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CHAPTER I 

INTRODUCTION 

The class of control problems denoted as Linear Quad

ratic Gaussian (LQG) is characterized by an Integral quad

ratic performance measure in the state and input vectors 

of the system and by linear dynamics with additive Gaussian 

white noise. In Chapter II the mathematical description of 

the problem class treated here will be precisely stated. 

In this chapter, however, we will only symbolically indi

cate the LQG formulation and attempt to motivate the subse

quent work. 

Assume the system model for the so-called "state" of 

the system, x(t), is given by 

^x(t) - A(t)x(t)+B(t)u(t)+G(t)c(t),te[t^,t^], (1-1) 

where x(t ) may be random. 

Capital letters here denote matrix valued functions and 

lower case letters denote column vector valued functions 

of time, t. The system input u(t) is the control variable 

to be chosen by the design engineer. The noise input, c(t), 

is an extraneous input that cannot be altered by the design 

engineer. Its statistics are assumed to be known and 



cannot be "controlled." The control objective is to "regu

late" the trajectory of x(t) over [t^,t^]. Here "regulate" 

means keeping x(t) small by forcing the system with u(t) 

while not expending "too much effort." Here "too much ef

fort" implies that the physics or economics of the applica

tion may limit the energy expended in trying to keep x(t) 

small. As a result of this objective, the following per

formance measure is formulated: 

ft 

J = x'^(t^)Sx(t^) + 
f 
{x'^(t)Q(t)x(t)+u^(t)R(t)u(t)}dt, 
t^ 

(1-2) 
T where ( ) denotes matrix transposition. 

Due to assumed definiteness conditions on the matrices S, 

Q, and R, J increases in value if x or u become large. The 

objective then is to keep J small. The "terminal penalty" 

term, x (t«)Sx(t^), is usually present to help ensure that 

at the termination of the mission, the performance will 

"pay" for large x. Note that the terminal penalty term can 

be Included under the integral by appropriate distribu

tional modification of Q and for the present discussion 

there will be no explicit consideration of this term in J. 

Chapter VI shows how this term may be included in the re

sults . 

If the noise is not present, that is if c(t) = 0, 

then the objective is to minimize J over all input func-
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tions u(t). The solution of this problem is well known and 

turns out to be a linear feedback solution, that is, u(t) 

has the form 

u(t) = K(t)x(t) . (1-3) 

Indeed the linear feedback structure is a very desirable 

one and all inputs to (1-1) will be assumed to be of this 

form. 

With these comments in mind the system model takes on 

the form 

^x(t) = F(t)x(t)+G(t)c(t), (1-4) 

where 

F(t) = A(t)+B(t)K(t), (1-5) 

and J (neglecting the terminal penalty term) is given by 

ft 

J = x^(t)N(t)x(t)dt, (1-6) 

^o 

where 

N(t) = Q(t)+K'^(t)R(t)K(t) . (1-7) 

If the system noise is not zero and/or the initial 

state x(t ) is random, then minimization of J is not mean

ingful because J is then a random variable. Classical ap

proaches to this problem class have centered around mini

mizing the average of J when c(t) is Gaussian white and 



x(t^) is Gaussian. The solution to this problem turns out 

to be the same as to the problem with no noise present and 

of course has the desirable linear structure. There are 

conceptual and sometimes real difficulties with this prob

lem solution. First, it is easy to contrive situations for 

which minimum average performance is not a good objective. 

Secondly, no complete Information is available to the de

sign engineer on what the actual system performance is. 

What is missing is a complete statistical description of 

J. 

This is the objective of this work: to develop an ef

ficient computational procedure for obtaining the prob

ability density function of J along with its statistics for 

controls within the linear feedback class. The achievement 

of this objective will provide the design engineer with a 

powerful tool for analyzing his linear feedback control 

designs, whether they are optimal (in some sense) or sub-

optimal. 

It should be pointed out at this point that there 

presently exists a performance measure density technique 

developed by Liberty [9] in 1971, but it is far from being 

computationally efficient. Building on the work and ob

servations of Liberty, Hartwlg [7] has developed a new 

mathematical formalism dealing with the statistics of J. 

It is this latter work, in combination with that of Liberty, 

which leads directly to the new technique developed here. 



Chapter II contains classical results and work pre

sented by Liberty [9]. Chapter III contains the results 

of Hartwlg [7] for determining the statistics of a LQG 

problem. These chapters provide the background information 

sufficient for comprehension of the material in the re

mainder of this work. 

Chapter IV develops the technique used in determining 

the density function. Chapter V gives several examples to 

demonstrate the validity of the technique. 

Chapter VI discusses the modifications which are 

necessary to include the terminal penalty term in the per

formance measure. 



CHAPTER II 

THE LINEAR DYNAMICAL PROCESS 

In order to understand the work done in Chapters IV 

thru VI, a cursory look at previous work in the area of 

determining the statistics of LQG performance measures is 

needed. Begin by considering the class of random processes 

which may be represented as the output of a linear dynami

cal system driven by Gaussian white noise. 

Let R^ denote the p-fold Cartesian product of the real 

line and consider the random process y with values y(t)eR"'̂  

described by 

^x(t) = P(t)x(t)+G(t)c(t), te[t^,t^], (2-1) 

y(t) = C(t)x(t), te[t^,t^], (2-2) 

where x(t)eR^ is the state vector and c(t)eR is a zero-

mean Gaussian white process. The "white noise" assumption 

means that the covariance of the noise vector, c(t), is 

E{c(t)c'^(T)} = Q6(t-T), t,Te[t^,t^], (2-3) 

T where ( ) implies matrix transposition. The matrix Q is a 

symmetric, positive semi-definite matrix. The initial 

state vector x(t ) is assumed to be Gaussian with mean 

x^ = E{x(tQ)}, (2-4) 



and covariance 

P^ = E{[x(t^)-x^][xT(t^)-x^]} (2-5) 

It is also assumed that c(t) and x(t ) are uncorrelated, 

that is, 

E{[x(t^)-x^]c'^(t)} = 0 (2-6) 

Defining K (t,T) to be the covariance of the output gives, 
V 

K (t,T) = E{Cy(t)-E{y(t)}][y'^(T)-E{y^(T)}]}, 

t,Te[t^,t^] . (2-7) 

