 0.1x10-6 LPF, PLEIADES  

Table 1: Approximate CTE values of MSS candidate materials 
 

III. Thermal Design and Models of the MSS 
To achieve the stability requirements for the MSS, a number of different material options have been considered, 

by different stakeholders. However, the ESTEC team were asked to investigate the feasibility of a simple metallic 
concept. The concept that was chosen was a thermally compensated metering structure as shown schematically in 
Figure 4.  

 
Figure 4: Schematic of a thermally compensated metering structure 

 

Ti6Al4V

Al Alloy

CTE ≈ 23ppm

CTE ≈ 9ppm

Zero effective CTE 
structure for an 
isothermal 
structure
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The concept is to use a system with two materials with different coefficients of thermal expansion (CTE) orientated 
in an opposing configuration. In the ideal (isothermal) case then a design like this can be tuned to have zero overall 
effective CTE, within the constraints of manufacturing tolerances etc. In the case of this design, the chosen materials 
were Ti6Al4V and Aluminum Alloy, leading to an approximate ratio of arm length of 1/3.. Other material choices 
could, however, be envisaged, for example the use of Silicon Carbide (SiC) and aluminum is a generally thermal 
higher conductivity option and leads to a greater length ratio – or shorter aluminum compensated lengths.  

 
 

 

A l u m i n i u m  

Ti6Al4V 

 
Figure 5: Thermally compensated MSS 

 
Figure 5 shows the mechanical FE of the design concept that was investigated. The GRS is mounted on thermally 

compensated arms, that in turn interface with a ring structure which accommodates the OB. The concept utilizes a 
solid state friction welded interface between the titanium and aluminum parts, in order to avoid any glued or bolted 
joint. The mechanical FE model is a fully hexahedral mesh built for MSC NASTRAN. 

A thermal model of the MSS and the surrounding MOSA was built in ESATAN-TMS as shown in Figure 6. The 
thermal design concept seeks to maintain the telescope secondary mirror end at about 5°C using baffle heaters. The 
OB, GRS and MSS need to be kept as close as possible to 20°C to minimize ground to orbit deformations. Thermal 
disturbances from the surrounding S/C are minimized by a cylindrical thermal shield. The compensated part of the 
MSS and the GRS are also further isolated with an additional thermal shield.  

Compensated Ti/Al MSS arms

OB dissipators (only 
radiatively coupled so far)

Heating power on baffle 
inner (approx. 42W)

Radiation shield between 
tele and OB

MLI tent loosely clads MSS 
arms and separated GRS from 
OB dissipators

Top and bottom simple 
boundary nodes for 
radiative and flexure 
interfaces

 
Figure 6: ESATAN-TMS model of the MOSA concept 
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The results of a sample steady state analysis case are shown in Figure 7 and show that all temperatures are within in 
desired ranges. The telescope is maintained within the desired temperature range using approximately 40W of heater 
power on the surrounding baffle (the feasibility of this concept with respect to thermal stability is an active area of 
work but not covered in this paper). In Figure 8 shows temperatures on the MSS and also the temperatures mapped 
on the mechanical FE model.  

The tool used to actually do the mapping of temperatures – and for this paper the thermal transfer functions –  is 
called pySINAS [5]. This tool allows thermal models from a variety of tools to be mapped because it used the neutral 
STEP-TAS [6] format to represent the thermal geometry. The use of pySINAS allows the construction of an 
interpolation matrix to be separated from the actual execution of interpolation jobs. This means than once the 
interpolation matrix is established, then multiple load cases (or in this case frequencies and input/output combinations) 
can be run efficiently and automatically. 

 
 
 

Hot spot is on OB 

 
Figure 7: Steady state results for a sample case 

 

          
 

Figure 8: ESATAN temperatures for MSS (left) and mapped onto FE model (right) 

IV. Review of Linear Thermal Analysis Methods 
 The subject of this paper is the frequency domain thermo-elastic analysis methods, where thermal part is the first 
step in the process. However, the frequency domain methods fall into a broader class of analysis methods for linear – 
or more specifically linearized – thermal systems.  These linearized systems can be used when temperature variations 
are small compared with the absolute temperature of the system. Such situations may occur in a wide variety of space 
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thermal applications where temporal thermal stability is important. Examples are science mission/payloads such as 
GAIA or LPF, or earth observation payloads such as GOCE [1]. In these situations it is sometimes expedient to exploit 
the intrinsic stability of the system to simplify the thermal analysis methods by using linearization of non-linear terms 
– typically thermal radiation and/or temperature dependent bulk material properties. The motivations for this are for 
example reduced runtime and circumvention of constraints of numerical solvers (e.g. truncation errors, numerical drift 
etc.). 

