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ABSTRACT
Most non-parametric approaches to the curve fitting problem are based on either
penalized spline regression with fixed knots, or smoothing splines with knots located
at each design point. As a result, they have a tendency to produce models with
large numbers of parameters, even though the underlying model is fairly simple.
This research proposes a new algorithm that fits a B-spline function to a set of data
points with independent and identically distributed random noise. The algorithm
automatically chooses (i) the order of the regression spline, (ii) the number of interior
knots, and (iii) the locations of the knots. The procedure is based on minimizing
the residual sum of squares for the curve being fitted. The performance of various
model selection information criteria is discussed, and the method is compared with
penalized spline regression. Simulation results show that the proposed method is
superior in terms of the bias and the mean summed squared error of the fit. Overall
results highlight the importance of selecting proper knot locations when fitting a spline
function. A novel extension of the methodology considers estimation of a B-spline
function by re-casting it in the framework of a nonlinear mixed effects model. An
extension of the proposed algorithm to models with auto-correlated errors is briefly
discussed.
Keywords: curve fitting, regression splines, B-splines, model selection criteria
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CHAPTER I
INTRODUCTION TO FITTING CURVES
Fitting a curve to a set of data points can be considered as a process of constructing a mathematical function, which interpolates the points, or finding a smooth
function that approximately fits the data. In Statistics, curve fitting is called regression analysis which is much more than constructing a mathematical function.
Regression analysis mainly focuses on statistical inference such as drawing conclusions on the uncertainty of the fitted curve that fits data points with random errors.
Moreover, this fitted curve is used to represent a relationship between a dependent
variable (response) and one (univariate) or more (multiple) independent (predictor)
variables. The unknown constants that form this relationship are called model parameters. Many techniques are developed to model this relationship, and the best
set of parameters are estimated using methods such as least squares or maximum
likelihood estimation. There are two basic types of regression analysis: linear and
nonlinear. A model where the fit parameters appear linearly is known as a linear
model; otherwise nonlinear. In most cases, the expected form of the function to be
fitted is known and can be parameterized. This type of regression analysis is known
as parametric regression. In nonparametric regression, the function form is unknown
and the model is estimated by assuming that it belongs to a specific set of smooth,
continuous functions. This work proposes a solution that solves the problem of estimating a univariate regression function using a nonparametric method.
1.1 History of Fitting Curves
Many approaches to the curve fitting problem have been discussed in the literature, and the two most widely used approximation methods are polynomial regression
and spline regression. Before the introduction of spline functions, it was a common
practice to use a polynomial to fit a curve to a noisy data set. The earliest reference
to polynomial regression can be found in Gergonne’s 1815 paper on the design and
analysis of polynomial regression experiments (see Stigler (1974)). This is a form
of linear regression and the parameters can be estimated by using the least squares
method. Though polynomial regression played an important part in the develop-
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ment of regression analysis, it has been replaced by other methods such as truncated
polynomials and spline functions. This is due to some advantageous properties of
non-polynomial models over polynomials. One of the highlighted disadvantages of
polynomial regression is, as the degree of a polynomial increases, a number of unpleasant features begin to appear, one of which is its highly oscillatory behavior.
Moreover, the parameter estimates of a polynomial regression is determined by its
global behavior rather than the local behavior. As a result, a very slight change in
one parameter estimate would affect the entire behavior of the polynomial regression
model. Eubank (1983) illustrated this nature using the titanium heat data set that
models a property of titanium as a function of heat. Figure 1.1 shows the behavior
of a polynomial fit for different degrees.

Figure 1.1: Titanium Heat Data : Polynomial approximations
A popular approach that replaced polynomial regression is spline regression.
Spline functions are piecewise polynomial functions. For example, a linear spline
2
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represents a function consisting of linear (degree one) polynomial segments. The
piecewise nature of splines gives the ability to approximate a model with changing
structure by providing more locally adaptive fits. Thus, the behavior of a given point
is less affected by the behavior of another point. Lower order splines have the ability to provide a good approximation with fewer number of parameters for a given
function. The places where the polynomial pieces connect are known as knots (break
points). They combine ease of handing in a computer with great flexibility and are
well suited for the approximation of noisy data.
The use of splines in the context of data analysis and curve fitting has been
discussed in journal articles quite frequently. They have been widely used in nonparametric regression and data smoothing, analysis of segmented regression models,
nonparametric density estimation, and numerical density estimation. Recent publications of the spline applications in diverse fields of science includes: Chang and Fang
(2004) in physics; Bohmanova et al. (2008) and Mackenzie et al. (2005) in agriculture;
Menon et al. (2014) in medicine; Leathwick et al. (2005) in Biology; Jeleki (2004) in
geology; Zhang and Goh (2013) in engineering; Zakeri et al. (2010) in Physiology.
de Boor and Rice (1968a,b) discussed least squares approaches to fit a curve using cubic splines. They presented algorithms for the computation of the least squares
approximation to a known function by cubic splines with (i) fixed knots and (ii) variable knots. They have mentioned that the successful use of splines for purpose of
smoothly approximating a given set of data points strongly depends on the proper
placement of knots. For a fixed knot solution, they provided a method to select
various knots in an economical fashion. Wahba (1976) discussed some smoothing
problems and a method for solving them. The literature mainly focused on a general
formulation of cross-validation method which controls the tradeoff between the bias
and the variance. Agarwal and Studden (1978) discussed the estimation of a regression function using a linear spline. They used the integrated mean squared errors
(IMSE) to evaluate the performance of the estimated model. An extension of their
work, Agarwal and Studden (1980), discussed the asymptotic behavior of the IMSE
in two ways: least squares criterion and bias minimizing splines. Furthermore, they
showed that this asymptotic IMSE depends on (i) the allocation of the observations,
(ii) the number of knots and (iii) the knot placement. Brannigan (1981) discussed an

3
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adaptive piecewise polynomial curve fitting procedure and addressed the problems of
determining the number of knots and their optimal locations. The work suggested
that the problem of selecting an appropriate number of knots can be done using an
information criterion and their optimal locations can be determined by using a constrained nonlinear optimization algorithm. It may be argued that both problems can
be solved at once by increasing or decreasing the number of knots while changing their
locations. This approach was impractical during that time due the time complexity
and the unavailability of the computational power. Moreover, adding one more knot
or doubling the number of knots is not acceptable since it would result time and space
complexity issues. Eubank (1983) reviewed most of the literature pertaining to spline
regression. Though the work mainly focused on the connection between the polynomial regression models and spline regression models, it discussed the advantages and
disadvantages among various types of spline models. Namely, there are three different
types of spline regression models: (i) Smoothing splines, (ii) Penalized splines and
(iii) Regression splines. These will be discussed in the next chapter. They discussed
the approach of spline regression with fixed knots and variable knots. When the knots
are variables, the model can be considered as a special case of partial linear models.
As a result, the nonlinear parameters, or the knot locations, can be fixed and then
the linear parameters can be estimated by using a linear regression approach. Once
the linear parameters are estimated, the knot locations can be optimized using a nonlinear optimization algorithm. The benefits from using this kind of iterated approach
for fitting splines with variable knots is far from trivial. Not only does it provide
an effective reduction of the number of parameters under consideration, but more
importantly, reasonable starting values for knot locations are required to initialize
most of the nonlinear optimization algorithms. Another approach of fitting a spline
regression model is minimizing the sum of squared errors. Jupp (1978) noted that
the algorithms for minimizing the sum of squared errors exhibit a lethargy property
where the solution tends to converge far from the optimal solution. A parameterization of the problem led them to effectively use this method to fit spline regression
models with free knots.
The method discussed by Ruppert et al. (2003) can be considered as a widely
used approach in nonlinear regression. They introduced a semiparametric approach,

4
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which uses a truncated polynomial basis, to fit regression models. To avoid overfitting of data due to the use of too many knots, an automatic knot selection method is
suggested. The number of candidate models for such a selection has an exponential
growth. As a result, this is difficult to carry out in practical situations due to the complicated nature of the selection procedure and the computational effort. To overcome
the latter mentioned problem, they have recommended to retain all the knots in the
model while constraining their influence to the regression fit. This can be achieved by
introducing a smoothing parameter that controls the roughness to the fit, as well as
the bias-variance trade off. A larger smoothing parameter results a smoother fit with
larger bias and vice versa. The behavior of this approach on titanium heat data set,
for different smoothing parameter values, is given in figure 1.2. The main drawback
of their work is the use of fixed knot locations which is proportional to the number
of data points. As the data set size gets bigger, their method uses a large number of
knots, and the estimated model would contain large number of linear parameters.
There are several publications that discuss the asymptotic behavior of the spline
regression and here a very few are pointed out. Zhou et al. (1998) studied the local
behavior of regression spline and explicit expressions for the asymptotic pointwise bias
and variance were derived. Moreover, asymptotic normality for regression splines is
established which led to the construction of approximate confidence intervals and
confidence bands for the estimated function. Claeskens et al. (2009) studied the
theoretical properties of a class of penalized spline estimators. Their work mainly
focused on the average mean squared error (AMSE) of a penalized spline fit which is
affected by the smoothing parameter and the number of knots. The results of their
study recommends to use a fewer number of knots in practice. But the unavailability
of an efficient algorithm that fits a curve for a regression function has become a
highlighted issue for the researchers.
1.2 The Current Situation
There are still many unfilled gaps in the existing methods of fitting a curve
to a regression model, specifically, the unavailability of an efficient algorithm that
fits a variable knot spline to a data set. Most of the available methods are based
on penalized spline regression with fixed knot locations. A fixed knot solution for a

5
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Figure 1.2: Titanium Heat Data : Semiparametric scatterplot smoothing, Ruppert
et al. (2003), for different smoothing parameter (λ) values
spline regression does not place the knots in a meaningful manner. It mainly considers
about a parameter that controls the smoothness of the estimating model. As a result,
the fixed knot splines have a tendency to end up with a large number of parameters
even though the mode is simple. But if the knot locations can be optimized by being
placed at their optimal locations, the number of parameters in the model can be
significantly reduced.
1.3 What has been done in this Research
The history of curve fitting shows that there are many approaches to fit a curve
to a set of data points. The fixed knot splines and variable knot splines can be
considered the two most popular methods among researchers. The algorithms that
are implemented as routines in statistical software do have a few issues in specific
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Method
Penalized spline
Smoothing spline
Proposed method

Are the
knots
fixed?
Yes
Yes
No

Number
of
knots
39
97
2

Number
of
coefficients
41
101
5

Total
number of
parameters
41
101
7

Table 1.1: Number of parameters for the models in Figure 1.3
situations. Such a situation is shown in Figure 1.3, where three different methods
(including the proposed method) are used to estimate curves for a noisy data set
with 200 observations. Both fixed knot approaches use a large number of knots
compared to the proposed method. As a result, the number of linear parameters
(coefficients) of the fixed knot approach is larger than with the variable knot method.
Table 1.1 summarizes the total number of estimated parameters in all three methods.
Additionally, identifying or modeling peaks (spikes) in a data set is important in
applications. In the real world, peaks indicate significant events such as the sudden
increase of a signal, increase/drop of price, or a sharp rise in demand. Such an
instance is shown in Figure 1.4 with 200 noisy observations. Note that although the
penalized method uses 39 knots to fit the curve, it has missed the spike of the data
set. The smoothing spline curve has done a better job than penalized splines, but
we can see that it slightly overfits the data set while not resolving the peak. Overall,
the proposed method has captured most of the characteristics in the true function
while using fewer parameters. Hence, we have introduced a new method, given the
name ABC algorithm, that can be used to fit nonlinear curves to a univariate data
set with noise. The remaining chapters in the thesis discusses the proposed methods,
and the simulation results are compared with an existing semiparametric penalized
spline fitting algorithm.
The next chapter is devoted to introducing the notation that is used throughout
this thesis and to some basic definitions related to regression analysis.
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Method
Penalized spline
Smoothing spline
Proposed method

Are the
knots
fixed?
Yes
Yes
No

Number
of
knots
39
97
12

Number
of
coefficients
41
101
15

Total
number of
parameters
41
101
27

Table 1.2: Number of parameters for the models in Figure 1.4
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Figure 1.3: Estimated spline models using different methods : The true function
(top left), estimated curve using a penalized method with fixed knots (top right),
smoothing spline with fixed knots (bottom left), and the proposed variable knot
method (bottom right). The vertical ticks on the x-axis denote the knot locations.
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Figure 1.4: Estimated spline models using different methods : The true function
(top left), estimated curve using a penalized method with fixed knots (top right),
smoothing spline with fixed knots (bottom left), and the proposed variable knot
method (bottom right). The vertical ticks on the x-axis denote the knot locations.
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CHAPTER II
NOTATION, TERMS AND DEFINITIONS
All the notations and definitions given in this chapter are used throughout this
thesis.
2.1 Notation
• R : the set of real numbers
• x : an explanatory (predictor) variable
• y : a dependent (response) variable
• i : used to index the observations, e.g. xi is the ith observed value for the
variable x
•  : random noise component
• n : number of points in a data set
Vectors and Matrices are denoted by bold lowercase letters bold uppercase letters,
respectively.
• x : a column vector
• A : a matrix, e.g. X is the design matrix of a regression model
• xT : the transpose of a vector x
• AT : the transpose of a matrix A
• A−1 : the inverse of a matrix A
√
• k x k = xT x : L2 norm (also known as the Euclidean norm)
• (a..b) : an open interval from a to b or {x|a < x < b and x ∈ R}
• [a..b] : closed interval from a to b or {x|a ≤ x ≤ b and x ∈ R}
11
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• κ = {κ1 , κ2 , . . . , κK }T : knot sequence or breakpoints with length K, where
κ1 ≤ κ2 ≤ . . . ≤ κK
• β, θ, ζ, δ : linear or nonlinear regression parameters
• Θ : the parameter space for θ
• λ ∈ (0..∞) : a smoothing parameter
• j, k : used to index parameters
• m : order of a polynomial/spline function
• d : degree of a polynomial/spline function. i.e. d = m − 1
• f (a) : the function evaluated at point a
• (x)+ = max{0, x} : the truncated function
P
P
d
• S(x) = dj=0 θj xj + K
j=1 βj (x − κj )+ : a spline of degree d with K knots
• Sm,K : linear space of splines with order m and K knots
• C d : set of function thats is d times differentiable in R
• g(x) = O(f (x)) : g(x) is of order f (x). i.e. lim supx→a

g(x)
f (x)

