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ABSTRACT 

“Vortex bursting” has been described to denote abrupt radial expansions of vortex columns 

without any quantitative discussion. Being mainly a consequence of the vortex radius 

variation, it is addressed here via Direct Numerical Simulations with two different initial 

radius variations (𝛽, the ratio of maximum to minimum core radii) at Reynolds number 

(𝑅𝑒 ≡ Γ0/𝜈 = circulation/viscosity) of 5,000. Radius variations inherently lead to vortex 

line coiling, forming coaxial rings of azimuthal vorticity (𝜔𝜃) which axially advect to 

collide and form vortex dipoles. For 𝛽 = 2, the dipole’s outward advection is arrested by 

a counter-dipole, resulting from the former’s meridional flow tilting the column’s axial 

vorticity (𝜔𝑧). For 𝛽 = 5, in contrast, the dipole erupts as a burst – hence the dipole 

eruption is defined as vortex bursting. Higher 𝑅𝑒′𝑠 produce complex three-dimensional 

bursting dynamics involving additional vortex line coiling/uncoiling within the column’s 

core, as well as dipoles’ leapfrogging and erupting to larger radii. Modeling the dipole’s 

interaction with the counter-dipole, a criterion for the dipole 𝜔𝜃 necessary to cause bursting 

is derived: 𝜔𝜃
2 > (

4

𝜋

𝑉

𝑟
𝜔𝑧), with 𝜔𝑧 evaluated at the radius (r) where the circulation (in the 

collision plane) is 90% of its maximum. Further inviscid analysis yields a threshold of 

𝛽𝑚𝑖𝑛 = 1.55 needed to cause bursting. A parametric search confirms this 𝛽𝑚𝑖𝑛 to be the 

asymptotic limit at high Re’s. Thus, vortex bursting is defined, its dynamics elucidated, 

and a criterion for its occurrence derived.  

  



Texas Tech University, Eric Stout, December 2021 

iv 

 

LIST OF TABLES 

1. Bursting as a Function of 𝛽 and 𝑅𝑒 ....................................................................51 

2. Comparison of (𝜔𝜃)
𝑐 and (𝜔𝜃)

𝑓 as an Indicator of Bursting ............................54 

  



Texas Tech University, Eric Stout, December 2021 

v 

 

LIST OF FIGURES 

1. Vortex Breakup, Breakdown and Bursting ...........................................................2 

2. Different Types of Breakdown .............................................................................5 

3. Examples of Vortex Core Variation .....................................................................7 

4. Initial Flow Configurations .................................................................................12 

5. Vorticity Generation Mechanisms ......................................................................16 

6. Vortex Line Coiling and Uncoiling ....................................................................18 

7. Dipole Meridional Flow and Associated Strains ................................................20 

8. 𝛽 = 2 Meridional Plane Evolution .....................................................................21 

9. 𝛽 = 5 Meridional Plane Evolution .....................................................................22 

10. Dipole Ring Separation .......................................................................................25 

11. Vortex Line Deformation Before Collision ........................................................26 

12. Vortex Ring Separation Via Reconnection .........................................................27 

13. Secondary Vortex Line Reconnection ................................................................28 

14. DNS Visualizations of Vortex Line Reconnections ...........................................29 

15. Dipole Leapfrogging Sketch ...............................................................................30 

16. 𝑅𝑒 = 5,000 Enstrophy Contours ........................................................................31 

17. 𝑅𝑒 = 20,000 Enstrophy Contours ......................................................................32 

18. Dipole Leapfrogging Results ..............................................................................34 

19. Vortex Line Evolution During Bursting .............................................................35 

20. Dipole Ring Vortex Lines During Bursting ........................................................36 

21. Dipole Ring Enstrophy Surfaces During Bursting..............................................39 

22. Opposite 𝜔𝜃 Patch Formation Examples ............................................................42 

23. Interaction of Dipole and Counter-Dipole to Prevent Bursting ..........................43 

24. Model of Dipole and Counter-Dipole Interaction ...............................................45 

25. DNS Results of Counter Dipole Growth ............................................................47 

26. Bursting as a Function of 𝛽 at 𝑅𝑒 = 5,000 ........................................................55 

27. Bursting as a Function of 𝛽 at 𝑅𝑒 = 20,000 ......................................................57 

28. Bursting as a Function of 𝛽 at 𝑅𝑒 = 50,000 ......................................................58 

29. Evolution of a Sinuous Vortex Core at 𝑅𝑒 = 10,000 ........................................63 

  



Texas Tech University, Eric Stout, December 2021 

1 

 

CHAPTER 1 

INTRODUCTION 

The evolution of an isolated vortex column has long been a topic of significant interest, 

not only driven by a need for practical understanding of the decay of trailing vortices 

behind aircraft and wind turbines, but also inspired by the pursuit of a physical and 

theoretical understanding of the dynamics of large-scale vortical structures – coherent 

structures – in turbulent shear flows. The linear stability of rectilinear column vortices is 

well documented (Lessen, Singh & Paillet 1974), while their evolution in turbulent flows 

is increasingly complex as the perturbations intensify and begin to interact with each other 

and the mean. Strong nonlinear interactions can transport mean angular momentum radially 

and modify the radial distributions of azimuthal velocity (hence circulation distribution) 

and axial vorticity within the column, producing various disruptions to the vortex core. 

Three common disruptions are observed: 1) vortex breakup, where the column transitions 

into smaller turbulent vortex fragments (figures 1a-b; Duraisamy and Lele 2008); 2) vortex 

breakdown, characterized by the formation of a stagnation point on the axis (figure 1c; 

Leibovich 1978); and 3) vortex bursting with the formation of a dramatic, disk-like core 

(sketched by Spalart 1998; figure 1d). Note that there seems to be considerable overlap in 

the dynamics of the distinct phenomena of breakdown and bursting (sometimes these two 

are even confused for each other). Hence, the more extensively studied breakdown is 

discussed in some detail in the introduction. Each of these disruptions remarkably changes 

the subsequent evolution of the vortex column and has numerous applications in nature and 

technology.  
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 The breakup of a vortex column typically results from instability, such as in the 

presence of axial flow, which amplifies random fluctuations into vorticity filaments that 

then distort (figure 1a) and eventually transition the column into smaller-scale structures 

(figure 1b). Such a transition is accompanied by a drastic increase in the vortex column 

radius and an associated decrease in the peak azimuthal velocity. Furthermore, the 

redistribution of axial momentum via breakup into a stable configuration ends the 

instability, resulting in the coalescence of the small-scale structures into a more diffuse, 

stable vortex. One focus in this topic is how to trigger it for an initially normal-mode stable 

vortex. The non-self-adjoint nature of the linearized Navier-Stokes equations means that 

the Lamb-Oseen vortex (a typical model for a purely swirling vortex column) supports 

transient growth of perturbations, whereby a period of temporary algebraic kinetic energy 

growth occurs before the onset of exponential decay predicted by normal mode stability 

 (a) (b) 

  
  (c) (d) 

     
Figure 1 Vortex Breakup, Breakdown and Bursting 

(a)-(b) Breakup of a highly unstable Batchelor vortex from Duraisamy & Lele (2008), (c) 

sketch of streamlines in a meridional plane for vortex breakdown (Leibovich 1978), and (d) 

vortex bursting sketch, where the black region represents smoke (Spalart 1998).  
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analysis (see Schmidt & Henningson 2001 for a theoretical interpretation and Pradeep & 

Hussain 2006 for the underlying physical mechanisms). This temporary growth means that 

certain perturbations could undergo several orders of magnitude growth and potentially 

destabilize and break up the vortex (Pradeep & Hussain 2010). As an example of a realistic 

perturbation, ambient turbulence can induce instability on the column, namely, due to axial 

flow – which can be generated by transiently growing perturbations (Stout & Hussain 

2016) – indicating transient growth excites instability of the vortex column and hence 

potentially its breakup. Elucidating the dynamics of naturally induced instability is 

essential to achieving the breakup of large-scale vortices, particularly in trailing vortices 

behind aircraft. Diffusion and breakup of trailing vortices may accelerate their decay and 

hence may help ameliorate the wake hazard problem and seem essential to address the 

looming crisis of the air traffic capacity. 

The second type of vortex disruption is vortex breakdown, which is characterized 

by the appearance of a stagnation point on the vortex axis, behind which numerous types 

of secondary flows occur, often significantly expanding the vortex core (figure 1c). Vortex 

breakdown leads to the appearance of a stagnation point in a polarized vortex, necessarily 

implying the appearance of a recirculation bubble (small or large) downstream of the point 

– a feature distinct from vortex bursting. Vortex breakdown has been visualized as a “bell-

shaped” distribution of injected tracers between a slender-cored vortex column and a wide-

cored, post-recirculation vortex column, and is commonly known as a bubble type 

breakdown (figure 2a). As the vortex core size is maintained by the low pressure within 

the core, the change in the column core size indicates a difference in the pressure along the 

vortex axis; as the core expands, the pressure increases. This “bell-shape” depicts well the 
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streamlines around the stagnation point (sketched by Leibovich 1978; figure 1c) – note that 

the recirculation region appears to consist of two vortex rings! In addition to bubble type 

breakdown, other breakdown types are observed for different ratios of the azimuthal to 

axial velocities (these are discussed in the following as azimuthal velocity increases with 

respect to axial velocity): 1) a breakdown with no discernible bubble, but instead a spiral-

like pattern in the post-breakdown tracer field (figure 2b; Leibovich 1978); 2) a double 

helix spiral breakdown (figure 2c; Sarpkaya 1971); and 3) a spiral pattern behind a bubble 

breakdown (figure 2d; Sarpkaya 1971). For certain conditions at higher axial flow, the 

tracer wake moves upstream and overlaps the recirculation region, appearing as almost a 

purely conical wake after the stagnation point – called conical breakdown by Sarpkaya 

(1995; figure 2e, with the recirculation region indicated by a red line). Breakdowns also 

occur: a) in contained flows (drums with lids that rotate independently, (Escudier 1984; 

Husain et al. 1995; Husain et al. 2003), where multiple vortex breakdowns were observed); 

b) in contained multiphase flows (Naumov et al. 2020, where two fluid layers in a drum 

can experience breakdown simultaneously or independently depending on which lid 

rotates); or c) in pipe flows, where similar changes in the breakdown type to those discussed 

above and in figure 2 occur depending on the rotation rates (Brown and Lopez 1990). In 

the case of vortices over aircraft, the strongly varying pressure distributions within the pre- 

and post-breakdown cores mean a significant loss of lift on a wing and the occurrence of 

rolling motion if breakdown occurs on one wing only, with possibly catastrophic 

consequences; in contrast to this danger, breakdown within trailing vortices could 

accelerate vortex decay to ameliorate the air traffic wake crisis. There are numerous other 

technological flow situations where vortex breakdown plays a critical role, including 
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internal flow devices, combustion chambers, and flow separators, where breakdown can 

be beneficial instead of a risk. Thus, identifying the root causes and understanding the 

processes of breakdown, as well as its control for both enhancing and suppressing its effect, 

remain outstanding, formidable challenges. 

