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ABSTRACT

As the main result of this dissertation, we established an equivalence between

the category of complete distributive inverse semigroups and that of étale localic

groupoids by introducing a new class of morphisms for the former. This equivalence

puts many similar classical results into a firm ground while allowing us to describe

topological and Lie groupoids, whose structure maps are local homeomorphisms and

local diffeomorphisms, respectively, in terms of complete distributive inverse semi-

groups.

Secondly, we computed the weak equivalences analogues to fully faithful essentially

surjective étale functors for complete distributive inverse semigroups and use them to

advance the previous equivalence to that of two relative categories. The localization

of étale localic groupoids with respect to Morita equivalences are known as étale

stacks, and this is also equivalent to étendues. The corresponding bicategory of

fractions of complete distributive inverse semigroups allowed us to study étale stacks

and geometric structures on them via inverse semigroups. In particular, we received

a new characterization for topological orbifolds.

Finally, we studied complete distributive inverse semigroups represented by Lie

groupoids as those who have a smooth structure (i.e., a structure sheaf which is

locally isomorphic to smooth functions on Rn) on the set of idempotents. After

the bicategorical localization, these are precisely the inverse semigroup version of

differentiable stacks.

v
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CHAPTER 1

INTRODUCTION

There is a well-known bijective correspondence between pseudogroups of diffeo-

morphisms and effective étale Lie groupods 1, which roots back to the pioneering

work of Élie Cartan, Charles Ehresmann and André Haefliger. Among many other

objects, the category of effective étale Lie groupoids contains singular leaf spaces

of foliated manifolds, reduced orbifolds, and jet groupoid. Therefore these are very

important in differential geometry; they are also important in noncommutative ge-

ometry due to their dual Hopf algebroids, see Mrčun–Kalǐsnik [23], and convolution

C*-algebras. This last interesting connection was first revealed by Jean Renault in

his influential book [24], which describes the construction of C*-algebras from locally

compact Hausdorff topological groupoids. In addition, there he showed that local

bisections of topological groupoids form inverse semigroups.

In the literature, there are various correspondences and equivalences of categories

that generalize this correspondence or have a similar flavor. Pedro Resende, in

[31] and [32], establishes a bijective correspondence between localic étale groupoids

and their inverse quantal frames, and an equivalence between the category of in-

verse quantal frames and the category of complete and infinitely distributive inverse

monoids. Objects of this last category, sometimes called abstract pseudogroups, gen-

eralize the classical pseudogroups of transformations in the same way as frames/locales

generalize topological spaces. Unfortunately, the choice of morphisms in this con-

struction does not produce at least a functor from étale groupoids to quantales.

Later, Lawson–Lenz [10], obtained an adjunction between another category of

complete distributive inverse monoids and a category of topological étale groupoids.

Further they restricted it to an equivalence between spatial pseudogroups and sober

étale groupoids. The choices of morphisms in this construction are highly non-trivial:

1A Lie groupoids whose action of morphisms on germs is faithful, i.e., for any morphism x, the
assignment x 7→ germx(ts−1) is injective.

1



Texas Tech University, Nilan Manoj Chathuranga, August 2021

between étale groupoids these are covering functors (aka discrete opfibrations), while

between complete distributive inverse monoids, they use so-called callitic morphisms.

After this fundamental result, there has been some generalizations that replaces ab-

stract pseudogroups with some type of restriction category. Some examples include:

Kudryavtseva–Lawson [18] prove a category of complete restriction monoids and a

category of étale localic categories are equivalent, which unifies and extends all the

previous constructions. Also, the main result in Garner–Cockett’s work [35] is an

adjunction between two categories, called restriction categories over C and partite

internal categories in C, related to a join restriction category C, which again is a vast

generalization of the work by Lawson, Lenz and by Resende.

However, all these important developments have somewhat less geometric flavor

and rely more on semigroup theoretic nature than the initial correspondence. The

goal of this dissertation is to place the connection between inverse semigroups and

étale groupoids into a more natural and geometrically meaningful form. We will do

so by establishing a categorical equivalence between étale localic groupoids and com-

plete distributive inverse semigroups, introducing a more natural class of morphisms,

called étale homomorphisms, for the second category while keeping internal functors

as morphisms between étale localic groupoids. This construction is thoroughly ex-

plained in Chapter 4.

Moreover, the strict 2-category structure on étale localic groupoids (with internal

functors as 1-morphisms and étale natural transformations as 2-morphisms) induces

a similar structure on the étale category of complete distributive inverse semigroups.

Also, étale localic groupoids form a relative category in which fully faithful and es-

sentially surjective functors (Morita equivalences) are the weak equivalences. Hence,

we will elevate the equivalence of ordinary categories described above to an equiv-

alence of two relative categories with an explicit description of weak equivalences

between complete distributive inverse semigroups. Although it is not developed in

this dissertation, one can also transfer a Grothendieck topology onto the category of

complete distributive inverse semigroups with étale homomorphisms which allows to

2
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define sheaves and cohomology theories.

Finally, we will perform the bicategorical localization of Pronk [13] further devel-

oped by Roberts [11] with respect to weak equivalences between complete distributive

inverse semigroups to obtain an bicategory equivalent to étale localic stacks, which

are also strictly equivalent to (localic) étendues, see [20]. Hence, we obtain a char-

acterization of étale localic stacks with isomorphism classes of geometric morphisms

between them in terms of inverse semigroups. In the smooth setting, this bicategory

will be closely related with studying classifying stacks of geometric structures on

manifolds, which are in general not effective. Further, Pronk [13] proves that the

localization of groupoids internal to étale category of sober spaces and étale maps

with respect to fully faithful and essentially surjective functors is biequivalent to the

bicategory of topological stacks. In particular, topological orbifolds are objects in

the bicategory of proper étale groupoids after bicategorical localization, and hence

we obtain a characterization of topological orbifolds as a full subcategory of complete

distributive inverse semigroups up to a weak equivalence.

3
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CHAPTER 2

THEORY OF COMPLETE DISTRIBUTIVE INVERSE SEMIGROUPS

Inverse semigroups are a special class of semigroups with a notion of an inverse

element, as well as a generalization of pseudogroups that can capture local symme-

tries of topological spaces more sensitively. In this dissertation we will explore how

a nice class of inverse semigroups equipped with an interesting class of morphisms

between them is in a categorical equivalence with étale localic groupoids.

Definition 2.0.1. An inverse semigroup is a set S together with an associative

binary operation S × S .−→ S and a unary operation S
?−→ S such that every s ∈ S

satisfies

s = ss?s, s? = s?ss?.

These were first introduced by Viktor Vladimirovich Wagner in [38] and [39]. From

the uniqueness of inverses, the involutivity property follows easily: s?? = s for all

s ∈ S. An inverse monoid is an inverse semigroup S that has a multiplicative identity,

which is usually denoted by 1S. Here are some prototypical examples for inverse

semigroups.

1. Any meet-semilattice is a commutative (idempotent) inverse semigroup with

the meet and identity operations for product and inverse respectively. Further-

more, if the lattice is bounded then its greatest element makes it an inverse

monoid.

2. For any set X, the set SymInv(X) of partial bijections on X forms an inverse

semigroup. The composition of partial bijections is their composite as relations

(or partial functions). This structure is called the symmetric inverse semigroup

on X. In particular, this structure has both zero (multiplicative absorbing

element) and a unit (multiplicative identity element).

3. For a topological space X, the groupoid whose objects are the open subsets of

X and morphisms consisting of homeomorphisms between them, has an inverse

4
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subsemigroup structure of SymInv(X).

4. When H is a Hilbert space, the set of partial isometric operators and their

adjoints forms an inverse semigroup. Also, the self-adjoint elements inside it

form an inverse subsemigroup. To verify the inverse semigroup identities, recall

that an operator T on H is said to be a partial isometry if it is an isometry on

the orthogonal complement of its kernel. Then for any y ∈ ker(T )⊥ = im(T ∗)

we have

〈T ∗TT ∗x, y〉 = 〈TT ∗x, Ty〉 = 〈T ∗x, y〉

and therefore T ∗TT ∗ = T ∗. The other identity is proved likewise. In fact, T

being a partial isometry is equivalent to one of theses identities.

5. In the same vein to the last two examples, we can consider partial diffeomor-

phisms on a smooth manifold. There is a well known correspondence between

the category of pseudogroups (of transformations) and the category of effective

étale Lie groupoids. As explained in the abstract, in this thesis, we generalize

this correspondence to facilitate étale localic groupoids.

6. Let G = (G1 ⇒ G0) be a (discrete) groupoid. For any two subsets U, V ⊆ G1

define pointwise operations

UV = { xy | x ∈ U, y ∈ V, s(x) = t(y)}, U? = {x−1 | x ∈ U}.

Subsets U ⊆ G1 for which the restrictions of source and target maps s
∣∣
U
, t
∣∣
U

are injective (equivalently, UU?, U?U ⊆ G0) called G-slices, and they form an

inverse monoid with a unit G0, see Renault [22] for more details. In addition,

a topological groupoid G is an étale groupoid if and only if open G-slices form

an inverse submonoid of the inverse monoid of all G-slices. Moreover, one can

identify the latter inverse monoid with the inverse monoid of local bisections

of G.

7. Given an inverse semigroup S, one can construct a canonical groupoid Ind(S)

analogous to the delooping construction. The set of objects of Ind(S) is {ss? |

5
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s ∈ S}, and any s ∈ S is a morphism s?s
s−→ ss?. The operations of composition

and inversion of morphisms in Ind(S) are given by the product operation and

star operation in the inverse semigroup 1. However, this construction lost

some information of S and in order to keep track of these lost data, we need

to consider the so-called inductive groupoids, which we will discuss later in

details.

There is an analogue of Cayley’s theorem in group theory for inverse semigroups,

known as the Wagner–Preston representation theorem. More precisely, it says that

every inverse semigroup S can be realized as a semigroup of partial bijections on the

underlying set of S.

Wagner–Preston Representation Theorem: Given an inverse semigroup S,

the function Φ : S → SymInv(S) where Φ(a) is the partial map (between left

cosets):

a?S aS

x ax

Φ(a)

is a faithful (injective) representation of S.

Furthermore, we can strengthen this theorem to identify S with an inverse sub-

semigroup of partial isometries on a Hilbert space. First, we embed S into the inverse

semigroup convolution ∗-algebra

C[S] =
{
S

f−→ C : supp(f) is finite
}

by identifying a ∈ S with the indicator function χa ∈ C[S], which is given by

χa(a) = 1 and 0 elsewhere. The convolution product and involution operations are

1The topology given by downward closed subsets in the natural ordering of S make this groupoid
into an étale groupoid over the space of idempotents.

6
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as follows:

(f.g)(a) =
∑
a=bc

f(b)g(c), f ∗(a) = f(a?),

which extends inverse semigroup operations because χa.χb = χab and χ∗a = χa? . The

completion of C[S] under the `2-norm is the Hilbert space

`2(S) =

{
S

f−→ C :
∑
a∈S

|f(a)|2 <∞

}
, 〈f, g〉 =

∑
a∈S

f(a)g(a).

Said differently, we can construct `2(S) by taking S as an orthonormal basis over

C and replacing finitely supported functions with finite formal linear combinations

of the form
∑

a∈S af(a) etc. Now we can lift the partial bijection constructed in

Wagner–Preston representation to a partial isometry of `2(S) such that

span(a?S)
Φ(a)−−→ span(aS)

extends Φ on a?S linearly and continuously, and by zero on the closed complement

of span(a?S). That is, any element a ∈ S can be represented as a partial isometry

on `2(S) via the ∗-representation Φ : S → B(`2(S)) given by

Φ(a)

(∑
b∈S

bf(b)

)
=

∑
bb?≤a?a

abf(b)

landing in the closed linear span of aS = {b ∈ S | bb? ≤ aa?}. In literature, for

example [1], this is known as the left regular representation of S on `2(S).

2.1 Idempotents, Natural Partial Ordering and Morphisms

Recall that an element e ∈ S of a semi-group is called an idempotent if it is equal to

its own square: e2 = e. Let’s observe the following simple but non-trivial properties

of idempotents of an inverse semigroup, which induce a nice structure on them.

• If x ∈ S is an idempotent, then x? = x.

7
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• For any x ∈ S, both x?x and xx? are idempotents. Moreover, all idempotents

are of this form.

• x?y is an idempotent if and only if xz = yz for z = y?yx?x.

• Idempotents are closed under multiplication, and they commute with each

other.

With these properties, we can conclude that idempotent elements of an inverse

semigroup form a commutative inverse subsemigroup, which is typically denoted

by E(S). In addition, we can deduce that the operation ? is an anti-involution, i.e.,

(xy)? = y?x? for all x, y ∈ S.

For any elements x, y in an inverse semigroup S, the following four conditions are

equivalent, in which case we write x ≤ y.

1. There is an idempotent e such that x = ey.

2. x = xx?y.

3. There is an idempotent f such that x = yf.

4. x = yx?x.

The relation ≤ is a partial ordering on S, called the natural partial ordering in-

duced by idempotents. In contrast to other classes of semigroups, such as regular

semigroups, the natural partial ordering interacts nicely with the inverse semigroup

structure and subsemigroup of idempotents. In particular, it is compatible with

both multiplication and inversion. On E(S), the partial order e ≤ f is equivalent to

e = ef, and hence the product of idempotents becomes their binary meet, i.e., for

any e1, e2 ∈ E(S) we have e1 ∧ e2 = e1e2. Therefore, E(S) is a meet semilattice as

well as a downward closed subset of S, hence has a very rich structure.

8
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A homomorphism ϕ : S → H of inverse semigroups is a map that commutes with

multiplication, i.e., makes the following diagram commute:

S × S S

H ×H H.

ϕ×ϕ ϕ

So, ϕ(xy) = ϕ(x)ϕ(y) for all x, y ∈ S. It is clear that homomorphisms of inverse

semigroups preserve inverses, idempotents, and respect the partial ordering:

ϕ(x?) = (ϕ(x))? ∀x ∈ S, ϕ(E(S)) ⊆ E(H), x ≤ y =⇒ ϕ(x) ≤ ϕ(y).

A representation of S on a set (or a topological space) X is a homomorphism ρ :

S → SymInv(X) of inverse semigroups. This can be thought of as a partial action

S × X → X of S on the space X. Given two sets (or topological spaces) X and

Y with partial actions of S, a map f : X → Y is called S-equivariant if, for all

s ∈ S and x ∈ X the action sx is defined if and only if sf(x) is defined, and then

f(sx) = sf(x). See [3] for more details on inverse semigroup actions.

2.2 Prehomomorphisms of Inverse Semigroups

Another special class of morphisms between inverse semigroups is known as preho-

momorphisms. They are less common, but still preserve most of the useful properties.

These were first introduced in the paper [12]. A mapping ϕ : S → H between inverse

semigroups is called a prehomomorphism if

• ϕ(ab) ≤ ϕ(a)ϕ(b)

• ϕ(a?) = (ϕ(a))?

for all a, b ∈ S. We can rewrite the first inequality as ϕ(ab) = ϕ(ab)ϕ(ab)?ϕ(a)ϕ(b)

if needed. Under some conditions prehomomorphisms preserve multiplication. For

example, given a?a ≥ bb? we have

ϕ(a)ϕ(b) = ϕ(a)ϕ(a?ab) ≤ ϕ(a)ϕ(a)?ϕ(ab) ≤ ϕ(ab).

9
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Also, the same result holds for a?a ≤ bb?.

Lemma 2.2.1. Prehomomorphisms of inverse semigroups preserves idempotents and

natural partial ordering.

Proof. Let e ∈ E(S), then

ϕ(e) ≤ ϕ(e)ϕ(e)

≤ ϕ(e)ϕ(e)ϕ(e)

= ϕ(e)ϕ(e?)ϕ(e)

= ϕ(e)ϕ(e)?ϕ(e)

= ϕ(e)

Suppose a ≤ b, then a = be for some idempotent e, and since ϕ preserve idempotents

ϕ(a) ≤ ϕ(b).