An alternate expression for y(t) involves the Karhunen-

Loeve expansion. In this representation a sample function 

of the y process is given by 

y(t) = l.i.m. Z y.(l>. (t), 
k-».oo 1 = 1 ^ ^ 

(2-8) 

where convergence is in the mean square sense. Each y. is 

a scaler random variable given by 

^1 = 

*'f 
<j>'^(t)y(t)dt, 

t^ 

(2-9) 

and each <^. is a r-vector-valued function and an element of 

a complete, orthonormal set satisfying 

Xj*j(t) = K (t,T)*^(t)clT, 

^o 

te[t^,t^] (2-10) 
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The X. satisfy the covariance condition 

E{[y^-m^][yj-mj]} = X^6^j, (2-11) 

where 6.. is the kronecker delta and 

m^ 4 E{y^} . (2-12) 

The expansion indicated in (2-8) finds its most im

portant application in the case where y is a Gaussian ran

dom process, since, in this case the uncorrelated y's are 

independent Gaussian random variables whose statistics can 

be expressed in terms of their means, m., and variances, 

X.. In order that the expansion be useful, the integral 

equation (2-10) must be solved. This equation is called a 

homogeneous Fredholm equation, and until recently has been 

very difficult to solve numerically. Liberty [9] has ap

plied the method of Baggeroer [2] for solving this equation, 

and has developed a means of computing the m's. 

The performance measure for the LQG control problem 

with linear feedback may be expressed in terms of the y 

process as 

.t^ 

J = y^(T)y(T)dT, (2-13) 
t 
o 

where 

N(T) 4 C'^(T)C(T), Te[t ,t ] . (2-14) 
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The factorization in (2-14) is actually only conceptual and 

never need be performed. Because of the need for a statis

tical description of the performance measure. Liberty [9] 

developed characteristic function descriptions of J in 

terms of the process model and the representation described 

here. 

Substituting the series representation of y(t) given 

by (2-8) into (2-13) yields 

00 

J = Z y^ . (2-15) 
1=1 ̂  

2 
The characteristic function of each y. is then of the non-
central chl-square type given by 

C ^(Jo)) = (l-j2a)X^)"^/^exp{Ja)m^(l-j2a)Xj,)""^} . (2-l6) 

Since the y. are statistically independent, their squares 

are also. The characteristic function of J then becomes 

Cj(Ja)) = 

00 
-1/2.._r Z ...„2,,_,^,.,, x-1 = {n (l-J2a)X,)~-''^^}exp{ Z ja)m.''(l-j2a)X )"•"} . (2-17) 

1=1 ^ 1 = 1 ^ ^ 

At this point in the development the "second character

istic function" is introduced and defined by 

T(Ja)) 4 InCC(Ja))] . (2-18) 

A much more Interesting relationship between these functions 
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arises when one considers their MacLaurin series expansions 

given by 

C(ja)) = 1+ Z y ^ % ^ (2-19) 
k=l ^ •̂ 

and 

T(ja)) = Z K,%^- . (2-20) 
k=l ^ *̂ 

Here the y, and K, are, respectively, the noncentral mo

ments and cumulants of the corresponding probability dis

tribution. Using the characteristic function of (2-17), 

the following expression for the cumulants may be obtained 

[9]: 

00 . _ 00 

K, = (k-l)!2''"^ Z X̂ +klS*̂ *-̂  Z rafx.*^""^ . (2-21) 
^ 1=1 i 1=1 ^ ̂  

An expression for the noncentral moments can also be ob

tained in terms of the cumulants and is given by 



CHAPTER III 

CUMULANT EXPANSIONS OF THE LQG 

PERFORMANCE MEASURE 

Equation (2-21) contains two infinite summations in

volving X^ and m^. Even though these summations do con

verge for finite time problems, the series may require 

many terms in order to obtain a desired accuracy. Hartwlg 

[7] has found an alternative expression for the cumulants 

in terms of the system dynamics which gives their exact 

value. We summarize Hartwlg's results here. 

Equation (2-21) can be broken into two terms, a zero-

mean term not involving m. and a nonzero mean term. These 

terms are given respectively by 

,n-l „ ,n 
[K ]„ = (n-l)!2"--^ Z X" (3-1) 
" 1=1 ̂  

and 

00 

t'̂ n̂ NZ = "'^"-l^I^m^x^"-^ . (3-2) 

Hartwlg [7] states and proves two theorems which ex

press the zero-mean and nonzero mean terms as integral ex

pressions. These theorems will be stated here without 

11 
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proof. 

Theorem 3.1: The zero-mean portion of the n^^ cumulant of 

J is given by 

^^n^Z = (n-l)!2^~^ Tr[K^^\t,t)]dt, (3-3) 

where K^^^t,!) = K (t,T), 
J y 

K/"\t.T) Ky(t,a)K ^""^^o,T)da,n > 1, 

and 

Ky(t,T) = E{[y(t)-E{y(t)}][y^(T)-E{y^(T)}]}, 

t,Te[t^,t^] . (2-7) 

A- V\ 

Theorem 3.2: The nonzero-mean portion of the n cumulant 

of J is given by 

•̂̂ n-̂ NZ 
,^n-l T 

n! 2 X 
o e^(t,t^)C^(t)K/''"^^t,T) 

C(T)0(T,t^)dTdtx^, (3-4) 

where K^-^^(t,T) = K (t,T), 

K/"^t,T) = K (t,c.)K ^" •'•̂ (a,T)da, n > 1, 

to 
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Ky(t,T) = E{[y(t)-E{y(t)}][y^(T)-E{y^(T)}]}, 

t,Te[t^,t^], (2-7) 

and 0(t,T) is the state transition matrix satis

fying 

^0(t,T) = F(t)0(t,T),0(T,T) = I (3-5) 

Unfortunately, these integral expressions for the zero 

and nonzero-mean portions of the n cumulant are not easily 

evaluated due to the extremely complex integral expressions 

which arise as the order of the cumulant increases. If 

these integral expressions are expanded, it is seen that 

both the nonzero and zero-mean portions of an arbitrary 

cumulant can be expressed in terms of a set of fundamental 

matrices. These fundamental matrices are: 