In this paper the process to derive a linearized thermal system is only briefly outlined because it has been covered 
in a number of papers previously, e.g. [3]. The starting point is the full thermal system shown in Eq. (1) . 

 𝐂�̇� +  𝐊𝐓 + 𝐑𝐓𝟒 = 𝐪 (1) 

In the following equation the basic system has been expanded for clarity into blocks of partitioned submatrices 
corresponding to the diffusion, boundary and arithmetic (zero capacity) nodes of the system (given subscripts d, b and 
a respectively). 

 

𝐂𝐝𝐝 𝟎 𝟎
𝟎 𝐂𝐛𝐛 𝟎
𝟎 𝟎 𝐂𝐚𝐚

�̇�𝐝

�̇�𝐛

�̇�𝐚

+

𝐊𝐝𝐝 𝐊𝐝𝐛 𝐊𝐝𝐚

𝐊𝐛𝐝 𝐊𝐛𝐛 𝐊𝐛𝐚

𝐊𝐚𝐝 𝐊𝐚𝐛 𝐊𝐚𝐚

𝐓𝐝

𝐓𝐛

𝐓𝐚

+  

𝐑𝐝𝐝 𝐑𝐝𝐛 𝐑𝐝𝐚

𝐑𝐛𝐝 𝐑𝐛𝐛 𝐑𝐛𝐚

𝐑𝐚𝐝 𝐑𝐚𝐛 𝐑𝐚𝐚

𝐓𝐝
𝟒

𝐓𝐛
𝟒

𝐓𝐚
𝟒

=

𝐪𝐝

𝐪𝐛

𝐪𝐚

 (2) 

Generally the conduction and heat capacity may be a function of temperature; in the following we assume that this 
is not the case – but this needs to be carefully assessed for the analysis case in question.  The typical linear conductors 
from tools like ESATAN or SINDA can be assembled into this matrix structure. In order to obtain this system of 
equations out of ESATAN-TMS then the user routine DMPTHM can be used [7]. 

In the general case, arithmetic nodes may be present in the model and these are shown explicitly in Eq. (2). 
Depending on the methods used, these nodes could cause numerical problems and an option is therefore to eliminate 
them using static reduction [8]. However, in the rest of the paper, no arithmetic nodes are considered. 

The linearization of the radiative terms can then be applied around a steady state operating point 𝐓𝐞, again noting 
that only the radiative terms are strictly linearized here and the conductive/capacitive terms are actually just snapshots 
at the operating point. Around the operating point we have 𝐓 =  𝐓𝐞 + 𝛅 and 𝐪 =  𝐪𝐞 + 𝐟, which can be substituted 
into Eq. (1) giving: 

 𝐂(𝐓𝐞 + 𝛅)̇ +  𝐊(𝐓𝐞 + 𝛅) + 𝐑(𝐓𝐞 + 𝛅)𝟒 = (𝐪𝐞 + 𝐟) (3) 

and also noting that at the operating point: 

 𝐊𝐓𝐞 + 𝐑𝐓𝐞
𝟒 = 𝐪𝐞 (4) 

Expanding Eq. 3, subtracting the steady state condition Eq. (4), and neglecting quadratic term and above leads to 
the well know linear system Eq. (5). 

 𝐂�̇� + 𝐊𝛅 + 𝟒𝐑𝐓𝐞𝟑𝛅 = 𝐂�̇� + 𝐊𝛅 =  𝐟     ,    𝐓𝐞𝟑 = diag(T , , T , , … T , ) (5) 

The condition for neglecting higher order terms is that: 

  𝛅 ≪
𝟐

𝟑
𝐓𝐞 (6) 

 So if “much less than” is taken to be, for example, two orders of magnitude, then a room temperature operating 
condition such as the LISA MSS would have allowable temperature variations of more than 1-2K. Note also that the 
resulting linear system matrix 𝐊 is likely to be both dense (not sparse) and non-symmetric. Both of these characteristics 
impact negatively on downstream numerical methods, such as matrix factorization or eigenvalue extraction, and may 
prohibit the use of the most efficient numerical schemes. 
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Once the linearized system Eq. (6) has been formed then by inspection the matrices can be reorganized to form 
the standard state space form shown in Eq. (7) and (8). Inputs to the system are considered to be the time varying loads 
and boundary conditions of interest – noting of course that these are deltas with respect to the operating point. 