<∞

• Bj ≡ Bjm ≡ Bj,m (x; κ) : j th B-spline of order m with knot sequence κ
• g[κj , . . . , κj+m ] =

g[κj+1 , . . . , κj+m ] − g[κj , . . . , κj+m−1 ]
: the forward divided
κj+m − κj

difference.
• a term with theˆindicates an estimate. e.g. µ̂ is the estimate of µ
• E(x) : the Expected value of a variable x
• i.i.d : independently and identically distributed
• N (ν, σ 2 ) : Normal distribution with mean ν and standard deviation σ
• bxc : the largest integer not greater than x
• dxe : the smallest integer not less than x
12
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2.2 Terms and Definitions
Some general terms and definitions are briefly discussed in this section.
• Linear regression is a method of modeling a relationship between a response
variable and a set of predictor variables. The case of one predictor variable is
called simple linear regression. The data points are modeled as a linear predictor
function, and the unknown parameters are estimated using a method like least
squares. A standard simple linear regression model with responses y1 , y2 , . . . .yn
has the following form:
yi = µ(xi ; θ) + i

i = 1, . . . , n

(2.1)

Here θ appears linearly in function µ and it is assumed that 0 ≤ x1 < x2 <
. . . < xn ≤ 1 are nonrandom design points (observed values for the predictor
variable). The i are uncorrelated with the zero mean and constant variance.
• Nonlinear regression assumes that the parameter vector θ appears nonlinearly within the function µ. For an example,
2

yi = θ0 + θ1 xi + expθ2 xi

i = 1, . . . , n

(2.2)

is a nonlinear regression model.
• The Parametric regression model assumes that the form of the function µ
is known except for many finite unknown parameters. More specifically, it is
assumed that there exists θ = (θ1 , . . . , θk ) ⊂ Rk with a known function µ. These
unknown parameters can be estimated using an appropriate methodology, such
as least squares, and thereby µ can be estimated. When a model is fitted using
the parametric approach, the mode parameters have some physical meaning
that can be interpreted easily, which allows the experimenter to choose the
parametric approach even with very little knowledge about data.
• The Nonparametric regression model assumes that µ belongs to some finite
dimensional set of functions that does not have assumptions about its parametric form. In nonparametric regression, the experimenter will choose a function
13
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space with a certain continuity and differentiability properties that is believed
to contain the unknown function µ. The estimated parameters in a nonparametric approach is difficult to interpret since the form of µ is not defined in
advance.
• The Residual of an observed value is the difference between the observed value
and the estimated function value. The ith residual of the simple linear regression
model given in 2.1 is
ei = yi − µ̂(xi ),
(2.3)
where µ̂ is the estimator of µ.
• The residual sum of squares (RSS) is the sum of the squared residuals, a
quantity that measures the discrepancy between data and an estimated model.
This is also known as sum of squared residuals (SSR) or sum of squared
errors of prediction (SSE). The RSS for the model given in 2.1 is
n
X

(yi − µ̂(xi ))2 .

(2.4)

i=1

• Ordinary least squares (OLS) is a method of estimating unknown parameters of a linear regression model. This method minimizes the RSS and the
resulting estimated set of parameters θ̂ is called the OLS estimator for θ.
• Generalized least squares (GLS) is a method of estimating unknown parameters of a linear regression model. This method is used whenever the errors
have a heteroscedastic and/or correlated behavior (conditional on the predictor
variable). The GLS estimator θ̂ is obtained as follows:
θ̂ = arg min(y − Xθ)T Γ−1 (y − Xθ)
θ∈Θ

(2.5)

where Γ is the covariance matrix of the error terms in 2.1.
Definition 2.2.1. Integrated Mean Squared Error (IMSE) is a quantity that can be
used to evaluate the accuracy of an estimate. When a function µ is estimated by µ̂,
the corresponding IMSE is given by
14
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Z
IMSE =

ˆ 2 )dx
E((µ(x) − µ(x))

(2.6)

Definition 2.2.2. Average Mean Squared Error (AMSE) is a quantity that can be
used to evaluate the accuracy of an estimate. When a function µ is estimated by µ̂,
the corresponding AMSE is given by
AMSE =

1
E{(µ̂ − µ)T (µ̂ − µ)}
n

15

(2.7)
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CHAPTER III
SOME BACKGROUND TO SPLINE REGRESSION
The literature related to spline regression has three classifications: (i) smoothing
splines; (ii) regression splines, and (iii) penalized splines. In this chapter, we briefly
discuss each of them and their asymptotic properties. In the last section of this
chapter we discuss the penalized spline regression method with fixed knots, which
is proposed by Ruppert et al. (2003). Since the simulation results of the proposed
method is compared with the Ruppert’s approach, we consider it as the competitor.
Consider the regression problem of estimating µ based on the data sampled from
the model,
yi = µ(xi ; θ) + i

i = 1, . . . , n

(3.1)

where the i ’s are uncorrelated zero mean random error terms with constant variance.
3.0.1 Smoothing splines
This is a formal approach for fitting a spline curve S(x) to the regression model
given in 3.1 by placing a knot at each data point(i.e. κ = x). It can give a perfect fit,
but the smoothness of the function cannot be guaranteed. Therefore the parameters
of a smoothing spline are estimated by minimizing the sum of squared residuals plus
a roughness penalty.
A suitable penalty is to integrate the squared second derivative of the fitted
curve, leading to the following criterion known as the penalized sum of squared errors
(PSS). Thus,
Z
n
X
00
2
PSS =
(yi − Sλ (xi )) + λ (Sλ (x))2 dx

(3.2)

i=1

where integration is over the range of x and λ is the smoothing parameter. As λ → 0,
the penalty will approach 0 by yielding a fit that even interpolates the noise in the
data set (i.e. Sλ (xi ) → yi as λ → 0). As λ → ∞, the penalty dominates and the
solution converges to an ordinary least squares line with a very poor fit.
A higher derivative of S(x) in the penalty term can be also be considered, but it
is not recommended since µ is believed to be a smooth function.
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3.0.2 Regression splines
The regression spline estimator of order m for µ is defined to be the least squares
minimizer µ̂ ∈ Sm,K corresponding to
n
X
(yi − µ̂(xi ))2 =
i=1

min
S(x)∈Sm,K

n
X
(yi − S(xi ))2

(3.3)

i=1

Agarwal and Studden (1980) considered the rates of convergence of the univariate
regression splines with variable knots. They used integrated mean squared error
(IMSE) to evaluate the goodness of fit of the estimated model µ̂. In minimizing the
1
asymptotic behavior of IMSE, they showed that the number of knots K is O(n 2m+1 ).
It also follows from there work that the asymptotically optimal IMSE for variable
2m
knot splines of order m is O(n 2m+1 ), when the estimator is found using the least
squares criterion. Zhou et al. (1998) derived explicit expressions for the asymptotic
pointwise bias and variance of regression.
3.0.3 Penalized splines
The literature shows that finding the optimal number of knots is very important
in spline regression. This optimal number can be found by experimentation, but this
could be time intensive when the data set is large and complicated. To overcome the
problem, the researchers have come out with a better idea where they have penalized
the spline coefficients to avoid any overfitting of data. In other words, weights are put
onto each of the spline coefficients to penalize overfitting of data, while still allowing
it to fit the data well. These weights are determined based upon some penalization
criteria and several options have been discussed in literature. Ruppert et al. (2003)
used degree d truncated polynomials as basis functions with K equally spaced fixed
knots. The estimator µ̂ is defined as the solution to the penalized least squares
criterion
n
K
X
X
2
2
(yi − F (xi )β) + λ
βj+d
i=1

(3.4)

j=1

with F (x) = {1, x, . . . , xd , (x − κ1 )d+ , (x − κ2 )d+ , . . . , (x − κK )d+ }, β = {β0 , . . . , βK+d }T
and λ is the smoothing penalty for the truncated polynomial spline.
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Claeskens et al. (2009) studied the class of penalized spline estimators, which
enjoy the similarities to both regression splines and smoothing splines. In their work,
both B-spline basis functions (B-splines will be introduced in the next chapter) and
truncated polynomial basis functions are used to discuss the asymptotic behavior of
the estimate regression models.
Given the dth degree B-spline as the basis function, the penalized estimator of
function µ is the minimizer of
n
X
i=1

(
yi −

d+K+1
X

)2
βj Bj (xi )

Z
+λ

1

" d+K+1
X

0

j=0

(q) #2
βj Bj (x)

dx

(3.5)

j=0

where the penalty is the integrated squared q th order derivative (≤ d) of the spline
function, and is assumed to be finite. Here, λ acts as the penalty constant which
controls the smoothness of the estimate and letting λ → ∞ forces the q th order
derivative of the spline to reach zero. An unpenalized estimator, with λ = 0, is
referred as a regression spline estimator which was introduced earlier.
Claeskens et al. (2009) mainly focus on the average mean squared error (AMSE)
of the penalized spline estimator and discuss the optimal choice of smoothing parameter and the number of knots K. Under appropriate assumptions and lemmas,
a constant c1 , which depends only on q and the design density, is used to define the
quantity Mq as follows:
Mq = (K + p + 1 − q)(λc1 )1/2q n−1/2q

(3.6)

They showed that whenever Mq < 1,


K
AMSE(µ̂) = O
n



λ2 2q
+ O 2K
n




+ O K −2(d+1)



(3.7)

and otherwise,
n1/2q−1
AMSE(µ̂) = O
λ1/2q




 

λ
+O
+ O K −2q
n

(3.8)

Mq < 1 in 3.7 results in the asymptotic scenario similar to that of regression splines,
and with Mq ≥ 1 in 3.8 results in the asymptotic scenario close to the smoothing
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splines. Also, the results suggest that the convergence rate of penalized spline estimator is quicker if Mq < 1, since q ≤ d is assumed. Thus, it is recommended to prefer
a small number of knots in practice, which also supports the work presented in this
dissertation. Moreover, they pointed out, if the truncated polynomial basis is used,
there is no difference between the two asymptotic scenarios and the optimal rate of
convergence.
3.1 Ruppert et al. (2003)’s Approach for Penalized Spline Regression
Ruppert et al. (2003)’s work can be considered as a widely used approach in
scatterplot smoothing. They introduced a semiparametric approach to fit regression
models which is currently available as a CRAN-R routine SemiPar. Their work discusses the use of truncated basis to fit a regression model, while pointing out the
problem of overfitting and underfitting of the function due the use of too many or
too few knots respectively. An automatic knot selection procedure is recommended,
but it is difficult to carry out in practical situations due to the complicated nature
of the selection procedure and the computational effort. For example, if there are K
candidate knots, then there are 2K possible models, assuming the overall intercept
and linear term are always present.
To overcome the former mentioned issue, they suggested to retain all the knots in
the model while constraining their influence to the fit. The constraints for a general
spline model y = Xβ, which minimizes k y − Xβ k2 , with degree d and K interior
knots, are
(i)

max |βdk | ≤ C,

k∈{1,...,K}

(ii)

PK

|βdk | ≤ C, and

(iii)

PK

2
βdk
≤C

k=1

k=1

for a well chosen constant C. For example, if the truncated power basis
1, x, . . . , xd , (x − κ1 )d+ , (x − κ2 )d+ , . . . , (x − κK )d+
is used, then β = {β0 , β1 , . . . , βd , βd1 , βd2 , . . . , βdK }T and βdk is the coefficient of the
truncated power term with the k th knot. Note that none of the polynomial coefficients
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are penalized. The constraint (iii) can be easily formed as a (K + d + 1) × (K + d + 1)
matrix D, which has the form of
"
D=

0d+1

0(d+1)×K

0K×(d+1)

IK×K

#

Hence, the corresponding penalized least square minimization problem can be
written as
minimize k y − Xβ k2 subject to β T Dβ ≤ C

(3.9)

It can be shown that using a lagrange multiplier argument 3.9 is equivalent to
choosing β to minimize
k y − Xβ k2 +λ2d β T Dβ

for some

λ≥0

(3.10)

The term λ2d β T Dβ is called the roughness penalty since it penalizes fits that
are too rough, thus yielding a smoother result.
Although penalized spline fitting is fundamentally different from ordinary least
squares fits, they do share some common ground. Particularly, for a linear regression
model
y = Xβ + 
the ordinary least square fit to data is
ŷ = Hy

H = X(XT X)−1 XT

where

(3.11)

is the hat matrix. The penalized spline model generalizes this to
ŷ = Sλ y

(3.12)

Sλ = X(XT X + λ2d D)−1 XT

(3.13)

where
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and X corresponds to the dth degree truncated polynomial basis design matrix. In
nonparametric regression, Sλ is called the smoother matrix and the result can be
written in the form
ŷ = Ly

(3.14)

for some (n × n) matrix L that does not depend on y. All the models that can be
written in the form 5.9 are called the class of linear smoothers. But the smoother
matrix in 3.12 depends on y through λ. However, it is practice to assume that the
data-based smoothing parameter is fixed and this allows us to treat the smoother as
linear.
Once an appropriate penalized spline is fitted, the next step is to evaluate the
error incurred by the estimator µ̂ with respect to a given target. The most common
measure of error is the mean squared error (MSE), which in this case is
MSE(µ̂) = E[{µ̂(x) − µ(x)}2 ].

(3.15)

To evaluate the error globally across all x values, one may consider the mean
integrated squared error (MISE, also known as IMSE) which is given by
Z
MISE{µ̂} =

MSE(µ̂(x))dx.

(3.16)

A simpler alternative is the mean summed squared error (MSSE)
MSSE{µ̂} = E

n
X
{µ̂(xi ) − µ(xi )}2 ,

(3.17)

i=1

which only considers the error at the observed values. In case of linear smoothers 5.9,
the matrix algebra allows it to be simplified as follows.
MSSE(µ̂) =k (L − I)µ k2 +σ2 tr(LLT ).