Also, it is straightforward to see that inverse semigroups with prehomomorphisms

constitute a category containing the category of inverse semigroups and ordinary

homomorphisms as a subcategory. Once we rewrite ϕ(ab) ≤ ϕ(a)ϕ(b) as a purely

algebraic formula, it implies that inverse semigroups with prephomomorphisms can

be defined using operations that satisfy some algebraic identities, i.e., they form a

variety of algebras. In particular, form a locally presentable category and the inclu-

sion of subcategory of inverse semigroups preserves small limits and is an accessible

functor, i.e., satisfies the solution set condition. Therefore by the adjoint functor

theorem, the inclusion admits a left adjoint functor V, sometimes called strictifi-

cation, with the universal property: For any inverse semigroup S there is another

inverse semigroup V (S) and a prehomomorphism ηS : S → V (S) such that any other

prehomomorphism ϕ : S → H uniquely factors as

S H.

V (S)

ϕ

ηS φ

10
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2.3 Complete and Distributive Inverse Semigroups

If the join
∨
A =

∨
a∈A a exists for some A ⊆ S under the natural partial ordering

we have
∨
A? = (

∨
A)? and as a consequence, idempotents are closed under existing

joins. However, an inverse semigroup does not admit arbitrary joins in general.

Here we are interested in inverse semigroups that admit all possible joins. Suppose

x, y ≤ z for any three elements of S, then xy? ≤ zz? and x?y ≤ z?z, and therefore

a necessary condition for x and y to have a join (or any upper bound) is that both

xy? and x?y are idempotents. The relation x ∼ y if xy? and x?y are idempotents is

a compatibility (reflexive and symmetric, but not necessarily transitive) relation on

S. On the other hand, when x and y are compatible they have the binary meet given

by x∧ y = xy?y = yx?x. Any subset of S is called compatible if each pair of elements

in that set is compatible, and S is called complete if every compatible subset has a

join in S. Complete inverse semigroups possess nice algebraic properties such as:

• The join of the empty set
∨
∅ = 0 is the the smallest (and absorbing) element

of S and it satisfies 0s = s0 = 0 for all s ∈ S.

• The compatible set E(S) has a join if and only if S is an inverse monoid, in

which case
∨
E(S) = 1S is the identity of S and it makes E(S) an order ideal.

In a (symmetric) inverse semigroup SymInv(X), an idempotent is the identity

map on some subset ofX and the natural partial ordering becomes x ≤ y if and only if

dom(x) ⊆ dom(y) and x = y
∣∣
dom(x)

. Hence the partial ordering on symmetric inverse

semigroups is the restriction order on partial bijections/homeomorphisms. Also in

this setting, two partial maps are compatible if they coincide on the intersections of

their domains and codomains respectively. It is clear that SymInv(X) is complete

in the above sense.

Next, another important property of any symmetric (topological) inverse semi-

group SymInv(X) is multiplication distributes over all existing joins. Accordingly,

we adopt the following definition: An inverse semigroup S is (infinitely) distributive,

if for all s ∈ S and for all subsets A ⊆ S for which
∨
A exists, the join

∨
(sA) exists

11
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and s(
∨
A) =

∨
(sA). In other words,

s

(∨
a∈A

a

)
=
∨
a∈A

(sa).

We remark that, if is sufficient only left (or right) distributivity, because the other

property can be derived using the distributivity of inverses over joins. Also, we can

relate the distributivity of inverse subsemigroup E(S) to that of S via the following

important results mentioned in [27] and [30] :

1. S is distributive if and only if E(S) is distributive.

2. A homomorphism ϕ : S → H of inverse semigroups preserves joins if and only

if the restriction ϕ
∣∣
E(S)

: E(S)→ E(H) preserves joins.

The distributivity of products over joins has much stronger consequences, as it

implies the distributivity of binary meets over joins. Here is the exact statement:

Proposition 2.3.1. Let S be a distributive inverse semigroup. Let s ∈ S and

{ai}i∈I ⊆ S be such that the join
∨
i∈I ai and the meet s ∧ (

∨
i∈I ai) exist. Then

for any i ∈ I the meet s ∧ ai, and the join
∨
i∈I(s ∧ ai) exist. Furthermore, we have

s ∧

(∨
i∈I

ai

)
=
∨
i∈I

(s ∧ ai) .

Hence, the distributivity of E(S) implies that of S with respect to multiplication

as well as binary meets, which in E(S) are the same. Moreover, when S is both

complete and distributive we have the following nice result:

Proposition 2.3.2. Idempotents of a complete distributive inverse semigroup form

a locale.

12
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It should be noted that every homomorphism of inverse semigroups preserves all

finite meets, but in general, does not preserve (existing) joins. Therefore, in or-

der to produce a nice category, we require homomorphisms between complete and

distributive inverse semigroups to preserve arbitrary joins.

2.4 Completion and Maximum Group Image of an Inverse Semigroup

The forgetful functor from the category of complete distributive inverse semigroups

(together with join-preserving homomorphisms) to the category of inverse semigroups

has a left adjoint, called the completion functor. This is first discrbed in [7] and here

we will briefly sketch the construction leaving some details incomplete.

A subset A of an inverse semigroup S is permissible if it is compatible and down-

ward closed. Let’s denote the set of all permissible subsets of S by C(S). It is

not difficult to prove that C(S) is a complete distributive inverse semigroup under

the pointwise multiplication and pointwise inversion of subsets. The idempotents

of C(S) are exactly the permissible subsets of E(S), and C(S) is ordered via inclu-

sion. The function ι : S ↪→ C(S) given by s 7→ {t : t ≤ s} = ↓{s} is an injective

homomorphism of semigroups, and every element of C(S) is the join of a subset of

ι(S).

It should be emphasized that, in this construction, ι preserves all existing meets,

but almost no joins. For example, suppose A ∈ C(S) has no greatest element but

a =
∨
A ∈ S. Then ι(

∨
A) = ι(a) = ↓a while

∨
ι(A) =

∨
ai∈A ι(ai) =

⋃
ai∈A ↓{ai} =

A. However, this isomorphic embedding ι has the following universal property: If

σ : S → T is some homomorphism to a complete inverse semigroup, then there is a

unique join-preserving homomorphism Σ : C(S) → T such that Σι = σ. Diagram-

matically:

S T.

C(S)

σ

ι Σ

13
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Therefore, the category of complete and distributive inverse semigroups together

with join-preserving homomorphisms forms a reflective (but not full) subcategory of

the category of inverse semigroups and ordinary homomorphisms.

The following remark serves a clarifying role, but is not used in what follows.

Here is another instance where categorical minded thinking reveals some informa-

tion about the structure of an inverse semigroup. There are multiple ways we can

associate groups to an inverse semigroup. For example, for each e ∈ E(S), the

set {a ∈ S : aa? = a?a = e} is a subgroup of S and indeed these are the maxi-

mal subgroups of S. Also, there is a universal group associated to an inverse semi-

group. Recall that inverse semigroups generalize groups by partially replacing the

role of identity element by a set of idempotents. So, there is a forgetful functor

Group
U−→ InvSemiGrp, and it has a left adjoint M called the maximal group

image of S. For an explicit construction of M, we look at the congruence, i.e., an

internal equivalence relation compatible with multiplication on both sides, σ on S

given by (a, b) ∈ σ if there is c ∈ S such that c ≤ a and c ≤ b. This has following

special properties:

1. The quotient S/σ has a group structure, and furthermore it can be develop to

a functor InvSemiGrp
M−→ Group.

2. If ρ is any other group congruence on S, i.e., S/ρ is also a group, then σ ⊆ ρ.

3. If S has a zero, then S/σ degenerates to the trivial group. Therefore, this

construction is not very interesting on complete inverse semigroups.

4. σ is the smallest congruence on S containing the compatibility relation. Equal-

ity holds (compatibility is an equivalence relation) if the inverse image of the

identity of the group S/σ under the natural projection S
π−→ S/σ consists just

of the semilattice E(S) of idempotents of S. In other words E(S) is upward

closed, and in this case S is called E-unitary.

Furthermore, given any semigroup homomorphism θ : S → G into a group, the

kernel pair ker θ = {(x, y) ∈ S × S : θ(x) = θ(y)} is a group congruence. Hence

14



Texas Tech University, Nilan Manoj Chathuranga, August 2021

σ ⊆ ker θ and there is a unique group homomorphism Θ : S/σ → G making the

following diagram commute:

S G.

S/σ

θ

π Θ

2.5 Clifford Inverse Semigroups

A regular semigroup in which idempotents commute with idempotents is auto-

matically an inverse semigroup. If we further require idempotents to commute with

any semigroup element, the resulting structure is called a Clifford inverse semigroup,

and it can be identified with a presheaf of groups over the meet-semilattice of idem-

potents. This section is about the identification/representation of a Clifford inverse

semigroup as a meet-semilattice of groups.

Let L be a meet-semilattice and let F : Lop → Group be a presheaf. Then we

can equip the disjoint union
⊔
L∈LF(L) with the following operations to construct a

Clifford inverse semigroup:

• (a, L1)(b, L2) = (F(ι1)(a)F(ι2)(b), L1 ∧ L2), where L1
ι1←− L1 ∧ L2

ι2−→ L2 are

morphisms in the lattice, and a ∈ F(L1), b ∈ F(L2) are group elements.

• (a, L)? = (a−1, L), since F(idL) = idF(L) this is compatible with the above

composition law.

• Idempotents are of the form (eF(L), L), where eF(L) is the identity element of

the group F(L) and therefore they commute with any other semigroup element.

Conversely, the set of idempotents E(S) of any inverse semigroup S has the structure

of a meet-semilattice and the assignment F : E(S)op → Set given by e 7→ {a ∈ S :

a?a = e} is a presheaf. In particular, when E(S) is central, the presheaf is valued in

groups. Furthermore, S is abelian if and only if each of these component groups is

15



Texas Tech University, Nilan Manoj Chathuranga, August 2021

abelian. Based on this classification we can give the following simple characterization

for Clifford inverse semigroups.

Proposition 2.5.1. E(S) is central if and only if a?a = aa? for all a ∈ S.

As one can expect, any inverse semigroup S admits a free Cliffordification SC

that has the universal property induced by the left adjoint to the forgetful functor

CliffInvSemiGrp→ InvSemiGrp. In other words, CliffInvSemiGrp is a reflec-

tive subcategory of InvSemiGrp. Therefore, given any Clifford inverse semigroup

T with a semigroup homomorphism ϕ : S → T there exists a unique semigroup

homomorphism ϕC : SC → T that makes the following diagram commute:

S T.

SC

ϕ

π ϕC

One way to perform this construction is to form the minimal Clifford congruence, 2

as we did in the maximal group image construction. Let ρ be the intersection of all

congruences containing the set {(a?a, aa?) | a ∈ S}, then SC = S/ρ is a prospective

Clifford inverse semigroup with the above universal factorization property. Also, one

can use a similar semigroup congruence to find the universal abelianization of an

inverse semigroup, which we will not discuss here.

2.6 Inductive Groupoids

We know that “delooping” an inverse semigroup provides a groupoid. However

this construction completely ignores the natural partial ordering, and therefore in

order to recover an inverse semigroup from a groupoid we must at least start with an

internal groupoid in the category of posets. The Ehresmann–Schein–Nambooripad

2In general, a congruence on a semigroup S is an internal equivalence relation ρ, i.e., it respects
to semigroup multiplication so that (a, b), (c, d) ∈ ρ implies (ac, bd) ∈ ρ. An ordinary equivalence
relation is a congruence if and only if it is both left and right multiplicative, that is (a, b) ∈ ρ, c ∈ S
implies (ca, cb) ∈ ρ and (ac, bc) ∈ ρ.
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theorem asserts an equivalence between the category of inverse semigroups and a

subcategory of the category of ordered groupoids (with a restriction structure) known

as inductive groupoids. In this section, we define inductive groupoids and describe

the equivalence between said categories.

Definition 2.6.1. An ordered groupoid 3 is an internal groupoid in the (finitely

complete) category of posets, i.e., a groupoid whose set of morphisms (with objects

being identified with identity morphisms) is equipped with a partial ordering ≤, and all

structure maps respect this ordering. An inductive groupoid is an ordered groupoid

G = (G1 ⇒ G0) with the following additional properties:

• The set of object G0 admits binary meets, i.e., the partially ordered set of iden-

tities forms a meet-semilattice.

• Given x ∈ G1 and e ∈ G0 such that e ≤ s(x) there exists a unique (x|?e) ∈ G1

such that (x|?e) ≤ x and s((x|?e)) = e, which is called the restriction of x to e.

• Given x ∈ G1 and f ∈ G0 such that f ≤ t(x) there exists a unique (f?|x) ∈ G1

such that (f?|x) ≤ x and t((f?|x)) = f, which is called the corestriction of x to

f.

In fact, the last two conditions in this definition are equivalent. A morphism

between two inductive groupoids G → G ′ is an internal functor from G to G ′. Next,

we shall describe two functors between categories of inverse semigroups and inductive

groupoids which form an adjoint equivalence between them.

Recall that the groupoid Ind(S) attached to an inverse semigroup S is the core

of the category of idempotents of S. Objects in the category of idempotents are

idempotents of S, and an arrow e
x−→ f is a triple (e, x, f) of elements in S, where e, f

are idempotents and x is any element of S such that xe = x = fx. Such an arrow is

invertible precisely when e = x?x and f = xx?. Thus the core consists of arrows of

3This is very different from the notion of locally partially ordered groupoids/categories which is
simply groupoids/categories enriched in Poset.
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the form x?x
x−→ xx?. Diagrammatically, we can write left/right identities and inverse

of this arrow as

x?x xx?x?x
x

xx?

x?

Clearly, Ind(S) is an inductive groupoid under the natural partial ordering of S.

Conversely, for an inductive groupoid G, a tensor product ⊗ : G1 × G1 → G1 may be

defined by the rule

x⊗ y = (x|?exy) · (exy?|y),

where exy = dom(x) ∧ codom(y) and · indicates composition in G. It can be shown

that Inv(G) = (G1,⊗) is an inverse semigroup, and both of these constructions are

functorial.

Ehresmann-Schein-Nambooripad Theorem: There are canonical natural iso-

morphisms S → Inv(Ind(S)) and G → Ind(Inv(G)), providing an adjoint equiva-

lence of categories

InvSemiGrp ' IndGrpd.

Elements of this fundamental theorem were first established in [9], developed in [8]

and subsequently generalized to inductive groupoids of regular semigroups in [25],

[26]. This latter category is further equivalent to the so-called category of cross-

connections as proved in [29]. It is easy to see that, under this description complete

distributive inverse semigroups correspond to a special class of inductive groupoids

whose space of morphisms have all compatible joins and distributivity property. In

particular, its space of objects (identity morphisms) forms a locale. Among many

other things, this theorem can also be use to formulate the Lie theory of inverse

semigroups.

2.7 C∗-Algebras, Universal Groupoid and Hopf Algebroids

Similar to the case of groups and groupoids, there are multiple C∗-algebras that

we can assign to an inverse semigroup. One can find some of these classical con-

structions in [1], [2], [5], [24] and [37]. Recall the construction of `2(S) that we used
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to discribe inverse semigroups as partial isometries. The completion of inverse semi-

group (convolution) algebra C[S] under the `1-norm is a Banach ∗-algebra, denoted

by `1(S), equipped with same convolution product and ∗-involution. At first these

constructions seem a bit ad hoc, but recall the free-forgetful adjunction

Group AlgC.
C[−]

(−)×

The group ring construction is interesting because every representation of a group G

over a C-vector space can be converted to a C[G]-module and vice versa. Also, this

adjunction has several variations,

1. If G is a locally compact Hausdorff group, the Haar measure defines a convo-

lution product on the space Cc(G) of continuous complex valued functions on

G with compact support.