 �̇� = 𝐀𝐱 + 𝐁𝐮    ,    𝐲 = 𝐂𝐱 + 𝐃𝐮 (7) 

or 

 �̇�𝐝 = 𝐀𝛅𝐝 + 𝐁𝐮      ,      𝐀 = −𝐂𝐝𝐝
𝟏𝐊𝐝𝐝      ,      𝐁𝐮 = −𝐂𝐝𝐝

𝟏𝐊𝐝𝐛 𝐂𝐝𝐝
𝟏 𝛅𝐛

𝐟𝐝
 (8) 

Finally the Laplace operator 𝑠 = 𝑗𝜔  is used to derive the transfer function: 

 𝐆(𝐬) = 𝐂(𝐬𝐈 − 𝐀) 𝟏𝐁 + 𝐃 (9) 

 𝐆(𝐬) = 𝐬𝐈 − −𝐂𝐝𝐝
𝟏𝐊𝐝𝐝

𝟏
−𝐂𝐝𝐝

𝟏𝐊𝐝𝐛 𝐂𝐝𝐝
𝟏 =  𝐬𝐂𝐝𝐝 + 𝐊𝐝𝐝

𝟏
[−𝐊𝐝𝐛 𝐈] (10) 

So finally the input to output transfer functions can be computed using Eq. (10). This involves the inversion of a 
potentially very large complex valued matrix at every frequency of interest. An alternative approach, that is used in 
ESATAN-TMS, is to use a generalized eigenvalue approach. Alternatively, as mentioned in [4] a singular value 
decomposition (SVD) can also be used to obtain singular values – which are equivalent to eigenvalues for single input 
single output (SISO) systems – using an algorithm that is potentially more robust.  

V. Building Confidence in the Frequency Domain Thermal Analysis  
The use of the frequency domain methods is unfamiliar to many thermal analysis engineers and as such a 

verification that the method gives expected results is useful. Using the MSS case study the FD approach can be 
compared with a Time Domain (TD) approach. Considering an input thermal noise source on the OB and output node 
on the MSS the bode plot of gain is shown in Figure 9.  

 

 
Figure 9: Time domain (blue markers) and frequency domain (orange line) results for MSS 

 
It can be seen that, due to the low thermal diffusivity of the titanium alloy, the gains are very small at higher 

frequencies. It is clear then, that recreating such a plot using a time domain approach will be challenging, as the 
constraints of resolution of the numerical solver, whilst maintaining linearity need to be managed. Nonetheless a series 
of sinusoidal heat load inputs are applied to the corresponding input nodes at a range of frequencies and long transients 
are run until a quasi-stabilized result is obtained. The last cycle is then analyzed to obtain the amplitude. The results 
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are plotted as points on the same plot Figure 9 and it can be seen that there is generally good agreement except at 
higher frequencies where the effects of the time domain solver start to make it difficult. Such a demonstration, whilst 
not a mathematical proof, shows that using the established FD techniques and standard time domain approach, the two 
methods are in agreement.  

Another issue with the FD approach is the physical interpretation of it. One way to help engineers make sense of 
this is to create overlays of gain and or phase on the thermal model geometry. An example of this is shown for the 
case study in Figure 10. In ESATAN-TMS this can be achieved by storing the gain and phase results from the inbuilt 
routine EVALFR as user defined nodal entities [7]. Unfortunately ESATAN-TMS does not have any notion of 
frequency as a state identifier, however abusing time as a proxy for frequency, then multiple frequencies can be loaded 
for a single case.   

 
Figure 10: Gain overlaid onto thermal model geometry (Note, numbers are not up to date) 

VI. Frequency Domain Thermo-Mechanical Mapping 
The normal approach for thermo-elastic mapping is to map temperatures for each load case, or time step, to the 

mechanical Finite Element (FE) model. The mapped temperatures cases are then applied to the mechanical model as 
quasi-static load cases – based on the normally valid assumption that the mechanical modes of the structure are at far 
higher frequencies than any temperature variations. The usual approach, therefore has been to: 

1. run long transient thermal cases, 
2. to map results at each time step to the mechanical model, 
3. to compute mechanical deformations at each time step, 
4. to use a DFT to post-process mechanical deformations and create spectral density data.  

Unfortunately there is a compromise at every step of this process: the thermal runs are long and time consuming, 
many mechanical jobs need to be run, and the post-processing of small quantities needs special attention.. With this 
in mind, during the development of LISA Pathfinder in 2008, different approaches were investigated internally at 
ESTEC (see Acknowledgements section).  