The third disruption, namely vortex bursting, has primarily been observed in 

experimental studies of trailing vortices (Liu 1992) and described as an abrupt increase in 

the vortex core, resulting in a pancake-like (flat disk) expansion of the vortex, nicely 

illustrated by Spalart (1998; figure 1d). Note that the idealized sketch of Spalart may not 

capture the complete flow physics (in fact, the disk, in reality, reflects a complex structure 

of multiple co-planar dipoles, as discussed below), especially for turbulent cases; hence the 

disk-like region of the core may be broken up into turbulence. Core variations on vortex 

columns are not rare, obviously involving phenomena other than bursting, such as the 

sinuous variations due to core dynamics in Melander & Hussain (1994; hereinafter MH94). 

(a) Bubble Type (Sarpkaya 1971)        (b) Spiral Type (Leibovich 1978) 

  
(c) Double Helix Type (Sarpkaya 1971)   (d) Spiral Tail Bubble Type (Sarpkaya 1971) 

  
          (e) Conical Type (Sarpkaya 1995) 

 
Figure 2 Different Type of Breakdown 

Different types of vortex breakdown for flows over wings. The recirculation bubble is 

indicated in (e) by the red outline.  
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Vortex bursting, on the other hand, is described by Spalart as a column abruptly expanding 

into an axially localized, pancake-like disk (i.e. a sharp, localized variation of the core). It 

is posited that this increase is due to the formation and eruption (radial advection away 

from the column axis) of a vortex ring dipole. In comparison, vortex breakdown involves 

a recirculation region, which forms a “bell-like” pattern (see figure 1c). Note that the 

intrinsic difference between the shapes of vortex bursting and vortex breakdown is not 

often recognized; this disk-like configuration is taken as the telltale characteristic feature 

of bursting as opposed to breakdown. The interest in vortex bursting is two-fold: first, the 

expansion of the core indicates that contrails, typical condensation in the low-pressure core 

of aircraft trailing vortices which increases cloud cover and causes solar energy capture, 

could be dispersed to reduce man-made cloud cover and its impact on heat capture and 

global warming (Spalart 1998); and second, possible bursting induced expansion of the 

vortex core will accelerate trailing vortex decay, mitigating its threat to subsequent aircraft 

– indeed a severe crisis handicapping the air traffic capacity.  

The term “vortex bursting” has often been used to describe breakdown-like events, 

especially in early flow visualization studies, particularly in vortices shed from lifting 

bodies as well as in combustion devices. Werle (1984) described vortex bursting as a 

process similar to wake bursting, or boundary layer separation on a wall, due to a pressure 

gradient along the axis, typically caused by the diffusion of the vortex core or by some 

external pressure gradient. In contrast to his claims, the captured dynamics are more 

reminiscent of spiral breakdown (figure 2b) than a pancake-like burst – indicating he 

misinterpreted breakdown as bursting. Similarly, Bandyopadhyay (2020) visualizes 

vortices shed from a lifting body near a free surface to understand how a varying core 
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radius disrupts a trailing vortex column. Following a period of stretching after their genesis, 

vortices are observed to break into air bubbles manifesting as “bursting”; however, closer 

examination reveals that these “bursts” are associated with the occurrence of stagnation 

points, which suggests breakdown as the underlying phenomenon. Another indication that 

a burst is not responsible for the bubble formation is the occurrence of helical (𝑚 = 1) 

modes, which would not occur for a disk-like (𝑚 = 0) burst.  

Flame studies often observe moving pressure waves in vortex columns and rings 

that act as flame holders, which are typically described as bursting (Panton and Sweat 1977; 

Ishizuka et al. 1998; and Shimokuri et al. 2013). Instead of disk-like bursts, the 

documented flow dynamics in these devices display axially advecting axisymmetric 

breakdowns, involving internal stagnation points and a distinct recirculation region which 

move along the vortex axis. The increased changing vortex core radius due to the 

recirculation bubble is sometimes described as vortex bursting because of the increase in 

 
Figure 3 Examples of Vortex Core Variation 

(a) Vortex reconnection in progress, showing the newly formed bridge connecting the 

original tubes and the remnant threads along the original direction of the tubes. Pressures 

within the core in the bridge (P1) and tube (P2) indicate the direction of the pressure 

gradient within the reconnected tube (towards P1). (b) Vortex column core radius variation 

induced by an external ring. 
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the core radius. However, the bell-shaped recirculation region within the core clearly 

indicates vortex breakdown instead of the disk-like structure of a burst.  

Several numerical studies have examined vortex bursting. Moet et al. (2005) 

simulated an isolated vortex column with an axial variation of the core radius, which they 

claimed caused vortex bursting. The change in the core radius along the column is 

associated with an axial pressure decrease from the larger core towards the smaller core. 

This pressure gradient causes axial flow towards the contracted region (i.e. the point of 

lowest pressure), generating coiling-induced azimuthal vorticity and axial flow (which 

collide producing radial outflow); this results in the vortex core expansion into a disk. 

However, the use of periodic boundary conditions for a single vortex contaminated the 

flow by forcing the azimuthal velocity at the radial boundary to zero, causing decreasing 

circulation by the contamination leading to an artificial centrifugal instability (as one would 

infer from the assertions of Pradeep & Hussain 2004). This instability causes unphysical 

growth of the azimuthal vorticity; the azimuthal vorticity growth due to centrifugal 

instability and the subsequent eruption of vortex ring dipoles are discussed in Stout & 

Hussain (2013). Additionally, Moet et al.’s simulation appears to be under-resolved, which 

presumably triggered the apparent unphysical non-axisymmetric fluctuations that are 

amplified by the artificial centrifugal instability (this is further supported by the fact our 

similar configuration lacks any asymmetric fluctuations during its evolution in section 3.2). 

Their simulation of antiparallel vortices with axial flow, which reconnected via Crow 

instability (1970), generated pressure fluctuations and core radius variations along the core, 

which were assumed to cause a burst. Reconnection of vortex tubes means the core of the 

newly formed bridges across the two tubes is naturally smaller in cross-sectional area 
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(though constantly increasing) than the original tubes (sketched in figure 3a), resulting in 

a lower pressure (P1) within the bridge than within the tubes (P2), hence a similar pressure 

gradient. However, this pressure gradient along the core is presumably small, as the 

variation of the vortex core along the bridges fails to lead to a pancake-like core and a 

burst.  

The absence of bursting in Moet’s practical scenario, the vortex reconnection 

simulation, caused Misaka et al. (2012) to reject core variation as a source for bursting. 

Instead, they suggested that external vortex filaments wrapped around the vortex columns 

cause bursting. Such a wrapped filament (idealized as a ring in figure 3b) causes radial 

compression and expansion of the vortex core due to the radial component of the ring’s 

velocity (sketched in figure 3b); presumably, for large amplitude filaments the expansion 

of the core would result in a pancake-like expansion (hence a burst). However, studies of 

vortex-turbulence interaction indicate that the vortex filaments encircling the column are 

too weak to cause significant advection of vorticity away from the column (Pradeep & 

Hussain 2010). Additionally, Marshall (1997) showed that filaments outside the column 

induce oppositely oriented vorticity within the core (the grey vortex ring within the column, 

figure 3b); this opposite vorticity’s meridional flow reduces the radially outward advection 

of fluid from the column. For strong filaments, the vortex column’s core gets wrapped 

around the ring, instead of forming a pancake-like disk. It seems likely that the filaments 

outside the core reorganize the tracers in Misaka et al. into a conical shape – which does 

not resemble the disk-like eruption characteristic of bursting. Thus, Misaka et al. captured 

the interaction of external filaments with the core without a burst forming, as the dynamics 

occur without significant distortion of the vortex column. From the works of Moet et al. 
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and Misaka et al., the confusion surrounding the phenomenon of vortex bursting remains 

fairly confusing at best, and thus a more rigorous treatment of vortex bursting is warranted. 

Recently, van Rees (2020) visualized a sinusoidally varying vortex column and 

observed the formation and eruption of a vortex ring dipole – capturing what is describe 

here as vortex bursting. However, the dynamics responsible for the initiation and separation 

of the dipole ring from the column were not addressed. Note that, in contrast to Moet et al. 

(2005), no turbulence developed in van Rees’ results, likely due to a higher resolution in 

the latter case. Thus, the questions of what triggers a vortex burst and the dynamics 

associated with bursting remain open.  