H^(a) 4 

^f 

0'^(t,a)N(t)0(t,a)dt, 

a 

(3-6) 

Hj(a) 4 0'̂ (t,a )c'^(t)K^'^'"^^t,T)C(T)0(T,a)dTdt| 
•7 P =0, o * 

J n J a ' a 

J > 1, (3-7) 

and 

D (a) 4 K/'^^t,t)dt|p ^ Q, J 1 1 
^ o 
a 

(3-8) 
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These fundamental matrices contain the complex integral ex

pressions mentioned above. However, an alternative method 

of expressing these fundamental matrices is obtained by 

differentiating (3-6) thru (3-8) with respect to a. When 

this is done the following matrix differential equations 

arise: 

dH (a) n. 
— ~ = -p'-(a)H-^(a)-H^(a)F(a)-N(a),ae[t^,t^], (3-9) 

dH (a) 
g^ = -F^(a)H^(a)-H^(a)F(a) 

n-1 m 
- Z H.(a)G(a)QG^(a)H (a), 
j=l ^ ""'̂  

ae[tQ,t^],n > 1, (3-10) 

dD^(a) m 
—^ = -nH (a)G(a)QG^(a),a£[t^,t.], (3-11) 

da n o I 
with boundary conditions 

H^(t^) = 0 , n > 1, (3-12) 

and 

D^(t^) = 0 , n i l . (3-13) 

This set of simultaneous matrix differential equations can 

be easily solved to any degree of accuracy using many well 

known algorithms. Thus, using these differential equations, 

the fundamental matrices can easily be obtained. 



15 

The only remaining question is. How are these matrices 

related to the scalar cumulants? As mentioned previously, 

if the integral expressions (3-3) and (3-^) are expanded, 

both the zero and nonzero mean cumulant terms can be ex

pressed as a summation of products of the fundamental ma

trices (3-6) thru (3-8). Hartwlg [7] develops the expan

sions for the first seven cumulants and gives a computer 

program that will generate the expansions for any desired 

cumulant. 

Listed here are the explicit expansions for the first 

four cumulants. 

[K ^ ] ^ = Tr[H^(t^)P^]+Tr[D^(t^)] (3-l4) 

t̂ l̂ NZ = ̂ X^^o^^o 3̂-15) 

[K^IZ = 2Tr[H^(t^)P^]^+4TrCH2(t^)P^]+2Tr[D2(t^)] 

(3-16) 

f̂ 2̂̂ NZ = ^^X^^o^Vl^^o^V^^X^^o^-o ^3-17) 

C<3]z = 8Tr[H^(t^)P^]3+24Tr[H2(t^)P^H^(t^)P^] 

+24Tr[H ( t^)P^]+8Tr[D^(t^)] (3-18) 

t ^ 3 \ z = 2 4 x ^ [ H ^ ( t ^ ) P j 2 ^ , ( t ^ ) x ^ + 4 8 x X ( t , ) P ^ H 2 ( t ^ ) x ^ 

^ 2 < H 3 ( t ^ ) x ^ (3-19) 

[ K ^ ] ^ = 48Tr[H^(t^)P^]^192Tr{H2(t^)P^[H^(t^)P^]2} 
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+96Tr[H (t^)P^]^+192Tr[H^(t )P H,( t )P ] 
< - 0 0 j O O l O O 

+ 192Tr[H^(t^)P^]+18Tr[Dj,(t^)] (3-20) 

[K^]„2 = " 2 ^ I t H , ( t ^ ) P ^ ] 3 H ^ ( t ^ ) x ^ 

+384x^CH,(t^)P^]2H2(t^)x^ 

+ 1 9 2 x X ( t o > P o « 2 ( * o ) ^ « l ( * o ) ^ o 

+ 384xX( t„ )Po«3^*o)^o 

+192x^H2(t^)P^H2(t^)x^+192x^H^(t^)x^ (3-21) 

Several observations can be made from these expansions for 

the first four cumulants. 

1. In order to calculate the cumulants of order 

from one to n, 2n simultaneous matrix dif

ferential equations must be solved backward 

in time from t„ to t . 
f o 

2. Each cumulant is composed of a summation of 

terms which are made up of products of the 

fundamental matrices, the initial state mean 

matrix and the initial state covariance ma

trix. The number of terms required for each 

cumulant increases faster than the order of 

the cumulant and, in fact, for the tenth 

cumulant, the number of terms exceeds three 

hundred. 
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3. If the initial state is known exactly, i.e. 

PQ = 0, these expansions reduce to 

[K^]^ = (n-l)!2^"^Tr[D^(t^)] (3-22) 

and 

[K ] = n!2̂ "-*-x̂ H (t )x . (3-23) 
n NZ o n o o 



CHAPTER IV 

A NEW PERFORMANCE MEASURE DENSITY TECHNIQUE 

The major goal of this thesis is to develop a method 

for obtaining the probability density function of the per

formance measure of a LQG control system. If the charac

teristic function of a random variable is known, the cor

responding probability density function can be obtained by 

Fourier transforming this characteristic function. Thus, 

the probability density function is given as 

/•OO 

D(p) = ^ exp{-ja)p}C(ja))da), ( 4 - 1 ) 
~ 0 0 

f o r a l l p . 

Numerically this Fourier transform can be approximated very 

well using the fast Fourier transform algorithm. Informa

tion on the errors generated in using this technique and 

the approximations made in its development are well under

stood and can be found in [3], [^], and [12]. 

Chapter II shows three representations for the charac

teristic function of the performance measure given in (2-13) 

Liberty [9] uses the first of these representations (2-17) 

to compute the characteristic function of J, which he then 

18 
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Fourier transforms to give the corresponding probability 

density function. In order to use this representation of 

Cj(jco), a sufficient number of X.*s and m's must be calcu

lated so that Cj(j(jo) is approximated closely over the 

region of interest. In some problems, the X.'s are widely 

separated and approach zero quickly as 1 increases. How

ever, for problems where the X!s are not widely separated, 

many Xĵ s are needed to form an accurate characteristic 

function. Liberty solves for the XIs by solving the homo

geneous Fredholm integral equation (2-10) using a technique 

developed by Baggeroer [2]. Although the use of Baggeroer*s 

technique considerably reduces the time required to solve 

this integral equation, the solution time for a second 

order system is in the neighborhood of one to two minutes. 