The approach presented here is to map the thermal transfer functions directly to the mechanical model. The 
mechanical model is then run and results are finally recombined to create thermal to mechanical transfer functions 
(for example with physical unit m/W or K/W).  

The mathematical basis of the approach is quite straightforward and is shown in Eq. 11 to 26. The main challenge 
is implementing the approach in a tool chain and the bookkeeping of the relevant data  because neither the thermal, 
thermal-mapping, nor mechanical tools are set up with this type of analysis in mind. 

Recalling that the thermal system is asymptotically stable, then the output of the system 𝑦(𝑡) = 𝐺(𝑠)𝑢(𝑡) is as 
shown in Eq. 11 to 13, where the input signal in Eq. 11 is assumed to be persistent in the sense that it has been present 
from 𝑡 = −∞ 

 𝑢(𝑡) = 𝑢 𝑠𝑖𝑛(𝜔𝑡 + 𝛼) (11) 

 𝑦(𝑡) = 𝑦 𝑠𝑖𝑛(𝜔𝑡 + 𝛽) (12) 
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 𝜙 ≜ 𝛽 − 𝛼 (13) 

It can be shown [9] that the quantity 𝑦(𝑡)/𝑢(𝑡) and 𝜙 can be obtained from the Laplace transfer function 𝐺(𝑠) 
after inserting the complex frequency 𝑠 = 𝑗𝜔   and evaluating the magnitude and phase of the complex number 𝐺(𝑗𝜔):  

 =  |𝐺(𝑗𝜔)| (14) 

 𝜙 = ∠ 𝐺(𝑗𝜔) [𝑟𝑎𝑑] (15) 

So the output can be rewritten as: 

 𝑦(𝑡) =  𝑢 |𝐺(𝑗𝜔)|𝑠𝑖𝑛 𝜔𝑡 + 𝛼 + ∠ 𝐺(𝑗𝜔)  (16) 

and we may arbitrarily set 𝑢 = 1, as it is a constant scalar multiplier in the following, and similarly set input phase 
angle 𝛼 = 0 [𝑟𝑎𝑑] yielding: 

 𝑦(𝑡) =  |𝐺(𝑗𝜔)|𝑠𝑖𝑛 𝜔𝑡 + ∠ 𝐺(𝑗𝜔) = |𝐺(𝑗𝜔)|𝑠𝑖𝑛(𝜔𝑡 + 𝜙) (17) 

The sine terms can then be expanded giving: 

 𝑦(𝑡) =  |𝐺(𝑗𝜔)|[𝑠𝑖𝑛(𝜔𝑡)𝑐𝑜𝑠(𝜙) + 𝑐𝑜𝑠(𝜔𝑡)𝑠𝑖𝑛(𝜙)] (18) 

and 

 𝑦(𝑡) =  |𝐺(𝑗𝜔)|[𝑠𝑖𝑛(𝜔𝑡)𝑐𝑜𝑠(𝜙) + 𝑐𝑜𝑠(𝜔𝑡)𝑠𝑖𝑛(𝜙)] (19) 

 𝑦(𝑡) =  𝑦 (𝑗𝜔)𝑠𝑖𝑛(𝜔𝑡) + 𝑦 (𝑗𝜔)𝑐𝑜𝑠(𝜔𝑡) (20) 

Where  

 𝑦 (𝑗𝜔) =  |𝐺(𝑗𝜔)| 𝑐𝑜𝑠(∠ 𝐺(𝑗𝜔) (21) 

 𝑦 (𝑗𝜔) =  |𝐺(𝑗𝜔)| 𝑠𝑖𝑛(∠ 𝐺(𝑗𝜔) (22) 

And in the case of the thermal system, with the output temperature variation 𝛿  at node i, due to an input variation on 
node j 

 𝛿 (𝑗𝜔) =  𝐺 (𝑗𝜔)  𝑐𝑜𝑠(∠ 𝐺 (𝑗𝜔) (23) 

 𝛿 (𝑗𝜔) =  𝐺 (𝑗𝜔)  𝑠𝑖𝑛(∠ 𝐺 (𝑗𝜔) (24) 

Where the 𝛿 and 𝛿  terms both have unit Kelvin and the input term above 𝑢  corresponds to a 1K input variation. 
So finally we have arrived at two quantities with physical unit Kelvin that can be mapped to a structural finite element 
model in exactly the same way as a normal temperature would be.  