2. Convolution (discrete) groupoid algebra C[G] in which

(f.g)(a) =
∑
b∈G

f(ab−1)g(b),

with the caveat that (a, b) 7→ ab−1 is a partial mapping.

3. the adjunction between groups/groupoids and C∗-algebras essentially works

in the same way. Moreover, this construction reveals non-commutative phe-

nomenon that are not visible in the groupoid-algebra level.

Naturally, one can expect a similar extended adjunction between inverse semi-

groups and C∗-algebras and it does exist. The Banach ∗-algebra `1(S) is the free

C-algebra associated to S, but is not a C∗-algebra. However, its C∗-enveloping alge-

bra is precisely the construction that gives rise to this adjunction. By the universal

property, any representation of S on a complex Hilbert space H uniquely factors

along the inclusion S ↪→ C∗(S) as
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S B(H),

C∗(S)

∀

∃!

where B(H) is the C∗-algebra of bounded linear operators on H. Taking the left

regular representation of S on `2(S) we can construct a map C∗(S) → B(`2(S))

and the image of this map is another C∗-algebra, known as the reduced inverse

semigroup C∗-algebra, denoted by C∗r (S). Its closure in the (ultra) weak* topology

V N(S) = C∗r (S) is the (left regular representation) von Neumann algebra of S.

Clearly the reduced C∗-algebra is a quotient of C∗(S) and they are far from being

isomorphic in general. For example, when G is a locally compact topological group

C?
r (G) ∼= C?(G) if and only if G is amenable.

In [2], Paterson assigned to any inverse semigroup S an étale groupoid G(S),

which he called its universal groupoid, and showed that the both full and reduced

C∗-algebras of S and G(S) coincide. Briefly, the construction consists of two steps:

• Recall that a partial action of S on a topological space X is a semigroup

homomorphism ρ : S → SymInv(X). With a given such action, one can

define the “germ” equivalence relation on

S oρ X = {(a, x) | a ∈ S, x ∈ dom(ρ(a))}

by (a, x) ∼ (b, y) if x = y and there is e ∈ E(S) such that ae = be. The quotient

S oρ X/ ∼ is naturally an étale groupoid under the germ topology, with the

unit space X, where X is identified with a subset of SoρX/ ∼ via the injection

x 7→ {[e, x] | e ∈ E(S), x ∈ dom(ρ(e))}, and structure maps define in the most

obvious way.

An interesting example of this construction is when X = {?} is a singleton

set on which S acts trivially. It is then straightforward to show that M(S) =

S oρ {?}/ ∼ is really the maximal group image of S.
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• Next, construct a topological space X = Ê(S) intrinsic to S following the

philosophy of Stone duality. Consider the spectrum (or the space of nonzero

semi-characters)

Ê(S) = {E(S)
χ−→ {0, 1} | χ is a nonzero semigroup homomorphism}

of the meet semi-lattice E(S) of idempotents. This space has the canonical

subspace topology induced by the product topology of the Cantor cube {0, 1}E

under which it is totally disconnected, locally compact and Hausdorff. Any

semi-character χ uniquely determines an E(S) valued filter by

χ−1(1) = {e ∈ E(S) | χ(e) = 1}

and vice versa. Moreover, we have a canonical partial action ρ : S → SymInv(Ê(S))

with dom(ρ(a)) = {χ ∈ Ê(S) | χ(a?a) = 1} and codom(ρ(a)) = {χ ∈
Ê(S) | χ(aa?) = 1} such that ρ(a)(χ)(e) = χ((ea)?(ea)) = χ(a?ea) for any

a ∈ S, e ∈ E(S).

With these two ingredients we have the universal groupoid G(S) = S oρ Ê(S)/ ∼ .
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CHAPTER 3

DISPLAY SPACE OF A SHEAF OVER A LOCALE

The definitions of presheaves (and sheaves) on a topological space X do not involve

the underlying set of points of X, but only the lattice structure of its open subsets. It

is therefore almost superfluous to mention that one can define presheaves and sheaves

on an arbitrary locale. The display locale Ψ(F) is essentially the étale space of an

ordinary presheaf F of sets over a locale. However, the well-known construction of

étale spaces is not directly transportable to this setting as it uses the stalk and germs

at a point of the underlying topological space, and therefore we need an equivalent

point-free construction. There are several different descriptions for the same display

locale construction, which one can find in [17], [21] and [33]. Since this construction

is an essential ingredient of the main theorem of this dissertation, in the first two

sections of this chapter we will thoroughly describe it from two seemingly different

perspectives, but there are at least two other descriptions of display locale in the

literature. However the descriptions of the display locale in the first section here are

quite novel in some aspects.

3.1 The Construction of Display Locale

First, fix a locale X and often we shall write Open(X) for the locale itself seen

as the frame of open subsets of downward-closed subsets of its elements. Consider

the functor Γ : Locale/X → Presh(Open(X),Set) that sends a locale over X to

its presheaf of sections, i.e.,

(T
p−→ X) 7−→ (U 7→ {U q−→ T | pq = ι}),

where U
ι
↪−→ X is the open inclusion. Since (co)limits of presheaves can be computed

objectwise, Γ preserves limits. It also satisfies the solution set condition. So, by the

general adjoint functor theorem it has a left adjoint, which we denote by Ψ and refer

to as the display locale functor.
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Another way to describe Ψ is, since Locale/X admits all colimits (and limits),

by the universal property of presheaves, the inclusion functor ι : Open(X) →
Locale/X given by U 7→ (U ↪→ X) factors uniquely (up to a unique isomor-

phism) through the Yoneda embedding of Open(X) into Presh(Open(X),Set).

This Yoneda extension of ι is precisely the display locale functor:

Open(X) Locale/X.

Presh(Open(X),Set)

y

ι

Ψ=Lany ι

To see the equivalence between these two constructions, observe that for any U ∈
Open(X),

hom(Ψ(y(U)), (T → X)) ∼= hom(y(U),Γ(T → X)), by the adjunction

∼= Γ(T → X)(U), by the Yoneda lemma.

The essential image of Ψ in Locale/X is, denoted by EtLoc/X, the complete and

cocomplete subcategory of Locale/X spanned by local homeomorphisms over X.

The adjoint pair Ψ a Γ restricts to an adjoint equivalence

Sh(Open(X),Set) EtLoc/X.
Ψ

Γ

Given a presheaf F : Open(X)op → Set, by co-Yoneda lemma, we can write it as

a colimit of representable presheaves over a comma category, and for representable

presheaves the display locale is given by the inclusion map of the corresponding

open sublocale. In general, we can write the pointwise Kan extension formula for an

explicit construction of the display locale as

Ψ(F) = (Lany ι)(F) = colim
DX

ι,

where DX is the comma category whose objects are U ∈ Open(X) with a natural

transformation y(U)→ F (or equivalently an element of F(U)), and morphisms are
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commutative triangles of the form

y(V )

F

y(W ).

Also, it is well known that any colimit is a coequalizer of coproducts. Therefore, we

can obtain the display locale of the presheaf F as the coequalizer of the cofork⊔
V≤W

V ×F(W )
⊔

U∈Open(X)
U ×F(U),

V×F(V )

W×F(W )

which will be denoted by Ψ(F) from here on. The category of elements
⊔
U∈Open(X) U×

F(U) of F over Open(X) is a poset category (isomorphic to DX) with the induced

partial ordering given by (U ′, a′) ≤ (U, a) whenever U ′ ≤ U and a′ = a
∣∣
U ′
, but it

is not a locale in general. The free locale generated by it is the poset of downward

closed subsets ordered by inclusion (or the free frame generated from the poset with

finite meets and arbitrary bounded joins), and it is exactly Ψ(F). Since in the display

locale two parallel maps identify downward closed families⊔
W
{V : V ≤ W} × F(W ),

open subsets of the display locale Ψ(F) are unions of sets of that form under the

pasting compatible sections. Moreover, open subsets are generated (under joins) by

the principal downward closed subsets of the form ↓(U, a) = {(U ′, a′) | (U ′, a′) ≤
(U, a)}, which, therefore, form a basis, i.e., each element in display locale is a join of

elements of this meet-semilattice. The lattice structure of open subsets is given by

the inclusion order with joins being unions and meets being intersections.

On the other hand, since locales and frames are opposite categories of each other,

the above coequalizer is precisely an equalizer of frames:
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∏
V≤W

∏
y∈F(W )

↓V
∏

U

∏
x∈F(U)

↓U,
V ∧ϕW,y

ϕ
V,y

∣∣∣
V

and this leads us to an alternative description of open subsets of Ψ(F). First note that

an element of the right hand side product is a family of the form (ϕU,x)U∈Open(X), x∈F(U),

where ϕU,x ≤ U represents some (maximal) open element in U and the restriction of

the section x ∈ F(U) to that open subset. Now, in the equalizer we must have

ϕ
V,y

∣∣
V

= V ∧ ϕW,y for all V ≤ W and all y ∈ F(W ),

and this property characterizes factors of open subsets of the locale. Also, with this

formulation we can compute finite meets and joins of open subsets as

∨
i∈I

(ϕiU,x)U, x =

(∨
i∈I

ϕiU,x

)
U, x

∧
i∈I

finite I

(ϕiU,x)U, x =

 ∧
i∈I

finite I

ϕiU,x


U, x

and by definition these sets are indeed open.

Before we move into the next section, it would be beneficial to see that above two

descriptions of open subsets of Ψ(F) are the same, via a monotonic bijection between

them. First, given a principal downward closed set ↓(W, y) ⊆
⊔
U∈Open(X) U ×F(U),

where the section y ∈ F(W ), we can take ϕW,y =
∨
W ′≤W W ′ to produce an element
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of
∏

U

∏
x∈F(U)

↓U. Then, for any V ≤ W

V ∧ ϕW,y = V ∧

( ∨
W ′≤W

W ′

)
=

∨
W ′≤W

(V ∧W ′)

=
∨
V ′≤V

V ′

= ϕ
V,y

∣∣
V

.

In addition it is easy to see that ϕ
V,y

∣∣
V

≤ ϕW,y. Conversely, given a family (ϕU,x)U∈Open(X), x∈F(U)

where ϕU,x ≤ U and V ∧ ϕW,y = ϕ
V,y

∣∣
V

the family

{(U, x) | ϕU,x = U} ∈
⊔

U∈Open(X)

U ×F(U)

is downward closed, because T = T ∧ U = T ∧ ϕU,x = ϕ
T,x

∣∣
T

for all T ≤ U and

x ∈ F(U). Also, any compatible subfamily (Ui, xi)i∈I satisfying xi
∣∣
Ui∧Uj

= xj
∣∣
Ui∧Uj

has a unique x ∈ F
(∨

i∈I Ui
)

such that xi = x
∣∣
Ui
, due to the sheaf property of F .

Therefore the subfamily has a unique gluing

∨
i∈I

(Ui, xi) =

(∨
i∈I

Ui, x

)

with Uj ∧ ϕ∨i∈I Ui,x = ϕUj ,xj = Uj for all j ∈ I and ϕ∨
i∈I Ui,x

≤
∨
i∈I Ui, hence

ϕ∨
i∈I Ui,x

=
∨
i∈I

Ui.

In fact, any open subset in this locale defines a subsheaf of F adding a new interpre-

tation to display locale construction.
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3.2 Display Locale via Subsheaves

As mentioned above, another alternative way to describe the localic groupoid

constructed in the last section is to look at the lattice of subsheaves of F .

Proposition 3.2.1. Subsheaves of the sheaf F : Open(X)op → Set form a locale

that is isomorphic to the underlying frame of the display locale Ψ(F).

Proof. First let us show that subsheaves of an arbitrary sheaf F of sets over a locale

X form a locale. Recall that a subpresheaf of F is a presheaf G : Open(X)op → Set

together with a natural transformation G ⇒ F such that the components G(U) →
F(U) are monic. Therefore, a subpresheaf G of F can be given by G(U) ⊆ F(U) for

all U, with the induced restriction maps. Being a subsheaf is more subtle, because for

every compatible family, a subsheaf should contain the unique gluing of this family,

which is also the gluing of the family in F . Therefore G is a subsheaf of F if and

only if for every covering U =
∨
i∈I Ui and every a ∈ F(U) such that aUi ∈ G(Ui)

we have a ∈ G(U). Recall the partial order relation on subpresheaves, G ≤ K if and

only if G(U) ⊆ K(U) for all U ∈ Open(X). The category of presheaves is complete

and cocomplete, with both limits and colimits computed pointwise. According to

the above local characterization, a pointwise intersection of subsheaves is again a

subsheaf. However, even though a pointwise union of subsheaves is a presheaf, it is

not necessarily a subsheaf. So, subsheaves of F form an inf-lattice, hence also a com-

plete lattice under the inclusion ordering. This can be represented by a commutative

diagram

G(U)

(G ∩ K)(U) (G ∪ K)(U) F(U),

K(U)
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where (G ∪ K) is the sheafification of the pointwise union of G and K, given by

(G ∪ K)(U) =

{
a ∈ F(U) | there exists I such that U =

∨
i∈I

Ui and aUi ∈ (G ∪ K)(Ui)

}
.

Here we are using the multiplicative notation instead of restriction for notational

simplicity. Let’s prove that the set of subsheaves sub(F) is a complete Heyting

algebra, which implies that it is also a locale, without going through sheafification.

Let A,B, and C be three subsheaves of F . Define

(B ⇒ C)(U) = {a ∈ F(U) | ∀V ≤ U aV ∈ B(V ) =⇒ aV ∈ C(V )}.

Clearly, for all a ∈ (B ⇒ C)(U) and for all V ≤ U, we have aV ∈ (B ⇒ C)(V ).

Therefore B ⇒ C is a subpresheaf of F . To prove this is a subsheaf, take U =
∨
i∈I Ui

in Open(X) and a ∈ F(U) such that aUi ∈ (B ⇒ C)(Ui) for all i ∈ I. Given any

V ≤ U,

aV ∈ B(V )⇒ a(V ∧ Ui) ∈ B(V ∧ Ui) ∀i ∈ I

⇒ a(V ∧ Ui) ∈ C(V ∧ Ui) ∀i ∈ I

⇒ aV ∈ C(V ) (because C is a subsheaf of F),

and hence a ∈ (B ⇒ C)(U). Next, we need to show the duality of meets and impli-

cation. If A ≤ B ⇒ C, then for any a ∈ (A∩B)(U) we have a ∈ (B ⇒ C)(U)∩B(U)

and hence a ∈ C(U). Conversely, suppose A ∩ B ≤ C then for every V ≤ U and

a ∈ A(U) we have

aV ∈ B(V ) =⇒ aV ∈ (A ∩ B)(V ) =⇒ aV ∈ C(V ).

Next, we shall show that sub(F) is isomorphic to Ψ(F) as posets. Recall that an

open subset of Ψ(F) is a downward closed subset of
⊔
U∈Open(X)F(U) that satisfies

the gluing property. This disjoint union with its poset structure is the category of

elements of the (pre)sheaf F and therefore, by the equivalence between presheaves
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and discrete fibrations 1, we should be able to relate open subsets to subsheaves of

F . Given any subsheaf G ≤ F , the set

PG = {(U, a) : a ∈ G(U), U ∈ Open(X)}

is clearly a downward closed subset with the gluing property. Conversely, given

an open element P of the display locale, there is a restricted projection π : P →
Open(X) induced by the canonical discrete fibration

⊔
U∈Open(X) U × F(U) →

Open(X). The assignment

GP (U) = {a : (U, a) ∈ P} ↪→ F(U)

defines a subsheaf of F . For any (V, b) ≤ (U, a) we have (V, b) ∈ P and b = aV ∈
GP (V ) gives the restriction map induced by F . Also for any compatible family in P,

i.e., {(Ui, ai)}i∈I such that aiUj = ajUi for all i, j, there is a unique a ∈ F
(∨

i∈I Ui
)

such that ai = aUi and
(∨

i∈I Ui, a
)
∈ P. This proves that GP is indeed a subsheaf.

