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ABSTRACT 

The relaxation dynamics of glassy materials have attracted great attention 

because of its wide range of applications, due to which a fundamental understanding 

of the origins of the broadened relaxation response is necessary. Mechanical spectral 

hole burning (MSHB) methodology has been recently developed to study the 

heterogenous dynamics in polymeric materials at temperatures around and above Tg. 

In the first part of dissertation, MSHB have been applied to engineering polymers such 

as poly (methyl methacrylate) and polycarbonate, deep in the glassy state. These two 

materials exhibit different nature of secondary relaxation (β-relaxation) and the 

hypothesis of “hole burning in glassy polymers as related to the strength of β-

relaxation” is tested. We find evidence of holes in both PMMA and polycarbonate 

which suggests inhomogeneous relaxation dynamics in the glassy state. The nature of 

these holes in both materials vary differently with strain and frequency. We also show 

evidence that the local heat dissipation, which are thought as the origin of dynamic 

heterogeneity in the dielectric hole burning works are not sufficient to explain the 

heterogeneity in MSHB in glassy polymers.  

Understanding the viscoelastic nature (linear and nonlinear) of polymers is 

essential in processing and applications. Small amplitude oscillatory shear (SAOS) 

tests provide a complete framework to characterize polymeric materials in linear 

regime.  To go beyond linear regime, large amplitude oscillatory shear (LAOS) have 

been used to characterize nonlinear viscoelastic properties. LAOS tests have been used 

to characterize many soft materials such as polymer solutions, melts etc., yet it is 
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seldom been applied on glassy materials. In the second part of the dissertation, we 

perform LAOS tests to characterize nonlinear viscoelastic nature of glassy PMMA. 

We first describe nonlinearity using the classic representation of Lissajous-Bowditch 

plots which interprets non linearity graphically through deviations from a elliptical 

curve on a stress-strain plot. Fourier transform analysis and Chebyshev polynomial 

method have also been used, which interprets nonlinearity in terms of parameters such 

as normalized third harmonic intensity (𝐼3/1) and normalized elastic and viscous 

Chebyshev coefficients (𝑒3/1, 𝑣3/1). We present the absolute harmonic intensity 

variation with strain and conclude that the (𝐼3/1) do not follow the expected quadratic 

scaling with applied strain amplitude. Normalized Chebyshev coefficients,  𝑒3/1, 𝑣3/1 

suggests that the PMMA shows strain softening and shear thinning behavior with 

increase in strain amplitude. The work also shows a comparative description of the 

stress response on LAOS deformation with the predictions from the nonlinear 

viscoelastic model of the BKZ. BKZ predicted harmonics are also evaluated and 

compared with experimentally obtained results. Finally, harmonic analysis and 

Chebyshev method analysis is carried on a pure elastic material to understand whether 

the nonlinearity output in these methods is contributed by elastic and viscous part 

separately, or a combination of both.  
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CHAPTER 1 

 INTRODUCTION 

1.1 Background 

Glassy polymers are viscoelastic materials that exhibit both elastic and viscous 

behavior when subjected to deformation. Glass is a nonequilibrium material formed by 

rapid cooling of an equilibrium liquid, due to which the entropy, enthalpy or volume 

deviates from the equilibrium state1-3. A supercooled liquid is formed if crystallization 

is avoided for a liquid below its melting point. On further lowering the temperature, 

the time scale of mobility of molecules become greater than experimental time scale 

and would cause the system to fall out of equilibrium at glass transition temperature 

Tg. This nonequilibrium material constantly evolves towards equilibrium when held 

isothermally at some temperature below glass transition temperature Tg (aging) 

(Figure 1.1). In terms of energy landscape, glass is described as a state which is 

trapped in a local minimum of potential energy 4. 
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Figure 1.1 Glass formation upon cooling. Figure adapted from (McKenna & Simon, 

Macormolecules, 50, (2017))3 

  

Dynamics in glass forming systems are dependent on temperature and is well 

known to follow super Arrhenius behavior as described by Vogel-Fulcher-Tammann 5-

7 (VFT) equation or Williams, Landel and Ferry (WLF) equation8. VFT equation can 

describe dynamics (viscosity or relaxation time) data from approximately Tg+10 K – 

Tg+100 K.  

An understanding of relaxation dynamics of glass is very important because of 

its wide range applications in electronic displays9, optical fiber10 and as high impact 

glass11. The relaxation behavior in polymeric systems and small molecule glass 

formers follows a non-exponential or a stretched exponential behavior (KWW)12-15 

given as, 
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𝐺(𝑡) = 𝐺0 exp (− (
𝑡

𝜏
)
𝛽

) 

Where 𝐺(𝑡) is modulus relaxation function, 𝐺0 is zero-time modulus, 𝜏 is 

characteristic relaxation time and 𝛽 is stretching exponent. The value of 𝛽 lies in 

interval 0< 𝛽≤1. This stretched exponential decay is usually treated as a homogenous 

scenario, where different sub-ensembles relax identically with similar KWW 

parameters. This analysis simplifies the study and can describe the macroscopic 

material behavior. But molecular level experimentation do not find a homogenous 

dynamics, in fact different sub-ensembles show different relaxation mechanisms 

which is referred to as heterogenous scenario. 

Several methods such as nuclear magnetic resonance (NMR)16, optical 

bleaching17, hole burning (dielectric and magnetic)18,19 and more recently mechanical 

spectral hole burning (MSHB)20,21 have been developed to distinguish the 

heterogenous dynamics in glass forming materials in the vicinity of the glass 

transition. But very few works have investigated the heterogenous dynamics in glassy 

regime. Richert22 performed dielectric hole burning experiments on d-sorbitol in the 

vicinity of secondary (or β) relaxation temperature (sub Tg) and have reported the 

occurrence of holes that characterize the heterogenous dynamics. Polymeric glasses 

have low dielectric constant and hence dielectric hole burning fails for these materials. 

To address his issue, Mckenna and coworkers developed MSHB20,21 which is 

analogous to dielectric hole burning experiment and shows spectral selectivity.  
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The present work in the dissertation is focused on exploring the heterogenous 

dynamics in engineering polymeric glasses such as poly (methyl methacrylate) and 

polycarbonate. MSHB technique is applied on these materials to test for the 

microscopic inhomogeneities in glassy state that would result in a distribution in 

relaxation time. Heterogeneities are related to the localized molecular motion, but in 

the glassy state, the motion of chains is frozen (or extremely slow) and at secondary 

transition regime motion of the polymeric chains is observed. Hence It is of interest 

whether the β-transition reflects a dynamic heterogeneity that causes the spectral 

modification that leads to hole creation in polymeric glasses.  

In Chapter 2, we describe about the Rheometrics Mechanical Spectrometer 

(RMS 7200) rheometer, which is used to carry the experiments in the dissertation 

work. Several instrumentation modifications on the instrument have been undertaken 

to perform successful tests on the machine. A temperature control box was also 

integrated with the RMS machine which enabled to perform temperature control 

experiments. In Chapter 3, we elaborate the differences in homogenous and 

heterogenous dynamics while making a comprehensive literature review on methods 

that characterize heterogeneity. We also provide important insights that would help the 

reader understand how these heterogeneities can be imagined and how they can alter 

dynamics in materials. 

In Chapter 4, we have performed MSHB experiments on poly (methyl 

methacrylate) in the deep glassy state at ambient temperature (which is near to the β-

relaxation) to investigate the presence and origin of holes, if any. The effects of pump 
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frequency and pump amplitude were investigated, and we find that vertical holes could 

be burned successfully for range of frequencies and pump amplitude investigated. The 

results are interpreted as being related to the dynamic heterogeneity corresponding to 

the β-relaxation rather than to the hysteresis energy absorbed in the large deformation 

pump. In Chapter 5 describes a comparative study of the MSHB results of 

polycarbonate with PMMA. In this work, MSHB is used to study polycarbonate, 

which has a weak β-relaxation, and the results are compared with those observed in 

PMMA which shows a strong β-relaxation. We observe that the polycarbonate 

exhibits weak holes and the nature of the holes with a change in pump amplitude and 

frequency is different than observed in PMMA. These results support the hypothesis 

that the hole burning observed in amorphous polymers below the glass transition 

temperature is related to the strength of the β-transition, which, in turn, is related to 

molecular level heterogeneity in the material dynamics.  

Small amplitude oscillatory shear (SAOS) tests provide a complete framework 

to characterize a viscoelastic material in linear regime. Nonlinear viscoelasticity is 

explored via large amplitude oscillatory shear tests (LAOS) in which the material is 

subjected to large sinusoidal strain amplitudes and the resulting non sinusoidal stress 

waveform is analyzed. LAOS tests have been performed on several viscoelastic 

materials such as natural rubber filled with carbon black particles23,24, suspensions25, 

polymer solutions26,27, polymer melts27, disperse particles in polymer solutions28,29 and 

emulsions30. Yet very few attempts were made to describe the nonlinear viscoelasticity 

in glassy polymer within the LAOS framework31. In Chapter 6, we use the LAOS tests 
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to characterize the nonlinearity in PMMA using powerful techniques such as, 

Lissajous loop32-35, FTR36-38 and Chebyshev polynomial method34,39. We also compare 

the obtained stress response with predictions from the nonlinear viscoelastic 

constitutive model first proposed by Bernstein, Kearsley and Zapas (BKZ) 40,41. We 

have compared the of FTR and Chebyshev polynomial method for an elastic type of 

material to test whether the methods would output nonlinearity as contributed by 

elastic and viscous part separately, or a combination of both. The dissertation ends 

with conclusions and the future work that should be undertaken.  

Chapter 4 and chapter 5 are published papers in “The Journal of Chemical 

Physics”. Chapter 6 is the manuscript in preparation. 
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CHAPTER 2 

 INSTRUMETATION AND MODIFICATIONS OF THE 

RHEOMETER 

2.1 Instrument Description 

The instrument used in this study is Rheometrics Mechanical Spectrometer 

(RMS 7200). It is a strain-controlled rheometer equipped with a digitally controlled 

servomotor, which was modified from the original one. The instrument has a 

capability to measure torque and normal force simultaneously. The instrument can 

measure torque up to 20,000 gm.cm and normal force up to 2000 g. The motor on the 

instrument can move only in steps i.e. only step strains can be achieved. No other 

forms of strain input (sinusoidal, triangular etc.) can be directly given to the machine. 

Torsional experiments can be performed on the RMS machine and to apply the strain, 

the motor can rotate up to 3600 in 14,400 steps. This enables the user to input 

extremely small strains. A pictorial view of the instrument is shown in Figure 2.1 



Texas Tech University, Satish Chandra Hari Mangalara, August 2021 
 

12 
 

 

Figure 2.1 Rheometrics Mechanical Spectrometer (RMS 7200) machine at Texas 

Tech University 

2.2 Working Principle 

The working principle of the load cell is based on the concept of a Wheatstone 

bridge. The resistances in the Wheatstone bridge is replaced by strain transducers in 

load cell. An excitation signal is applied at one end of Wheatstone bridge and the 

resulting output voltage is measured through the other opposite end as shown in Figure 

2.2. When the Wheatstone bridge is balanced, there is no output voltage. Any force on 

the load cell will cause a change in resistance of the strain transducers which makes 

the Wheatstone bridge becomes unbalanced and hence will output a voltage. This 

voltage change is measured and is converted to force using appropriate calibrations. 
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The RMS 7200 has two Wheatstone bridges in series which measures torque and 

normal force respectively in a torsional experiment. RMS has issues with the crosstalk 

effect between the torque and normal force channels, i.e. a small fluctuation in normal 

force is seen when only torque is applied and vice versa. Appropriate calibrations are 

needed to account for the effect of crosstalk between the two Wheatstone bridges and 

to obtain the correct data for torque and normal force.  

 

Figure 2.2 Load cell wiring [https://learn.sparkfun.com/tutorials/load-cell-amplifier-

hx711-breakout-hookup-guide] 

 

2.3 Input to RMS machine 

The rheometer has a controller box which communicates with the motor 

mounted on the rheometer and is used to instruct the motor to move to desired 

position. The controller box receives input from the computer through the PuTTY 

software. PuTTY is an application that allows to remotely connect to different type of 

systems over different connection types such as RAW, SSH, Telnet, Rlogin and Serial. 

For RMS we establish a serial type connection and the input from the computer to the 

control box is given by a USB to serial Comm port connection. Comm port number 
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can be obtained from the ‘device manager’ (ex. COM5 for current system). To 

establish the Serial connection through putty, Comm port number should be given 

appropriately, and the data bits should be adjusted to 7 to communicate with the 

controller. With these settings the PuTTY session is opened and the connection 

between the computer and the controller box is established which allows the user to 

control the motor on the rheometer. An image of the controller box is show in Figure 

2.3 

 

Figure 2.3 Controller box of RMS rheometer 

2.4 Instrument Wiring and Data Acquisition 

The output data flow from the machine is briefly described in figure 2.4. The 

wirings of the machine and the data acquisition setup have been completely modified 
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using new electronics to obtain signal amplification and noise filtering. Seven output 

wires come out of the RMS machine (Figure 2.4).  Wires 1,2 carry a constant DC 

power supply of 5V (red and white) to excite the Wheatstone bridges in load cell. 

Wires 3,4 carry torque information (black & light green), wires 5,6 carry normal 

information (dark blue & orange) from the RMS machine. Output signals for torque 

and normal force from the machine are in the form of voltage and are usually very 

small in magnitude and hence needed to be amplified. Strain amplifier/conditioner, 

omega’s ‘DMD-465 WB’ was used which served as a DC power supply to 

Wheatstone bridge and also as a signal amplifier. Wires 8,9 carry amplified torque 

signal and 10,11 wires carry amplified normal force signal. Wire number 7 (black) 

represents the ground channel for the RMS machine. Arrows on the wires represent 

the direction of data flow (except for wire 1,2 which represent current flow direction). 

An adjustable potentiometer (variable resistor) is connected across one of the arms of 

the Wheatstone bridge to adjust any imbalances in bridge circuit. This potentiometer is 

also used to zero off any torque or normal force voltage before the start of any 

experiment. The amplified signals are converted from analog to digital data using NI 

9205 before data acquisition is made in PC using LabVIEW software. NI cDAQ-9174 

is used to acquire data from the machine. A LabVIEW program is written for data 

acquisition on the computer. The measurements are taken at 800 Hz. Filtering 

techniques such as low pass filter (cutoff frequency 15 Hz), time average and moving 

average are used in LabVIEW to reduce noise from data. Acquired data is copied to a 

text file. 
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Figure 2.4 Instrument wiring 

2.5 Instrument Calibrations 

Similar to any other commercial rheometer, RMS machine is also calibrated for 

torque and normal force measurements. Calibrations are performed using standard 

weights ranging from 10 gm to 2000 gm.  

2.5.1 Normal Force Calibrations 

For normal force calibration, the standard weights are directly placed above the 

load cell and the voltage difference in the normal force channel is noted. Different 

weights produce different voltage difference and using this data a calibration curve is 

constructed which gives the relation between the weights applied and the voltage 

change. Ideally normal force application should not affect the torque channel data. 

But, due to crosstalk between both the channels, a small voltage change is observed in 

torque channel. This crosstalk in torque channel is also calibrated against the applied 
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standard normal force weights and is added/subtracted from the actual torque data. 

Normal force calibration curve and its crosstalk effect on torque is shown in Figure 2.5 

(a), (b). 
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Figure 2.5 Calibration curve (a) normal force (b) crosstalk effect on torque due to 

normal force 

2.5.2 Torque Calibration 

For torque calibration, the standard weights are hung over a pulley which is 

attached to the RMS machine. A thin wire goes over the pulley to which the weights 

are hanged. This wire is attached to a rod connected to the load cell at a distance of 5 

cm. Hence hanging weight of 100 gm would correspond to an applied torque of 500 

gm.cm. Similar to normal force calibrations, different standard weights are hung, and 

the corresponding voltage changes are obtained, and the torque calibration curve is 

constructed. Due to application of torque, crosstalk in normal force channel is 

observed and is calibrated with application of different weights. Finally, this crosstalk 
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is added/subtracted from the actual normal force data. Torque calibration and its 

crosstalk effect on normal force is shown in Figure 2.6 (a), (b) 
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Figure 2.6 Calibration curve (a) Torque (b) Crosstalk on normal force due to torque 

 

2.6 Temperature Control 

The current RMS setup can be used to perform material testing at ambient 

conditions. But in general, the properties of materials vary with temperature and it is 

imperative to understand these variations. To extend the working range of the RMS, a 

temperature control box is constructed around the sample loading area. The geometry 

of the box is custom designed so that it could be integrated with the RMS machine. 