Thus for a problem where approximately seven or eight X*s 

are needed, the density function can be obtained in approx

imately ten to fifteen minutes. For problems where the X»s 

are not widely separated or for large order systems, compu

tation time can run into hours. 

In the search for a more economical method of obtain

ing the characteristic function several observations can 

be made. As a result of Hartwlg's work one might think 

that the series expression for the second characteristic 

function could be evaluated. Unfortunately, it is easily 

seen that this series does not converge for o) greater than 
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the reciprocal of the largest eigenvalue, X . 

It seems that the only expression for the character

istic function that can be used for all o) is the one used 

by Liberty and given by (2-17). However, in order to use 

this expression, knowledge of many X's and mis is required. 

Liberty's technique consisted of computing as many X's and 

mĵ s as possible and then using only a finite product and 

series in evaluating (2-17). Thus Liberty's technique re

sulted in an infinite degree of freedom generalized chl-

square variate being approximated by one of finite degree 

of freedom. In addition, the truncation error which re

sulted in all statistics could only be corrected in the 

mean, that is the first cumulant, by a shift in the result

ing density function. 

Clearly, if one must settle for a finite degree of 

freedom approximation, then it is more desirable to ap

proximate many statistics as closely as possible. Since 

Hartwlg's results enable us to compute exact statistics 

of J and since the nature of the distribution of J (it is 

generalized chl-square) is known, the approach of this 

work is to determine the finite degree of freedom general

ized chl-square variate which, in the least square sense, 

most closely approximates the lower order cumulants of J. 

This development will now be described where Xjs and mĵ s 

are now chl-squared parameters to be computed such that 
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cumulants of J are accurately approximated. 

Consider the following mathematical programming prob

lem: 

minimize f(X,m) = 

NC NV NC NV ^ , , ̂  
= 2 UK.].- 2: xh^+ Z {[/C,]̂ 7- Z m^x^-l}2 (4-2) 
1=1 ^ ^ j = l ̂  1=1 ^ ̂ ^ j = l J J 

subject to the conditions that 

^j 1 0 j = 1,2,3,---NV (4-3) 

and 

nij 1 0 j = 1,2,3,'"NV (4-4) 

where If^A^^, ^^^ ^ ' ^ I - 'NZ ^^® d e f i n e d by 

( i - l ) ! 2 ^ " ^ [ K ^ ] 2 4 [ '<i]z ( ^ - 5 ) 

^•2^"^^'^i^NZ ^ ^^i^NZ • ^^ -6) 

The idea behind formulating such a problem is that this 

minimization might give a computationally efficient link 

between the cumulant values, generated as shown in Chapter 

III, and the expression for the characteristic function, as 

given in equation (2-17). Definitions (4-5) and (4-6) can 

be rewritten with the use of (3-1) and (3-2) to give 

^ ^ j=l '̂  
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and 

00 

[K^]^2 = j^i^j'j"^ (̂ -8) 

Using definitions (4-7) and (4-8), it is easy to see 

that the intention of the minimization problem described 

in (4-2) thru (4-4) is to find the set of ordered pairs 

(X^,m^) that approximates the infinite summations in (4-7) 

and (4-8) as closely as possible in the least square sense 

for a given number of cumulants, NC, and degrees of freedom, 

NV. Thus, the density function that is generated using 

these X's and m's will have statistics, namely cumulants, 

that are as close as possible to the exact statistics in 

the least square sense. The remainder of this chapter is 

devoted to the solution of this mathematical programming 

problem. 

First, a few observations can be made on the optimi

zation problem given by (4-2) thru (4-8). 

1. The problem is a constrained problem because 

each ordered pair (X.,m.) is an element of 

the positive half space given by 

{(X,m) :X >_ 0, m >̂  0} 

2. The constraint on m. is not needed since 

2 
only terms containing m. appear in the func
tional in (4-2). 
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3. The constraint on X can be replaced by the 

substitution 

2 
X^ = a^ . (4-9) 

With the use of these observations, the constrained 

optimization problem can be converted into the unconstrained 

optimization problem shown below: 

minimize f(a,m) = 

NC NV p. p NC ^^ o OA o o 

1=1 ^ ^ j = l -̂  1=1 ^ ̂ 2 j=l J J 

(4-10) 

where H^^l^ and [K^2^2. ^^® defined as in (4-5) 

and (4-6) 

After the optimal solution has been found, the two problems 

are made equivalent by making the following alterations: 

^i = 01̂ , i = 1,2,3,---NV, (4-11) 

and 

m^ = |m̂ |, 1 = 1,2,3,---NV . (4-12) 

In optimization, one of the most important aspects is 

how to determine when an optimum point has been reached. 

The concept of an optimum point can be better understood by 

analyzing the following theorem from Zangwill [13]: 

Theorem 4.1: Let f be differentiable at x. Suppose there 

is a direction vector d such that 
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(vf(x),d) < 0 (î .l3) 

then there exists a a > 0 such that for all T, 

a >_ T > 0 

f(x+Td) < f(x) . (4-14) 

Proof: From the definition of the gradient vector we 

have 

ilrnrS-li^hfUa..(,rU),a) . (..15) 

However from the assumption that ^vf(x),d) < 0, 

we have 

lim f(x+Td)-f(x) 
T->-0 T 

< 0 . (4-16) 

The definition of the limit provides that there 

must be a a > 0, such that for all T ?̂  0 and 

a > T > -a 

f(x+Td)-f(x) ̂  0 _ (̂ _3̂ )̂ 

Selecting T > 0 to preserve the inequality yields 

(4-14) directly. 