These constructions induce an order-preserving bijection between posets sub(F) and

Ψ(F).

As an alternative proof to the fact sub(F) ∼= Ψ(F), we could look at families

(ϕU,a)U∈Open(X), a∈F(U) satisfying ϕT,aT = T ∧ ϕU,a for all T ≤ U and a ∈ F(U).

Given a subpresheaf G ≤ F , we construct an open element of Ψ(F) by

ϕU,a =
∨
V≤U

aV ∈G(V )

V.

1For any category C, the category of presheaves of sets over C and the category of discrete fibra-
tions over C are equivalent. This is the 1-categorical version of classical Grothendieck construction.
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To see this is in fact an open element in display locale, observe that

T ∧ ϕU,a = T ∧

 ∨
V≤U

aV ∈G(V )

V


=

∨
V≤U

aV ∈G(V )

(T ∧ V )

=
∨

aV ∈G(V )

(T ∧ V )

=
∨
S≤T

aTS∈G(S)

S

= ϕT,aT for all T ≤ U, a ∈ F(U).

Since {aV ∈ G(V ) : a ∈ F(U)}V≤U is a compatible family, when G happens

to be a subsheaf, we get ϕU,a = U. On the other hand, given an open element

(ϕU,a)U∈E(S), a∈F(U) of the display locale, we can construct a unique subsheaf G by

declaring, a ∈ G(U) if ϕU,a = U. With this condition, for any T ≤ U we have

ϕT,aT = T ∧ ϕU,a = T ∧ U = T
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and this implies aT ∈ G(T ), and hence G is a presheaf. Now take any U =
∨
i∈I Ui

and a ∈ F(U) such that aUi ∈ G(Ui), then

ϕU,a = U ∧ ϕU,a

=

(∨
i∈I

Ui

)
∧ ϕU,a

=
∨
i∈I

(Ui ∧ ϕU,a)

=
∨
i∈I

ϕUi,aUi

=
∨
i∈I

Ui

= U,

proves the sheaf property of G. Hence, again, the map sub(F)→ Ψ(F) given by

G 7→ (ϕU,a)U∈Open(X), a∈G(U), ϕU,a = U

is an order-preserving bijection.

3.3 Points of the Display Space as Completely Prime Filters

We shall not recall basic theory of locales in the main body of this dissertation,

but an interested reader can find an introduction to this theory in the appendix and

for a more detailed exposition we refer to [4], [17] or [34]. As we can see from the

appendix, a point of the display locale Ψ(F) is a map of locales from the abstract

point (terminal object in the category of locales) 1 → Ψ(F) (or dual of a frame

homomorphism Open(Ψ(F)) → Open(1) = {0 < 1}), and they are in a bijective

correspondence with completely prime filters in the frame of open elements. Let F

be a completely prime filter in Open(X) (correspond to some point x of the base
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locale X). We define the stalk of F at F by

FF = colim
U∈F

F(U) =
⊔

U∈F
F(U)

/
∼,

where ∼ is the equivalence relation (a ∈ F(V )) ∼ (b ∈ F(W )) if there is U ∈ F

with U ≤ V ∧W and a
∣∣
U

= b
∣∣
U
. Elements (equivalence classes) of the stalk are the

germs of sections at the filter F, and explicitly the germ of a ∈ F(V ) at F is given by

germV ∈F (a) = {b ∈ F(W ) : W ∈ F and a ∼ b}. This is the point-free reformulation

of classical germ of a section (at a point). This germ corresponds to a completely

prime filter of Open(Ψ(F)) given by

x⊔{W ≤ V | W ∈ F} × {b ∈ F(W ) | b ∼ a},

hence a point in Ψ(F). Conversely, let F̂ be any completely prime filter in Open(Ψ(F)).

Then the collection F =↑ {V ∈ Open(X) | ↓(V, a) ∈ F̂ for some a ∈ F(V )} is a

completely prime filter in Open(X). Moreover if ↓(V, a), ↓(W, b) ∈ F̂ , using its down-

ward closeness we can show that, the sections a ∈ F(V ) and b ∈ F(W ) have the

same germ at F. In other wards, the point F̂ defines a unique germ in the display

locale. Therefore points of display locale (completely prime filters) are in a bijective

correspondence with germs.
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CHAPTER 4

ÉTALE GROUPOID - INVERSE SEMIGROUP CORRESPONDENCE

4.1 Localic Groupoid of a Complete Distributive Inverse Semigroup

From the section on “Complete and Distributive Inverse Semigroups”, it is clear

that when the inverse semigroup S is distributive and complete, its set of idempotents

E(S) forms a suplattice satisfying the distributivity law

x ∧

(∨
y∈Y

y

)
=
∨
y∈Y

(x ∧ y)

for any x ∈ E(S) and Y ⊆ E(S). Hence the set of idempotents canonically inherits

the structure of a frame/locale, and therefore ought to be thought as the lattice of

open subsets of some hypothetical topological space. Making use of this locale, one

can construct an equivalence between the category of complete distributive inverse

semigroups and the category of localic étale groupoids via the étale space construc-

tion. We will investigate their relationship in the following series of propositions.

Theorem 4.1.1. Given a complete distributive inverse semigroup S, the presheaf of

sets on the locale of idempotents F : Open(E(S))op → Set given by

U 7→ {a ∈ S : a?a = U}

with the restriction map F(U)→ F(V ) for V ≤ U defined by a 7→ aV is a sheaf on

the locale E(S). Furthermore, the corresponding display locale Ψ(F) has a canonical

localic étale groupoid structure on it.

Proof. The restrictions maps are clearly functorial and thus F is a presheaf. The fact

that this is a sheaf rather than just a presheaf is precisely equivalent to distributivity

and completeness of S. Let U ∈ E(S), and let {Ui}i∈I be idempotents such that

U =
∨
i∈I Ui, i.e., {Ui}i∈I is an open cover of U. If a, b ∈ F(U) are such that aUi = bUi
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for all i ∈ I, then by distributivity

a = aU

= a

(∨
i∈I

Ui

)
=
∨
i∈I

(aUi)

=
∨
i∈I

(bUi)

= b

(∨
i∈I

Ui

)
= bU

= b.

On the other hand, if there are ai ∈ F(Ui) such that aiUj = ajUi for all i, j ∈ I,
then the family {ai}i∈I is compatible. In other words,

ai(a
?
jaja

?
i ai) = aj(a

?
jaja

?
i ai), a?i (aja

?
jaia

?
i ) = a?j(aja

?
jaia

?
i ).

Hence, by completeness, it has a join a =
∨
i∈I ai in S such that

a?a =

(∨
i∈I

ai

)?(∨
i∈I

ai

)
=
∨
i∈I

(a?i ai), see prop. 17 of [27]

=
∨
i∈I

Ui

= U,

which implies a ∈ F(U). Also we have that
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aUj =

(∨
i∈I

ai

)
Uj

=
∨
i∈I

(aiUj)

=
∨
i∈I

(ajUi)

= aj

(∨
i∈I

Ui

)
= ajU

= aj for any j ∈ I.

Observe that, distributivity implies being a separated presheaf and completeness

implies that F has the gluing property. Together they prove the sheaf property of

F .

Next, let’s show that the display locale Ψ(F) of the sheaf F associated to the

complete distributive inverse semigroup S is a localic étale groupoid over the space

of units E(S). Recall that,

Ψ(F) = colim
D

ι,

where D = y ↓ const(F) is the indexing diagram (comma category)

{∗}

Open(E(S)) Presh(Open(E(S)),Set)

const(F)

y

whose objects being pairs: an U ∈ E(S) together with a natural transformation

y(U) → F (same as an element of F(U) by Yoneda lemma), and morphisms being

commutative triangles
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y(V ) y(W )

F

when V ≤ W, and D π−→ Open(E(S))
ι−→ Locale/E(S) are the canonical functors.

Now, since source and target maps Ψ(F) ⇒ E(S) are morphisms from a colimit,

it is enough to define them from each component (U ∈ E(S), a ∈ F(U)) → E(S)

respectively. However the other three structure maps look quit different.

First let’s specify the target map: given a ∈ F(U) the target map ι(U)
ta−→ E(S)

is given by the composition ι(U)
ia−→ ι(aa?)

inclusion−−−−−→ E(S), where the map of locales

ia defined via its associated map of frames ι(aa?)
i∗a−→ ι(U) is i∗a(b) = (ba)?(ba) =

a?b?ba for any b ≤ aa?. Intuitively this is the map that restrict the domain of the

partial bijection a and then take the codomain. The map of frames associated to the

inclusion map on idempotents E(S) → ι(aa?) maps e 7→ eaa?. Clearly both maps

(and hence the composition) are frame homomorphisms. Suppose we have an open

inclusion ι(V ) ↪→ ι(W ) in Locale/E(S) with c ∈ F(W ) and d ∈ F(V ) with d = cV,

then the diagram of locales

ι(cc?)

ι(W )

E(S)

ι(V )

ι(dd?)

ic

tc

id

td
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commutes, simply because

(ed)?(ed) = (ecV )?(ecV ) = (ec)?(ec)V

for any e ∈ E(S). Hence the target map is compatible with open inclusions.

The source map is defined in a similar way, but,it is more trivial since a?a = U for

all a ∈ F(U). Given a ∈ F(U) the component of the source map ι(U)
sa−→ E(S) is

given by the composition of localic maps ι(U)
id−→ ι(a?a)

inclusion−−−−−→ E(S) and this map

is compatible with open inclusions by construction.

The identity-assigning (unit) map 1 E(S)
1−→ Ψ(F) is inherently different from

source and target maps as it is a map into the display locale (which is a colimit in

the category of locales over E(S)). Even though D is a poset in general it is not

a locale, but there is a canonical functor from E(S) to D that sends U 7→ (U,U ∈
F(U)). Composing this map with D π−→ Open(E(S))

ι−→ Locale/E(S), we get a

map of Locale/E(S) into Ψ(F). This composition functorialy assigns an identity

E(S)
1U−→ ι(U) together U ∈ F(U) to each idempotent U ∈ E(S). The associated

map of frames is 1∗U(e) = e for any idempotent e ≤ U, which is clearly compatible

with open inclusions. The target of the identity of U ∈ E(S) is

E(S) ι(U) E(S)

ι(U)

1U

iU

tU

inclusion

the restriction E(S) ↪→ E(S) along U, and likewise same is true for the source map.

Next, we can specify the inversion map Ψ(F)
i−→ Ψ(F) as the functor on the

underlying diagram D given by (U, a ∈ F(U)) 7→ (aa?, a? ∈ F(aa?)). See the lemma

4.2.2 to understand how this induces a map on the colimit. Projection of this map in

1The traditional notation for unit map throughout this dissertation is U. But to avoid any
ambiguity in this theorem we will instead use 1 .

37



Texas Tech University, Nilan Manoj Chathuranga, August 2021

Locale/E(S) is ι(U)
ia−→ ι(aa?) which we already know as a part of the target map.

In particular, if a is an idempotent its identity is stable under post-composition with

this map, i.e., inverse of the identity of an idempotent is identity itself. Also, directly

from definitions

• ia?ia = idι(U)

• iaia? = idι(aa?)

• ta = sa?(ia)

• sa = ta?(ia).

On the other hand, one can directly prove the last identity using the diagram

ι(U) ι(aa?) E(S)

ι(a?a)

id

ia

ia?

ta?

inclusion

whose commutativity, after formally reversing arrows to obtain maps of frames, is

equivalent to the straightforward identity

((ea?)?(ea?)a)?((ea?)?(ea?)a) = ea?a

for any e ∈ E(S). For any open inclusion V ≤ W together with c ∈ F(W ), d ∈ F(V )

such that d = cV we have the commutative square of locales

ι(V ) ι(dd?)

ι(W ) ι(cc?).

id

ic
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Before defining the multiplication map, we should have a description of composable

pairs of morphisms of display locale. Using distributivity of colimits over pullbacks,

we get

Ψ(F) ×
E(S)

Ψ(F) = colim
(U,a)∈D

colim
(V,b)∈D

(
ι(U) ×

E(S)
ι(V )

)
,

and [17] has a complete description of pullbacks in the category of locales 2. However

this particular pullback

ι(U) ×
E(S)

ι(V ) ι(V )

ι(U) E(S).

π1

π2

tb

sa

has a relatively very simple description. Up to an isomorphism, we can describe the

pullback as an open sublocale of ι(aa?), ι(b?b) or ι(a?abb?), and for computational

convenience we will choose the second one as the ambient locale, which contain

source of the codomain as a sublocale. Then, intuitively π1 is the inclusion any

open sublocale of U into (ab)?(ab) (this also the image of intersection of domain of

a and codomain of b inside V ), and the associated frame homomorphism given by

π∗1(c) = (cb)?(cb) = b?cb for any c ≤ U. Similarly, π2 is the inclusion of any open

sublocale of V into (ab)?(ab), and therefore π∗2(d) = (abd)?(abd) = (ab)?(ab)d for any

2Products of locales are just the collection of subsets of the set theoretic product ι(U) × ι(V )
(equip with componentwise structure and ordered by inclusion) satisfying

• (c, d) ∈ I and (c′, d′) ≤ (c, d) implies (c′, d′) ∈ I

• (ct, d) ∈ T for all t ∈ T implies
(∨

t∈T ct, d
)
∈ I

• (c, dt) ∈ T for all t ∈ T implies
(
c,
∨

t∈T dt
)
∈ I

for any indexing set T. Then the required pullback ι(U) ×E(S) ι(V ) contains those subsets, called∨
-ideals, with the additional property:

• (c ∧ s∗a(e), d) ∈ I if and only if (c, d ∧ t∗b(e)) ∈ I.

Frame homomorphisms associated to projection maps from the pullback are given by π∗1(c) =↓∨
(c, V ) and π∗2(d) =↓∨ (U, d) respectively, where ↓∨ denotes the

∨
-ideal generated by the corre-

sponding element.
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d ≤ V. Subsequently, commutativity of the square amounts to

π∗2(t∗b(e)) = π∗2(b?eb)

= (ab)?(ab)b?eb

= (aeb)?(aeb)

= b?(ea?a)b

= π∗1(ea?a)

= π∗1(s∗a(e))

for any e ∈ E(S). Since the universal property of this pullback doesn’t involve in

rest of the proof, we skip it. Furthermore, it is not difficult but tedious to prove that

the multiplication map is compatible with open inclusions.

Similar to how we defined the inversion map, now, it is enough to define the

multiplication map from each component (a ∈ F(U), b ∈ F(V ), ι(U) ×E(S) ι(V )) of

Ψ(F)×E(S) Ψ(F) to some component of the diagram D. This is simply the inclusion

map of locales ι(U)×E(S) ι(V )
ma,b−−→ ((ab)?(ab), ab ∈ F((ab)?(ab))) whose dual given

by the identity frame homomorphism e 7→ e for any e ≤ (ab)?(ab) ≤ V.

It is not difficult to derive all the identities subject to an internal groupoid. But

for the sake of completion, lets show that structure maps defined above satisfy those

identities. First lets take arbitrary U, V,W ∈ E(S) and arbitrary a ∈ F(U), b ∈
F(V ), c ∈ F(W ) then simple computations show that each of the following diagram

of locales commutes.

• Source and target of identity morphisms:

E(U) ι(U)

E(S).

1U

inclusion
sU , tU
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• Source and target of inverse morphisms:

ι(U)

E(S) ι(aa?) E(S).

sa ta
ia

ta? sa?