(3.18)

Here, L is the smoothing matrix, µ is the vector of µ(xi ) values, and σ2 is the
noise variance. The smoothness of the fit is controlled by λ, where large values of
λ tends to give smoother fits while smaller values would overfit the data. The bias
and the variance is also controlled by λ. A larger λ results in both a larger bias
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and a smaller variance, and vice versa. This concept is known as the bias-variance
tradeoff in scatterplot smoothing. The reader may revisit figure 1.2 to understand
the behavior of penalized spline fits for different λ values. Moreover, Ruppert et al.
(2003) showed that a penalized spline model with fixed knots can be written as a
linear mixed effects model. This nature of penalized spline representation helped
them to implement the method in CRAN-R with the use of existing routines.
3.1.1 CRAN-R implementations of penalized splines with fixed knots
Wand (2013) developed the CRAN-R library SemiPar to facilitate the penalized
spline estimation proposed by Ruppert et al. (2003). The linear mixed effects model
nature of penalized splines with fixed knots gave them the ability to use the CRAN-R
library nlme by Pinheiro et al. (2014). When not specified, the smoothing parameter
selection is done via restricted maximum likelihood (REML) (see Ruppert et al. (2003)
chapter 4 and 5). The package users are allowed to specify their own knot locations,
k + 1 th
) sample location of the unique xi ’s, where
but the default knots are κk = (
K +2
n
k = 1, . . . , K and K = max{20, }. This library is used to compare the results of the
4
proposed regression spline method with free knots.
Few existing CRAN-R libraries for penalized splines with fixed knots, that would
not be discussed here, are; mgcv by Wood (2011), gam by Hastie (2013), and lmeSplines
by Ball (2013).
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CHAPTER IV
REGRESSION SPLINES WITH FREE KNOTS
In this chapter, a brief introduction to B-splines is given at the beginning and
we mainly consider the problems of determining the number of knots and their locations when fitting a regression spline. The first section discusses the importance
of choosing a proper spline basis with a brief introduction to B-splines. The second
section discusses the details of the proposed method. Frequently used model selection
criteria are explained in the third section. The last section is reserved to discuss the
representation of B-splines with free knots as a partially linear model.
4.1 Choosing an appropriate spline basis
Different basis functions were suggested in the past to fit a nonparametric regression model. Among them, the polynomial functions were popular until the methods
such as truncated polynomials and spline functions are introduced. One of the reasons to disregard polynomials is the highly oscillatory behavior that occurs due to the
increase of the degree. Moreover, the parameter estimates for a polynomial regression
function is determined by its global behavior, rather than the local behavior. With
the introduction of spline functions, researchers were able to approximate a model
with changing structure by providing more locally adaptive fits. de Boor (2001) discussed the properties of splines with various applications. Only three kinds of bases
for spline spaces have been given a serious attention; those consisting of truncated
power functions, of cardinal splines, and of B-splines. Ruppert et al. (2003) suggested using cubic, thin plate, and truncated spline basis functions when fitting a
penalized-spline model with fixed knots. They suggested that the truncated power
basis is useful for understanding the mechanics of spline regression, but being far
from orthogonal added a disadvantage for using them. Furthermore, they can lead
to numerical instability when there is large number of knots during an OLS fitting.
This ill-conditioned behavior arises when two knots are placed close together. Then
the associated truncated basis terms will be very similar for all observations and the
fitting algorithm will become ill-conditioned. As a result, when OLS fitting is used,
it is suggested to use a well-conditioned spline basis. A better solution is to use B-
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splines, a reasonably well-conditioned basis for splines. Moreover, when the B-splines
are normalized, their values fall within [0..1]. This additional property helps an algorithm that uses B-splines to become more stable during execution. The following
subsection gives a brief introduction to B-splines.
4.1.1 B-Splines in a Nutshell
In this section, we start defining the 1st order B-spline and later the order m
spline is defined using the recurrence relation of B-splines.
Definition 4.1.1. Let κ be a nondecreasing sequence, which may be finite, infinite
or bifinite. The j th B-spline of order 1 for the sequence κ is the function
(
Bj1 = Bj1 (x; κ) :=

1 : if κj ≤ x < κj+1
0 : otherwise.

Here the sequence κ is called the knot sequence and note that the functions are
right continuous. But other choices for continuity could have been made with equal
justification.
The only constraint on Bj1 s is that they should form a partition of unity, i.e.,
X

Bj1 (x) = 1 for all x ∈ [κ1 , . . . , κK ).

j

In particular, κj = κj+1 implies Bj1 = 0.
Starting from the first order B-splines, higher order B-splines can be constructed
using a recurrence relation, which is one important property of B-splines.
Property 1 (Recurrence relation). An order m > 1 B-spline can be generated by
the relation,
Bjm = Bj,m (x; κ) := wj,m Bj,m−1 (x; κ) + (1 − wj+1,m )Bj+1,m−1 (x; κ)
with
wj,m

x − κj
κj+m−1 − κj
=

0
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: if κj 6= κj+m−1
: otherwise

(4.1)
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Using the above recurrence property, a second order B-splines can be derived as
follows.
Bj2 = wj,2 Bj1 + (1 − wj+1,2 )Bj+1,1

(4.2)

This is a linear B-spline since it combines two linear function pieces.
Moreover, a third order B-spline, Bj3 consists of 3 quadratic function pieces that
join to form a function which vanishes outside the interval [κj ..κj+3 ) for all j. The
function is C 1 is κj < κj+1 < κj+2 < κj+3 .
Bj3 = wj3 Bj,2 + (1 − wj+1,3 )Bj+1,2
= wj3 wj2 Bj1 + (wj3 (1 − wj+1,2 ) + (1 − wj+1,3 )wj+1,2 )Bj+1,1
+ (1 − wj+1,3 )(1 − wj+2,2 )Bj+2,1

(4.3)

Property 2 (Support and Positivity). The j th B-spline of order m with knots
at κj , . . . , κj+m is made up of at most m nontrivial polynomial pieces that vanishes
outside [κj ..κj+m ) and is positive on the interior of that interval. i.e.
Bjm > 0,

κj < x < κj+m

(4.4)

while
κj = κj+m =⇒ Bjm = 0.
The B-spline Bjm depends only on the m + 1 knots κj , . . . , κj+m . For this reason,
the alternative notation
Bjm = B(·|κj , . . . , κj+m )
is also quite common.
For the proofs of properties (1) and (2), see de Boor (2001) Chapter IX.
Figure 4.1 shows the six B-spline basis functions, in [0..1], for an order three
spline defined on the three equally spaced interior knots at (0.25, 0.50, 0.75). Notice
that each of the two basis functions in the center is positive over three adjacent
subintervals (An interval is the region between two adjacent knots). Since the order
three splines are differentiable, each basis function make a smooth transition to the
regions over which it is zero. These two center splines have the same shape since the
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knot locations are equally spaced; but unequally spaced interior knot sequence would
define splines with varying shapes.

Figure 4.1: The six basis functions defining an order 3 spline with three interior knots
placed at (0.25, 0.50, 0.75). Knot locations are shown just above the x-axis by a dot.
The multiplicity of the boundary knots is set to the order of the spline.
The two left most (so do the two right most) basis functions do differ in shapes
but are still positive over their corresponding intervals. This is the property of Bspline given in 4.4. On the other hand, their transition to the left boundary varies
in the smoothness, with the left-most spline is discontinuous, next being continuous
and the next being one time differentiable. The same behavior applies to the right
side boundary. This makes sense, since we normally do not have information about
the function’s behavior beyond the range of the data collected. Such a boundary
behavior of B-spline is achieved by placing three knots (which is the order of the
B-spline) at the each boundary. That is, when B-splines are actually computed, the
knot multiplicity at the boundary knots is equal to the order m. Thus, the knot
26

Texas Tech University, Sachith P. Abeysundara, May 2015

sequence for the B-spline basis functions shown in Figure 4.1 is (0, 0, 0, 0.25, 0.50,
0.75, 1, 1, 1). Moreover, when we do not want m − 2 continuous derivatives at certain
fixed points in the interior of the interval, we replicate the number of knots at those
locations. As a result, the differentiability of the spline is reduced by the number of
knot replicates placed.

Figure 4.2: The eight basis functions defining an order 2 spline with six interior knots
placed at (0.2, 0.4, 0.4, 0.8, 0.8, 0.8). Knot locations are shown below the x-axis by
a dot. The multiplicity of the boundary knots is set to the order of the spline.
Figures 4.2, 4.3 and 4.4 show B-spline basis functions for order 2, order 3 and
order 4 respectively. Though the interior knot vector for all three cases is (0.2, 0.4,
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0.4, 0.8, 0.8, 0.8), the boundary knot multiplicity is equal to the order of the B-spline.
Note that the number of basis functions in each situation is (m + K), where m is the
order and K is the number of interior knots.

Figure 4.3: The nine basis functions defining an order 3 spline with six interior knots
placed at (0.2, 0.4, 0.4, 0.8, 0.8, 0.8). Knot locations are shown below the x-axis by
a dot. The multiplicity of the boundary knots is set to the order of the spline.
In figure 4.2, the linear B-spline basis functions are given and the breaks are
clearly visible as places of discontinuity. Four of the spline bases, namely B3 , B4 , B5
and B7 have jump discontinuities as a result of their respective knot sequence {κj , . . . , κj+m },
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where j is the basis function index, involves a knot with a multiplicity equal to its
order. Whenever a knot in the sequence {κj , . . . , κj+m } has a multiplicity greater
than the order of the B-spline, then the corresponding basis disappears (see B6 in
figure 4.2). The first derivative is discontinuous in all bases since the reference knot
sequence involves at least one knot with a multiplicity equal to (m − 1). Similar
characteristics can be identified in figures 4.3 and 4.4.

Figure 4.4: The ten basis functions defining an order 4 spline with six interior knots
placed at (0.2, 0.4, 0.4, 0.8, 0.8, 0.8). Knot locations are shown below the x-axis by
a dot. The multiplicity of the boundary knots is set to the order of the spline.
The support and positivity property has the greatest impact for an efficient
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computation of B-spline basis functions. If there are (m + K) basis functions, then
the order (m+K) matrix of inner products of these functions will be band-structured,
with only (m − 1) sub-diagonals above and below the main diagonal contain non-zero
values. This means that no matter how large (m + K) is, the computation of spline
function can be organized so as to increase only linearly with (m + K).
The notation Bjm (x; κ) is usually used to denote the value at x of the B-spline
basis function defined by the knot sequence κ. Using this notation, a spline function
that consists of B-spline basis functions can be defined as follows.
Definition 4.1.2. A Spline function of order m with knot sequence κ is a linear
combination of the B-spline functions {Bjm } associated with each of its knot sequence
{κj , . . . , κj+m }. The particular collection of such spline functions is denoted by,
Sm,K =

n m+K
X

βj Bjm (x; κ)

;

βj ∈ R

o

j=1

Here βj s are the linear coefficients of the spline function and K is the number of
interior knots in the sequence κ.
A detailed outline of the proposed algorithm is discussed in this following section.
4.2 Using B-splines to fit a regression spline with free knots
A standard nonparametric regression model has responses y = {y1 , . . . , yn }, with
yi = µ(xi ) + i

i = 1, . . . , n

(4.5)

where 0 ≤ x1 < x2 . . . < xn ≤ 1 are non random design points, µ is a smooth
unknown function in [0..1] and  = {1 , . . . , n }T is a vector of zero mean uncorrelated
disturbances with common variance σ 2 . The goal is to estimate µ using a spline
function gθ ∈ Sm,K that minimizes the residual sum of squares (RSS) given by,
RSS(θ) =

n
X

(yi − gθ (xi ))2

i=1

where θ = (β T , κT ). The resulting optimal value θ̂ is given by,
θ̂ = arg min RSS(θ).
θ∈Θ
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4.2.1 The ABC algorithm and numerical Procedures
The algorithm consists of an extensive search for an appropriate spline order
(m), the optimal number of interior knots (K), and their locations (κ) as well as the
linear coefficients (β). These parameters were estimated by minimizing the nonlinear
least square criterion (or the RSS) given in 4.6.
1. Choice of the number of interior knots K − We begin the search by fixing
the order of the B-spline. Let Kmin be the minimum number of interior knots
(usually Kmin = 0) and Kmax be the highest number of interior knots. The
number of interior knots of a candidate model falls between Kmin and Kmax .
First, set K = Kmin . The algorithm begins by declaring a B-spline function
with Klarge (>> Kmax ) number of interior knots. These Klarge knot locations are
initialized using random numbers generated from an appropriate distribution
(the default is set to be the uniform distribution). Starting with Klarge interior
knots, the algorithm uses a step down procedure to eliminate one knot at a
time until the number of interior knots reaches K. At each step down, the knot
with the lowest gain will be eliminated. In other words, by dropping this knot
we obtain the smallest gain of the RSS. When the number of knots reaches K,
the knot locations are optimized using a local optimization method. Similarly,
the procedure is repeated for all Kmin ≤ K ≤ Kmax while leaving the order
of the B-spline to be fixed. At the end of this phase, the algorithm retains
(Kmax − Kmin + 1) number of candidate B-spline functions, each with a unique
number of interior knots, with order m. For example, the Figure 4.5 illustrates
this procedure for stepping down from 8 inner knots to 7.
2. Appropriate order m − Let mmin be the lowest spline order and mmax be the
highest spline order allowed during the search. The algorithm begins the search
by fixing the order at m = mmin and searches for a spline function while varying
the number of knots and their locations as discussed in step 1. Once all the
candidates with order mmin are found, it proceeds to the next higher order
spline. For each order, mmin ≤ m ≤ mmax , the algorithm returns a set of local
best candidate models with different number of interior knots.
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Figure 4.5: An example the of step down procedure from 8 interior knots to 7 (here
n=50). The top left figure shows the fitted curve with the respective RSS. The
remaining figures show the fitted curves when the k th knot is eliminated from the
model. The corresponding RSS is denoted by RSS(-k), where k is the position of
the step down knot. ‘◦’ symbol denotes the eliminated knot location and ‘•’ symbol
denotes the retaining knots. Note that, eliminating a knot results an increment in
the RSS. Therefore, we eliminate the k th knot if RSS(-k) is the minimum among the
others. In this case, we would eliminate the 5th interior knot.