The inner section of the box is coated with multiple layers of insulation blanket made 

from 2300F rated ceramic fiber. Cold air is heated using southwest AH50050R heater 

which goes into the temperature control chamber. (Figure 2.7) 
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Figure 2.7 Temperature control box mounted onto RMS rheometer 

 

Figure 2.8 Block diagram of the temperature control setup 

A block diagram for the temperature control setup is shown in Figure 2.8. A 

LabVIEW program is written for the PID controller. The PID controller takes the 

input from the temperature feedback and compares it with the set point temperature. 

The SSR switch remains closed till the set point is reached while the power to the 
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heating element is supplied by a variable transformer. The heating element heats up 

the air flowing into the temperature control chamber. If the temperature inside the 

chamber crosses the set point, then the PID controller would break the circuit by 

opening the SSR switch such that the set point temperature is maintained. 
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CHAPTER 3 

 DYNAMIC HETEROGENEITIES AND ITS 

CHARECTERIZATION IN GLASS FORMING LIQUIDS 

It is widely accepted that the relaxation dynamics of glass forming systems 

including polymers can be described by the stretched exponential KWW function 1,2. 

When a liquid is cooled below its melting point, dynamics slow down rapidly and near 

glass transition, dynamics in an ensemble can be orders of magnitude different 

(faster/slower) than other ensembles which are few nanometers away. But the overall 

material dynamics described by the KWW function is an average macroscopic 

response. Ludovic3 defined dynamic heterogeneity as “the existence of transient 

spatial fluctuations in the local dynamic behavior”. 

3.1 Homogenous Vs Heterogenous Dynamics 

Macroscopic relaxation in glass formers as described by the KWW function 

can be described by two scenarios, a homogeneous and a heterogeneous one. In case 

of homogeneous dynamics, all the sub ensembles have same dynamics i.e. they relax 

in similar way. In this case there is no distribution of relaxation time and the overall 

response is same as the response of any microscopic unit. In case of heterogenous 

dynamics, different microscopic units have different relaxation behavior and the 

overall, macroscopic response is the average of these general non-exponential 

relaxation functions4,5. A pictorial representation is shown in Figure 3.1 
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Figure 3.1 A comparative scenario of Homogenous Vs Heterogenous dynamics. Solid 

lines on the left represent the identical overall relaxation response as a function of 

time. Dashed lines represent the sub ensemble responses which are identical for the 

homogenous response throughout the sample (upper part of the picture) or different 

for a heterogeneous case (lower part of the picture). Right side shows a view of how 

each type of response may occur inside a bulk material. Picture adapted from 

Chamberlin et al. springer, 127-185 (2018)5. 

 

3.2 Heterogeneities 

The idea of heterogeneities at microscopic scale in macroscopic glass formers 

stems from the initial ideas of Adam and Gibbs6. They attributed the slow dynamics of 

materials approaching their glass transition to the increasing length scale of 
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Cooperatively Rearranging Regions (CRR). But for a long time, there was no 

experimental evidence to support the possibility of subregions which show 

heterogenous dynamics. Factors such as viscosity, relaxation time or density can only 

give insights about the macroscopic information which cannot distinguish a 

homogeneous or a heterogeneous scenario. The macroscopic properties of glass 

formers depend upon the understanding of the microscopic dynamics. Hence it is 

essential to develop methods which can separate and study the subregions directly.   

3.3 Methods to characterize Heterogeneity 

Different techniques have been developed that could selectively modify or observe 

a subgroup of relaxation times (sun ensemble). These tests are summarized below,  

3.3.1 Nuclear Magnetic Resonance 

In 1991, Schmidt-Rohr and Spiess7, used multidimensional (reduced four 

dimensional) NMR to select the slow dynamics ensembles in polyvinyl acetate 

(PVAc) at 20 K above the glass transition temperature by studying he molecular 

motion in PVAc. their experiment they selected a group of C-H vectors that have 

change their orientation during a specific time interval (𝛥𝑡). After a wait time, the 

same subgroup is again investigated for the same time interval (𝛥𝑡). They observed 

that for short waiting times, the dynamics remained slow for the selected subgroup 

than the entire ensemble, thereby demonstrating the heterogeneity.  But for long 

waiting times, the dynamics of the selected subgroup evolved to the overall 

macroscopic relaxation behavior8.  Hence this work not only confirms the dynamics 

being heterogenous, it also gives insights into the life time of the heterogeneities. 
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Similar kind of NMR experiments were performed on other glass formers like o-

terphenyl9, glycerol10, toluene11 and also on polymers12,13.  

3.3.2 Photo Bleaching 

In 1995, Cicerone & Ediger14 reported optical photo bleaching in which the slow 

reorientation of an isotropic probe molecule is monitored15 after inducing an optical 

anisotropy by photobleaching. Tetracene was used as probe molecule and the host 

matrix was o-terphenyl (OTP). When the sample is subjected to a polarized light, a 

small fraction of probe molecules will get permanent photobleached (peroxidation). 

This photobleaching selectively destroys molecules whose dipoles are in alignment 

with the direction of the polarized light source. This creates an optical anisotropy 

which decays with time and is monitored. The anisotropy decay was fit by the KWW 

function. The difference in reorientation time of the selected sub ensemble with the 

average full ensemble would constitute to heterogenous dynamics. Have reported that 

the reorientation of tetracene in OTP was similar to reorientation of OPT in NMR 

observations.16 Wang and Ediger17 have compared the reorientation time of probe 

molecules at Tg+4 K to be 1000 times more than that at Tg+1 K. Other works have 

also used photobleaching method to determine the lifetime of spatially heterogenous 

dynamic domains in polystyrene matrix18. 

3.3.3 Dielectric and Magnetic hole Burning 

Schiener and co-workers19,20 developed dielectric hole burning in 1996 to study the 

heterogeneous dynamics of glass formers such as glycerol and propylene carbonate. 
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Dielectric hole burning does not eliminate or filter the dynamic subset contributions 

(as in NMR and photobleaching), but instead it modifies the subset response20. In 

general, dielectric response of a material is measured by subjecting it to an external 

electric field and monitoring the polarization. In these experiments, a large sinusoidal 

electric field (pump) with a frequency ω is applied and after a wait time, a small linear 

voltage (modified response) is applied19. This linear response after the pump 

application is isolated by a phase cycling procedure and is called as modified 

response. In the final step this modified response is compared with the response from 

an application of simple linear voltage (linear response). These differences in linear 

and modified response would give information on whether the dielectric response is 

modified either uniformly or in a spectrally selective manner dur to the application of 

pump. If the modification is uniform, then the system exhibits homogenous dynamics. 

A peak in difference between linear and modified is referred to as ‘holes’ and any 

frequency variation of these holes, i.e. frequency dependent dielectric spectrum would 

conclude the dynamics to be heterogeneous. In case of magnetic hole burning, a 

similar test procedure is adapted but the electric field is replaced by magnetic field21 

and the corresponding holes are observed for heterogeneous dynamics. 

3.3.4 Molecular Dynamic (MD) Simulations 

Molecular dynamic simulations have been performed on different systems such as 

polymer melts and soft spheres22. In general, these simulations measure the 

displacement of probe particles in an interval of time while observing correlated 

dynamics of particles within clusters23. For heterogenous scenario, the trajectories of 
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particles vary with each other, some particle are immobile while others can move large 

distances and undergo jumps3. In other works, heterogeneity have been characterized 

using MD simulations in models of simple liquids24-26 and polymer melts27,28. 

3.3.5 Other Methods 

Methods discussed above, require ensemble averaged quantities to be measured. 

Few other works have used microscopic technique to identify the heterogeneous 

systems. In this method dynamics at nanometer scale is probed to obtain information 

about the microscopic of relaxation. Russell and coworkers29,30 have used the tip of 

atomic force microscopy (AFM) to probe heterogeneity in PVAc system. They held 

the tip at a distance of <10nm above PVAc sample near its glass transition 

temperature. They observed fluctuations in resonance frequency of the cantilever that 

holds the tip. They related these fluctuations to changing dielectric properties of that 

region of sample and were consistent with heterogeneous dynamics. Richert and co-

workers have also used Solvation dynamics to understand the dynamic heterogeneities 

in glass formers solvent such as 2-methyltetrahydrofuran31-33. It is recommended to 

read articles from Ediger34 and Richert4 to understand other aspects of heterogeneities 

in detail. Much recently Mckenna and coworkers35,36 have come up with mechanical 

hole burning methodology to probe dynamic heterogeneities in polymers. This method 

is analogous to dielectric method of Schiener19,20 where an electric field is replaced 

with a mechanical deformation. But MSHB can be applied to materials with low 

dielectric constant whether NSHB doesn’t apply. Details of MSHB are given in the 

following chapters.  
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3.4 Important Aspects of Heterogeneities 

3.4.1 Length Scale 

Heterogeneities, determined by spectral selectivity indicates a distribution of 

relaxation times, but it necessarily does not mean a spatial variation. Also, the hole 

burning methodologies do not claim a spatial variation as a cause of heterogeneity4. 

Hence a length scale for heterogeneity 𝜉ℎ𝑒𝑡 would give insights into the spatial 

character of heterogeneity. Experimentally, the first attempt to quantify the 𝜉ℎ𝑒𝑡 was 

achieved by Tracht and co workers37. They used the reduced 4-D NMR experiments 

and found the 𝜉ℎ𝑒𝑡 in PVAc at Tg+10 K to be 3nm. An extension of work by 

Reinsberg and co-workers on another glass formers like glycerol38 and ortho-

terphenyl39 led the length scale of heterogeneity 𝜉ℎ𝑒𝑡 = 1 𝑛𝑚 and  𝜉ℎ𝑒𝑡 = 3 ± 1 𝑛𝑚 

respectively. Several other works have attempted to estimate the length scale of 

heterogeneities 𝜉ℎ𝑒𝑡. Microscopic methods were performed on colloidal liquids40,41 

and also  MD simulation42,43 were used to estimate the length scale of heterogeneities. 

𝜉ℎ𝑒𝑡 is similar to the length scale of cooperatively rearranging regions 𝜉𝐶 around few 

nanometers, yet it is still uncertain how 𝜉ℎ𝑒𝑡 & 𝜉𝐶 are related. Qin et al.44 investigated 

the effect of different type of heterogeneities on mechanical spectral hole burning 

results in polystyrene solutions by varying entanglement spacing, entanglement 

density and chain end density. They concluded that the hole properties are mainly 

dependent on the type of dynamics (rouse, rubber etc.) than the length scale of 

heterogeneity. 
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3.4.2 Spatial Variation 

So far, heterogeneity as described in above mentioned experiments were in terms 

of dynamics and not in terms of heterogeneity in structure. Although spatial variation 

has been recognized for the dynamics, but no experimental work had provided 

evidence to relate the structural origin of the reported heterogeneities4. One obvious 

parameter that is related to structural heterogeneity which would be responsible for 

heterogenous dynamics is density fluctuations34. But the dynamics of molecules is 

very sensitive to density variation and hence their fluctuations are too subtle to be 

detected by available methods. 

3.4.3 Heterogeneity in Glasses 

Experiments described above mainly characterize heterogeneity in materials in the 

vicinity of glass transition. But in case of glasses, the molecular rearrangements are 

frozen (not accounting for physical ageing). The prominent molecular motion in 

glassy materials arises due to secondary or β transition (also referred to as Johari-

Goldstein relaxation) which is related to motion of the side chains45-47. These chain 

motion can give rise to heterogeneities. Similar to heterogenous nature of α-relaxation, 

NMR experiments on OTP and glycerol48 and deuterated supercooled liquids such as 

propylene carbonate, toluene and OTP49 have concluded on the heterogenous nature of 

the secondary relaxation. Dielectric hole burning on D-sorbitol50 in the vicinity of β 

transition showed spectral selectivity in the form of holes, demonstrating the dynamic 

heterogeneity. Further evidence of heterogenous dynamics in glassy engineering 
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materials such as polymethyl methacrylate51 and polycarbonate52 are provided using 

mechanical spectral hole burning method. A comparative study was performed based 

on the strength of β relaxation52. 
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CHAPTER 4 

 MECHANICAL HOLE-BURNING SPECTROSCOPY OF 

PMMA DEEP IN THE GLASSY STATE 

4.1 Abstract 

Non-linear mechanics of soft materials such as polymer melts or polymer solutions 

are frequently investigated by Large Amplitude Oscillatory Shear spectroscopy 

(LAOS) tests. Less work has been reported on the characterization of the non-linear 

viscoelastic properties of glassy polymers within a similar framework. In the present 

work we use an extension of LAOS, i.e., mechanical spectral hole burning (MSHB) to 

investigate the nonlinear dynamics of an amorphous polymer in the deep glassy state. 

MSHB was developed as an analog to non-resonant spectral hole burning (NSHB) 

developed by Schiener et al. [Science, 274, 752-754 (1996)] who attributed the 

presence of holes to dynamic heterogeneity. On other hand McKenna (and co-

workers) in their works on polymer solutions and melts, have attributed the presence 

of holes to the type of dynamics (Rouse, rubbery etc.) rather than to a specific spatial 

heterogeneity. Here we have performed MSHB experiments on poly(methyl 

methacrylate) (PMMA) in the deep glassy state (at ambient temperature which is near 

to the -relaxation) to investigate the presence and origin of holes, if any. The effect of 

pump frequency and pump amplitude were investigated, and we find that vertical 

holes could be burned successfully for frequencies from 0.0098 to 0.0728 Hz and for 

pump amplitudes from 2% to 9% strain. On the other hand, horizontal holes were 

incomplete at high pump amplitude and low frequency, where higher spectral 
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modification is observed. The results are interpreted as being related to the dynamic 

heterogeneity corresponding to the -relaxation rather than to the hysteresis energy 

absorbed in the large deformation pump. 

4.2 Introduction 

Hole burning spectroscopy is a powerful technique that had been used from the 

1970’s to study optical relaxation processes [1, 2]. In this process, after exposure to a 

monochromatic stimulus, the transition energy of a “guest” molecule embedded in a 

“host” (glass or crystalline) matrix changes or shifts in frequency. The guest molecules 

act to absorb energy and for a homogenous solid (such as a perfect crystal), they 

experience a similar local environment and the absorption line obtained from the all of 

the guest molecules is the same as that from a single absorbing center. However, in 

reality crystals exhibit imperfections which leads to the individual guest molecules (or 

absorbing center) experiencing different local environments. In addition to the defects 

in crystals, glasses and polymeric matrixes have a broad distribution of local 

environments. In the non-uniform environment scenario the absorbing guest molecules 

experience different environments and this can give rise to inhomogeneous broadening 

of the absorption line. The width of the absorption spectrum depends on the specifics 

of the interactions of the local environments with the guest molecules. At low 

temperatures (liquid helium  ̴5K) the homogeneously broadened absorption spectrum 

can be modified “resonantly” (molecules/centers that absorb light of the same 

frequency as the laser source with band width Γ1 and frequency ν1) are excited and 

undergo photo transformation. The spectral change is probed with a low intensity laser 
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and is seen as a dip in the absorption spectrum at ν1. Two different kinds of hole can 

result depending on the stability of the photoproduct. Permanent holes are obtained if 

the photoproduct is stable while transient holes result when the photoproduct is 

metastable. Applications of hole burning (HB) spectroscopy are reviewed in reference 

[2] and such applications such as optical data storage where the optical frequency at 

which holes are burned are used to store digital information are discussed. The 

technique has also been used in the study of dephasing mechanisms, amorphous host 

dynamics, and microscopic perturbations that result from externally applied fields [1, 2].  