 The outline of this paper is as follows. The numerical method and initial conditions 

are described in section 2. In section 3, the axisymmetric vorticity dynamics related to 

bursting are outlined, and the evolution of a vortex burst is delineated, clearly defining 

what a burst is. Finally, section 4 develops an analytical model of the vortex bursting 

dynamics to derive the minimum radial variation needed to cause vortex bursting. A 

concluding discussion of the implications and future works are given at the end. 
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CHAPTER 2 

INITIAL CONFIGURATION AND NUMERICAL SET-UP 

The coordinate systems, Cartesian (𝑥, 𝑦, 𝑧) and cylindrical (𝑟, 𝜃, 𝑧), as well as the 

cylindrical velocity (𝑢, 𝑣, 𝑤) and vorticity (𝜔𝑟 , 𝜔𝜃, 𝜔𝑧) components are shown in figure 

4a, along with a generic vortex column. The velocity profile, 𝑣(𝑟, 𝑧), is an Oseen vortex, 

defined as 

 𝑣(𝑟, 𝑧) =
Γ0

2𝜋𝑟
(1 − 𝑒

−𝛼(
𝑟

𝑟0(𝑧)
)
2

),  (2.1) 

where Γ0 = 2𝜋 is the column’s total circulation, and 𝛼 = 1.2564 is Lamb’s constant; the 

peak azimuthal velocity, 𝑣0, occurs at 𝑟 = 𝑟0. In addition, the core radius 𝑟0(𝑧), sketched 

in figure 4b, varies along the axial direction, z, as:  

𝑟0/𝑟′ =

{
 
 
 

 
 
 

     𝑟1 = 1 + 𝜇                                           0 ≤ 𝑧 < 𝑧1

1 + 𝜇 cos ((
𝜋

𝑧𝑐
) (𝑧 − 𝑧1))                 𝑧1 ≤ 𝑧 < (𝑧1 + 𝑧𝑐)

                  𝑟2 = 1 − 𝜇                                     (𝑧1 + 𝑧𝑐) ≤ 𝑧 < 𝑧𝐿 − (𝑧1 + 𝑧𝑐)

1 + 𝜇 cos ((
𝜋

𝑧𝑐
) (𝑧 − [𝑧𝐿 − 𝑧1])) 𝑧𝐿 − (𝑧1 + 𝑧𝑐) ≤ 𝑧 < 𝑧𝐿 − (𝑧1)

               1 + 𝜇                              𝑧𝐿 − 𝑧1 ≤ 𝑧 < 𝑧𝐿

 

(2.2) 



Texas Tech University, Eric Stout, December 2021 

12 

 

where 𝑟′ is the radius of an unperturbed (i.e. purely rectilinear) vortex core, 2𝑧1 is the axial 

length of the expanded core (split on either side of the periodic boundary), 2𝑧𝑐 is the total 

axial length of the contracting regions (equally split for transitions between the expanded 

and contracted cores), 𝑧2 is the axial length of the contracted core, and 𝑧𝐿(= 2𝑧1 + 2𝑧𝑐 +

𝑧2) is the total axial length of the simulation domain. The core radius ratio, 𝛽, is the 

expanded core radius, 𝑟1, divided by the contracted core radius, 𝑟2, i.e. 𝛽 =
𝑟2

𝑟1
=

1+𝜇

1−𝜇
, where 

𝜇 is the amplitude of the core radius variation. For simplicity, 𝑟′ = 1. For this work 

(attempting to replicate Moet et al.’s configuration), the parameters used are 𝑧1 = 𝑧𝑐 =

1.5, and 𝑧2 = 4. A discussion of other configurations is in appendix A.  

          (a) (b) 

 
(c) 

 
Figure 4 Initial Flow Configurations 

(a) Cartesian (𝑥, 𝑦, 𝑧) and cylindrical (𝑟, 𝜃, 𝑧) coordinate system with the vortex velocity 

profile, 𝑣(𝑟), axial vorticity, 𝛺𝑧, and cylindrical velocity components (𝑢, 𝑣, 𝑤). (b) 

Variation of core radius, 𝑟0, along the axial direction. (c) Surface of 50% Γ0  for the 𝛽 = 2 

case at a similar angle. 
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The vorticity components of the column, obtained by solving 𝜔𝑧 =
1

𝑟

𝜕(𝑟𝑣)

𝜕𝑟
 and 

𝜔𝑟 = −
𝜕𝑣

𝜕𝑧
, are 

𝜔𝑧 = (
𝛼Γ0

𝜋
) (

1

𝑟0
2) exp [−𝛼 (

𝑟

𝑟0
)
2

], (2.3a) 

𝜔𝑟 = (
𝑟

𝑟0
) (

𝜕𝑟0

𝜕𝑧
)𝜔𝑧 = (

𝛼Γ0

𝜋
) (

𝑟

𝑟0
3) (

𝜕𝑟0

𝜕𝑧
) exp [−𝛼 (

𝑟

𝑟0
)
2

] . (2.3b) 

Additionally, 𝜔𝜃 = 0 initially as there is no axial flow. Reynolds number, 𝑅𝑒, is defined 

as the vortex column’s circulation divided by kinematic viscosity (𝜈).  

To delineate the mechanism of vortex bursting, three-dimensional direct numerical 

simulations (DNS) for 𝛽 = 2 (𝜇 = 1 3⁄ ) and 𝛽 = 5 (𝜇 = 2 3⁄ ) at 𝑅𝑒 = 5,000 are first 

conducted to confirm axisymmetry. The initial vortex column for 𝛽 = 2 is shown in figure 

4c using a surface of constant circulation at Γ = 50% Γ0. DNS of the incompressible 

vorticity equations is performed using a pseudo-spectral code with the Rennich and Lele 

(1997) potential velocity correction. With this, the spectral method can accurately represent 

an unbounded flow in the radial direction, which is necessary to simulate isolated vortices. 

As shown by Pradeep and Hussain (2004), the periodic boundary conditions for spectral 

codes force non-zero circulation flows to have zero circulation, injecting artificial vorticity 

into the computation domain and hence rendering the simulation centrifugally unstable. 

For both cases, (𝑛𝑥, 𝑛𝑦, 𝑛𝑧) = (320,320,576) are used for the domain grid size of 

(𝑥𝐿 , 𝑦𝐿 , 𝑧𝐿) = (6,6,10).  As mentioned in the introduction, under-resolved simulations can 

lead to the onset of noise misunderstood as turbulence within the column (see Moet et al. 

2005), masking the dynamics of the burst. The well-resolvedness of our simulation is 
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ensured based on two criteria: first, the flow remains axisymmetric throughout, and second, 

the enstrophy spectra have no high wavenumber build-up.  

From the 3D results shown later, the resulting dynamics remain axisymmetric, 

which follows from the discussion in the introduction on the pancake-like eruptions 

characterizing bursting. It is unclear if non-axisymmetric bursting could occur, but it would 

likely not replicate the pancake-like eruption. Hence, axisymmetric simulations on a 

meridional plane are employed to lessen the computational cost. The numerical scheme 

employed for the axisymmetric simulations is that of Blackburn et al. (2019). It is based 

on a spectral element spatial discretization with a second-order velocity correction 

projection scheme for temporal discretization. The axisymmetric simulation uses the same 

axial extent as the 3D simulation, but with a larger radial domain (𝑟𝐿 = 26) to allow for 

further development of the burst.  For parametric studies of the minimum core radius 

variation needed for bursting, three 𝑅𝑒′𝑠 – 5,000, 20,000, and 50,000 – with five 𝛽′𝑠 of 

2.2, 2.33, 2.48, 2.63 and 3 (or, equivalently, 𝜇 = 0.375, 0.400, 0.425, 0.450 and 0.500) 

are considered. The simulation domain (𝑟 < 26, and 0 ≤ 𝑧 ≤ 10) is decomposed into 6750 

quadrilateral elements, clustered near the collision plane; an 11th order Legendre 

polynomial is employed within each spectral element. Comparison of the three-

dimensional and axisymmetric simulations for 𝑅𝑒 = 5,000 at 𝛽 = 2 (not shown for the 

axisymmetric case) confirms a negligible difference in vorticity distributions and 

magnitudes, further supporting the well-resolvedness of the simulations.  
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CHAPTER 3 

RESULTS 

 

3.1 Vorticity and Axisymmetric Vortex Dynamics 

 

Before discussing the physical details of vortex bursting, the early flow evolution 

is described by employing the inviscid axisymmetric vorticity (𝜔𝑟, 𝜔𝜃, 𝜔𝑧) equations  
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where the right-hand sides (RHSs) are generally organized to have the tilting terms first 

followed by the stretching terms.  

Initially, the flow has only 𝜔𝑟 and 𝜔𝑧 (from equation (2.3)), and 𝜔𝜃 is generated 

through vorticity tilting (RHS of equation (3.1b)): specifically, the column’s strain 𝑆𝑟𝜃 (=

𝑟
𝜕

𝜕𝑟
(
𝑣

𝑟
)) tilts 𝜔𝑟 into 𝜔𝜃 (sketched in figure 5a), and axial variations of the azimuthal 

velocity, 𝜕𝑣/𝜕𝑧, tilts 𝜔𝑧 into 𝜔𝜃 (figure 5b). These two terms can be combined into a single 

term using 𝜔𝑟 = −
𝜕𝑣

𝜕𝑧
 and 𝜔𝑧 =
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Noticing that equation (3.2) includes 𝑣/𝑟, we, therefore, consider the effect of solid body 

rotation on an 𝜔𝑟 filament limited to the two dimensional (𝑟, 𝜃) plane. As the solid body 

flow rotates the filament around, it maintains its original orientation with respect to the 
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Cartesian axes, while the radial and azimuthal unit vectors change with respect to 𝜃 (figure 

5c). Thus, the 𝜔𝑟 filament reorients to include 𝜔𝑟 and 𝜔𝜃 – producing 𝜔𝜃 (similar to the 

derivative of the radial unit vector with respect to 𝜃, i.e. 𝜕�̂�/𝜕𝜃 = �̂�). Incidentally, this 

generation of 𝜔𝜃 is the same as the vortex line coiling term, 
1

𝑟4
𝜕(𝑟𝑣)2

𝜕𝑧
 (generation of 𝜂 ≡

𝜔𝜃/𝑟), in MH94; this is achieved via transforming equation (3.1b) using 𝜂 and rewriting 

𝜔𝑟 and 𝜔𝑧 in terms of 𝑣. Thus, the generation of 𝜔𝜃 by solid-body rotation of 𝜔𝑟 is indeed 

vortex line coiling discussed in MH94.  

