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CHAPTER I 

INTRODUCTION 

Correlation may be defined as a statistical technique vftiich 

measures the degree of association between a dependent variable and 

one or more Independent variables. "Regression analysis seeks to define 

a line or curve which describes the association of the variables," 

[1, p. 170]. While correlation is therefore used for measuring, 

regression is generally used for making predictions. 

Both correlation and regression have had wide application in 

business and Industry. For exanple, correlation may be used by manage

ment to validate employees' test scores with their corresponding 

performance ratings. On the other hand, regression may be used in a 

marketing department for forecasting gross sales given advertising 

expenditures. Econometrics models, v^lch give errplrlcal content to 

economic theory, apply correlation and regression techniques to the 

analysis of economic phenomena. Since regression analysis is used in 

making predictions, over the year-s the emphasis has shifted from 

correlation to regression [10, p. v]. 

The wide range of uses for correlation and regression has led to 

many specialized applications and modlflQationB. Vitrlable seltetlon 

models, which strive to acquire the optdinum sat of re^essors, are 

used In many fields. This report concerns tha davelopntnt of a 

variable selection modal which Is si^arlor to eurrtnt modtls. 



statement of the Problem 

In formulating a multiple regression model the analyst is faced 

with two conflicting objectives. One objective of the analyst is to 

Include in the model all variables which are significantly related 

to the dependent variable. At the same time, the other objective is 

to keep the number of variables at a level where the model is manage

able and operational cost is within a given budget constraint. 

Several types of variables selection models have been developed 

which strive to acquire the optimum set of regressors with a minimum 

number of calculations. These models may be categorized into two 

basic approaches: 

a) the all possible regressions approach and 

b) the stepwise approach. 

The stepwise approach is currently considered to be the best approach. 

Draper and Smith [8, p. 172] state the following opinion. 

OPINION. We believe this to be the best of the variable 
selection procedures discussed and reccmmend its use. 

The stepwise procedure developed by Efroymson [9] has been popular 

for many years. In recent years, however, many modifications of 

Efroymson's stepwise regression model have been developed. These 

modifications have been given such names as forward selection method, 

backward elimination method [8], stepdown method [22], Zig-Zag method 

[3], and Kendall's CEIR method [2]. None of these stepwise versions 

guarantee the optimum subset of significant variables. 



Purpose of the Study 

The model which the author has developed is called LIM—^Landram 

Inversion Method. The purpose of this study is to show the derivation, 

superiority, and computer applicability of the LIM regression model. 

A basic limitation of the stepwise procedure is that it cannot 

calculate partial correlation coefficients for variables included in 

the model. The model must therefore test regression coefficients for 

significance. This study illustrates how multlcolllnearity prohibits 

the effective use of significance tests involving regression coeffi

cients. Order bias—the order in which a variable is brought into 

consideration has an influence on whether the variable is included in 

the model—is also present In the stepwise model. The LIM regression 

model does not possess any of the above limitations and is therefore 

superior. Other superior qualifications of the LIM regression model 

are: 

a) the model can calculate statistical measurements 
(including highest-order partial correlation coeffi
cients for all variables) with a minimum rounding error, 

b) the model calculates statistical measurements with a 
minimum amount of calculations, and 

c) the model Is easily adaptable to the computer. 

The above qualifications enable operational cost to be Lent to a 

minimum. 

In describing theoretical concepts and applications of regression 

and correlation analysis, matrix algebra is a tremendous tool. 

Goldberger [13, p. 6] states that the use of matrix algebra in 



mathematical statistics is virtually a necessity. However, matrix 

algebra does not provide readers with the actual numerical method of 

solving a system of equations or inverting a matrix. Both matrix 

algebra and numerical techniques must be used In describing the 

development of the LIM regression model. Thus, readers will not only 

know theoretical concepts but also actual numerical methods needed in 

applying these concepts. 

The LIM regression model is also much simpler to understand and 

apply than other variable selection models. An understanding of all 

regression and correlation measurements can easily be learned by 

applying the LIM regression model. Thus, the model has tremendous 

pedagogical advantages. These advantages should enable the LIM 

regression model to quickly gain popularity and widespread acceptance. 

Scope and Limitations 

This study is limited to the pragmatic and theoretical concepts 

which pertain to the development of the LIM regression model. However, 

the logic and theory which underline linear models in general must 

also be presented to adequately explain these concepts. Furthermore, 

specific attention must be given the special topic of variable selec

tion models. 

In proposing to establish the superiority of the LIM regression 

procedure, no attention is given special applications. The author is 

in agreement with Draper and Smith [8, p. 172] vMch states that 

sensible Judgnent must be required in the initial selection of 



variables. Also, reliance should still be made on the critical exami

nation of residuals. 

The author makes no claln that the LIM regression model guarantees 

the attainment of the optimum subset of significant variables. Further 

work should be done in this area. The optimum subset determined solely 

by a computerized model may include variables which are not measureable 

over the desired range. Furthermore, the cost in collecting the data 

for a significant variable may be excessive. This study does, however, 

establish the superiority of the LIM regression model over other 

variable selection models. The superiority of using partial corre

lation coefficients as the criterion for eliminating variables is 

illustrated. Other advantages such as the model's ability to compute 

more information (highest-order partial correlation coefficients for 

all variables) with less calculations are also discussed. Certainly, 

the model's simplicity and computer applicability must be considered 

strong advantages. 

jVfeny times orthogonal variables can be obtained by properly 

designing the experiment. However, no attention is given in this 

study for special topics such as the design and analysis of experi

ments. The often-forgotten linear model approach to experimental 

designs is beginning to frequent the literature and further work 

should therefore be done in this area. Furthermore, in this study 

the shape of the distributions is given without proof. However, 

references are given which substantiates these assumptions. 

""!!V 



Organization and Methodology 

This report was organized into five chapters, the first chapter 

being an introduction. The logic and theory found in existing 

literature concerning linear models is presented in Chapters II and 

III. 

In Chapter II theoretical concepts for the sinple (one indepen

dent variable) regression model are presented. This includes the 

theory of least squares, theoretical assumptions made in regression 

analysis, and theory of correlation measurements. The development of 

unbias estimators are also described in Chapter II. Special enphasis 

is given the derivation of variances and significance tests. The 

single most Important concept presented in Chapter II is that of 

mathematical expectations. This concept is very Important in devel

oping other theoretical concepts; it is especially useful in deriving 

the formulas for variances. A list of mathematical expectation 

properties is presented at the end of Chapter II in Technical Note 1. 

The concepts presented in Chapter II therefore reflect the logic and 

theory found in existing literature and play a vital role in the 

development of the LIM regression model. 

Chapter III builds from the theory presented in Chapter II. 

Formulas developed in Chapter II are generalized in Chapter III for 

the multivariable regression models. Many of the generalized 

formulas are derived; others are explained heuristically with refer

ences made to where their actual derivation may be found. After the 

generalized formulas are explained, a theoretical discussion 

•^"^^^KN. 



concerning multlcolllnearity, partial regression coefficients, and 

partial correlation coefficients are discussed. Special emphasis is 

given to the discussion of multlcolllnearity and how it prohibits the 

effective use of significance tests Involving partial regression 

coefficients. A discussion illustrating the superiority of signifi

cance tests Involving partial correlation coefficients is also given 

special emphasis. 

Multlcolllnearity or Intercorrelation between independent 

variables causes the covariance term not to equal zero. The deriva

tions for multiple regression formulas therefore become somewhat 

complex. Derivations and statistical concepts can be simplified and 

extended by the use of matrix algebra. A review of matrix algebra 

and the Gauss-Jordan algorithm is therefore presented, then applica

tions of matrix algebra to multiple regression models are discussed. 

These concepts are used in the development of the LIM regression 

model. Chapter III ends with a discussion of the theory and logic 

underlining variables selection models. 

In Chapter IV, the theory and logic underlining the concepts 

presented in earlier chapters are used in developing the LIM 

regression model. The superiority of using partial correlation coeffi

cients as the criterion for eliminating Insignificant variables is 

extended in Chapter IV. Since partial correlation coefficients show 

the relative importance of each independent variable [7, p. 535], the 

highest-order partial correlation coefficients should be calculated 

for all variables. The variables having insignificant coefficients 



8 

are then deleted from the model. It is proven in Chapter IV that if a 

variable's highest-order partial correlation coefficient is not signif

icant, then the variable's lower-order partial correlation coefficients 

are also not signifleant—provided that the deleted variables were not 

significant. However, the converse cannot be proven nor is it desira

ble. A variable's higher-order partial correlation coefficient may be 

significant even though its Icwer^order partial correlation coefficients 

are not significant [1, p. 176]. For example, variables X- and X may 

individually not be significant but combined they may significantly 

explain some of the variation in the dependent variable. There is a 

£;reat possibility that the elimination procedoi^e used in stepwise re

gression would (xiit these variables. 

It is evident fran the above dicc-JSL-.icn ';hrt the cuperiority cf the 

LIM regi'ession m.odel rests firmly upon its ability to calculate partLc:! 

correlation coefficients. The use of the LIT̂I regression model would 

not be feasible if the rounding error and calculations Involved in 

computing partial correlation coefficients are excessive. Therefore, 

an equation is derived and a numerical example is presented which illus

trates how partial correlation coefficients are computed with a mini

mum amount of rounding error and calculations. Next a theoretical 

illustration of the LIM regression model is presented. A computer pro

gram is also written which illustrates the adaptability of the model to 

the computer. Finally, an actual commercial study which was conducted 

by the author is given which illustrates the superiority of the L M 

regression model. 



CHAPTER II 

STATISTICAL CONCEPTS 

This chapter discusses the many types of statistical concepts used 

in econometrics and business forecasting. First, statistical concepts 

concerning the least squares criterion are presented. Next, somewhat 

more conplex concepts concerning variances are explained. These 

fundamental concepts are extended in the next chapter. Chapter III 

which discusses multiple regression models and Chapter IV which 

discusses the LIM regression model use the concepts explained in this 

chapter. 

This chapter is divided into three major sections. These sections 

are presented in the following order: 

a) Least Squares Criterion 
b) Regression Theory 
c) Correlation Theory 

Many of the derivations and proofs presented in this chapter are 

original. Special notice should also be given to the discussion 

concerning variances. This concept plays a vital part in the devel

opment of the LIM regression model. The examples used in this and 

the next two chapters are simple and illustrate the desired concepts. 

They are not intended to be realistic. 

Least Squares Criterion 

Regression equations are used in describing the relationship 

between a dependent variable and one or more independent variables. 

9 
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Example. A "researcher" believes there is a linear relationship 

between the height and weight of the feigned animal, "the snipe". 

After several weeks of "research" the following data were obtained. 

TABLE 2-1 

Illustrated Data Relating Weight of 
Snipes to Their Height 

Height: 

Actual Weight: 

X 

Y 

1 

3 

2 

10 

3 

10 

4 

13 

Estimated Weight: Y' 

A scatter diagram should always be constructed to aid in deter

mining if a relationship exists and what type of relationship exists. 

Certainly, the scatter diagram should only be used as an aid. Prelimi

nary research concerning the relationship existing between variables 

should be conducted before the data are collected. 

Weight 

14 I 
\ 

12 --

1 0 i 

8 

6 

4 

2 

0 
1 3 Height 

FIGURE 2-1. Relationship between height and weight of snipes 

" ^ 
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Regression Equations 

Prom Figure 2-1, the relationship between the height and weight 

of snipes is assumed to be linear. A least squares regression equa

tion is generally considered to provide the "best" fit. That is, given 

the equation 

Y' = a + bX (2-1) 

where a and b are constants, then the best fitting equation is the 

equation which minimizes 

D = "I(Y - Y')^ = MINIMUM; (2-2) 

where Y equals the actual observations and Y' equals the estimated 

observations. 

The equation of the regression line which passes among the given 

observations is determined by the regression coefficients "a" and "b". 

Thus D in equation (2-2) is minimized by a proper choice of the 

regression coefficients "a" and "b". In other words, choose "a" and 

"b" so that 

D = Z(Y - a - bX)^ (2-3) 

is minimized, 

A necessary condition for a relative minimum is the vanishing of 

the partial derivatives with respect to "a" and "b". Thus 

^D/^a = -2 £(Y - a - bX) = 0 
^D/^iD = -2 ZX(y - a - bX) = 0; 

the normal equations are obtained by rewriting the above equations: 

an + bE.X = £Y (2-4) 
a^X + blXX = ZXY. 

It can be proven with second partial derivatives that a minimum was 

=¥;a 
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obtained. The above derivation may also be extended to the general 

linear regression equation 

Y' = b^ + b^X^ + b^X + . . . + b^X^. (2-5) 

The least squares equation may be obtained by solving the normal 

equations for the unknown regression coefficients, "a" and "b". This 

gives the equation of the line which provides the best fit according 

to the least squares criterion. 

Conputer Derivation 

The normal equations can easily be derived by first writing down 

the regression equation 

a + bX2 = Y, (2-6) 

then multiply equation (2-6) by X obtaining 

2 , , 
aX^ + bX^ = X^Y. (2-7) 

Ihe normal equations are then obtained if both sides of equation (2-6) 

and (2-7) are summed. Ihe following example illustrates how normal 

equations are derived on the conputer using the above logic. 

Exanple. The data given below is the height and weight of four 

snipes. The normal equations may be derived on the computer by using 

the dummy variable X (which consists of ones) and the logic presented 

above. Notice in the above exanple that Z X-, = n, also if the first 

equation in the normal equations, equation (2-6), is multiplied by Xp 

the result is equation (2-7) for zX X^ = £x . The normal equations 

for the above data are 

a 4 4- blO = 36 
alO + b30 = 105. (2-8) 
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TABLE 2-2 

Height and Weight of Snipes 

X = Dumn̂ 7 \^ = Height Y = Weight 

1.0 
1.0 
1.0 
1.0 
4.0 

1.0 
2.0 
3.0 
4.0 

10.0 

3.0 
10.0 
10.0 
13.0 
36.0 

The following regression equation is obtained by solving the 

normal equations simultaneously: 

Y' = 1.5 + 3X2. (2-9) 

Special Derivations 

Least squares regression equations may be derived having addi

tional constraints. For example, suppose it is known from previous 

research that a linear relationship exists between sales and adver

tising expenditures for a particular conpany. Assume also that it 

is known that when advertising expenditures are zero, average sales 

are $10,000. The regression equation would be of the form 

Y' = $10,000 + bX; (2-10) 

where X equals advertising expenditures and Y equals conpany sales. 

In deriving the least squares regression coefficient, "b", one would 

want to minimize 

D = Z{Y - Y')^ = Z:(Y - $10,000 - bX). (2-11) 

Equation (2-12) is obtained by setting the partial derivative of D 

with respect to "b" equal to zero: 

(IXY - $10,000IX)/r f = b. (2-12) 
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Thus a least squares regression equation may be obtained with its 

Y-intercept equal to $10,000 by substituting the value of "b" obtained 

in equation (2-12) for the b-value in equation (2-10). 

The a-coefficient in a regression equation is sometimes referred 

to as the Y-intercept. That is, it is the value of Y (on the vertical 

axis) when X equals zero. The b-coefficient is the slope and is 

extrenely Inportant in many research problems. However, the 

regression coefficients "a" and "b" are only sample statistics of the 

true population parameters "A" and "B". Since "a" and "b" are only 

estimates, it is to the researcher's advantage to utilize any addi

tional information pertaining to the regression coefficients. 

Exanple. A final exanple is now given which illustrates the 

importance of utilizing additional information. Suppose in the snipe 

exanple that it is known from previous research that snipes tend to 

gain 3.5 pounds for every inch they grow in height. The regression 

equation would then be 

Y' = a + 3.5X. (2-13) 

In obtaining a value for "a", one would want to minimize the equation 

D = 2:(Y - Y')^ = r(Y - a - 3.5X) . (2-l4) 

Equation (2-15) is obtained by setting the partial derivative of D 

with respect to "a" equal to zero: 

Y - 3.5X = a. (2-15) 

Thus the least squares regression equation is 

Y' = .25 + 3.5X. (2-16) 
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Special Forms 

Ihe normal equation (2-4) may be solved symbolically in the 

following manner. 

an + b ̂  X = l.Y 

a / X -I- b ? X = ZiXY 

Divide the first equation by n. 

a + b X = Y 

2 
a rx + BZX = ZXY 

Add - Z X times the first row to the second row. 

a + bX = Y 

+ b(.-EX̂  - TIX) = ( O Y - YZX) 

Knowing that £(X - X)^ = Ix - X^X (2-17) 

and I(X - X)(Y - Y) = ^XY - Y £ X , (2-18) 

2 
divide the second equation by 2L(X - X) . 

a + bX = Y 

b = Z(X - X)(Y - Y)/£.(X - X)^ 

Add -X times the second equation to the first equation. 

a = Y - bX (2-19) 

b = fl(X - X)(Y - Y)/Z:(X - X)^ (2-20) 

Notice from equation (2-19) that the value of "a" is dependent on the 

value of "b". Equation (2-20) shows the value of "b" to be Independent 

If X = (X - X) (2-21) 

and y = (Y - Y), (2-22) 
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then equation (2-20) may be written in the special form, 

2 
b = /-xy/Zx . (2-23) 

Notice if equation (2-22) is substituted into equation (2-23), the 

result is 

b = ^x(Y - Y)/.Zx^ = (ZxY - Y2:x)/rx^. 

Since / x equals zero, the above equation reduces to 

b = xY/£x^. (2-24) 

Thus equation (2-24) is equivalent to equation (2-23). The special 

forms for "a" and "b", equations (2-19) and (2-24), will be used in 

the next section. 

Regression Theory 

If a regression equation is derived from sample data, then the 

regression equation 

Y' = a + bX (2-1) 

is an estimate of the true population regression equation 

u = A + BX. (2-25) 

The sample statistics "a" and "b" are therefore estimates of the 

population parameters "A" and "B". Furthermore, equation (2-25) is 

an equation of means. 

For exanple, in regression equation (2-9), 

Y' = 1.5 + 3X, (2-9) 

the regression coefficients 1.5 and 3 were derived from a sairple of 

four snipes. Thus 1.5 and 3 are estimates of the true regression 

coefficients "A" and "B". The true regression equation 
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u = A + BX (2-25) 

could only be determined by taking a census rather than a sample. 

Assumptions 

If equation (2-9) was the true population regression equation 

(obtained from a census rather than a sanple), then it would be an 

equation of means. For example, the average (mean) wei^t of snipes 

that are two inches tall is 7.5 pounds—calculated from equation 

(2-9). Certainly, all two-inch snipes do not weight exactly 7,5 

pounds. However, the weight of all two-inch snipes is distributed 

around the mean of 7.5 pounds. Furthermore, the wei^t of all three-

inch snipes is distributed around the mean of 10.5 pounds. Ihe true 

population regression equation is, therefore, an equation of means. 

Just as there is an infinite number of means, there is an infinite 

number of distributions—a distribution of Y-values for each mean. 

To keep the problem manageable, a reasonable set of assumptions 

about these distributions is assumed. These assunptions are: 

a) u = A + BX; linear equation of means. 

b) Each distribution has the same variance. 

c) The random variable Y is statistically independent. 

d) The Y-values for each distribution are normally distributed 
around the mean. 

These assumptions may be written more concisely as (a) linearity, 

(b) uniform variance, (c) statistical independence, and (d) normally 

distributed. 
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Estimations of Population Parameters 

The renHrkable GAUSS-MARKOV theorem states that among all unbias 

linear estimators for "A" and "B", the least-squares estimators 

obtained from the normal equations have the smallest variance. A 

proof that "a" and "b" are linear and unbias will be given. A proof 

of the Gauss-Markov theorem may be found in Graybill [15]. 

Equation (2-19) shows that the a-value in the regression equation 

(2-1) is dependent on the b-value. If the regression equation is 

rewritten as 

Y' = a + bX = (Y - Xb) + bX or Y' = a^ + b(X - X), (2-26) 

the value of "a " is not dependent upon the value of "b". However, 
o 

since equation (2-26) is not efficient with computer usage, the 

analysis presented below uses the a-value in equation (2-1). 

Linearity of "a". If -bX = C-j_ and 1/n = C^, then equation (2-19) may 

be written as 

a = -bX + Y = C^ + C^Y^ + C2Y2 + . . . + C^Y^. (2-27) 

Thus, "a" is a linear estimator. 

Linearity of "b". Equation (2-24) may be written as 

"C^ xY X-
b = y ^ = Z_wY. (2-28) 

Thus, "b" is a linear estimator. 

Unbias Estimators and Variances 

Equations showing that "a" and "b" are unbias estimates of the 

parameters "A" and "B" are given below: 
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V(a) = 6 - 2 

E(a) 

1 

n 

= A 

2. X 

(2-29) 

(2-30) 

J 

E(b) = B 

v(b) = cs-^/rx^. 
(2-31) 

(2-32) 

The above equations are derived by using the special forms for "a" and 

"b", equations (2-19) and (2-24), and mathematical expectations 

properties. These properties are given in Technical Note 1. One 

should observe from Technical Note 1 that the variance of the sum of 

any two variables is 

V(U + W) = V(U) -f V(W) + 2 cov(U,W). 

If the two variables are independent, the cov(U,W) = 0. Also, the 

2 
variance is the uniform variance for each individual distribu

tion (given a particular X-value) and "n" is the size of the sample, 

The variance (s^ or V(Y) is some tines referred to as the squared 

standard error of estimate; V(Y) will be estimated by the unbias 

estimator 

S^ = Z(Y - Y')2/(n - K), (2-33) 

where "K" is the number of estimated regression coefficients used in 

the regression equation. In studying the following derivations, one 

needs to remember that "Y" is the only random variable in the equation, 

Unbias Estimator of B. Starting with equation (2-24), 

E(b) = i£ 
2 xY 

J 

Zx E(Y) Zx(A + BX) 
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AIX BZX(X - X) 
o + 

B l 

/ I X I 2 X r = B. (2-34) 

Note, I x = 0 and <rx(X - X) = ^X^ - X/X = >! (X - X) . 

Unbias Estimator of A. Star t ing with equation (2-19), 

E(a) = E(Y - bX) = E ( r Y/n) - X E(b) 

Ĵ  _ _1_ 
= n > E(Y) -XB = n Z (A + BX) - BX 

= A + BX - BX = A (2-35) 

Ihe above derivations prove that "a" and "b" are unbias estimators 

of the parameters "A" and "B". 

Variance of b. Starting with equation (2-28), 

V(b) = V(Z WY) = ;:W^(Y). 

But 

Zw' / 
/_ 

2 
X I X 1 

I 2 X J 2s2 (Ix^) _ X 

Thus, equation (2-36) is equivalent to 

V(b) = V(Y)/Zx^. 

(2-36) 

(2-37) 

Variance of a. Equation (2-19) shows that the a-value in equations 

(2-1), 

Y' = a + bX, (2-1) 

is dependent on the b-value. If the regression equation is written 

as 

Y' = aQ + b(X - X), (2-26) 
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then the a^-value is not dependent on the b-value. It is obvious that 

a^ = Y (2-38) 

and 

a = a^ - bX. (2-39) 

Using equation (2-37) 

V(a) = V(a^ - bX) = V(a^) + X^V(b) 
\j (̂  — , 

V(Y) ^ViY) 
+ ,.- 2 = ^(Y) 

n L X 

1 X2 
+ .̂, pl . (2-40) 

n / X 

Readers are reminded that 6"'̂  = V(Y); thus equations (2-29) through 

(2-32) are equivalent to equations (2-34), (2-35), (2-37) and (2-40), 

2 
respectively. Also S , equation (2-33), may be used as an unbias 

^̂  2 
estimator of C . A proof that the covariance, not shown in 

equation (2-40), is equal to zero is given in Technical Note 2. 

Interval Estimates 

Given the reasonable set of assumptions previously listed, 

confidence intervals and test of hypotheses can be made concerning 

the regression coefficients. 