     In the realm of dielectric spectroscopy Schiener et.al. in 1996 [3] developed non-

resonant spectral hole burning (NSHB) to investigate dynamic heterogeneity in small 

molecule glass formers in the vicinity of the glass transition temperature Tg and near 

the β-transition [3-9]. While it was widely accepted that the relaxation dynamics of 

glass forming systems, including polymers can be described by the stretched 

exponential Kohlrausch-Williams-Watts (KWW) [10, 11] function, it was of interest to 

know whether the dynamics was homogenous (local sub-ensembles exhibit similar 

dynamics) or heterogenous where the overall response is due to local sub-ensembles 

with individual relaxation mechanisms. NSHB was successful in distinguishing these 

two scenarios. The main idea in NSHB is to selectively modify the relaxation 

mechanism of local sub ensembles rather than the overall relaxation spectrum. This is 

achieved by comparing the small linear response (probe) of a material following a 

large sinusoidal electric field (pump) with the unperturbed linear response. The 

complete experimental procedure is described in the original work [3].  If the dynamic 
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response is uniformly modified by the pump, then it is attributed to dynamic 

homogeneity. Whereas, for dynamic heterogeneity “holes” are burned due to selective 

modification of the dynamics. These burned holes have been related to the thermal 

energy being absorbed by the modified sub-ensembles due to application of the pump, 

consequently altering the local fictive temperature which can change the local 

dielectric relaxation times [3-5, 7]. For further information the reader is referred to the 

review on NSHB by Chamberlin [12]. Nuclear Magnetic Resonance (NMR) has also 

been used to directly probe heterogeneities, and have mainly focused on behavior in 

the vicinity of Tg 
[13, 14] and the motivation was related to the exploration of the origins 

of the non-exponential behavior of the 𝛼-relaxation process. Work from Schmidt-Rohr 

and Spiess [15] explored the length scales of the heterogeneity of poly (vinly acetate) at 

20 K above Tg. To our knowledge NMR studies with the express purpose of probing 

heterogeneity far below the Tg have not been reported. Beiner and co-workers [16-18] 

used small angle x-ray scattering below Tg to study multiple glass transitions and 

attributed the presence of side chains in poly(n-alkyl methacrylate)s to either structural 

heterogeneities or dynamic heterogeneities. The length scale of these structural 

heterogeneities (alkyl nano domains) was 1-5 nm [17, 18] and the length scale of 

dynamic heterogeneities (size of cooperatively rearranging units) was estimated to be 

in order of 1nm [18] or <1 nm [17].   

     Polymers, the majority of which have low di-electric susceptibility show low di-

electric response and NSHB may not be applicable for many of these materials. As an 

alternative, Shi and McKenna [19] proposed mechanical spectral hole burning (MSHB) 
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to study dynamic heterogeneity in polymers. MSHB builds on the ideas from NSHB [3] 

that domains with different characteristic frequency are modified differently on the 

application of a large pump deformation and the heterogenous dynamics is reflected as 

a hole in the response. The detailed experimental procedure is described in the 

following section. Shi and McKenna successfully burned holes in the terminal regime 

(well above Tg) for a long-branched polyethylene melt and a polystyrene solution [19, 

20]. The holes obtained were attributed to either structural heterogeneity (for LDPE 

melts) or spatial fluctuations of concentration (for polystyrene solutions) [19, 20]. Also, 

Shi and McKenna [19, 20] demonstrated that the burnt holes were not predicted by two 

non-linear constitutive models: K-BKZ theory [21, 22] or the Bernstein-Shokooh stress 

clock model [23] (and we remark that these models do not explicitly include dynamic 

heterogeneity, though the response functions for the materials investigated were quite 

broad). Hence the burned holes were interpreted to be due to dynamic heterogeneity 

rather than a simple manifestation of non-linear viscoelasticity.   Qin et.al. [24] 

performed MSHB experiments on a SIS tri-Block copolymer (styrene-isoprene-

styrene) near the order-disorder transition temperature (ODT). Mechanical holes were 

observed near to the ODT temperature. The amplitude of these holes decreased as the 

ODT is approached and above the ODT no mechanical holes were observed. Qin et al 

[24] specifically aimed to provide a quantitative correlation between dynamic 

heterogeneity and its corresponding length scale. But no clear dependence of holes on 

length scale was observed, rather, holes were observed below order-disorder transition 
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temperature (ODT) which is heterogenous and no holes were observed above the ODT 

where the system loses its ordered structure and becomes homogenous.  

 Qin et. al. [25] also investigated MSHB in different dynamic regimes and as a function 

of specific types of spatial heterogeneity (e.g., concentration, entanglement density, 

chain end density) in a series of polystyrene in diethyl phthalate solutions. They 

concluded that the type of dynamics dominates the hole burning event, rather than the 

heterogeneity. Heterogeneity was varied by (i) varying concentration, which changes 

the molecular weight between entanglements and (ii) varying molecular weight, which 

changes both number of entanglements per chain and chain end density. MSHB was 

performed to examine the heterogenous behavior of the dynamics with the varying 

length scale of the induced heterogeneities and were preformed in different dynamic 

regimes, i.e., Rouse regime, rubbery plateau regime, rubbery to terminal transition and 

terminal regime. No evidence of the observed holes depending on the different length-

scales of the induced heterogeneities was observed but rather the dynamic regime 

itself seems to influence the hole burning event, i.e. “scale of motion” controlled the 

dynamic heterogeneities rather than the “size of domain”. Holes (horizontal) were 

observed in Rouse, rubbery plateau and transition from rubbery to terminal regime. On 

the other hand either no holes or only shoulders were observed in the terminal regime 

(dynamic homogeneity and non-linear viscoelasticity, respectively). Shamim and 

McKenna [26] compared the hole burning results of polystyrene and polybutadiene 

solutions with Lissajous-Bowditch (LB) [27] curves and Fourier transform rheology 

(FTR) [28], which characterize non-linearity using large amplitude oscillatory shear 
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(LAOS). They successfully showed that MSHB provides complementary information 

useful in fingerprinting the non-linear response. These early MSHB experiments were 

performed in the relaxation domain [19, 20, 24-26] i.e. strain controlled experiments, 

whereas the original works using NSHB [3] measured the dielectric susceptibility 

which is analogous to stress controlled experiments in the retardation domain. In 

recent work on MSHB Qian and Mckenna [29] performed MSHB on a polystyrene 

solution in stress-controlled experiments and compared the results with corresponding 

strain-controlled experiments. This potentially would provide a complete framework 

to probe dynamics of polymers. They also concluded that the dynamic heterogeneity 

was related to the type of dynamics rather than to localized heating effects.  

     Non-linear dynamics of solid glassy polymers have seldom been explored [30]. 

Richert [9] investigated the presence of dynamic heterogeneities in D-Sorbitol near its 

−relaxation (below Tg) temperature using NSHB. He showed that both horizontal and 

vertical holes were burned near the −transition. In that work the variation of hole 

position with burn frequency was consistent with an estimated change in fictive 

temperature of ̴ 0.6K, though no temperature measurements were made. It is of interest 

whether the −transition reflects a dynamic heterogeneity that causes the spectral 

modification that leads to hole creation. PMMA shows a strong −relaxation near 

room temperature [30] and in the present work we extend the application of MSHB for 

the first time to the deep glassy state by making measurements on PMMA. The work 

considers both the effect of pump amplitude and of pump frequency on the hole 

burning event.  
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4.3 Experimental and Methods 

4.3.1  MSHB 

            In MSHB, the time-dependent response of a small amplitude “probe” is 

measured after the application of a large sinusoidal “pump” deformation. A series of 

three experiments is performed to investigate the presence of holes. [20, 24-26] In the first 

experiment the sinusoidal pump is applied followed by a small positive probe 

deformation. The resulting modulus can be expressed as  

𝐺+(𝛾, 𝑡) =  𝐺𝑝𝑢𝑚𝑝(𝛾, 𝑡) + 𝐺𝑚𝑜𝑑(𝛾, 𝑡) 

In the second, the pump is followed by a negative probe deformation and the resulting 

modulus is expressed as  

𝐺−(𝛾, 𝑡) =  𝐺𝑝𝑢𝑚𝑝(𝛾, 𝑡) − 𝐺𝑚𝑜𝑑(𝛾, 𝑡) 

A phase cycling procedure is applied to remove the “after-effect” due to the sinusoidal 

pump. and the modified response is obtained as [19, 20, 24-26] 

𝐺𝑚𝑜𝑑(𝛾, 𝑡) =
𝐺+(𝛾, 𝑡) − 𝐺−(𝛾, 𝑡)

2
 

This modified response is compared with the simple “linear response” from a third 

experiment (Figure 4.1). The differences between these two responses can lead to the 

formation of holes. Vertical differences in modulus, i.e. 𝐺𝑙𝑖𝑛𝑒𝑎𝑟(𝛾, 𝑡) − 𝐺𝑚𝑜𝑑(𝛾, 𝑡), at 

constant time define vertical holes, whereas horizontal differences, i.e. log(𝑡)𝑙𝑖𝑛𝑒𝑎𝑟 −

log(𝑡)𝑚𝑜𝑑, at a constant value of modulus results in horizontal holes. The definition of 

the holes is depicted in (Figure 4.2) 
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Figure 4.1 Schematic of hole burning experiment. Adapted from Schiener et al. [3]. 

With permission of the American Association for the Advancement of Science, 

Copyright 1996. 

 

Figure 4.2 Definition of holes (PMMA, 4% pump, 0.6% probe, 0.0728Hz, 22 ⁰C) 
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4.3.2 Experiment 

           PMMA rods were obtained from Cadillac Plastics and were machined into 

cylindrical rods of 30 mm gauge length (L) with a diameter of 4.5 mm (2R) and 

mounted for testing into a Rheometrics Mechanical Spectrometer (RMS7200) fitted 

with a custom-made set of grips [31]. The specimen and the sample mounting device 

are shown in Figure 4.3. The PMMA samples were annealed at 130 ⁰C (𝑇_𝑔 + 8 ⁰C) 

for 60 min prior to each experiment to remove mechanical history effects. Then they 

were then quenched to room temperature (22 ⁰C) before performing the hole burning 

test. Polymer glasses are unstable, and they constantly evolve towards equilibrium [32]. 

To test samples at the same non-equilibrium condition, the Struik protocol [33] was 

followed where the experimental time is one-tenth of the aging time. An aging time of 

9000 sec and an experimental time of 900 sec were adopted in the current 

experiments. Aging begins from the immediate moment of quench. In the current 

work 4 levels of pump amplitude and 4 levels of pump frequency were used and their 

effect on the hole burning event is analyzed. The waiting time after the pump 

deformation before application of the probe was 10 sec for all experiments. All hole 

burning tests were repeated 3 times to test reproducibility.  
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Figure 4.3 PMMA sample with gauge length L and radius R loaded in clamps 

Strain on the sample is a linear function of radius R. Nominal strain was calculated 

based on outer radius [31], R given by, 

𝛾𝑅 =
𝑅𝜃

𝐿
= 𝜓𝑅 

where L is gauge length, R is radius of the cylinder, θ is angle of twist (radians) and ψ 

is angle of twist per unit length. To correct for the effect of finite strain rate ramp, a 

correction of 𝑡 −
𝑡1

2
 was used to obtain true relaxation time [34] (𝑡1 = 0.14 𝑠𝑒𝑐, was the 

time taken to reach maximum stress). Torsional experiments were performed using an 

RMS 7200, which is a strain-controlled rheometer, equipped with a digitally 

controlled servomotor which was modified from the original one [34]. The RMS 7200 

strain gauge transducer has a 2,000g normal force capacity and 20,000 g.cm. torque 

capacity.   
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4.4 Results and Discussion 

4.4.1 Linear Regime 

           Stress relaxation experiments were performed to determine whether the probe 

deformation used in the study (0.6% strain) falls in linear regime for PMMA. Figure 

4.4(a) shows the shear modulus variation with time for different strains. The modulus 

does not change with strain for deformations up to approximately 0.8%, hence 

defining the linear regime. The shear modulus deviates clearly from the linear regime 

by approximately 1% strain.  
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Figure 4.4 Determination of linear regime. (a) Shear modulus vs. time plot for PMMA 

glass at 22 ⁰C at small deformations. (b) Strain sweep data for PMMA at 0.0728 Hz 

and 22 oC 

          We have also performed a strain sweep where the storage modulus 

(corresponding to peak stress in sine wave) is plotted against strain amplitude on a log 

scale (Figure 4.4(b)). Similar results are obtained from these dynamic tests. The linear 

regime is maintained up to 0.8% and deviations are observed from 1% strain. 

However, even if we are slightly into the nonlinear regime, we think that this would 

have only a minor effect on the hole burning results. Other works on PMMA have 

determined the linear regime to be in the range 0.5% - 1% strain [35, 36]. 
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4.4.2 Evidence of Hole Burning 

     The mechanical hole burning experiments on the PMMA glass show evidence of 

holes at room temperature (22 ⁰C). Figure 4.5 clearly shows the presence vertical holes 

for 4%, 6% and 9% pump amplitudes. Hole intensity increased with increase in pump 

amplitude. Hole burning experiments with 2% pump (Figure 4.6) did not show a clear 

vertical modification (as seen for other pump amplitudes). In this case the applied non-

linear deformation was not enough to modify and observe holes within instrument 

limitations. Therefore, results from the 2% pump experiments are excluded from 

further analysis. The increase in intensity of response at long times, where one might 

expect the response to return towards zero is the result of instrument drift at the long 

times and very low torque differences investigated in the hole burning measurements. 

The peak intensity of the hole for a 2% pump amplitude is (Figure 4.6) is 34 gm.cm 

(torque) and the instrument can measure a maximum of 20,000 gm.cm torque. The 

measured peak intensity is around 0.17% of instrument capability. Hence at such low 

torque differences (between the modified and unmodified responses) instrument drift 

becomes problematic at the longer times suggesting a possible second hole is taken to 

be a result of the measurement uncertainty. 
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Figure 4.5 Vertical hole behavior for different pump amplitudes at 0.0189 Hz and 22 

⁰C. 

 

Figure 4.6 Evidence of weak vertical holes for 2% pump amplitude at different pump 

frequencies for the 0.6% probe at 22 ⁰C and different frequencies, as shown. 
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4.4.3 Pump Amplitude Effects 

     Variation of the intensity and position of the holes with pump amplitude at a 

constant frequency was investigated. The pump amplitudes used were 4%, 6% and 9% 

and the pump frequencies were 0.0098 Hz, 0.0189 Hz, 0.036 Hz and 0.728 Hz. A 

constant probe strain of 0.6% was maintained in all experiments. Figures 4.7(a) and 

4.7(b) show the variation of the vertical hole intensity and horizontal hole intensity, 

respectively, with the square of pump amplitude for each frequency. Mechanical 

spectral modifications were observed at all the frequencies investigated in the vertical 

direction, i.e., complete vertical holes were observed. On the other hand, at the lowest 

frequency (0.0098 Hz) and highest pump amplitude (9%) the horizontal holes were 

incomplete within the experimental time frame and are not shown. Hole intensity 

(both vertical and horizontal) increased with pump amplitude and the peak position 

shifted to longer time. Similar results have been reported for the vertical hole behavior 

[25, 26, 29] variation with pump amplitude, but the peak position did not change position 

on time axis. These works [25, 26, 29] concluded that the pump amplitude does not 

change the nature of the dynamic heterogeneity and the increase in peak intensity with 

pump amplitude is a nonlinear effect. We remark that there is a weak shift in hole 

position (Figure 4.5) with pump amplitude. Currently we do not know the origins of 

this behavior, but it has also been observed in other hole burning measurements. For 

example, in Chamberlin’s work on spin glasses [37], a similar effect was observed, i.e, 

a weak shift in hole position with frequency, but no comment on the origins has been 

made. Work on NSHB of a titanium-modified lead magnesium niobite ceramic [38], 
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there was an effect of the magnitude of the pump on the shape of the spectral holes. 

Dielectric holes broadened with larger pump amplitude which is similar to the results 

obtained in this study (figure 4.5). Again, no comments for this behavior were made 

[38]. 