• Source and target of composite morphisms:

ι(U) ι(U) ×
E(S)

ι(V ) ι(V )

E(S) ι((ab)?(ab)) E(S).

ta

π2

m

π1

sb

tab sab

• Associativity of composition of morphisms:

ι(U) ×
E(S)

ι(V ) ×
E(S)

ι(W ) ι(U) ×
E(S)

ι((bc)?(bc))

ι((ab)?(ab)) ×
E(S)

ι(W ) ι((abc)?(abc)).

(ma,b, id)

(id ,mb,c)

ma,bc

mab,c

• Left and right unitality laws for composition of morphisms:

E(S) ×
E(S)

ι(V ) ι(bb?) ×
E(S)

ι(V ) ι(U) ×
E(S)

ι(a?a) ι(U) ×
E(S)

E(S)

ι(V ) ι(U)

(1bb? , id)

π2
m m

π1

(id ,1a?a)

• Composition with inverse morphisms:
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ι(U) ι(U)× ι(U)

E(S)

ι(a?a) ι(aa?) ×
E(S)

ι(U)

diag

sa

(ia, id)

1a?a

ma?,a

ι(U)× ι(U) ι(U)

E(S)

ι(U) ×
E(S)

ι(aa?) ι(a?a).

(id ,ia)

diag

ta

1aa?

ma,a?

Since the essential image of the display space functor is precisely the étale locales,

the structure maps of the localic groupoid constructed in this way are indeed étale.

Also, one can directly prove that it is étale using the basis of principal downward

closed subsets {(U, a)}U∈E(S),a∈F(U) which has the properties:

1.
∨
U∈E(S),a∈F(U)(U, a) = 1Ψ(F)

2. Structure maps restrict to isomorphisms between principal order ideals.

For example: source map Ψ(F)
s−→ E(S) restricts to an isomorphism between

the open sublocales generated by ↓(U, a) −→ ↓U for any U ∈ E(S) and a ∈
F(U). Likewise, same is true for target, unit, inversion and multiplication maps.

This completes the proof.

42



Texas Tech University, Nilan Manoj Chathuranga, August 2021

4.2 Category of Étale Complete Distributive Inverse Semigroups

Since étale maps between locales encode local information, we should take it into

account and modify the ordinary notion of homomorphisms to get appropriate étale

maps between inverse semigroups to reflect this local nature. The rationale behind

the following definition of étale homomorphisms is that a map between inverse semi-

groups Γ(G)→ Γ(G ′) of open G-slices of étale groupoids, that we introduced in first

page, make sense only on G-slices that map injectively to G ′0. This forces an étale

homomorphism of inverse semigroups to be a partial map, but still carries enough

information to reconstruct a functor between groupoids.

An étale homomorphism ϕ : S → H of complete distributive inverse semigroups

is a partial mapping whose domain consists of “sufficiently small elements” Sϕ ⊆ S

that has following nice properties:

• Sϕ is a downward closed, (not necessarily complete) inverse subsemigroup, and

a basis for S (i.e., for each s ∈ S, we have s =
∨

a≤s
a∈Sϕ

a).

• ϕ : Sϕ → H is a prehomomorphism that preserve all existing joins.

Consequently, it preserves product of composable pairs, i.e., for all a, b ∈ Sϕ
such that a?a ≷ bb? we have ϕ(ab) = ϕ(a)ϕ(b).

• For each a ∈ Sϕ, the restriction ↓a ϕ−−−−→ ↓ϕ(a) is an isomorphism of posets.

The last axiom of an étale homomorphism, “ϕ induces isomorphisms on all locales

of principal order ideals” implies an isomorphism of locales

E(S)
ϕ

∣∣
E(S)−−−−→ ↓ϕ(1S) ⊆ E(H).

Any ordinary join preserving homomorphism satisfies first two conditions, but not

necessarily the last one. But any join preserving homomorphism ϕ : S → H that

induces an isomorphism between idempotents is étale with Sϕ = S. In particular, all

identity homomorphisms S → S are étale. In order for complete distributive inverse
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semigroups together with these étale maps to form a category we need them to closed

under composition. One way to think about the étale homomorphism ϕ : S → H as

a span of total maps S ← Sϕ
ϕ−→ H with certain properties, in particular the left leg

is injective. Then the composition of two such spans is simply the pullback

Sϕ ×
H
Hψ

Sϕ Hψ

S H T.

ϕ ψ

Note that, since monomorphisms are closed under base changes and compositions,

this span makes sense and the following proposition completes the construction.

Proposition 4.2.1. The composite of two étale homomorphisms S
ϕ−→ H

ψ−→ T (as

partial functions) is again étale.

Proof. Let’s prove that the Sψϕ = Sϕ ×H Hψ = Sϕ ∩ ϕ−1(Hψ) by verifying that it

has all the properties mentioned in the definition.

• Take any a ∈ Sϕ ∩ ϕ−1(Hψ) and b ≤ a. Then since Sϕ is downward closed

b ∈ Sϕ, and since ↓a ϕ−−−−→∼= ↓ϕ(a) we have ϕ(b) ∈ Hψ. Hence Sϕ ∩ ϕ−1(Hψ)

is downward closed.

Let a, b ∈ Sϕ ∩ ϕ−1(Hψ). Then ab ∈ Sϕ and ϕ(a), ϕ(b) ∈ Hψ. Since

ϕ(ab) ≤ ϕ(a)ϕ(b)

and Hψ is downward closed, ϕ(ab) ∈ Hψ. Therefore ab ∈ ϕ−1(Hψ). Also,

ϕ(a?) = (ϕ(a))? implies that a? ∈ ϕ−1(Hψ). Hence pre-image of an inverse

subsemigroup of the image of an étale semigroup homomorphism is again an

inverse subsemigroup of the domain, and inverse subsemigroups are closed un-

der taking intersections.
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Next, note that s =
∨

a≤s
a∈Sϕ

a and ϕ(a) =
∨
b≤ϕ(a)
b∈Hψ

b for any s ∈ S. Again, by the

isomorphism ↓a ϕ−−−−→∼= ↓ϕ(a), for each b ≤ ϕ(a) there is a unique ab ≤ a such

that ϕ(ab) = b and a =
∨

ab≤a
Sϕ∩ϕ−1(Hψ)

ab for all a ≤ s. Thus, we have

s =
∨
a≤s
a∈Sϕ

 ∨
ab≤a

Sϕ∩ϕ−1(Hψ)

ab

 =
∨
ab≤s

Sϕ∩ϕ−1(Hψ)

ab.

• Let a, b ∈ Sϕ be such that ϕ(a), ϕ(b) ∈ Hψ. Then

ψϕ(ab) ≤ ψ(ϕ(a)ϕ(b)) ≤ ψϕ(a)ψϕ(b).

Similarly, ψϕ preserve all inverses and existing joins of Sϕ ∩ ϕ−1(Hψ).

• Finally, for any a ∈ Sϕ ∩ ϕ−1(Hψ) it is easy to see that

↓a ↓ϕ(a) ↓ψϕ(a)
ϕ

∼=
ψ

∼=

as locales under induced maps.

This proves that complete distributive inverse semigroups together with étale ho-

momorphisms form a category. Moreover, étale homomorphisms are stable under

base changes, and have two-out-of-three property. We will not prove these facts

here, but let the prospective equivalence between étale localic groupoids and com-

plete distributive inverse semigroups to imply them finally. In fact, the étale category

of complete distributive inverse semigroups will be complete and cocomplete for the

same reason.

However, the defining axioms do not ensure that Sϕ is unique or maximal. One

can forced both of these by requiring the following saturation condition:
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• Let {Ui}i∈I ⊆ Sϕ be a compatible family for which {ϕ(Ui)}i∈I ⊆ H is also

compatible, and there is an order isomorphism

y∨
i∈I

Ui
ϕ̃−−−−→

yϕ̃(∨
i∈I

Ui

)
=
y∨
i∈I

ϕ(Ui)

extending the map induced by ϕ. Then
∨
i∈I Ui ∈ Sϕ.

We can show that the extension ϕ̃ is still a prehomomorphism. Unfortunately, the

compositions of étale homomorphisms do not compatible with this saturation prop-

erty. Therefore we will not require it as an axiom, but we can always saturate Sϕ by

adding compatible joins with no essential change to the mapping due to the following

lemma.

Lemma 4.2.1. Suppose ϕ, ψ : S −→ H are two étale homomorphisms such that

ϕ(a) = ψ(a) for all a ∈ Sϕ ∩ Sψ. Then their saturated domains are equal, and

extended homomorphisms agree.

Proof. By definition any x ∈ satur(Sϕ) is the join of a compatible family {Ui}i∈I ⊆
Sϕ, and each Ui =

∨
ai≤Ui
ai∈Sψ

. Also, by downward closeness {ai}ai≤Ui ⊆ Sϕ for all i ∈ I.

Then ↓Ui =
y∨

ai≤Ui ai
ϕ−−−−→ ↓ϕ(Ui) =

y∨
ai≤Ui ϕ(ai) =

y∨
ai≤Ui ψ(ai) is an order

isomorphism extending ψ. Therefore by saturation property, Ui ∈ satur(Sψ) for all

i ∈ I, and hence x ∈ satur(Sψ). Moreover, on the extended maps

ϕ̃(x) = ϕ̃

(∨
i∈I

Ui

)
=
∨
i∈I

ϕ(Ui) =
∨
i∈I

ψ̃(Ui) = ψ̃

(∨
i∈I

Ui

)
= ψ̃(x).

Hence we define two étale homomorphisms to be equal if their saturated domains

and extended homomorphisms are equal. According to this lemma, for the equality

of two étale homomorphisms it is enough to prove that they agree on the intersection

of their domains.
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Closes notion to étale maps of complete distributive inverse semigroup in the known

literature is étale morphisms of pseudogroups. Let X be a topological space and H
be the groupoid whose objects are the open subsets of X and morphisms are the

homeomorphisms (or diffeomorphisms, isometries, symplectomorphisms, any local

automorphisms in the context of inverse semigroups) between them. A pseudogroup

(of local transformations) on X is a wide subgroupoid P of H satisfying the below

sheaf property:

• If f : U → V is a homeomorphism and {Ui}i∈I is a cover of U, then f ∈ P if

and only if each restriction f
∣∣
Ui

: U → f(Ui) is in P.

In his study of foliations, A. Haefliger considered étale morphisms of pseudogroups

Φ : P → P′ defined as the maximal collection of homeomorphisms satisfying the

following conditions:

1. The domains of elements of Φ covers X.

2. If ϕ ∈ Φ and f ∈ P, f ′ ∈ P′, then f ′ϕf ∈ Φ.

3. If ϕ, ψ ∈ Φ, then ϕψ−1 ∈ P′.

Even though we didn’t investigate their relationship in details, it appears that the

category of étale complete distributive inverse semigroups contains this category of

étale pseudogroups as a full subcategory.

The forgetful functor U : CompDisInvSemiGrp → Setpartial into the category

of sets and partial functions between them, which is equivalent but not isomorphic to

the category of pointed sets and base point preserving maps, is faithful. Therefore, it

is concretizable, and as in such categories a given morphism is a monomorphism (an

epimorphism) when the underlying partial function is injective (surjective). For the

future reference, we shall completely characterize monomorphisms and epimorphisms

of the current category of étale complete distributive inverse semigroups.

Proposition 4.2.2. An étale morphism ϕ : S → H of complete distributive inverse

semigroups is

47



Texas Tech University, Nilan Manoj Chathuranga, August 2021

i) a monomorphism if and only if it is injective.

ii) an epimorphism if and only if its image is a basis for H.

Proof.

i) Let ϕ be an injective étale homomorphism, and

L S H
f

g

ϕ

be such that ϕf = ϕg whenever both compositions are defined. Then for any

a ∈ Lf ∩Lg such that ϕf(a) = ϕg(a) we have f(a) = g(a), and hence f
∣∣
Lf∩Lg

=

g
∣∣
Lf∩Lg

. Consequently f = g.

Now, it is enough to prove only the necessity. Assume ϕ is a momomorphism

and there are a, b ∈ S such that ϕ(a) = ϕ(b). That induces an isomorphism

↓a
ϕ

∣∣−1

↓b
ϕ

∣∣
↓a−−−−−→ ↓b, and produces a cofork

〈a〉 S H
ι

j

ϕ

where 〈a〉 ⊆ S is the complete inverse subsemigroup in S generated by ↓a with ι

being the inclusion and j is the total étale homomorphism that extends ϕ
∣∣−1

↓b ϕ
∣∣
↓a.

Since ϕι = ϕj, we have ι = j and hence a = b.

ii) Suppose the étale homomorphism ϕ : S → H has the property that h =∨
ϕ(s)≤h
s∈Sϕ

ϕ(s) for all h ∈ H. Take any fork diagram

S H T
ϕ f

g
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such that fϕ = gϕ. In particular Sϕ ∩ ϕ−1(Hf ) = Sϕ ∩ ϕ−1(Hg), and for any

h ∈ Hf ∩Hg in the common domain we have that

f(h) = f

 ∨
ϕ(s)≤h
s∈Sϕ

ϕ(s)

 =
∨

ϕ(s)≤h
s∈Sϕ

fϕ(s) =
∨

ϕ(s)≤h
s∈Sϕ

gϕ(s) = g

 ∨
ϕ(s)≤h
s∈Sϕ

ϕ(s)

 = g(h).

Therefore f
∣∣
Hf∩Hg

= g
∣∣
Hf∩Hg

, and by the last lemma f = g.

Conversely, assume the image of ϕ is not dense in H. Then we shall find two

different étale homomorphisms

S H T
ϕ f

g

with fϕ = gϕ.

Next, given an étale homomorphism of complete distributive inverse semigroups

ϕ : S → H, we shall expect a functor between corresponding étale localic groupoids

Ψ(ϕ) : Ψ(FS)→ Ψ(FH) internal to the ambient category Locale restricted to étale

maps. As a first step towards this, we show that étale localic groupoids of S and Sϕ

are isomorphic, using the following lemma.

Lemma 4.2.2.

i) Let θ : I → J be a functor between two small categories, and let F : I → C

and G : J → C respectively be two diagrams in a cocomplete category C such

that F = Gθ. Then there is a canonical morphism θ∗ : colimI(F ) → colimJ(G)

between colimits of diagrams. Moreover, if θ is an equivalence, then colimits are

isomorphic.

49



Texas Tech University, Nilan Manoj Chathuranga, August 2021

ii) Let I be a small category and I ′
ι
↪−→ I be a dense subcategory, i.e., every object

in I is canonically a colimit of objects in I ′. For any cocontinuous F : I → C

into a cocomplete category, we have colimI F ∼= colimI′ Fι.

Proof.

i) A cocone (c, t) for the diagram G : J → C 3 induces a cocone (c, tθ) for F :

I → C since compositions tθ(i) : F (i) = G(θ(i)) → C respects the structure of

I by the functoriality of θ. In particular, a colimit of G induces a cocone of

F . Since a colimit colimI(F ) of F is a universal cocone for F , we must have

a unique morphism θ∗ : colimI(F ) → colimJ(G) commuting with the injective

morphisms of both colimits. In addition, if θ happens to be an equivalence of

categories, θ−1 induces a unique morphism θ−1
∗ : colimJ(G) → colimI(F ) and

therefore colimits are isomorphic.

ii) Part i) provides a unique morphism colimI′ Fι → colimI F that is compatible

with all injective morphisms of both diagrams. On the other hand, Any i ∈ I is

the colimit over the diagram I ′/i→ I and therefore any cocone for the diagram

Fι : I ′ → C is also a cocone for F : I → C which continue to compatible with

morhisms of I. This provides a unique morphism colimI F → colimI′ Fι and

hence they are isomorphic.

Theorem 4.2.1. The display locale construction yields a functor

Ψ : CompDisInvSemiGrp→ EtLocGrpd

from the etale category of complete distributive inverse semigroups to that of localic

groupoids.