Intuitively, the gradient, if it is not zero, points 

in a direction such that a small movement in that direction 

will increase f. Moreover, suppose we are given any direc

tion d that points in a direction similar to the negative 

gradient in the sense that ^vf(x),d/ < 0. Then, as in the 

proof of Theorem 4.1, a small movement in that direction 

will decrease f. 
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An immediate corrollary of Theorem 4.1 provides a neces

sary condition that x* be optimal for an unconstrained prob-

lem. Specifically, the condition 

Vf(x») = 0 

Corollary 4.1: Let f be differentiable. If x* minimizes 

f over E^, then 

vf(x*) = 0 . (4-18) 

Proof: Suppose Vf(x*) ^ 0. Selecting d = -Vf(x«) gives 

<(vf(x*),d> = -(vf(x*),Vf(x*)^ 

= -I|vf(x*)|1^ < 0 (4-19) 

Then by Theorem 4.1, there would be a point where 

f(x) has a smaller value than f(x*). The contra

diction is evident. 

Although the condition in (4-18) must be satisfied for 

X* to be an unconstrained minimum, it is certainly not suf

ficient. In fact, X* might be a local minimum, a global 

maximum or even a saddle point. 

It would now be very useful if sufficient conditions 

for X* to be a global minimum could be obtained. It can 

be shown [13] that under the condition that f(x) is convex 

or psuedo-convex, equation (4-l8) becomes a necessary and 

sufficient condition for x* being a global minimum. Un

fortunately the squaring operation on terms in (4-10) of 

the form 

{constant -g(x)}^ (4-20) 
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has destroyed any arguments toward convexity or psuedo-

convexity that have been developed. The term in brackets 

in (4-20) can be made to be convex, but the square of a 

convex function is convex only when the function is not 

negative for all x. This is certainly not the case in 

(4-20), since g(x) can take on values ranging from zero to 

positive infinity. 

If the set of all admissible ordered pairs (X,m), as 

described in observation 1, could be further restricted, 

it might be shown that a unique minimum exists within this 

new set. From an examination of equation (4-2), it is seen 

that this functional has a value of 

NC p p 
f(0,0) = Z U/C^]2+[K^]^2^ (4-21) 

when X. = m, = 0 for all i. The functional also has this 
1 1 

same value for 

NV . 
2: X̂  = 2[/C, ]7 

j=l i i Z 
i = 1,2,3,"*NC (4-22) 

and 

NV 
Z m?X^-l = 2[/(̂ ]ĵ 2' i = 1,2,3---NC 

j=l ' ^ 
(4-23) 

The functional has its minimum for 

NV ^ 
Z X. = LKjJyj 

j=l '̂  ^ ̂  

i = 1,2,3'"NC, (4-24) 
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and 

NV 

I "̂ ĵ j"̂ = '̂ '̂ î NZ' ^ " 1,2,3*--NC . (4-25) 
J — -'-

Prom these bounds it is easily deduced that 

NV 

J 

and 

0 <_ Z X^ < 2[K.]„, i = 1,2,3,"*NC 
j = l ^ " ^ ^ 

(4-26) 

NV 
° ~ ! ^j^^j"^- '̂̂ '̂ î NZ' 1 = 1,2,3,'"NC . (4-27) 

Thus this set of inequalities gives bounds on the X's and 

m's as 

0 < X < fprî  1 >-̂ -̂̂  ^ ^ 1>2,3,***NC, C4-28) 
U 1 Xjl î L̂ ĵL-Jẑ  j = 1,2,3,***NV, ^̂  ̂ ^̂  

0 1 n̂  <. {2[fĈ ]̂ 2̂ "̂ '̂ ^ j = 1,2,3,'"NV . (4-29) 

With the use of this new constraint set, the author 

was again unable to prove mathematically that there exists 

a unique minimum within this set. However, with the use of 

the computer, over one hundred examples were examined with 

the Independent variables restricted to the set given by 

(4-28) and (4-29). The same behavior was observed for all 

the examples tested. These observations are: 

(1) the functional is very well behaved over the 

region of interest; 
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(2) the functional has only one minimum; 

(3) no maximums of the functional occur, except 

on the boundary where m = 0; and 

(4) no inflection points occur anywhere within 

the region. 

By using the arguments justifying the bounds placed on the 

X's and m's and because the minimization is approximating 

infinite summations with finite summations, the author 

feels that there does exist a minimum of this functional 

within the bounds given by (4-28) and (4-29). Also as a 

result of the observations made above the author feels that 

this minimum is unique. Thus if the region of search is 

restricted to that given by (4-28) and (4-29), the condi

tion that 

Vf(x*) = 0 (4-18) 

is assumed to be a necessary and sufficient condition for 

X* being the desired minimum. 

The general optimization algorithm is an iteration 

procedure of the form; given an initial vector x^, find a 

new vector x, ., such that 
k+1 

f(x^^^) < f(x^) . (̂ -30) 

Recalling from Theorem 4.1, that if a direction vector d̂^ 

is obtained such that 

<Vf(x^),d^> < 0 (̂ -31) 
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then there exists a x^ such that 

^ ^ W k ^ < ̂ (̂ k̂  • (̂ -32) 

If the new vector x̂ ^̂ ^ is defined as 

""k+l ̂  V k \ (̂ -33) 

then (4-30) is satisfied. 

The optimization algorithm can therefore be divided 

into two separate problems. 

(a) Find a direction vector, d, , such that 

<̂ f(x̂ ),di,> < 0 (4-31) 

is satisfied. 

(b) Find an optimal step size, x, , such that 

is minimized. It should be noted that this 

optimization is a one dimensional optimiza

tion which in general is much easier than 

the original multidimensional optimization 

problem. 

In the literature on the topic of unconstrained opti

mization, there are many algorithms which are guaranteed 

to converge to a minimum of a general nonlinear functional. 

The basic difference that distinguishes one algorithm from 

another, is the different methods of obtaining a direction 

vector, d. This can be justified since a direction vector 
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that satisfies (4-31) is, by no means, unique. 

Another Interesting fact to note here is that, based 

on computational efficiency, no algorithm is absolutely 

best for all problems. The best algorithm for a particular 

problem is directly related to the functional to be mini

mized and in many cases is related to the initial guess. 

With this in mind, several different algorithms were 

tried on the optimization problem of interest. Each of 

these algorithms possessed several different properties 

which will be described below. 

The method of steepest descent, as found in [6], [13], 

was tried on the functional with little results. The 

method converged very poorly for all starting points, re

gardless of how close or how far they were from the actual 

minimum. 