     The quadratic dependence of the hole intensities (Figures 4.7(a) and 4.7(b)) is 

consistent with previous works on NSHB [3-5, 8] and MSHB [19, 20, 24-26, 29]. However, for 

the experiments with a 0.0098 Hz pump, a deviation from quadratic behavior is 

observed for the vertical hole intensity. This could be due to shear softening. We 

remark that in LAOS tests, the normalized third harmonic (𝐼_(3/1)) also varies as the 

square of pump amplitude. However, the origins of the third harmonic and burned 

holes are different. The presence of third harmonics can be predicted by non-linear 

constitutive models such as that of Doi-Edwards [39-42] or Kaye[21]-Bernstein, Kearsley, 

and Zapas[22] (K-BKZ). But Shi & McKenna [19] showed that nonlinear constitutive 

models such as Bernstein-Kearsley-Zapas (BKZ) model do not predict the hole 

burning event and, in fact, a shoulder like behavior related to the non-linear stress or 

strain softening of the material at large deformations is predicted by the BKZ 

constitutive law. The BKZ model gives a reasonable description for the probe 

responses after the application of different pump frequencies for a LDPE melt. But it 

does not capture the hole burning event. Shi & McKenna [19] concluded that the 

“nonlinearity is weakly imprinted onto the probe response in the form of a shoulder 

and not a peak and the shoulder is due to stress softening”. On other hand, in earlier 

works from McKenna & Zapas [43] on polyisobutylene (PIB), small deformations were 
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superimposed on large (nonlinear) deformation and the BKZ model did capture the 

resulting behavior as a non-linear viscoelastic response. Since holes themselves are 

not predicted, we can conclude that the hole burning cannot be reproduced by such 

nonlinear models which do not contain heterogeneities, although the relaxation 

functions themselves might be considered heterogeneous because of their breadth. The 

Bernstein-Shokooh model [19] was also used by Shi and McKenna[19] to predict the 

pump-probe response of a typical hole-burning experiment. In this case, the 

nonlinearity is cancelled by the phase cycling procedure and the modified and 

unmodified response overlapped resulting in prediction of no holes. We remind the 

reader that the original idea of doing MSHB was to test whether it could be attributed 

to the nonlinear response as predicted in typical non-linear viscoelastic constutitve 

equations, but in fact it turns out to be more than being a nonlinear effect and the 

range the observation of holes and their origins remains largely unexplored. The 

present work broadens the range of experimental observations. 
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Figure 4.7 Hole intensity as a function of square of pump amplitude (a) Vertical hole 

intensity (b) Horizontal hole intensity 
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4.4.4 Pump frequency Effects 

     For a given pump amplitude, the hole intensity increases with decrease in pump 

frequency and the position of holes shifts to longer times as shown in Figure 4.8.  
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Figure 4.8 Mechanical spectral modification (a) Vertical hole for 4% pump amplitude 

(b) Vertical hole for 6% pump amplitude (c) Vertical hole for 9% pump amplitude at 

22 ⁰C and 0.6% probe. 
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        A similar trend was observed by Qin et.al. [25] in the strain-controlled domain and 

Qian et.al [29] in the stress-controlled domain. Qin et.al. [25] reported that the hole 

intensities decreased with increase in pump frequency in the Rouse and rubbery 

plateau regimes, whereas intensities increased in the rubbery plateau to terminal 

transition regime as frequency increased. In their work, the peak intensity dependence 

on pump frequency was related to relaxation time or the molecular mobility. 

Molecules whose relaxation time is the same as the time period of the pump can only 

be modified in a hole burning event. In Rouse and rubbery plateau regimes polymer 

chains have low mobility and can be modified at low frequency (larger time period) 

and hence hole amplitude increases with decrease in pump frequency. Chains in the 

rubbery plateau to terminal transition regime relax faster and hence at higher 

frequency (smaller time period) could modify greater number of chains and hole 

intensity increases with frequency. In the glassy regime, molecules usually exhibit 

large relaxation time and therefore lower pump frequencies can modify a greater 

number of molecules and hence higher peak intensity is observed at lower frequencies. 

It is worth noting that very intense holes (̴ 275 MPa) were observed at 9% pump 

amplitude at 0.0098 Hz.  In the case of the horizontal holes (modifications), only the 

results for a 4% pump amplitude showed complete holes for all frequencies tested as 

seen in Figure 4.9(a). Incomplete horizontal holes were observed for the 9% pump and 

at the lower frequencies for the 6% pump where higher modification is observed. This 

can be attributed to shear softening [25, 29]. On the other hand, complete horizontal was 

observed only for 4% pump as shown in Figure 4.9(a) 
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Figure 4.9 Mechanical spectral modification (a) Horizontal hole for 4% pump 

amplitude (b) Horizontal hole for 6% pump amplitude (c) Horizontal modification for 

9% pump amplitude, at 22 ⁰C and 0.6% probe 

Figure 4.10 shows the frequency dependence of the intensity of the vertical 

holes. A power law dependence is observed, and the dependence becomes weaker 

with increase in pump amplitude. A similar power law dependence is observed for the 

position of the vertical holes in Figure 4.11 where the dependence becomes weaker 

with increase in pump amplitude. A power law exponent of ω−1 for hole position 

dependence on frequency has been related to the existence of a  broad distribution of 

relaxation times [29]. In NSHB measurements, Blochowicz and Rössler [8] reported that 

the power law exponent for neat systems is much weaker than for binary systems. 

Hole positions in measurements on propylene carbonate and glycerol varied as ω−0.4 
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and  ω−0.3 respectively with frequency, whereas binary mixtures of picoline in tri-

styrene varied with a power law exponent ranging from ω−0.8 −ω−1. In MSHB 

measurements Qin et al [25] reported power law exponents varying from ω−0.4 −ω−1.4 

for polystyrene solutions with different molecular weight and in different dynamic 

regimes. 

 

Figure 4.10 Vertical hole intensity dependence on frequency (uncertainties on the 

power law exponent are standard errors obtained from linear fit to the double 

logarithmic data) 
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Figure 4.11 Vertical hole intensity position dependence on frequency (uncertainties 

on the power law exponent are standard errors obtained from linear fit to the double 

logarithmic data) 

Figures 4.12 and 4.13 show horizontal hole intensities and their position 

dependence on frequency (data with incomplete horizontal holes were not used for the 

analysis) respectively. A stronger  power law dependence is observed compared to that 

of the vertical holes. 
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Figure 4.12 Horizontal hole intensity dependence on frequency 

 

Figure 4.13 Horizontal hole intensity position dependence on frequency 
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4.4.5 Local Temperature Change 

     Earlier works on NSHB have attributed the dynamic heterogeneity to a change in 

local temperature that results from localized heating caused by the pump and was 

related to the dynamics of the glass transition itself. In the case of work deep in the 

glassy state, Richert [9] reported that a change of fictive temperature of approximately 

0.6 K for D-sorbitol at its −relaxation temperature would explain the observed hole 

burning. On the other hand, Qian and McKenna [29] reported that the change in local 

temperature due to the mechanical viscoelasticity would be of order 2 – 7 mK for PS-

DEP solutions in a series of stress-controlled MSHB experiments. Here we have 

estimated the change in localized temperature from the energy dissipation which is 

caused due to the sinusoidal pump. The energy dissipated per unit volume for a 

sinusoidal deformation is given by 𝐸 = 𝜋(𝛾2) (𝐺^′′) [44] (linear deformation). 𝐺^′′ for 

PMMA at 22 ⁰C is 108 J/m^3 [45]. From this dissipated energy, the temperature change 

can be calculated as 𝛥𝑇 = 𝐸/(𝜌𝐶𝑝 ). The heat capacity of PMMA at ambient 

temperature is 1.08 J/gK [46] and density is 1.18 g/cm3 [47]. This corresponds to a  

𝛥𝑇 ̴ 24.6 𝑚𝐾 for a linear sinusoidal deformation (1% strain). But in this work large 

non-linear sinusoidal pump is applied and the heat dissipation is expected to be more 

and hence more change in local temperature. Energy dissipated due to a non-linear 

sinusoidal deformation can be obtained by calculating the area enclosed in a Lissajous 

loop. Figure 4.14 shows a Lissajous loop for 9% pump amplitude at 0.0728 Hz 

frequency. The area enclosed or energy dissipated was found to be 

584.86 x 10^(−4)   J. The volume of the gauge section of the sample was 
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4.76 x 10^(−7) 𝑚^3. Energy dissipated per unit cycle and unit volume is 

122869 J/𝑚^3  (122 𝑚J/c𝑚^3) and this corresponds to a temperature change of 

𝛥𝑇 ̴ 96 𝑚𝐾. The change in temperature for pump deformation (9%, 0.0728 Hz) was 

also measured experimentally by attaching a temperature probe to the center of the 

sample gauge length and monitoring the temperature change in LabVIEW software 

during the application of a sinusoidal deformation. It was found to be ̴ 0.65 K for a 9% 

strain amplitude (Figure 4.15). While this last value is close to the value estimated by 

Richert [9] in the dielectric experiments on D-sorbitol, it is important to keep in mind 

that a 9% deformation is quite large, and the dielectric experiments are not generally 

as non-linear as are the mechanical measurements.  Furthermore, the Richert [9] work 

estimated the temperature change (0.6 K) needed to cause the shift in the dielectric 

response needed to give the observed holes in the NSHB experiments, but no 

temperature measurements were made. Although an energy dissipation due to pump 

was mentioned to be 12 mJ/cm^3 (corresponding to a temperature change of 9mK) 

which is an order of magnitude less than the energy dissipated in the 9% pump 

experiment of the current work. The hole burning event itself must be reflecting more 

than the absorbed energy which is more related to the hysteric loss of the non-linear 

viscoelastic response of the material, but the origins are unclear as the holes are not 

predicted by the fading memory models such as that given by the BKZ theory. The 

energy absorption estimations show that the energy input is insufficient to cause the 

holes (and a corresponding fictive temperature change), at least far below the glass 

transition, as here, or far above it as in the work of Qian and McKenna[29]. In the 
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Richert dielectric work [9], the shift in horizontal difference i.e. ∆[−log (𝑡/𝑠)] was 

used to estimate the fictive temperature change of 0.6 K for D-sorbitol near β-

relaxation temperature. A similar approach can be applied to PMMA as the 

experimental conditions are close to the β-relaxation temperature of PMMA, which is 

typically around 280 – 290 K [48]. The activation energy of the β-relaxation for PMMA 

is 𝐸𝑎 = 32 kJ/K [48]. The temperature change from Richert’s approach can be estimated 

by using the following equation which follows an Arrhenius behavior, 

𝜕log (𝑡/𝑠)

𝜕𝑇
=
−𝐵

𝑇2
 

Where 𝐵 is 
𝐸𝑎

𝑅
 (𝑅=8.314 J/mol. K) and 𝑇 = 295 K. In the current work we don’t see a 

complete horizontal hole at 9% pump and 0.0728 Hz conditions. Therefore, we use 

data from the 4% pump and 0.0728 Hz experiment to estimate the temperature change 

for which ∆[−log (𝑡/𝑠)] is 0.16 decades (Figure 4.9(a)). For this horizontal difference 

the temperature change would need to be 3.6 K. For a 9% pump amplitude, the 

horizontal difference would be expected to be much larger (Figure 4.9(c)) and hence a 

much higher corresponding temperature change would be needed. It seems that the 

estimates from Richert’s temperature shifting approach for his dielectric data gives 

higher temperatures than are expected upon calculating the absorbed energy of due to 

the system hysteresis, i.e., the fictive temperature changes estimated are larger than the 

actual energy dissipation available to burn the holes. We argue that hole burning is not 

due to change in temperature because insufficient energy is dissipated by the sample, 

yet we get holes. A similar finding was made for a polymer solution [20]. In the present 
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case, the hole burning depends on the type of dynamics, viz., the 𝛽-transition which is 

close to room temperature in PMMA. Future work is planned to investigate both what 

happens when we change temperature to go away from the 𝛽- relaxation as well as to 

examine materials which have very weak such sub-glass relaxations.   

 

Figure 4.14 Lissajous plot for a 9% pump amplitude and 0.0728 Hz 
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Figure 4.15 Temperature change and Stress response for a strain amplitude of 9% at 

0.0728 Hz and 22 oC 

4.5 Conclusions 

     Mechanical spectral hole burning has been applied to amorphous glassy PMMA to 

investigate the non-linear dynamics near to the −relaxation (ambient temperature). 

The effect of pump amplitude and pump frequency have been investigated and 

compared with those obtained from other MSHB and NSHB works. Vertical and 

horizontal hole intensity varied linearly with square of pump amplitude as observed in 

previous works on MSHB and NSHB. Intensity of burned holes and their position 

both varied as a power law with respect to pump frequency. This dependence of hole 
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position on pump frequency is consistent with the nature of dynamic heterogeneity 

being frequency selective. Further, change in local temperature due to application of 

the pump has been calculated and compared using different approaches. It is 

concluded that the energy available in the nonlinear pump deformation cycle is not 

sufficient to change the sample temperature (or fictive temperature) enough that this 

would be the cause of the burned holes in these deep glass region experiments. 
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CHAPTER 5 

 MECHANICAL SPECTRAL HOLE BURNING IN GLASSY 

POLYMERS – INVESTIGATION OF POLYCARBONATE, 

A MATERIAL WITH WEAK β-RELAXATION 

5.1 Abstract 

Mechanical Spectral hole burning (MSHB) has been used to investigate the 

nonlinear dynamics in polymers, ranging from melts, solutions, block co-polymers, 

and glasses. MSHB was developed as an analog to the dielectric spectral hole burning 

method, which is not readily applicable in polymers due to weak dielectric response. 

While similar holes were observed in both mechanical and dielectric hole burning, the 

interpretations were different. In the latter case, it has been argued that the holes are 

related to dynamic heterogeneity as related to an increase in local temperature of 

molecular sub-ensembles (spatial heterogeneity) while in the former case the holes 

have been related to the type of dynamics (rubbery, Rouse etc.). Recent work from our 

labs used MSHB to investigate glassy poly (methyl methacrylate) and showed 

evidence of hole burning and supported the hypothesis that the origin of holes was 

related to dynamic heterogeneity as evidenced by the holes being developed near to 

the strong β-relaxation in PMMA. In the present work MSHB is used to study 

polycarbonate which has a weak β-relaxation, and the results are compared with those 

observed in PMMA. We observe that the polycarbonate exhibits weak holes and the 

nature of the holes with change in pump amplitude and frequency are different than 

observed in PMMA. These results support the hypothesis that the hole burning 

observed in amorphous polymers below the glass transition temperature is related to 
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the strength of the β-transition which, in turn, is related to molecular level 

heterogeneity in the material dynamics. 

5.2 Introduction 

Glasses find extensive application in different fields such as optics, 

pharmaceuticals, electronics and aerospace 1. Polymeric glasses, in the deep glassy 

state exhibit excellent mechanical properties and are commonly used in engineering 

applications. Linear viscoelastic properties of polymers are well characterized by 

mechanical and dielectric spectroscopies, and going beyond linear response, methods 

such as large amplitude oscillatory shear (LAOS) provides information about material 

response under large deformations (non-linear deformation). These LAOS tests have 

been applied to soft materials such as polymer solutions and polymer melts 2, but only 

a few works have reported the non-linear dynamics of polymers in the deep glassy 

state3-5. Hence understanding of non-linear response of glassy polymers is important 

from both fundamental and practical perspectives. 