Confidence Intervals. To conpute confidence intervals for the 

regression coefficients, one should first standardize "a" and "b": 

a - A_ 
(2-41) t = 

t = 

/ ' ^ _ _ -

<^^a 

b - B 

O b 
(2-42) 
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- 2 ? 

If (T'a = V(a), equation (2-30), and 6 T = V(b), equation 

(2-32), then unbias estimators of 6 ^ and ([Tb ̂  are 

r2 
A; 2 2 
( 5 ^ = S"" 

_1 X 

n 2!̂  X 
(2-43) 

and 
A,—- 2 P 9 
G b "̂  = SVZx^. (2-44) 

Remenber that equation (2-33) defines S to be the unbias estimator 

Of V(Y). Like S , "t" has n - K degrees of freedom; where K equals 

the number of estimated regression coefficients used in the regression 

equations. 

Let t Qpt- denote the t-value which leaves 2.5^ of the distri

bution in the upper tail; thus 

P(-t_Q25 c fc < t^g^j) = .95 (2-H5) 

Substituting equations (2-4l) and then equation (2-42) into equation 

(2-45), the following confidence limits are developed: 

P[a - t^Qp^ O a < A < a + t^025 6 b ] = .95 (2-46) 

Av ..- A. .. 

P[b - t Qp^ G' b <^B< b + t^Qp^ ( b] = .95 (2-47) 

Example. From the data given in Table 2-1, the least squares 

regression equation 

Y = 1.5 + 3X (2-9) 

was derived from estimating a snipe's weight given its height. 

However, since equation (2-9) was derived from a sairple, the regres

sion coefficients 1.5 and 3 are only estimates of the true population 

regression coefficients "A" and "B". Confidence limits for "A" and 
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"B" may be conputed by using equations (2-46) and (2-47), From 
A /* 

equations (2-43) and (2-44), the values of ( j ^ and ^ ^ are first 

computed; then equations (2-46) and (2-47) are used to conpute the 

interval estimates of A and B. 

From Table 2-1, I'x̂  = 5, x^ = 6.25, S^ = 9/2, and S = 2.12; 

where X equals the snipe's height and Y equals the snipe's weight. 

Remember that x is defined by equation (2-21) and is different from 

X. From equations (2-43) and (2-44), 

' 9 
'/-— 2 -^ 

1 6.25 
T~ + 5.oJ= 6.75 

(Jb 2 = 4.5/5 = .9. 

Ihe square root of the above equations are 

Crr= 2.6 (2-48) 

C^= .949. (2-49) 

Using the values conputed above and equations (2-4l) and (2-42), the 

following confidence intervals are conputed: 

P(-9.69 "• A*^ 12.69) = .95 (2-50) 

P(-1.09- B ^ 7.09) = .95 (2-51) 

The value of "t" used in computing the above confidence intervals was 

4.303. The large width of the confidence intervals is due to the small 

sample size (degrees-of-freedom) used. Equations (2-50) and (2-51) 

may be interpreted in the following manner: 

Based on the data given in Table 2-1, there is .95 probability 

that 

a) the population paraneter "A" is between -9.69 and 12.69 and 

b) the population parameter "B" is between -1.09 and 7.09. 
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Hypothesis Testing. A two-sided test of any hypothesis may be 

conducted simply by noting whether the hypothesis is included in the 

confidence interval. Another method of testing a hypothesis (one or 

two-sided) is to utilize equations (2-4l) and (2-42). 

jtonple. In testing the one-sided hypothesis that there is no 

relationship between the height and weight of snipes, the b-coefficient 

Is tested against zero: 

H^: B = 0, H^: B > 0 , 5^ Significance Level, 

Using equations (2-42) and (2-49), 

3 - 0 
t = ,949 = 3.16 

Let t __ denote the t-value which leaves 5^ of the distribution in 
.Up 

the upper tall; thus t Q^ with n - 2 degrees-of-freedom equals 2.92. 

Since t QC ̂  t, the hypothesis is rejected and the alternative 

hypothesis is accepted. Similar tests can be made for the a-coeffi

cient . 

Special Derivations. The importance of a previous topic entitled 

"Special Derivations" is once again emphasized. If the value of one 

of the regression coefficients is already known, the precision of the 

tests or estimates is greatly enhanced. 

Prediction Intervals 

Closely related to the problem of estimating regression coeffi

cients is the problem of 

a) estimating the mean-value M^y given the X-value X^, and 
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Prediction intervals for each of these estimates will be derived. 
,^h ® s ^ ^ t i ^ the individual Y-value YQ, given the X-value X . 

Prediction Interval for>a^. The regression equation (2-1), 

Y' = a + bX, (2-1) 

is only an estimate of the true population regression equation (2-25), 

./t̂  = A -f BX. (2-25) 

Thus, Y^' is an estimate of yU ; where ̂ ^ is the mean of a distri

bution of Y-values, given X . To restate a previous exanple, the 

weight of all two-inch snipes are normally distributed, with an estimate 

mean of 7.5 pounds and an estimated variance of 4.5. The estimated 

mean of 7.5 pounds was calculated from the estimated regression equation 

(2-9). 

Since Y ' is only a point estimate of yU^, an interval estimate 
o o 

of yU should be conputed. First, however, it is shown that the point 

estimate Y^' is an unbias estimator of yU^; then the variance of Y' 

is derived. Finally the interval estimate of y^ is given. 

From equations (2-29) and (2-31), 

E(Y') = E(a + bX) = E(a) + XE(b) 

= A + BX; (2-52) 

thus Y' is an unbias estimator of >^, 

Knowing that a = Y - bX and x = (X - X), 

V(Y') = V(a + bX) = V(Y - bX + bX) = V(Y -I- bx) 

= V(Y) + V(bx) + 2 cov(Y, bx). 

But 
_ n 

V(Y) = V(Y)/n = CP /n 
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and from equation (2-32), 

V(bx) = x̂ (b) = x̂  cr-^/tx^. 

It is also shown in Technical Note 2 that cov(Y, bx) 

Thus 

v(Y') = cr"2 

= 0. 

X 
o 

n .X 
(2-53) 

Using equations (2-1) and (2-53), the following prediction limits 

are developed: 

P[Y' - t 
o 

Example. Estimate the average weight of two-inch snipe. From 

equation (2-9) the estimated mean weight of a two-inch snipe is 7.5 

pounds,. From equation (2-53) 

o -.025^^^'^^-'^o<Yo+^025^'^^)^ = -95 (2-54) 

V(Y') = 4.5 
1 f J = 3. 375. (2-55) 

Notice from equation (2-21) that x^ = (2 - 2.^)^ = .Z'D. Taking the 

square root of 3.375 and substituting it into equation (2-54) the 

limits of predictions are 

P(-.4 < >u. <15.4) = .95. 
o 

(2-56) 

Equation (2-56) may be interpreted as meaning that the probability is 

,95 that the average weight of a two-inch snipe will be included in 

the interval -.4 and 15.4 pounds. Once again, the width of the 

prediction intervals are extremely large because the sample size is 

small and therefore the t-value is large (t = 4.303). 

a^^^sSi 
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Prediction Limits of Y^. It was proven by equation (2-52) that 

Y^ is an unbias, estimator of the mean .^^. In predicting an indivi

dual value, such as Y^, one should first predict yU^ and then estimate 

how far the individual value Y^ will differ from ̂ . Tb obtain a 

formula for the prediction limits of Y^, the variance of Y from M^ 
O' o o 

is first derived. Using equation (2-53), 

(TT 2 = v(Y - Y') = V(Y) + V(Y') - 2 cov(Y, Y') 

F ^ 1 1 x^ 
= (?"2 1 + — + ° 

n 1x2 J 
(2-57) 

It can easily be shown that cov(Y, Y') = 0. Notice also the similar

ity between equations (2-53) and (2-57). The square root of equation 

(2-57) is sometimes referred to as the standard error of forecast [12]. 

From equation (2-57), prediction limits are developed: 

P[Y^' - t_o25 (Tf <^o "- \ ' + ̂ 025 <^"^ = -95 (2-58) 

Example. Estimate Y when X equals two inches. From equation 

(2-9) the estimated weight of a two-inch snipe is 7.5 pounds. From 

* equation (2-57), 

^ n r 1 .25 7 
(Sf 2 = 4.5 1 + -4- + 5 J = 7.875 (2-59) 

Using equation (2-59), the prediction limits are 

P(_4.58 < Y ^ ^ 19.58) = ,95. (2-60) 

While equation (2-56) is the 95^ prediction limits for the average two-

inch snipe, equation (2-60) is the 95^ prediction limits for an indi

vidual two-inch snipe. 
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Prediction Range, Equation (2-58) shows the formula used in obtaining 

prediction limits. Notice from equation (2-57) that the limiting width 

depends on several factors, one being CF" . Notice also that the 

farther x^ is from the mean, x = 0, the wider become the limits of 

prediction. When extrapolating, that is, predicting a Y-value outside 

the range of observations, the prediction limits become increasingly 

wide. It is, therefore, desirable for a wide range of observations 

to be included in the sanple. Furthermore, when a sanple possesses 

2 

a wide range of observations, the value of X x in equation (2-57) is 

large, making the variance small. Also, the linearity assunption may 

not be valid outside the range of observations. 

In conclusion, the researcher should strive to obtain a wide 

range of observations in his sanple. This will increase ^x in 

equation (2-57) and therefore reduce the variance and prediction 

limits. A wider range of observations will also Insure the validity 

of the linearity assunption. 

Correlation Theory 

While regression theory shows how variables are related, corre

lation theory shows to what degree the variables are related. Also, 

correlation theory is not concerned about cause and effect relation

ships between variables. Another major difference is that the X-

variable, like the y-variable, is always random in correlation analysis. 

While regression analysis is used for estimating, correlation analysis 

is used for measuring the degree of relationship existing between 

variables. The assumptions ((a) linearity, (b) uniformed variance. 



(c) statistical independence, and (d) normal distribution) that were 

used for regression theory are valid for correlation theory. In 

explaining correlation theory, the derivation of correlation measure

ments will be discussed first, then tests of significance will be 

explained. Finally special forms of correlation measurenents will 

be presented. 

Correlation Measurements 

Tb measure the degree of relationship existing between variables, 

correlation measurements are derived. Consider the identity 

(Y - Y) = (Y' - Y) -f (Y - Y'), (2-61) 

If both sides of the above identity are squared and then summed, the 

result is 

r(Y - Y)2 = £(Y' - Y)2 + I(Y - Y')^. (2-62) 

In squaring the right side of equation (2-61), the term 

~2E.(Y' - Y)(Y - Y') 

is obtained. However, in Technical Note 3 it is proven that the 

above term equals zero. Since the above term equals zero, it is not 

included in equation (2-62). Each term in equation (2-62) is import

ant and is therefore defined in the following manner: 

2'(Y - Y)^ = TV = Tbtal Variation (2-63) 
p 

2̂ (Y' - Y) = EV = Explained Variation (2-64) 

2̂ (Y - Y')^ = UV = Unexplained Variation (2-65) 

By adding -UV to both sides of equation (2-62) and then dividing both 

sides by TV, the coefficient of determination is obtained: 

r^ = 1 - UV/TV = EV/TV. (2-66) 
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The coefficient of determination measures the percent of variation in 

"Y" explained by "X", The above concepts will be illustrated by the 

following example, 

Exanple, Prom the data in Table 2-1, the following diagram is 

constructed. 

Y = 9 

Y' = 1.5 -f 3X 

5 Height 

Figure 2-2, Relationship between height and weight of snipes. 

Figure 2-2 is merely Figure 2-1 with the least squares regression line 

and the mean line included. A significance test which involves deter

mining if the b-value in a regression equation is significantly 

different from zero is sometimes made. This test utilizes equation 

(2-42). 

Based on Table 2-1, the best single estimate of a snipe's weight 

is the mean, Y = 9 pounds. However, from Figure 2-2 it is seen that 

estimates better than the mean may be obtained from the regression 

equation 
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Y' = 1,5 + 3X. (2-9) 

The coefficient of determination indicates the anount of variation 

in the snipes' weights which is explained by their heights. This value 

is 

r^ = 1 - 9/54 = .833. (2-67) 

The coefficient of determination indicates 83,3^ of the variation in 

the snipes' weight is explained by their height. 

Tests of Significance 

The value of the coefficient of determination ranges between 

plus and minus one. A value of one means there is perfect correlation 

while a value of zero means that no correlation exists between the 

variables, A negative correlation coefficient means the variables 

are inversely related. 

How large must the coefficient of determination be to indicate 

that a significant relationship exists between the variables? Is 

p2 _ .833, in the previous example, significantly large? The answer 

to the above questions are given below. 

Analysis of Variance. In the next section it is shown that the 

2 2 
explained variation term, equation (2-64), may be written as b Z'x , 

Equation (2-62) may therefore be written as 

H Y - Y)^ =b^2'x^ + 2:(Y - Y')2. 

The procedure of deconposing total variation and analyzing its compo

nents of variance are displayed in Table 2-3. It is inportant to 

note that variance is variation divided by degrees of freedom. Since 

3xplained variation may be computed from a single function of Y, 
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2 2 
namely b ^ x , explained variation has only one degree of freedom. 

Analysis of Variance Table for Simple Regression 

Source 

Explained 
V 

Unexplained 

Total 

Variation 

^ 2 ^ 2 b Z.X 

1(Y- Y')^ 

2 ( Y - Y)2 

df 

1 

n - 2 

n - 1 

Variance 

2 2 ^ 2 
Sp = b^'lx^ 

S^ = I(Y - Y')^/(n -

£(Y - Y)2/(n - 1) 

- 2) 

By dividing the variations given in Table 2-3 by their degrees of 

freedoms, unbias estimators of the population variances are obtained. 

The F-ratio 
2 

F = S p W = bZx^/S (2-68) 
may therefore be tested for significance. 

Special Forms 
2 

If the explained variance, Sp , is divided by the total variation. 

the result is 

Sp^ EV/1 

= = r^ (2-69) 
TV TV 

Likewise, if the unexplained variance is divided by the total variation, 

the result is 

S^ UV/(n - 2) (1 - r^) 
—^V"= TV = (n - 2) . (2-70) 

From equations (2-69) and (2-70), a test of significance using the 
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coefficient of determination is 

r^(n - 2) 
F = 2 • (2-71) 

1 - r 

Notice that equation (2-71) is equivalent to equation (2-68). Further-

2 
more, in sinple correlation, Sp has only one degree of freedom; 

therefore, 

F^ = t^. (2-72) 

From equation (2-72), equation (2-71) may be written as 

t = v/ p . (2-73) 

Thus, in sinple correlation, a test of significance may be made using 

either the "F" or the "t" distribution. In multiple correlation, one 

must always use the F-test. 

Exanple, A one-sided test of significance concerning the height 

and weight of four snipes (Table 2-1) is given below. The equations 

2 2 
for S and S are given in Table 2-3. 

H : r = 0; H : r > 0; .05 Level of Significance 

S^ = (3)^(5) = 45, S^ = 4.5 

F = 45/4,5 = 10, ^ 10 " ̂ -^^ 

Since the above test was a one-sided test, one must look up the value 

for F ,p, with one and two degrees of freedom, respectively. Even 

though F -jQ is larger than F , the null hypothesis is still rejected, 
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If one prefers equation (2-73) to equation (2-68), the test 

would be 

r (.833)( )(4 - 2) 
= 3.16, 

- .833 

where t = 2,92, Once again the null hypothesis is rejected. 

Notice that the square of 3.l6 and 2.92 is 10 and 8.53, respectively. 

The hypothesis in the above exanple may be interpreted to mean 

that the population coefficient of correlation is equal to zero. That 

is, no correlation exists between the variables. The coefficient of 

correlation is the square root of the coefficient of determination. 

Also, "r" signifies a population paraneter while "r" signifies a 

sample statistic. 

It can be shown that equation (2-68) is very similar to equation 

(2-42), First, however, it is shown that the explained variation can 

2^-2 

be written as b '̂ x , Knowing that Y = a + bX and x = (X - X), 

then 

^̂ •(Y'- Y)^ = Z(a + bX - a - bX)^ = b^Jx^, (2-74) 

If "B" is assumed to equal zero, then equation (2-42) may be written 
as 

V.2 K2 V.2< 2 
2 b b b £ x F = t = -Cz.— o = 9 9 = ? • (2-75) 

Gb "^ ^ /Zyi S 

The above equation is similar to equation (2-68), Notice also that 

O- 2 
G b was defined in equation (2-44), If the slope, "B", equals 

zero, no correlation exists between the variables. Thus, the null 
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hypothesis 

H : r = Q and H : B = 0 
o o 

are equivalent. 

From equations (2-23) and (2-74), explained variations may be 

written as 

2 
•r.,- 2 2 2 (^xy)' 
I(Y - Y')^ = b'^Ix = b l x y = — . (2-76) r x 

If equation (2-76) is substituted into equation (2-66), the coefficient 

of correlation can be written as 

7L xy 

^ = fiTir • ''-''' 
Technical Note 4 shows that the unexplained variation may be written 

in the following special forms: 

r(Y - Y')^ = Z Y ^ - a2^Y - brXY (2-78) 

I(Y - Y')^ = I(Y - Y)^ - b^Ix^. (2-79) 

Summary 

Listed below ore the most pertinent formulas used in simple 

regression and correlation. 

a = Y - bX (2-19) 

X = (X - X) (2-21) 
« ^ 2 

b = Ixy/Ix (2-23) 

S^ = I(Y - Y')^/(n - K) (2-33) 

The symbol "K" equals the number of estimated regression coefficients 
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in Y' . 

V(b) = V(Y)/Ix^ (2-37) 

t = (b - B)/ C T T (2-42) 

Since ^ b = V(b), the only difference between ^SV 2 and iTb ^ 
2 

i s tha t S i s used in place of V(Y). 

6 ^ 2 = s ^ / r x 2 (2-44) 

2 

V(Y') = V(Y) ^ . -o 
"Z (2-53) 

n "Ex 

6 T ^ = V(Y - Y') = V(Y) + V(Y') (2-57) 

In equation (2-57), i t can eas i ly be shown that cov(Y, Y') = 0. 

r^ = 1 _ UV/TV = EV/TV (2-66) 

F = S p W = b l x W (2-68) 

r^(n - 2) 2 
F = 2 = "t • (2-71) 

1 - r 

Technical Note 1 

The mathematical expectation properties given below are extremely 

important in statistics [4], Many equations in statistics are derived 

by using these properties. The variance for an estimator is not only 

derived, but also the estimator is determined to be bias or unbias by 

applying mathematical expectation properties. 

Mathematical Expectation Properties 

1, I f Y i s a random var iab le , the P(Y) > 0 for a l l Y-values and 

r P ( Y ) = 1. 
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2, By definition E(Y) = Z Y P ( Y ) = JU\ where Y is a random variable, 

Ju. is the population mean, and P(Y) is a discrete probability 

distribution, 

3, E(K) = K, where K is a constant. 

E(K) = Z K P(Y) = K 1 P ( Y ) = K 

4, E(X) = X. If X is not a random variable, it is treated as a 

constant, 

5, E(KY) = KE(Y), where K is a constant and Y is a random variable. 

6, E(U -H W) = E(U) + E(W), where U and W are random variables. 

7, E(rY) = £ E ( Y ) = n E(Y) 

for E(lY) = E(Y^ + Yp + . . , + Y^) = E(Y-̂ )̂ + E(Yp) + . . . + 

E(Y^) = I E ( Y ) . 

Variances 

8, By definition, V(Y) = E(Y - E(Y))^ = cT^, 

9, V(K) = 0, where K is constant, 

10, V(KY) = K^(Y) 

for V(KY) = E(KY - E(KY))^ = K^E(Y - E(Y))^ = K^(Y), 

11, V(r:Y) = ZV(Y) = n V(Y). 

12, V(WY) = Wv(Y); i f W i s not a random variable , i t i s t rea ted as 

a constant , 

13, V(Y + K) = V(Y) 

for E(Y + K - E(Y + K))^ = E(Y + K - E(Y)^ = E(Y - E(Y)) 

= V(Y), 
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Inportant 

14, V(U + W) = V(U) + V(W) - 2 covCU, W) 

where cov(U, W) = E(U - E(U))(W - E(W)), 

Also cov(U, W) = 0 if U and W are statistically independent, 

15. V(U - W) = V(U) + V(W) - 2 cov(U, W), 

Illustration 1, V(b) = V(ZWY) = 2W^(Y), 

Let 

(2-36) 

b = 
I xy xy 

Ix̂  
= £wY; (2-28) 

where "Y" is a random variable and "X" is not a random variable. Then 

But 

thus 

Also 

Zw^ 

V(b) = V(ZWY) 
^ 2 

= ZW V(Y) 

V(Y) = CT" 

Iw^v(Y) = (S'^ Tw^, 

I X 

from equation (2-28) 

from properties 11 and 12 

from property 8, 

X 

(U')' y 2 » 
.X 

thus 

V(b) = V(Y)iW^ = V(Y)/2:x^, (2-37) 

1 X^ 
Illustration 2, V(a) = V(Y) 

n I X 
(2-40) 
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Let 

a = Y - bX, (2-19) 

then 

V(a) = V(Y - bX) 

= V(Y) + X^V(b) - 2 cov(Y, bX) from properties 12 
and 15. 

But by proof similar to that shown in Technical Note 2, 

cov(Y, bX) = 0, 

Also, by using properties 11 and 12, 

^ 1 Y 1 rv(Y) V(Y) 
V(Y) = V 

n n n 

Thus, 

V(a) = V(Y) + X^V(b) = V(Y) 
X2 

n X 

(2-40) 

Technical Note 2 

The following proof is given for cov(Y, bX). This proof is 

needed in deriving 

V(Y') = V(Y) o 

n X 
T (2-53) 

wher^ Y' = a + bX or Y' = a - bX + bX = a + bx. 

Proof: cov(Y, bx) = 0 , 

E(Y) = E{lY/n) = E(Y) = .-a. properties 2 and 7 

Also, 
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E(b) = B, (2-34) 

therefore 

cov(Y, bx) = E(Y -^A*)(b - B)x) 

= E(Yb) - yUE{h) - BE(Y) + ^ B = 0. 

Multiple Regression. A derivation for V(Y') when 

Y' = b^ + bpXp -f b X + . . . bĵ Xĵ  

can become very complex, especially when the regression coefficients 

interact, 

Technical Note 3 

In squaring both sides of equation (2-62), the term 

-2?.(Y' - Y)(Y - Y') 

is obtained. Knowing that T = a + bX and Y' = a + bX (equations 

(2-19) and (2-1), respectively), the above term may be written as 

-2 Z(a -h bX - a - bX) (Y - a - bX) 

= -2 2;(bx)(Y - a - bX) = -2b(IxY - aZx - b£xX). 

_ 2 
But 2x = 0 and -b txX = -b2.x(x + X) = -b ̂ x , 

therefore 

-2b(^xY - alx - hlxX) 

L X ^ 2 , 
= -2b(IxY 2 - bfx ) 

Z^x 

= -2b(b£x^ - b^x^) = 0, 
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Technical Note 4 

The following equations are used in showing that the unexplained 

variance may be written as equation (2-78) 

a = Y - bX or Y = a + bX (2-19) 

x = (X - X) (2-21) 

y = (Y - Y) (2-22) 

Zx^ = Z(x -x)^ = Zx^ - xlx 

EV = Total Variation = ly^ = .̂(Y - Y)^ = 

Z Ŷ  - Y Z Y 

Z' xy £ xY 
b = 2 " 2 (2-23), (2-24) 

Zx Zx 

EV = Explained Variation = £(Y'- Y) 

= r(a + bX - a - bX)^ = b^fx = bIxY 

(2-19), (2-76) 

Derivation, From equation (2-62), unexplained variation may be expressed 

as 

UV = TV - EV 

or 

I(Y - Y') = Zy^ - bIxY 

= CLY^ - Y Z Y ) - b £(X - X)Y 

= ( Z Y ^ - a l Y - bXlY) - (bZXY - bxZY) 

= ZY^ - a l Y - bZXY 



CHAPTER III 

MULTIPLE REGRESSION MODELS 

The statistical concepts developed in the previous chapter are 

generalized in this chapter. After the formulas presented in Chapter 

II are generalized, statistical concepts concerning multlcolllnearity, 

partial regression coefficients, and partial correlation coefficients 

are discussed. These concepts set the background for the development 

of the LIM regression model in Chapter IV. After explaining multiple 

regression concepts, a discussion concerning multiple regression 

using matrices will be presented. Most of the textbooks listed as 

references use matrix notations in explaining multiple regression 

concepts. Indeed, it would be very difficult to discuss the LIM 

approach without the use of matrices. Also, the Guass^ordan algor

ithm, which is a matrix transformation process, plays a vital part in 

the development of both the stepwise and the LIM regression models. 