3that is, an object c ∈ C and a collection of morphisms from each vertex tj : G(j)→ c compatible
with all the morphisms in J
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Proof. Recall that, the associated localic groupoid Ψ(FS) of a complete distributive

inverse semigroups S is

Ψ(FS) = colim
DS

ιS,

where DS
π−→ Open(E(S)

ιS−→ EtLoc/E(S) are canonical functors and the indexing

diagram DS is the poset category whose objects being pairs (U ∈ E(S), a ∈ F(U)).

Composing ιS with the forgetful functor US : EtLoc/E(S) → EtLoc we get a

diagram in EtLoc, and since colimit in a slice category computed as a colimit in

the underlying category, that still has the same colimit Ψ(FS). Then, given an étale

homomorphism of complete distributive inverse semigroups ϕ : S → H, since Sϕ

may not be a complete inverse semigroup, the presheaf F : E(Sϕ)op → Set over the

meet semilattice E(Sϕ) need not to be a sheaf. But due to the cocompleteness of

EtLoc, the display space colimDSϕ ιS still exist and we shall denote it by Ψ(FSϕ).

It is easy to see that DSϕ is dense in DS and hence by the second part of above

lemma Ψ(FS) ∼= Ψ(FSϕ) as étale locales. In particular, Ψ(FSϕ) has an induced

localic groupoid structure over E(S) on it.

Next, We can observe that ϕ induces a functor between indexing poset categories,

θϕ : DSϕ → DH by (U, a) 7→ (ϕ(U), ϕ(a)) that satisfies USιS = UHιHθϕ. This pro-

duces a morphism between corresponding étale localic groupoids as explained in first

part of the lemma. Observe that here commutativity condition is equivalent to say-

ing ↓a ∼= ↓ϕ(a) as posets for any a ∈ Sϕ, which is exactly the étale condition for

homomorphisms of complete distributive inverse semigroups. Now, according to the

last lemma we have an induced étale map of display locales Ψ(ϕ) : Ψ(FSϕ)→ Ψ(FH)

which is compatible with injective maps of diagrams. It remains to show that this

induced map is indeed a homomorphism of groupoids.

Take any two U, V ∈ E(S) and a ∈ F(U), b ∈ F(V ) such that a, b ∈ Sϕ and

a?a = bb?. Then the diagram
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ιϕ(U) ×
ϕ(E(S))

ιϕ(V )

ιϕ(U) ×
E(H)

ιϕ(V )

ιϕ(U) ιϕ(V )

ϕ(E(S))

E(H)

∃!

ϕ(π2)ϕ(π1)

ϕ(sa)

sϕ(a)

ϕ(tb)

tϕ(b)

in EtLoc/E(H) produces an inclusion map ιϕ(U) ×ϕ(E(S)) ιϕ(V ) → ιϕ(U) ×E(H)

ιϕ(V ) whose inverse image map of frames is e 7→ eϕ(1E(S)) = ϕ(e′), where e′ ∈ E(S)

is the idempotent such that e = ϕ(e′) via the isomorphism E(S)
ϕ−→ ιϕ(1E(S)). Then

the composition ιϕ(U)×ϕ(E(S)) ιϕ(V )→ ιϕ(U)×E(H) ιϕ(V )→ ι(ϕ((ab)?(ab))) is the

multiplication map mϕ(a),ϕ(b) and therefore it is same as Ψ(ϕ)(ma,b). Similarly, we

can show that Ψ(ϕ)(1U) = 1ϕ(U) for any U ∈ E(Sϕ) by considering the factorization

ϕ(E(S)) ↪→ E(H)
1ϕ(U)−−−→ ιϕ(U) of the unit map.

Finally, it is not difficult but tedious to show that this construction is functorial,

i.e., it preserves

• identity morphisms: Ψ(idS) = idΨ(FS), and

• compositions: Ψ(ψϕ) = Ψ(ψ)Ψ(ϕ) provided S
ϕ−→ H

ψ−→ T.
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4.3 Complete Distributive Inverse Semigroup of a Localic Groupoid

Conversely, to construct a complete distributive inverse semigroup associated to

a given localic étale groupoid G, we can use local bisections of G. This construction

for topological groupoids first appear in the classical text [24]. It is well known that

the global bisections of a Lie groupoid form an infinite dimensional Lie group under

pointwise composition, which can be develop to a functor between said categories.

A (global) bisection of a Lie groupoid is a smooth section σ : G0 → G1 of the source

map such that tσ : G0 → G0 is a diffeomorphism. Set of all bisections form a group,

sometimes called the gauge group of G, with respect to composition

(ρσ)(x) = ρ(t(σ(x)))σ(x),

and inversion

σ−1(x) = i(σ((tσ)−1(x)))

and identity being the unit (identity assigning) map of G. The group of bisections

Bisec(G) form a (infinite dimensional) Lie group and it has a natural action on G
induce by the post composition map Bisec(G)

t−→ Aut(G). These operations can easily

modify to obtain the inverse semigroup of local bisections of a Lie groupoid. Similarly,

for a localic étale groupoid, by taking local bisections, we can functorially associate

a complete distributive inverse semigroup as stated in the following theorem.

Theorem 4.3.1. Let G = (G1 ⇒ G0) be a localic étale groupoid with traditional

notations for structure maps. The set of local bisections of G, denoted by Γ(G),

form a complete distributive inverse semigroup. Moreover, it defines a functor Γ :

EtLocGrpd→ CompDisInvSemiGrp.

Proof. A local bisection of G is an open sublocales ↓U ↪→ G1 such that both s, t :

↓U � G0 are open monomorphism of locales. Since the inversion i is a global

homeomorphism of G1, local bisections are closed under inversions. Also, since G =

(G1 ⇒ G0) is étale, there is a maximal basis F = {ai}i∈I ⊆ G1 such that

1.
∨
ai∈F ai = 1G1 and hence cover G1;
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2. for every i ∈ I, F restricts to an isomorphism ↓ai → ↓F(ai) between open

sublocales.

In particular, on this family both source and target maps are local homeomorphisms,

and therefore it contained in Γ(G). In the case of G is spatial, one can identify these

local bisections with open G-slices that we introduced in the first page. Operations

on the guage group of a Lie groupoid extends to a partial composition rule and an

inversion on the set of all local bisections Γ(G) making it in to an inverse monoid

with a zero element. Furthermore, idempotents of this inverse semigroup are precisely

restrictions of the unit map to open sublocales of G0.

To avoid some cumbersome expressions, from now on we will write ι(U) for the

open sublocale generated by U instead ↓U. Observe that, given any two open sublo-

cales ι(U), ι(V ) ↪→ G1, the open sublocale of composable pairs is given by the pullback

ι(U)×
G0

ι(V ) ι(V )

ι(U) G0.

π2

π1
t

s

In particular, all the maps in this commutative square are étale and therefore open.

Composing the inclusion étale map ι(U)×G0 ι(V ) −→ G1×G0G1 with the multiplication

map G1 ×G0 G1
m−→ G1 we get another open sublocale of G1, which is precisely the

product UV, and we will denote it as

UV = m(U, V ).

Observe that s(UV ) = sm(U, V ) = sπ2(U, V ) and t(UV ) = tm(U, V ) = tπ1(U, V ) by

the defining identities of a groupoid. Therefore we have the commutative diagram
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ι(U)×
G0

ι(V ) ι(V )

ι(UV )

t(U)×
G0

s(V ) s(V )

ι(U) t(U) G0

π1

π2

m

∼=

t

∃!

s

∼=

in which both

ι(UV ) t(U)×
G0

s(V ) ι(UV ) t(U)×
G0

s(V )

ι(U) t(U) ι(V ) s(V )t
∼=

s
∼=

are pullback squares. Since monomorphisms (and isomorphisms) are stable under

pullbacks, the product UV is again a local bisection of G. Associativity of this mul-

tiplication of Γ(G) follows for that of G, and it can present as commutativity of the

diagram

ι(U)×
G0

ι(V )×
G0

ι(W ) ι(U)×
G0

ι(VW )

ι(UV )×
G0

ι(W ) ι(UVW )

m(U ,V )×IdW

IdU ×m(V ,W )

m(U ,VW )

m(UV ,W )

Next, since inversion i is a homeomorphism on G1, we define

U? = i(U).
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As we already noted , given a U ∈ Γ(G) its inverse U? is again a local bisection since it

is just a different embedding of U into G1. Furthermore, U?U ∼= t(U?)×G0s(U) ∼= s(U)

and UU? ∼= t(U) ×G0 s(U
?) ∼= t(U) for all U ∈ Γ(G). In fact, the open sublocales

ι(U?U), ι(UU?)→ G1 factors through G0 → G1 by the unit assigning map if and only

if U is a local bisection.

Note that the source map s is open, and therefore s(G1) = G0 is open in G. Hence

G0 is a local bisection with G?0 = G0. Furthermore UG0 = m(U,G0) ∼= t(U) and

G0U = m(G0, U) ∼= s(U) implies UG0 = U = G0U for any U ∈ Γ(G). Similarly, in

general

U =


UV, if s(U) = U?U ≤ V

V U, if t(U) = UU? ≤ V

and especially ∅, the least element of G0, is the local bisection that act as the zero.

Any local bisection inside G0 is clearly an idempotent under this multiplication.

Conversely, if U = U2, then we have s(U) = t(U) and U?U = UU?. Therefore

U?U = U?UU = UU?U = U shows that ι(U) lie inside G0. Consequently, the

idempotent meet-semilattice of Γ(G) consists precisely of the open sublocales of G0

with the natural ordering of local bisections being the order induced by G1.

Since, in general

UU?U = U, U?UU? = U?

and all idempotents commute with each others, we have an inverse semigroup struc-

ture on Γ(G). Furthermore, join of a compatible collection of local bisections {Ui}i∈I
is again a local bisection. To see this, observe that,

∨
i∈I ι(Ui) = ι(

∨
i∈I Ui) exist in

G and inclusions ι(U?
i Uj) → G0 → G1 induce a unique factorization of the inclusion

of their colimit such that
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∨
i,j∈I ι(U

?
i Uj) G1.

G0

u

Also, we have a similar factorization of
∨
i,j∈I ι(UiU

?
j ) and

∨
i,j∈I

ι (U?
i Uj) = ι

(∨
i∈I

Ui

)?(∨
i∈I

Ui

)
∈ G0,

∨
i,j∈I

ι
(
UiU

?
j

)
= ι

(∨
i∈I

Ui

)(∨
i∈I

Ui

)?

∈ G0

proves that
∨
i∈I Ui is again a local bisection of G. In addition, Γ(G) is distributive

as a consequence of distributivity of the locale G1. Hence altogether Γ(G) form a

complete distributive inverse semigroup.

Let F : G → G ′ be an internal functor between two étale localic groupoids. Lets

show that, its functorially induces an étale homomorphisms between corresponding

complete distributive inverse semigroups of local bisections. Define the mapping

Γ(F) : Γ(G) → Γ(G ′) by Γ(F)(U) = F(U) for any local bisection U ∈ Γ(G). But,

then F(U)
s, t−−→ G ′0 may not be monomorphisms in general, and therefore we cannot

implement Γ(F) to a total homomorphism. Recall that an étale homomorphism

Γ(F) : Γ(G)→ Γ(G ′) is a partial mapping whose domain Γ(G)Γ(F) has certain prop-

erties. Lets take Γ(G)Γ(F) to be the set{
U ∈ Γ(G) | ι(U)

F−→ ι(F(U)) is an iso. and ι(F(U))
s, t−−→ G ′0 are mono.

}
,

then the mapping Γ(F) : Γ(G)Γ(F) → Γ(G ′) given by Γ(F)(U) = F(U) is well define.

Next, we must show that Γ(G)Γ(F) has all the desired nice properties.

• All the sets Γ(G) and F = {U ∈ G1 | ι(U)
F−→ ι(F(U)) is an isomorphism} and

{U ∈ G1 | ι(F(U))
s, t−−→ G ′0 are monomorphisms} are downward closed, hence

their intersection Γ(G)Γ(F) also has the same property.

Given U, V ∈ Γ(G)Γ(F), we have
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ι(U) ιF(U)

ι(UV ) ιF(UV ) G ′0

ι(V ) ιF(V )

F
∼=

t

F
∼=

s

and the map ι(UV )
F−→ ιF(UV ) is an isomorphism. Therefore UV ∈ Γ(G)Γ(F),

and clearly U?, V ? ∈ Γ(G)Γ(F). Hence Γ(G)Γ(F) is an inverse subsemigroup of

Γ(G).

Since Γ(G ′) form a basis of G ′1, for any U ∈ Γ(G) we have F(U) =
∨
V≤F(U)
V ∈Γ(G′)

V.

By the isomorphism ι(U) ∼= ι(F(U)), for each V ≤ F(U) we can find a unique

UV ≤ U such that ι(F(UV )) = ι(V ) � G ′0 are monomorphisms. In addition,

U =
∨

UV ≤U
F(UV )∈Γ(G′)

UV , and we can cover each UV by open subsets of Γ(G) ∩ F.

Hence

U =
∨
a≤U

a∈Γ(G)Γ(F)

a.

• Moreover, we have

F(UV ) F
(
ι(U)×

G0

ι(V )

)

ιF(U) ×
F(G0)

ιF(V )

F(U)F(V ) ιF(U)×
G′0
ιF(V )

∼=

∼=
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and consequently

Γ(F)(UV ) = F(UV )

= F(m(U, V ))

= m(F(U, V ))

≤ m(F(U),F(V ))

= F(U)F(V )

= Γ(F)(U)Γ(F)(V )

shows that Γ(F) is isotone (a prehomomorphism). Also, by being a morphism

of locales F preserve all existing joins.

• By definition, for any U ∈ Γ(G)Γ(F) we have an isomorphism ι(U) → ι(F(U))

of open sublocales.

• Let {Ui}i∈I be a compatible family of elements in Γ(G)Γ(F) such that {F(Ui)}i∈I
is compatible in Γ(G ′), and ι

(∨
i∈I Ui

) F−→ ι
(∨

i∈I F(Ui)
)

is an isomorphism.

Then by completeness of associated inverse semigroups
∨
i∈I Ui ∈ Γ(G) and∨

i∈I F(Ui) ∈ Γ(G ′). According to the hypothesis,

ι

(∨
i∈I

Ui

)
∼=−→ ιF

(∨
i∈I

Ui

)
= ι

(∨
i∈I

F(Ui)

)
� G ′0

and therefore
∨
i∈I Ui ∈ Γ(G)Γ(F). This last property shows that the resultant

étale homomorphism Γ(F) is already saturated.

Now, it is immediate that Γ is a functor from the category of étale localic groupoids

to the étale category of complete distributive inverse semigroups.
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4.4 Adjunction of EtLocGrpd and CompDisInvSemiGrp

Now that we have studied construction of an étale localic groupoid of a complete

distributive inverse semigroup and vise versa, we are ready to establishes an adjunc-

tion between the category of étale localic groupoids EtLocGrpd and the category

of complete distributive inverse semigroups CompDisInvSemiGrp which will be

in fact an equivalence. Consider the pair of functors:

CompDisInvSemiGrp EtLocGrpd.
Ψ

Γ

Now it is enough to establishes the unit and counit natural transformations, and

show that they satisfy triangle identities.

Let η : 1CompDisInvSemiGrp ⇒ ΓΨ be the natural transformation define component-

wise by ηS : S → ΓΨ(S) the principal ideal mapping a 7→ ↓a. This is clearly an étale

morphism of complete distributive inverse semigroups, and commutativity of

S H

ΓΨ(S) ΓΨ(H),

ϕ

ηS ηH

ΓΨ(ϕ)

which equivalent to ΓΨ(ϕ)(a) = ↓ϕ(a) for all a ∈ S, shows the naturality of η.

Moreover, ηS is clearly an isomorphism of inverse semigroups.