Once the thermo-mechanical finite element model has been run, with the mapped temperature variation data as 
load cases, then outputs of the model (typically displacements) can finally be recombined at each frequency to yield 
the mechanical frequency response to thermal inputs (temperature and power variations). At each frequency 𝜔 then 
the two load cases for 𝛿 and 𝛿 will yield equivalent mechanical displacement variations for a degree of mechanical 
freedom k, 𝜇   and 𝜇  and these can be recombined to obtain the frequency response as follows. 

 |𝐻(𝑗𝜔)| =  𝜇  + (𝜇  )  (25) 
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 ∠𝐻(𝑗𝜔) = 𝑎𝑡𝑎𝑛2(𝜇  , 𝜇  ) (26) 

In order to recover the complete frequency response transfer function of the thermo-mechanical system, it is 
necessary to map 2xNinputxNfreq mechanical runs and so, in most cases, is far less expensive than the classical 
approach3. Importantly though any suitable tool for temperature mapping could be used with this method.  

VII. Thermo-elastic results for the MSS case study 
Having introduced the method in the previous section, the results of applying it to the MSS test case are now 

presented. The process proceeds in an identical way as for the demonstration of the thermal transfer function presented 
in Section V. First, the time domain results already presented are mapped to the mechanical model and each time step 
is run as an independent load case. The resulting input/output gains are then derived by fitting sinusoids to the 
displacements of interest.  

For the frequency domain approach the steps are as follows: 
1. Compute complex components of the thermal transfer functions in an ESATAN-TMS subroutine and 

dump out as results sets.  
2. The components ( Eq. (23 and (24) ) are mapped independently onto the FE model using pySINAS, with 

each frequency being a separate load case. 
3. MSC NASTRAN runs are executed for each load case resulting in complex components of the thermal 

to displacement transfer functions 
4. MSC NASTRAN results are recombined using a custom python script to obtain the input-output gains 

 
The results are presented in Figure 11, using the same dissipation noise source on the OB as in Section  V as input, 

and the Z component of displacement on a GRS interface grid point as the output parameter of interest (leading to 
transfer functions with unit delta-m/W). Note that in the case of both the TD and FD process, the input temperature 
load set to NASTRAN can be scaled to circumvent numerical issues. Full details about the mechanical model are out 
of scope for this paper, however, extreme caution needs to be taken to ensure correct data input, for example that 
reference temperatures are zero, also for example on rigid bar elements. 

The results show a good level of agreement between the FD and TD approaches. It is particularly interesting to 
observe that the shape of the gain plot is no longer a classical “first order” response and an obvious inflection is present 
in both sets of data at around 3x10-5 Hz. The physical interpretation of this is not obvious, however, it is likely to be 
the effect of the phase shift of the input source as it propagates through the structure. This impact of phase is an 
interesting observation, because intuitively it was one of the major concerns raised by stakeholders about the thermally 
compensated structure. 
 

 
Figure 11: Comparison of TD (blue markers) and FD (orange line) results for displacement gains 

                                                           
3 Other approaches are possible, such as the use of sensitivity matrices, however, these are not covered here. 
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VIII. Conclusion 
 A method for FD thermo-mechanical analysis has been presented and applied to the case of the LISA MSS. For 
space missions with challenging stability requirements, such as LISA, this approach has the potential to reduce the 
computational effort, to lessen the impact of numerical errors, allow more flexible sensitivity analysis, and to facilitate 
better understanding of the thermo-mechanic input output behavior. 
 These techniques are not part of the thermal analysts standard toolbox and, as such, experience has shown that 
they can be difficult to communicate about with stakeholders. Therefore the intention of this paper was to introduce 
the methods and provide an initial reference. Further work is needed to fully consolidate the methods – ideally 
supported by experimental validation, to ensure that the abstract concepts reliably translate to realistic predictions. 
Clearly, considering the tiny temperature variations, and yet tinier displacements, experimental validation is not 
without challenges and will also require advances in metrology techniques.  
 A number of enhancements to analysis tools and utilities could be envisaged to support this use of FD techniques, 
namely: 

 Enabling frequency response evaluation as a post-processing option in ESATAN-TMS, rather than a solver 
subroutine. 

 Natively support the visualization of frequency response data on geometry in ESATAN-TMS (today time 
needs to be used as a proxy for frequency in the display) 

 Update pySINAS to support the setup and post-processing of FD analysis campaigns 
  
 Finally, concerning the MSS analysis, the conclusion of the work showed that the thermally compensation structure 
has the potential to meet the requirements for LISA. However, the uncertainties about the different noise sources that 
might be present on the S/C are unlikely to be retired until much later in the project. Therefore the concept was deemed 
to be too risky at this early stage of the project [10]. 
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