After discussing matrices, the stepwise regression model is developed. 

The stepwise regression model is thought by many to be the best of the 

variable selection models [8, p. 172]. This chapter will therefore 

set the stage for Chapter IV which not only shows the development but 

also the superiority of the LIM regression model. 

Multiple Regression Concepts 

Most of the formulas listed at the end of Chapter II cannot be used 

in multiple regression without seme modification. However, the logic 

42 
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and theory used with simple regression is very similar to that used with 

multiple regression. The major difference between simple and multiple 

regression is that the covariance in many multiple regression derivations 

does not equal zero. For exanple, the variance of a sum of two variables 

is 

V(U -H W) = V(U) -I- V(W) + 2eov(U, W). 

The covariance in the above equation equals zero only if the two variables 

are independent. Since seme degree of multlcolllnearity usually exists 

between Independent variables, the covariance does not usually equal 

zero. That is, since correlation usually exists between independent 

variables, the covariance will not equal zero. Therefore, the derivation 

of many significance tests becomes more conplex. 

With the exception of the covariance, the logic and theory used in 

simple regression can be extended to multiple regression. Therefore, 

the formulas listed in the summary of Chapter II are generalized in 

the following section. After the formulas are generalized, statistical 

concepts concerning multlcolllnearity, partial regression coefficients, 

and partial correlation coefficients are discussed. Since these 

concepts are needed for the development of the LIM regression model, 

careful reading should be given to these sections. 

Generalized Formulas 

Slightly different notation is used with multiple regression formulas. 

This is necessary to simplify the notation used for multiple regression 

and correlation measurements. The discussion conceming the generalized 

formulas listed below is brief since these formulas are merely exten

sions of the formulas listed in the sunmary of Chapter II, The same 
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logic and theory discussed in Chapter II apply to these generalized 

formulas. Additional Information conceming most of these formulas may 

be found in mathematical statistics textbooks, such as Brownlee [4] and 

Graybill [15], 

The generalized regression equation is 

h' = Y' = b-L -f b2X2 + b^X3+ . . . + b^X^. (3_i) 

Also notice the similarity between equations (2-19) and the generalized 

equation 
K 

bl = Y - ZZ biX^. (3-2) 

1 = 2 

Just as the formula for "b" (equation 2-24) was obtained by solving the 

normal equations symbolically, formulas for b^ must also be obtained by 
solving the normal equations symbolically. 

If "K" equals the number of estimated regression coefficients in Y', 

equation (2-23) can be used in multiple regression. Thus equations (2-33) 

and (3-3) are equivalent; 

S2 = JT (Y - Y')2/(n - K). (3-3) 

The equation 

V(bi) = V(Y)/(1 - ^^)X H^ (3-4) 

may be used to calculate the variance of "b^". The symbol R.2 ±Q the 

multiple coefficient of determination and shows the correlation of X^ 

on the remaining independent variables. A simpler formula which is 

equivalent to equation (3-4) is 

V(bi) = Cii V(Y). (3-5) 

Equation (3-5) is explained when matrices are discussed. 
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A tes t of significance concerning b-coefficients may be acconplished 

by using 

t = (b - B) /(T^. (3-6) 

Equations (2-42) and (3-6) are equivalent with the exception that 6 b ^ 2 

must be calculated as 

^ ^ 2 = s2/( l - Ri2)2:xi2 . (3>7) 

Equation (2-53) l i s ted in the sunmary of Chapter I I and equation (3-8), 

K 

V(Y') « V(Y)/n + 2 - . x^ V(b.) 
1 = 2 

K - 1 K 

+ 2 ^^L^ Z — x.^ x-r2 cov(b., b^), (3-8) 
1 = 2 J = i + 1 ^ ^ ^ • ^ 

are quite different. The variance of Y' in multiple regression involves 

the covariance terms and i s therefore more complex. If multlcolllnearity 

exists between the independent variables, the b-coefflcients are not 

Independent and cov(bj, bj) ^ 0. In the above equation, "K" equals the 

number of estimated regression coefficients and 

^^ . (3-9) 
cov(bj_, bj) « J^XiXj (1 - R2J) 

The symbol I ^ shows the amount of correlation which exists between the 

variables Xĵ  and Xj: thus 

(«'Xi Xj)2 

R ^ - . (3-10) 

CH^<- x2 
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A derivation of equations (3-7) to (3-11) is found in Brownlee 

[^, p. 425]. 

The equation for the squared standard error of forecast 

r^ = V(Y - Y') = V(Y) + V(Y'). 

IS 

The above equation is the same as the equation given for simple 

regression with the exception that V(Y') must be calculated by equa

tion (3-8). 

In multiple regression the explained variation may be represented 

as 

K 

2r, 2 EV = JL. bl ̂ ifxî  . (3-11) 
1=2 

Thus Table (3-1) is a generalization of Table 2-3. 

TABLE 3-1 

Analysis of Variance Table for Multiple Regression 

Source Variation df Variance 

K K 
Explained Jl bi2xi2 K - 1 Sp^ = 1 1 bi^^Xi2/(K - 1) 

1=2 ^ 1=2 

Unexplained ^^(Y - Y')2 n - K s2 = ^{Y - Y')2/(n - K) 

Total 5I(Y - Y)2 n - 1 '^^{Y - Y)2/(n _ i) 

Uibias estimators of the population variance are obtained by dividing 

the variations by their degrees of freedom. 

A test of significance can be obtained from the F-ratio, 
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K 

1=2 
bi^ rx^^/(K - 1) 

F = (3-12) 

S^ ^ ( Y - Y')2/(n - K) 

^7 dividing the total variation into both the explained and unexplained 

variations, the above equation becomes 

R2(n-K) 

F = • 

(1 - R 2 ) (K - 1) 

(3-13) 

Exanple. The above equations are further explained by means of an 

exanple. 

TABLE 3-2 

Illustrated Data Relating Weight of 
Snipes to Their Height and Age 

Height: 

Age: 

Actual Weight: 

H 

A 

W 

1 

0.5 

3 

2 

2.5 

10 

3 

3.5 

10 

4 

3.5 

13 

Estimated Weight: W' 

From the data given in T^ble 3-2, the least squares regression equation 

W' = 1.5 + H + 2A (3-14) 

i s derived. The unexplained variance i s calculated by using equation 

(3-3). The value of "K" i s three; therefore s2 equals five. Using 

equation (3-7), the variance of bp i s 

(^^- 5/(1 - .833) (5) = 6. 
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The variance of ^h^ equals five. Notice from equation (3-7) that 
p 

R^ equals .833. Having found the variances for the b-coefficients and 

using equation (3-6), the following one-sided hypotheses conceming the 

regression coefficients are tested: 

HQ: B2 = 0, H-̂ : B2> 0, .05 Significance Level 

HQ: B3 = 0, Hi: B3> 0, .05 Significance Level 

t2 = 1,0/ /6^= ,41, t^ = 2/ /T"= .89 . 

Since t^Q^ = 6.314, both hypotheses are accepted. If no correlation 

exists between the dependent variable and a particular Xi-variable, 

the regression coefficient Bi will not be significantly above zero. 

Since both of the above hypotheses were accepted, one cannot be assured 

of a relationship between the snipes' heights and weights. The limita

tions of the above partial regression tests will be explained when 

partial regression coefficients are discussed. 

A test conceming the overall relationship that may exist between 

the dependent variable and all of the independent variables can be 

obtained by using Table 3-1 and equation (3-12): 

HQ: R2 = 0, HQ: R2 7̂  0, .05 Significance Level 

S2^ 24.5 
F = = = 4.9. 

Ŝ 2 5 

Notice that the same results can be obtained by equation (3-13): 

F = .907 (4-3) = 4.9 
(1 - .907) (3 - 1) 

Once again the hypothesis is accepted. 
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From equation (3-l4), the point estimate of the average weight of a 

snipe that i s 3.0 inches t a l l and 3.5 years old i s 11.5 pounds. The 955S 

confidence interval i s conputed from equations (3-8), (3-9), and (3-10): 

V(Y') = 5/4 + X-L26 + x^5 + 2xi2x2^('-5)(.833)/(5) (.167). (3-15) 

Noting that x^ = (Xi - X^), the values of x^ and Xp are .5 and 1.0, 

respectively. Substituting these values into equation (3-15), the 

variance of Y' equals 2.75. Thus, from equation (3-l6, 

Y' + t^Q25 / V C Y T , (3-16) 

the 95^ confidence interval i s 

11,5 + (12.7)(1.66). (3-17) 

The large value of t^Q25 i s due to the small sample size. 

Multlcolllnearity 

Multiple regression formulas become somewhat conplex when the 

convarlanee term does not equal zero. The existance of correlation among 

the independent variables causes the covariance not to equal zero. This 

intercorrelation is known as multlcolllnearity. 

For predictive purposes, the presence of multlcolllnearity is not 

too serious provided the range of collinearity between the independent 

variables is not exceeded [l8, 207]; however, structural questions 

conceming the separate influences the Independent variables have on the 

dependent variable cannot be answered. The presence of multlcolllnearity 

tends to produce large variances of the b-coefficients. It also causes 

the b-coefficients to take on strange and unrealistic values [13, p. 193]. 

The disadvantages of multlcolllnearity will be explained in the discus

sion of partial regression coefficients. An exanple explaining the 

concept of multlcolllnearity is given below. 
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Example, The data given in the following table describes three 

different samples. Each sanple contains four snipes. 

TABLE 3-3 

I l l u s t r a t e d Data Relating Weight of Snipes 
To Their Height and Age 

Sajrple 1 Sajiple 2 Sample 3 

H A W H A W H A W 

1 2 2 1 1 2 1 1 2 

2 4 8 2 2 8 2 2 8 

3 6 12 3 4 12 3 2 12 

4 8 14 4 7 14 4 5 14 

In sample 1, notice that the age of a snipe is exactly twice his •» 

height, thus perfect multlcolllnearity exists between a snipe's height 

and age. If a least squares regression equation is fitted to the data, 

one possible solution would be 

W' = -1 + 4H. (3-18) 

Another possible solution would be 

W = -1 -f 2A. (3-19) 

Both of the above equations are least squares and therefore have the 

same value for their unexplained variation. Since A = 2H, another equiva

lent solution would be 

W = -1 + (4V) H + 2(1 - V)A. (3-20) 

Equation (3-20) describes a whole family of least squares equations 

depending on the arbitary value assigned to "V", Equation (3-l8) 

. i.. 11 

[.a 1 1 1 1 
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results if "V" equals one. If "V" equals zero, the result is equation 

(3-19). 

In practice perfect correlation is highly improbable; therefore, 

consider sanple 2. The least squares regression equation which describes 

sample 2 is 

W' = -4 + 8H - 2A. (3-21) 

Although the above regression equation describes the weight of snipes 

in sanple 2 perfectly, the regression coefficients are unrealistic. One 

glance at the data in sample 2 shows the relationship between a snipe's 

age and weight to be positive, yet the b-coefficlent is negative. 

In conclusion, multlcolllnearity does not effect predictions. How

ever, multlcolllnearity does hinder the analyst in separating the true 

influences of the independent variables on the dependent variable. 

Partial Regression Coefficients 

It was previously stated that multicollinearlty makes the Influence 

of each independent variable obscure. It was also shown by equation 

(3-21) that multicollinearlty causes the partial regression coefficients 

to take on unrealistic values. Thus, the presence of multicollinearlty 

prohibits the efficient use of significance tests concerning partial 

regression coefficients. It is entirely possible to have a high rela

tionship existing between the dependent and independent variables~R2 

close to 1,0—while none of the regression coefficients are signifi

cantly different from zero [13, 193]. 

Exanple, The data in sanple 3 of Table 3-3 shows the relationship 

between a snipe's age and weight to be positive. Yet, equation (3-22), 
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W' = -1.55 + 5.33H - l.llA, (3-22) 

shows the partial regression coefficient for age to be -1.11. If the 

snipes' weights were regressed only with their ages, the total regression 

coefficient would be 2.44 and the regression equation would be 

W' = 2,89 + 2.44A. (3-23) 

Thus, the intercorrelation between the snipes' ages and heists causes 

the partial regression coefficients to have unrealistic values. Further

more, consider the following significance test: 

Height; HQ: B2 = 0, Hi: B-^^ 0, .05 Significance Level 

Age; HQ: B2 = 0, Hi: B3'^ 0, .05 Significance Level 

t2 = 5.33/1.333 = 4 ; t^ ^ -1,11/.994 = -1.12. 

Since t QC = 6.314, both hypotheses must be accepted. The above signi

ficance tests for partial regression coefficients utilized equation (3-6). 

The value of(Jb^ was calculated by taking the square root of equation 

(3-7), 

2 
Note that the multiple coefficient of determination, R^ , shows the 

correlation of Xi on the remaining independent variables. It is evident 

from equation (3-7), that the variance of the b-coefficient increases as 

Xj_ is more highly correlated with the other independent variables. Thus 

the presence of multicollinearlty prohibits the use of significance 

tests conceming partial regression coefficients. 
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Partial Correlation Coefficients 

Since multlcolllnearity prohibits the use of significance tests 

conceming partial regression coefficients, significance tests concerning 

partial correlation coefficients should be taken. That is, if one 

desires to determine the influence each independent variable has on the 

dependent variable, partial correlation coefficients should be calcu

lated [10, p. 192], It is evident from equation (3-24). 

2 2 
1,2 ^ 1.234 - %,24 
13.24 = , (3-24) 

^ - %.24 

that the partial coefficient of determination is merely a ratio of "the 

increase in the explained variance of Y resulting from an additional X-

variable" over "the unexplained variance of Y before the addition of the 

X-variable" [7, P. 55]. A partial correlation coefficient may be 

obtained by merely taking the square root of equation (3-24). 

Notice that equation (3-24) is for the three independent variable 

equation 

Xi = Y = b-L + b2X2 + b3X3 + b4X4 , (3-25) 

The highest order partial correlation coefficients will always be one 

less than the number of Independent variables. Also notice that RJ 24 

in equation (3-24) is the coefficient of deterrolnatlon for the indepen

dent variables Xp and X4. Ferber [12, p. 358] states that the inter

acting effects are renjoved when partial correlation coefficients are 

conputed. Thus, partial correlation coefficients may be defined as 

measuring the correlation between the dependent variable and each inde-
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pendent variable, while eliminating (or holding constant) any tendency 

of the ronaining independent variables to obscure the relation [10, 

p. 192]. 

Exanple. The regression equation which describes the data in sanple 

3, Table 3-3 is 

W' = -1.55 + 5.33H - l.llA . (3-22) 

It was previously shown that the multicollinearlty existing between 

snipes' heights and ages caused the regression coefficients to have 

unrealistic values. The partial coefficients of determination can be 

calculated to determine which variable exerts the most influence on 

the dependent variable [24, p. 772]. Thus, 

P .98 - .64 
ri2,3 = = .94 (3-26) 

2 
^13.2 

1 - .64 

.98 - .952 
= .58 . (3-27) 

1 - .952 

Equation (3-26) may be interpreted as giving the relative variation in 

"W" which Is explained by "H", while "A" is held constant. Partial 

correlation coefficients play a vital part in the development of the 

LIM Regression Model. 

Multiple Regression Using Matrices 

The use of matrix algebra provides a compact and powerful way of 

treating the general multiple regression model. Goldberger [13, p. 6] 

states that the use of matrix algebra in mathematical statistics is 
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virtually a necessity. Therefore, before proceeding to the more 

sophisticated multiple regression models, the concepts presented in 

Chapter II and the first part of Chapter III are simplified and 

extended by the use of matrices. 

The use of matrices in multiple regression is discussed under the 

following headings: 

a) Concepts of Matrix Algebra 

b) The Gauss-Jordan Algorithm 

c) Applications of Matrix Algebra 

This discussion not only provides a conmon vocabulary but also serves 

as an elementary review in matrix algebra. The first topic includes 

basic concepts and notations vital for the development of the stepwise 

and LIM regression models. Readers needing a detailed review should 

consult one of the textbooks listed as a reference [13, 17, 23]. Next, 

the Gauss-Jordan algorithm and its importance in multiple regression 

analysis is discussed. In the final heading, statistical concepts 

presented earlier are sinpllfied and extended by the use of matrices. 

Concepts of Matrix Algebra 

Many concepts are stated in this section without proof. Readers 

desiring formal proofs are referred to Johnston [l8] and Goldberger 

[13]. With the exception of column X^, Table 3-4 contains the same 

data as Table 3-2. Consider the X column a column vector which lists 

the heights of the four snipes. Likewise, the column vector X^ lists 

the ages of the four snipes. The variable X-ĵ  is a "dunmy variable" 

[l8, pp. 221-228] and the column vector Xi is merely used for 
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Illustrated Data Relating Weight of 
Snipes to Their Height and Age 
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Snipe 

A 

B 

C 

D 

X-Matrix 

\ 

1 

1 

1 

1 

h 

1 

2 

3 

4 

X3 

0.5 

2,5 

3.5 

" 

Y--Vector 

3 

10 

10 

13 

convenience. The three vectors taken together constitute the Xnnatrix 

of order (4 x 3)—four rows and three columns. 

The X-matrix and its transpose (X') are represented in the follow

ing manner: 

X'X = 

0.5 2.5 3.5 3.5 

1 

1 

1 

1 

1 

2 

3 

4 

0.5 

2.5 

3.5 

3.5 

f ' 

< I' 

(3-28) 

Matrix Notations. The matrix notations used in this study allow all 

capital letters to represent either a matrix or a vector. Small letters 

may also represent vectors; scalers will be enclosed in quotation marks 

if there is danger of confusion. If the elements in the above X-matrix 

are denoted as X = CX, j ) , then the elements In the transpose matrix are 
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X* - Xji. Notice that the transpose of the column vector Y in Table 3-4 

is the row vector 

Y' = (3 10 10 13) . (3-29) 

To conserve space, column vectors may be written as row vectors but 

with the subscript "c"; 

Y = [3 10 10 13]^ . (3-30) 

Normal Equations. If the X-matrix in Table 3-4 is premultiplied by its 

transpose (See [13, 17, 21] for a review of matrix addition and multi

plication) part of the least squares normal equations are formed. This 

is shown by equations (3-28) and (3-31), 

X'X = 

10 

10 30 

10 30 

10 

30 

31 

(3-31) 

Normal equations may therefore be represented as 

(X'X)b = X'Y, (3-32) 

The estimated regression coefficients are represented by the vector b. 

Notice also from equation (3-31) that X'Y forms a symmetric matrix— 

one side of the diagonal is the mirror image of the other side. 

Conformable Matrices. It is evident from equation (3-28) that order 

of X' and X is (3 x 4) and (4 x 3), respectively. The number of columns 

(4) of the first matrix nust be equal to the number of rows (4) of the 

second matrix before the matrices are conformable for multiplication. 

Thus, the matrix given in Table 3-4 and its transpose are conformable 

for nultipllcatlon, Î fetrices must be the same order—same number of 

rx)ws and columns—to be conformable for addition. 
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Laws of Operations. The law of operations for matrices are very similar 

to the law of operations for sealars (real numbers). One exception is 

the cummutative law for multiplication of matrices. For exanple, the 

product of the Y-vectors (Table 3-4) is 

Y'Y = (378) (3-33) 

However, if the product is taken as YY' a matrix or order (4 x 4) is 

produced. Thus, Y'Y f̂  YY'. 

Transpose and Inverse Properties, If the scalar elements (a, b, c) off 

the diagonal are zero and the elements on the diagonal are ones, the 

matrix I, 

I = d 
(3-34) 

Is an Identity matrix. The identity matrix acts in the matrix system 

as the scalar value "1" acts in the real number system; thus, 

AI = lA = A, (3-35) 

The inverse of a matrix is similar to the reciprocal in the real number 

system; that is. 

AA'"^ = A'-'-A = I, (3-36) 

The Inverse of a matrix is represented by the minus one exponent. In 

addition to equation (3-36), Johnston [l8, p, 85] gives the following 

properties conceming the inverse of a product of two matrices: 

(AB)"^ = B'V-^ (3-37) 

B-1A-^ = (AB)'^ (3-38) 
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The above properties can be extended to 

(ABC)"-̂  = C^V A" , (3-39) 

Properties concerning transposed matrices are also given by Johnston 

[18, 72]: 

(A')' = A (3-40) 

(A + B ) ' = A' + B' (3-41) 

(AB)' = B'A' (3-42) 

(ABC)' = C'B'A' (3-43) 

If A' = A, then A is said to be a symmetric matrix. Notice from equation 

(3-31) that 

(X'X)' = X'X (3-44) 

Thus, the product of X'X is a synmetrie matrix. Scalar multiplication 

can be defined as 

aAB = AaB = ABa, (3-45) 

where "a" is the scalar. 

The Gauss-Jordan Algorithm 

A system of linear equations may be consistent or inconsistent (no 

solution). If the system is consistent, it may have a unique solution 

or an infinite number of solutions. The least squares equation (3-20), 

which was the result of perfect multlcolllnearity, had an infinite 

number of solutions. In practice, perfect multicollinearlty is seldom 

encountered; therefore, normal equations usually possess a unique solu

tion. The Gauss-Jordan algorithm is not only an efficient method for 

finding the solution to a system of equations but it is also easily 

: : ^ 
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adapted to the conputer. Many inportant methods dealing with simul

taneous equations are built on the Gauss-Jordan principle—to nane a 

few, slnplex method used in linear programming and the stepwise method 

used in regression analysis. 

The normal equations derived from the data in Table 3-4 were 

previously represented in matrix notation by equation (3-32), 

(XX')b = X'Y. (3-32) 

Normal equations for Table 3-4 may also be represented as 

10 

10 30 

10 30 

« • 

10 

30 

31 
-

• ^ « • 

•=1 

b2 

^ 

36 

105 

107 

(3-46) 

By using elementary row operations, the Gauss-Jordan algorithm method 

will transform equation (3-46) into equation (3-47). 

^ M > 

1 

0 

0 

0 

1 

0 

^ 
0 

0 

1 

''l 

b2 

•̂ 3 

= 

1.5 

1 

2 

(3-47) 

Elementary Row Operations. A system of equations is transformed into 
• p P • • • • • III *•••• l - I I I I B - l " " " • ! • - • 

an equivalent (systems having the same solution space) system by using 

elementary row operations [23, p. 78]. The three operations, 

a) Interchange any two rows, 

b) multiply any row by a nonzero scalar, 

c) add to any row a scalar multiple of another row, 

are called elementary row operations. 
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Guass-Jordan Principle. The normal equations derived from the data in 

sanple 2 of Table 3-3 Is used to illustrate the Gauss-Jordan procedure. 