32

Texas Tech University, Sachith P. Abeysundara, May 2015

3. Optimization of Knot locations − There are popular local optimization algorithms in literature, such as Bisection method, Newton’s method, Secant
method, Quasi-Newton methods and Hybrid methods. But an efficient algorithm should be chosen to reduce the time complexity of the proposed method.
As a result, the Brent’s method, which is also known as Brent optimizer, is
used to optimize the knot location of the proposed algorithm. Brent (1971)
proposed a hybrid of Bisection, Secant and Inverse Quadratic interpolation
methods which can be used to find a root of a univariate function. At its best, it
has a higher convergence rate to the solution as long as a solution exists within
a specified interval. Moreover, it has the ability to switch between bisection
and secant, or inverse quadratic interpolation during the execution, if necessary. In the proposed algorithm, when the number of interior knots reaches K,
the Brent’s method is run to optimize the K knot locations. Starting from the
leftmost interior knot, each interior knot to the right is optimized one at a time.
Let this be one FORWARD run. As an example, the κk knot is optimized within
the interval (κk−1 ..κk+1 ). Once it optimizes the rightmost interior knot, the procedure is repeated starting from the rightmost interior knot to the leftmost, so
called one BACKWARD run. Several FORWARD-BACKWARD-BACWARDFORWARD (FBBF) iterations are done until a specified termination criterion
is satisfied.
4. Termination criteria for the Brent’s method − Let RSS(i) be the RSS of the
estimated model after the ith iteration of FBBF. The knot location optimization
is terminated when
RSS(i) − RSS(i+1)
< TOLER
RSS(i+1) + TOLER
where TOLER is a pre-specified tolerance level. At the termination, the candidate spline with dimenstion (m + K) is return for model selection.
5. Number of tries − A single execution of steps 1 through 4 might not find
the optimal spline fit. As a result, the steps are repeated multiple times
(NUM OF TRIES) to allow the algorithm to find a better fit. The simulation results show that this number is finite and it may vary according to the
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data set size and the complexity of the unknown function µ.
The algorithm allows m and K to vary within mmin to mmax and Kmin to Kmax
respectively. As a result, at the end of steps 1 through 5, the algorithm produces
(mmax − mmin + 1) × (Kmax − Kmin + 1) number of candidate models. Finally, the
best model among them is chosen using a model selection criterion.
4.3 Model selection principles
Statistical model selection is an integral part of almost any data analysis or
model fitting method. When an analysis involves an estimation of a model, the
most important question is “Which model is the best?”. Any candidate for the best
model should be rich enough to explain relations in the data while locating important
features, but on the other hand it should be simple enough to understand, explain to
others, and use. When dealing with the issues of selecting a model, in most situations,
it is not possible to guess the “correct” or “true” model. This may be due to the
complexity of the model or the unavailability of enough information to explain the
true model. Moreover, there are models that overfit or underfit the data and a good
statistical model selection method must seek a proper balance between these issues,
which is also known as bias-variance trade-off.
The classical model selection principles [Linhart and Zucchini (1986)] involve the
specification of a discrepancy metric, ∆(f, gθ ) ≡ ∆(θ), that measures the distance
between the true model, f , and an appropriate class of candidate models, gθ . Let F
and Gθ be the true and approximate (candidate) distribution functions of the data
sample Y1 , Y2 , . . . , Yn . The common discrepancy metrics are, (i) Kullback-Leibler:
∆KL (θ) = EF log(gθ ), (ii) Kolmogorov: ∆KG (θ) = supy |F (y) − Gθ (y)| and (iii) Lq
Norm : ∆LQ (θ) = EF (f − gθ )q (q = 2 gives the Gauss discrepancy). In practice, none
of these measures can be computed since the distribution of F is unknown in general.
Hence, an approximation for ∆(θ) can be calculated with an empirical estimate ∆n (θ̂)
based on the observed sample data y1 , y2 , . . . , yn ,where
θ̂ = arg min ∆n (θ)
θ∈Θ

(4.7)

The idea here is to minimize some form of expected discrepancy in finding the
“best” approximating member, θ̂, of the class gθ . There are three main ways to
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proceed, listed below in increasing computational expenses.
4.3.1 Asymptotic Methods
The approximating member with the parameter vector θ̂ is found by,
θ̂ = arg min EF ∆n (θ)
θ∈Θ

(4.8)

According to the Kullback-Leibler discrepancy, 4.8 leads to the familiar information criterion AIC [Akaike (1973)]. In this case, the asymptotic bias of the log
likelihood can be corrected by adding the trace of the product of the hessian with
the information matrix. Given the correct model, this trace should be equal to the
number of parameters p in the model. According to the Kullback-Leibler discrepancy,
the following empirical version can be defined.
1
RSS(θ)
(4.9)
σ2
Here θ and σ 2 can be replaced by their maximum-loglikelihood estimates (MLEs)
ˆ2
ˆ2
ˆ2
and the estimated K-L discrepancy is ∆KL
n (θ̂, σ ) = n log σ + n = n(1 + log σ ). This
result leads immediately to the familiar Akaike Information Criterion (AIC) given by,
2
2
∆KL
n (θ, σ ) = n log σ +

AIC(θ̂) = n log σ 2 + 2p

(4.10)

Thus the AIC acts as a penalized log likelihood criterion, affording a balance
between good fit, which depends on the log-likelihood, and the complexity, that depends on the number of parameters in the model. The formula indicates that models
with higher number of parameters are penalized more than simple models. The model
with the minimum AIC is considered as the best model among the candidate models.
Furthermore, the AIC is considered to be more frequently used in general and works
for any situation where parametric models are compared. This method more often
applies in particular to traditional regression models for independent and identically
distributed (iid) data than time series and spatial models. Most software routines
have this criterion as the default model selection method.
There are other ways to penalize the model according to their complexity: two
other widely used information criteria are the corrected (or the related) AIC (AICC)
and the Bayesian information criterion (BIC).
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The related information criterion, Sugiura (1978), is also designed as an estimator
of the expected K-L discrepancy between the true model and the candidate model.
Though the AIC is considered an the default information criterion, it exhibits a
potentially high degree of negative bias in small sample applications. To overcome
this issue, the AICC is corrected for this bias so that it is considered as a better
evaluation criterion when the sample size is small. The following form of AICC is
used as a selection criterion in this research.
2np
(4.11)
n−p−1
On the other hand, the Bayesian Information Criterion, Akaike (1978), is an
estimate of a function of the posterior probability of a model being true, under a
certain bayesian setup, so that a lower BIC means that a model is be more likely to
be considered the true model. Both AIC and BIC are used frequently in evaluating
candidate models and the only difference in practice is the size of their penalties. The
BIC penalizes the model more heavily than AIC and it is given by
AICC(θ̂) = n log σˆ2 +

BIC(θ̂) = n log σˆ2 + p log n

(4.12)

Referring to equations 4.10 and 4.12, it can be seen that the AIC always has a
chance of choosing models with too many parameters since it does not penalizes the
criterion on the sample size n, while BIC has very little chance of that for sufficiently
large n. Moreover, the BIC, for any given n, always try to choose a model with fewer
number of parameters than AIC.
According to the principles of asymptotic model selection methods, the best
model with parameters θ̃ will be the model with the minimum K-L distance. As an
example, under AIC,
θ̃ = arg min AIC(θ̂).

(4.13)

θ̂∈Θ

4.3.2 Cross Validation (CV) Methods
This is another popular model selection method in applications and it is more
computationally intensive than the Asymptotic methods. Cross Validation (CV)
methods tend to focus on not using the whole data set when estimating a model. It
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leaves out a few observations, which is called the testing set, and uses it to test the
performance of a fitted model based on the remaining observations. The best model
is chosen based on a quantity that is calculated using the testing set.
The most simple and common variant of CV is leave one out cross validation
(LOOCV), where one observation at a time is left out. But one could conceivably
omit all subsets of a given size at a time. The LOOCV method evaluates a candidate
model as follows.
(−j)
Let θ̂
denotes the estiamted θ based on leaving out the j th observation in the
data set.
θ̂

(−j)

n
X

= arg min
θ∈Θ

(yi − gθ (xi ))2

(4.14)

i=1,i6=j

This leads to the CV discrepancy,
n

∆CV
n (θ̂) =

1X
(yi − gθ̂(−i) (xi ))2
n i=1

(4.15)
(−j)

where (yi − gθ̂(−j) (xi )) is the ith residual for the model with θ̂
. The “best” model
CV
is considered to be the one with the smallest ∆n which is given by
θ̃ = arg min ∆CV
n (θ̂).

(4.16)

θ̂∈Θ

When gθ is linear in θ, this criterion is equivalent to the predicted residual sum
of squares (PRESS) statistic in regression, Allen (1974), and the evaluation of the
PRESS statistic is less computationally intensive. Similarly, the CV discrepancy
for a k-fold cross validation can be calculated whenever the data set is divided into
k-subsets. For more details about cross validation methods, see Browne (2000).
4.3.3 Bootstrap (BS) Methods
Compared to the asymptotic methods and cross validation methods, bootstrap
method [Efron (1979)] is the most computationally intensive method in model selection. The bootstrap discrepancy is calculated by taking sample size as a minipopulation. When the operating model is known, this can be evaluated using boot-
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strap samples. The following algorithm uses the L2 norm discrepancy to evaluate the
bootstrap discrepancy for a candidate model.
Let θ̂ be the parameter vector of an estimated model, which is referred as the
operating model. Then the corresponding empirical residuals are
ˆi = yi − gθ̂ (xi )

i = 1, . . . , n.

(4.17)

Algorithm 4.3.1.
For j = 1, . . . , J, perform the following steps, where J is the number of bootstrap
samples.
1. By re-sampling with replacement from the empirical residuals, obtain a new set
of residuals {∗1 , ∗2 , . . . , ∗n }.
2. For i = 1, 2, . . . , n, get a new data set yi∗ = gθ̂ (xi ) + ∗i
3. Get the j th bootstrap estimate of θ:
∗
θ̂ j

n
X
= arg min
(yi − gθ (xi ))2
θ∈Θ

(4.18)

i=1

4. Complete the j th L2 -norm discrepancy value:
∗

n

∆n (θ̂ j ) =

1X
(yi − gθ̂∗j (xi ))2
n i=1

(4.19)

Upon completion of the algorithm, the Bootstrap discrepancy is given by,
∆BS
n (θ̂)

J
∗
1X
=
∆n (θ̂ j )
J j=1

(4.20)

and select the ”best” model, θ̃, to be the one with the smallest BS discrepancy. i.e.,
θ̃ = arg min ∆BS
n (θ̂)
θ̂∈Θ
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4.3.4 Stochastic Complexity Selection Methods: Minimum Descriptive Length
(MDL) Principle
Rissanen (1978) considered the MDL principle as a powerful methodology for
model selection. It defines the best model as the one that enables the best encoding
of the data, so that it can be transmitted in the most economical way. On the other
hand, the best fitted model has the shortest code length of data which contains the
information about the fitted model and the residuals. Constructing an expression
that calculates the amount of space that is required to store an arbitrary θ̂ and the
corresponding residuals is the main concern in the MDL principle. Once such an
expression is available, the optimum or the best code length expression represents
the best model. Lee (2000) used the MDL principle to determine the amount of
smoothing in nonparametric regression problems.
This section discussed different model selection methods that are available for us
to choose the best model. Our simulation results indicated that the asymptotic methods do a reasonable job when selecting the best model from the available candidate
models. As a result, we do not consider the CV based methods, Bootstrap methods
or Stochastic complexity selection methods during the model selection phase of the
proposed algorithm.
4.4 Partially linear models (PLM)
Consider the following nonlinear models:
yi = β0 + β1 xαi 1 + i

(4.22)

yi = β0 + β1 xαi 1 + β2 eα2 xi + i .

(4.23)

and

These are the special cases of
y = Xα β + 

(4.24)

where the elements of the design matrix Xα are functions of a vector of unknown
nonlinear parameters, and β is a vector of unknown linear parameters.
For example, the model given in 4.22 has the following matrix form.
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1 xα1 1
" #

1 xα2 1  β0
Xα β = 
.. 

 ..
.  β1
.

(4.25)

1 xαn1

Here, for a fixed α, 4.25 is a standard linear model with the unknown linear parameter
vector β. Such a model is called a partially linear or separable nonlinear model (see
Seber and Wild (2003), chapter 5).
The example given in 4.25 can be generalized as follows;


xT1 (α)
 T

x2 (α)

y=Xα β +  ≡ 
 ..  β + ,
.


T
xn (α)

dim(α) = a, dim(β) = b

(4.26)

where xTi (α) is a design vector of length b that depends on α. Then we define an
augmented n × (a + b) design matrix Z as follows;

Z = [Xα , Dα,β ]

where


Dα,β = 


∂xT
1 (α)
β
∂α1

..
.

∂xT
n (α)
β
∂α1

...
..
.
...

∂xT
1 (α)
β
∂αa

..
.

∂xT
n (α)
β
∂αa






(4.27)

Now defining the augmented linear parameter vector ζ = [β T , δ T ], we have the
augmented regression model
y = Zζ + 

(4.28)

and the corresponding OLS solution for ζ is given by
ζ̂ = (ZT Z)−1 ZT y.

(4.29)

Ignoring the fact that Z depends on parameters α and β, the PLM is approximately a linear smoother with
L = Z(ZT Z)−1 ZT .
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This nature allows us to calculate the theoretical MSSE when a model is estimated
using a B-spline function.
4.4.1 B-spline function as a PLM
The mth order B-spline function that estimates the nonlinear regression model
given in 3.1, with nonlinear and linear parameters κ and β respectively, can be
identified as a PLM with the following augmented design matrix Z.
Z = [Xα , Dα,β ]

(4.31)

where



B1 (x1 ; κ) . . . Bm+K (x1 ; κ)


..
..
..

Xα = 
.
.
.


B1 (xn ; κ) . . . Bm+K (xn ; κ)

(4.32)

n×(m+K)

and

Pm+K ∂Bj (x1 ; κ)
Pm+K ∂Bj (x1 ; κ)
β
.
.
.
β
j
j
j=1

 j=1
∂κ1
∂κK


..
.
.


..
..
.
=
.