The non-linear measurements in the field of dielectric spectroscopy are similar 

to LAOS experiments (mechanical counterpart) because of the similar nature for their 

underlying equations 6. The non-linear dielectric response of small molecule glass 

formers (with large dielectric susceptibility) was investigated by Schiener et al7, 8 

through non-resonant spectral hole burning (NSHB). These experiments aimed to 

investigate dynamic heterogeneity 7-12 in the vicinity of the glass transition 

temperature. In NSHB, a large sinusoidal electric field (pump) is applied, followed by 

a short waiting time and then the sample is subjected to a small constant electric field 
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(probe), changing sign in two separate experiments. Then, the after effect on the 

polarization due to the pump is removed by phase cycling, where a similar pump and 

probe sequence is applied but with the probe being of the opposite sign. From these 

two sets of experiments, a modified probe response is obtained which is then 

compared with the unperturbed linear response of the material not subjected to the 

large sinusoidal pump. If the difference between the modified and linear responses 

(either in horizontal or vertical direction) is zero or constant, then it is interpreted as a 

homogenous response. In the homogenous case, the sample responds uniformly to the 

pump and the entire spectrum (modified response) shifts uniformly. However, in the 

case of a heterogenous response, some parts (sub ensembles) are selectively modified 

by the pump and this leads to a non-uniform shift in response and is evidenced by the 

presence of holes. Presence of holes in NSHB experiments has been related to thermal 

energy being dumped in selected regions of the sample upon application of the pump, 

which causes a change in local fictive temperature and corresponding dielectric 

relaxation times. A brief review of NSHB has recently been reported by Chamberlin.13 

NSHB is not commonly applied to polymers because of their low dielectric 

response. For such cases, McKenna and co-workers developed mechanical spectral 

hole burning (MSHB) 14-19 as an analog to NSHB for polymers. Here the sample is 

subjected to a large sinusoidal pump of either strain or stress (analogous to electric 

field in NSHB) followed by a waiting time and then by a small step probe (strain or 

stress). To date, MSHB has been used to investigate several polymeric systems such as 

polymer melt 14, 15, polymer solutions 15-18, block copolymers 19 and even a polymer in 



Texas Tech University, Satish Chandra Hari Mangalara, August 2021 
 

78 
 

the deep glassy state 20. These works on MSHB enhance our understanding of 

dynamic heterogeneity and the possible origin of holes. Shi and McKenna15 burned 

holes far above the glass transition in a long chain branched polyethylene (where 

homogenous dynamics would be expected if the hole-burning requires a local 

temperature inhomogeneity) and in polystyrene solutions and attributed the presence 

of holes to spatial heterogeneity (microstructure and concentration fluctuation though 

space respectively). Further, Shi and McKenna 14, 15 demonstrated that the holes 

burned were not captured by non-linear models such as the Kaye–Bernstein, Kearsley, 

and Zapas (K–BKZ) theory21, 22 and Bernstein–Shokooh stress clock model23. These 

led us to an understanding that holes are not just a manifestation of non-linear 

viscoelasticity arising from the application of the large pump, at least in the present 

framework of constitutive equations tested. In addition MSHB on SIS tri-block 

copolymers (styrene–isoprene–styrene) was performed near the order-disorder 

transition (ODT) temperature 19. Holes were burned below the ODT (ordered state) 

and no holes were observed above the ODT. Qin et al16 examined a series of 

polystyrene solutions in different dynamic regimes and varied the length scale of 

heterogeneity by varying concentration and molecular weight of a series of different 

molecular weight polystyrenes  in solution at different concentrations. Holes were 

observed in the Rouse regime, rubbery plateau regime, and the rubbery to terminal 

transition regime, whereas no holes were observed in the terminal regime, independent 

of the introduced length scales, i.e. the length scale of induced heterogeneity did not 

influence the hole burning event. From these results it was inferred that the dynamic 
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heterogeneity was not necessarily due to spatial heterogeneity as caused by changing 

concentration and molecular weight. Qian et al18 performed MSHB on similar 

polystyrene solutions16  but in a stress-controlled domain and made similar 

conclusions that the dynamic heterogeneity was related to type of dynamics rather 

than increase in fictive temperature due to selective heat dumping. MSHB 

measurements on polystyrene solutions and polybutadiene solutions were compared 

with other nonlinearity characterizing methods which use LAOS, such as Fourier 

transform rheology (FTR) and Lissajous–Bowditch (LB) plots17. The MSHB provides 

additional information that is potentially useful in fingerprinting the non-linear 

response, rather than duplicating the existing results.  

Hole burning has been extended to investigate the non-linear dynamics of 

materials in the deep glassy state. Richert 5 performed NSHB on D-sorbitol near the β-

transition temperature. Holes were observed and were attributed to an estimated local 

temperature change of 0.6 K. Mangalara and McKenna 20 have carried out MSHB on 

PMMA at room temperature (close to the β-transition). Temperature change during the 

application of the pump was directly measured and was found to be 0.65 K for a 9% 

pump deformation. The results were interpreted to imply that the observed 

temperature change was insufficient to cause the holes. It is of interest to ascertain 

whether or not the β-relaxation, related to a dynamic heterogeneity is the cause of the 

burned holes. To this end, in the present work we investigated a polycarbonate 

material at room temperature. Polycarbonate has a weak β-transition (including at 

room temperature) which is due to motions of the chain backbone 3, 24 and the results 
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are compared with the prior results 20 for PMMA which shows a strong β-relaxation 

near to room temperature, which is due to motion of the polymer's side groups.3, 25 

5.3 Experimental Methods 

5.3.1 Materials 

Polycarbonate rods were obtained from K-Mac plastics and machined into a 

cylindrical geometry before testing. Details of the experimental setup are given in 20. 

The glass transition temperature was determined using Mettler-Toledo DSC 1 where 

the heating and cooling rates used were 10 K/min. Mass of the sample was 9.92 mg 

and the Tg for polycarbonate was found to be 144.6 ⁰C (midpoint).  

5.3.2 Rheological Testing 

An RMS 7200 (Rheometrics, Inc.) rotary rheometer was used to perform the 

MSHB and stress relaxation experiments on the polycarbonate sample. Glasses show 

memory and aging effects 26 and, hence, prior to each experiment, the sample was 

heated to 150 ⁰C and held for 60min to remove prior mechanical and thermal histories. 

The sample was then quenched to room temperature where aging begins. The sample 

takes approximately 10 min to cool from 150 ⁰C to ambient temperature. Struik’s 

protocol 27 was followed to account for the aging effects of polymer glasses. A 

constant ageing time of 9000 sec was used 20 while the time for the MSHB/stress 

relaxation experiments themselves were 900 sec. The torsional strain applied on the 

sample varies linearly with the radius and is given by,28 
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𝛾𝑅 =
𝑅𝜃

𝐿
= 𝜓𝑅 

Where, R is the outer radius, L is the gauge length and 𝜃 is angle of twist in radians. R 

= 3mm and L = 30mm were the sample gauge geometries in this study. Finite strain 

rate effects 29 were corrected using 𝑡 −
𝑡1

2
 (with 𝑡1 = 0.07 sec ), which were the same 

parameters used in 20 to obtain true relaxation time. 

Stress relaxation experiments were used in the investigation along with time 

temperature superposition (TTS) 30 to determine the polycarbonate relaxation response 

over a wider range of times than the 900 s duration usable within the Struik protocol 

demanded by the hole burning experiments. As described subsequently, this permitted 

the data range for the determination of the hole burning behavior to be extended to the 

full range of the probe time. 

MSHB tests were performed at frequencies of 0.0728, 0.036, 0.0189 and 

0.0098 Hz. It consists of a series of three experiments as shown in Figure 5.1(a). In the 

first experiment a large sinusoidal strain (pump) is applied followed by a small waiting 

time and then a small (linear deformation) step strain (probe) is applied. Since the 

experiments are strain controlled, we work in modulus space and the resulting 

expression for modulus can be written as, 14, 15, 19 

𝐺+(𝛾, 𝑡) =  𝐺𝑝𝑢𝑚𝑝(𝛾, 𝑡) + 𝐺𝑚𝑜𝑑(𝛾, 𝑡) 
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The second part of the experiment consists of the same sinusoidal pump, waiting time 

and then probe but in the negative direction (Figure 5.1(a)). The expression for 

modulus is given as,14, 15, 19 

𝐺−(𝛾, 𝑡) =  𝐺𝑝𝑢𝑚𝑝(𝛾, 𝑡) − 𝐺𝑚𝑜𝑑(𝛾, 𝑡) 

In order to remove the aftereffects caused by the pump, phase cycling was performed, 

and the modified probe response is given as,14, 15, 19 

𝐺𝑚𝑜𝑑(𝛾, 𝑡) =
𝐺+(𝛾, 𝑡) − 𝐺−(𝛾, 𝑡)

2
 

In the third part of the experiment, only the probe deformation is applied without any 

prior sinusoidal pump deformation. This is referred to as unmodified or unperturbed 

response. This unmodified response (𝐺𝑙𝑖𝑛𝑒𝑎𝑟(𝑡)) is compared with the modified probe 

response (𝐺𝑚𝑜𝑑(𝛾, 𝑡)) which results in holes. Two types of holes can be seen: (i) in the 

horizontal direction log(𝑡)𝑙𝑖𝑛𝑒𝑎𝑟 − log(𝑡)𝑚𝑜𝑑 at a constant modulus; (ii) in the vertical 

direction 𝐺𝑙𝑖𝑛𝑒𝑎𝑟(𝛾, 𝑡) − 𝐺𝑚𝑜𝑑(𝛾, 𝑡) at constant time. Definition of holes are 

schematically described below (Figure 5.1(b)).  
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Figure 5.1 (a) Schematic of mechanical spectral hole burning (Adapted from Schiener 

et al7. Reprinted with permission from AAAS). (b) Schematic of definition of holes 

for PMMA at 4% pump, 0.6% probe, 0.0728 Hz, 22 ⁰C (Reprinted from Mangalara & 

McKenna 20, with the permission of AIP publishing)   
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5.4 Results and Discussion 

5.4.1 Establishing the Linear regime 

The linear viscoelastic regime was identified by performing a set of stress 

relaxation experiments at different strain magnitudes at 22 ⁰C. Figure 5.2 shows shear 

modulus variation with time at different strains. The linear regime is established until 

1.5% strain and deviation from linearity is seen from 2% strain. Other works have also 

reported that linear response is observed below 1.5% strain in polycarbonate.31 from 

this result we can conclude that the step probe of 0.6% strain used in this study is in 

the linear regime 

 

Figure 5.2 Shear modulus vs. time for polycarbonate at 22 ⁰C 
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5.4.2 Time-temperature Superposition 

In order to determine the hole burning response, the long-time behavior of the 

single step stress relaxation response is required, thus we used time-temperature 

superposition (TTS) to create the required long-time relaxation modulus reference 

response. Polycarbonate shows global thermo rheological simplicity due to weak β 

process32. To obtain the master curve using TTS, the polycarbonate was subjected to 

step shear deformation tests at a strain of 0.6% and for a range of temperatures below 

the glass transition from 22 ⁰C to 130 ⁰C. Prior to each experiment the sample was 

quenched to the temperature of interest and aged for 9000 sec, which is 10 times the 

relaxation experiment time of 900 sec. The curves at each temperature were 

superimposed and the produced master curve is shown in Figure 5.3. The reference 

temperature used to construct the master curve was 22 ⁰C. This master curve is useful 

to obtain horizontal holes over an extended timescale. 
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Figure 5.3 (a) Stress relaxation data for polycarbonate at 0.6% deformation at 

different temperatures (b) Master curve of polycarbonate at 0.6% strain and reference 

temperature of 22 ⁰C 

5.4.3 Hole Burning in Polycarbonate 

5.4.3.1 Pump Amplitude Effects 

In the present work, pump amplitudes of 3%, 4%, 5%, 6%, 7.5% and 9% were 

used at four different frequencies to investigate hole burning effects, if any, in 

polycarbonate. Figure 5.4(a) shows clear evidence of vertical holes in the 

polycarbonate response for a pump frequency of 0.0189 Hz. We have hypothesized 

that any holes in the polycarbonate response would be weaker than what was observed 

in PMMA because of polycarbonate having a weaker −relaxation 33, 34 than does 

PMMA.  For comparison Figure 5.4(b) shows the corresponding vertical holes for 
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PMMA 20. For the PMMA the peak intensity can be seen to increase with increase in 

pump amplitude. On the other hand, we see in Figure 5.4(a) that the polycarbonate 

exhibits relatively low amplitude holes. It is important to note that the highest intensity 

hole for PMMA was ∆𝐺𝑚𝑎𝑥~275 MPa (9% pump, 0.0098 Hz), whereas for the 

polycarbonate the highest intensity hole obtained was ∆𝐺𝑚𝑎𝑥~95 MPa for the same 

pump-probe conditions. These results strongly support the hypothesis that the holes in 

the deep glassy state are related to dynamic heterogeneity as reflected in the 

occurrence of a strong β-transition (as seen in PMMA). On the other hand, horizontal 

holes were observed for polycarbonate unlike the case of PMMA for which only 

segments of potential holes were evidenced. Though the horizontal holes in the 

polycarbonate shifted to much longer time scales (greater than experimental time 

scale), the availability of the master curve enabled us to obtain the complete horizontal 

holes. This was not possible for PMMA because of the presence of a strong β-

relaxation at room temperature which precludes the use of time temperature 

superposition to construct a master curve35, 36. In the case of the PMMA, incomplete 

horizontal holes were seen in the accessible experimental time scale. For the 

polycarbonate and the 3% and 4% pump amplitudes, clear horizontal holes were not 

observed and in further analysis of the horizontal holes, these pump amplitudes are not 

considered. Horizontal holes for polycarbonate at 0.0189 Hz are shown in Fig 5.4(c). 

The intensity of the holes is seen to increase with pump amplitude and are shifted to 

longer time scales similar to the case of the vertical holes. Horizontal and vertical 

holes both help to distinguish a heterogenous response from a homogenous one. 
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Temporal shifts are more easily recognized in horizontal holes as they represent a 

direct shift in relaxation times Horizontal holes are more decisive than vertical holes 

as they can directly distinguish homogenous and heterogenous response based on the 

data even for a single pump frequency. But with vertical holes, a frequency varying 

response is needed in order to conclude a heterogenous response.7, 13 
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Figure 5.4 Vertical holes at different pump amplitude at 0.0189 Hz & 22 ⁰C (a) 

Polycarbonate (b) PMMA (Reprinted from Mangalara & McKenna 20, with the 

permission of AIP publishing)   (c) Horizontal holes for Polycarbonate at 0.0189 Hz & 

22⁰C 

The intensity of the vertical holes varied linearly with the square of the applied 

pump strain in PMMA20, except at the lowest frequency. On the other hand, 

polycarbonate did not show the same behavior. Figure 5.5 (a) shows a plot of vertical 

hole intensity with square of strain amplitude. A linear correlation for vertical hole 

intensity with square of pump amplitude was observed up until 6% pump and 

deviation from this behavior can be seen for results above the 7.5% pump amplitude 

(PMMA showed the quadratic dependence on the pump amplitude up to the highest 

pump tested of 9%). For lower frequency, vertical hole intensity started to deviate at 

even lower pump amplitude as seen in the case of 0.0098 Hz. These deviations could 

be due to shear softening. Similar deviations from linear behavior were observed in 

dielectric hole burning of a spin glass 37 and titanium-modified lead magnesium 

niobite ceramic 38. Similarly, the horizontal hole intensity also deviated from the linear 
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dependence on square of pump amplitude from 6% pump strain (Figure 5.5 (b)). These 

deviations are more significant at lower pump frequencies.  Of interest here is that, 

although it was expected that the polycarbonate hole-burning response would be 

weaker than that of the PMMA, it is surprising that the polycarbonate response also 

deviates from the expected 8, 12, 15, 17, 18, 20 scaling behavior that the hole intensity 

should vary with the square of the deformation for the range of pump amplitudes 

investigated. In order to investigate the shear softening behavior in polycarbonate, a 

plot of peak shear stress (sinusoidal deformation) vs. strain (Figure 5.5(c)) was 

constructed. The strain applied on a cylindrical sample is a function of radius and the 

total stress at the edge of the sample is calculated by the equation from Nadai & Wahl 

39 

𝑆𝑟=𝑅 = (
1

2𝜋𝑅3
) (𝜃

𝑑𝑀

𝑑𝜃
+ 3𝑀) 

Where 𝑀 is the torque on the sample and 𝜃 is the angle of twist. Polycarbonate begins 

to soften from around 5% - 6% strain amplitude (Figure 5.5(c)). The softening 

behavior is consistent with the deviations seen in the vertical and horizontal hole 

intensities with applied strain squared. Similar softening was observed at other 

frequencies investigated in the study.  
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Figure 5.5 Pump amplitude dependence of the hole burning response in 

polycarbonate. (a) vertical hole intensity with pump amplitude squared (b) horizontal 

hole intensity with pump amplitude squared (c) Peak shear stress vs. strain amplitude 

at 0.0728 Hz 

5.4.3.2 Frequency effects 

In addition to the amplitude dependence of the hole burning event, it is also of 

interest to examine how the hole amplitude changes with pump frequency. The 

vertical holes obtained at different frequencies at each pump amplitude studied are 

shown in Figure 5.6. Low intensity vertical holes were obtained for the polycarbonate 
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at 3% pump amplitude (figure 5.6(a)). In this case, the applied non-linear deformation 

(3%) was not enough to spectrally modify the response and create a clear vertical 

modification in the polycarbonate under the instrument limitation and experimental 

time scale investigated. As the pump amplitude was increased, a clear vertical 

modification in the form of holes was observed at different frequencies. Peak intensity 

increased with decrease in pump frequency and the position of the holes shifted to 

longer times. In the glassy state molecular mobility is low and relaxation times 

become very long. Thus, the lower pump frequencies (higher time period) can modify 

a greater number of molecules (long relaxation time) and hence higher intensity holes 

are observed at the lower pump frequencies. The variation of vertical hole intensity 

with frequency is shown in Figure 5.7.  For the polycarbonate the hole intensity varies 

as ω−0.39  −  ω−0.13(table 5.1), while for PMMA the variation was as ω−0.52  −

 ω−0.2(Figure 5.7(b)) when the pump amplitude increased from 4% to 9%. The results 

indicate that PMMA shows a larger dependence of vertical hole intensity on frequency 

when compared to polycarbonate reflecting that the underlying dynamics in PMMA 

are more heterogenous and, deep in the glassy state as here, related to the stronger 

−relaxation in PMMA at room temperature than that of polycarbonate which is quite 

weak33, 34.  
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Figure 5.6 Vertical holes for polycarbonate at 22 C (a) 3% (b) 4% (c) 5% (d) 6% (e) 

7.5% (f) 9% pump amplitude 
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Figure 5.7 Vertical hole intensity dependence on frequency (a) Polycarbonate (b) 

PMMA 20 

Table 5-1 Vertical hole dependence on frequency for polycarbonate 

Pump amplitude Frequency dependence 

3% ω−0.33±0.1 

4% ω−0.31±0.07 

5% ω−0.39±0.07 

6% ω−0.13±0.043 

7.5% ω−0.25±0.05 

9% ω−0.2±0.03 

 

Horizontal hole intensities at different pump amplitudes are shown in figure 

5.8 for the polycarbonate. Hole intensity was found to increase with decrease in pump 

frequency and the holes shifted to longer times. Clear horizontal holes were not 

observed for the 3% and 4% pump amplitudes and are not reported. Horizontal holes 
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varied with frequency as ω−1.27  −  ω−0.66 when the pump amplitude varied from 5% 

to 9% (Figure 5.9). In the case of PMMA, complete horizontal holes were observed 

only at 4% and 6% pump. From the results obtained for PMMA and polycarbonate, 

we do not observe any correlation between frequency variation of horizontal and 

vertical holes, and this precludes a comparison of polycarbonate with PMMA.  