In order to slnpllfy the notation, the regression coefficients b-ĵ , bp, 

and bo are represented as a, b, and c, respectively. Table 3-5 illu

strates how the Gauss^ordan algorithm solves a system of normal 

equations. Notice from Tableau V that the regression equation estimat

ing the weight of a snipe given only his height is 

W' = -1 + 4H. (3-48) 

The multiple regression equation 

W' = 14 + 8H - 2A (3-21) 

is obtained from Tableau VI. Thus, the Gauss-Jordan algorithm gives 

"partial solutions "--equation (3-48)--with each iteration. The reason 

why equation (3-21) possesses unrealistic regression coefficients was 

previously explained in the multlcolllnearity section. 

Inverse of a Matrix. If a matrix has an inverse and if the matrix 

[M:I] Is transformed by elementary row operations into the equivalent 

matrix [I:Q], then Q is the inverse of M. The above statement is proven 

by Noble [23, p. 134]. The above statement may be interpreted to mean 

that If elementary row operations are performed on the matrices M and 

I (I being the Identity matrix) and the matrix M is transformed into an 

Identity matrix, then the matrix I will be transformed into the Inverse 

of M. Fbr exanple, consider the matrix X'X in equation (3-28) as being 
the matrix M. The equation 

A « [M:I] (3-^9) 

may therefore be represented as 
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TABLE 3-5 

Solution Tb Normal Equations Using Gauss-Jordan 

Tableau Calculations 

a4 + blO + cl4 = 36 

I alO + b30 + c45 = 110 

al4 + b45 + c70 = 164 

Divide the first equation by four. 

a + b2.5 + c3.5 = 9 

II alO + b30 + c45 = 110 

al4 + b45 + c70 = 164 

Add (-10) times the first row to the second row. 
Add (-14) times the first row to the third row. 

a + b2.5 + c3.5 = 9 

III b5 + clO = 20 

blO + c21 = 38 

Divide the second row by five. 

a + b2.5 + c3.5 = 

IV b + c2 = 

blO + c21 = 

Add (-2.5) times the second row to the first row. 
Add (-16) times the second row to the third row. 

a + c(-1.5) 

V b + c2 

c 
Divide the third row by one. 
Add (-1.5) times the third row to the first row. 
Add (-2) times the third row to the second row. 

a 

VI b 

c 

9 

4 

38 

= 

= 

= 

= 

= 

= 

-1 

4 

-2 

-4 

8 

-2 
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[M:I] 

4 

10 

10 

10 

30 

30 

10 

30 

31 
I 

0 

0 

0 0 

1 0 

0 1 

(3-50) 

were A is partitioned into the matrices M and I. If the same ele

mentary row operations are performed on both M and I, and if M is 

transformed into an identity matrix, then I will be transformed into a 

matrix Q which is the inverse of M. Table 3-6 illustrates how the Gauss-

Jordan algorithm transforms the matrix I into the inverse of matrix M, 

The concept of the inverse of matrix M or of (X'X) is \ery important in 

multiple regression analysis. 

Linear Dependence and Rank. Consider a set of n row vectors Vi, V2, 

. . . Vn, each of order (1 x m). If there exist sealars aj, not all 

zero, such that 
a-jV, + â Vp + . . . + a V = 0 1 1 2 - ^ n n (3-51) 

then the set of row vectors is said to be linearly dependent [I8, p. 90], 

If the only sealars for which (3-51) holds equal zero, a., = ap = , , , = 

a = 0, then the set of vectors is said to be linearly independent. 

Example. For exanple, consider the normal equations derived from 

the data in sample 1 of Table 3-3. These are the data in which perfect 

multlcolllnearity exists between the snipes' ages and heights, A = 2H. 

Let V, represent the row vectors that constitute the matrix 

M = (X'X) 

V 

V. 

.1 
10 

20 

60 

20 

60 

V, 20 120 120 (3-52) 



TABLE 3-6 

Matrix Inversion Using Gauss-Jordan 
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Tableau 

I 

4 

10 

10 

10 

30 

30 

Calculations 

1 
10 1 

1 
30 , 

31 ' 

1 

0 

0 

0 

1 

0 

0 

0 

1 
I 

Divide the first row by four. I 
Add (-10) times the first row to the second r(|)w. 
Add (-10) times the first row to the third row. 

1 2.5 

II 0 

0 

5 

5 

2.51 
1 

5 1 

6 I 

I 

0.25 

-2.5 

-2.5 

0 

1 

0 

1 

0 

1 

Divide the second row by five. 
Add (-2.5) times the second row to the first i'ow. 
Add (-5) times the second row to the third roy. 

1 

III 0 

0 

Divide the third row by one. 
Add zero times the third row to 
Add (-1) times the third row to 

1 

IV 0 

0 

0 

1 

0 

the 
the 

0 

1 

0 

0 ' 

1 1 

1 1 

first rowi 
second row. 

0 1 

0 1 

1 j 

1.5 

-.5 

0 

1.5 

-.5 

0 

-.5 

,2 

-1 

-.5 

1,2 

-1 

0 

0 

1 

0 

-1 

1 
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If the vectors V^, V^, and V are multiplied by the sealars 0, 2, and 

-1, respectively, then 

OV-j_ + 2V2 - V = 0 , (3-53) 

Since there exist sealars not all zero, that satisfied equation (3-51), 

the above set of vectors are linearly dependent. The matrix in equation 

(3-52) has a rank of two, Mp. 

The rank of a matrix, denoted by M , may therefore be cfefined as 

the maximum number of linearly independent rows [I8, p, 9L] . The rank 

of a matrix may also be defined as the order of the largest square sub-

matrix whose determinant is not zero [13, p. 19]. The rank of a matrix 

is Inportant in determining whether a matrix has an inverse. Goldberger 

[13, p. 24] states that a matrix M of order (n x n) has an inverse if 

and only if the rank of M equals n or if the rank of M dDes not vanish. 

The first method has advantages over the determinant method. 

The rank of a matrix may be determined by reducing the matrix tD 

its normal form. The same procedures for obtaining a norm are used 

for calculating an inverse, A matrix is in normal form when it has 

been reduced by elementary row operations to one of the following forms 

[23, p. 131]: 

I » A 
_ ,̂ - 4 - -

0 I 0 

It was previously shown that due to multicollinearlty the matrix in 

equation (3-52) was linearly dependent. Thus, the rank of the matrix 

is two—it has only two linearly independent row vectors. Table 

(3-7a) shows the matrix being reduced to its normal form. The matrix 

9 

r 
I 
r 

0 
9 1 r 

1 
1 
1 

1 
0 * I r 



TABLE 3-7 

Normal Form Using Gauss-Jordan 
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Tableau Calculations 

(a) 

II 

4 

10 

20 

1 

0 

0 

1 

0 

0 

10 

30 

60 

2,5 

5 

10 

0 

1 

0 

20 

60 

120 

5 

10 

20 

0 

2 

0 

1 

0 

0 

.25 

-2.5 

-5 

1.275 

-.5 

0 

0 

1 

0 

0 

1 

0 

-.5 

.2 

-2 

0 

0 

1 

0 

0 

1 

0 

0 

1 

III 

Tableau Calculations 

(b) 10 10 1 0 0 

10 30 31 0 0 

10 31 34 0 0 

II 

III 

IV 

1 

0 

0 

1 

0 

0 

1 

0 

0 

2,5 

5 

6 

0 

1 

0 

0 

1 

0 

2,5 

6 

9 

-.5 

1,2 

1.8 

0 

0 

1 

.25 

-2,5 

-2.5 

1.5 

-.5 

,5 

1.639 

-.833 

,278 

0 

1 

0 

-.5 

,2 

-1,2 

-.833 

1 

-,667 

0 

0 

1 

0 

0 

1 

,278 

-,667 

.556 
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In Tableau III of Table 3-7a is of the form 

M = 
I 

lo * A 

0 i 0 
I 
I 

1 

0 

0 

0 

1 

0 

0 

2 

0 

(3-54) 

Notice that the identity matrix has a rank of two; therefore, the matrix 

M has a rank of two. Since the order of matrix M is three (3 x 3), 

matrix M does not have an inverse. 

The matrix in Table 3-7b describes the data in sanple 3 of Table 

3-3. This matrix has an inverse since its order and rank are identical. 

This matrix will be used in further discussion. 

Applications of Matrix Algebra 

In this section, the conpact and powerful tool of matrix algebra is 

applied to the general linear model. Multiple regression concepts p:'e-

sented earlier are simplified and extended with the aid of matrix alge

bra. For example, consider the generalized regression equation (3-1), 

Y' = b-̂  + bpXp + b^X^ + . , , + bj^j^ , (3-1) 

In matrix notation the above equation may be extended to read as 

Y = X^ + e ; (3-55) 

where X is a matrix and Y, b, and e are column vectors. Thus, the 

data In Table 3-4 can be described as equation (3-55) or as 

-* -

3 

10 

10 

13 
^ -m 

= 

1 

1 

1 

1 

1 

2 

3 

4 

0,5 

2.5 

3.5 

3.5 

. 

r "1 

' ' i 

''2 

'3 

+ 

.- • 

^1 

^2 

^3 

«4 (3-56) 
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v*iere e^ represents randan errors denoting the deviations of Y. fron 

their expected value. The assumptions given in Chapter II (linearity, 

uniform variance, statistical independence, and normal distribution) 

hold for the above ease. However, the uniform variance and statistical 

independence assumptions may be written as 

E(e) = 0 (3-57) 

V(e) = (T-h-, (3-58) 

where e, o, I are matrices and G"^ is a scalar. It is evident from 

equation (3-55) that the unexplained variance given by equation (3-58) 

can also be expressed as 

V(Y - Xb) = G^h , (3-59) 

The application of matrices enables the concepts developed in Chapter II 

to be developed for the general case. 

Least Squares Estimators. Since the vector e is defined as the random 

error vector or residual vector, the equation 

e'e = (Y - Xb)'(Y - Xb) 3-60) 

is the sum of the squared residuals. Using equations (3-4l) and (3-42) 

—the properties concerning transposed matrices—equation (3-60) may be 

written as 

e'e = YY' - 2b'X'Y + b'X'Xb. (3-6l) 

Johnston [l8, p. 108] states that to minimize the sum of the squared 

residuals, equation (3-6l) is differentiated; thus 

^(e'e)/^b « -2X'Y + 2X'Xb. (3-62) 

Equation (3-32) is obtained by equating the above equation to zero, 

(X'X)b = X'Y. (3-32) 
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If both sides of equation (3-32) are premultiplied by the inverst (X'X)"} 

the result is 

b = (X'X)"^X'Y. (3-63) 

Example. The above concept may be applied to the data in Table 

3-2 which describes the height, age, and weight of four snipes. Equation 

(3-28) Illustrated how the normal equations were calculated and Table 

(3-6) illustrated how the matrix (X'X) was inverted using the Gauss-Jordan 

algorithm. Thus, the estimated regression coefficients for regress

ing a snipe's weight given his height and age is 

1.5 

1.0 

2.0 

1.5 -0.5 

-0.5 1.2 

0 -1.0 

0 

-1.0 

1.0 

36 

105 

r^ (3-64) 

The data in Table 3-2 was used at the first of this chapter to illustrate 

the generalized formulas in multiple regression. The use of this data 

is continued in subsequent exanples. 

Variance of Vector b. The powerful application of matrix algebra to 

multiple regression concepts is truly evident when the variance cf the 

vector b is derived in Table 3-8. This derivation will show a sijnple 

yet powerful method for calculating the variance of a particular regres

sion coefficient. Equation (3-5), which is equivalent to equation (3-4), 

is derived by using matrices. The equations given in the top of Table 

3-8 are needed for the derivation. Also included in the table are the 

reasons which allow for the equality; to conserve space the word 

equatlon(s) is abbreviated. 
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TABLE 3-8 

Derivation of V(b) Using Matrix Algebra 

Eq. 

Eq. 

Eq, 

Eq. 

Eq. 

Eq, 

Eq, 

Reason 

By Def in i t ion 

(3-42), (3-44) 

(3-63) 

(3-67), (3-55) 

(3-57) 

(3-68), (3-69) 

(3-65) 

(3-65) 

Equation 

C = (X'X)"''"X' 

C = X (X'X)"-^ 

b = CY 

b = CX'B + Ce 

B = E(b) = CX'B 

(b - B) = Ce 

CX = I 

CC = (X'X)"-^ 

Number 

(3-65) 

(3-66) 

(3-67) 

(3-68) 

(3-69) 

(3-70) 

(3-71) 

(3-72) 

Deriving the variance of the vector b. 

Eq. 

Eq. 

Eq, 

Eq, 

Eq. 

By Def in i t ion 

(3-70) 

(3-42) 

(3-58) 

(3-45) 

(3-65) 

V(b) = (b - B)(b 

V(b) = (Ce)(Ce)' 

V(b) = Cee 'C 

V(b) = C dT^IC ' 

v(b) = <sr CC 

V(b) = (F"^ (X'X)' 

- B ) ' 

-1 

(3-73) 

(3-74) 

(3-75) 

(3-76) 

(3-77) 

(3-78) 
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Example. Once again, consider the data in Table 3-2 . The 

regression coefficient vector and the matrix (X'X)"^ are given in 

equation (3-64), The unexplained varianced S^ (which is an unbias 

estimator of (J^ ) equals five. If the elements in the matrix 

(X'X) 
-1 

1.5 -0.5= 0 

-0.5 1.2 -1.0 

0 -1.0 1.0 

(3-79) 

are denoted as C^j, then equation (3-5), 

V(b^) = C^^V(Y), (3-5) 
2. 

and equation (3-78) are equivalent. If S is substituted for V(Y) in 

equation (3-5), then the estimated variance of the regression coefficients 

b,, bp, and b^ are 

and 

V(b-L) = (1.5) (5) = 7.5, 

V(b2) = (1,2)(5) = 6, 

V(b^) = (1,0)(5) = 5, 

respectively. The variance of b. can be verified ty noting equation 

(3-1). 

Tests of significance concerning whether regression coefficients 

are significantly different from zero may be conducted by using 

equations (3-5) and (3-6). However, it was previously shown that 

multlcolllnearity causes partial regression coefficients to have 

unrealistic values. Therefore, tests using partial correlation coeffi

cients are superior and should be used in place of partial regression 

coefficients tests. 
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Confidence Intervals. The variance of the point estimator Y' can be 

calculated from equation (3-8), An equation in matrix form which is 

equivalent yet simpler than equation (3-8) is 

V(Y') =<5^ (XQ' CXQ); 

where 
C = (X'X) 

-1 

(3-80) 

(3-81) 

and Xpj" is the row vector of individual values used in calculating Y'. 

Example. Equation (3-l4), 

W = 1.5 + H + 2A, (3-14) 

was derived from the data in Table 3-2. The above multiple regression 

equation may be written in matrix form as 

where 

W = X^'b; 

XQ' - (1, Xp, X^) 

(3-82) 

and b is the column vector of regression coefficients. The point 

estimate of the average weight of a snipe that is 3.0 inches tall and 

3.5 years old is 11.5 pounds. The variance of Y' can be calculated 

P 2 
fron equation (3-8l); where S = 5 Is used forG^ , C is obtained 

from equation (3-79) and 

XQ' = (1, 3, 3.5). 

Thus, 

V(Y') = 2.79 - S^(l, 3, 3.5) 

1.5 -0.5 

-0.5 1.2 

0 -1.0 

0 

- 1 . 0 

1.0 

M 

1 

3 

3.5 
» ^ 

(3-83) 
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Using equation (3-16) the 95^ confidence interval is 

11.5 + (12.7)(1.66). (3-17) 

If the 95^ confidence interval is desired for the weight of an indi

vidual snipe (rather than the weight of an average snipe) the standard 

error of forecast [12, p. 392] should be calculated. The formula for 

the squared standard error of forecast is 

(51^2 = v(Y - Y') = V(Y) + V(Y'); (3-84) 

2 

v*iere S may be substituted for V(Y) and equation (3-80) is used to cal

culate V(Y'). The advantages of the matrix approach is evident by 

comparing equations (3-8) and (3-80). The examples where V(Y') is 

calculated by equations (3-15) and (3-83) also Illustrate the supers 

iority of the matrix approach. 

Variable Selection Regression Models 

In formulating a multiple regression model, the analyst strives 

to include all of the Independent variables which are significantly 

related to the dependent variable. In practice, it is ccrimon to 

explore a wide range of formulations. The analyst is also concerned 

with keeping the model manageable. Operational cost should also be 

kept as low as possible. Thus, the analyst is concerned with two 

conflicting criteria: 

a) Include all relevant variables, 

b) keep operational cost low and the model manageable. 

The comprcmlse between these two criteria is defined as selecting the 

best regression model. 
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Several types of multiple regression models which use significance 

tests for the Inclusion and exclusion of independent variables have 

been developed. Each model strives to acquire the optimum set of 

regressors. These variables selection models may be categorized into 

two basic approaches, (a) the all possible regressions approach and 

(b) the stepwise approach [3]. The logic underlining both approaches 

is discussed; then, in Chapter TV the LIM regression model is discussed. 

All Possible Regressions Model 

As its name implies, the procedure for this model requires the 

fitting of every possible regression equation. This involves variable 

X-, plus any number of the independent variables Xp, X^, . . . X̂ . 

(v^ere X, is the dummy variable of ones—see Table 3-4). This proce

dure is costly, cumberson, and impossible without the use of a high

speed computer [3]. Many analysts feel that the examination of this 

method has become a problem of essentially academic interest since the 

cost and conputer requirements prohibit its use [3]. For exanple, if 

there are K independent variables to consider (to include or not to 

include), then there are 2^ subsets to consider. For ten variables, 

there would be 2"̂ ^ or 1024 subsets to consider. The all possible 

regression model does, however, select the optimum subset. Stepwise 

models strive to obtain with less calculations the same optimum 

subset. 

Stepwise Repression Model. 

In recent years, many modifications of Efroymson's stepwise 

regression model has been developed [9]. These modifications have 
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been given such names as forward selection method, backward elimina

tion method [8], stepdown method [22], Zig-Zag method [3], and Kendall's 

CEIR method [2]. All are versions of the Efroymson stepwise program 

[3]. 

The stepwise approach is currently considered to be the best 

approach of the variable selection models. Draper and Smith [8, p. 172] 

state the following opinion. 

OPINION. We believe this to be the best of the variable 
selection procedures discussed and recommend its ise. 

The principle involved in Efroymson's stepwise regression approach is 

explained in this section. Multiple regression concepts and methods 

discussed in previous sections are used in this explanation. In 

Chapter IV, the superiority of the LIM approach will be shown by com

paring it to the stepwise approach. 

Stepwise Procedure. The procedure involved in stepwise regression is 

to build a model by including significant variables a step at a time. 

The procedure starts with a sinple correlation matrix and enters into 

regression the Independent variable most highly correlated with the 

dependent variable. At each step, incoming variables are tested for 

significance. Also, variables already Incorporated into the model are 

re-examined at every state. These steps are enumerated below: 

Step 1. Start by calculating a simple correlation matrix. 
The variable most highly correlated with the dependent 
variable is entered into the regression model. 

Step 2. Partial correlation coefficients for the excluded 
variables are conputed. The variable with the highest 
partial correlation coefficient is entered into the model 
if It is above the minimum cut-off value. 
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Step 3. Variables included in the model are re-examined 
by performing significance tests on the regression coeffi
cients. 

Step 4. Steps two and three are repeated until all 
variables have been examined. 

Example. Suppose the independent variables Xp, 5C, X^, and X̂ -

(X^ is a dummy variable—see Table 3-4) are considered for inclusion 

in the regression model. 

Step 1. A correlation matrix is first conputed. Assume X 
has the highest correlation coefficient and is included in^ 
the model. 

Step 2. Partial correlation coefficients are calculated for 
variables Xp, XK, and X̂ -. Assume X^ has the highest partial 
correlation co effie lent-^and is included in the nodel. 

Step 3. Significance tests are conputed for regression 
coefficients of variables included in the model. Assume the 
regression coefficients for variables X^ and Xu are signi
ficantly above zero. ^ 

Step 4. Partial correlation coefficients are calculated for 
variables Xp and X^. Assume Xp has the highest partial 
correlation coeffidient and is included in the model. 

Step 5. Significance tests are computed for regression coeffi
cients of variables already Included in the model. Assume 
variable X̂ , is found insignificant and is deleted from the 
model. 

Step 6. Assume the partial correlation coefficient for X̂ . 
Is below the minimum cut-off value and is not included in 
the model. 

All variables have been tested. The models include independent variables 

Xp and X^ and exclude independent variables Xu and X^, 

Limitations of Stepwise Regression. Stepwise regression YBS the advar>-

tage of re-examining Included variables to determine if they are still 

significant. The presence of multicollinearlty may cause a variable 

that was once significant to become insignificant. Stepwise regression 
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also uses partial correlation coefficients to test incaning variables. 

However, the value of a partial correlation coefficient will depend 

on the order In v̂ ilch a variable is brought into consideration. Mary 

times a variable's sinple correlation coefficient may be high but its 

partial correlation coefficient will be low [1, p, 176], Therefore, 

vdiether a variable is included in the model may depend on the order 

in which it Is brought into consideration. 

Another limitation of the stepwise procedure is that the variables 

Included In the model are re-examined by testing the regression coeffi

cients for significance. Draper and anith [8, p. 171] state that the 

re-examination of variables "provides a judgnent on the contribution 

made by each variable as though it had been the most recent variable 

entered, irrespective of its actual point of entry into the model." 

However, it has been shown that multicollinearlty prohibits the 

effective use of significance tests involving regression coefficients. 

It has also been shown that significance tests Involving partial 

correlation coefficients are superior to significance tests involving 

regression coefficients. Thus, the stepwise procedure has the limita

tion of not being able to calculate partial correlation coefficients 

for variables already Included in the model. Also, tvo variables may 

Individually be insignificant but combined they may significantly 

explain seme of the variation in the dependent variable. The order bias 

in the stepwise procedure may therefore prohibit the inclusion 

of such variables in the model. 

In conclusion, the stepwise regression procedure has the limita

tions of 
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a) order bias—whether a variable is included in the model 
may depend on the order in which the variable is brought 
into consideration—and 

b) Inability to calculate partial correlation coefficients 
for variables Included in the model. 

Although the stepwise regression procedure has the above limitations 

and does not guarantee the optimum subset of significant variables, 

many analysts feel that it is the best of the variable selection 

procedures [8, p. 172]. The LIM regression procedure which is 

developed in the next chapter does not have the above limitations 

and possesses other desired qualifications which makes it superior 

to the stepwise procedures. 

A word of caution conceming the use of any variable selection 

model is now in order. An optimum subset determined solely by a 

conputerized model may include variables which are not measure-

able over an extended range. Furthermore, the cost in collecting 

the data for a particular significant variable may be excessive, |i 
'} 

Moreover, special attention should be given to special applications 'f 
>„ 

and sensible Judgement must be required in the initial selection of ;J 

variables. Thus, the analyst must combine the mechanics of a 

variable selection model with his personal Judgement in selecting 

the optimum subset of significant variables. 

Stepwise Calculations. An exanple illustrating the principle in

volved In the stepwise regression procedure is shown in Table 3-9. 

Although only two independent variables are Involved, this exanple 

adequately Illustrates 
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TABLE 3-9 

Regression Analysis Using Gauss-Jordan 

Tables 

I 

II 

III 

IV 

lU 

4 

10 

10 

1 

0 

0 

1 

0 

0 

1 

0 

0 

Matrix M 

10 

30 

31 

2.5 

5 

6 

0 

1 

0 

0 

1 

0 

10 

31 

34 

2.5 

6 

9 

-0.5 

1.2 

1.8 

0 

0 

1 

Calculations 

Vector X'Y 

36 

110 

112 

9 

20 

22 

-1 

4 

-2 

-1.556 

5.333 

-1.111 

Matrix I 

1 

0 

0 

0.25 

-2.5 

-2.5 

1.5 

-0.5 

0.5 

1.639 

-0.833 

0.278 

0 

1 

0 

0 

1 

0 

-0.5 

0.2 

-1.2 

-0.833 

1.000 

-0.667 

0 

0 

1 

0 

0 

1 

0 

0 

1 

0.278 

-0.667 

0.556 

Statistics Obtained From Gauss-Jordan 

Regres slon 

Tableau 
Tableau 

Equation 

III 
IV Y ' = -1 

Coefficients of Detennination-

Tab. 