The method of cyclic coordinates, [6], [13], was also 

tried on the functional with some promising results. For 

very poor initial guesses the method converged very well 

until it started approaching the actual minimum. At this 

point the method would almost stop converging. 

Newton's method, [6], [13], was also tried with some 

good results. For good initial guesses, this method con

verged in the fewest amount of steps. The only problem 

was that the Hessian matrix, i.e. second derivative matrix, 

had to be calculated and Inverted at each step. This 
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increased the computation time considerably. 

The method of conjugate gradients, [6], [13], was 

tr-'ed next. This method had the fastest convergence for 

poor initial guesses, but as it approached the solution, 

it too, slowed down. 

Next the method of Fletcher and Powell, [5], [6], was 

tried. This method had the property that the rate of con

vergence was relatively independent of the starting point. 

Although, for bad initial guesses, the convergence of other 

methods was better; this method gave the best results for 

cases where the initial guesses were good. 

The method of Jacobson and Oksman, [8], was also tried 

because of the claims that it was superior to the method of 

Fletcher and Powell. Although this algorithm outperformed 

the Fletcher and Powell algorithm on several test examples, 

it seems to be ill behaved on the functional in question. 

In fact, for most cases the algorithm failed to converge, 

and in some cases actually diverged. 

Based on the observations above and due to expressions 

(4-28) and (4-29) giving bounds on the initial guesses, it 

was decided to use the method of Fletcher and Powell. This 

method has given very good results in all examples tried 

and is the method which is used to compute all the prob

ability functions discussed in Chapter V. 



CHAPTER V 

PERFORMANCE MEASURE DENSITY EXAMPLES 

This chapter is included so that the validity as well 

as usefulness of the density technique can be demonstrated. 

Results obtained by using this technique are compared with 

previous work that has been done in this area and the re

sults are very favorable. 

Many examples are not control examples. This is be

cause the technique is applicable to other types of prob

lems and because previous work by Liberty [9] contained 

non control examples with which the technique is compared. 

Various questions do arise when this method is used. 

Naturally one question encountered is. How many cumulants 

are needed and how many degrees of freedom are needed to 

obtain accurate results? These and other questions will 

be answered by using the following examples. 

Example 5.1. This example considers the Wiener or Brownian 

Motion process with 

a = l x^(t)dt . (5-1) 

The process model is 

32 
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^x(t) = ac(t), te[o,T], (5-2) 

y(t) = -i:x(t), (5_3) 

where 

E{c(t)c(T)} = 6(t-x) (5-4) 

E{x(o)} = 0 (5-5) 

E{x^(o)} = 0 . (5-6) 

Figure 5.1 shows the density function Dj(p) for 

the number of cumulants, NC = 5, and the number 

of degrees of freedom, NV = 2,4,6,8, and a = 4. 

Curves generated for NV > 8, merely duplicate the 

curve for NV = 8. It was also noted that the 

technique produced the same results for NV = 8 

and NC = 5 thru 10. These results for NC >_ 5 and 

NV >_ 8 duplicate exactly the results shown in [2] 

and [9]. 

Example 5.2. Consider the performance measure 

rT 

J = i J T x^(t)dt, (5-7) 

and the system given by 

:^x(t) = ax(t)+/2^c(t), (5-8) 
dt 

y(t) = ix(t). (5-9) 
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where 

E{c(t)c(T)} = a6(t-x), 

E{x(o)} = 0, 

E{x^(o)} = P 

(5-10) 

(5-11) 

(5-12) 

Figures 5.2, 5.3, and 5.4 show curves of Dj(p) 

with a = 1,2, and 5, respectively. These figures 

show how the density function behaves as the 

terminal time, T, becomes large. Cumulant values 

as a function of terminal time are also shown in 

Table 5.1 for 0 = 2 . For T = 1, NC = 10 and NV = 

15 were used to generate the curves. But as T 

increased, the number of degrees of freedom did 

also and for T = 25, NV was required to be 50. 

Curves in Figure 5.2 have been compared with 

those in [2], and [9] with Identical results. 

Example 5.3. Consider the following Integral quadratic 

form in a Gauss-Markov process with second order 

model; 

J = x'^(t)N(t)x(t)dt, 

^o 

where 

N(t) = 
1 0 

0 0 

1 

0 

(5-13) 

[>o] 
(5-14) 

The system is described by 



~-x(t) = F(t)x(t)+G(t)c(t) 
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(5-15) 

y(t) = C(t)x(t) 

and 

E{c(t)c(T)} = Q6(t-x) 

E{x(o)} = X 

E{(x(t)-x^)(x^(x)-x^)} = P̂  

where the matrices are defined as 

(5-16) 

F(t) = 

G(t) = 

0 1 

10 -2 

" 0 

1 

Q(t) = [l6o] 

p , ( t ) = 
0 

4 

0 

0 

40 

(5-17) 

(5-18) 

(5-19) 

(5-20) 

(5-21) 

(5-22) 

(5-23) 

The example was run for three different initial 

state means. 

Case 1: 

Case 2: 

Case 3: 

X = 

o 

X = o 

0 

0 
2 

2 
1 

10 

(5-24) 

(5-25) 

(5-26) 
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Figure 5.5 shows curves of Dj(p) for all three 

cases. It was found that on this example iden

tical density functions were generated for NC 

>_ 5 and NV >_ 5. These curves duplicate exactly 

the curves given in [9]. 

Example 5.4. Consider the following closed-loop LQG con

trol problem assuming perfect state measurement. 

Consider the scalar system given by 

;^x(t) = -x(t)+u(t)+c(t), (5-27) 
dt 

and performance measure 

(-1.5 
J = [x^(t)+u^(t)]dt, (5-28) 

4 

o 

where the noise covariance, Q, is unity. The 

control action in all cases is of the form 

u(t) = K(t)x(t) . (5-29) 

Here three choices of K(t) have been made, 

K(t) = -1 (5-30) 

K(t) = 0 (5-31) 

and K(t) the solution of 

A.K(t) = 2K(t)+K^(t)-l, (5-32) 
dt 
with K(1.5) = 0 . (5-33) 
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The latter choice is the minimum mean controller 

for this example. Figures 5.6 and 5.7 show the 

density function for x = 1 and 5 respectively. 