To understand the evolution of a vortex column with variable core radius, consider 

a sinusoidally perturbed column with vortex lines initially in the meridional plane (i.e. no 

𝜔𝜃), sketched in figure 6. From the discussion of equation (3.1b) above, 𝜔𝑟 is tilted into 

𝜔𝜃; equivalently, vortex line coiling occurs due to the axial variation of the vortex surface 

(via MH94, figure 6a). There is a meridional flow (𝑢, 𝑤) associated with 𝜔𝜃, which tilts 

the column’s 𝜔𝑟 and 𝜔𝑧 (figure 6b). The 𝜕𝑢/𝜕𝑧 associated with 𝜔𝜃 tilts 𝜔𝑧 into 𝜔𝑟 

(equation (3.1a), sketched in figure 5d), where the 𝜔𝑟 generated is opposite to the existing 

 

 
Figure 5 Vorticity Generation Mechanisms 

(a) Generation of 𝜔𝜃 by mean strain tilting, (b) generation of 𝜔𝜃 by differential rotation of 

𝜔𝑧, (c) net generation of 𝜔𝜃 solid body rotation of 𝜔𝑟 (equivalent to the combination of 

(a) and (b)), (d) generation of 𝜔𝑟 by meridional flow tilting of 𝜔𝑧, and (e) generation of 𝜔𝑧 
by meridional flow tilting of 𝜔𝑟 (meridional flows associated with +𝜔𝜃 for simplicity).  
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𝜔𝑟. Similarly, in equation (3.1c), the 𝜕𝑤/𝜕𝑟 associated with 𝜔𝜃 tilts 𝜔𝑟 into 𝜔𝑧 (figure 

5e), making the vortex lines more aligned with the axial direction (figure 6c). Thus, the net 

effect of the meridional velocities (𝑢(𝑟, 𝑧),𝑤(𝑟, 𝑧)) of 𝜔𝜃 is to tilt both 𝜔𝑧 and 𝜔𝑟 to make 

the vortex surface more uniform in 𝑧, i.e. decreasing 𝜔𝑟 and increasing 𝜔𝑧 respectively. 

Generation of 𝜔𝜃 continues so long as 𝜔𝑟 (the vortex surface variation) is non-zero, while 

the meridional velocity associated with 𝜔𝜃 acts to reduce 𝜔𝑟. When 𝜔𝑟 is reduced to zero, 

there is no generation of 𝜔𝜃, but the meridional velocities persist, resulting in the 

generation of 𝜔𝑟 – leading to its sign change. Then, 𝜔𝜃 is generated in the opposite 𝜃 

direction, uncoiling the vortex lines by reducing their 𝜔𝜃 (figure 6d). This uncoiling 

persists until 𝜔𝜃 decreases to zero and then changes its sign, which reverses the direction 

of the meridional velocities and again reduces the axial variation of the vortex surface. The 

coupling – the meridional velocities of 𝜔𝜃 tilting 𝜔𝑟 and 𝜔𝑧, which reverses the sign of 𝜔𝑟 

and subsequently changes the generation of 𝜔𝜃 and eventually reverses the direction of the 

meridional flows – is the essence of core dynamics discussed by MH94. As any core radius 

variation naturally induces vortex line coiling, the latter is intrinsic to the initiation of 

bursting. 

A final dynamic of note is the extensional and compressional axial strains generated 

as the packets of 𝜔𝜃 approach each other at the collision plane. In the vorticity equations, 

there are two extension/compression terms of interest – one in the 𝜔𝑟 equation (3.1a), and 

one in the 𝜔𝑧 equation (3.1c) – which are linked to 𝜔𝜃. These terms arise primarily when 

packets of opposite 𝜔𝜃 approach each other, collide and generate converging (i.e. 

compressional axial strain, indicated by purple) or diverging (i.e. extensional axial strain, 

indicated by green) axial flows at different radii (sketched in figure 7a). The converging 
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flow near the axis results in a low enstrophy bubble, also observed in MH94, and a 

redistribution of vorticity near the collision plane, discussed later in section 3.3.  

These three dynamics – generation of 𝜔𝜃 by vorticity tilting, changes in the 

column’s core radius variation due to the meridional velocities associated with 𝜔𝜃, and the 

compressional/extensional flows associated with the dipole’s colliding 𝜔𝜃 – are the 

primary inviscid axisymmetric vorticity dynamics involved in bursting.  

3.2 Effect of Core Radius Variation 

 Reviewing MH94, where they study a vortex column with an initially axially 

varying core radius of 𝛽 = 3 at 𝑅𝑒 = 664, it turns out that the flow involved no vortex 

    (a) (b) 

  
    (c) (d)  

 
Figure 6: Vortex Line Coiling and Uncoiling 

(a) An initially uncoiled (𝜔𝜃 = 0) vortex line lies on an axially varying surface of constant 

circulation. (b) Due to the axial variation of the surface, the vortex line coils, generating 

𝜔𝜃 (indicated by the meridional streamlines). (c) The meridional velocities reduce the 

radial variation of the surface, returning it to rectilinearity. (d) Due to the persisting 

meridional flow, the radial variation of the surface reverses, generating oppositely signed 

𝜔𝜃, until the line is fully uncoiled, returning to the state of (a) but moved half an axial 

wavelength in z. 
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bursting (i.e. no vortex ring dipole forms in the meridional plane contours of vortex 

surfaces, much less erupts from the vortex). In the limit of infinitesimal core radius 

perturbations (as 𝛽 goes to one), any core radius variation of a vortex results in Kelvin 

waves (Fabre, Sipp & Jacquin 2006 for the Oseen vortex). Thus, bursting depends on core 

radius variation. To explore and establish this difference between non-bursting and 

bursting cases, DNS at a single 𝑅𝑒 = 5,000 for two core radius variations: 𝛽 = 2 and 5 

are performed.  

Figures 8 and 9 show, for 𝛽 = 2 and 𝛽 = 5 respectively, the circulation contours 

(also contours of vortex surfaces or meridional plane projections of vortex lines) color 

shaded by 𝜔𝜃 in the meridional plane. Note that the vortex lines are initially purely radial 

and/or axial (figures 8a and 9a) as defined by equations (2.3a, 2.3b). As discussed in section 

3.1, the radius variation in z of the vortex lines results in their coiling and, hence generation 

of 𝜔𝜃 patches (figures 8b and 9b, also sketched in figure 11a), which are oppositely signed 

across the collision plane (the 𝑧 plane at the center of the domain). These axisymmetric 𝜔𝜃 

patches advect axially towards the collision plane, like vortex rings (sketched as patch A 

in figure 11b). These patches have higher self-induced velocity closer to the axis, as if it is 

a vortex ring with a smaller radius. As a consequence, the entire 𝜔𝜃 patch acquires a conical 

shape (marked in figures 8b and 9b); similar conical vorticity distributions were also noted 

in simulations of Moet et al. (2005), and Misaka et al. (2012) – this conical distribution is 

discussed further in section 3.3.  

As discussed in section 3.1, vortex line uncoiling occurs as the meridional flows 

associated with the advecting 𝜔𝜃 radially displaces the vortex lines and tilts their 

inclinations in the meridional plane, generating 𝜔𝑟 opposite to the initial 𝜔𝑟; this then 
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reduces 𝜔𝜃 by uncoiling axially behind the advecting packet (in figure 11b, the green circle 

indicates the generation of opposite 𝜔𝜃). Note that this reduction of 𝜔𝜃 while the packet 

advects contradicts Moet et al. (2005)’s results of nearly constant 𝜔𝜃 during advection. As 

their vortex is centrifugally unstable due to the triply periodic method, 𝜔𝜃 would be 

generated via that instability and balance out the decrease due to uncoiling.  

The 𝜔𝜃 packets advect axially until they reach the collision plane, and then they 

mutually interact to form a vortex ring dipole (figures 8c, 9c, and labeled D in 11c), which, 

expectedly, mutually induce radial advection outward from the vortex axis. The advection 

of the dipole also displaces the vortex lines near the collision plane (noted as C in figures 

11, 12 and 13) radially away from the axis (figures 11c). A zoomed-in sketch (figure 12) 

highlights how the vortex lines near the collision plane are distorted, first taken as the 𝜔𝜃 

packets begin to interact as a dipole, which advects the vortex lines radially outward 

(figures 12a,b). The meridional velocities of the dipole then start to pinch off the bulged-

out vortex lines (figures 11d and 12c) by axially squeezing the radial vortex lines near the 

column axis. Eventually, the pinched vortex lines near the axis cross-annihilate and 

   
Figure 7 Dipole Meridional Flow and Associated Strains 

(a) Meridional flow induced by the vortex ring dipole’s 𝜔𝜃 responsible the compressional 

(purple) or extensional (green) axial strains, which cause the low enstrophy bubble near 

the axis. (b) A later time step showing the advection of 𝜔𝜃 patches towards the collision 

plane to form secondary rings and the radial advection of the dipole. (c) Opposite coiling 

of vortex lines near the axis causes the formation of opposite 𝜔𝜃 patches, as well as new 

regions of compressional strain, causing the splitting of the low enstrophy bubble. (d) Show 

the loss of the compressional strain near the axis as the dipole advect radially outward and 

the opposite 𝜔𝜃 patches advect away from the collision plane. 
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reconnect to separate as a loop across the collision plane associated with the head of the 

dipole (figure 11e and 12d) – separating the vortex ring dipole from the column vortex 

lines as seen in figure 14a. Following this reconnection, a secondary reconnection can 

occur where the vortex line loop (figures 12c and 13a) is pinched by the dipole’s meridional 

velocities at the collision plane to form two smaller, polarized rings (figures 13b-c). This 

forms vortex rings with closed vortex line loops in the meridional plane, indicating that the 

dipoles are polarized (i.e. the rings have vortex lines that spiral around the ring’s axis). 