Rl.2 

%?3 
Leau 

: 1 

III 

(20)2 
(5) (84) 

(22)2 
(9)(84) 

= .64 

^h-2 

y = -1 + 4Xp 
.56 + 5.33 Xp -

-Tableau II 

.952 

(-2)2 
- (1.8)(UVp) 

- i.iix 

= .56 

(3-85) 
(3-22) 

(3-86) 

(3-87) 

(3-88) 
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a) the Importance of the Gauss-Jordan algorithm, 

b) the procedure involved in calculating a correlation matrix, 

c) the procedure involved in calculating the variances of 
regression coefficients for included variables, and 

d) the procedure involved in calculating partial correlation 
coefficients for excluded variables. 

The data used in Table 3-9 was taken from sanple 3 of Table 3-3. This 

data gives the height, age, and weight of four snipes. 

The inverse of matrix M in Table 3-9 is calculated in the same 

manner as the inverse of matrix M in equation (3-49) was calculated. 

Let matrix A be defined as 

A = [M:X'Y:I] ; (3-89) 

where matrix A is partitioned into three parts, matrix M, vector X!Y, 

and matrix I. It can be proven [23, p. 135] that if the matrix 

[M:X'Y:I] is transformed by elementary row operations (Gauss-Jordan 

transformations) into the quivalent matrix [I:b:C], then matrix C 

Is the inverse of matrix M. The least squares regression coefficients 

may also be obtained from the vector b. Thus, from tableaux III and 

IV in Table 3-9 the least squares regression equations 

Y' =-1 + 4X2 (3-85) 

Y' = -1.56 + 5.33X2 - l.llX^ )3-22) 

nay be obtained. From equations (3-85) and (3-22) the unexplained 

variances are calculated: 

UV =^(Y - Y')^ = X ^ Y + 1 - 4X2)^ = 4 (3-90) 

UV^ - Z ( Y - Y')^ =J^(Y + 1.56 - 5.33X2 + I.IIK^)^ = 1.78. (3-91) 
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Notice also that the variance of b2 = 4 in equation (3-85) can be cal

culated fron the inverse matrix in tableau III. Thus, aibstituting 

S^ for V(Y) in equation 

V(b^) = c^^ V(Y) (3-5) 

the variance for b2 (in equation 3-85) is 

V(b2) = {0.2)i\N^2) = .4. (3-92) 

The variance for b2 = 5.33 in equation (3-22) is 

V(b2) = il){m^/l) = 1.78. (3-93) 

After the regression coefficient variances are calculated, the corres

ponding variables are tested for significance. Notice that only 

variables included in the model can be tested. 

The correlation matrix can be calculated from Table 3-9. N)tice 

that the coefficient of determination for both variables Xp and X^ 

are calculated fron tableau II. The 84 in equation (3-86) and (3-87) 

is total variation and is computed from the equation 

TV = 2r(Y - Y)^ , (3-94) 

The five in equation (3-86) is obtained from matrix M in tableau II; 

the 20 is obtained from vector X'Y in tableau II. 

The coefficient of partial determination for the incoming variable 

X-. is calculated by equation (3-88). The unexplained variance, UVp, 

in equation (3-88) is calculated from equation (3-90). The 1.8 and 

(-2) in equation (3-88) is obtained from matrix M and vector X'Y in 

tableau III. The partial correlation coefficient for variable X-, 

may be obtained by taking the square root of equation (3-88). Notice 

that only the partial correlation coefficients for excluded variables 

can be calculated. 
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In sunmary Table 3-9 illustrates 

a) how a simple correlation matrix (or coefficients of 
determination) is conputed, 

b) how variances for regression coefficients are computed, and 

c) how partial correlation coefficients (or coefficients of 
partial determination) for excluded variables are computed. 

The Gauss-Jordan algorithm used in Table 3-9 may be extended to K-number 

of Independent variables. Stepwise regression may therefore enploy 

the Gauss-Jordan algorithm in its procedure. This procedure as in any 

stepwise procedure has the limitation of not being able to calculate 

partial correlation coefficients for variables already included in the 

model. 

Regression Theory Using Gauss-Jordan. Table 3-9 Illustrates numerically 

how the statistics needed in the stepwise regression model are computed. 

Table 3-10 (with Table 3-11) illustrates theoretically how the Gauss-

Jordan algorithm is able to conpute these statistics. In particular. 

Table 3-10 conveys the following information: 

a) Fron tableau III, the regression coefficients for the equation 
Y' = b, + bpX are computed. 

b) From tableau IV, the regression coefficients for the equation 
Y' = b, + bpX + b^H are computed. 

c) From tableau II, a correlation matrix may be computed. 

d) From tableau III, the partial correlation coefficient for 
the excluded variable, h, may be conputed. 

e) From tableau III, the variance for the regression coefficient 
of the included variable, X, may be computed. 

Table 3-11 complements Table 3-10. Table 3-11 gives an explanation and 

equivalent expression for many notations which are given in Table 3-10. 
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TABLE 3-10 

Iheoretical Illustration of Gauss-Jordan 

Tableau 

n 

I Zx 

Matrix M 

Zx 

z/ 
rH 

ZXH 

Divide the first row by four. 

1 

lb 2x 

X 

zx' 

Add (-1 X) times the first 
Add (- 2 H) tljnes the first 

1 

II 0 

0 
Divide the second 
Add (-X) times the 
Add (- Hxh) times 

1 

III 0 

0 

X 

I.' 

H 

ZXH 

2 
ZH 
row to 
row to 

E 

Ixh 

Calculatio 

Vector X'Y 

ZY 

tXY 

EHY 

Y 

2XY. 

ZHY 
the second row. 
the third row. 

Y 

Txy 

Txh Zh^ Ihy 
row by £x^. 
' second row to the first row. 
the second row to the third row. 

0 

1 

0 

^h.x 

^2h.x 

U^h.x 

^y.x 

^2y.x 

^f^h.x -

ms 

1/n 

Matrix I 

1 

0 

0 

1/n 

0 

0 

1/n 

-X 

-H 

+ X^/Z'x^ 

-X/Ix^ 

-^Ih. X 

0 

1 

0 

0 

1 

0 

0 

1 

0 

-. 2 
-X/Z ^ 

1/;-: x^ 

-^2h.x 

0 

0 

1 

0 

0 

1 

0 

0 

1 

0 

0 

1 

Divide the thir-d row by UV. . 
Add (-b-,w ) times the thi!Ml*row to the first row. 
Add (-b2h"x) t:imes the third row to the second row. 

IV 

1 

0 

0 

0 

1 

0 

0 

0 

1 

"11 

^21 

°31 

'12 

'22 

'32 

^13 

C23 

°33 



Tableau 

III 

84 

TABLE 3-11 

E;5)lanatlon Of Symbols Used In I^ble 3-10 

Explanation 

^^'•Jh.'^J'^ ''^•^°'' ̂ '^ "^^^^^ represent the normal equations for the regression equation 

Y' = b^ + b^X -H b^H. (3_95) 

Ihe Gauss-Jordan algorithm computes the Inverse matrix 

^ ĝ v'̂ '̂̂ ~̂ ^ ^ ^^^ regression coefficients for equation 

Ix^ = Z(X-X)^= ZX̂  -xlx 
2 ? 

Similar for Z h and £ y . 

^^ ^ xy = r(X - X)(Y - Y)2 = IXY - X Z Y 
Similar f or Z xh and ̂  hy. 

2 ( 2 xy) 

4 X Z y 

^ lh .x = « - ^ 2 h . x ' 

? ( 2 h y ) ^ 
and FL = o o 

b2h.x = 2 ' x h / £ x 

ly .x = Y - ^ 2 y . x i ^ 2 y . x = ^ ^ / - ^ y ' 

.2 
^ h ^ " unexplained variation = Z(H - H') , given H' = a+bX. 

^h.x = ^ - ^ = Jh^ - b|,^^ 2 x' = r (H - H.)' 

(See equation (2-74) for EV = b | ^ .̂^ Tx^ ) . 

2 A ^^h f 2 
r = iilf = b^UV , yuv ; (3-96) 
13.2 (UV, )(UV^J 3 h.x^ y.x> ^̂  ̂ ^̂  

n.X ^ y 'X p 
where UV = 2, (y - Y') . (See Technical Note 1) 
Notice * that the inverse matrix in tableau III is very 
similar to equation (2-29), (2-32), and (2-40). 
2 

IV S Q^^ is defined in equations (3-9) and (3-10). 

faSA. 
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In Chapter IV, the Gauss-Jordan algorithm is used in developing 

the LIM regression model. However, an added "twist" is given to the 

algorithm so that partial correlation coefficients for included 

variables may be conputed. 

Sunmary 

Chapter III began by generalizing the simple regression formulas 

developed in Chapter II. The logic and theory used with multiple 

regression is similar to that used with sinple regression. The major 

difference between simple and multiple regression derivations is the 

covariance term. Multiple regression formulas become somewhat conplex 

when the presence of multicollinearlty causes the covariance term not 

to equal zero. Multicollinearlty also causes 

a) the separate influences of independent variables on the 
dependent variable to become obscure, 

b) the value of regression coefficients to be distorted 
(see equations(3-21) and (3-22) for verification), and 

c) the variance of regression coefficients to be excessively 
large. 

Thus, multicollinearlty prohibits the efficient use of significance tests 

Involving partial regression coefficients. 

Although multlcolllnearity prohibits the use of significance tests 

conceming partial regression coefficients, it does not prohibit the 

use of significance tests conceming partial correlation coefficients. 

Ferber [12, p. 358] states that the interacting effects are removed 

when partial correlation coefficients are conputed. Significance tests 

conceming partial correlation coefficients should therefore be conputed 
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when one desires to determine the influence each independent variable 

has on the dependent variable [10, p. 192], 

Significance tests involving partial correlation coefficients are 

generally accepted as being superior to other significance tests. How

ever, the rounding error and calculating time involved in computing 

partial correlation coefficients prohibit their use. The superiority 

of the LIM regression model is therefore contingent upon its ability to 

compute partial correlation coefficients with a minimum amount of 

calculations. 

The LIM regression model is developed in the next chapter. However, 

an understanding of matrix algebra and variable selection regression 

models is quite helpful in appreciating the capabilities cf the LIM model. 

Matrix algebra concepts and their applications to regression analysis 

were therefore discussed in this chapter. Special enphasis was given 

the Gauss-Jordan algorithm. This algorithm plays a vital part in the 

LIM regression model. 

Since the stepwise approach is currently considered to be the best 

of the variable selection procedures [8, p, 172], Efroymson's stepwise 

approach was given special emphasis. It was shown that the stepwise 

procedure has the limitations of 

a) order bias and 

b) Inability to calculate partial correlation coefficients 
for variables included in the model. 

An example illustrating both the stepwise procedure and the Gauss-Jordan 

algorithm was also given (see Table 3-9). Chapter III closed with a 

theoretical Illustration of the Gauss-Jordan algorithm. Thus, the stage 
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has been set for the development of the LIM regression model in the 

next chapter. 

Technical Note 1 

This proof is presented to show the theory which underlines the 

partial determination formula given in tableau III of Table 3-11. 

First prove that 

''3%.x = ''l3.2"^3.2=?*^- r ^ i . 2 ' 

prove that 

r^ 
U 3 . 2 

R2 R2 
1.23 " 1.2 

1 - ^1,2 

- b^ 
13.2 

^ 3 . 2 

U^l.2 

Proof. By the Gauss-Jordan algorithm [4, p. 424], 

Zx T h y - Txy ^xh 
^ 2 V 

^ ^ pUV̂  p = ^ n y-, :, p ( i h - b-. p l_xh) 
13.2 3.2 ^ ^ 2 ^ ^ 2 _ (^xh)2 3-^ 

= I h ^ ( ^ x ^ Xhy - £ x y Ixh) - b^^^^xhT^^ £hy + b^^p Xxy( 2^xh) 

r x 2 l h 2 - ( 2 : x h ) 2 

P p 
Multiply the above expression by 1.0 = (1/ £x )/(l/ JÎx ). 

£'h^( Ihy - b^^p^xh)- b̂ p̂ (Ilx^lhy + ̂ xy ^xh) 

^3.2 

2 2 
Multiply the las t term by 1,0 = ( "^x / £ x ) 

TEzm 



2: h2(z: hy - b^_21==^> - t-ia^ I ^ ^ I ^ y + bl.2̂ '̂ 2̂:xh) 

"^3.2 

2 ^2 sr 2. 
(Ihy-b^.2 I^)(Eh'' -^3.2"^^^ 

"V3.2 

= ( Z^hy - b-^^p^xh). 

' ^13.2^3.2 ~ 21 hy 

In Technical Note 3 

r^ 
^13.2 

^ 3 . 

1 -

- 2.^i^i.2-

of Chapter IV it 

R2 
2 " ^,2 

• ̂1,2 

is proven that 

^2 
"̂ 13.2 

C33 UV^^p 
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Therefore it can easily be shown from the tableau III of Table 3-10 that 

Cno = lAJVo p . 

^2 
^13.2 

Thus, 

R2 . R2 
^1.23 1.2 

1 - ̂ 1.2 

- = ̂ i 3 -
"^3.2 

"^1.2 



CHAPTER IV 

THE LIM REGRESSION MODEL 

In this chapter, the LIM regression model is developed. The 

statistical concepts developed in the previous chapters have set the 

stage for the development of the LBd model. It was established in 

the previous chapter that multlcolllnearity prohibits the efficient 

use of partial regression coefficients. The previous chapter estab

lished the superiority of significance tests that use partial corre

lation coefficients. The major limitations of the stepwise regression 

model is its inability to calculate partial correlation coefficients 

for variables included in the model. 

In this chapter, a mathematical discussion is presented first 

which establishes the superiority of an elimination criterion which 

uses partial correlation coefficients. Next, a numerical explanation 

of the LIM regression model and its ability to calculate partial 

correlation coefficients is presented. This discussion is followed 

by a theoretical explanation of the LWi regression model. After 

discussing both the numerical and theoretical concepts which underline 

the LIM regression model, a conputer model of the LIM procedure is 

developed. Here the ability of the LIM model to conpute partial 

correlation coefficients is further established. Also, an actual 

computer pr^^gram of the LIM model is presented. Finally, an enpirical 

study is given which further illustrates the superiority of the LIM 

regression model. 

89 
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Elimination Criterion Using Partial Correlation Coefficients 

The superiority of significance tests involving partial corre

lation coefficients was established in the previous chapter. This 

discussion further demonstrates the importance of partial correlation 

coefficients in determining which variables are not significant and 

should be eliminated from the regression equation. Partial corre

lation coefficients show the relative Importance of each independent 

variable [7, p. 535]. Therefore, by calculating the third order 

partial correlation coefficients for each independent variable in the 

regression equation 

Y = b + bpXp + b^X^ + b̂ iX̂ ^ + b^X , (4-1) 

one may determine which variables are not significant. Furthermore, 

it can be proven that if the third order partial correlation coeffi

cients r-,̂  p2ic- and r-.̂- ^^u are not significant, then the second order 

partial correlation coefficients r-̂ o 2li ^^^ ^15 24 ^^^ ^ ^ ° ̂ ° ^ 

significant. By mathematical induction it can then be proven that if 

^1J.23,,,K ^^ ^ ° ^ significant, then r^j.23.,.K - m ^^ ^ ^ ° ''̂ ^ 

significant—provided that the "m" variables which were deleted were 

not significant, A proof of the above statements will give added 

importance to the use of partial correlation coefficients as an 

elimination criterion. 

The converse (if i'ij.23..,K - m ^^ ^̂ "̂  significant, then r-Lj^23_^K 

is not significant) cannot be proven nor is it desirable. If ri3^22^ 

Is not significant, it does not mean that ^-^^,2^5 ^^ ^ ° ^ significant. 

For exanple, X^ and X may Individually not be significant, but 
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combined they may significantly explain some of the variation in the 

dependent variable. Thus, variables X^ and X^ should not be deleted 

from the model. There is a great possibility that the elimination 

procedure used in stepwise regression would eliminate variables X 

and X while the LIM regression model would not, 
5 

Proof for Nonsignificant Variables 

Given the regression equation 

Y = b^ + b2X2 + b^X^ + b^X^ + b^X^ (4-1) 

with the independent variables X^ and X not significantly related to 
^ 5 

the dependent variable Y. The following proof shows that if the 

partial correlation coefficients r-,^ pN[- and r^^- p^^ are not signifi

cant, then r-jo 04 ^^'^ -"̂is 24 ̂ ^^ ^^^ ^°^ significant. 

Formulas 

R2 p2 
^1,2345 ' 1.245 

r2 
13.245 1 ̂  R2 

^ ^,245 

2 
r 

2 ^ 
^.2345 " ̂ 1.234 

r^ 
^13.24 

p 

^15.24 " 

2 2 
^1,234 ~ ^ . 2 4 

^ - ^1,24 

2 2 
^1.245 " ^ . 2 4 

^ - ^ . 2 4 15.234 " 1 - R^ , 
^ ^1.234 

p 2 2 _ r.2 
Let u - Ri^2345» ^1 " ̂ 1.245 » ""2 " ̂ 1.234 ' ̂  " %.24-

Known: 0 < w < v ^ , V 2 < u < l or 

P 2 2 
Q ^ %.24 "̂  ^1,245* ^ 1 , 2 3 4 ^ ^ 1 , 2 3 4 5 - ^ • 
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The addition of a new variable will always increase R , but it will 

not necessarily increase the precision of the estimate of the response 

[8, p, 118], 

1̂3.245̂ "̂  - ̂ ^ 

If Fp = 

1̂ - ̂ 13.245^ 

is not significant and 

'13.24 
(n - K) 

^ = 

^̂  " ̂ 13.24^ 

< F 
2 ' 

then F is also not significant. 

Proof by contradiction; If Fp is not significant and Fp >F^, then 

F is not significant. Let Fp not be significant and show that 

F2 < F, is false. If ̂ 2 ̂  l̂» ^^^^ ̂ 2 "^^1 ̂ ^ ^1 ̂ "̂̂ -̂  ̂ ^° ^°^ ^^ 

significant, 

Hypothesis. F ^ F-̂  (Proof by contradiction), 

F = 
2 

u - V-j_ 

. . 1 - ^ 2 ^ 

1 -

u - v ^ 

J - 2̂̂  

m 

< 

^2 - w 

1 - w 

1 -

m 

Vp - w 

1 - 2 

= F, , 
1 ' 

where n - K = m. F and F^ reduce to 
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^ - v^ V2 - w 

F 
< 

l - v . 

1 - u 
< 

1 - w 

- 1 + 
1 - Vp 

1 - u 1 - V 1 
2 

Simplifying the ratios by dividing each denominator into their respec

tive numerator gives 

-1 + 

thus (1 - v^)(l - Vp)<(l - w)(l - u). 

It is proven at the end of this chapter in Technical Note 1 that 

(1 - V^)(l - V p X (1 - w)(l - u), 

is false if v^ + Vp ̂ u + w. Technical Note 2 shows that v. + v will 

always be larger than u + w. If 

(1 - v^)(l - V2)4:(l - w)(l - u) 

is false, then the hypothesis F <̂  F^ is false and Fp-^Pi- If Fp is 

not significant and F > F , then F-^ is not significant also. This 

proves that if r. „ p^^ Is not significant, then r-,̂  ph is also not 

significant—^provided that variable X^ which was deleted was not 
5 

significant. This proof gives added importance to using partial 

correlation coefficients as an elimination criterion. 

Numerical Explanation of the LIM Regression Model 

In Chapter III, regression analysis using the Gauss-Jordan 

algorithm was developed. Table 3-9 illustrated the numerical proce

dure Involved, The rationale shows matrix A, 

A = [M:X'Y:I], (4-2) 
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partitioned into three parts. If matrix A is transformed by elementary 

row operations (Gauss-Jordan transformations) into the equivalent 

matrix 

B = [I:b:C], (4-3) 

then matrix C is the inverse of matrix M [23, p. 134]. The data used 

in Table 3-9 was taken from sanple 3 of Table 3-3 and is reproduced in 

Table 4-1, 

TABLE 4-1 

Illustrated Data Relating Weight of 
Snipes to Their Height and Age 

Snipe 

A 

B 

C 

D 

^1 

1 

1 

1 

1 

X-Matrix 

^2 

1 

2 

3 

4 

^3 

1 

2 

2 

5 

Y-Vector 

2 

8 

12 

14 

Notice that matrix M in equation (4-2) equals matrix (X'X). 

Matrix M and vector X'Y may therefore be used to represent normal 

equations; 

b^ n 

b^^Xg 

"j-h 

+ 

+ 

+ 

•^2 

•̂ 2 

''2 

£ 

1 
I 

X2 

X ^ 

XgXj 

+ 

+ 

+ 

^ " ^ 

b^r 

^ ^ 3 ^ 

X3 

XgXg 

X 2 X3 

s 

= 

ix 
IXgY 

¥̂ 
(4-4) 
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The LIM regression model adds an additional "twist" to the Gauss-

Jordan procedures, Let matrix L be partitioned as 

L = 
M ; X'Y I -1 

I 

Y'X j Y'Y I 
(4-5) 

where the top half of equation (4-5) is the same as equation (4-2) 

with the exception that the order of the identity matrix I is one unit 

(one row and one column) larger than matrix I in equation (4-2). The 

vector Y'X is the transpose of vector X'Y and Y'Y reduces to the scalar 

If the Identity matrix is omitted from matrix L, the following 

equations may be represented: 

b, n 

b^IX^ 

b^tX^ 

+ bp^Xp 

+ b^Hx^ 

+ bp ^XpX^ 

+ b I^X = 1 Y 

+ b^ ^^XpX^ = IXpY 

+ b^ Z X_ = I x Y 
3 3 3 

(4-6) 

b-,lY + b_Lx„Y + b_ Ix Y = HY' 
1 2 2 3 3 

Notice the similarity between equations (4-6) and normal equations 

(4-4), The only difference is that equation (4-6) has an added equation 

shown below the dotted line. Notice also that the equation below the 

dotted line is the same as the Y-coluran. 

Numerical Illustration of the LIM Regression Model 

The LIM regression model is illustrated in Table 4-2. The data 

in Table 4-1 are used for this illustration. Since these data were 

also used in Table 3-9, a conparlson can be made between the two models. 

The only difference between Table 3-9 and Table 4-2 is the added 
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equation ^fjhlch Is synbolically shown below the dotted line in equation 

(4-6). When using matrix notation the added equation will be referred 

to as the working vector. Table 4-2 is also shown symbolically by 

matrix L in equation (4-5). Notice that (Y'Y) in equation (4-5) is 

<r 2 
equal to 2.Y in tableau I of Table 4-2. In tableau II it is equal 

to the total variation, and in tableau III it is equal to the unexplained 

variation for equation Y' = -1 + 4X2- In tableau IV it is equal to 

the unexplained variation for the two independent variable equation. 

The statistics which can be obtained by Table 4-2 are presented 

in Table 4-3. The statistics obtained from the first four tableaux of 

Table 4-2 are the same statistics obtained from Table 3-9. However, 

the working vector enables unexplained variations to be obtained 

directly from the table. The real advantage for adding the working 

vector is shown in tableau V, Partial determination coefficients for 

all variables included in the model can be conputed. The stepwise 

regression model presented in Table 3-9 did not have this capability. 

Theoretical Explanation of the LIM Regression IVbdel 

The only difference between Table 4-2 and Table 3-9 is the added 

working vector. However, this is of major importance. The working 

vector not only enables unexplained variations to be conputed directly 

from the table, but it also enables the calculations of partial corre

lation coefficients (or partial determination coefficients) for all 

variables included within the model. Since partial correlation coeffi

cients tests are superior to partial regression coefficients tests. 