In these curves the initial states were assumed 

to be known exactly, that is 

PQ = 0 . (5-34) 

Another interesting observation that can be made 

here is the behavior of the statistics and den

sity function as the terminal time increases. 

Table 5.2 shows the statistics as a function of 

terminal time and Figure 5.8 shows the density 

function as a functional of terminal time. Both 

the table and figure are for the case of K(t) = 

-1. 

Example 5.5. Closed-loop LQG control problem with Kalman 

filter state estimator. 

Consider the scalar system 

:^x(t) = -x(t)+u(t)+c(t) (5-35) 
at 

y(t) = x(t)+0(t) (5-36) 

and performance measure 

J = 

1.5 
[x^(t)+u^(t)]dt, (5-37) 

where the noise covarlances are unity, and the 
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covariance of the initial state is zero. The 

control action is of the form 

u(t) = -e(t)x(t) (5-38) 

where e(t) is the solution of the Riccati equa

tion 

^ ( t ) = 2e(t)+e^(t)-l (5-39) 

with e(1.5) = 0. This control action is the 

minimal mean controller. x(t) is the filtered 

estimate obtained from the Kalman-Bucy filter 

and satisfies the following differential equation 

^x(t) = -i(t)+K(t)[y(t)-x(t)]-e(t)i(t), (5-40) 

where K(t) is the solution of 

^K(t) = -2K(t)-K^(t)+l (5-41) 

K(o) = 0 . (5-42) 

It is interesting to compare the results of this 

example with the results of Example 5.4 which is 

the case with perfect state measurement. A com

parison is given in Figures 5.9 and 5.10. 

Example 5.6. Closed-loop LQG control problem with Least 

Squares Estimator and second order noise model. 
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The problem discussed here is the classical 

Inverted pendulum or "broom balancing" problem 

shown in Figure 5.11 with a few modifications. 

First, consider that the angle x is the only 

measurable state and that its measurement is 

corrupted by noise. Secondly, there is a wind 

force on the pendulum which is modeled by white 

noise shaped by a second order filter. 

First the system is modeled as a system of 

nonlinear differential equations. These differ

ential equations are then linearized about the 

optimal trajectory x,(t) = 0, Xp(t) = 0. The 

problem can now be magnitude scaled and time 

scaled so that the following model can be used 

for any physical inverted pendulum. Thus the 

system is given by 

:^x(t) = Ax(t)+Bu(t)+Gc(t) 
at 

(5-43) 

where 

A = 

B = 

G = 

0 1 

_ 1 0 _ 

0 

_ 1 _ 

0 

_ 1 _ 

(5-43) 

(5-44) 

(5-45) 
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The control action is of the form 

u(t) = -Dx(t) (5-46) 

where D is the steady state Riccati solution for 

the performance measure 

J = [10x^(t)+X2(t)+u^(t)]dt (5-47) 

x(t) is the filtered estimate obtained from a 

modified least squares estimator given by 

^x(t) = Ai(t)+Bu(t)+P(t)c'^[y(t)-Cx(t)] (5-48) 

where 

P(t) = 
^100 

TtT27 

and 

TtT2y 

100 

y(t) = Cx(t)+0(t) 

C = [1 0] 

(5-49) 

(5-50) 

(5-51) 

The measurement noise, 0(t), is assumed to 

be Gaussian white noise, but the wind noise on 

the pendulum, c(t), is colored by a second order 

filter given by 



^x(t) = Ax(t)+B0(t) 

C(t) = Cx(t) 
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(5-52) 

(5-53) 

where 

A = 

B = 

0 

-3 

0 

1 

1 

-4 
(5-54) 

(5-55) 

C = [1 0]. (5-56) 

The covariance of the white noise input, 0(t), is 

given by 

E{0(t)0(T)} = a6(t-T) (5-57) 

The initial states are all assumed to be 

known exactly with initial states given by 

^o = 

X = 

o 

and 

X = 

o 

1 

0 

0 

0 

(5-58) 

(5-59) 

0 

0 

(5-60) 
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Note that the overall system is sixth order. The 

curves for the density function are given in Plg-

5.12. 
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fD. 

l.Or-

Fig. 5.3.—Example 5.2 a = 2 

TABLE 5.1 

EXAMPLE 5.2 CUMULANT VALUES < 

1 

1 

2 

3 

4 

5 

T = 1 

1.79026 

2.29626 

8.35627 

48.7677 

386.815 

T = 10 

2.05700 

0.39765 

0.23175 

0.22586 

0.30897 

T = 25 

1.99800 

0.15764 

0.03739 

0.01481 

0.00822 
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Fig. 5.4.—Example 5.2 a = 5 
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Fig. 5.5.—Example 5.3 densities 
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Minimal Mean Controller 
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+D. 

Fig. 5.6.—Example 5.4 x^ = 1 
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k = -1 

fD 

Fig. 5.7.—Example 5.4 x^ - 5 
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TABLE 5.2 

EXAMPLE 5.4 CUMULANT VALUES <, 

T = 1 T = 10 T = 25 

1 

2 

3 

4 

5 

.877608 

.324292 

.333345 

.528218 

1.10010 

5.58000 

2.69625 

3.93500 

9.60703 

32.9156 

13.1250 

6.46875 

9.59375 

23.7539 

82.4297 
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Fig. 5.10.—Example 5.5 x^ = 5 
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CHAPTER VI 

PERFORMANCE MEASURE INCLUDING THE 

TERMINAL PENALTY TERM 

As mentioned in Chapter I, the general form of the 

quadratic performance measure is given by 

J = x'^(t^)Sx(t^) + 

.t^ 

x'^(T)N(T)x(T)dx . (1-6) 

^O 

In all the previous developments, the terminal penalty term 

has not been used, i.e. S = 0. Noting the sifting proper

ties of the delta function, (1-6) can be rewritten as 

J = 

^f 

x'^(T){N(T)+S6(x-t^)}x(T)dT . (6-1) 

^o 

Defining 

N(T) 4 N(T)+S6(T-tj.) (6-2) 

the performance measure can be written in the form used in 

the previous chapters. 