Polarization of the rings means they resist cascade into turbulence (Wu, Ma & Zhou, 2007) 

by decreasing the Lamb vector, and the vortex ring dipole advects to a larger radius 

compared to an unpolarized case. 

(a) t=0 (d) t=6 

  
(b) t=2 (e) t=8 

  
(c) t=4 (f) t=10 

  
Figure 8 𝛽 = 2 Meridional Plane Evolution 

Evolution of contours of constant circulation (equivalent to vortex lines projected onto a 

meridional plane) colored by azimuthal vorticity for a core radius ratio of 𝛽 =
2 (𝜇 = 1 3⁄ ), showing the center 70% of the domain. 
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A second reconnection scenario occurs separately, where vortex lines are pinched 

off directly within the dipole heads instead of as a loop across the collision plane (compare 

figures 12e and 12g). Note the difference between the first reconnection scenario occurring 

on the collision plane (figure 12d) compared to the second scenario, where reconnection 

occurs away from the collision plane (figure 12f). For this second type of reconnection near 

the collision plane, the meridional velocities of the dipole’s 𝜔𝜃 pinch the vortex lines 

(a) t=0 

 
(b) t=1 

 
(c) t=1.5 

 
(d) t=2 

 
 

(e) t=3 

 
(f) t=4 

 
(g) t=5 

 

Figure 9 𝛽 = 5 Meridional Plane Evolution 

Evolution of contours of constant circulation (equivalent to vortex lines projected onto a 

meridional plane) colored by azimuthal vorticity for a core radius ratio of 𝛽 =
5 (𝜇 = 2 3⁄ ), showing (a)-(d) the center 70% of the domain and (e)-(g) the center 50% of 

the domain. 
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axially away from the collision plane (sketched in figure 12f). This reconnection – in the 

centers of the green circles in figures 14e and 14f – results in two vortex line rings instead 

of the single vortex line loop in the meridional plane (as in the first scenario, shown in 

figure 12d). [It is interesting to note that the reconnection scenarios are presented purely in 

the meridional plane, while in reality the vortex lines have a significant 𝜔𝜃 component; 

hence, while pinching is typically assumed to involve the same vortex line, in reality, the 

apparent pinching may involve reconnection between different vortex lines.] Note that the 

previously outlined two-step reconnection in the first scenario (figures 12a-c and figure 13) 

results in a similar configuration as the direct (one-step) process of the second scenario  

(figures 12e-g). Both these reconnection processes cause the formation of vortex rings 

coaxial with, but embedded within, the column; these rings consist of vortex lines that have 

reconnected into a structure distinct from column’s lines – hence these two independent 

scenarios may lead to the same ring structure. The only difference between these two 

scenarios is the reconnection process, which may be relevant in more complex situations 

(e.g. whether ambient turbulence interrupts or not the two-step scenario).  

After the dipole begins to advect radially, the evolutions of the two 𝛽 cases begin 

to differ. For the 𝛽 = 2 case, the advection is halted (compare figures 8e and 8f), as patches 

of oppositely signed 𝜔𝜃 form radially outside the erupting dipole (figure 8e); the radially 

inward mutual induction by the opposite patches “pin” the dipole within the column, 

causing the dipole to move radially in and disallowing the initiation of burst. The dipole 

would otherwise persist indefinitely were it not for the fact that it is killed by viscous 

dissipation and cross-diffusion. Contrastingly, for 𝛽 = 5, the dipole’s radially outward 

advection is uninterrupted, so that it erupts from the column into a burst (figure 9e). The 
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difference between the evolutions of the dipoles for the two 𝛽’s suggests that there is a 

threshold in the dipoles’ strengths (circulations) necessary to overcome the mutual 

induction of the opposite patches of 𝜔𝜃. The formation of these opposite patches and the 

threshold for bursting is discussed in section 4.1.  

The question naturally arises why the dipole advection following bursting 

eventually gets arrested. By cross-diffusion across the collision plane, each ring loses its 

circulation, but is not reduced to zero; hence the radially outward advection should 

continue until the circulation is reduced exactly to zero. Yet the outward advection is 

arrested before then. Why? This is due to the generation of oppositely signed 𝜔𝜃 radially 

outside the dipole; generation of this opposite 𝜔𝜃 is due to the dipole’s meridional flow 

tilting the axial vorticity of the Oseen vortex radially; this 𝜔𝑟 is then coiled into oppositely 

sign 𝜔𝜃 (detailed in section 4.1). Thus, the dipole is cross-annihilated not only by the 

opposite vortex of the dipole across the collision plane, but also by this newly generated 

oppositely signed 𝜔𝜃 patch. Finally, note that the newly generated opposite 𝜔𝜃 also forms 

a dipole, which mutually advects radially inward, opposing the erupting dipole’s outward 

motion. Hence, the dipole creates its own arrest and accelerates its inevitable destruction 

due to increased cross-diffusion.   

For 𝛽 = 5, the erupting dipole piles up vortex lines in front of it as it advects and 

wraps these lines around it; these wrapped lines are then pushed together radially behind 

the advancing dipole, causing their reconnection (figure 13d). Since the Oseen vortex 

extends to an infinite radius, vortex surfaces will continually pile up and wrap around the 

erupting dipole (shown in figure 13d far from the column axis), while simultaneously being 

tilted towards the 𝜃 direction, as it advects radially away from the column axis; these vortex 
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lines far from the axis have increasingly weak vorticity, but the 𝜔𝜃 generated eventually 

halts the dipole advection as just discussed. Thus, a burst is defined as not just the formation 

of the vortex ring dipole via reconnection of a column’s vortex lines, but the dipole’s radial 

advection away from the column (distinct from the eventual inward advection and 

recapture of the dipole, as observed for lower 𝛽, such as our 𝛽 = 2). Hence, bursting is 

defined as an erupting ring dipole of azimuthal vorticity. Vortex line reconnection is a sine 

qua non for vortex bursting. Clearly, the formation of a vortex ring dipole is necessary but 

not sufficient for bursting to occur as not all dipoles erupt.  

Concomitant with the dipole formation, 𝜔𝜃 continues to advect from the initial 

radial variations of the vortex column towards the collision plane; this 𝜔𝜃 then piles up to 

form a second vortex ring dipole that erupts (figures 9e-f). This second dipole also erupts 

from the column and then catches up and merges with the first dipole (figure 9g). These 

pile-up and separation processes continue until core dynamics suppress the initial radial 

variation of the core. The interaction of these multiple dipoles is also interesting because it 

controls the burst size (discussed below). Note that the subsequent dipoles may have 

different circulations, since the oppositely signed 𝜔𝜃 observed at the core edge is likely 

(a) t=3 (b) t=5 

 
Figure 10 Dipole Ring Separation 

Zoomed in view of the dipole head for 𝛽 = 5 at 𝑡 = 3 (figure 9e) and 𝑡 = 5 (figure 9g), 

showing the change in separation. The highest 𝜔𝜃 points are indicated by +. 
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weakened or displaced after the first dipole erupts, allowing for dipole eruption below the 

bursting threshold!  

As multiple dipole rings radially advect, they merge as they pass close by each 

other; additionally, their meridional flows modify the dipoles’ spacings (sketched figure 

15a). The trailing dipole pushes the leading dipole rings axially apart from the collision 

plane (compare figures 10a and 10b, the leading dipole at two different times), reducing 

the latter’s mutual advection rate; while the leading dipole pushes the trailing dipole 

together and increases its radial advection (illustrated figure 15b). The change in the axial 

spacing causes the trailing dipole to accelerate through the leading dipole (illustrated in 

figures 15c-d) – the well-known leapfrog phenomenon. As a result of these interactions, 

the leading dipole could either merge with the trailing dipole or be pushed into its wake; 

for 𝛽 = 5, the leading dipole merges with the trailing one (see figure 9g). For vortex bursts 

 
Figure 11 Vortex Line Deformation Before Collision 

Sketch of the vortex lines projected onto the meridional plane showing the separation of 

the vortex ring dipole (labeled D) from the column vortex lines with the meridional flow 

from the azimuthal vorticity indicated by dashed lines, and the collision plane marked as 

C. Note that in (b), the green circle indicates vortex line uncoiling (i.e. generation of 

opposite 𝜔𝜃). 
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involving multiple dipoles, the interaction of these dipoles would play an important part in 

the radial extent that the burst reaches, as well as how long the burst survives – because the 

merger of the dipoles would increase the circulation of each ring so that it would advect 

for longer times. At 𝑅𝑒 = 5,000, the two dipoles observed in figure 9 are in close 

proximity, as they immediately merge instead of leapfrog. This merger is clearly a viscous 

effect since at 𝑅𝑒 = 20,000 (figures 18a-d) the trailing dipole overtakes via leapfrogging 

and leaves part of the leading dipole behind. However, as our focus is on the initiation of 

bursting, the evolution of the erupted dipoles at higher 𝑅𝑒 is beyond the scope of this paper. 

In comparison to van Rees (2020), which observed a vortex ring dipole forming 

during the second collision of the 𝜔𝜃 packets, the bursting observed here occurs during the 

first collision. van Rees’ results are compared with ours in appendix A. The overall 

difference between ours and van Rees’ results is that the different core radius functions 

 
Figure 12 Vortex Ring Separation Via Reconnection 

Two types of vortex line reconnection viewed using meridional plane projections of the 

vortex lines showing the separation of the vortex ring dipole from the column. The 

meridional flow (shown only in (a), using red, for clarity) of the azimuthal vorticity (b) 

pushes the vortex line outward, (c) which then pinches the vortex line off at the collision 

plane resulting in a vortex loop separating. Taking the same scenario at (b), the meridional 

flow can also (e) push the vortex lines outward, resulting in (f) a pinch away from the 

collision plane and (g) the vortex line reconnecting into two polarized vortex rings.  
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alter the times for the first collision, with his being shorter; the initiation of bursting – 

dipole formation and eruption kinematics – are otherwise the same.  