TABLE 4-2 

Regression Analysis Using LIM 
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Tableau Matrix M Vector X'Y Matrix I 

4 10 10 36 1 0 0 0 
10 30 31 110 0 1 0 0 

I _10^ _ _3t _ _ 14 112 0 0 1_ _0 

36 110 112 408 0 0 0 1 

1 2,5 2,5 9 0,25 0 0 0 
0 5 6 20 -2,5 1 0 0 

II _ 0 _ _ 6_ 9 22 -2_̂ 5 0_ 1_ _0 

0 20 22 84 -9.0 0 0 1 
TV 

1 0 -0,5 -1 1.5 -0.5 0 0 
0 1 1.2 4 -0.5 0,2 0 0 

III _ 0 _ _ 0 _ _1^8 -2 P^5 -1.2 Î_ _0 

0 0 -2,0 4 1.0 -4.0 0 1 
UVi 

1 0 0 -1.556 1.639 -0.833 0.278 0 
0 1 0 5.333 -0.833 1.000 -0.667 0 

IV _ 0 _ _ _ 0 1 _ _ -1^111 0^278_ _-0.667 _ _0^556_ _0 

0 0 0 1.778 1.556 -5.333 1.111 1 
UV 
2 

T O O 0 3.001 -5.500 1.250 ,874 
i 1 0 0 -5.500 16,994 -3.999 -2.998 

V 0 _ 0 Î 0 1JL250_ _-3.i99 _ _1^251_ _ ^625_ 

0 0 0 1 0,875 -2.998 .625 .562 
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III 

V 

TABLE 4-3 

Statistics Obtained Prom LIM 

Tableau Explanation 

Coefficient of Determination Matrix. 

p (20)^ P (22) 
II 1.0 Ri.2 = (5)(8^) = .952 ; R^ ^ = (9)(84) = .64 

1.0 R^^^ = (5)(9) = .80 

Regression Equation: Y' = -1 + 4X 

Coefficient of Detemination: ^i 2 " "̂  ~ ^^^^ " '̂ ^̂  

2 ^ (-2)̂ ^ 
Partial Determination Coefficient: r-^^ p = (1.8)(4) = .556 
(for excluded variable) 

Regression Equation: Y' = -I.56 + S-SSXp - l.llX^ 

Coefficient of Determination: F^ p = 1 - 1.78/84 = .979 

TV - 1 * 2 
Matrix C = (X'X) for calculating V(b^) = S ĉ ^ . 

Partial Determination Coefficients 
(for all included variables) 

(-2.998)^ P (.625)̂ ^ 
r2 = (16.994)(.562) = .941; rf = (1.251)(.562) = .556 
12.3 ^^'"^ 
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the added vector plays a vital role in establishing the superiority of 

the LIM regression model. 

The theory and logic underlining the LIM regression model may be 

explained by rewriting equation (4-5); 

L = 
(X'X) I X'Y [ I ' 0 
— I (4-7) 
Y'X I Y'Y , 0 'I 

A partitioned matrix may be inverted in terms of its submatrices [17, 

p. 81]. The partitioned submatrices are therefore inverted by applying 

Gauss-Jordan transformations. This procedure is shown in Table 4-4. 

Notice that tableau I in Table 4-4 is the (3 X 3) identity matrix in 

Table 4-2, The bottom Identity matrix is the scalar "1". 

The top row of tableau II in Table 4-4 is equivalent to tableau 

IV in Table 3-9 (or tableau IV in Table 4-2, with the last row and 

column omitted), The logic and theory underlining this transformation 

was explained by equations (4-2) and (4-3). Tableau III in Table 4-4 

shows the scalar Y'Y in equation (4-7) to be the unexplained variation 

associated with the Included variables. The unexplained variation 

therefore changes each time a new variable is brought into the model. 

Partial Determination Coefficients, The procedure for conputing 

partial determination coefficients (or partial correlation coeffi

cients) is 

p (.625)^ 
r^3^2 " (1.251)(.562) = .556. (4-8) 

Table 4-2 and Table 4-3 verilV equation (4-8). Equation (4-8) may be 

generalized by using the symbols and theory shown in tableau IV of 

rjvjĵie 4-4. If the diagonal elements in tableau IV of Table 4-4 are 
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Tableau 

TABLE 4-4 

Matrix Inversion on Submatrices 

(X'X) 

(Y'X) 

(X'Y) 

(Y'Y) 

Calculations 

I 

0 

0 

I 

Divide row 1 by (X'X). 

I 

(Y'X) 

(X'X)"^(X'Y) 

(Y'Y) 
II 

(X'X) 

0 

_1 

Note: b = (X'X)'^(X'Y) 

Add -(Y'X) times the first row to the second row. 

0 

I 

III 

I 

0 

(X'X) 
-1 

Y'Y - (Y'X)b -(Y'X)(X'X) 
-1 

0 

I 

From equations (3-60) and (3-61) the error (residual) vector 
is 

e'e « (Y - Xb)'(Y - Xb) = Y'Y - 2b'X'Y + b(X'X)b 

« Y'Y - 2b'X'Y + b(X'X)(X'X)"^(X'Y) 

= Y'Y - (Y'X)b = UV ; also -b * -(Y'X)(X'X)-^ 

Divide the second row by UV. 

Add -b times the second row to the first row. 

IV 
I 

0 

0 

I 

(X'X)'^ + (b^/UV) -bAJV 

-bAJV 1/UV 
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2 multiplied together and then divided into (-b/UV) , the following 

generalized formula results: 

(-b/UV)^ 
2 

^1J.23...K- ((X'X)-^ + 

The above equation reduces to 

2 

1J.23...K UV(X'X)~ + b^ 

b^/UV)(l/UV) 

5̂ 
"v=jj + 4 

CJ-g) 

. O-io) 

In Technical Note 4, it is shown that equation (4-10) is an equivalent 

equation for calculating partial determination coefficients. 

Regression Statistics Using LIM 

The regression theory discussed with Table 3-10 also applies to 

the LIM regression model. The only difference between the two models 

is the Inclusion of the working vector. The working vector enables 

unexplained variations (including total variation) to be conputed 

directly from the table. It also enables partial determination coeffi

cients to be calculated for variables Included in the model. Here 

lies the superiority of the LIM regression model. Table 3-10 and 

Table 4-4 illustrate the theory underlining these calculations. 

Statistics which can be obtained from the LIM regression model were 

Illustrated numerically in Table 4-2 (with Table 4-3) and theoretically 

in Table 4-4. With reference to Table 4-2, a sunmary of the statistics 

which can be obtained using the LIM model is given below. 
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a) From tableau II a correlation matrix (or coefficient of 
determination matrix) can be conputed. This matrix 
will not only show the gross (simple) relationship 
existing between the dependent variable and an independent 
variable, but it will also show the multlcolllnearity 
or intercorrelation between independent variables. For 
example, notice from the coefficient of determination 
matrix presented in tableau II that the intercorrelation 
between Xp and X^ is .80. 

b) From tableau III the regression coefficients and the 
coefficient of determination can be conputed for the 
equation Y' = b^ + bpXp. The partial determination 

coefficient for the excluded variable can also be 
conputed. 

c) From tableau IV the regression coefficients and the 
coefficient of determination may be conputed for 
the two Independent variable equations. 

d) From tableau V partial determination coefficients for 
Included variables may be conputed. 

An explanation of the LIM regression model and its conputer applicability 

is presented next. 

Conputer Models and Numerical Analysis 

Historical philosophers state that each time an innovation enables 

man's capabilities to increase by a multiple of ten, a new era is at 

hand. For exanple, a man can walk perhaps 5 miles per hour. The 

invention of the automobile Increased his speed to beyond 50 miles per 

hour. Air travel has increased transportation to beyond 500 miles per 

hour. Thus, the increase in speed from 

5 nph to 50 mph to 500 nph 

represents two new eras in the transportation industry. 

The advent of the conputer has also brought about a new era in 

statistics and mathematics. The speed and reliability of the computer 
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has made obsolete many statistical techniques cherished for years by 

statisticians, and it is daily making possible the development of new 

techniques that were once impractical a few years ago [5, p. 98]. The 

solution of a set of simultaneous equations which were once inpossibly 

difficult and would take years to solve can now be solved in a matter 

of minutes. Courses in numerical analysis have gained in Inportance. 

Topics such as error analysis and conputer application of numerical 

methods are now being emphasized. In short, the advent of the conputer 

has brought about a change in the basic approach to problem solving. 

Efficiency of the Gauss-Jordan Algorithm 

Most textbooks in econometrics and regression analysis use matrix 

algebra in describing theoretical concepts. For exanple, the regression 

coefficient vector is described as b = (X'X)~ (X'Y). While matrix 

algebra is a tremendous tool in describing these concepts, it does not 

show the actual numerical procedure for solving the normal equations 

or for finding the Inverse matrix. If the LIM regression model is to 

be superior to other variable selection nodels, it must be superior in 

both its theoretical content and in its numerical applications. 

The superiority of the Gauss-Jordan method is discussed by Alex 

Orden [24] in his article "Matrix Inversion and Related Topics by 

Direct Methods." Generally speaking, the Gauss-Jordan method is 

considered superior to other elimination methods. That is, with 

reference to rounding error and conputation time, the Gauss-Jordan is 

more efficient. Furthermore, Bernard Kolman in his text, ELEMENTARY 

LINEAR ALGEBRA (page 152) conpares Gauss-Jordan to Cramer's rule for 
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solving AX = B, when A Is a (25 X 25) natrix. Kolnan makes the 

Ibllowlng conparlson: 

If we find X by Cramer's rule, then we must first obtain the 
deterTTilnant 

A = a,^A^^ + a^^A^, + . . . + a ^ A ^ . 

where we have expanded about the first column. Note if 
each cof^ctor Is available, we require 25 multiplications. 
Now each cofactor A^ is the determinant of a 24 X 24 

matrix, and it can be expanded about a given row or column, 
requiring 24 multiplications. Thus, the computation of A 
requires 25 X 24 X 23 X . . . X 2 X 1 = 251 multiplications. 
If we use the UNIVAC 1108 conputer, one of the largest and 

fastest in existence today, it takes 4,1 X 10""̂  seconds to 
perform a single multiplication. We thus find that it takes 
2 X 10 years to evaluate A, However, Gauss-Jordan elimina
tion takes about n3 multiplications, and we would find the 
solution in less than one second, 

In short determinants are useful in expressing mathematical ideas and 

in proving theorems; they are not an effective means of Inverting a 

matrix. The LIM regression model utilizes the efficiency of Gauss-

Jordan, 

Computational Formulas for Partial Determination Coefficients 

There are three computational formulas conmonly used in calcu

lating partial determination coefficients or their square root, partial 

correlation coefficients. These formulas are 

2 2 
^1.2345.,.K ' ^1.245...K 

^?3.245...K ' I.R2 , ' ^̂-11) 
^ "1.245...K 
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[2 2 2 
13.245.,.(K-1) '•'^1K.245...(K-1) ̂ 3K.245.. .(K-D-^ 

13.245..K • j.̂  ^2 1 n ^ 

" ^1K.245...(K-1)-' ^ " ^3K.245...(K-1)^ ^̂ _̂ 2̂) 

and 

'3 

^13 245 K 5 (̂ -13 
33 1,245,.,K 

where c., » (X»X) and UV represents the unexplained 
•̂•̂  1,245.. .K 

variation with variable X^ deleted. 

All of the above formulas are equivalent. The standard definition 

for partial determination coefficients is given by formula (4-11). Prom 

formula (4-11), a partial determination coefficient may be defined as 

"the increase in the explained variance of Y resulting from the 

addition of variable X " over "the unexplained variance of Y befbre 

the addition of variable X3" [7, p. 535]. Ferber [12, p. 452] shows 

how formula (4-12) is derived from formula (4-11). 

The numerical method used in Efroymson's [9] stepwise regression 

model to conpute partial determination coefficients for excluded 

variables is given by formula (4-13). This was the formula used in 

tableau III of Table 3-11 and in tableau III of Table 4-3 for calcu

lating the partial determination coefficient for the excluded variable 

X^. In Ttechnical Note 3b, formula (4-13) is derived from the defini

tion, foiTOula (4-11). The formula used in the LIM regression model, 

is also derived from formula (4-11). This derivation is shown in 

Technical Note 4. 
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Superiority of LIM. All of the above fomulas for calculating partial 

determination coefficients have limitations which greatly Inpede their 

use with electronic computers. These limitations are given below. 

Formula (4-11), Althou^ the standard definition of a partial 
determination coefficient is found in formula (4-11), the 
conputing time involved in calculating multiple determination 
coefficients prohibits its use. For exanple, besides calcu
lating R]_̂ 2345' °^^ "^^^ calculate R when conputing the 
value of r^3^245- Furthermore, one must calculate R^ 235> 
when conputing the value of r^^ p^^. Thus, for each partial 
determination coefficient, one must calculate an additional 
multiple determination coefficient. 

Formula (4-12). This formula is found in many textbooks. 
However, the rounding error associated with this formula 
prohibits its use in calculating partial determination 
coefficients to any significant order. 

Formula (4-13). This formula is used in Efroymson's [9] 
stepwise regression model. This formula does not have 
excessive rounding error or computation tine as a limitation. 
It has, however, the limitation of not being able to calcu
late partial deteimination coefficients for variables 
included within the nodel. 

Both formula (4-12) and formula (4-13) are derived from the definition 

of a partial determination coefficient, formula (4-11), Technical 

Note 4 shows that formula (4-10) is merely an extension of formula 

(4-13)—which means it is derived from formula (4-11), The LIM 

regression model uses formula (4-10), This formula does not possess 

the rounding error or conputation time limitations. Furthermore, 

formula (4-10) possesses the capability of conputing partial deter

mination coefficients for variables included in the regression model. 

Thus, the LIM approach (formula (4-10)) to conputing partial deter

mination coefficients is superior to other numerical methods. 
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The LIM Approach to Variable Selection 

Over the years, several types of variable selection models have 

been developed which strive to acquire the optimum set of regressors 

with a minimum number of calculations. These models are concerned 

with two conflicting criteria—include all relevant variables and 

keep operational cost low. The stepwise regression model is currently 

considered by many to be the best approach [8, p, 172], although it 

does not guarantee the optimum subset of significant variables. The 

superiority of an elimination criterion which uses partial correlation 

coefficients (or partial determination coefficients) has previously 

been established. Furthermore, the subsequent discussion has estab

lished the superiority of the numerical methods used in the LIM 

regression model. With this background, the superiority of the LIM 

regression model as a variable selection model has become evident. 

The manner in which the LIM regression model acquires the subset of 

significant variables is explained by means of an exanple. 

Exairple, The data given in Table 4-5 describe the weigj:it of 

snipes in relation to their height, age, and foot size. Assume 

variables having a partial determination coefficient of less than 

.30 are not considered significant and are deleted from the model. 

The LIM regression model is illustrated in Table 4-6. This 

model utilizes the data presented in T^ble 4-5. The statistics that 

can be obtained from Table 4-6 are presented in Table 4-7. Notice 

also that the partial determination coefficient for variables Xp, X^, 

and Xu are 0.333, 0.125, and 0.333, respectively. Since the cutoff 



TABLE 4-5 

Illustrated Data Relating Wei^t of Snipes to 
Their Height, Age, and Foot Size 
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Snipe 

A 

B 

C 

D 

E 

X-Matrix 

^1 

1 

1 

1 

1 

. ' 

Xp 

1 

2 

3 

4 

5 

X3 

0.5 

2.5 

3.5 

3.5 

5.0 

X4 

2 

2 

3 

5 

8 

Y-Vector 

6 

20 

20 

26 

28 

limit is 0.30, variable X^ (the snipe's age) should be deleted from 

the model. It may appear strange that the variable with the highest 

simple correlation has the lowest partial correlation; 

R^ 3 = ,896 and ^13.24 " '̂ 5̂ • 

However, the strong intercorrelation between variables Xp and X 

(R̂  = .909) explains how this is possible. The strong intercorre-
<-. 0 

lation between the variables decreases the inportance of variable 

X3. 

The Collapsed Matrix Approach. The regression model which includes 

only the significant variables Xp and X̂^ can be obtained by two 

different procedures. One procedure is to always retain tableau I, 

the original normal equations. This may be acconplished on the 

computer by writing the matrix on magnetic tape or by setting aside 

memory units for this purpose, The matrix tableau I of Table 4-6 
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TABLE 4-6 

Numerical Illustration of the LIM Regression Model 

TABLEAU 

I 

II 

III 

IV 

V 

VI 

5 
15 
15 
20 

100 

1 
0 
0 
0 

0 

1 
0 
0 
0 

0 

1 
0 
0 
0 

0 

1 
0 
0 
0 

0 

1 
0 
0 
0 

0 

Matrix M 

15 
55 
55 
75 

350 

3 
10 
10 
15 

50 

0 
1 
0 
0 

0 

0 
1 
0 
0 

0 

0 
1 
0 
0 

0 

0 
1 
0 
0 

0 

15 
55 
56 
74 

354 

3 
10 
11 
14 

54 

0 
1 
1 
-1 

4 

0 
0 
1 
0 

0 

0 
0 
1 
0 

0 

0 
0 
1 
0 

0 

20 
75 
74 
106 

466 

4 
15 
14 
26 

66 

-.5 
1.5 
-1.0 
+3.5 

-9 

-.5 
2.5 
-1.0 
2.5 

-5 

0 
0 
0 
1 

0 

0 
0 
0 
1 

0 

Calculations 

Vector X'Y 

100 
350 
354 
466 

2296 

20 
50 
54 
66 

296 

5 
5 
4 
-9 

46 

5 
1 
4 
-5 

30 

4 
6 
2 
-2 

20 

0 
0 
0 
0 

1 

1 
0 
0 
0 

0 

.2 
-3 
-3 
-4 

-20 

1.1 
-.3 
0 
.5 

-5 

1.1 
-.3 
0 
.5 

-5 

1.2 
-.8 
.2 
.2 

-4 

2 
.4 
.6 

-.2 

-.2 

' 

Matrix I 

0 
1 
0 
0 

0 

0 
1 
0 
0 

0 

-.3 
.1 
-1 

-1.5 

-5 

-.3 
1.1 
-1 

-2.5 

-1 

-.8 
3.6 
-2 
-1 

-6 

.4 
5.4 • 
-1.4 
-1.6 

-.3 

0 
0 
1 
0 

0 

0 
0 
1 
0 

0 

0 
0 
1 
0 

0 

0 
-1 
1 
1 

-4 

.2 
-2 
1.4 
.4 

-2 

-.2 
-1.4 -
1.6 
.2 

-.1 

0 
0 
0 
1 

0 

0 
0 
0 
1 

0 

0 
0 
0 
1 

0 

0 
0 
0 
1 

0 

.2 
-1 
.4 
.4 

2 

.6 -
-1.6 -

. 2 • 

.6 

.1 

0 
0 
0 
0 

1 

0 
0 
0 
0 

1 

0 
0 
0 
0 

1 

0 
0 
0 
0 

1 

0 
0 
0 
0 

1 

-.2 
-.3 
-.1 
.1 

.05 
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TABLE 4-7 

Statistics Obtained Prom Table 4-6 

Tableau Explanation 

R 

Tableau II. Coefficient of Determination Matrix. 

2 (50) p (54)^ P (66)^ 
,. ̂  = (10)C296) = .845; R^ = (11)(296) = .896; R': ., = (26)(296) = .566 
i.d 2..3 -L-^ 

2 (10) 2 (15)^ 
R^ 2 = HoTTnT = .909; Rp ̂  = (i0K2b; = .865 

2 (14) 
R̂ ^̂  = (11)(26) = .685 

Regression Equation: 

Tableau III Y' = 5 + 5Xp 
Tableau IV Y' = 5 + Xp + 4x^ 
Tableau V Y' = 4 +6X2 + 2X - 2X 

Coefficient of Determination: 

Tableau III R^ p = 1 - 46/296 = .845 

Tableau IV R^^23 = 1 - 30/296 = .899 

Tableau V ^1.234 " ̂  "" 20/296 = .932 

Partial Determination Coefficients: o 
P (-5) 

Tableau IV ^14.23 " ^2.5)(30) = .33 

Tableau VI. Partial Detennination Coefficients: 

0 (-.3) 2 (-.1) 
r^P 34 = (5.4)(.05) = .333 r p^ = (1.6)(.05) = .125 

2 

ri, . . = T.6)(.05) = .333 14.23 
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may be collapsed by deleting the row and columns associated with 

variables X^. Row three, column three, and column eight in tableau 

I of Table 4-6 are associated with variable X and should therefore 

be deleted. Next, apply the Gauss-Jordan algorithm to the collapsed 

matrix. 

The collapsed matrix approach is illustrated in Table 4-8. 

Notice that tableau la of Table 4-8 is identical to tableau I of 

Table 4-6. The collapsed matrix with row three, column three, and 

column eight deleted is shown in tableau lb of Table 4-8. Statistics 

obtained from Table 4-8 are given in Table 4-9. Notice that the 

deletion of variable X3 results in only a slight decrease in the 

2 ? 
multiple determination coefficient—from R!" p̂ ,̂ = .932 to Rr . = 

.923. 

Notice also that with variable X deleted, the partial deter-

2 
mination coefficient r, p h indicates the added importance of variable 

Xp. There is no additional rounding error involved with the collapsed 

matrix approach since this procedure reverts back to the origincil 

normal equations. Also, the calculations involved with this approach 

are not excessive since the original normal equations are retained 

and need not be derived from the data. 

The Reverse Gauss-Jordan Approach. The regression model which 

includes only the significant variables Xp and X̂^ can also be obtained 

from tableau V of Table 4-6. The approach is to merely apply the 

Gauss-Jordan procedure on the inverse X column vector in the inverse 

matrix. In essence, this is applying the Gauss-Jordan procedure in 

reverse. Table 4-10 illustrates this operation. The statistics which 
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TABLE 4-8 

The LIM Regression Model By Ihe Collapsed Matrix Approach 

TABLEAU 
Calculations 

Matrix M Vector X'Y Matrix I 

5 15 15 20 100 1 0 0 0 0 
15 55 55 75 350 0 1 0 0 0 

la 15 55 56 74 354 0 0 1 0 0 
_ _20_ _ _75. _ _7i _ 106_ 466 0_ _0_ _0_ _1_ _0 

100 350 354 466 2296 0 0 0 0 1 

Delete variables X^; delete third row, third column, and eighth column. 

5 15 20 100 1 0 0 0 
15 55 75 350 0 1 0 0 

lb 20 75_ _106 466̂  0_ _0_ _1_ _0 

100 350 466 2296 0 0 0 1 

1 3 4 20 . 2 0 0 0 
0 10 15 50 - 3 1 0 0 

I I 0_ _ 1_5 26 66_ - 4 _ _0_ _ 1 _ _0 

0 50 66 296 -20 0 0 1 

1 0 - . 5 5 1.1 -0 .3 0 0 
0 1 1.5 5 -0 .3 0.1 0 0 

I I I 0 0_ _3^5 r i _ _ 2.-5. _ _ - l -5 . 1 P_ 

0 0 - 9 . 0 46 - 5 - 5 0 1 

1 0 0 3.72 1.17 - .52 .14 0 
0 1 0 8.86 - .51 .74 - . 4 ^ 0 

IV 0 0 1 -2^51 _ _ ^ l i _ _-^^3 .29 p_ 

0 0 0 22.87 -3.74 -8.87 2.6l 1 

1 0 0 0 1.780 .923 -.284 -.164 0 
0 1 0 0 .943 4.176 -1.450 -.389 0 

_ _ 0 _ _ 0 _ _ 1 _ _ 0 - .281 _ -1^43 _ _.582 _ _.113 0̂_ 

0 0 0 1 -.164 -.388 .114 .0437 1 
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TABLE 4-9 

Statistics Obtained From T^le 4-8. 