P
Pm+K ∂Bj (xn ; κ)
m+K ∂Bj (xn ; κ)
βj . . .
βj
j=1
j=1
∂κ1
∂κK
n×(m+K)


Dκ,β

(4.33)

The partial derivative of the j th B-spline with respect to the k th knot, which is
∂Bj (x1 ;κ)
, can be calculated as follows.
∂κk
We can write

Bjm = (κj+m − κj )g[κj , . . . , κj+m ]
= g[κj+1 , . . . , κj+m ] − g[κj , . . . , κj+m−1 ]
and then
∂Bj
= dlj+1 − dlj
∂κl
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where
(
dlj

=

∂
∂κl



g[κj , . . . , κj+m−1 ] : if j ≤ l ≤ (j + m − 1)

0

: otherwise.

Whenever j ≤ l ≤ (j + m − 1), the term dlj can be calculated as follows:

dlj =

∂ 
g[κj , . . . , κj+m−1 ]
∂κl

= g[κj+1 , . . . , κl−1 , κl , κl , κl+1 , . . . , κj+m−1 ]
Note that the lth knot in g[κj+1 , . . . , κl−1 , κl , κl , κl+1 , . . . , κj+m−1 ] is duplicated once.
Consider the knot sequence {κj+1 , . . . , κl−1 , κl , κl , κl+1 , . . . , κj+m−1 } and let us
(l)
denote the corresponding B-spline as Bjm . The quantity dlj can be easily evaluated
using the following equation.
(l)

dlj

Bjm
=
whenever j ≤ l ≤ (j + m − 1)and zero otherwise.
(κj+m−1 − κj )

(4.35)

The above result eases the evaluation of the partial derivative of a B-spline with
respect to a knot.
The next chapter presents the simulation results of the proposed algorithm. Here
onwards we have named it as the ABC algorithm.
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CHAPTER V
SIMULATION RESULTS
This chapter presents the simulation results of the proposed ABC algorithm. The
results are compared with an existing semiparametric method, proposed by Ruppert
et al. (2003) which is available in CRAN-R library SemiPar. The design density x
for all the simulations is uniform in [0..1].
5.0.2 Preliminary Results
The foremost results of the proposed method are discussed here. The following
functions are used to test the behavior of the proposed algorithm at different error
variance levels. See Figure 5.1 for a visualization of the functions.

f1 (x) = 10 sin (12x3 )
1
f2 (x) =
0.1 + (sin 8x2 )2

(5.1)

f3 (x) = |x − 0.2| + |x − 0.3| + |x − 0.5| + |x − 0.8|
2

2

2

f4 (x) = 2 sin (8e−100(x−0.1) ) + 6e−200(x−0.6) + 10e−150(x−0.9)

Figure 5.1: The functions that correspond to equations given in 5.1
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200 observations were generated from function f1 with i.i.d. random errors from
N (0, 0.32 ). The resulting estimated B-spline functions, for order 2 through order
6, which minimized the RSS are given in Figure 5.2. Here, the number of tries
(NUM OF TRIES) in the algorithm is set to 7 while varying the number of interior
knots (K) from 0 to 3.

Figure 5.2: The estimated models, together with one typical data set that comes from
f1 with  ∼ N (0, 0.32 ), are shown here. Rows 1 to 5 correspond to fits with order 2
through 6, respectively.
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Figure 5.2 shows that, as the number of interior knots increases, the ABC algorithm does have the ability to capture the features of the true model. Since the
signal to noise ratio of the data set in Figure 5.2, is very high, with the availability of
enough interior knots, the estimated models fit the true function well using a higher
order spline function.

Figure 5.3: The estimated models, together with one typical data set that comes from
f4 with  ∼ N (0, 1.22 ), are shown here. Rows 1 to 5 correspond to fits with order 2
through 6, respectively.
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Similarly, Figure 5.3 shows a data set generated from the function f4 and the
random errors from N (0, 1.22 ), which is a higher noise level than the previous one.
Since we have restricted the maximum number of interior knots allowed to be 3, the
algorithm was unable to catch the left two peaks of the true function. But still we can
see that when the order of the spline is 6 and the number of interior knots is 3 (see row
5 , column 4 in Figure 5.3), the estimated model does return a good approximation
for the true model. The best model among all 20 estimated models in Figure 5.3 can
be found using an appropriate selection criterion.
Percentage of classification (1000 replicates)
f2

AIC

AICC

BIC

m

K

p

n = 50

f3

n = 200 n = 500

f4

n = 50 n = 200 n = 500

n = 50 n = 200

n = 500

4

2

8

5.00%

3

3

9

7.50%

2

4

10

0.60%

12.10%

0.20%

4

3

10

0.50%

0.20%

9.10%

1.00%

1.70%

3

4

11

10.10%

1.70%

0.10%

17.30%

81.10%

93.40%

52.50%

78.20%

84.60%

5

3

11

46.00%

0.30%

4

4

12

88.80%

98.30%

99.90%

10.60%

9.00%

5.60%

9.20%

20.40%

15.30%

36.50%

1.40%

4

2

8

1.00%

6.50%

1.00%

0.40%

1.70%

3

3

9

0.10%

25.00%

3.80%

6.00%

2.20%

2

4

10

3.80%

10.10%

0.20%

46.90%

1.40%

4

3

10

9.80%

1.50%

0.20%

11.30%

16.00%

5.90%

4.70%

9.20%

7.80%

3

4

11

16.10%

1.70%

0.10%

21.00%

76.70%

93.90%

39.20%

76.00%

84.60%

4

4

12

69.00%

96.80%

99.60%

2.60%

0.90%

0.70%

2.60%

9.50%

7.50%

3

5

13

0.20%

2

3

8

21.50%

4

2

8

7.80%

3

3

9

24.10%

5.00%

2

4

10

4.90%

9.80%

0.20%

53.30%

5.30%

4

3

10

11.40%

12.90%

24.80%

6.90%

6.70%

0.50%

3

4

11

14.50%

3.20%

0.30%

19.40%

68.20%

92.40%

37.20%

84.40%

92.30%

4

4

12

69.20%

96.80%

99.70%

2.60%

0.90%

0.70%

2.70%

9.50%

7.50%

0.10%

Table 5.1: Percentages of estimation for three asymptotic model selection methods.
Here p is the total number of parameters in the model, which is (m + 2K). Some of
the column do not add up to 100% since the remaining percentages do not fall within
the given parameter (p) limits.
It is also notable in Figure 5.2, both order 5 and order 6 spline fits, with 3 interior
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knots, are very close to the true function. This indicates that even a lower order spline
function has the ability to achieve a good fit as a higher order function.
Next, a short simulation study was conducted to evaluate the performance of the
three asymptotic model selection criteria AIC, AICC and BIC. The results are given
in Table 5.1 and are based on the functions f2 , f3 , and f4 . The study was done at
3 different data set sizes (50, 200, and 500). The random errors in all cases follow a
N (0, 1). The number of tries in the algorithm was set to 7 and the maximum interior
knots allowed is set to 15. For a given function, a selection criteria, and a data set size,
the table gives the percentage of estimation of the corresponding parameter setting.
For example, the percentages in rows 1 through 7 in column 1 can be summarized
as follows. 1000 replicate samples from function f2 , each with size n = 50, were
estimated using the ABC algorithm and the selection criteria was the AIC. Among
the 1000 replicate samples, 0.6% (or 6) were fitted using order 2 (m) splines with 4
interior knots (K), 0.5% (or 5) were estimated using order 4 splines with 3 interior
knots, 10.1% (or 101) were estimated using order 3 splines with 4 interior knots, and
88.8% (or 888 replicates) were estimated using order 4 splines with 4 interior knots.
We can see that as the sample size (n) increases (i.e. when more information of
the function is available), all the selection criteria converge to a single model with a
higher classification percentage.
5.1 Comparison with Ruppert’s Semiparametric approach
In this section, the results of the ABC algorithm is compared with the method
proposed by Ruppert et al. (2003). The comparison results are based on several
evaluation criteria. The following 19 test functions in table 5.2 are used repeatedly
in all the comparison results. Each of the 19 functions was tested at four different
error variance (σ 2 ) levels (0.92 , 1.82 , 3.02 , and 5.02 ) and four different sample sizes (n)
(50, 100, 200, and 500); i.e. each test function was tested with sixteen combinations
of σ 2 and n. However, for few cases, we only report the results correspond to n = 50,
n = 100 and n = 200, as results for n = 500 is similar to n = 200. Moreover, 1000
replicates for each test function combination are used for comparison purposes. The
design density for x, or the function domain, is uniform in the interval [0..1]. Also
note that the results obtained by the ABC algorithm will be prefixed using BSP (to
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indicate B-splines) and that of Ruppert et al. (2003)’s method will be prefixed by
SPM (to denote semiparametric approach). Table 5.2 lists all the test functions and
Figure 5.4 shows their respective graphs.
Test Function

Specification

F1

1
0.1 + (sin 8x2 )2

F2

3 e−50(x−0.1) + 6 e−100(x−0.7)

F3

2 sin( e−100(x−0.1) ) + 6 e−200(x−0.6) + 10 e−150(x−0.9)

F4

15 | x − 0.1 | +20 | x − 0.5 |

F5

40x − 2b20xc − 1 + 5 e−100(x−0.25) + 20 e−5000(x−0.55) + 3 e−200(x−0.75)

F6

2 sin(10(x + 3)) + 2 sin(20(x + 3)2 )

F7

5 e−100(x−0.25) + 20 e−5000(x−0.55) + 3 e−200(x−0.75)

F8

3 e−x + 3 | sin(12x) | −3

F9

−4 e−100(x−0.25) + 20 e−5000(x−0.55) − 3 e−200(x−0.75)

F10

10x − 2b5xc − 1

F11

20 | x − 0.5 |0.3

F12

20 | x − 0.5 |0.3 +30 | x − 0.9 |0.4

F13
F14
F15

2

2

2

2

2

2

2

2

2

2

2

2

2

2

0.001
0.05
+
0.0002 + sin 25(x + 0.1)2 0.1 + 2 sin 64(x + 0.1)2
1
0.01 + sin(7(x + 0.08))2
0.001
0.05
+
0.0002 + sin 81x2 0.1 + 2 sin 64x2
2

2

2

F16

2 sin (8 e−100(x−0.1) ) + 80 e−800(x−0.6) + 10 e−150(x−0.9)

F17

8 | x − 0.6 | +10 | x − 0.2 | +5 | x − 0.8 |

F18

5 e−100(sin 10x−0.25) + 20 e−5000(sin(10x−0.55) ) + 3 e−200(sin(10x)−0.75) + 5 e−5000(x−0.48)

F19

| sin (36(x + 0.25)) | + | sin (6(x + 0.25)) |

2

2

Table 5.2: Test functions
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Figure 5.4: Graphs of the test functions given in Table 5.2
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5.1.1 Comparing the root mean squared error (RMSE)
The RMSE is a discrepancy that usually measures the difference between the
values predicted by the regression model and the actual observed values. It represents
the standard deviation of the sample residuals. The RMSE of predicted values ŷi for a
sample size n is the square root of the mean of the squares of the deviations (residuals).
It can be written as follows.
v
u n
uX (ŷi − yi )2
RMSE = t
n
i=1

(5.2)

Figures 5.5 through 5.8 show the boxplot comparison of the proposed ABC algorithm with the Ruppert’s approach. The variables of the ABC algorithm are set,
such that 0 ≤ K ≤ 15, Klarge = 80, NUM OF TRIES=10, and 2 ≤ m ≤ 6, where K
is the number of interior knots and m is the order of the B-spline. The best model for
the proposed method is chosen based on the three asymptotic model selection criteria
AIC, BIC, and AICC. Here onwards, the corresponding estimations are abbreviated
as BSP AIC, BSP BIC, and BSP AICC respectively. To keep the comparison fair,
the SPM method was run on six different spline basis and order combination levels,
namely, “thin plate” basis at degrees 3 and 5 (abbreviated as C3 and C5) and “truncated polynomial” basis at degrees 2 to 5 (abbreviated as T2, T3, T4 and, T5). The
thin plate splines are defined as

S(x) =

u−1
X
j=0

βj xj +

K
X

γk |x − κk |2u−1

(5.3)

k=1

while truncated polynomial basis splines are defined as follows.
d

S(x) = β0 + β1 x + . . . + βd x +

K
X

γk (x − κk )d+

(5.4)

k=1

Moreover, the results obtained by the semiparametric approach has abbreviations SPM C3, SPM C5, SPM T2, SMP T3, SMP T4, and SMP T5. For example,
SPM C5 indicates the results that correspond to semiparametric approach with ”thin
plate” basis using a spline of order 5.
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The simulation results are based on 1000 replicate samples of each function.
The results indicate that, for functions F1 through F4, the RMSE for the models
estimated by the ABC algorithm is lower than that of the semiparametric approach.
This difference is significant for small sample sizes (n=50, 100) with a low noise level
(σ=0.9, 1.8).
Among the 3 model selection criteria, when the sample size (n) is small, the
models that are chosen according to the AIC have the lowest RMSE. Smaller sample
size means lack of information of the true behavior of the function to be fitted, so
that the AIC tends to keep more knots during the fitting process since the it does
not put a penalty on n. But for large sample sizes (or with the availability of more
data points), the RMSE for the models selected using AICC is very close to those
with AIC. The AICC based results for the proposed ABC algorithm is superior when
n and σ are large. Having a low RMSE for the proposed method may not be surprise
because the ABC algorithm estimates the model parameters by minimizing the RSS,
where as semiparametric approach penalizes the RSS using a penalty criteria. The
following section discusses the comparison based on the actual error incurred at the
design points x.
5.1.2 Comparing the root of the mean actual error (ACTERR) at design points
The results for the four test functions, F1 through F4, are compared according
to the root of the mean actual (true) error of the fit which is defined as follows.
v
u n
uX (ŷi − µ(xi ))2
Actual error (ACTERR) = t
n
i=1

(5.5)