 

 

Figure 5.8 Horizontal holes in polycarbonate at different frequency levels (a) 5% 

pump (b) 6% pump (c) 7.5% pump (d) 9% pump 
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Figure 5.9 Horizontal hole intensity dependence on frequency for polycarbonate 

5.4.4 Lissajous Loops and Pump Energy Dissipation 

Lissajous loops at different sinusoidal pump strain are shown in figure 5.10(a). 

The energy dissipated through the application of sinusoidal pump was calculated from 

the Lissajous-Bowditch plot and is compared with PMMA (Figure 5.10(b)). The 

energy dissipated in a Lissajous loop for a strain amplitude in the linear regime can be 

calculated from the following equation: 

E = π(γ2) (G′′) 

Where γ is strain amplitude and G′′ is loss modulus. But in the current work 

the strain amplitudes reached were in the non-linear regime. Hence the energy loss 

was calculated from the measured Lissajous figures by calculating the area enclosed 
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by the Lissajous loops. For smaller strain amplitudes (3%, 4% and 5%), a quadratic fit 

was made to the torque vs strain data and the area enclosed was calculated. For higher 

strains (6%, 7.5% and 9%), a cubic fit was used to obtain a better fitting for the torque 

vs strain data and the corresponding area enclosed was obtained. This area gives the 

energy dissipation in a Lissajous loop. Similar calculations were performed in our 

previous work on PMMA.20 Energy dissipated per unit cycle for 9% pump amplitude 

at 0.0728 Hz for polycarbonate (area enclosed by the Lissajous loop) was found to be 

455.24 x 10^(−4)   J. The volume of the polycarbonate sample was 

8.48 x 10^(−7) 𝑚^3. Therefore, the energy dissipated per cycle per unit volume is 

53680 J/𝑚^3. Density and heat capacity for polycarbonate are 1178 Kg/𝑚^ 40and 

1200 
J

𝐾𝑔.𝐾
 41 respectively and this would result in a local temperature change of 

 ̴ 38 𝑚𝐾. Mangalara and McKenna 20 performed similar energy calculations on 

PMMA and reported an expected temperature change of   ̴ 96 𝑚𝐾 from the Lissajous 

loop for a 9% pump amplitude and 0.0728 Hz. In fact, the temperature change in 

PMMA due to application of 9% strain deformation was found to be 0.65K 

experimentally. Such temperature change magnitude (0.6 K) was estimated by Richert 

5 for D-sorbitol near the β-transition temperature to cause the observed holes using 

NSHB.  Mangalara and McKenna 20concluded that the local temperature change due 

to energy input itself was not enough to burn holes, while works on dielectric NSHB 

attributed holes to the rise in local temperature caused by application of a pump. A 

comparative study of temperature change in both NSHB and MSHB was made 20 and 

the estimated temperature change 5 required to burn holes could not be reached 
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through the hysteretic loss during the pump application. Therefore, they 20 interpreted 

the results to support the hypothesis that the dynamic heterogeneity that causes holes 

is a result of the dynamic regime being probed rather than a local fictive temperature 

change. The energy dissipated and corresponding rise in temperature calculated from 

the Lissajous loops for different pump amplitudes are summarized in table 5.2. 

Table 5-2 Energy dissipated and corresponding temperature rise calculated from the 

measured Lissajous loops for different pump amplitudes 

Pump amplitude Energy dissipated (J/m^3) ΔT (mK) 

3% 2438.44 1.72 

4% 5408.49 3.82 

5% 12113.63 8.57 

6% 20681.7 14.63 

7.5% 37880.24 26.78 

9% 56167.41 39.73 
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Figure 5.10 Torque Vs Strain (Lissajous plot) (a) at different pump amplitudes for 

polycarbonate (b) at 9% pump amplitude and 0.0728 Hz for polycarbonate and 

PMMA. PMMA data from 20 
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Hole intensity variations with energy dissipation due to application of pumps at 

0.0728 Hz were also obtained and the results are shown in Figure 5.11. Both vertical 

and horizontal hole intensities varied linearly up to 6% strain and started to deviate at 

higher pump amplitude. These results are consistent with the previous findings on 

variation of peak intensities with square of pump amplitude. 

 

Figure 5.11 Hole intensity variation with energy dissipated in a Lissajous loop at 

0.0728 Hz. (a) vertical hole intensity (b) horizontal hole intensity 

5.5 Summary and Conclusions 

Mechanical spectral hole burning experiments have been performed using 

polycarbonate material and the results are compared with those for PMMA. Unlike the 

case for PMMA in the deep glassy state, the polycarbonate shows weaker holes and 

the peak intensity (horizontal and vertical) show a linear dependence on square of 

applied strain but deviates at higher strain amplitudes which was not seen in the case 

of PMMA. This latter result is unexpected and requires further exploration. These 
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findings suggest that a weaker β-transition would result in weaker holes which 

supports the hypothesis that the hole burning observed in amorphous polymers below 

the glass transition temperature is related to dynamic heterogeneity related to the 

strength of the β-transition rather than the dynamic heterogeneity as related to 

selective heat dumping. Finally, energy dissipation due to application of the sinusoidal 

pump has been calculated and compared with that of PMMA and the calculated local 

temperature change is insufficient to burn holes. Hole intensities varied linearly with 

energy dissipated but started to deviate above 6% pump amplitude. These deviations 

are consistent with the hole intensity variation with applied strain squared. Further 

experiments at different temperature and different materials (based on their β-

transition strength and position) are to be performed to obtain more insights into how 

the nature of β-transition in the deep glassy state is related to dynamic heterogeneity 

which causes the hole burning rather than change in local fictive temperature. 
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CHAPTER 6 

 LARGE AMPLITUDE OSCILLATORY SHEAR TO 

INVESTIGATE THE NONLINEAR 

RHEOLOGY OF POLYMER GLASSES - PMMA 

6.1 Abstract 

Small amplitude oscillatory shear (SAOS) tests provide a complete framework 

to characterize a viscoelastic material in linear regime. Nonlinear viscoelasticity is 

explored via large amplitude oscillatory shear tests (LAOS) in which the material is 

subjected to large sinusoidal strain amplitudes and the resulting non sinusoidal stress 

waveform is analyzed. LAOS test have been applied on various types of viscoelastic 

materials and have employed Fourier transform method to characterize the 

nonlinearity by the occurrence of higher order harmonics. Other works have attempted 

to improve the existing Fourier transform method and have also introduced new 

methods to characterize the nonlinearity which can provide a physical significance to 

the parameters involved. Yet very few attempts were made to describe the nonlinear 

viscoelasticity in glassy polymer within the LAOS framework. In this work the 

nonlinearity in glassy poly (methyl methacrylate) (PMMA) is characterized 

qualitatively and quantitatively by methodologies such as Lissajous Bowditch (LB) 

plot, Fourier transform rheology (FTR) and Chebyshev polynomial method. The stress 

response from the LAOS tests are also compared with those predicted by the nonlinear 

constitutive model of BKZ. We report the absolute intensity of the harmonics and their 

variation with the strain amplitude. For PMMA, the normalized third harmonic 

intensity, which characterized nonlinearity, does not follow a quadratic dependence on 
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strain amplitude as observed in several other materials. Chebyshev polynomial method 

provide with a physical interpretation via normalized third order Chebyshev 

coefficients which were calculated using MITLAOS program. Normalized elastic 

Chebyshev coefficients showed strain softening, while shear thinning behavior was 

observed from normalized viscous Chebyshev coefficients for PMMA with increase in 

strain amplitude. We have also compared the FTR and Chebyshev methodology for a 

pure elastic material and have shown that the Chebyshev analysis can effectively 

output nonlinearity as contributed by elastic and viscous parts, while the harmonic FT 

analysis characterizes nonlinearity as a combined effect. 

6.2 Introduction 

Polymeric glasses show excellent mechanical properties due to which they find 

wide range of  applications in automobile and electronic industry 1. The processing 

and end use of any polymer depends on appropriate mechanical characterization 

techniques such as rheology2. Dynamic oscillatory tests are commonly employed in 

rheology to characterize the viscoelastic response of wide range of materials such as 

polymer melts3, solutions4, emulsions5  and block copolymer solutions6. In these tests 

the material is subjected to a sinusoidal time dependent deformation and the resulting 

response is measured. Then, the material properties such as storage modulus 𝐺′(𝛾, 𝜔) 

and loss modulus 𝐺′′(𝛾, 𝜔) can be calculated and, potentially, interpreted. In case of 

linear rheology, small amplitude oscillatory shear tests (SAOS) have been employed 

to investigate the linear viscoelastic properties. Small strain (sinusoidal deformation) 

amplitudes are used in SAOS so that the material shows a linear response i.e. the 
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storage or loss modulus doesn’t depend on the applied strain amplitude (𝐺′(𝜔), 

𝐺′′(𝜔)), and the resulting stress waveform is sinusoidal7. Linear rheology has been 

explored in great depths8,9 and has a firm theoretical background10,11 with the result 

that the SAOS test provides a complete framework to characterize polymeric materials 

in the linear regime.  

In general, in processing and applications, the material is often subjected to 

large deformations and hence the linear viscoelastic properties do not completely 

characterize the viscoelastic response. Under large deformations, nonlinear behavior is 

observed and the material properties will also depend the applied deformation 

(𝐺′(𝛾, 𝑡) 𝐺′′(𝛾, 𝑡))7. Nonlinear viscoelasticity is being increasingly explored via large 

amplitude oscillatory shear tests (LAOS) in which the material is subjected to large 

sinusoidal strain amplitudes and the resulting non sinusoidal stress waveform is 

analyzed. LAOS tests have been performed on several viscoelastic materials such as 

natural rubber filled with carbon black particles12,13, suspensions14, polymer 

solutions4,15, polymer melts4, disperse particles in polymer solutions16,17 and 

emulsions18. These earlier works employed Fourier transform (FT) analysis to 

characterize the non-sinusoidal (distorted sinusoidal) stress response. The Fourier 

transform spectrum gives information about the harmonics (peaks at frequencies), 

harmonic intensities and the phase lag. The observed non-linearity is characterized by 

the presence of higher harmonics in the Fourier transformed spectra. In the early 

LAOS works experimental limitations such as limited range of torque transducers and 

analysis limitation of early computer capacity for the required calculations needed to 
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characterize the non-linear viscoelasticity were frequently encountered. In the early 

1990’s, Dealy & Giacomin19-22 used a sliding plate rheometer (SPR) to conduct LAOS 

tests on polymer melts and employed Fourier transform analysis to analyze the stress 

waveforms. The shear stresses in the SPR include error from flow heterogeneities at 

sample edges and, in order to negate this error, they invented a shear stress transducer 

which also enabled them to measure stress response for highly viscous materials even 

at high deformations. This helped to precisely determine the nonlinearity using the 

improved electronics and software availability. However, the SPR in the Dealy and 

Giacomin configuration had limitations for dispersed systems or polymer solutions 

which had low viscosity where poor signal to noise ratio was observed. LAOS 

methods were possibly revolutionized when Wilhelm, et al in 199823 built on NMR 

techniques to develop a very highly sensitive FT rheology method. That work reported 

improvements in the detection systems by employing oversampling techniques using 

high performance ADC (analog to digital) cards and a special FT algorithm. With 

these changes, the signal to noise ratio improved by at least 2 decades over the 

conventionally available rheometry then available. Highly sensitive FT rheology 

experiments were performed on several polymeric systems2,24,25 and the non-linear 

waveforms were characterized. 

LAOS methods have been used to characterize a wide range of viscoelastic 

materials. But very few works have demonstrated the nonlinear behavior in glassy 

polymers. Davis and Macosko26 investigated the nonlinear dynamic moduli for hollow 

cylinders of polycarbonate and poly(methyl methacrylate) (PMMA) from Tg to below 
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their β-transition temperatures using LAOS tests. Lee27 and coworkers used an optical 

photobleaching technique to measure the segmental dynamics in PMMA during 

uniaxial creep deformation at temperatures of 9K to 20K below Tg. Richert28 used 

dielectric hole burning (NSHB) to investigate the spectral selectivity of the molecular 

glass d-sorbitol to study sub-Tg dynamics. More recent works from Mangalara & 

McKenna29,30 reported results from mechanical spectral hole burning (MSHB) 

experiments on PMMA29 and polycarbonate30 in the deep glassy state, to investigate 

the molecular level heterogeneities in material dynamics which were related to the 

strength of their β relaxations. The hole burning methodology essentially involves the 

comparison between the time dependent response with and without a prior high 

amplitude sinusoidal voltage (NSHB) or deformation (MSHB). Shamim and 

McKenna31 performed MSHB on polymer solutions and compared the nonlinear 

response with other LAOS based characterization methods such as Lissajous-

Bowditch (LB) loops and FTR. They showed the similarities and differences between 

how these methods fingerprint the nonlinear response and concluded that the hole 

burning spectroscopy complemented the LAOS fingerprinting7,32,33. Because of the 

wide use of glassy polymers in situations where the nonlinear viscoelastic response is 

important, having additional tools to build understanding of their behavior is 

important. Hence, it is of interest to explore the behavior of glassy polymers in the 

LAOS framework, which has not been previously undertaken. In the present work, we 

use the LAOS tests to characterize the nonlinearity in PMMA using powerful 

techniques such as, Lissajous loop33-36, FTR2,23,24 and Chebyshev polynomial 
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method32,33. We also compare the obtained stress response with predictions from the 

nonlinear viscoelastic constitutive model first proposed by Bernstein, Kearsley and 

Zapas (BKZ)37,38. Of interest is to compare the nonlinear characterization 

methodologies of FTR and Chebyshev polynomial method for an elastic type of 

material. This would give insights into whether the methods would output nonlinearity 

as contributed by elastic and viscous part separately, or a combination of both.  

6.3 Experimental and Methods 

6.3.1 Experimental and Rheological testing 

PMMA rods were procured from Cadillac Plastics and were machined using a 

lathe into cylindrical rods with a gauge length of 30 mm and gauge diameter of 

4.5mm. These samples were custom machined to be mounted onto a Rheometrics 

Mechanical Spectrometer – RMS720039.The Tg for PMMA was found to be 123.1 oC 

(midpoint) and the samples were annealed above the Tg for 1 hr. and cooled down to 

room temperature (22 oC) before testing. As glassy materials evolve towards 

equilibrium, the Struik protocol40 was followed in order to test the samples at the same 

non-equilibrium condition of the glass41. PMMA sample preparation for each LAOS 

test is described in detail in the previous work29 where the sinusoidal strain "pump" 

was applied for the original purpose of studying the hole burning response in the 

PMMA. The torsional strain applied on the cylindrical sample is given by, 

𝛾𝑅 =
𝑅𝜃

𝐿
= 𝜓𝑅 
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Where, R (2.25mm) is the outer gauge radius, L (30mm) is the gauge length and 𝜃 is 

angle of twist in radians. The RMS7200 machine has a torque capacity of 20,000 gm-

cm which enables us to go into the large deformation, nonlinear regime, even in glassy 

materials. But one limitation is that the deformation can be given only in the form of 

steps, i.e. it is not possible to give a smooth sinusoidal deformation (strain) onto the 

sample on the modified RMS rheometer, which uses a numerical control system that 

puts out a string of digital information to a servo-controlled motor. Therefore, a 

sinusoidal strain deformation is constructed using a series of small step deformations. 