Explanation 

Tableau II. The coefficient of determination matrix was calculated before 
the matrix was collapsed (Tableau II of Table 4-6); it need 
not bê -recalculated. 

Regression Equation: 

Tableau III 

Tableau IV 

CJoefflcient of Determination: 

Tableau I I I 

Tableau IV 

Pa r t i a l Determination CJoefflcient; 

Tableau I I I 

Y' = 5 + 5X2 

Y' = 3.72 + 8.86X2 - 2.57X 

R^ 2 = 1 - 46/296 = .845 

^1.23 = 1 - 22.87/296 = .932 

(_9)2 
r^^^P = (3.5)(46) = .503 

Tableau IV, Pa r t i a l Deteimination Ctoefftcient; 
2 

(-.389) 
rl^H = (4,176)(.0437) = .829; 

2 
^14,2 

(.113) 
(.582)(.0437) = .502 

Ctonpare this table with Table 4-7. Notice that the deletion of variable X 

2 2 
resulted in R-, p̂ n = .932 being reduced to R = .923. This sli^t decrease 

is explained by the multicollinearlty existing between variables Xp and X3; 

id ^ = .909. Notice also that with variable X deleted, variable X^ 

2 2 _ 
increases in significances—from -̂,̂ 2.34 ̂  '^^^ ^° ^12.4 " •^°^* 
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can be obtained from this operation are the same as those given in 

tableaux IV and V of Table 4-9. Technical Note 3a explains also 

the reverse Gauŝ s-Jordan procedure. 

Notice that tableau V in Table 4-10 is identical to tableau 

V in Table 4-6, Notice also that the value 1.4 is associated with 

the X^ variable and lies on the third row and eighth column. Rather 

than collapsing the matrix, the objective of the reverse Gauss-Jordan 

approach is to make the eighth column a unit vector consisting of 

zeros and one. This is acconplished in tableau Vc of Table 4-10. 

Tableau VI enables partial determination coefficients to be computed. 

A limitation of this method is that the rounding error may 

become excessive. While the collapsed matrix approach reverts back 

to tableau I of Table 4-6 and starts the calculations from the 

beginning, the reversed Gauss-Jordan approach continues the calcu

lations from Tableau V, Thus, the rounding error of Table 4-6 and 

Table 4-10 are conpounded in the reverse Gauss-Jordan approach. 

Another limitation involved with this approach is that usually the 

conputer retains only the first and last tableaux. Thus, the reverse 

Gauss-Jordan procedure must start with tableau VI of Table 4-6 and 

not with tableau V. However, a method will be discussed shortly that 

Illustrates how partial determination coefficients can be calculated 

from tableau V, thus eliminating the need for tableau VI. 

Minimum Storage Approach. In reviewing Table 4-6, one may notice 

that half of the columns are always unit vectors consisting of zeros 

and one. A conputer program which takes advantage of this fact 

will decrease the needed storage by one-half. Table 4-11 shows the 
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TARLFAU 

V 

The 

1 
0 
0 
0 

' LIM Regres; 

Matrix M 

0 0 
1 0 
0 1 
0 0 

TABLE 4-10 

sion Model by the Reverse 

Vector X'Y 

0 4 
0 6 
0 2 
1 -2 

Gauss-Jordan Approach 

CALCULATIONS 

1.2 
-.8 
.2 
.2 

Matrix I 

-.8 .2 
3.6 -2 
-2 1.4 
-1 .4 

.2 0 
-1 0 
.4 0 
.4 0 

0 0 0 0 20 -4 -6 -2 

Divide the third row by 1.4 

Vb 

1 
0 
0 
0 

0 
1 
0 
0 

0 
0 
72 
0 

0 
0 
0 
1 

4.00 
6.00 
1.43 
-2.00 

1.2 
-.8 
.14 
.2 

-.8 
3.6 

-1.43 
-1.0 

.2 
-2.0 
1.0 
.4 

.2 
-1.0 
.29 
.4 

0 
0 
0 
0 

0 0 0 0 20 -4 -6 -2 

Add (-0.2) times the third row to the first row. 
Add (+2.0) tines the third row to the second row. 
Add (-.4) times the third row to the fourth row. 
Add (+2.0) times the third row to the fifth row. 

Vc 

1 
0 
0 
0 

0 
1 
0 
0 

-.14 
1.4 
.72 

-.29 

0 
0 
0 
1 

3.71 
8.86 
1.43 
-2.57 

1.17 
-.52 
.14 
.14 

-.51 
.74 

-1.43 
-.43 

0 
0 

1.0 
0 

.14 
-.42 
.29 
.28 

0 
0 
0 
0 

0 0 1.4 0 22.86 -3.7 -8.86 0 2.58 1 

Divide the f i f th row by 22.86, 
Conpute tableau VI. 

V I 

1 0 
0 1 
0 0 
0 0 

- .36 0 
.87 0 
.63 0 

-.14 1 

0 
0 
0 
0 

1.76 
.90 
.37 

- .27 

.94 
4.2 

-.87 
-1.43 

0 
0 
1 
0 

- .27 
-1.39 

.13 

.56 

- .15 
- .35 
-.06 

.10 

0 0 .06 0 1 -.16 -.39 0 .11 .044 
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output from such a conputer program. Notice from tableau I of Table 

4-11 that the conputer program does not utilize storage for the 

Initial identity matrix. Furthermore, the unit vectors formed in the 

reduction process are omitted. For exanple, columns six and seven in 

tableau III of Table 4-6 are stored in columns one and two in tableau 

III of Table 4-11. By using this procedure, a computer program can 

be written which requires only half as many memory units as other 

programs. By deleting the unit vector the amount of computer 

computations is also reduced. Thus, the minimum storage procedure 

reduces conputer conputation time as well as the required amount of 

conputer storage. Table 4-12 also illustrates how partial determina

tion coefficients can be computed from tableau V rather than tableau 

VI. 

The LIM Approach. It was previously stated that variable selection 

models are concerned with two conflicting criteria—include all 

relevant variables and keep operational cost low. The superiority of 

an elimination criterion which uses partial determination coefficients 

has already been discussed. The efficiency of the Gauss-Jordan 

algorithm and the numerical method of conputing partial determination 

coefficients have also been discussed. However, when variables are 

deemed Insignificant, what numerical method is used to delete them 

from the model? The answer to this question—^the numerical methods 

for deleting variables from the model—is summarized below: 

Ihe Collapsed Matrix Approach. This approach is sinple, easily 
programmed, and has a minimum of rounding error. It does 
however generally require more calculations than the reverse 
Gauss-Jordan approach. 
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TABLE 4-11 

LIM IVbdel With Minimum Storage Allocation 
(Significant Columns of T^le 4-6) 

TABLEAU 

I 

II 

III 

IV 

V 

VI 

5 
15 
15 
20 

100 

0.2 
-3.0 
-3.0 
-4.0 

-20 

1.1 
-0.3 
0,0 
0.5 

-5.0 

1.1 
-0.3 
0.0 
0.5 

-5.0 

1.2 
-0.8 
0.2 
0.2 

-4,0 

2,0 
0,4 
0,6 
-0.2 

-0,2 

Calculations 

Matrix M and M"-̂  

15 
55 
55 
75 

350 

3 
10 
10 
15 

50 

-0.3 
1.1 
-1.0 
-1.5 

-5.0 

-0.3 
1.1 
-1.0 
-2.5 

-1.0 

-0.8 
3.6 
-2.0 
-1.0 

-6.0 

0,4 
5.4 
-1,4 
-1.6 

-0.3 

15 
55 
56 
74 

354 

3 
10 
11 
14 

54 

0 
1 
1 
-1 

4 

0.0 
-1.0 
1.0 
1.0 

-4.0 

0.2 
-2.0 
1.4 
0.4 

-2.0 

-0,2 
-1,4 
1,6 
0.2 

-0.1 

20 
75 
74 
106 

466 

4 
15 
14 
26 

66 

-.5 
1.5 
-1.0 
3.5 

-9.0 

-0.5 
2.5 
-1.0 
2.5 

-5.0 

0.2 
-1.0 
0.4 
0.4 

2.0 

0.6 
-1.6 
0,2 
0.6 

0,1 

Vector X'Y 

100 
350 
354 
466 

2296 

20 
50 
54 
66 

296 

5 
5 
4 
-9 

46 

5 
1 
4 
-5 

30 

4 
6 
2 
-2 

20 

-0.20 
-0.30 
-0.10 
0.10 

0.05 

^'^^^ 
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TABLE 4-12 

Statistics Obtained Prom Table 4-11 

Tableau Explanation 

(-bj/UV)^ 

2 
^iT :3̂  K = -1 o (4-9) 

• •̂ ••- ((X'X) + byuV)(l/UV) 

The logic and theory underlining equation (4-9) was given in T̂ ble 4-4. 
The above equation reduces to 

IJ.̂ :̂ ...!̂  UV(X'X)~-^ + b^ 

Equation (4-10) may also be written as 

r^ ,, „ = , O-IO) 

Technical Notes 3 and 4 show that equations (4-10) and (4-11) are equivalent. 

Tableau V. Partial Determination Coefficients: 

^12.34 

2 
^14.23 

(6)^ 

(20)(3.6) + (6)^ 

(20)(.4) + i-2f 

= .33; 

= .33 

2 
^13.24 

(2)^ 

(20)(1.4) + (2)^ 
= .125 

Tableau VI. Partial Determination Coefficients: 

(-.3)^ 2 , (--l)̂  , 
2 , = (5.4)(.05) = ^33; r^-. ^u = (!.&)(.05) = .125 
12.34 13.24 r 

p (.1)^ 

^14.23 = ^-^^^-"^^ = -33 



119 

The Reversed Gausa-Jordan Approach. This approach has the 
limitation of being sli^ly more conplex than the collapsed 
matrix approach. The rounding error may also become excessive 
when this method is used. 

The LM regression model utilizes the collapsed natrix approach 

in deleting insignificant variables from the model. Furthermore, 

Table 4-12 illustrates how partial determination coefficients are 

computed from tableau V of Table 4-11 and not tableau VI. Fewer 

operations, including one less division, are performed when these 

statistics are conputed from tableau V—the next to the last tableau. 

Thus, when partial determination coefficients are conputed from the 

next to the last tableau, conputation time as well as rounding error 

is reduced. If the next-to-the-last tableau approach is used, certainly 

the last tableau need not be conputed. The LIM regression ncdel 

utilizes the efficiencies of the next-to-the-last tableau approach as 

well as the collapsed matrix approach and the minimum storage approach. 

Deviation-Matrix Approach. Many refinements for deleting insignificant 

variables have eilready been mentioned. These refinements may be 

referred to as the collapsed matrix approach, the minimum storage 

approach, and the next-to-the-last tableau approach. All of these 

refinements strive to minimize conputer storage, rounding error, and/ 

or conputation time. A refinement which concerns the reduction of 

rounding error is presented below. 

The matrix in tableau la of Table 4-13 represents the normal 

equations (with working vector Included) for regression equation (4-l4), 

Y» « b^ + b2X + b^H. (4-14) 

I ! 



TABLE 4-13 

The Deviation-Matrix Approach 

Tableau Calculation 

la 
n 

ZX 
r H 

"2Y" 
2_XH 

"2XY 

ZE 
ZXH 

zm' 

: L Y 
ZXY 
ZHY 

120 

ZY^ 

Operation: 
1, Divide the first row by n, 
2, Add (- £ X) times the first row to the second row. 
3, Add (- i: H) times the first row to the thii?d row. 
4, Add (-£ Y) timss the first row to the fourth row. 

Ila 
1 
0 

_0_ 

0 

2x^ 

:̂ xh 

H 
Zxh 

Thy 

Y 
>'xy 

_Z_hy 

^ 2 Z xy 

Statistics Conputed Prom Above Operations 

From operation 1, row one of tableau II was conputed. 
Prom operation 2, row two of tableau II was conputed. 

Zx^ = Ix^ - X^X = ^(X- x)^, 

Zxh = ZXH - H^ X = I(X - X)(H - H), 

Variation 

Covariation 

Covariation Zxy = ZXY - r Z X = Z (X - X)(H - H), 
Operations three and four produce similar results. The operations in tab
leau la which piK)duce tableau Ila generates the greatest rounding error. 

De viat ion-Matrix 

If the data is transformed into deviations, the normal equations will take 
the following form since Z x = 2 h = 2 : y = 0, 

lb 
n 
0 
0 

C X 

^xy 

0 
Zxh 
^h2 

111 
i 1 1 

0 
^xy 
£hy 

^:hy Sy^ 
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If the Gauas-Jordan operations are applied to tableau la, the result 

is shown in tableau Ila. 

The matrix in tableau Ila is in the form of deviations. It can 

be shown by error analysis methods (see Technical Note 5) that the 

greatest amount of rounding occurs between tableaux la and Ila, Notice 

from Table 4-11 that values in tableau I are much greater than values 

in tableau II, In practice, the values in tableau I may exceed eight 

digits. This will lead to rounding. Furthermore, Technical Note 5 

explains the rounding error involved when variations are calculated by 
P ^ p 

the identity Zx = ZX - xZx. Notice from Table 4-13 that tableau 

Ila consists of similar identities. Thus, the greatest rounding 

occurs between tableaux la and Ila. 

The rounding error occurring between tableaux la and Ila can be 

remedied in two ways. One way is to use double precision. The other 

way will be referred to as the deviation-matrix approach. This 

approach transforms the data into deviations from their mean and then 

reads the deviations into the regression program. This results in 

tableau lb being derived as the first matrix since Zx, Zh, and Z y 

equal zero. If this precision is needed, a short conputer program 

should be written that converts the original data to deviations and 

writes the deviations on tape. The regression program will then read 

the data (deviations) from tape. Thus, the deviation-matrix will be 

the first matrix derived. This program should be placed inmediately 

ahead of the regression program. 

Unlike other refinements, the analyst must pay a price for the 

deviation-matrix refinement. This price is valuable conputer time, A 

i-fftl&?Miiri-i m^. • ^ 
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small amount of time is required for a conputer program to read data 

from cards, convert the data to deviations, and then write the devia

tions on tape. The regression program then reads the deviations from 

tape. The analyst may find it more feasible to use the double-precision 

approach. However, this approach has a price also; the price is com

puter storage. Double precision requires twice the storage as single 

precision. Furthermore, conputation time is longer with double 

precision—^although not twice as long. Thus, the analyst must pay a 

price for using either approach in reducing rounding error. Both 

approaches are sunmarlzed below. 

(1) The Double Rreclsion Approach. This approach reduces 
rounding error by doubling the significant digits 
carried in the conputer. However, it also doubles the 
required storage units. Furthermore, conputation time 
is increased with this approach. 

(2) The Deviation-Matrix Approach. This approach reduces 
rounding error by transforming the original data into 
deviations. A conputer program would be placed in front 
of the main regression program. This program transforms 
the original data into deviations from their mean and 
writes the deviation-data on tape. The main regression 
program then reads the data from tape and derives the 
deviation-matrix in tableau lb of Table 4-13 as the 
first matrix. This approach requires no additional 
storage units. However, it does require valuable 
conputer time to read the data from cards, transform 
the data to deviations, and write the data on tape. 

The analyst should carefully weigh the need for added precision 

against the cost of the added precision before using either of the 

above refinements. 

The LIM regression model uses the deviation-matrix approach if 

the need warrants the added precision. However, the disk rather than 

nagnetic tape is used to store the deviations. Since the disk is 
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considerably faster than magietic tape, less conputer time is used. 

Thus, the deviation-matrix approach using the disk results in 

acquiring added precision with the least cost to the analyst. 

Other refinements. Another refinement sometimes used in computer 

programs is the largest-pivot-value approach. (Pivot values are values 

on the diagonal in a matrix.) The logic underlining this approach is 

to always divide by the largest pivot value. For exanple, everyone 

knows that a number cannot be divided by zero. However, given equation 

(4-15), 
10 

Q = D , (4-15) 

the novice might state that Q equals infinity if D equals zero. If 

D = .001, then Q = 10,000; if D = .1, then Q = 100. The smaller the 

value of D, the larger the value of Q. In deriving'normal equations, 

an extremely small pivot value will cause values to exceed eight 

significant digits. The higher order digits will therefore be lost 

and rounding error will result. The largest-pivot-value approach 

searches for the largest value in a column, interchanges the rows to 

get the largest value in the pivot position, and then divides by the 

larger pivot value. 

The LIM regression model does not include this refinement. 

Notice from tableau lib of Table 4-13 that pivot values (the values on 

2 y 2 
the diagonal) are variations; where Zxj = ^ {X - Xj) . Furthermore, 

the deviation-matrix approach will help the pivot values obtain greater 

accuracy. The largest-pivot-value approach will therefore add little 

to the accuracy of the conputer program if the analyst has done a 

reasonable Job of scaling the variables. 
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If the normal equation matrix is illcondltioned (perfect multl

colllnearity is present), then meaningless results will be obtained. 

When a matrix is illcondltioned, one of the elements on the diagonal 

will be zero. The LIM regression model can therefore determine if a 

matrix is illcondltioned by multiplying all the elements on the 

diagonal together and testing the product for zero. 

Approaching the Optimum Subset. The superiority of an elimination 

criterion that uses partial correlation coefficients has previously 

been discussed. Furthermore, it was proven that if the third order 

partial correlation coefficients r-ĵ^ 245 ^^^ ^IR 2"̂4 ^^^ ^^^ 

significant, then r-̂ ^ 2l\ ^ ^ ^15 24 ̂ ^ ^^° ^°^ significant. Thus, 

if a partial correlation coefficient is not significant at the n 

order, it will not be significant at the (n - m) order—provided that 

the "m" variables that were deleted were not significant. 

The converse was not proven nor is it desirable. If r'-L3̂ 24 -̂^ 

not significant, it does not mean that 1*13̂ 245 ̂ ^ ^°^ significant. For 

exairple, variables X^ and X^ may individually not be significant, but 

combined they may significantly explain some of the variation in the 

dependent variable. Thus, variables X^ and X^ would not be deleted 

from the LIM regression model. There is a great possibility that the 

elimination procedure used in stepwise regression would eliminate 

these variables. 

Only one proof remains which prohibits the LIM regression model 

frx̂ m claiming that it always selects the optimum subset of significant 

variables. Suppose that r-L3̂ 24 ̂ ^ "̂ "̂  significant and that r-L2̂ 34 and 

are significant. If variable X is deleted from the model. 
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Computer Program and Output 

A conputer program of the LIM regression model with sanple output 

may be secured from the author. The data in Table 4-5 is used to illus

trate the sanple output. The generous use of conment cards makes the 

conputer program self-explanatory. The program is extremely efficient. 

The program will handle up to 50 independent variables with an infinite 

number of observations in each variable. The model is so efficient in 

its use of core storage that the original normal equations (tableau I) 

are stored internally. This makes the program extremely efficient 

time-wise. The sample program took less than one second to compile. 

This program can be used on a computer having only 32,000 storage units. 

If more than 50 variables are needed, the DIMENSION statements in the 

program can be changed and the program run on a larger conputer. On a 

computer having 62,000 storage units, this program will handle ip to 

100 independent variables with an infinite number of observations in 

each variable. 

Bnpirical Applications 

The LIM regression model has proven extremely useful in consulting 

projects. An actual conmercial study conducted by the author concerned 

validating the test used by the PX Company (not the real name) in 

screening applicants. Correlation analysis was used to (fetermine the 

predictability of the test, Qnployee performance appraisal forms were 

developed by management. Supervisors were then asked to evaluate their 

employees in accordance with this form. In addition to oiployees' 

performance appraisals and the employees' test scores, such records as 
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number of months, employed, years of education, age, sex, narital status, 

and race were also available. This additional information was included 

in the analysis. 

The independent variables, sex, age, narital status, years of 

education, and number of months employed were suspected of being 

interrelated. If so, the influence that these variables exert on each 

other would mitigate any relationship existing between employee 

performance appraisals and test scores. By calculating a partial 

correlation coefficient, a value was obtained which measured the 

relationship existing between the dependent variable, employee perform

ance appraisal, and the independent variable, test scores, while the 

influence exerted by the other independent variables were held 

constant, 

After failing to detect any relationships existing between the 

variables using sinple correlation, the calculation of partial corre

lation coefficients were deemed necessary. Conputer subroutines for 

conputing partial correlation coefficients were not available in the 

IBM statistical subroutines nor in the biomedical conputer programs. 

It was therefore necessary to develop a computer program which possessed 

the capability of computing partial correlation coefficients. The 

partial correlation coefficient calculated between employee performance 

appraisals and test scores was found to be significant. This may be 

Interpreted as meaning that If the Influences exerted by the other 

Independent variables (such as months enployed) were held constant, a 

test score would indeed be predictive of an enployee's performance. 

. fcCi ffO^^ /2 
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will X^ and/or X^ still be significant? It is possible that variable 

X^ Is significant only when it Is combined with the insignificant 

variable X , Thus, the deletion of the insignificant variable X may 

cause the significant variable X^ to become insignificant. Although 

empirical evidence shows that the deletion of insignificant variables 

will not cause significant variables to become insignificant, further 

research needs to be conducted in this area, 

Sunmary of the LIM Approach. The LIM regression model, like other 

variable selection models, is concerned with the conflicting criteria 

of Including all variables which are significant and keeping opera

tional cost low. It has been shown that an elimination criterion 

which uses partial correlation coefficients (or partial determination 

coefficients) is superior to other elimination criteria. However, an 

elimination criteria which uses partial correlation coefficients will 

not guarantee the optimum subset of significant variables. 

Many refinements for deleting insignificant variables have been 

discussed. All of these refinements strive to minimize conputer 

storage, rounding error, and/or conputer computation time. The 

following refinements are incorporated within the LIM regression model: 

(1) the collapsed matrix approach, (2) the minimum storage approach, 

(3) the next-to-the-last tableau approach, and (4) the deviation-

matrix approach. Other refinements which were discussed are the 

reverse Gauss-Jordan approach, the largest-pivot-value approach, and 

the double precision approach. These refinements are not incorporated 

in the LIM regression model. _ 

^ 
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Technical Note 1 

Proof that (1 - V^)(l - V2) > (1 - w)(l - u); where u = R^ p3^^, 

2 2 2 
V]_ =" ^i.245» ^2 ~ •̂ 1.234' ̂  " %.24* 1^1^ proof can be obtained by 

working a problem commonly found in elementary calculus courses. 

Problem. If the sum of two numbers is equal to "S", what must 

the numbers be to maximize their product? 

Solution. Let the two numbers be X and (S - X), where S denotes 

the sum. 

2 dP 
P = (S - X)X = SX - X ; dX = S - 2X = 0, 

X = 2 and S - 2 = 2 . 

Therefore, to maximize the product of two numbers whose sum is S, the 

numbers must be S/2. 

The function P = ( S - X ) X i s a quadratic function of X; therefore, 

the closer X—^S/2, the closer P—)max. Thus, if V-̂  + Vp ̂  u + w and 

0 <:w ^V-,, Vp< u < 1 , then V-̂ V̂p ̂ u-w and (1 - V^){1 - V ) >: (1 - w) 

(1 - u). 

If V + Vp i- u + w, the proof does not hold. However, it is shown 

in Technical Note 2 that V-̂  + Vp can never be less than u + w. 

Technical Note 2 

Proof that V. + Vp -— u + w or Vp - w > u - V^. Let D-j_ = Vp - w = 

2 2 
Rl.23^ - ̂ 1.24 ^ D2 = u - V^ = R^_2345 - "̂ l.aitS-
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Hypothesis. D ^ Dp (Proof by contradiction). It is known 

that 0< w ^ V , V p ^ u - ^ 1 for the addition of a new variable will 

2 
always increase R [8, p, ll8]. The hypothesis D-,< D2 or 

2 2 
V - w C u - V-| is saying that the difference between R. p̂ h - R . 