It is clear that the above discrepancy can only be calculated whenever the form
of the smooth function µ is known. We attempted this type of comparison to identify
how closely the fitted curve models the true function at the design points. In the real
world, usually we assume that the functional form of µ is unknown. Hence, such a
comparison is not possible in applications. Moreover, this quantity is quite similar to
the empirical bias of the fitted curve at the design points.
The boxplots for the log of ACTERR for the four test functions (F1 through
F4) are given in Figures 5.9 through 5.12 respectively. For function F1, which has
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two sharp peaks, with small sample size and a low noise level, the ACTERR for the
proposed method is lower for all 3 model selection criteria than the semiparametric
approach. The result of the proposed method is inferior when the sample size is
large with a high noise level. For F2, a function with a quite simple behavior, the
semiparametric approach dominates in all 16 combinations. The ACTERR incurred
by the BSP BIC is lower than the other two selection criteria. But for F3 (see Figure
5.11) the results are very similar to that of F1. Figure 5.12 shows the ACTERR
comparison for F4, a piecewise linear function with two breaks. The ACTERR of the
BSP BIC is the lowest when σ = 0.9 for all different sample sizes. As the noise level
(σ) increases, the ACTERR of the SPM C3 dominates over the others.
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Figure 5.5: The boxplots of log10 (RMSE) for the test function F1 at different combinations of σ and n. Here, F1 is a function with 2 sharp peaks (see Figure 5.4).
We can see that, when n and σ are small the RMSE of the ABC algorithm is very
low compared to the other methods. Even when the high noise level, the AIC based
results of the ABC algorithm is superior than the others.
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Figure 5.6: The boxplots of log10 (RMSE) for the test function F2 at different combinations of σ and n. Here, F2 is has a simple behavior (see Figure 5.4). This indicates
that, even for functions with a very basic behavior the AIC based fitted curve of the
ABC algorithm. As n gets larger, RMSE for AICC gets closer to AIC.
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Figure 5.7: The boxplots of log10 (RMSE) for the test function F3 at different combinations of σ and n. This function has asymmetric peaks and at least one of the
selection criteria of the ABC algorithm has the least RMSE values. The semiparametric approach can be considered as a good competitor for the ABC algorithm when
for large sample sizes with a low noise level (σ = 0.9).
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Figure 5.8: The boxplots of log10 (RMSE) for the test function F4, which is a piecewise
polynomials of degree one, at different combinations of σ and n. We can see that all
different basis function show a equal competitive behavior, but the AIC and AICC
based selection still dominates the others.
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Figure 5.9: The boxplots of log10 (ACTERR) for the test function F1 at different
combinations of σ and n. The true error at the design points of the ABC algorithm
is when small n (50 or 100) and low noise (0.9 or 1.8). Among the 3 selection criteria
AICC return the minimum ACTERR for the ABC algorithm. As the noise level
increase, see the last column of plots, the semiparametric approach has the minimum
ACTERR.
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Figure 5.10: The boxplots of log10 (ACTERR) for the test function F2 at different
combinations of σ and n. For all the cases, the semiparametric methods minimize
the ACTERR at the design points x. The best among the semiparametric methods
is the result that is based on degree 3 truncated thin plate spline basis, which is the
default fitting basis of the function spm() in CRAN-R.
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Figure 5.11: The boxplots of log10 (ACTERR) for the test function F3 at different
combinations of σ and n. The proposed ABC algorithm is superior for n = 50 and
σ = 0.9, 1.8, 3.0. Also, when the noise level is 0.9, at least one of the selection criteria
in the ABC algorithm entertains a minimum ACTERR.
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Figure 5.12: The boxplots of log10 (ACTERR) for the test function F4 at different
combinations of σ and n. This is a piecewise linear function and the plots show that
the best selection criteria for the ABC algorithm is the BIC. The error at the design
points for the model fitted using the proposed method under BIC is superior when
the noise level is 0.9.
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5.1.3 Comparing the empirical versions of MSSE, Bias, and Variance
In this section, the empirical estimates for the mean summed squared error
(MSSE), the Bias, and the Variance are considered as comparison measurements.
The empirical estimates for the above three kinds of measurements are as follows.
Pr
Empirical MSSE (EMSSE) =

l=1

Pn

i=1 (yˆil

r

− µ(xi ))2

(5.6)

v
uP P
2
yˆil
u r
n
− µ(xi )
t l=1 i=1
r
Empirical Bias (EBIAS) =
(5.7)
n
Pn
V ar(yˆi1 , yˆi2 , . . . , yˆir )
Empirical Variance (EVAR) = i=1
(5.8)
n
Here, r is the number of replicate samples and yˆil is the predicted y value for the ith
observation in the lth replicate. It is easy to show that, EMSSE = EBIAS2 + EVAR.
Only the empirical estimates for 5 out of 19 test functions, namely F1 (two high
peaks function), F6 (composite sine wave), F7 (asymmetric peaks function), F10 (saw
tooth wave), and F12 (two cusps) are considered in this section (the reader may see
the Appendix for more functions). The variables in the ABC algorithm are set as
follows: 0 ≤ K ≤ 20, Klarge = 80, NUM OF TRIES=15, and the order 2 ≤ m ≤ 6.
Figure 5.13, for function F1, shows that the ABC algorithm is superior in terms
of bias, even for large sample sizes (n) and large noise levels (σ), when the function
has sharp peaks. This indicates that the algorithm has the ability to capture the form
of the true function. The estimate that is based on AIC has the lowest bias. This
may be due to the fact that AIC allows the algorithm to use more knots than BIC
and AICC criteria. The EMSSE suggests that the ABC algorithm provides better
fits when the noise level is low. Either BIC or AICC can be recommended as the
appropriate selection criteria for the ABC algorithm since MSSE is a quantity that
represents both the bias and variance of the model.
For function F6, which represents a composite sine wave type behavior, the
empirical bias is the lowest for the ABC algorithm regardless of the noise level and
the sample size (see Figure 5.14). But the EMSSE indicates that the ABC algorithm
is superior for large n and small σ.
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When the function has asymmetric peaks, such as F7, the ABC algorithm has
the ability to return a curve that minimizes a EMSSE (see Figure 5.15). The EMSSE
for the models chosen from BIC and AICC criteria are better than that of AIC, for
function F7, for all combinations of n and σ. Still the AIC based fitted curve has the
least empirical bias.
The empirical results for the saw tooth function (F10) is shown in Figure 5.16.
When we consider empirical bias of the fitted curves, the ABC algorithm does a superior job than the semiparametric approach. The EMSSE indicates that the method
works well for small n and σ values.
The results for the function F12 is given in Figure 5.17. The model chosen by the
AIC criteria in the ABC algorithm has the lowest bias and that indicates its ability
to model the two cusps in the function. Overall empirical results indicate that the
ABC algorithm has the ability to provide a fit that minimizes the empirical bias. The
empirical variances, based on the new algorithm, for all five test functions is larger
than that of the semiparametric approach. This may be due to the fact that the
semiparametric approach always try to fit a smooth curve that penalizes the RSS
while the ABC algorithm tries fit a regression spline that minimizes the RSS. As a
result, the semiparametric approach has a higher possibility to miss special features,
such as sharp peaks or a wavy behavior, of the unknown function µ when the sample
size (n) is small.
In section 4.4, we showed that the B-spline with free knots can be represented
as a partially linear model. This nature allowed us to consider the fitted model as
an approximately linear smoother, hence we can compare the theoretical estimates of
the ABC algorithm and the semiparametric approach.
Figure 5.18 shows the relationship between the EMSSE and MSSE for the five test
functions. The results indicate how well the EMSSE can be a representer of the MSSE.
Figure shows that the EMSSE is a good representer of the MSSE for the proposed
method except for few cases where it over or under estimates the MSSE. For the
curves fitted using the semiparametric approach, the EMSSE is a good approximation
for MSSE. Though the MSSE is a good discrepancy measure to compare different
approaches, a lower MSSE does not mean that the fitted curve is a good representer
of the underlying true model.
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Figure 5.13: The grouped bar graphs for log10 of EMSSE, EBIAS and EVAR for
the test function F1 at different combinations of σ and n. The proposed method is
superior in terms of bias, even for large (n) and large (σ). This indicates that the
algorithm has the ability to capture the form of the true function. The estimate that
is based on AIC has the lowest bias because it’s penalty on the number of parameters
in the model is lower than that of BIC and AICC criteria.
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Figure 5.14: The grouped bar graphs for log10 of EMSSE, EBIAS and EVAR for the
test function F6 at different combinations of σ and n. The empirical bias is the lowest
for the proposed method regardless of the noise level and the sample size (see Figure
5.14). But the EMSSE indicates that the proposed method is superior for large n
and small σ.
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Figure 5.15: The grouped bar graphs for log10 of EMSSE, EBIAS and EVAR for the
test function F7 at different combinations of σ and n. The models chosen from BIC
and AICC criteria are better than that of AIC, for function F7, for all combinations
of n and σ. Still, the AIC based fitted curve has the least empirical bias. The high
variance of for the ABC algorithm shows its ability to capture the variability of the
true function.
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Figure 5.16: The grouped bar graphs for log10 of EMSSE, EBIAS and EVAR for
the test function F10 at different combinations of σ and n. When considering the
empirical bias of the fitted curves, the ABC algorithm does a superior job than the
semiparametric approach. The EMSSE indicates that the method works well for small
n and σ values.
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Figure 5.17: The grouped bar graphs for log10 of EMSSE, EBIAS and EVAR for the
test function F12 at different combinations of σ and n. The low empirical bias of
ABC algorithm indicates its ability to model the two cusps in the function.
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Figure 5.18: The scatter plots for EMSSE vs. MSSE for functions F1, F6, F7, F10,
and F12 grouped by model fitting method. The dashed line indicates the reference
y = x. The plots suggest that the EMSSE agrees well with MSSE, except for few
cases. Each point indicates the empirical and theoretical measures for a function with
one combination of n and σ.
The next section discusses the behavior of the theoretical Bias, Variance and
MSSE of the fitted curves based on the two approaches.
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5.1.4 Comparing the theoretical Bias, Variance and MSSE
When the regression model is a linear smoother, the predicted model can be
written as follows.
ŷ = Ly.

(5.9)

For the penalized spline model, discussed in Ruppert et al. (2003),
L = X(XT X + λ2d D)−1 XT

(refer equation 3.13)

L = Z(ZT Z)−1 ZT

(refer equation 4.30)

and

for the regression spline with free knots.
In the previous section, we found that the EMSSE is a good representer of the
MSSE. Therefore, we only present the theoretical estimates for function F6, F10, and
F12 and they are given in the Figures 5.19 through 5.21. The theoretical estimates
for the remaining 13 test functions is given in the Appendix.
The only significant difference is in the test function F12, where the theoretical
bias for the model chose from AIC is very large compared to its empirical estimate.
Among the different basis functions and degrees in the semiparametric approach,
the thin plate basis with degree 3 (SPM C3), the truncated polynomial basis with
degree 1 (SPM T1), and the truncated polynomial basis with degree 2 (SPM T2)
show a smaller MSSE than the other bases in most of the fitted curves.
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Figure 5.19: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F6 at different combinations of σ and n. When σ=0.9, the ABC algorithm
shows the least MSSE for all 3 selection criteria. The bias of the fitted curves of ABC
algorithm is superior than the semiparametric approach for all different levels of n
and σ.
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Figure 5.20: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F10 at different combinations of σ and n. The shape of F10 is saw tooth like
wave and the AIC based fitted curves has the least bias while AICC and BIC based
curves are still better than the semiparametric approach.
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Figure 5.21: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F12 at different combinations of σ and n. F12 is a two cusps function and
AICC based fitted curve shows the least bias. The bias for the AIC based fitted curve
is large because it overfits the data at a few design points (see figure 5.26).
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5.2 Comparison of the fitted curves
In this section, we visualize the results obtained from the two approaches for
the five test functions discussed earlier. The simulation results are based on 1000
replicates for each combination of n and σ. But the results are shown in Figures 5.22
through 5.26 are only for n = 50, 200 (small and large sample) and σ = 0.9, 3.0 (low
and high noise levels). Each panel in a figure shows the mean of the fitted curves
for all 1000 replicates (solid line) , a set of 200 randomly selected fitted curves (gray
lines) and the true function (dashed line). The range of the y-axis is approximately
equal to the range of the sample data set with noise. Though all the panels in a figure
correspond to a uniques function, the curves that are displayed on columns 2 and 4
are seemed to be shrunk along the y-axis as a result of a high noise level in the data
set.
The fitted curves for the ABC algorithm, based on the three asymptotic model
selection criteria, are named as BSP AIC, BSP AICC and BSP BIC, along with
SPM C3, SPM T1, and SPM T2 which corresponds to the semiparametric approach.
Figure 5.22 shows that the semiparametric approach is unable to model the peaks
of the true function except for the case when n = 200 and σ = 0.9. The curve fitted
using BSP AIC has the highest variance among the others and the method tries to
overfit the data points when the sample size is small (n = 50). With a high noise
level and large n, BSP AICC has the ability to model the true function perfectly.
A significant result of the ABC algorithm is shown in Figure 5.23, which models a
composite sine wave. None of the semiparametric results were able to model the true
function even when with a large sample size. But the proposed algorithm models the
true function very closely, given AIC or AICC as the model selection criteria, when
for a large n and low σ. In overall, the AIC can be considered as the better selection
criteria for the ABC algorithm when the sample size is large. A similar conclusion
can be made for the function F10, which models a saw tooth wave (see Figure 5.25).
Figure 5.24 shows that the BSP AICC and BSP BIC have ability to model sharp
peaks when the sample size is small. At a low noise level they perfectly models the
true function. We can see that he semiparametric approach only works for data set
with large number of observations and a low noise.
The behavior of the ABC algorithm method and the semiparametric approach
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on a function with two cusp points is shown in Figure 5.26.