The kinematics of bursting – collision of 𝜔𝜃 packets, vortex line reconnection and 

eruption of the dipole – provide a clear contrast to vortex breakdown. The formation of 

stagnation points on the axis is a primary difference: while two (or more) stagnation points 

are observed in breakdown, bursting forms only one on the collision plane. Additionally, 

vortex breakdown can be steady, while bursting is inherently transient in all aspects – 

reconnection, 𝜔𝜃 patch collision, dipole eruption, trailing dipoles, and their interactions. 

However, such observations do not mean there is no dynamic connection between the two 

phenomena. For example, the vortex line coiling inherent to bursting is likely connected to 

the sustenance of the axisymmetric recirculation region in bubble-type breakdown (figure 

2a). The addition of axial flow, to attempt to connect bursting to breakdown, adds another 

parameter in addition to 𝛽 and 𝑅𝑒 to study for bursting and is not considered herein. For 

 
Figure 13 Secondary Vortex Line Reconnection 

Meridional plane projections of the vortex lines during the evolution of the separated loop 

forming into individual vortex rings due to the meridional flow (shown only in (a) for 

clarity) of the azimuthal vorticity, (b) pinching the axial vorticity at the collision plane 

together resulting in (c) the separation of the vortex lines into two polarized vortex rings. 

Note unreconnected lines near to (solid) and far from (dashed) are shown in each figure. 

The combined reconnection scenario is shown in (d) for a vortex line recently separated 

from the column, a line in the process of being pinched, and the twice reconnected vortex 

lines of the polarized rings.  
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this paper, it is clear that vortex bursting without axial flow consists of a different series of 

events than breakdown.  

In brief, for two different core radius variations (𝛽) studied, it is found that the 

vortex lines from the column bulge and pinched-off into a separate vortex ring dipole – an 

extension of the core dynamics study by MH94. For the 𝛽 = 2 case, the dipole is advected 

inward, becoming pinned within the column core before decaying. For the larger 𝛽 = 5 

case, the dipole erupts from the column, along with a second dipole that forms behind it. 

Thus, a clear progression with increasing 𝛽 occurs from core dynamics (no embedded 

 (a) t=1.5 (b) t=1.75 (c) t=2.0 (d) t=2.5 

 
 (e) t=1.75 (f) t=2.0 

   
Figure 14 DNS Visualizations of Vortex Line Reconnections 

Surfaces of constant circulation and azimuthal vorticity near the collision plane for 𝛽 = 5 

showing the reconnection processes during the dipole ring eruptions. Zoomed in views of 

the dipole heads are shown in (e) and (f). Circulation surfaces are plotted at 𝛿Γ/Γ0 = 0.05 

between 0.05 and 0.3 in (a)-(d) and 𝛿Γ/Γ0 = 0.1 from 0.1 to 0.6 in (e)-(f). 
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vortex ring dipole), to pre-bursting dipole (a ring dipole pinned within the column), and 

finally to bursting (a ring dipole that erupts from the column).  

 

3.3 Role of Low Vorticity Bubble 

 

Experimental studies of trailing vortices noted a decrease or disappearance of 

condensed water vapor within the vortex, which may be related to bursting (Spalart 1998). 

Since a vortex surely cannot disappear, the change in the vapor contrail is enigmatic at best 

and deserves careful interpretation. A possible interpretation is that instead of disappearing, 

the vortex and existing vapor are greatly diffused, and the low pressure causing new 

condensation is lost. To address this question, enstrophy (𝜔2 = 𝝎 ⋅ 𝝎 ≡ 𝛺) isocontours 

(figure 16) for the 𝛽 = 5 case are shown. 

At 𝑡 = 0 (figure 16a), the converging vortex lines mean that the region where the 

core radius is most compact has the highest 𝛺, reflecting the 𝜔𝑧~𝑟0
−2 and 𝜔𝑟~𝑟0

−3 (in 

equations (2.3a) and (2.3b), respectively) dependence on the core radius, 𝑟0 (radius of 

 
Figure 15 Dipole Leapfrogging Sketch 

(a) Leading (L) and trailing (T) erupted vortex ring dipoles and their induced velocity on 

the other dipole in figure 9g. (b) Leapfrog interaction of the ring dipoles as the induced 

flow of the leading dipole (red arrow) brings the trailing dipole closer to the collision plane 

and increases the radial advection of the dipole, while the trailing vortex moves the leading 

dipole rings axially away from the collision plane and counters the leading dipole’s self-

induced radial advection. 
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maximum azimuthal velocity). The coiling of vortex lines generates 𝜔𝜃 packets; these 

packets move axially by self-advection towards the collision plane (dark blue patches in 

figure 16b). Note that these packets generate conical 𝛺 shapes (also noted in figure 9b) 

with the tapered end pointing towards the collision plane, in the direction of the packet’s 

advection. This contrasts the conical 𝛺 contours driven by vorticity filaments wrapped 

around the vortex (Marshall 1997), where the filament’s induced velocity causes the core 

(a) t=0 

 
(b) t=1 

 
(c) t=2 

 
(d) t=3 

 
(e) t=4 

 

(f) t=5 

 
(g) t=10 

 
(h) t=15 

 

Figure 16 𝑅𝑒 = 5,000 Enstrophy Contours 

Enstrophy (𝛺) in a meridional plane, with the color map shown in (h), for the 𝛽 = 5 case 

at 𝑅𝑒 = 5,000. Two sets of contours, [𝛺𝑚𝑖𝑛, 𝛺𝑚𝑎𝑥 , 𝛿𝛺] = [0.2,1,0.2] and [4,28,4], are 

used to capture dynamics without obscuring the dipole. The red contour is 𝛺 = 1 to 

indicate the vortex “core”. (b)-(g) zoom in on the center of the domain. Note that by (h), 

the erupted dipole as ceased advecting and is decaying via cross-annihilation. 
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to expand in the direction of the filament’s advection (contracting on the other side); hence, 

the tapered end of the 𝛺 packet points away from the direction of advection (as sketched 

in figure 3b). These apparently contradictory orientations are not incorrect, depending on 

(a) t=1 (b) t=3 

 
 (c) t=5 (d) t=10 (e) t=12 (f) t=13 (g) t=14 

 
 (h) t=16 (i) t=20 (j) t=22 (k) t=25 (l) t=27 

 
Figure 17 𝑅𝑒 = 20,000 Enstrophy Contours 

Enstrophy (𝛺) in a meridional plane, with the color map shown in (b), for the 𝛽 = 5 case 

at 𝑅𝑒 = 20,000. The initial distribution is the same as figure 16a and omitted. In (a) and 

(b), two sets of contours, [𝛺𝑚𝑖𝑛, 𝛺𝑚𝑎𝑥 , 𝛿𝛺] = [0.5,2,0.5] and [5,55,5], are used; in (c)-(l), 

only [𝛺𝑚𝑖𝑛, 𝛺𝑚𝑎𝑥 , 𝛿𝛺] = [5,55,5] is shown for clarity. The red contour is 𝛺 = 1 to indicate 

the vortex “core”. 
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whether an external filament generates the packet, as in Marshall’s paper, or if the packet 

is generated by core radius variation, as done in this paper. On the other hand, Misaka et 

al. (2012) suggested that external filaments cause bursting; this contradicts our findings of 

bursting solely due to core radius variation – supported by the orientation of the 𝛺 packets 

(figure 16b). The difference in the 𝛺 packet’s shape differentiates whether bursting results 

from core radius variations or external filaments, though filaments can excite core 

fluctuations causing later bursting.  

As discussed above, once the packets of coiled 𝜔𝜃 collide, they form a vortex ring 

dipole (figure 16c). The colliding axial component (𝑤) of the dipole’s meridional velocities 

causes convergence (with radial outflow but with the axial flow halted to zero) near the 

axis at the collision plane (sketched in figure 7a). This converging flow reduces the 

column’s axial vorticity at the collision plane via turning the axial vortex lines into the 

radial direction (the stretching/compression term in equation 3.1c), resulting in a low 𝛺 

bubble on the axis, noted in MH94; this bubble causes a locally hollow (i.e. with off-axis 

vorticity peak) vortex column, seen via the 𝛺 = 1 red contour near the axis at the collision 

plane in figure 16d. The bubble persists throughout the evolution of the flow (figures 16e,f), 

as the 𝜔𝜃 continues to pile up next to the collision plane away from the axis to form new 

erupting dipole rings (see figure 7b, and figures 9c-g), indicating that the packets colliding 

create and sustain this bubble within the core. As the initial dipole advects radially outward, 

the colliding flow follows it (sketched in figure 7b), causing the bubble also to expand 

(seen for the 𝑅𝑒 = 20,000 case in figures 17d-e, discussed more below). At later times, 

the vortex lines first uncoil (at the + symbol in figure 16f), due to the lines being deflected 

by the radial outflow, which generates oppositely signed 𝜔𝜃 to reduce the coiling. Once 
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this 𝜔𝜃 is reduced to zero, the lines then coil in the opposite 𝜃 direction near the axis (at 

the × symbol in figure 16g), generating new packets of opposite 𝜔𝜃 sign to those of the 

dipole (also discussed in MH94). These new packets then advect axially away from the 

collision plane due to their self-induction. This causes the low 𝛺 region to split, with a part 

ahead of the newly coiled packets (Y in figure 7c) due to the converging flow between the 

tail of the erupting dipole (+ in figure 7c) and the oppositely coiled packet (× in figure 7c). 

The other part of the bubble (∆ in figure 7c) radially advects on the collision plane, 

continuing to follow the colliding flow behind the leading dipole. As the oppositely coiled 

patches advect away from the collision plane by their self-induction, the associated 

compressional axial strain weakens (figure 7d), seen by the loss of the low enstrophy (red) 

contours near the axis in figure 16h (marked by ∆). By generating an off-axis peak in 

enstrophy at the collision plane (behind the erupting dipole in figures 16c-f), the flow is 

unstable to helical (𝑚 = 1) vortex-Rossby waves trapped and sheared by the local 

maximum of angular velocity (Smith and Rosenbluth 1990; Nolan and Montgomery 2000), 

which is of interest for future work, such as bursting in turbulence. 