Next, by the equivalence of sheaves and étale spaces, any étale groupoid G is a

sheaf over its space of objects G0 and hence there is a natural bijection

homEtLocGrpd(ΨΓ(G),G) ∼= homEtLoc/G0(Γ(G),Γ(G)),

The map in the left hand side dual to idΓ(G) : Γ(G) → Γ(G) provides a canonical

map ΨΓ(G) → G. Explicitly, this map is induced by the diagram DΓ(G) → G with

(U?U,U ∈ F(U)) 7→ U, and it give rise to a natural transformation of functors ε :

ΨΓ⇒ 1EtLocGrpd whose components are exactly the canonical map εG : ΨΓ(G)→ G.
Naturality of ε
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G G ′

ΨΓ(G) ΨΓ(G ′)

F

εG

ΨΓ(F)

εG′

is implied by ΨΓ(F)(U) = F(U), and it is easy to see that this is also a natural

isomorphism.

Although the constructions of display locale and the inverse semigroup of a localic

groupoid are quit involved, unit and counit maps are seemingly trivial. In addition,

they satisfy triangle identities

Γ(G) ΓΨΓ(G) Ψ(S) ΨΓΨ(S)

Γ(G) Ψ(S)

ηΓ(G)

idΓ(G)

Γ(εG)

Ψ(ηS)

idΨ(S)

εΨ(S)

for trivial reasons.

4.5 Étale Bundles of Groups over a Locale

Previously in this chapter, we established an adjoint equivalence between the cat-

egory of complete distributive inverse semigroups and that of localic étale groupoids

via the display locale construction of a particular sheaf valued in sets. In this section

we further enrich that construction by replacing sheaf of sets with a sheaf of groups,

i.e., a local system valued in groups. The resulting inverse semigroups are the Clifford

inverse semigroups that we studied in Chapter 1, and they are in a correspondence

with étale bundle of groups on locales.

According to our previous discussions, provided the completeness and distribu-

tivity, the Clifford inverse semigroup becomes a sheaf of groups over the locale of

idempotents, or simply a locale of groups.
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CHAPTER 5

GEOMETRY OF COMPLETE DISTRIBUTIVE INVERSE SEMIGROUPS

Recall that, étale localic groupoids are internal groupoids in the category of locales

and local homeomorphisms between them form a natural strict 2-category: localic

groupoids, internal functors, and étale natural transformations. For the sake of com-

pletion, we should discuss the analogue of natural transformations for étale complete

distributive inverse semigroups. Suppose there are two functors F ,F ′ : G ⇒ G ′ and

a natural transformation θ : F ⇒ F ′. For brevity, lets take ϕ, ψ : S ⇒ H to be the

corresponding inverse semigroups and their étale homomorphisms. It is clear that

Sϕ∩Sψ is downward closed and dense inverse subsemigroup in S, with ↓ϕ(a) ∼= ↓ψ(a)

for all a ∈ Sϕ ∩ Sψ. With an abuse of notations, components of the natural trans-

formation create θe ∈ H for any idempotent e ∈ Sϕ ∩ Sψ such that θ?eθe = ϕ(e) and

θeθ
?
e = ψ(e). Moreover, the naturality square

sF(U) tF(U)

sF ′(U) tF ′(U)

θs(U)

F(U)

θt(U)

F ′(U)

implies that

θaa?ϕ(a) = ψ(a)θa?a

for any a ∈ Sϕ ∩ Sψ.

5.1 Weak Equivalences of Complete Distributive Inverse Semigroups

A homomorphism F : G → H of localic groupoids is a weak equivalence 1 and

denoted by ' if they satisfies the following two point-free conditions for being fully

faithful and essentially surjective.

1A functor F : C → D is called an equivalence if it has a quasi inverse G : D → C with two
natural isomorphisms ε : FG ⇒ idD and η : idC ⇒ GF . It is a well-known result in category theory
that a functor is an equivalence if and only if it is fully faithful and essentially surjective on objects,
when the target category has the internal axiom of choice. If AC fails fully faithful and essentially
surjective are known as weak equivalences.
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• Fully faithful:

G1

H1 ×
H0×H0

(G0 × G0) H1

G0 × G0 H0 ×H0

F

s×t

'

s×t

F×F

The induced map G1 → H1 ×
H0×H0

(G0×G0) is an isomorphism. In particular it

is a monomorphism and an epimorphism.

• Essentially surjective:

H1 ×
G0

G0 G0

H1 H0

π2

π1
F

s

The map sπ1 : H1 ×G0 G0 → H0 (or equivalently, Fπ2) in the fibered product

is an epimorphism.

Due to the already established equivalence of categories CompDisInvSemiGrp→
EtLocGrpd, these two conditions have straightforward analogues in the left hand

side category. An étale homomorphism of complete distributive inverse semigroups

ϕ : S → H is called a weak equivalence if it is

• Full: given any h ∈ H for which there exist e1, e2 ∈ E(S) such that h?h = ϕ(e1)

and hh? = ϕ(e2) we have

h =
∨

ϕ(a)≤h
a∈Sϕ

ϕ(a).
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• Faithful: for all a, b ∈ S such that (ϕ(a), a?a, aa?) = (ϕ(b), b?b, bb?) we have

a = b.

• Essentially surjective: For any e′′ ∈ E(H) there is (h, e′) ∈ H × E(H) such

that hh? = e′′, h?h = e′ and

e′ =
∨

ϕ(e)≤e′
Sϕ∩E(S)

ϕ(e).

Two complete distributive inverse semigroups are called Morita equivalent if there

is a zigzag of weak equivalences between them. There are preexisting Morita theories

of inverse semigroups in the literature, for examples [6] and [28]. The notion of

Morita equivalences obtained in this dissertation is coincide with that in the second

reference. However our approach is much more direct and does not require to define

modules over inverse semigroups.

Directly from the construction, both

CompDisInvSemiGrp EtLocGrpd.
Ψ

Γ

are relative functors that assemble into an equivalence of relative categories, after

equipping both sides with above discussed Morita equivalences.

However, this naive 2-category of internal groupoids, internal functors and internal

natural transformations is not quite “correct” category, because weak equivalences

may still have no internal weak inverses. One way to deal with this deficiency is

the localization of this strict 2-category with respect to weak equivalences of localic

groupoids. One could localize the underlying 1-category in a way compatible with

2-morphisms using the bicategory of fractions in [13]. According to this paper, any

bicategory B with a class of weak equivalences W satisfies the following conditions

(admitting a right calculus of fractions) there is a localization B → B[W−1] (with a

universal property) sending all weak equivalences to equivalences:
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1. W contains all equivalences, and closed under composition and 2-isomorphisms.

2. W admits pseudo base changes, i.e., for any (A
w−→ B) ∈ W and C

f−→ B there

exists a 2-commutative square:

D A

C B

w′ w

f

with w′ ∈ W

3. If α : wf ⇒ wg is a 2-cell where w ∈ W there is a 1-cell v ∈ W and a 2-cell

β : fv ⇒ gv such that αv = wβ. Moreover when α is an iso-2-cell, β must

be an isomorphism too. If v′ and β′ form another such pair, there exist 1-cells

u, u′ such that vu, v′u′ ∈ W and a 2-isomorphism ε : vu ⇒ v′u′ such that the

following diagram commutes:

fvu gvu

fv′u′ gv′u′

βu

fε ' gε '

β′u′

Since étale localic groupoids and their weak equivalence admits a right calculus of

fractions, we can preform bicategorical localization on that strict 2-category consid-

ering as a bicategory. Apart from this new homotopy bicategory, there are few other

bicategories of localic groupoids, one by anafunctors, and another one by bibundles,

in which weak equivalences are invertible. In the end, all of these bicategories are

mutually equivalent.

Moreover, CompDisInvSemiGrp also admits a right calculus of fractions as

we directly transform 2-morphisms and weak equivalences onto it from those of

EtLocGrpd. Hence the bicategorical localization yields two equivalent bicategories.
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By a theorem of Pronk [13] this bicategory is also equivalent to étendues (a nice

class of toposes that locally looks like the category of sheaves on a locale), which

is somewhat analogous to Grothendieck toposes being the bicategory of fractions of

étale-complete localic groupoids with respect to open Morita equivalences. We re-

fer the reader to [14] and [20] to see how étendues subsumes the theory of étale Lie

groupoids. Furthermore, pseudogroups of diffeomorphisms up to Morita equivalences

embed fully faithfully as a subbicategory (with maps induced by effective étale Lie

groupoids) into the bicategory corresponding to effective stacks.

5.2 An Application to Orbispaces

An orbifold is locally a quotient M//G of a smooth manifold M by a properly

discontinuous action of a possibly infinite-dimensional Lie group (of diffeomorphisms)

G with finite isotropy subgroups at each point. In [14], Moerdijk–Pronk proved that

an orbifold is a Morita equivalence class of proper étale Lie groupoids. Moreover, The

continuous analogue of this interpretation continue to hold as studied in [16], and

it says that topological orbifolds (alias orbispaces) are Morita equivalence classes

of proper étale topological groupoids. Hence with the equivalence of bicategories

established in the previous section, we have a straightforward characterization of

topological orbifold in terms of complete distributive inverse semigroups up to their

Morita equivalences.

Proposition 5.2.1. Up to a Morita equivalence, an orbispace can be represented by

a complete distributive inverse semigroup S

• whose locale of idempotents E(S) is spatial, and

• source and target maps (s, t) : Ψ(F) → E(S) × E(S) jointly define a proper

map (i.e. the preimage of a compact set is compact).

For e ∈ E(S), we define the isotropy group at e by Ge = {a ∈ S | a?a = aa? = e}.
Observe that, for any a ∈ S, the isotropy groups Ga?a

∼= Gaa? are isomorphic. The

conditions of being étale and proper immediately ensure that all the isotropy groups

must be finite.
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5.3 Smooth Complete Distributive Inverse Semigroups

A smooth structure on a complete distributive inverse semigroup S is a sheaf of

commutative real algebras on E(S) that is locally isomorphic to (Rn,O), where O is

the sheaf of smooth functions on Rn, Furthermore, we require the pullback sheaves

along source and target maps to be coincide.

Lemma 5.3.1. Any local bisection of Ψ(F) induces a local diffeomorphism on E(S),

i.e., related sheaves are isomorphic. Conversely, every local diffeomorphism of E(S)

is induced by a local bisection.

Once we require source and target maps to be smooth, all the other structure

maps are also smooth. We conjecture that the category of complete distributive

inverse semigroups equipped with smooth structures is equivalent to that of étale

Lie groupoids, and after the bicategorical localization these will give the inverse

semigroup version of differentiable stacks.
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CHAPTER 6

APPENDIX: BASICS OF POINT-FREE TOPOLOGY

In this section we will review preliminaries of theory of locales starting from the

very basics.

6.1 Lattices, Boolean Algebras and Heyting Algebras

Recall that a partial ordering on a set A is a binary operation ≤ which is

• Reflexive: a ≤ a for all a ∈ A

• Anti-symmetric: a ≤ b and b ≤ a implies a = b

• Transitive: a ≤ b and b ≤ c implies a ≤ c

We will abbreviate this data by saying (A,≤) is a poset.

An element a ∈ A is a join (or least upper bound) for the subset S ⊆ A, if it

satisfies following two properties:

• s ≤ a for all s ∈ S.

• for any b ∈ A satisfying s ≤ a for all s ∈ S, we have a ≤ b.

By anti-symmetry, joins are unique when they exists and we write a =
∨
S =

∨
s∈S s.

For a two element set S = {s1, s2} we write s1 ∨ s2 =
∨
{s1, s2} for its join. Suppose

A is a poset in which every finite subset has a join, then it defines a binary operation

∨ satisfying the equations:

i) 0 =
∨
∅ is the least element of A

ii) a ∨ 0 = a

iii) a ∨ a = a

iv) a ∨ b = b ∨ a
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v) a ∨ (b ∨ c) = (a ∨ b) ∨ c

vi) if b ≤ c, then a ∨ b ≤ a ∨ c

for all a, b, c ∈ A. Hence (A,∨, 0) become a commutative, idempotent monoid. On

the other hand, any such monoid has a canonical partial ordering given by a ≤ b if

and only if a∨ b = b. A poset with this property is called a (join) semi-lattice. Note

that a homomorphism between two semi-lattices must preserve the join operation,

and the distinguished element 0. Therefore it is necessarily an partial order preserving

map (monotone increasing map), but an arbitrary map between posets need not be

a homomorphism of semi-lattices. For example {1} ↪→ {0 < 1} is not a morphism of

join semi-lattices. Hence we have a (proper) inclusion functor

U : Semilattice ↪→ Poset.

The free left adjoint functor maps a poset (A,≤) to the poset set of finitely generated

down-sets (equivalently finite anti-chains) of A ordered by inclusion.

Dually, in any poset we can consider the notion of meet (greatest lower bound),

defined by reversing all the inequalities in the definition of join. We write
∧
S, a ∧ b

and 1 for the analogues of
∨
S, a ∨ b and 0. A lattice is a poset in which every finite

subset has both a join and a meet. 1 Given a poset (A,≤) such that (A,∨, 0) and

(A,∧, 1) are semi-lattices, then (A,∨,∧, 0, 1) is a lattice if and only if the absorptive

laws: ∀a, b ∈ A
a ∧ (a ∨ b) = a, a ∨ (a ∧ b) = a.

A lattice can be viewed as a set consisting of two compatible commutative idempotent

semigroup structures, but this peculiar (absorption) identities distinguishes it from

other typical algebraic structures (in the sense of universal algebra).

1Note that the empty set is not a lattice in this sense as the empty subset has no join, or meet.
Therefore some authors define lattices without requiring the existence of 0 and 1, and for them the
empty set is an unbounded lattice. In fact, in some occasions requiring the existence of bottom and
top elements is problematic. For example with such elements R is no longer an ordered field. On
the other hand, we don’t require the elements 0 and 1 to be distinct, which allow a singleton set to
be a lattice.
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A lattice in which the distributive law

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)

holds for all a, b, c ∈ A is called a distributive lattice. This law also equivalent to the

dual identity

a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c).

Also we can encode both of them into a single more symmetric identity and say a

lattice is distributive if and only if the identity

(a ∧ b) ∨ (b ∧ c) ∨ (c ∧ a) = (a ∨ b) ∧ (b ∨ c) ∧ (c ∨ a)

is satisfied. Note also that in the presence of the distributive law we can deduce

either absorptive law from the other. Another characterization of distributive lattices

is given by the cancellation law, i.e., A is distributive if and only if for all b, c ∈ A,
we have b = c whenever b ∧ a = c ∧ a and b ∨ a = c ∨ a for some a ∈ A. As a

consequence when A is distributive, there is at most one x ∈ A satisfying the both

equations x ∧ a = b, x ∨ a = c for any a, b, c ∈ A.

In any lattice, an element x satisfying x∧a = 0 and x∨a = 1 is called a complement

of a and typically denoted by ¬a. Also, in a distributive lattice complements are

unique, involutive when they exist and satisfies the De Morgan’s laws:

¬(a ∨ b) = (¬a) ∧ (¬b), ¬(a ∧ b) = (¬a) ∨ (¬b).

A Boolean algebra is a distributive lattice A equipped with an additional (order

reversing) unary operation ¬ : A→ A such that ¬a is the complement of a. In other

words, a Boolean algebra is a complemented distributive lattice (A,≤,∨,∧, 0, 1,¬).

Since ¬ is uniquely determined by the other data in the definition, it follows that any

lattice homomorphism between Boolean algebras is automatically a Boolean algebra
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homomorphism. Moreover there is a well known isomorphism of categories

BooleanAlg ∼= BooleanRing,

where a ring with a unit is Boolean if the multiplication is idempotent. Note that, in a

Boolean algebra, ¬a∨b is the unique largest element c satisfying a∧c ≤ b. Therefore

the complementation ¬ : A → A has the property that a ∧ c ≤ b if and only if

c ≤ ¬a ∨ b. Or equivalently, for any a ∈ A the lattice homomorphism A
a∧−−→ A has

the right adjoint A
¬a∨←−−− A. Being the left adjoint of a Galois connection, ∧ preserves

all existing colimits (joins), and hence follows the distributivity. This formulation

allow us to define a generalized notion of Boolean algebras without referring to

complements.