Figure 5.22: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure 5.23: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure 5.24: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure 5.25: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure 5.26: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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5.2.1 Summarizing the cuve fitting ability of the ABC algorithm
Overall simulation results showed that the proposed ABC algorithm is superior
when fitting a curve for a small data set at different noise levels (the reader may
visit the appendix to review the results of the remaining 14 functions). BSP AICC
returns better fits, with a lower variance, and avoids overfitting of data when the
sample size is small. As the sample size gets larger, the BSP AIC tends to model
data sets, whose underlying function is more wavy and complex, very closely. If the
variance is a concern when modeling data sets with large number of observations,
the BSP AICC can be considered as the recommended approach since it show a less
variability than the BSP AIC.
Moreover, the results highlight the important of proper knot locations when
fitting a spline function. The semiparametric approach, which uses equally spaced
fixed knot locations (unless the user wants to specify the knot location explicitly),
fails to capture peaks or wavy behavior since it does not choose the knot locations in
an intelligent manner.
5.2.2 Time complexity
An important consideration of the proposed algorithm is its time complexity
compared to the existing semiparametric approach by Ruppert et al. (2003). Since
the proposed algorithm is based on an extensive search of the number of knots and
their locations, which includes an iterated local optimization, the time complexity
of the algorithm is higher than the existing semiparametric approach. The following
table 5.3 shows the time complexities of the proposed algorithm, relative to the semiparametric method, for different n and σ for function F1. We only report the results
correspond to F1 as the results for the remaining functions are similar to F1. The
benchmark() function in CRAN-R is used to compare the time complexities. For
example, the table indicates that, when n = 50 and σ = 0.9, the proposed algorithm
consumes 309.77 time units to fit the curve while the semiparametric approach consumes only 1 unit of time. Moreover, the running time for the algorithm on one data
set is 10.84 seconds. The results show that as the sample size increases the execution time of the proposed algorithm also increase while the relative time complexity
decreases. The two approaches were run in a desktop computer with 3rd generation
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Intel core-i7 processor with the availability of 8 gigabytes of main memory, using a
single core.
Data set size (n)
50

σ

100

200

500

rel

exec

rel

exec

rel

exec

rel

exec

0.9

309.77

10.84

293.24

22.28

255.13

57.92

259.49

101.20

1.8

316.18

10.43

312.35

23.11

235.23

49.39

216.52

96.57

3

363.61

11.27

247.71

20.56

232.42

50.43

247.82

101.85

5

435.10

13.05

344.04

28.90

438.32

104.32

317.61

128.31

Table 5.3: Time complexity of the proposed method for different settings of n and
σ. Relative time complexity (rel) of the proposed algorithm compared to spm() in
CRAN-R, Ruppert et al. (2003)’s semiparametric approach and the execution time
(exec), in seconds, for the proposed method for one data set are given in the table.

Figure 5.27: A noisy signal with 12000 observations
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5.2.3 Application
A proposed algorithm is used to fit a curve to a data set with 12000 observations
with noise. The data set was generated by Sandy Dasgupta, a Horn Professor in the
Department of Chemistry at Texas Tech University. It represents the response of an
experimental apparatus that produces peaks when certain atmospheric samples are
exposed to it (at various times). The peaks represent various atmospheric contaminants. This is essentially time series data. Identifying a peak at certain times is
indicative of a certain contaminant being present. The figure 5.27 shows the observed
data with respect to time. A curve is fitted using the semiparametric approach and
the proposed algorithm and the results are shown in figure 5.28. The results indicate
that the proposed free knot spline method is superior in capturing all the significant
peaks of the signal than the semiparametric approach.

Figure 5.28: Fitted curves using the proposed method and the semiparametric approach
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CHAPTER VI
B-SPLINE AS A NONLINEAR MIXED EFFECTS MODEL
With the availability of some existing methods to estimate linear and nonlinear
mixed effects models, which are already implemented in CRAN R-project as a library
nlme, it is worth to discuss the ability of this package to fit a free knot B-spline curve
to a data set. The mixed model representation of penalized spline smoothers allowed
Ruppert et al. (2003) to use the CRAN-R linear mixed model function lme() in the
library nlme. This chapter discusses the similarity between the B-Spline function
with free knots and the nonlinear mixed effects model and later we attempt to fit a
B-spline function with free knots for a data set.
The section one gives an introduction to the mixed effects models and its implementation in CRAN R-project. In section two, we formulate the B-Spline function
with free knots to represent a nonlinear mixed effects model. The last section of this
chapter presents few attempts that we made to fit a B-Spline model with free knots
using the existing CRAN-R nonlinear mixed model function nlme().
6.1 Mixed Effects Models
A statistical model that can be written as a linear model may contain both
fixed and random effects. The fixed effects are known as the parameters associated
with the entire population or with certain repeatable levels of experimental factors
and the random effects are associated with randomly drawn individual experimental
units. A model that contains both types of these effect is called a mixed-effects
model. Examples of such models included longitudinal data, repeated measure data,
multilevel data and block designs. More details about such models can be found in
Pinheiro and Bates (2009).
6.1.1 Linear Mixed Effects models (LME)
A mixed effect model, where the random effects and fixed effects enter the model
linearly is known as a linear mixed effects model. In other words, this is an extension
of a linear model by including random effects.
A simple LME with single-level grouping, for a data set that contains one group-
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ing factor that classifies the observations in to 4 groups and each with 10 observations,
can be written as follows.
yij = βj + bi + ij

i = 1, . . . , 10

j = 1, 2, 3, 4

(6.1)

where bi ∼ N (0, σb2 ) and ij ∼ N (0, σ 2 ).
The equivalent matrix form of 6.1 is given by
yi = Xi β + Zi bi + i ,

i = 1, . . . , 10

(6.2)


 
 
0
1
i1

 
 
 
 
0
 , Zi 1 , and i i2  .
 



0
1
 i3 
1
1
i4

(6.3)

where bi ∼ N (0, σb2 ) and i ∼ N (0, σ 2 I). Here,




yi1
1 0
 

yi2 
0 1


yi = 
 y  , Xi =  0 0
 i3 

yi4
0 0

0
0
1
0

The generalized form of 6.2 can be defined as follows:

yi = Xi β + Zi bi + i ,

i = 1, ..., G

bi ∼ N (0, Σ) and i ∼ N (0, σ 2 I)

(6.4)

where β is a p-dimensional vector of fixed effects, bi is the q-dimensional vector of
random effects, Xi is (ni × p) and Zi (ni × q) are fixed and random effects regressor
matrices, i is ni -dimensional within group error vector with Var(i ) = σ 2 I, and G
is the number of groups (or the factor levels). Furthermore, the linear mixed effects
models with single-level grouping can be extended to multiple nested levels when
needed. See Pinheiro and Bates (2009), chapter 2, for multilevel LME.
6.1.2 Nonlinear Mixed Effects models (NLME)
Nonlinear Mixed Effects models is an extension of the LME models where the
fixed and random effects enter the model nonlinearly. The most common application
of NLME is repeated measure data where a certain measurement of a data point is
recorded repeatedly over the time. Given a single-level NLME with G groups, the j th
measurement of such ith group can be written as,
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yij = f (φij , νij ) + ij ,

i = 1, . . . , G,

j = 1, . . . , ni

(6.5)

Here ni is the number of repeated measures on ith observation, f is a real valued,
differentiable function of a group specific parameter vector φij and a covariate νij
and ij ∼ N (0, σ 2 ) within group error term. Furthemore, the vector φij can be
decomposed to fixed and random effects as follows.
φij = Aij β + Bij bi ,

bi ∼ N (0, Ψ)

(6.6)

where β is a p-dimensional vector of fixed effects, bi is a q-dimensional vector of
random effects for the ith group and Aij and Bij are appropriate dimensions and
depend on the group and some covariates of the j th observation. Similar to the singlelevel LME models, the NLME models can also be extended to multiple nested factors
by modifying the model for the random effects appropriately. Since f is a nonlinear
function of φij , the representation of the group-specific coefficients φij could be chosen
so that the matrices Aij and Bij are matrices that shows the relationship between
the fixed effects and random effects. The matrix forms of 6.5 and 6.6 can be written
as follows.
yi = f i (φi , ν i ) + i

(6.7)

φi = Ai β + Bi bi
for i = 1, . . . , G, where





 




yi1
ν i1
i1
φi1
f (φi1 , ν i1 )
 . 


 




..
,
..  , ν i =  ...  , i =  ...  , φi =  ...  , f i (φi , νi ) = 
yi = 
.
 


 




yini
ν ini
ini
φini
f (φini , ν ini )




Ai1
B i1


 . 
..  , B i =  ...  .
Ai = 




Aini
B ini
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6.1.3 Estimation of NLME
Several approaches have been proposed to estimate the parameters of NLME
models. Pinheiro et al. (2014) discussed a few of them that are based on the likelihood
function of the data. Comparisons of the other estimation methods proposed for
NLME estimation can be found in Ramos and Pantula (1995), Davidian and Giltinan
(2003) and Vonesh and Chinchilli (1996).
Here, we briefly discuss the method proposed by Lindstrom and Bates (1990),
which is the basis of the estimation algorithm currently implemented in the nlme
package in CRAN-R.
6.1.4 Lindstrom and Bates algorithm
This algorithm consists of a two-step estimation process. The first step is based
on the penalized nonlinear least squares (PNLS) and the second step involves a linear
mixed effects (LME) estimation. The algorithm alternates between PNLS and LME
steps, until a convergence criteria is met. Also, this algorithm can be extended to
multi-level NLME modeling. A detailed discussion of the theory behind the algorithm
can be found in Pinheiro and Bates (2009), chapter 7.
6.1.5 Using nlme() function in CRAN-R to fit NLME models
The two key facts when using the nlme() function to estimate a NLME are
determining the functional form of the nonlinear model and appropriate starting
values for the model parameters. When using the nlme() function, the user is required
to define the nonlinear model being fitted. Moreover, the algorithm requires the
analytical derivatives of the specified model function and either user can specify the
derivative explicitly or, when not specified, the numerical derivatives are used in the
optimization, if possible. Each parameter in the model usually involves a fixed effect,
but it may or may not associated with a random effect. Since the NLME model
assumes the random effects to have expected value zero, when including a random
effect in a model, it is necessary to include a corresponding fixed effect. Once the
fixed effects are defined, nlme() requires the user to specify the starting values for
all fixed effect parameters. Bates and Watts (2007) discussed several techniques to
determine the starting estimates of a nonlinear model.

85

Texas Tech University, Sachith P. Abeysundara, May 2015

6.2 B-Spline function with free knots as an NLME model
When a B-spline function of order m with K interiors knots is used to estimate a
nonlinear univariate function µ(x), the corresponding estimated model can be written
as follows.
µ̂(x) ≈

m+K
X

βj Bjm (x; κ)

(6.8)

j=1

By allowing the knot sequence κ, which is a vector of nonlinear parameters, to
be random and the linear parameters βj s to be fixed, we can write to the equivalent
NLME form of 6.6 as follows.


φ1
..
.











"


 φm+K 
Im+K
,A =
φ=
φ

0K×(m+K)
 m+K+1 


.


..


φm+2K


β1
 . 
 .. 


#


βm+K 
0(m+K)×K

,β = 
 β∗  ,
IK
 1 
 . 
 .. 


∗
βK


"
B=

0(m+K)×K
IK

#


κ1
 . 
. 
,b = 
 . .
κK

(6.9)

Since the NLME model assumes the random effects to have expected value zero,
∗
for each random effect κK in b a corresponding fixed effect βK
is included in the
model.
6.3 Issues in estimating a free knot B-spline using nlme in CRAN-R
Ruppert et al. (2003) used the CRAN-R nlme library to estimate a penalized
spline model with fixed knots. They were successful in facilitating their approach
to fit a penalized spline using this existing library, because the underlying objective
function of semiparametric method is similar to the that of predicting a LME model
For example, consider the spline model
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s(xi ) = β0 + β1 xi +

K
X

uk (xi − κk )+

(6.10)

k=1

that estimates the model
yi = µ(xi ) + i

i = 1, . . . , n.

(6.11)

Since Ruppert et al. (2003)’s method assumes the knot locations are fixed, the
spline function given in 6.10 is linear in the parameters. By assuming G = 1,
β = {β0 , β1 }T are fixed effects, and u = {u1 , u2 , . . . , uK }T are random effects, the
equivalent LME model can be written as follows.
y = Xβ + Zu + 

(6.12)

where



(x1 − κ1 )+
1 x1



 (x2 − κ1 )+
1 x2 


and
Z
=
X=
..

 .. .. 
.

. . 
(xn − κ1 )+
1 xn


· · · (x1 − κK )+

· · · (x2 − κK )+ 
.
..
...

.

· · · (xn − κK )+

(6.13)

Moreover, they have shown that the penalized spline fitting criterion is same
as the minimization criterion for the LME. Hence, by treating 6.12 as a LME, the
lme() function in CRAN-R is used to estimate the parameters of the penalized spline
model. This can be generalized to estimate a penalized spline model with different
basis function at different spline order. For more details, see Ruppert et al. (2003)
chapter IV.
In 6.9, we have shown that a B-spline model with free knots can be written as
a nonlinear mixed effects model. But there is a significant difference between the
minimization criterion of the ABC algorithm and the nlme(). The ABC algorithm
minimizes the RSS while the NLME is estimated by minimizing a penalized nonlinear
least squares criterion. Moreover, the convergence of the nlme() is sensitive to the
starting values of the parameters to be estimated while the ABC algorithm does
a random initialization, for its interior knot sequence, itself. We attempted to use
nlme() with random initialization, but the results did not converge to an optimal
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solution. Furthermore, when using nlme(), the functional form of the NLME model
should be specified with the gradient of the function. As a result, if nlme() is going to
be used to estimate a B-spline model, the gradient of the function with respect to all
parameters, including knots, has to be specified. Several attempts were made using
nlme() to fit a free knot B-spline, but none of them were successful. Specifically, when
a model is overparameterized, the nlme() fails to converge to a solution. Though free
knot B-spline can be written as a NLME model, it is not possible to estimate the
model using the nlme() function in CRAN-R.
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CHAPTER VII
ESTIMATION OF NONLINEAR REGRESSION MODELS WITH
AUTOCORRELATED ERRORS
In this chapter, we discuss an extension of the proposed method that can be
used to estimate the parameters of a nonlinear regression model with autocorrelated
errors.
7.1 Preliminaries
When the data are collected over time, the errors may have a possibility to
be serially correlated. This often happens when the predictor variable is related
to the time. For example, fitting curves for financial data or growth data can be
considered as models with correlated errors. In the past, nonlinear regression models
have often been fitted with the aid of OLS, by minimizing the RSS, thus ignoring
the serial correlation of the errors. In other words, we assumes that the errors follow
N (0, σ 2 In ). This is very inefficient when a fairly substantial autocorrelation exists
among the errors.
Gallant and Goebel (1976) discussed a method that estimates the parameters
of a nonlinear time series regression by using an autoregressive (AR) assumption to
approximate the variance-covariance matrix of errors. Glasbey (1979) modeled growth
data (animal weight) as a nonlinear model by assuming that the errors follow a first
order autoregressive process. Moreover, the results showed that the OLS can also lead
to estimate variances of the parameter estimated to be very small. The most recent
work on nonlinear regression with autocorrelated errors is based on the constrained
spline regression in the presence of AR(p) errors by Wang et al. (2013). Their work
briefly discusses the several spline regression attempts that fit a nonlinear regression
model with correlated errors. The work proposes a constrained spline estimator for
data with stationary AR(p) errors with unknown order and unknown correlation
parameters. The work also presents the proofs for the asymptotic properties on
constrained unpenalized spline estimator in the presence of AR(p) errors. Similarly,
Pagan and Nicholls (1976) discussed the problem of estimating models with finite
order moving average (MA) errors. Pesaran (1973) gave an exact maximum likelihood
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estimation of a regression model with first order moving average (MA(1)) errors. The
algorithms and different approaches of estimating the parameters for AR and MA
processes are discussed in Seber and Wild (2003) chapter VI.
7.2 Generalized Least Squares (GLS)
Consider the nonlinear regression model given by
yi = µ(xi ; θ) + i

i = 1, . . . , n

(7.1)

When the iid assumption of  is not satisfied, or when the errors  ∼ N (0, σ 2 Γ),
E(T |X) = σ 2 Γ

E(|X) = 0

(7.2)

where X is the design matrix and Γ is a positive definite matrix. When this happens,
the model given in 7.1 is called a generalized regression model.
When the errors are uncorrelated, but have unequal variances

σ12 0

 0 σ22
2
σ Γ=
..
 ..
.
.
0 0

...
...
..
.