(a) t=11 (b) t=12 (c) t=13 (d) t=14 

    
Figure 18 Dipole Leapfrogging Results 

Zoomed view of the 𝛺 distribution within the erupting dipole rings for 𝛽 = 5, 𝑅𝑒 =
20,000, showing the leapfrogging of the dipoles. 
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At a high 𝑅𝑒 studied here (20,000, figure 17), many of the dynamics are similar to 

those at 𝑅𝑒 = 5,000, as discussed above (and further shown in section 4.3, the analysis of 

the Re trends); the early evolution (figure 17b) is nearly identical to the evolution at lower 

Re (figure 16c). Due to the reduced viscous cross-annihilation at this higher Re, the packets 

 (a) t=1 (b) t=1.25 

  
(c) t=1.5 (d) t=2 

 
(e) t=2.5 (f) t=3.5 

 
Figure 19 Vortex Line Evolution During Bursting 

Grey vortex lines colored by 𝜔𝜃 seeded along the x and y axes at 𝑧 = ± 0.1 from the 

collision plane for the 𝛽 = 5 case at 𝑅𝑒 = 5,000. Green vortex lines are seeded on the 

collision plane outside the vorticity isosurface. Note that the vortex lines are mirror 

symmetric with respect to the collision plane.  
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of 𝜔𝜃 are stronger, and hence, the dipole erupts with greater radial advection. Additionally, 

the trailing dipole (labeled T in figures 17d-g) clearly leapfrogs through the outer dipole 

(labeled L in figures 17d-g; see also a zoom-in on the dipole heads in figures 18a-d), while 

circulation is transferred to the former trailing (now leading) dipole – causing it to advect 

to greater radii from the axis and form a larger radius burst (figures 17h-l). Leapfrogging 

is shown clearly in figure 18, where the trailing dipole catches up to the leading dipole 

(figures 18a-b) and partially merges (figure 18c), leaving some of the leading dipole’s 

enstrophy as a tail (figure 18d). Near the collision plane near the axis, the colliding 𝜔𝜃 

(a) t=1.5             (b) t=2                                (c) t=3 

 
       (d) t=4                                                   (e) t=5 

       
Figure 20 Dipole Ring Vortex Lines During Bursting 

Vortex lines near the collision plane (within |𝛿𝑧| < 0.5 of the collision plane) through a 

surface of 𝛺 = 2 colored by azimuthal vorticity (red positive, blue negative, with full 

saturation at 𝜔𝜃 = ±3) for 𝛽 = 5 case at 𝑅𝑒 = 5,000. Vortex lines are seeded from lines 

along the x and y axes at a distance 𝑧 = ±0.1 (through the center of the erupting ring 

dipole) from the collision plane.  
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packets persist longer at higher Re, delaying the vortex line uncoiling and opposite coiling 

that drives the dispersion of the low 𝛺 bubble (compare the bubble marked with × in figure 

17h to region near the axis with no bubble, marked with ∆ in figure 16h). A third dipole 

forms (marked by 3 in figures 17i-l) and erupts due to continued vortex line coiling at the 

initial core radius variations, as well as due to weaker viscous diffusion of the 𝜔𝜃 packets. 

Viscous cross-annihilation between the dipole rings slows the dipole’s radial advection by 

reduced mutual induction; note the outer dipole advects slower than the newly erupted 

dipole in figures 17i-l, thus permitting the trailing dipole to catch up with the leading dipole 

and leapfrog through it, causing further growth of the burst radius. Repeated dipole 

eruptions at high Re can therefore cause extremely large radius bursts.  

 

3.4 Visualization of vortex lines during bursting  

 The vortex lines during bursting are visualized for 𝛽 = 5 (at 𝑅𝑒 = 5,000; figure 

19), with a zoomed-in view near the collision plane shown in figure 20. In figure 19, green 

lines are vortex lines seeded outside the core, and the higher vorticity magnitude lines are 

grey, seeded within the core equidistant along the x and y coordinates; along the grey vortex 

lines, high values of 𝜔𝜃 > 0 are marked red and 𝜔𝜃 < 0 are marked blue, which are carried 

into the erupting ring dipoles. The grey surface is 𝛺 = 2 to indicate the vortex core (figure 

20). It is important to delve into the vortex line topology and the evolving vorticity field in 

and near the collision plane during the eruption of the vortex ring dipole. Therefore, in 

figure 20, only the core vortex lines, colored red and blue as in figure 19, and the 𝛺 surface 

are shown. 
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 The initial vortex line evolution shows the formation of coiled vortex line packets 

(labeled as P in figure 19a), which advect due to their 𝜔𝜃 towards the collision plane. As 

the packets collide, the vortex lines accumulate via pile up, form a dipole (labeled D figure 

in 19b), and begin to bulge outward due to their mutual advection (figures 19c and 20a). 

The low 𝛺 bubble (figure 21a) is seen forming due to these colliding packets. These bulging 

vortex lines then reconnect near the axis (as detailed in figure 12), separating the vortex 

ring dipole (figure 21b) from the column and forming closed vortex lines (figure 19c). Note 

that there are unreconnected (green) vortex lines outside of the dipole (figure 19d), as the 

vortex extends to infinity.  

The dipole radially advects outward via mutual induction (figures 21b-c), while, 

nearer to the axis, vortex lines continue to pile up adjacent to the collision plane (figures 

19d and 20c). These lines then reconnect and form a second ring dipole (the first dipole is 

labeled 1 and the second labeled 2 in figures 19e and 20d). The outer dipole (1) continues 

to radially advect, weakening due to cross-annihilation, while the inner dipole strengthens 

(2) due to the 𝜔𝜃 piling up near the collision plane (figure 19f). The second dipole 

eventually catches up and merges with the first ring (figure 20e) as the second erupted 

dipole catches up with the first dipole (seen in figures 9f-g). While the two dipoles interact, 

there is continued advection of 𝜔𝜃 towards the collision plane increasing the coiling of 
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vortex lines near the axis (figures 20e and 21e), which forms the third dipole observed at 

higher Re (figure 17). Note that in figure 20, there are four sets of repeating vortex lines, 

not eight; in some, such as figure 20e, two of those lines may look similar, especially near 

the core edge. Taking two vortex lines near the edge of the 𝛺 = 2 surface (labeled A and 

B in figure 20e), these lines pass close to each other but are not seeded at the same location; 

hence they are not the same and the illusion of non-axisymmetric vortex lines is created. 

The vortex lines not within the dipole often switch their inclination with the azimuthal (𝜃) 

direction (that is, whether they are oriented clockwise or anti-clockwise; figure 20e) due to 

different portions of a vortex line coiling and uncoiling due to local dynamics of the vortex 

column; these dynamics are seen in the significant variation of 𝜔𝜃 along a contour of 

constant circulation (i.e. a vortex surface) near the collision plane in figure 9g. The coiling 

and uncoiling of vortex lines near the collision plane results in complex, flower-like 

 
Figure 21 Dipole Ring Enstrophy Surfaces During Bursting 

𝛺 = 2 surfaces near the collision plane (within |𝛿𝑧| < 0.5 of the collision plane) for 𝛽 =
5 case at 𝑅𝑒 = 5,000 shown at the same times and orientation as in figure 20. The surfaces 

are colored red for 𝜔𝜃 > 0, blue for 𝜔𝜃 < 0 and grey for 𝜔𝜃 = 0 for contrast. 
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patterns (figure 20e), clearly illustrating the full three-dimensional structure of the vortex 

lines. 
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CHAPTER 4 

BURSTING THRESHOLD 

 

4.1 Deriving a Bursting Model 

 

 From the above comparison of the two different 𝛽 cases (section 3.2 and also 

figures 8 and 9), it is clear there is a threshold in the vortex core radius variation (𝛽) for 

bursting to occur. For 𝛽 = 5, the dipole erupts and separates from the column (figure 9e), 

while 𝛽 = 2 sees the radial advection of the dipole inhibited and reversed before reaching 

the edge (say, Γ = 90% Γ0) of the column (figure 8e). Examining the non-bursting case 

(figure 22a, a zoomed-in view of figure 8d around the dipole), it is noticed that 𝜔𝜃 patches 

(marked with ×) appear radially outside the erupting dipole (marked with +); each patch is 

oppositely signed to its radially adjacent dipole ring (see × versus + for one side of the 

collision plane), such that the × contours (figure 22) form a counter-dipole to the + contours 

of the erupting dipole. In the bursting case (figure 22b, zoomed-in view of figure 9c near 

the dipole), the counter-dipole 𝜔𝜃 patches are much lower in magnitude, only noticeable 

by the 𝜔𝜃 contours (included to highlight the regions of 𝜔𝜃). The outer (counter) dipole is 

assumed to behave like a pair of vortex rings, which due to their 𝜔𝜃, advects radially 

inward.  
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Idealizing this interaction as an erupting dipole (green) and a counter dipole (red), 

note the opposite patch as (𝜔𝜃)
𝑓 in a sketch of the local dynamics (focusing on half of the 

dipole on the left side of the collision plane; figure 23a). The radial advection of the two 

dipoles is controlled by their net mutual induction; hence, whichever dipole has stronger 

circulation determines the direction of advection. Assume that the counter-dipole has a 

similar length scale (hence, cross-sectional area) to the erupting dipole. One can also 

estimate each vortex ring’s circulation using its characteristic vorticity. Thus, if the 𝜔𝜃 

within the dipole head, noted as (𝜔𝜃)
𝑐 (use of 𝑐 as an identifier is discussed below) in 

figure 23a, is larger than (𝜔𝜃)
𝑓, then bursting occurs as the erupting dipole pushes the 

counter-dipole axially out of the way (figure 23b), causing a burst (hence, a bursting 

identification). On the other hand, if the counter-dipole is stronger than the erupting dipole, 

the former would inhibit the latter’s radially outward advection, resulting in the dipole 

becoming “pinned” (figure 23c), preventing burst formation. Using this intuitive criterion 

 (a) 𝑡 = 6, 𝛽 = 2 (b) 𝑡 = 1.5, 𝛽 = 5 

    
Figure 22 Opposite 𝜔𝜃 Patch Formation Examples 

Expanded views of the dipole heads for the (a) 𝛽 = 2 and (b) 5 case as the erupting dipole 

(indicated with green +) interacts with the vortex lines to generate counter-dipoles 

(indicated by purple ×). The associated vorticity patches are outlined using (a-b) 𝜔𝜃 =
±0.5, (a) 𝜔𝜃 = ±0.75 and (b) 𝜔𝜃 = ±10 contours, colored by sign.  
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for whether bursting occurs, the generation of oppositely signed 𝜔𝜃 is modeled to predict 

the core radius variation needed for bursting. 