The time gap between the steps is adjusted to obtain the desired frequency of the sine 

wave. The input strain deformation for a 9% strain amplitude and 0.0728 Hz is shown 

in Figure 6.1, where we see the sine wave at the shown conditions is made up of 49 

steps which are equally spaced in time. 



Texas Tech University, Satish Chandra Hari Mangalara, August 2021 
 

113 
 

 

Figure 6.1  Sinusoidal strain input at 9% amplitude and 0.0728 Hz 

6.3.2 Data Analysis 

6.3.2.1 Fourier Transform Rheology (FTR) 

Fourier transform rheology was introduced by Wilhelm2,23,24 to characterize 

material nonlinearity. The important parameters for the FTR come from a harmonic 

analysis of the distorted sinewave due to the material nonlinearity. Even though it was 

early recognized that the extracted parameters are difficult to relate to physically 

meaningful parameters, the FT Rheology has become a widespread means of 

fingerprinting material nonlinear behavior. In FTR the nonlinearity is characterized by 

the occurrence of higher harmonic terms (I3) in the Fourier spectra of the stress 

response. The normalized intensity (I3/I1) is plotted strain amplitude and several works 
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have reported a quadratic dependence31,42,43. Deviations from this behavior were also 

seen for increasing values of strain. A mathematical description of how the normalized 

harmonic intensity depends on strain is shown below.  

Viscoelastic shear response can be written as a Fourier series expansion7,42. The 

Fourier series expansion is characterized by the odd higher harmonic contributions of 

stress amplitude & phase shifts because of the odd symmetry of stress with respect to 

shearing direction, and is written as 

𝜎(𝑡) = ∑ 𝜎𝑛 sin(𝑛𝜔𝑡 + 𝛿𝑛)𝑛=1(𝑜𝑑𝑑)       (6.1) 

Expanding eq 6.1 and writing in terms of absolute harmonic intensities, we get 

𝐼1 = √(𝜎1cos (𝛿1))2 + (𝜎1sin (𝛿1))2  

                     𝐼3 = √(𝜎3cos (𝛿3))2 + (𝜎3sin (𝛿3))2                    (6.2) 

𝐼1&𝐼3 are the 1st and 3rd harmonic intensities in the Fourier spectra.  

The nonlinear stress response can also be written in the form of a power series as 

described by Pearson and Rochefort43.    

𝜎(𝑡) = ∑ ∑ 𝛾0
𝑛(𝐺′𝑛𝑚(𝜔) sin(𝑚𝜔𝑡) + 𝐺

′′
𝑚𝑛 cos(𝑚𝜔𝑡)) 

𝑛
𝑚(𝑜𝑑𝑑)𝑛(𝑜𝑑𝑑)        (6.3) 

Where 𝐺′&  𝐺′′ are nonlinear material functions. The nonlinear viscoelastic shear 

stress response expands as odd higher terms in power of strain as shown by Eq 6.342,43. 

The authors refer the reader to the review article by Hyun et al7 and the paper by 

Pearson and Rochefort43 to understand the mathematical derivations in detail. 
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Comparing the coefficients in expansion of power series (eq 6.3) and Fourier series 

(eq 6.1) the relative harmonic intensity can be written as, 

𝐼3
𝐼1
=

√(𝐺′
33
𝛾0
3 + 𝐺′53𝛾0

5+. . )2 + (𝐺′′
33
𝛾0
3 + 𝐺′′53𝛾0

5+. . )2 

√(𝐺′
11
𝛾0 + 𝐺′11𝛾0

3+. . )2 + (𝐺′
11
𝛾0 + 𝐺′31𝛾0

3+. . )2
 

=
√(𝐺′2

33
+ 𝐺′′33 + 𝑂(𝛾0

2)

√(𝐺′2
11
+ 𝐺′′11 + 𝑂(𝛾0

2)

𝑥
𝛾0
3

𝛾0
 

𝐼3

𝐼1
= 𝑄(𝜔, 𝛾0)𝛾0

2                                 (6.4) 

The ratio of 
𝐼3

𝐼1
 is used to characterize the nonlinearity in FTR. Higher harmonics are 

also obtained at higher nonlinear deformations, but they decay very rapidly due to 

which expansion is carried only till third harmonic. At low strain amplitudes, 

𝑄(𝜔, 𝛾0) → 𝑄0(𝜔) and 
𝐼3

𝐼1
 varies quadratically with input strain amplitude. 

6.3.2.2 Chebyshev Polynomials 

FT rheology characterizes nonlinearity in terms of intensity of normalized 

harmonics, but as was early recognized, they do not provide any physical 

interpretation7,32,46. Other methods such as decomposition of stress waveform into 

characteristic functions,5,47 defined by a set of sine, rectangular, triangular and saw 

tooth shaped waves gives an insight into physical phenomena but the basis functions 

are not orthogonal. Cho et al48 developed a stress decomposition method where the 

nonlinear stress response is decomposed into elastic and viscous components. Again, 
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the drawback of this method is that the material parameters obtained from the 

decomposition are not unique because of the basis function being nonorthogonal33,49. 

Hence to decompose the nonlinear stress response, the basis functions should exhibit 

orthogonality over a finite domain in order to obtain unique coefficients and the basis 

functions should also exhibit the odd symmetry with respect to strain. The use of 

Chebyshev polynomials of the 1st kind addresses the required criteria of a basis 

function and can describe the stress response in orthogonal space formed by strain and 

strain rate. The first few Chebyshev polynomials which show odd symmetry are50, 

𝑇1(𝑥) = 𝑥 ;  𝑇3(𝑥) = 4𝑥3 − 3𝑥 ; 𝑇5(𝑥) = 16𝑥
5 − 20𝑥3 + 5𝑥 ;  𝑇𝑛+1(𝑥)

= 2𝑥𝑇𝑛(𝑥) − 𝑇𝑛−1(𝑥) 

These Chebyshev polynomials with weighting coefficients are used to construct elastic 

and viscous stress which is given as, 

𝜎′(�̅�) = 𝛾0 ∑ 𝑒𝑛(𝜔, 𝛾0)

𝑛,𝑜𝑑𝑑

𝑇𝑛(𝑥) 

𝜎′′(�̅�) = �̇�0∑ 𝑣𝑛(𝜔, 𝛾0)𝑛,𝑜𝑑𝑑 𝑇𝑛(𝑥)     (6.5) 

�̅� =
𝛾

𝛾0
 , �̅� =

�̇�

𝛾0̇
, 𝑇𝑛(𝑥) are nth order Chebyshev polynomial, 𝑒𝑛 represent elastic 

Chebyshev coefficients & 𝑣𝑛 represent viscous Chebyshev coefficients. 𝑒𝑛 and 𝑣𝑛 are 

independent of each other as the basis functions are orthogonal and hence, we get 

unique material functions. Linearity in stress response can be described as 
𝑒3

𝑒1
 & 

𝑣3

𝑣1
≪

1. For describing nonlinear stress waveforms, third order coefficients, 𝑒3 & 𝑣3 are used 
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corresponding to 𝑇3(𝑥). These elastic and viscous Chebyshev coefficients are directly 

related to Fourier transform coefficients as follow33, 

𝑒𝑛 = 𝐺𝑛
′ (−1)

𝑛−1
2   ; 𝑛 = 𝑜𝑑𝑑 

           𝑣𝑛 =
𝐺𝑛
′′

𝜔
  ; 𝑛 = 𝑜𝑑𝑑                  (6.6) 

The sign of the 3rd order Chebyshev coefficients gives us the physical interpretation 

which is not apparent from the harmonics data. A positive contribution from 𝑒3 would 

result in a higher stress at maximum strain than represented by just the 1st harmonic. 

Hence, this would lead to strain stiffening. Similar analysis holds true for a positive 

contribution of 𝑣3 which would result in shear thickening. A complete interpretation 

of the Chebyshev coefficients is as follow, 

𝑒3 = 𝐺3
′ {
> 0  𝑆𝑡𝑟𝑎𝑖𝑛 𝑠𝑡𝑖𝑓𝑓𝑒𝑛𝑖𝑛𝑔
= 0         𝑙𝑖𝑛𝑒𝑎𝑟 𝑒𝑙𝑎𝑠𝑡𝑖𝑐
< 0  𝑆𝑡𝑟𝑎𝑖𝑛 𝑠𝑜𝑓𝑡𝑒𝑛𝑖𝑛𝑔

 

𝑣3 =
𝐺3
′′

𝜔
{
> 0  𝑆ℎ𝑒𝑎𝑟 𝑡ℎ𝑖𝑐𝑘𝑒𝑛𝑖𝑛𝑔
= 0        𝑙𝑖𝑛𝑒𝑎𝑟 𝑣𝑖𝑠𝑐𝑜𝑢𝑠
< 0      𝑆ℎ𝑒𝑎𝑟 𝑡ℎ𝑖𝑛𝑛𝑖𝑛𝑔

 

6.3.2.3 BKZ Nonlinear Constitutive Model 

BKZ model37,38 provides with a useful framework for the phenomenology and, 

though there has been much work in developing nonlinear constitutive models in the 

literature, full success remains elusive. Thus, taking a model which is well known, and 

straight-forward to obtain material parameters and to calculate complicated 

deformation histories, makes it a good framework for evaluating both the material 
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behavior and the methods of analysis. The BKZ model is known to predict the 

behavior in branched LDPE51-53 in reversing flow histories but do not work for linear 

polymers52-54. BKZ nonlinear model predictions have been seldom explored in the 

glassy regime55 and therefore it is of interest to evaluate the BKZ predictions of the 

LAOS loops and its corresponding harmonic contributions for PMMA subjected to a 

sinusoidal deformation.  

The sinusoidal strain is loaded in the form of small steps as discussed in sec. 6.3.1. 

The deformation history to build a sine waveform can be written as 

𝛾(𝑡) =  

{
 
 
 
 

 
 
 
 

0 −  ∞ < 𝜏 < −𝑡1
𝛾1  − 𝑡1  ≤ 𝜏 ≤ −𝑡2
𝛾2  − 𝑡2  ≤ 𝜏 ≤ −𝑡3
𝛾3  − 𝑡3  ≤ 𝜏 ≤ −𝑡4

.

.

.
𝛾𝑛   − 𝑡𝑛−1  ≤ 𝜏 ≤ −𝑡𝑛
0                  𝜏 ≥ 0

           (6.7) 

𝜏 is elapsed time and 𝑛 is the number of steps in which the sine wave is constructed. 

BKZ prediction for simple shearing deformations can be expressed as55,56 

𝜎(𝑡) = ∫ −𝐾∗[
𝑡

−∞
 𝛾(𝑡) − 𝛾(𝜏), (𝑡 − 𝜏)]𝑑𝜏                  (6.8) 

Where 𝛾(𝑡) − 𝛾(𝜏) is relative strain, 𝐾∗ is partial derivative of shear stress relaxation 

function. For 𝜏 ≥ 0, 𝛾(𝑡) = 𝛾(𝜏) = 0, which is the deformation at the end of sine 

wave. Eq 6.8 simplifies to 

𝜎(𝑡) = ∫ −𝐾∗[
0

−∞
 𝛾(𝑡) − 𝛾(𝜏), (𝑡 − 𝜏)]𝑑𝜏             (6.9) 
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Performing a variable transformation and defining ξ =  t − τ 55, and expanding eq 6.9, 

we get 

𝜎(𝑡) = ∫ −𝐾∗[
𝑡+𝑡1
∞

 𝛾1 − 0, 𝜉]𝑑𝜉 + ∫ −𝐾∗[
𝑡+𝑡2
𝑡+𝑡1

 𝛾2 − 𝛾1, 𝜉]𝑑𝜉 + ∫ −𝐾∗[
𝑡+𝑡3
𝑡+𝑡2

 𝛾3 − 𝛾2, 𝜉]𝑑𝜉 +

                                                                              …+∫ −𝐾∗[
𝑡+𝑡𝑛
𝑡+𝑡𝑛−1

 𝛾𝑛 − 𝛾𝑛−1, 𝜉]𝑑𝜉      (6.10) 

For constant relative strain, the integrand is an exact differential and eq 6.10 can be 

written as 

𝜎(𝑡) = 𝐾[𝛾1 − 0, 𝑡 + 𝑡1] − 𝐾[𝛾1 − 0,∞] + 𝐾[𝛾2 − 𝛾1, 𝑡 + 𝑡2] − 𝐾[𝛾2 − 𝛾1, 𝑡 + 𝑡1] +

⋯+ 𝐾[𝛾𝑛 − 𝛾𝑛−1, 𝑡 + 𝑡𝑛] − 𝐾[𝛾𝑛 − 𝛾𝑛−1, 𝑡 + 𝑡𝑛−1]       (6.11) 

At long times, i.e. 𝑡 → ∞, stress relaxes to zero, i.e. 𝐾[𝛾1 − 0,∞] = 0 

Functional form of 𝐾 can be written as56, 

𝐾[𝛾, 𝑡] = 𝐺(𝛾, 𝑡)𝛾        (6.12) 

Assuming a time strain separability, and writing modulus as a stretched exponential 

KWW function57-59 

𝐺(𝛾, 𝑡) = 𝐺(𝑡)ℎ(𝛾) 

    𝐺(𝑡) = 𝐺0𝑒
−(

𝑡

𝜏
)
𝛽

, ℎ(𝛾) =
1

1+𝑎𝛾2
         (6.13) 

𝐺0 is initial value of shear modulus relaxation function, 𝜏 is the characteristic 

relaxation time, 𝛽 defines the shape of the relaxation curve, ℎ(𝛾) is the damping 

function and 𝐺(𝛾, 𝑡) is the shear modulus function. The empirical form of  ℎ(𝛾) 
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(sigmoidal) and the time strain separable 𝐺(𝛾, 𝑡) is obtained from previous work on 

LDPE 52 but it doesn’t hold true for polymer glasses. Therefore, in order to reduce the 

error, we assume 𝐺(𝛾, 𝑡) as a sum of two separate modulus functions and damping 

functions given as 

𝐺(𝛾, 𝑡) = 𝐺1(𝑡)ℎ1(𝛾) + 𝐺2(𝑡)ℎ2(𝛾) 

                  = (𝐺01𝑒
−(

𝑡

𝜏1
)
𝛽1

) ( 
1

1+𝑎1𝛾2
) + (𝐺02𝑒

−(
𝑡

𝜏2
)
𝛽2

) ( 
1

1+𝑎2𝛾2
)      (6.14) 

Stress response can be predicted using, 

𝜎[𝛾, 𝑡] = 𝐺(𝛾, 𝑡)𝛾       (6.15) 

𝛾 is a sinusoidal strain input. This predicted response (eq 6.15) is compared with the 

experimentally obtained LAOS loops. 

6.4 Results and Discussion 

Nonlinearity has been fingerprinted using LB loops, FTR and Chebyshev 

polynomials.  In the following section, we start with the fundamental ideas of 

fingerprinting nonlinearity i.e. LB loops. They provide us with a visual description of 

nonlinearity through the distortion in the elliptical curves. Such interpretation in 

glasses have not been reported before.  

6.4.1 Lissajous Loops and BKZ Prediction 

Lissajous loops34,35 provide with a simple graphic interpretation of the 

nonlinearity. They provide with a qualitative analysis of nonlinearity7. Mckinley and 
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coworkers7,33 have emphasized the usefulness of LB loops in fingerprinting the 

material response. Harmonic contributions to the stress waveform can be visualized 

qualitatively from a simple stress Vs strain plot. An elastic response would result in a 

straight line without any hysteresis. In case of viscoelastic response, loops are 

obtained. For small strain amplitudes (linear viscoelastic regime), an elliptical 

Lissajous loop is observed, but an increase in strain amplitude (nonlinear regime) 

would cause distortion to the elliptical shape7,33,60. Lissajous loops for PMMA glass 

and its corresponding BKZ prediction at different frequencies are shown in Figure 6.2. 