0

0
.. 
.
.

(7.3)

. . . σn2

But in a more generalized setting,  may have an autocorrelation such that


1
ρ1
..
.

ρ1
1
..
.



σ Γ=σ 


ρn−1 ρn−2
2

2


. . . ρn−1

. . . ρn−2 
.. 
..
.
.
. 
...
1

(7.4)

Therefore, the corresponding model is estimated by minimizing the generalized
least squares criterion given by
GLS(θ) = (y − Xθ)T Γ−1 (y − Xθ)
and the GLS estimate of θ is given by
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θ̂ = arg min(y − Xθ)T Γ−1 (y − Xθ) = (XT Γ−1 X)−1 XT Γ−1 y.
θ∈Θ

(7.6)

An efficient estimation of θ requires the knowledge of the matrix Γ.
Given the structure of Γ, which is a positive definite symmetric matrix, it can
be factored (using cholesky decomposition) as follows.
Γ = CCT

(7.7)

where C is a lower triangular matrix.
Multiplying the matrix form
y = Xθ + 

(7.8)

of the model given in 7.1 by C−1 , we get an equivalent model
y ∗ = X∗ θ + ∗ ,

(7.9)

where y∗ = C −1 y, X∗ = C −1 X and ∗ = C −1 . Here, we can see that ∗ ∼
N (0, σ 2 I). Hence, we can estimate θ by applying the OLS estimator , which requires
minimization of RSS.
In the real world, the structure of Γ is unknown. As a result, first we need to
estimate Γ̂ and then use Γ = Γ̂ to estimate
−1

−1

θ̂ = (XT Γ̂ X)−1 XT Γ̂ y.

(7.10)

Estimation of θ using the latter mentioned procedure is known as the feasible
generalized least squares (FGLS) estimator of θ. A variety of techniques exist for
solving the problem of specifying the structure of the unknown covariance matrix Γ.
The best method seems to be to entertain an autoregressive moving average (ARMA)
model with orders p and q model for , which will be discussed in the following section.
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7.3 Estimation of the regression model when  ∼ARMA(p,q)
When the error terms of a regression model follows an ARMA(p,q) model, the
corresponding model for the errors can be written as follows.

i − φ1 i−1 − . . . − φp i−p = zi + ω1 zi−1 + ω2 zi−2 + . . . + ωq zi−q

(7.11)

where zi ∼ iid(0, σz2 ). Notice that the model has two error terms here: the error term
from the regression model which is denoted by i and the error term from the ARMA
model which is denoted by zi .
Once an appropriate order for the ARMA model is determined. we need to
estimate the parameters of the model using a suitable approach. Seber and Wild
(2003) (chapter 6) discusses a method that minimizes the conditional sum of squares
(CSS) to estimate the ARMA model parameters. To define the CSS,
Let
µi ≡ µ1 (xi ; θ)

(7.12)

z̃i ≡ z̃i (θ, φ, ω)

(7.13)

and

denote the conditional version of zi , where zeros are assumed for all non-observed
pre-sample values.
Then

z̃1 = (y1 − µ1 )
z̃2 = (y2 − µ2 ) − φ1 (y1 − µ1 ) − ω1 z̃1 ,
z̃3 = (y3 − µ3 ) − φ1 (y2 − µ2 ) − φ2 (y1 − µ1 ) − ω1 z̃2 − ω2 z̃1
..
.
z̃n = (yn − µn ) − φ1 (yn−1 − µn−1 ) − . . . − φp (yn−p − µn−p ) − ω1 z̃n−1 − . . . − ωq z̃n−q
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The parameters φ = {φ1 , φ2 , . . . , φp } and ω = {ω1 , ω2 , . . . , ωq } can be estimated
by minimizing the following quantity, which is call the conditional sum of squares.
CSS =

n
X

z̃i2

(7.14)

i=1

A nonlinear least squares algorithm can be used to minimize the above quantity.
7.3.1 Two-stage estimation of a regression model with ARMA errors
The following iterative two-stage algorithm can be used to implement the methodology that estimates the parameters of a regression model with ARMA(p, q) errors.
Step 0:
• Obtain the OLS estimates θ̂

(0)

using the proposed algorithm.

• Form the residuals ˆ(0) = y - ŷ. Here ŷ is the vector predicted values for y
(0)
based on θ̂ .
• Determine an appropriate ARMA(p,q) for ˆ(0) . This can be done by using the
CRAN-R function arima() with an extensive search via AIC or BIC (see R
Core Team (2014)).
(0)

• Obtain an estimate Γ̂ for Γ. This can be done using CRAN-R function
tacvfARMA() (see McLeod et al. (2007)).
Step 1:
(1)

(0)

• Obtain the GLS estimate θ̂ by minimizing (7.5) with Γ = Γ̂ . Here, the
minimization criteria of the proposed algorithm is changed to the quantity given
in (7.5).
Step 2:
• Form the residuals ˆ(1) = y - ŷ. Here ŷ is the vector predicted values for y
(1)
based on θ̂ .
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(0)

(1)

• Update Γ̂ = Γ̂ by minimizing the CSS in (7.14) and obtain new estimates
for φ and ω. This can be done by using the CRAN-R function arima(). (To
reduce the time complexity of this algorithm, the order of the ARMA can be
fixed to the values obtained in Step 0.)
The steps 1 and 2 can be iterated until the convergence, which is guaranteed
under appropriate assumptions (see Seber and Wild (2003) chapter 6).
7.4 Simulation results
A short simulation study, on couple of test functions, was conducted as follows.
For a given test function, two sample sizes (n=50, 200) are chosen. Three autocorrelation structures were considered, namely AR(1), MA(1), and ARMA(1,1), each with
two different correlation levels (high and low) at two directions (positive and negative). Thus, 12 different autocorrelation structures are used for the simulation results
and their corresponding coefficient values are given in the following table. Here, φ
and ω are AR and MA coefficients in the model, respectively.
Model

AR(1)

MA(1)

ARMA(1,1)

Level

Direction

Coefficients

Low
Low
High
High
Low
Low
High
High
Low
Low
High
High

positive
negative
positive
negative
positive
negative
positive
negative
positive
negative
positive
negative

φ = 0.5
φ = −0.5
φ = 0.9
φ = −0.9
ω = 0.3
ω = −0.3
ω = 0.9
ω = −0.9
φ = 0.2, ω = 0.3
φ = −0.3, ω = −0.2
φ = 0.8, ω = 0.5
φ = −0.6, ω = −0.4

Table 7.1: 12 Different autocorrelation structures
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Figure 7.1: Theoretical autocorrelation functions for the 12 different autocorrelation
structures. The maximum lag of the autocorrelation function is 50.
The two-stage estimation, which is explained in section 7.3.1, is done and 100
replicate samples are considered in each different correlation structure. The figures
7.2 through 7.5 show the fitted curves for each different correlation structure. The
first and second columns in each figure corresponds to sample sizes n = 50 and
n = 200. The dashed line represents the true function, the gray area corresponds to
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100 replicates, and solid line indicates the mean of all 100 fitted curves.

Figure 7.2: Fitted curve for F1 with low positive autocorrelation. Though the mean
curve is a good representation of the true function, there is a high variability in the
fitted curves for all different low positive correlation structures except for ARMA(1,1)
with a sample size of 200.
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Figure 7.3: Fitted curve for F1 with low negative autocorrelation. With a small
sample size (n = 50), the two-stage estimation is unable to model the true maximum
of the function. But, for n = 200, with an ARMA(1,1) structure with low negative
autocorrelation two-stage estimation does a better fit than the others. The mean
function indicates that there is a slight overfitting of data, when the sample size is
large.
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Figure 7.4: Fitted curve for F1 with high positive autocorrelation. There is a high
variability in the fitted curves except for MA(1) structure.
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Figure 7.5: Fitted curve for F1 with high negative autocorrelation. For a sample size
of 50, the two-stage estimation is inferior when the AR(1) correlation structure. The
algorithm does better fit for large sample sizes, when the autocorrelation structure is
ARMA(1,1).
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APPENDIX A
THEORETICAL BIAS, VARIANCE AND MSSE FOR THE TEST FUNCTIONS

Figure A1: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F1 at different combinations of σ and n. The AIC based fitted curve shows
the least bias.
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Figure A2: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F2 at different combinations of σ and n. This function has a very basic
behavior and the semiparametric method do better than ABC algorithm in terms of
MSSE. But when n is very small, ABC algorithm has the least bias for the AIC based
fitted curve.
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Figure A3: The theoretical estimates of MSSE, Bias and Variance for function F3
at different combinations of σ and n. AICC based curve has the minimum bias for
sample sizes n = 50, 100. High variance in ABC algorithm based results indicates
its ability to capture the peaks of the function. MSSE shows that, for at least one
selection criteria, the ABC algorithm has is far superior for n = 50 and σ < 3.0.
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Figure A4: The theoretical estimates of MSSE, Bias and Variance for function F4
at different combinations of σ and n. Plots show that the behavior of the ABC
algorithm is inferior than the semiparametric method as a result of the high variance
of the fitted curves (see appendix B, figure B3 for the mean fitted curve).
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Figure A5: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F5 at different combinations of σ and n. F5 has very complex behavior
which embeds saw tooth like function in a peak function. MSSE indicates that the
AICC or BIC based fits of the ABC algorithm are far better than the semiparametric
approach.
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Figure A6: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F7 at different combinations of σ and n. F7 is same as F5 except for the
embedded saw tooth wave. The result is similar to that of F5 (see previous page).
This indicates that the ABC algorithm does return closer fits for functions with sharp
peaks.
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Figure A7: This is for a function with 3 cusps in the middle and a cusp behavior
at end points. The ABC algorithm has the minimum bias. As a result of the high
variability of the fitted curves of the ABC algorithm, the overall MSSE is inferior than
that of the semiparametric method. But the mean fitted curves indicate that ABC
algorithm has the ability to model the cusps even when the σ is large (see appendix
B, figure B5).
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Figure A8: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F9 at different combinations of σ and n. The AICC and BIC based MSSE
indicate that the ABC algorithm is the winner over the semiparametric method for
all different combinations of n and σ.
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Figure A9: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F11 at different combinations of σ and n. Though the MSSE indicates
that the semiparametric method is a good competitor, the mean estimates curve (see
appendix B, figure B7) shows its inability to model the sharp turning point of the
cusp.
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Figure A10: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F13 at different combinations of σ and n. The overall MSSE misleads the
ability of ABC algorithm in modelling functions with sharp peaks. See appendix B,
figure B8, which shows that none of the semiparametric methods models the sharp
peak as well as the two short peaks, for all n and σ levels.
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Figure A11: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F14 at different combinations of σ and n. The function has two symmetric
sharp peaks that span over a wider domain than the peak of F13. The ABC algorithm
based fitted curves have the least bias and the least MSSE for all different levels of n
and σ.
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Figure A12: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F15 at different combinations of σ and n. This is another situation where
MSSE misleads the ability of the ABC algorithm when the noise variance is high.
Appendix B, figure B10, shows that the semiparametric method misses all the sharp
peaks while ABC algorithm models at least one of them when the sample size is large.
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Figure A13: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the
test function F16 at different combinations of σ and n. According to the MSSE, the
semiparametric method is superior for large n, but not for n = 50.
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Figure A14: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F17 at different combinations of σ and n. As a result of the high variance
of the curves fitted using the ABC algorithm, the overall MSSE is higher that of the
semiparametric method.
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Figure A15: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F18 at different combinations of σ and n. Referring to the MSSE, for low
noise variance levels, ABC algorithm is significantly superior for large sample sizes.
As usual, ABC algorithm fitted curves have the least bias.
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Figure A16: The grouped bar graphs for log10 of MSSE, BIAS and VAR for the test
function F19 at different combinations of σ and n. The high variance of the curves
fitted using the ABC algorithm misleads the overall MSSE. Appendix B, figure B14,
shows the mean fitted curves. AICC and AIC based results indicate that the ABC
algorithm does capture the varying behavior of the function when the sample size
n = 200.
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APPENDIX B
FITTED CURVES FOR THE TEST FUNCTIONS

Figure B1: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B2: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B3: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B4: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B5: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B6: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B7: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B8: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B9: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B10: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B11: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B12: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B13: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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Figure B14: The top left corner of each panel indicates the fitting method. The
dashed line represents the true function, solid line indicates the mean of all the 1000
fitted curves, and the gray area corresponds to a set of 200 randomly selected fitted
curves out of 1000 replicates. Columns 1 through 4 shows results for 4 different
combinations of n and σ. Column 1 - (n=50, σ=0.9), Column 2 - (n=50, σ=3.0),
Column 3 - (n=200, σ=0.9), and Column 4 - (n=200, σ=3.0).
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