A lattice that admits a binary operation =⇒ of implication (relative pseudo-

complement) satisfying a∧ c ≤ b if and only if c ≤ a =⇒ b is a Heyting algebra. In

other words,

a =⇒ b =
∨
{c ∈ A | a ∧ c ≤ b}.

Also, Heyting algebras are always distributive. A lattice with a binary operation

(A, =⇒ ) is a Heyting algebra if and only if it satisfies:

• a =⇒ a = 1

• a ∧ (a =⇒ b) = a ∧ b

• b ∧ (a =⇒ b) = b

• (a =⇒ (b ∧ c)) = (a =⇒ b) ∧ (a =⇒ c)

for all a, b, c ∈ A, where last condition is the (left) distributive law for =⇒ over

binary meets. Although the unary operation ¬ is not part of the definition of a

Heyting algebra A, in a Boolean algebra we can recover it as ¬a = (a =⇒ 0).

Therefore in a general Heyting algebra, we take this as the definition of the pseudo-

complement (negation). This definition implies that ¬a ∧ b ≤ (a =⇒ b), for
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any a, b ∈ A. Further it can be shown that a ∧ ¬a = 0 (law of non-contradiction),

¬a = ¬¬¬a and a ≤ ¬¬a, although the converse is not true in general. For all

a ∈ A the identity a = ¬¬a (double negation elimination), equivalently a ∨ ¬a = 1

(excluded middle), holds if and only if A is a Boolean algebra. On the other hand,

given a Heyting algebra we can construct a Boolean algebra along the free left adjoint

to the full and faithful forgetful functor

BooleanAlg ↪→ HeytingAlg.

This Booleanization functor maps a Heyting algebra A to the poset A¬¬ = {a ∈
A | a = ¬¬a} of regular elements of A. There is also a right adjoint to the forgetful

functor that maps A to its set of complemented elements Acomp = {a ∈ A | a ∨
¬a = 1}. It is true that every complemented element is regular, surprisingly, the

converse is not true in general. An element a ∈ A is called dense if ¬a = 0. These

terminologies agree with that in topology on the Heyting algebra of open subsets of

a topological space. In addition to above universal constructions we have following

weak De Morgan’s laws for a Heyting algebra:

¬(a∨b) = (¬a)∧(¬b), ¬(a∧b) = ¬¬((¬a)∨(¬b)), ¬(a =⇒ b) = (¬¬a)∧(¬b),

and double negation preserve both binary meets and implication. Also, we have

¬(a ∧ b) = (a =⇒ ¬b) = (b =⇒ ¬a).

Finally, by dualizing the defining property of a Heyting algebra it is possible to

define a co-Heyting algebra with a dual negation operator ∼ which validates the

law of excluded middle but invalidates the law of non-contradiction. Also, a poset

with two compatible Heyting algebra and co-Heyting algebra structures is called a

biHeyting algebra. However this is not subject to our main presentation here.
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6.2 Frames, Locales and Quantales

A join semi-lattice A is said to be complete if it has arbitrary joins not just finite

ones. In this case it is enough to have finite joins and directed joins (filtered colimits).

Complete join semi-lattices are also known as sup-lattices. For any S ≤ A, we can

see that join of all lower bounds of S gives a meet for it, i.e.,
∧
S =

∨
{a ∈ A |

a ≤ s, ∀s ∈ S}. Therefore a sup-lattice is necessarily an inf-lattice (complete meet

semi-lattice), and hence a complete lattice. However, it is convenient to distinguish

between the two concepts, since the homomorphisms of sup-lattices preserves only

joins, not necessarily meets, therefore not necessarily be homomorphisms of complete

lattices. Each of the following forgetful functor

CompSemiLattice ↪→ SemiLattice ↪→ Set

has a left adjoint given as

1. The free semi-lattice generated by a set is its finite subsets (with the semi-

lattice operation being taking unions).

2. The free sup-lattice generated by a semi-lattice is the set of its downward closed

subsets.

3. The free sup-lattice generated by a set is its power set.

A frame is a sup-lattice for which A
a∧−−→ A is a homomorphism of sup-lattices for

every a ∈ A. In other words, we have binary meets distribute over arbitrary joins

a ∧

(∨
s∈S

s

)
=
∨
s∈S

(a ∧ s).

By the adjoint functor theorem for posets, a complete lattice satisfies this infinite

distributive law if and only if it is a (complete) Heyting algebra. However maps

between frames may not preserve implication (but finite meets and arbitrary joins),

in general. Thus, once again we encounter two categories having the same objects

but different morphisms.
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The motivation for theory of frames comes from the poset of open subsets of

a topological space (ordered by inclusion). In fact, the free frame on any set is a

topology on some suitable space, and for any frame F there is an associated canonical

topological space called the spectrum of F. We will look at this spectrum construction

with little more details in the next section. 2 Given a topological space X with a

family of open subsets {Ui}i∈I , we have

∨
i∈I

Ui =
⋃
i∈I

Ui,
∧
i∈I

Ui = int

(⋂
i∈I

Ui

)

and this affirmatively define bottom and top elements of the frame of opens. If

U, V are two open subsets of X, the Heyting algebra implication U =⇒ V =

int ((X \ U) ∪ V ) and ¬¬U = int cl(U) implies that this Frame is not a Boolean

algebra unless each open set of the topology is regular (coincide with interior of its

closure). For two topological spaces together with a continuous map X
f−→ Y, we have

a homomorphism O(Y )
f∗−→ O(X) between their frames of open subsets (functions

preserving finite meets and arbitrary joins), and this shows that the obvious functor

Top
O−→ Frame

is contravariant. For this reason, opposite category of frames denoted by Locale

considered as a order theoretic generalization of point-set topology which allow to

study topological properties using order theoretic methods. Objects of this new cate-

gory are again complete sup-lattices satisfying the infinite distributive law, and mor-

phisms are formal opposites of frame homomorphisms, and we refer to these objects

and morphisms as locales and localic continuous maps respectively. So, we have a

localic continuous map O(X)
f−→ O(Y ) (by abusing notations) in the above example.

On the other hand, one can construct a genuine monotone function O(X)
f∗−→ O(Y )

which goes in the localic direction, but different from f by considering right adjoint

2Similar constructions show up in number of different contexts as a way to associate topological
spaces to some kind of algebra structures. For example Zariski spectrum of a commutative ring,
Gelfand spectrum of a commutative Banach algebra, Stone spectrum of a Boolean algebra etc.
Moreover these constructions become more transparent in point-free topology.
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functor to f ∗. In addition, since f ∗(a) ≤ b if and only if a ≤ f∗(b) we have

f∗(b) =
∨
{a ∈ O(Y ) | f ∗(a) ≤ b}

(largest open subset of Y whose pre-image is an open subset of b.) Clearly f∗ preserve

all meets (in general, not a frame homomorphism but a Heyting algebra homomor-

phism), but there does not seem to be any condition on f∗ alone which is equivalent

to f ∗ preserving finite meets. However the adjoint f ∗ completely determine f∗ and

vise versa, not just up to isomorphism, since in a poset the only isomorphisms are

the identities.

6.3 Spectrum of a Locale, Order Ideals

The functor Top
O−→ Locale has a right adjoint Top

spec←−− Locale called the

spectrum (of a locale) which induces a natural bijection

homLocale(O(X),L) = homTop(X, spec(L))

for any topological space X and any locale L. In particular, when X = {?} is the

terminal topological space O(X) becomes the terminal locale (and initial frame)

which we shall denoted by 2 = {0 < 1}, and the set of frame homomorphisms

homFrame(L,2) recover the underlying set of spec(L). Observe that, for any frame

homomorphism L ϕ−→ 2 its kernel

ker(ϕ) = {a ∈ L | ϕ(a) = 0} =
y ∨

ϕ(a)=0

a


is a principal order ideal generated by a meet irreducible element, or sometimes called

a prime. Conversely, any principal order ideal of a prime element is a kernel of a

such frame homomorphism. Consequently, spec(L) correspond bijectively to prime

elements of L. Equipping the set spec(L) with a topology is equivalent to specifying

the set of continuous maps from it to the Sierpinski space S = {0, 1}. For a ∈ L,
consider the collection of evaluation maps define fa : spec(L) −→ S by fa(ψ) = ψ(a).
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Since

f−1
1 ({1}) = spec(L), f−1

a ({1})∩f−1
b ({1}) = f−1

a∧b({1}),
⋃
j∈J

f−1
aj

({1}) = f−1∨
j∈J aj

({1}),

the collection {f−1
a ({1}) = {ψ ∈ spec(L) | ψ(a) = 1}}a∈L form a topology on

spec(L). Note that the open set defined by a can be equivalently represent as the

set of prime elements p ∈ L with p 6≥ a. In general, points of a topological space X

are not same as points of O(X). In fact, the induced map between points of X and

the points of O(X) is a bijection if and only if X satisfies the separation property

called sober. In that case, the adjunction restricts to an equivalence between sober

topological spaces and spatial locales, i.e., locales with enough points. Also, because

of this adjunction elements of a locale L are called open subsets, and one can further

justify this terminology by identify elements with localic open inclusions, which we

will discuss in next subsection.

Next, we shall give two important examples for frames/locales and their spectra.

• Regular open subsets of [0, 1] form a complete Boolean algebra, and therefore

a frame. Conversely, according to the Stone duality, every complete Boolean

algebra is isomorphic to that of regular opens of some compact Hausdorff space.

Despite having a very nice structure, this locale has no points at all.

• Set of reals that are in every measure 1 subset of [0, 1] is another example of a

locale that has no points. This can be use as a model for random real numbers.

• The poset of radical ideals of a commutative ring form a locale, and its set of

prime ideals equipped with the Zariski topology is the associated spectrum.

Since the above construct of spectrum involves order ideals of locales, lets study

ideals and filters of lattices. In general, a non-empty subset I of a poset is called an

ideal, if the following two conditions hold:

• downward closed : a ∈ I and b ≤ a implies b ∈ I
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• upward directed : for a, b ∈ I there is c ∈ I satisfying a, b ≤ c.

When the poset is a join semi-lattice, ideals can be characterize as join-subsemilattices

that are kernels of semi-lattice homomorphisms. Dually, we may consider the set

F = {a ∈ A : f(a) = 1} when A is a lattice. This dual-kernel, called a filter, satisfies

same properties analogous to ideals:

• upward closed : a ∈ F and a ≤ b implies b ∈ F

• meet-subsemilattice : 1 ∈ F and a, b ∈ F implies a ∧ b ∈ F

Filters are often used in analysis and topology as a substitute for sequence when

spaces are not first countable. There are few main kinds of filters and ideals:

1. Principal ideals:

Given a ∈ A, the down-closed subset ↓(a) = {b ∈ A | b ≤ a} is called the

principal ideal generated by a, and this is precisely the intersection of all ideals

containing a. Alternatively, each principal ideal is equivalently given by an

arbitrary join preserving map f : A→ 2.

2. Prime ideals:

For an ideal P of a lattice A the following conditions are equivalent.

• Complement of P is a filter.

• 1 /∈ P, and a ∧ b ∈ P implies a ∈ P or b ∈ P.

• P is the kernel of a lattice homomorphism f : A→ 2.

Such an ideal is called a prime ideal. In this case the complement of P (called

a prime filter) satisfies dual properties of above conditions.

3. Completely prime ideals:

When A is a frame, the generalizing the third characterization of prime ideals

to frame homomorphisms gives completely prime ideals. In other words, we

define a completely prime filter F as a filter such that xj ∈ F for some j ∈ J
whenever

∨
j∈J xj ∈ F for any indexing set J. These filters are in a bijection

with points of A, when it considered as a locale.
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4. Maximal ideals:

An ideal M is maximal if it is proper and there is no proper ideal containing

it as a strict subset. Maximal filters are also famously known as ultrafilters.

In a distributive lattice, every maximal ideal is prime; the converse holds in a

Boolean algebra. In fact, in the latter case for any a ∈ A exactly one of the

elements a,¬a is in the ideal I. However, even in this case, the existence of

prime ideals is not so obvious and given by Boolean prime ideal theorem (or

equivalently by ultrafilter lemma).

Via the isomorphism of categories BooleanAlg ∼= BooleanRing, order ideals trans-

form to ideals of Boolean rings and vise versa.

6.4 Nucleus, Morphisms between Locales

Recall that a map f : L → M between two locales is completely determined by

its formal dual (inverse image) functor f ∗ :M→ L, which is, by definition, a frame

homomorphism:

1. f ∗
(∨

i∈I ai
)

=
∨
i∈I f

∗(ai)

2. f ∗(a ∧ b) = f ∗(a) ∧ f ∗(b)

3. f ∗(1M) = 1L

Since f ∗ preserve all joins and finite meets, it also possess a right adjoint f∗ which

preserve all meets and Heyting implication, but may not joins.

For any a ∈ L, then the down-closed subset ↓a = {x ∈ L | x ≤ a} is a locale and

we have a frame homomorphism ι∗ : L → ↓a given by ι∗(x) = a∧x, which implicitly

defines a morphism of locales ι : ↓a→ L, and has the right adjoint ι∗ = a =⇒ b for

b ≤ a. Since ι∗ is surjective, ι is a monomorphism locales. Moreover in the case of

an open subset of a topological space, this is just the inclusion of an open subspace.

Therefore we make the following definitions:

• open sublocale of L is a monomorphism O � L of locales isomorphic to the

monomorphism ↓a→ L for some a ∈ L.
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• closed sublocale of L is a monomorphism C � L of locales isomorphic to the

monomorphism ↑ a→ L for some a ∈ L.

Expressed purely in topological terms, motivation for these definitions coming from

the facts that, when U is an open subset of a toplogical space X, the locale ↓U
is isomorphic to the locale of open subsets of U and similarly the locale ↑ U is

isomorphic to the locale of open subsets of the closed set X \ U.

Similar to the case of topological spaces, between locales we have special classes of

maps such as semi-open maps, open maps, closed maps, proper maps, local homeo-

morphisms etc. A localic continuous map f : L →M is said to be

1. semi-open: if the associated map of frames f ∗ : M → L, preserves arbitrary

meets. Then, by the adjoint functor theorem, f ∗ also has a left adjoint f! :

L →M which is called the direct image map of f. It preserves arbitrary joins

as a left adjoint but not, in general, even preserve binary meets.

2. open: if it semi-open and satisfy the “Frobenius reciprocity condition”

f!(a ∧ f ∗(b)) = f!(a) ∧ b

for all a ∈ L and b ∈ M. This is equivalent to saying that f ∗ is a complete

Heyting algebra homomorphism, i.e. it preserves arbitrary meets and the Heyt-

ing implication. In this case the image of every open sublocale of L is an open

sublocale of M.

Geometrically, the frame homomorphism f ∗ : Open(Y ) → Open(X) of an

open continuous map f : X → Y of topological spaces is a complete Heyting

algebra homomorphism, hence f is open as a locale map. The converse holds

if Y has a seperation property called TD.

3. closed: if it satisfy the dual reciprocity condition

f∗(a ∨ f ∗(b)) = f∗(a) ∨ b
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for all a ∈ L and b ∈M. For further discussion on these maps, refer [33].

4. local homeomorphism: if there is a family {ai}i∈I ⊆ L such that
∨
i∈I ai = 1L

and each restriction ↓ai → ↓f(ai) is an isomorphism of locales. Every étale

morphism of locale is automatically open, and see [17] for more about these

morphisms.
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