2 2 2 
is less than RJ pohtr - Rq piicr. But the additional increase in R 

becomes smaller with each additional variable. That is, the increase 

2 
in R-, pii adding variable X will always be greater than or equal to 

2 
the increase in R-. ^.^ adding variable X . Thus the hypothesis 

D-| *^ D is false and D "^ Dp is true. This makes the statement 

V + V >. u + w true. 
1 2 • 

Technical Note 3a 

After a regression model has been derived, one often wishes to 

eliminate unprofitable variables. It is developed in Brownlee [4, 

p, 452] and in Kendall [19, p. l69] that 

c c ̂  
iu uJ 

uu 

gives the new c-values (where c^j = (X'X)""̂ ) for the regression model 

with variable X omitted. The above equation is sinply a Gauss^ordan 
u 

transformation operating in reverse. For example, the new c-̂ ^̂ -value 

for the reduced equation 

in Table 4-10 is 

Y' = b^ + bpX^ + b^X^ 

C-L3 c^^ (.2)(.2) 

4 i =^11 - C33 = ^ - 2 - 1,4 =^-^^ 
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The significance of equation (4-l6) is shown by Brownlee [4, 

p. 452] in conputing the new regression coefficients; 

c. 
lu 

b' = b. - ~ ^u . (4-17) 
1 1 c -̂  uu 

Thus, the value of b' for the reduced equation in Table 4-10 is 
1 

(.2) ^ 

Kendall [19, p. I69] shows the significance of equation (4-l6) by 

taking the difference between b̂ ^ and bl^ ; 

^iu 

b. - b ! = — T " " ^ ^ • ^̂ -̂ ^̂  

^ 1 ^uu 

The above equation utilizes the fact b^ = (X'X)-l(X'Y) or in specific 
terms 

b. = c lY + c plXpY + C33'LX^Y + c^^l^X^Y. (4-19) 
'3 "31 32 

Equations (4-18) and (4-19) play a vital part in deriving an equation 

for conputing partial determination coefficients. 

Technical Note 3b 

This proof shows that equation (4-13) may be derived from the 

definition of a partial determination coefficient, equation (4-11). 

It was shown in Chapter III that 

Total Variation = Explained Variation + Unexplained Variation 

UV = TV - EV. Thus, for a regression equation with independent 

bles X and X^, the unexplained variation is calculated by 

equation (4-20), 
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UV. 1.24 " ^^ - b^^Y - bplXpY - b^l-X^Y, 
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(4-20) 

Notice that total variation is the term Zly , while explained variation 

equals the remaining terms. The unexplained variation for a regression 

equation with three independent variables may be calculated by equation 

(4-21), 

^1,234 " ^^^ - bj^lY - b^lx^Y - b^IX^Y - b^^lx^Y. (4-21) 

Furthermore, the contribution variable X makes in reducing the 

unexplained variation can be determined by utilizing equations (4-18) 

throu#i (4-21); 

^ 1 . 2 4 - ^ . 2 3 4 

= - ( b j - b^)^Y - (b^ - b2)lX2Y + b3lX^Y - (b^ - b^)£.X^Y 

bo 

=̂33 ^ " 
[ c , ^ I Y + CP3XX2Y + C23tX^Y + C32^1X^Y] 

(4-21) 
'33 

The definition for partial determination coefficients, equation 

(4-11), can be written as 

^,234 " ̂ .24 
2 _ :: 
13.24 1 - R 

1.24 

UV, , - UV, 
1.24 1.234 

UV 
1.24 

°33"^1.24 

(4-23) 
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Thus, equation (4-13) is merely a generalization of equation (4-22). 

Notice also that while equation (4-21) gives the contribution of 

variable X in absolute terms, equation (4-22) gives the contribution 

of variable X in relative terms. 

Technical Note 4 

This proof shows that equation (4-10) may be derived from the 

definition of a partial determination coefficient, formula (4-11). 

Equation (4-21) shows that 

"^1.24 - "^1.234 = "̂ 's/̂ SS ^'-'^^ 
or 

"^1.24 = "V^.234 + "̂ s/̂ SS 

or 

^33^1.24 = ^33^1.234 "̂  ̂ 3* ^^-23) 

The above equation may therefore be substituted into equation (4-22) 

to obtain equation (4-24); 

^?3.24 = b|/(c33UV^_24) = b2/(033UV^_234 + V - (4-24) 

Equation (4-10) is merely a generalization of equation (4-24). Notice 

that the unexplained variation in equation (4-22) limits the formula 

to only partial determination coefficients for excluded variables. 

Equation (4-24) does not have this limitation. 
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Technical Note 5 

It is shown by the following error analysis presentation that the 

greatest rounding error occurs between tableaux la and Ila of Table 4-13. 

Many times values in tableau I (the normal equations) are larger 

than eight significant digits and must be rounded. In deriving Tableau I, 

the product of two eight-digit numbers must also be rounded to eight 

digits and then accumulated. Many values in the normal equations are the 

sum of "n" products; the maximum rounding error of the sum of these "n" 

products is therefore "n" times the maximum rounding that may be obtained 

in accumulating the products. 

Subtractions performed following the formation of the matrix (X'X) 

result in the loss of high-order digits in intermediate results. There

fore, the accuracy of low-order digits in the elements of (X'X) is very 

Important, This means that the greatest rounding error will occur in 

the lower right-hand comer of tableau II. Whenever quantities such as 

x^ = (X - X) are computed by using identities ( ̂ ^(X - X) 

2"X^ - nX^), one must expect to lose significant digits. This occurs 

2 —2 
when the first "m" high-order digits of ;^X and nX are identical. Of 

course, the number "m" is dependent upon the data. For example, let 

d = (X - X) or X = X + d, then 

x^ = 1. X^ - nX^ = 21(X + d)^ - nX^ 

= nX^ + 2X ̂ d + 2.d^ - r^^ = 21^^-

The smaller the d-values with respect to X, the more "m" significant 

digits are lost in performing the subtraction. 



CHAPTER V 

SUMMARY AND CONCLUSIONS 

The purpose of this study was to show the derivation, superiority, 

and conputer applicability of the LIM regression model. The logic and 

theory fourd in existing literature concerning linear models were pre

sented in Chapter II and III. The development of the LIM regression 

model was presented in Chapter IV. It is shown in Chapter IV that the 

LIM model unifies and extends existing theory and numerical methods 

used in regression analysis. In this chapter, the development of the 

LIM regression model is summarized. In showing the advantages of 

the LIM procedure, the limitations of the stepwise procedure are once 

again noted. Then, the advantages of the LIM procedure are reiterated. 

Finally, some concluding comnents and suggested areas for further re

search are enumerated. 

Summary 

The wide range of uses for correlation and regression has led to 

many specialized applications and modifications. Variable selection 

models, which strive to acquire the optimum set of regressors, are used 

in many fields. The optimum set of regressors consists of only those 

variables which are significantly related to the dependent variable. 

Thus, by excluding insignificant variables, the model is more manage

able and operational cost is lower. 

134 
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Stepwise Regression 

The stepwise regression approach is currently considered to be the 

best approach of the variable selection models [8, p. 172]. In recent 

years, many different versions of Efroymson's stepwise regression ap

proach have been developed [3]. However, all are governed by the same 

theory and logic; none guarantee the optimum subset of significant 

variables. All versions of the stepwise procedure suffer from the in

ability to calculate partial correlation coefficients. 

Multicollinearlty, The logic and theory found in existing literature 

conceming linear models were presented in Chapter II and III. Special 

enphasis was given to topics concerning multlcolllnearity, partial 

regression tests, and partial correlation tests. It was shown how 

multicollinearlty causes 

a) the separate influences of independent variables on the 
dependent variable to become obscure, 

b) the value of regression coefficients to be distorted 
(variables positively related to the dependent variable 
may acquire negative regression coefficients—see 
equation (3-21)), and 

c) the variance of regression coefficients to be excessively 
large (see equation (3-7)). 

Thus, multicollinearlty prohibits the efficient use of significance 

tests involving partial regression coefficients. 

Limitations of Stepwise Regression, Since the stepwise regression 

procedure cannot calculate partial correlation coefficients for vari

ables included within the model, it is limited to significance tests 

involving partial regression coefficients, It was shown in Chapter III 

that these tests are only acceptable when the independent variables are 

. ^ 
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orthogonal. In business and economics, orthogonal variables are rare 

[13, p. 201], It was also shown that the stepwise regression procedure 

has the limitation of order bias—whether a variable is included in 

the model may depend on the order in which the variable is brought into 

consideration. The stepwise regression model is therefore inefficient 

as a variable selection model when multicollinearlty is present. 

LIM Regression Model 

Superiorities of the LIM regression model are summarized in this 

section. First, the superiority of an elimination criterion which uses 

partial correlation coefficients will be noted. Then, the numerical 

method for calculating partial determination coefficients is summarized. 

The efficiency of a model which uses the Gauss-Jordan algorithm and the 

"working vector" will also be noted. Finally, the numerical refinements 

of deleting variables from the LIM model will be mentioned. 

Elimination Criterion. Significance tests using partial correlation 

coefficients are generally accepted as being superior to other signi

ficance tests. Ferber [12, p. 358] states that the interacting effects 

are removed when partial correlation coefficients are computed. It was 

proven in Chapter IV that if a variable »s highest-order partial corre

lation coefficient is not significant, then the variable's lower-order 

partial correlation coefficients are also not significant—provided 

the deleted variables were not significant. The converse of the above 

statement is not true, A variable's hl^est-order partial correlation 

coefficient may be significant even thou^ its lower-order partial corre

lation coefficients are not significant [1, p. 176]. For exanple. 
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variable X^ may be Insignificant until it is combined with variable X^, 

There Is a great possibility that the stepwise variable selection pro

cedure would not include variable X3 in the model. The LIM regression 

model has an elimination criterion that uses partial correlation coef

ficients and would therefore include variables such as X^ in the model. 

Partial Determination Coefficients. It is evident from the above dis

cussion that the superiority of the LIM regression model rests firmly 

upon its ability to calculate partial correlation coefficients. An 

elimination criterion that uses partial correlation coefficients (or 

partial determination coefficients) would not be feasible if the round

ing error and/or calculations involved in conputing partial deter

mination coefficients are excessive. 

The equation for conputing partial determination coefficients 

was derived in Chapter IV. The logic and theory underlining equation 

(4-10), 

IJ.23...K 
(4-10) 

uv(x'x)-i + b (UV)(cjj) +bj 

are presented in Table 4-4 and Technical Note 4. In Chapter IV, it 

was also shown that the rounding error and calculations associated 

with equation (4-10) are not excessive. The superiority of equation 

(4-10) was magnified when it was conpared to other equations for com

puting partial determination coefficients—equations (4-11), (4-12), 

and (4-13). Ihus, the LIM regression model has the capability of 

conputing partial determination coefficients for all variables included 

within the model. 
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Gauss-Jordan Algorithm. The efficiency of the Gauss-Jordan algorithm 

was also discussed in Chapter IV. Reference was made to Alex Orden's 

[24] article "Matrix Inversion and Related Topics by Direct Methods" in 

substantiating the claim that the Gauss-Jordan method is superior to 

other matrix inversion methods. 

Working Vector. The LIM regression procedure combines the efficiency of 

the working vector (see equation (4-6)) with the efficiency of the Gauss-

Jordan algorithm. The working vector is one of the outstanding features 

of the LIM regression model. The use of the working vector enables many 

statistics to be calculated with a minimum amount of calculations. The 

working vector also plays a vital part in developing the theory which 

underlines the calculation of partial determination coefficients (see 

Table 4-4). 

Numerical Refinements. The LIM regression model has the capability of 

conputing partial correlation coefficients for all variables within the 

model. If a variable's partial correlation coefficient is found to be 

insignificant, the variable is deleted from the model. Numerical re

finements for deleting variables from the model were discussed in 

Chapter IV. All refinemsnts strive to minimize conputer memory stor^ 

age, rounding error, and/or conputation time. The refinements incor

porated in the LIM regression model are listed below: 

(1) The Collapsed Matrix Approach 

(2) The Minimum Storage Approach 

(3) The Next-to-the-last Tableau Approach 

(4) The Deviation-Matrix Approach. 

These refinements add to the efficiency of the LIM regression model. 
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Sunmary Illustration 

The following illustration summarizes the capabilities and numeri

cal refinements of the LIM regression model. The data used in this 

illustration describes the weight of snipes in relation to their height, 

age, and foot size. This data is given in Table 5-1; T^le 5-1 is 

identical to Table 4-5, 

TABLE 5-1 

Snipe 

A 

B 

C 

D 

E 

THEIR HEIGHT, 

h 
1 

1 

1 

1 

1 

AGE, 

X-4fetrij 

Xp 

1 

2 

3 

4 

5 

AND FOOT SIZE 

r 

^3 

0.5 

2.5 

3.5 

3.5 

5.0 

^4 

2 

2 

3 

5 

8 

JJU J.V̂  

Y-Vector 

6 

20 

20 

26 

28 

The LIM regression model is Illustrated in Table 5-2. This model 

utilizes the data presented in Table 5-1. Table 5-2 is therefore simi

lar to Table 4-11; both use the minimum storage approach and the next-

to-the-last tableau approach for calculating partial determination 

coefficients. The statistics that can be obtained from Table 5-2 are 

presented in T^le 5-3. The derivation of the equations given in Table 

5-3 were presented in previous chapter (see Table 3-10). 
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TABLE 5-2 

LIM Model With Minimum Storage Allocation 

TABLEAU 

V 

Calculations 

Matrix (X'X) and (X'X) ̂  Vector X'Y 

5 15 15 20 100 
I 15 55 55 75 350 

15 55 56 74 354 
20_ 75. 74_ 106_ 4_66_ 

100 350 354 466 2296 

0.2 3 3 4 20 
II -3.0 10 10 15 50 

-3.0 10 11 14 54 
-4.0 15 • 14 26 66 

0.0 50 54 66 296 

1.1 -0.3 0 -0.5 5 
III -0.3 1.1 1 1.5 5 

0.0 -1.0 1 - 1 . 0 4 
0_.5._ _-1.5 -1 _ _ 1-5. -9. 

-5.0 -5.0 4 -9.0 46_ 

1.1 -0.3 0.0 -0.5 5 
IV -0.3 1.1 -1-0 2.5 1 

0.0 -1.0 1.0 -1.0 4 
0.5. _ _-2.i _ _ 1.0. _ _ 2.5. -5. 

-5.0 -1.0 -4.0 -5.0 30_ 

1.2 -0.8 0.2 0.2 4 
-0.8 3.6 -2.0 -1.0 6 
0.2 -2.0 1.4 0.4 2 
^.2 _ _-l.0 _ _ 0..i _ _ 0.4_ -2 

.1].0 -6.0 -2.0 2.0 20_ 
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TABLE :5-5 

Statistics Obtained Prom Table 5-1 

Explanation 

Equations useci in the LIM Regression Model, 

2 UV EV 

i 
Tableau II. Coefficient of Detennination Matrix: 

2 (50)^ P (54)^ 2 , (^^)^, 
r"̂  = (10)(296) = .845; r^ . = (ll)(296) = .896; r^^^ = (26) (296) = .556 1.2 ^--/^->-^ •-•->> -1.3 

2 -̂̂ ẑ' 2 (10)^ P (15)^ 
r = (10)(11) = .909; r^ . = (10)(26) = .865 

^̂  ,2 
(14)' 

r̂ î̂  = (11)(26) = .685 

Tableau III Tableau IV Tableau V 

Regression Equations: 

Y' = 5 + 5X2 Y- = 5 + X2 + 4X3 Y' = 4 + 6X2 + 2X3 - 2X^ 

Coefficient of Determination: 

46 p 30 2 - ^ 
R^ 2 = 1 - 9^ = -8^5; Ri^23 = 1 - 29^ = '899; R1.234 = 1 " 29^ = -932 

Partial Determination Coefficient: p 
(-5) 

Tableau V ^l4.23 " (2.5)(30) - -33 

Tableau V. Partial Determination Coefficient: 

r. 
2 rfi^2 ^ 30. r^ = (2)^ = .125 

12.34 V o ) ( 3 . 6 U (bT̂  ' ^ • ' ' (20)(1.4) - (2)2 

(-2)^ p 
r f . . . = (20)( .4) + (-2)^ = .33 

14.23 
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TABLE 5-4 

The LII4 Regression Model by the Collapsed '.'^.tvty. Ap::rcac 

TABLEAU 
Calculations 

-1 Matrix (X'Z) and (X'X) Vector X'Y 

5 15 15 20 100 
la 15 55 55 75 350 

15 55 56 74 354 
20_ 75 74__106 46_6. 

100 350 354 466 2296 

Delete variable X-,; delete third row and third column. 

lb 

II 

5 
15 
20 

100 

0.2 
-3.0 
-4.0 

-20.0 

1.1 
-1.3 
0.5 

-5.0 

1.17 
-0.51 
O.ll 

-3.74 

15 
55 
75 

350 

3 
10 
15 50 

-0.3 
0.1 

-1.5 

-5.0 

-0.52 
0.74 

-0.43 

-8.87 

20 
75 

106 

466 

4 
15 
26 

-0.5 
1.5 
3.5 

-9.0 

0.14 
-0.44 
0.29 

2.61 

100 
350 
466 

2296 

20 
50 
66 
296 

5 
5 

-9 

46 

3.72 
8.86 

-2.57 

22.87 
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Statistics Obtained From Table 5-4 
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Explanation 

Tableau II, The coefficient of determination matrix was calculated before 
the matrix was collapsed (Tableau II of Table 4-6); it need 
not be recalculated. 

Regression Equation: 

Tableau III 

Tableau IV 

Coefficient of Determination: 

Tableau III 

Tableau IV 

Partial Determination Coefficient; 

Tableau III 

Y' = 5 + 5X2 

Y' = 3.72 + 8.86X2 - 2.57Xî  

2 
^1.2 = 1 " 46/296 = .845 

R2 23 = 1 - 22.87/296 = .932 

,2 
(-9) 

•14.2 = (3.5)(46) = .503 

Tableau IV. 

2 
^12.4 

Partial Determination Coefficient 

2 
(-.389) 

= (4.176)(.0437) = .829; 
"14.2 

(.113) 
(.5B2)(.0437) = .502 

Conpare this table with 5-3- Notice that the deletion of variable X^ resulted 

in R? U = .932 being reduced to R^ = .923. ^is slight decrease is explained 

by the multicollinearlty existing between variables X2 and X^; R2.3 " •9°9-

Notice also that with variable X^ deleted, variable X2 increases in signifi-

2 2 
cances—from r2_2 34 = '333 to I'-L2̂ 14 = -503. 
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Assume variables are deemed insignificant and deleted from the 

model if their partial determination coefficient is less than .30. 

Thus, variable X^ should be deleted from the model. Ihe collapsed 

matrix approach is illustrated in Table 5-4. Ihe only difference be

tween Table 5-2 and Table 5-4 is that variable X (row 3, column 3) is 

deleted from Table 5-4. The statistics obtained from Table 5-4 are 

given in Table 5-5. Notice the similarity between Table 5-5 and 

Table 4-9. 

The LIM regression model may be summarized by the following steps. 

(1) Derive the normal equations with the working vector. (See 
Table 5-1 and Table 5-2.) 

(2) Invert the matrix (X'X) by applying Gauss-Jordan trans
formations. (See Table 5-2). 

(3) Calculate statistics and delete insignificant variables 
by the collapsed matrix approach. (See Table 5-3 and 
Table 5-4). 

(4) Invert the collapsed matrix and calculate statistics. 
(See Table 5-4 and Table 5-5). 

Ihe superiority of the LIM model is based upon the ability to coipute 

partial determination coefficients with a minimum rounding error and 

calculations. The above Illustration shows that the LIM model has 

these capabilities. 

Conclusions 

Ihe following conclusions are drawn from the analysis developed 

in previous chapters: 

(1) Multicollinearlty prohibits the effective use of signi
ficance tests involving partial regression coefficients. 



145 

(2) Significance tests involving partial correlation 
coefficients are superior to significance tests 
Involving partial regression coefficients. 

(3) A variable selection model which uses partial corre
lation tests as an elimination criterion is superior 
to other variable selection riDdels. 

(4) Ihe LIM regression model possesses the ability to 
compute more information (highest-order partial corre
lation coefficients for all variables) than other 
regression models. 

(5) The LIM regression model combines the efficiency of the 
working vector with the efficiency of the Gauss-Jordan 
algorithm. 

(a) Ihe model can therefore calculate statistical 
measurements (Including hi^est-order partial 
correlation coefficients for all variables) 
with a minimum iKDunding error. 

(b) The rrodel can also calculate statistical measure
ments with a minimum amount of calculations. 

(c) Ihe model is easily adaptable to the computer. 

(6) An understanding of the LIM regression model not only 
necessitates an understanding of regression theory but 
also an understanding of the Gauss-Jordan algorithm. 
Ihus, a knowledge of the LIM model has more pragmatic 
value than a knowledge of other regression models. 

(7) An understanding of all regression and correlation 
measurements can easily be learned by applying the 
LIM regression model. Thus, the model has tremendous 
pedagogical advantages. 

Suggested Areas for Further Research 

The purpose of this study was to show the derivation, superiority, 

and computer applicability of the LIM regression model. It is evident 

from the above conclusions that this has been acconplished. However, 

further research into the following areas would greatly add to the 

superiority of the LIM regression model. 

âa-i-TLi ::.;i-:̂ : lii: l.STSrt -atM*l 
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Optimum Subset. It was proven in Chapter IV that if a variable's 

highest^rder partial correlation coefficient is not significant, then 

the variable's lower-order partial correlation coefficients are also 

not slgnlflcant~provided that the deleted variables were not signifi

cant. Furthermore, a variable's lower-order partial correlation coef

ficients may be insignificant even though the variable's highest-order 

partial correlation coefficient is significant. Only one proof remains 

which prohibits the LIM regression model from claiming that it always 

selects the optimum subset of significant variables. Assume that 

•"̂ 13.24 ̂ ^ ^ ° ^ significant and that r]_2.34 and r-;̂  p^ are significant. 

If variable X^ is deleted from the model, will X2 and/or XK still be 

significant? Variable X̂ ^ may only be significant if it is corrbined 

with the insignificant variable X^. Ihus, the deletion of the insigni

ficant variable X^ may cause the significant variable Xu to be insigni

ficant. Further research in this area should be conducted. 

Multiple-Partial Determination Coefficient. The LIM regression model 

does not have the capability of computing multiple-partial determination 

coefficients. Croxton and Cowden [7, p. 551] give a definition and 

equation for computing multiple-partial detennination coefficients; 

R.̂  - r 2 
^2 - 1-234 '1.2 (^,) 
^1(34).2 - • ^^^^ 

1 - r 2 
1.2 

Multiple-partial detennination coefficients may be explained in the 
2 

following manner. Ihe partial detennination coefficient r^^ 24 rnesisures 

the amount of variation in the variable Y explained by X^ while holding 

•^•••P»»i»*i^7^*^wwwqy^«i • I T J 
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the influence of X^ and X^ constant. The multiple-partial determination 

coefficient -̂L(C?/|) n "^^^^^^^ the amount of variation in the variable Y 

explained by X^ and X̂ ^ while holding the influence of X^ constant. 

Kendall [19, p. 236] states that a fixed effect analysis-of-

varlance model Is, in fact, a special case of the linear regression 

model, where the Independent variables are dunmy variables (re

stricted variables, usually can only take on the values of zero or one). 

A regression model with the ability to conpute multiple-partial deter

mination coefficients would also have the ability to efficiently solve 

many analysls-of-variance-type problems. Further research In the areas 

of multiple-partial determination coefficients, dummy variables, and 

analysis-of-variance should be conducted. 
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