Distortion at 2% and 4% pump is not visually evident, and hence more sophisticated 

method, such as FT rheology or Chebyshev polynomial method is needed to 

characterize the small nonlinearity. In case of 6% and 9% strain amplitude, clear 

distortion from elliptical shape is noticed which qualitatively describes the 

nonlinearity. Similar scenario is seen in the BKZ predicted Lissajous loops. But the 

non-linearity from BKZ predictions are more compared to actual experimental data 

which is seen in the form of higher distortions seen at 6% and 9% strain amplitude. 

BKZ model does not precisely predict the experimental data but gives a reasonable 

prediction of the peak stress amplitudes. To predict the stress from BKZ model, eq 

6.14 & 6.15 are used. The parameters used in BKZ modelling are summarized in 

Table 6.1. 
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Table 6-1 Summary of BKZ model parameters used to predict the stress response at 

different pump amplitudes and frequencies 

Strain 

amplitude 

𝐺01 

(Pa) 

𝛽1 𝜏1(sec) 𝑎1 𝐺02 (Pa) 𝛽2 𝜏2 

(sec) 

𝑎2 

0.0728 Hz 

2% 109 0.3 80 40 7 ∗ 108 0.3 80 45 

4% 109 0.3 80 50 7 ∗ 108 0.3 80 60 

6% 109 0.3 80 50 7 ∗ 108 0.3 80 60 

9% 109 0.3 80 55 7 ∗ 108 0.3 80 65 

0.036 Hz 

2% 109 0.3 80 20 7.5 ∗ 108 0.3 80 30 

4% 109 0.3 80 40 7.5 ∗ 108 0.3 80 50 

6% 109 0.3 80 50 7.5 ∗ 108 0.3 80 60 

9% 109 0.3 80 65 7.5 ∗ 108 0.3 80 70 

0.0189 Hz 

2% 109 0.3 80 20 8 ∗ 108 0.3 80 30 

4% 109 0.3 80 40 8 ∗ 108 0.3 80 50 

6% 109 0.3 80 60 8 ∗ 108 0.3 80 65 

9% 109 0.3 80 60 8 ∗ 108 0.3 80 65 

0.0098 Hz 

2% 109 0.3 80 10 8.5 ∗ 108 0.3 80 15 
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4% 109 0.3 80 20 8.5 ∗ 108 0.3 80 30 

6% 109 0.3 80 55 8.5 ∗ 108 0.3 80 60 

9% 109 0.3 80 55 8.5 ∗ 108 0.3 80 60 
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Figure 6.2 Lissajous loops and BKZ predictions for (a) 0.0728 Hz (b) 0.036 Hz (c) 

0.0189 Hz (d) 0.00978 Hz 

6.4.2 Fourier Transform Analysis 

The Fourier transform analysis of the distorted sine wave in stress that results from 

a deformation controlled sinusoidal strain input frequently uses the ratio of intensity of 

the third harmonic to the first harmonic 
𝐼3

𝐼1
= 𝐼3/1 as a major indicator of the strength of 

the nonlinearity in the material of interest. In the linear viscoelastic region, this ratio is 

zero as 𝐼3 = 0 because there is no distortion in the stress waveform. In case of the 

nonlinear region, distortion is seen in the stress waveform which leads to the 

occurrence of odd higher harmonics in the FT spectrum. The intensities of these 

harmonics vary with the amplitude of applied strain and frequency. The intensity of 
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the third harmonic is dominant when compared to other harmonics as they decay 

quickly. The magnitude of 𝐼3/1 is expected to scale quadratically with the strain 

amplitude at small and intermediate strains7,42 as shown mathematically in Section 

6.3.2.1. The quadratic scaling has been reported for polymer melts such as linear 

polypropylene43, polystyrene43 and comb polystyrene42. But in case of branched 

polypropylene, scaling of 𝐼3/1 with strain amplitude43,61 was not observed to be 

quadratic. Liu et al62 also reported a slope of normalized third harmonic in the range of 

1.56 to 1.97 for poly(ethylene-co-α-butene) (PEB) of different topological structures. 

Theories such as Giesekus or pom-pom model predict a scaling exponent of 2 at 

medium strain amplitudes, but deviate from 2 at higher values of strain7. Mechanical 

spectral hole burning results on polystyrene solutions31, showed a quadratic variation 

of both normalized harmonic intensity 𝐼3/1 and hole intensity with strain amplitude. 

Similar MSHB results on glassy PMMA29 showed a quadratic behavior but 

polycarbonate30 deviated at higher strain amplitudes. Hence the quadratic scaling of 

intensity of third harmonic may not hold true in all materials. From the Fourier series 

expansion, the intensity of odd harmonics scale with as the harmonic order7,63 with 

strain amplitude 𝐼𝑛𝛼𝛾0
𝑛. But very few works have reported experimentally, the 

variation of absolute intensity of harmonic with strain amplitude60,63. Gamota et al60 

reported the complete Fourier spectra (absolute intensity) for an electrorheological 

material and showed the occurrence of higher harmonics at higher electric field 

strength. Sim et al63 performed particle level dynamic simulations and reported the 

absolute intensity of the harmonics and their variation with strain. They also reported a 
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quadratic dependence of 𝐼3/1 with strain amplitude at intermediate strain levels and the 

slope deviated for higher strain amplitudes.  

Here we look at both the absolute intensities of the first and third harmonics as 

well as the ratio of 𝐼3/𝐼1. Figure 6.3(a) shows the variation of intensity of the first 

harmonic with strain at different frequencies for the PMMA of interest in this work. 

We see that 𝐼1varies as 𝛾0
0.7−0.8 for the range of frequencies investigated in this work, 

which suggests a very weak dependence of  𝐼1 on frequency. A similar analysis was 

performed for the BKZ predicted LAOS loops as shown in Figure 6.3(b). The 𝐼1 

variation with strain from the BKZ prediction was slightly higher than that obtained 

from the experimental data but was still in the range of 𝛾0
0.7−0.8 for the different 

frequencies. Thus, it is clear that the intensity 𝐼1 of the first harmonic does not vary as 

(𝛾0
1) for the PMMA glass.  
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Figure 6.3 Fundamental frequency harmonic intensity variation with strain amplitude 

(a) experimental data (b) BKZ model prediction 

The third harmonic intensity variation with strain is shown in Figure 6.4(a). 

𝐼3varies as 𝛾0
1.65−1.95 over the range of frequencies tested. Again the 𝐼3 intensities do 

not vary as order of harmonic (𝐼3 ∝ 𝛾0
3). Consequently 𝐼3/1 does not show a quadratic 

dependence with strain amplitude. In fact, 𝐼3/1 ∝ 𝛾0
0.92−1.2 which is close to unity 

(Figure 6.4(b)).  
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Figure 6.4 Higher order harmonic intensity variation with strain amplitude (a) Third 

order harmonic absolute intensity (b) normalized third order harmonic 
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In the BKZ model, third harmonics are obtained at all pump amplitudes only at 

0.0728 Hz frequency. For other pump frequencies, 2% and 4% pump amplitude did 

not show presence of third harmonic. Therefore, 𝐼3 and  𝐼3/1 from the BKZ predicted 

LAOS loops are reported only for 0.0728 Hz. Figure 6.5(a) shows that the 𝐼3 varies 

quadratically with γ, while 𝐼3/1 varies as 𝛾0
1.28 (Figure 6.5(b)). These results suggest 

that the viscoelastic nonlinearity in glassy PMMA as characterized by the normalized 

intensity of 𝐼3/1, does not follow a quadratic dependence on strain amplitude even 

though the strain magnitudes themselves are quite small. This is quite different from 

the expectation given by, e.g., Equation (6.4). 
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Figure 6.5 Higher order harmonic intensity variation with strain amplitude from BKZ 

predictions at 0.0728 Hz (a) Third order harmonic absolute intensity (b) normalized 

third order harmonic 

6.4.3 Chebyshev Polynomials 

Interpretation of LAOS results using a Chebyshev polynomial description have 

been extensively used in recent works64-67 because of this approach provides an ability 

to physically interpret the material nonlinear behavior. We obtained the Chebyshev 

coefficients for PMMA using the MITLAOS MATLAB program (McKinley’s group; 

http://web.mit.edu/nnf/ ) to obtain insights into the material behavior. Elastic 

nonlinearities are characterized by normalized the third order elastic Chebyshev 

coefficient 
𝑒3

𝑒1
 whereas viscous nonlinearity is characterized by the normalized third 
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order viscous Chebyshev coefficient 
𝑣3

𝑣1
. Figure 6.6(a) shows a plot of  

𝑒3

𝑒1
 against strain 

amplitude at different frequencies. PMMA shows a strain softening deviation from 

linear elasticity as seen by negative values of  
𝑒3

𝑒1
 at the highest strain amplitude. At a 

2% strain amplitude, 
𝑒3

𝑒1
< 0.05% and the slight deviation from zero (linear elastic) is 

considered as noise from the stress signal. Similarly, 
𝑣3

𝑣1
 also shows a negative value at 

the highest strain amplitude (figure 6.6(b)), thereby resulting in a shear thinning 

deviation from pure viscous behavior.  

 



Texas Tech University, Satish Chandra Hari Mangalara, August 2021 
 

133 
 

 

Figure 6.6 Variation of normalized third order Chebyshev coefficients with strain (a) 

elastic coefficients (b) viscous coefficients 

6.5 Comparison of FT Analysis and Chebyshev Polynomial Analysis for Pure 

elastic Material 

For a viscoelastic material, Fourier transform analysis interprets nonlinearity in 

terms of third harmonics and the Chebyshev method interprets in terms of third order 

elastic and viscous coefficients separately. Of interest is how these nonlinear 

evaluations would perform on a purely elastic, but nonlinear, material. In order to 

compare the relevant interpretations for a purely elastic material, a similar constitutive 

model is chosen as used in Section 6.3.2.3 and we construct a response function as 

given below, 

     𝜎(𝛾) = 𝐺(𝛾)𝛾 = 𝐺0ℎ(𝛾)𝛾 
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Which does not contain the time dependent modulus as there is no viscous part. 

Assuming the damping function form to be sigmoidal, like one used in the BKZ 

modelling above (eq 6.13), 

ℎ(𝛾) =
1

1 + 𝑎𝛾2
 

𝜎(𝑦) = 𝐺0 (
1

1 + 𝑎𝛾2
) 𝛾 

𝐺0 = 10
9𝑃𝑎 (shear modulus of PMMA)29, a=50 and 𝛾 = 𝛾0𝑆𝑖𝑛(𝜔𝑡) which is a 

sinusoidal input with an amplitude of 0.09 (9%) and 0.0728 Hz frequency. It is of 

interest that the Fourier transform shows a spectrum with third and fifth harmonics 

(Figure 6.7) and these harmonics are normally interpreted as the total contribution of 

nonlinearities from both elastic and viscous parts. 
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Figure 6.7 Peaks at odd multiples of fundamental frequency obtained from the Fourier 

spectrum for a nonlinear elastic material subjected to a sine wave deformation of 9% 

showing that the harmonic analysis gives harmonics even for a material with no time 

dependence of its properties 

In the case of the Chebyshev method, elastic and viscous contributions are 

obtained separately (Figure 6.8). The elastic and viscous coefficients for the 

‘viscoelastic’ PMMA obtained in the earlier analysis were of the order of 

107 𝑃𝑎 𝑎𝑛𝑑 107 𝑃𝑎. 𝑠, (Section 6.4.3) respectively, whereas for the purely elastic 

material, the elastic contribution was ~107 𝑃𝑎 but the viscous coefficient was 

~101 𝑃𝑎. 𝑠 which can be seen by the red dotted line in (Figure 6.8b). Hence the 

Chebyshev analysis can effectively distinguish a pure elastic response from a 

viscoelastic response, while the harmonic FT analysis does not. 
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Figure 6.8 Chebyshev decomposition of stress response (a) Elastic stress (b) Viscous 

stress 

6.6 Conclusions 

LAOS test has been performed on glassy PMMA and the nonlinearity has been 

characterized using LB loops, FTR and Chebyshev polynomial methods. Absolute 

intensity of the harmonics and their variation with strain amplitude and frequency are 

reported. The dependence of normalized third intensity of harmonics on strain 

amplitude from FTR deviate from an expected behavior of 2. BKZ nonlinear 

constitutive model has been used to predict the stress response in LAOS deformation 

and higher deviations from the experimental stress data is observed at higher strain 

amplitudes. Normalized harmonic intensity from the BKZ predictions also deviate 

from the square dependence on strain. Chebyshev polynomial method conclude that 

with increase in strain amplitude, PMMA shows strain softening and shear thinning 

behavior. Finally, a comparative study of FTR and Chebyshev method have been 

employed on pure elastic material and the Chebyshev method can effectively 
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distinguish the elastic and viscous contributions to nonlinearity whereas FTR method 

interprets a combined effect.  
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CHAPTER 7 

 CONCLUSION AND FUTURE WORK 

7.1 Summary 

Mechanical spectral hole burning has been applied on amorphous glassy PMMA 

near the β-relaxation temperature and the presence of holes indicate dynamic 

heterogeneity in deep glassy state. Vertical and horizontal hole intensity varied as 

square of strain amplitude. Hole intensity showed a power law dependence on 

frequency and the dependence of hole position on pump frequency is consistent with 

the frequency selective nature of dynamic heterogeneity. Energy dissipated due to the 

application of the pump has been calculated and the increase in temperature is not 

enough to be the cause of burned holes in glassy state.  

MSHB have also been performed on glassy polycarbonate and the results are 

compared with those of PMMA. Polycarbonate shows weak holes and the peak 

intensities vary quadratically with stain amplitude but deviates at higher values of 

strain (>6%). This deviation is not observed in PMMA. These findings suggest that a 

weaker β-transition would result in weaker holes, which supports the hypothesis that 

the hole burning observed in amorphous polymers below the glass transition 

temperature is related to dynamic heterogeneity as related to the strength of the β-

transition rather than the dynamic heterogeneity as related to selective heat dumping 

(dielectric hole burning). Energy dissipated upon application of pump is calculated 

and is not sufficient to alter the sample temperature to burn holes.  
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LAOS experiments have been performed on glassy PMMA and the nonlinearity is 

characterized by using Lissajous loops, Fourier transform rheology and Chebyshev 

polynomials. In FTR, absolute 1st harmonic intensity (𝐼1) varied as  𝛾0
0.7−0.8 and the 

absolute third harmonic intensity (𝐼3) varied as 𝛾0
1.65−1.95. Consequently 𝐼3/1 does not 

show a quadratic dependence with strain amplitude as seen in several materials. In 

fact, 𝐼3/1 ∝ 𝛾0
0.92−1.2 which is close to unity. Both the harmonic intensities showed a 

very weak dependence on frequency. In case of BKZ predicted response, 𝐼1~ 𝛾0
0.7−0.8 

and 𝐼3, 𝐼3/1 are reported for 0.0728 Hz as third harmonics were not obtained at all 

pump amplitudes for other frequencies investigated. 𝐼3 showed a quadratic dependence 

on strain amplitude and hence 𝐼3/1 ∝ 𝛾0
1.28 which suggests that BKZ nonlinear model 

do not predict a quadratic dependence of 𝐼3/1 on strain amplitude. Finally, a 

comparative study of FTR and Chebyshev method have been employed on pure elastic 

material and we conclude that the Chebyshev method can effectively distinguish the 

elastic and viscous contributions to nonlinearity whereas FTR method interprets a 

combined effect.  

7.2 Future Work 

Further MSHB experiments at different temperatures and different materials 

(based on their β-transition strength and position) are to be performed to obtain more 

insights into how the nature of β-transition in the deep glassy state is related to 

dynamic heterogeneity that causes the hole burning rather than the change in local 
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fictive temperature. Ideal materials for such a comparative study would be polysulfone 

and poly (ethyl methacrylate) (PEMA) which shows differences in their secondary 

transition behavior.  

LAOS analysis should be carried on other engineering glassy polymers such as 

polycarbonate and polysulfone and a comparative analysis should be carried out with 

the results obtained from PMMA to understand the similarities and differences in their 

nonlinear viscoelastic behavior. These works would provide a basis and would give 

deep insights into relaxation dynamics and nonlinear viscoelastic properties of glassy 

polymers.   

 