Thus substituting this modified weighting matrix In 

expressions (3-6) thru (3-8) will explain how the H and D 

50 
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matrices should be modified to incorporate the terminal 

penalty term. 

Recalling that the differential equations for H and D 

are derived by differentiating these integral expressions, 

the same approach will be taken here. An examination of 

(3-5) thru (3-7) shows that differentiation with respect to 

o does not effect the form of the differential equations as 

can be seen with H^: 

H^(a) 4 0'^(t,a)N(t)0(t,a)dt 

a 

(6-3) 

Substituting (6-2) gives 

H^(a) = 0'^(t^,a)S0(t^,a) + 0'^(t,a)N(t)0(t,a)dt . (6-4) 

a 

Now differentiating with respect to a gives 

IT H^(a) = 0^(t^,a)S0(t^,a)+ 

"f 
:T 0^(t,a)N(t)0(t,a)dt 

a 

+ 0'^(t^,a)S0(t^,a) + 0'^(t,a)N(T)0(t,a)dt-N(a) . 

(6-5) 

Using the fact that 



^(t.a) = -0(t,a)F(o) 
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(6-6) 

and substituting (6-4) gives 

H^(a) = -F^(a)H^(a)-H^(a)F(a)-N(a) (6-7) 

Checking with equation (3-8) shows that these equations are 

identical. 

For boundary conditions, (6-4) is used setting a = t̂ . 

This gives 

H^(t^) = S 

which is different from before. 

Next examine the expression for D^(a), which is 

(6-8) 

fT. ^f 

D^(a) 

a 

0'^(t,B)K(t)e(t,B)G(e)QG'^(0)d3dt . (6-9) 

Interchanging the order of integration on this surface in-

tegral yields 

D^(a) = 

a 

0^(t,3)n(t)0(t,B)dtG(S)QG'^(B)d3 . (6-10) 

Substituting (6-2) gives 

D^(a) = 0'^(t^,0)Se(t^,6)G(e)QG^(B)dB 

a 
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^f 

e'^(t,3)N(t)0(t,6)dtG(6)QG'^(B)d3 . (6-11) 

Differentiating with respect to a gives 

D^(o) = -H^(a)G(a)QG'^(a), (6-12) 

which is identical to the original differential equation. 

Evaluating (6-11) at t^ gives 

D(t^) = 0 . (6-13) 

The reason that this boundary condition remains zero 

is that there are two integrations and only one delta func

tion to sift out a nonzero value. The boundary conditions 

can be generalized as follows. Since for the n H matrix, 

the number of integrations is equal to 2n-l and the number 

of delta functions is equal to n, all initial conditions 

for n > 1 are zero. For the n D matrix, the number of 

Integrations is equal to 2n and the number of delta func

tions is equal to n, all boundary conditions are zero. 

Thus, for the more general performance measure given 

by (1-6), the differential equations given by (3-9) thru 

(3-13) become, 

AH^(a) « -F'^(a)H^(a)-H-j^(a)F(a)-N(a), (6-l4) 

AH^(a) = -p'^(a)H^(a)-H^(a)F(a) 
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n-1 
- I H.(a)G(a)QG^(a)H^ ,(a), n > 1 (6-15) 
1=1 J n-j 

~^D^(a) = -nH^(a)G(a)QG'^(a) 

with boundary conditions 

Hi(t^) = S, 

(6-16) 

and 

V ^ f > = (̂ > 

D^(t^) = 0, 

n > 1, 

(6-17) 

(6-18) 

n > 1 (6-19) 

This modification is demonstrated in the following ex

ample. 

Example 6.1. Gauss-Markov process with terminal penalty 

function. 

Recall the second order model of Example 

5.3 given in equations (5-13) thru (5-26) with 

the modification that 

J = x^(t^)Sx(t^)+ x^(t)N(t)x(t)dt 

o 

(6-20) 

Figures 6.1 and 6.2 show what happens to the den

sity function as S takes on the values 

0.5 0 

0 0 
(6-21) 



and 

S = 
1.5 

0 

0 

0 

respectively. 
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(6-22) 
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Fig. 6.1.—Example 6.1 densities 
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Fig. 6.2.—Example 6.1 densities 



CHAPTER VII 

CONCLUSION 

A new technique for computing probability densities of 

LQG control performance measures has been developed. This 

technique has been successfully tested on several examples 

including one of sixth order. The results of these tests 

are very good and show a marked improvement in computation 

time. 

The method developed in Chapter IV seems to be far 

superior to all previous methods. For example, in Example 

5.3, Liberty's technique required a computer time of ap

proximately fifteen minutes, but the new technique required 

approximately only fifteen seconds. This is a reduction of 

a factor of sixty. Typical reductions for the examples in 

Chapter V were from ten to one hundred. 

The only difficulty with using this method, as with 

the method of Liberty, is that some problems require a 

knowledge of many Xĵ s and mĵ s due to the X^s not being wide

spread. This is the case for large time problems. For 

these types of problems the computation time increases con

siderably for all methods. 

The large time problem, as in Example 5.2, is possibly 
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an area for further research. As the terminal time in

creases, the higher order cumulants tend toward zero. This 

tends to indicate that possibly the MacLaurin expansion for 

the second characteristic function could be used to create 

Cj(ja)). 

Another advantage in using this new density technique, 

is the ease with which the terminal penalty term can be 

added to the performance measure. Liberty included this 

term by modifying N(t) so that as t approaches t̂  N(t) be

comes large. This weights the integrand heavily for t 

close to t̂ . This increased computation time somewhat and 

results in another approximation. Sciacovelll [11] aug

mented Liberty's method to give the terminal penalty term 

exactly. In order to do this, the order of the system was 

doubled which resulted in a significant increase in compu

tation time. 

However with the minor modification to Hartwlg's dif

ferential equations of changing one initial condition, the 

terminal penalty term can be added with no additional com

putation time. 

It should be noted that for all the examples listed in 

this thesis, the cumulants of the finite degree of freedom 

approximate the infinite degree of freedom to within four 

to six significant digits. This indicates that the finite 

degree of freedom chl-square distribution approximates the 

exact performance measure distribution very well. 
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