 First, let us look at only one ring of the dipole (on the left of the collision plane, 

marked as C), with circulation Γ𝑑 (i.e. positive 𝜔𝜃; figure 24a). Consider an unperturbed 

vortex line on a vortex surface (i.e. surface of constant circulation) that is a radial distance 

𝑓 away from the dipole vorticity center (purple line, figure 24a), here assumed to be the 

Γ = 0.9Γ0 surface for simplicity. Note that the actual vortex surface is relatively 

unimportant, so long as it is some distance away from the dipole in the outer region of the 

vortex core (i.e. Γ > 0.5Γ0), as it represents the general area where the oppositely signed 

𝜔𝜃 patch is generated. Consider two points, an axial distance of ±𝛿𝑧 away from the axial 

plane of the dipole, to understand how the vortex line is deflected into the radial direction. 

The meridional velocity vector of the dipole ring can be treated as that of a point vortex 

ring (green arrow in figure 24a), 

 �⃗� 𝑑 =
Γ𝑑

𝑠
�̂� (4.1) 

 
Figure 23 Interaction of Dipole and Counter-Dipole to Prevent Bursting 

Interaction with the dipole (𝜔𝜃)
𝑐 and oppositely oriented (𝜔𝜃)

𝑓 generated by perturbation 

of the vortex surface at the edge of the core. a) Approach of (𝜔𝜃)
𝑐 via radial advection to 

the position of (𝜔𝜃)
𝑓. (b) (𝜔𝜃)

𝑐 dominates the interaction, advecting (𝜔𝜃)𝑓 away from 

the collision plane, resulting in the dipole erupting from the column (𝛽 = 5 case). (c) 

(𝜔𝜃)
𝑓 dominates the interaction, preventing the dipole from erupting and pinning it within 

the column (𝛽 = 2 case).  
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where 𝑠 = √𝑓2 + 𝛿𝑧2 is the distance from the ring center to the points on the edge of the 

core (blue line in figure 24a) and �̂� is the unit vector normal to the line from the vortex ring 

center to the point of interest on the vortex surface (along the green arrow in figure 24a). 

The radial component of this meridional flow is 𝑢𝑟 = �⃗� 𝑑 ⋅ �̂� = ±
Γ𝑑

𝑠

𝛿𝑧

𝑠
 (red arrow in figure 

24a). This radial velocity will generate 𝜔𝑟 by deflecting the vortex line (from the solid to 

dashed lines in figure 24a). Using equation (3.1a) and 𝑢𝑟, the rate of generation of 𝜔𝑟 by 

tilting of 𝜔𝑧 is 

 
𝜕𝜔𝑟

𝜕𝑡
≈ 𝜔𝑧

𝜕𝑢𝑟

𝜕𝑧
≈ 𝜔𝑧

Γ𝑑

𝑠2
. (4.2) 

By assuming 𝛿𝑧 ≪ 𝑓, and all other components as constant, equation (4.2) can be 

integrated for a linear in time generation of 𝜔𝑟, 

 (𝜔𝑟)
𝑓 ≈ 𝜔𝑧

Γ𝑑

𝑓2
𝑡 (4.3) 

where the superscript 𝑓 indicates the vortex surface on the edge of the column. The vortex 

ring dipole radially advects towards the edge of the column; thus the time 𝑡 can be 

determined from the radial velocity of the dipole and the distance 𝑓, discussed later.  

 The radially varying vortex line at 𝑓 naturally generates 𝜔𝜃 via vortex line coiling 

based on the simplified equation (3.1b) where the advection and stretching terms are 

assumed to be small. The simplified equation (3.1b), combined with equation (4.3), gives  

 
𝜕𝜔𝜃

𝜕𝑡
≈ −2

𝑣

𝑟
𝜔𝑟 ≈ −2𝜔𝑧

𝑣

𝑟

Γ𝑑

𝑓2
𝑡. (4.4) 

Similar to equation (4.2), equation (4.4) can be integrated in time to yield  

(𝜔𝜃)
𝑓 ≈ −𝜔𝑧

𝑣

𝑟

Γ𝑑

𝑓2
𝑡2. (4.5) 
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This (𝜔𝜃)
𝑓 (the red ⊗ in figure 24b) is oppositely signed to the 𝜔𝜃 within the ring of the 

advecting dipole; once (𝜔𝜃)
𝑓 intensifies enough, it acts as a counter dipole (with its 

opposite ring across the collision plane), indicated by the growing red ● in figures 24c and 

24d. The (𝜔𝜃)
𝑓 is taken as the characteristic 𝜔𝜃 of one ring in the counter-dipole. 

 To validate equation (4.5), the evolution of 𝜔𝜃 at an arbitrary point within the 

counter-dipole is examined, near the collision plane (say, 𝑟 = 2, 𝑧 − 𝐶 = 0.175 where C 

is the collision plane axial location, shown using linear, figure 25a, and semi-log, figure 

25b, plots). From 𝑡 = 4 to 𝑡 = 6, there is a clear time period of quadratic growth (i.e. 𝑚 =

2), confirming the validity of equation (4.5). This period matches the period between the 

onset of the dipole, when 𝜔𝜃 reaches collision plane (𝑡 = 4, before figure 8c), and when 

the dipole reaches the patch of oppositely signed 𝜔𝜃 at the core edge (just before 𝑡 = 6, 

 
Figure 24 Model of Dipole and Counter-Dipole Interaction 

(a) Diagram showing a dipole of strength Γ𝑑 with a meridional flow (green arrows) inducing 

a velocity 𝑢𝑟 (red arrow) that tilts the initial axial vortex line into the radial direction. The 

meridional flow is estimated at a radial difference, 𝑓, and axial difference, 𝛿𝑧, from the 

position of the dipole. Additionally, the dipole is estimated to have a radius of 𝛿𝑧. (b) 

Coiling generated (𝜔𝜃)
𝑓 generated and its meridional flow. (c) Radial advection of the 

dipole, 𝑣𝑑, over the distance 𝑓 during the time 𝑡𝑑. (d) Interaction of the dipole (𝜔𝜃)
𝑐 and 

(𝜔𝜃)
𝑓 to determine if bursting occurs. Note that the dipole formed by (𝜔𝜃)

𝑓 advects 

radially inward, while the ring of (𝜔𝜃)
𝑓 will advect in the -z direction, eventually ending 

the dipole motion. 
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figure 8d). Note that a similar plot for 𝛽 = 5 is less clear, and thus not shown, as the pile-

up and dipole advection occurs much faster (between 𝑡 = 1, figure 9b, and 1.5, figure 9c), 

meaning the generation of opposite 𝜔𝜃 occurs quicker. Also, the quadratic growth occurs 

before the dipole reaches the edge of the column, and as the column radius is smaller for 

the larger 𝛽, the period of quadratic growth is shorter.  

The generation of (𝜔𝜃)
𝑓 as stated by equation (4.5) occurs as the dipole radially 

advects outward from the vortex column (figure 24c), meaning 𝑡 is the time taken by the 

dipole to advect the distance 𝑓, as shown in figure 25. Assuming the dipole is 𝛿𝑧 away 

from the collision plane and the ring of the dipole touches the collision plane (as shown in 

figure 24), the cross-sectional area of the ring is approximated as 𝜋(𝛿𝑧2). The mutually 

induced radial velocity of the dipole rings is, 

 𝑣𝑑 =
Γ𝑑

2𝛿𝑧
, (4.6) 

and the dipole advects a radial distance 𝑓, during a time of 𝑡𝑑 =
𝑓

𝑣𝑑
≈

2𝑓𝛿𝑧

Γ𝑑
. Note that 𝛿𝑧 is 

assumed constant and 𝑠 decreases as the dipole advects towards the vortex edge, thus the 

simplification for equation (4.3) does not hold during as 𝛿𝑧 becomes close in magnitude to 

𝑓; however, 𝑡𝑑 approximates the advection time for the dipole to reach the vortex surface. 

Plugging 𝑡𝑑 into equation (4.5), (𝜔𝜃)
𝑓 is 

 (𝜔𝜃)
𝑓 = −𝜔𝑧

𝑣

𝑟

Γ𝑑

𝑓2
𝑡𝑑
2 ≈ −(𝜔𝑧

𝑣

𝑟
)
𝑓 Γ𝑑

𝑓2
(
2𝑓𝛿𝑧

Γ𝑑
)
2

= −
4(𝜔𝑧𝑣)

𝑓𝛿𝑧2

𝑟Γ𝑑
. (4.7) 

The circulation of the dipole, with a cross-sectional area of 𝜋(𝛿𝑧2), can be approximated 

(using the mean value theorem) as Γ𝑑 = (𝜔𝜃)
𝑑𝜋(𝛿𝑧2), where (𝜔𝜃)

𝑑 is the average 𝜔𝜃 of 

the dipole head. Plugging this circulation into equation (4.7),  
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 (𝜔𝜃)
𝑓 ≈ −

4

𝜋
(𝑣𝜔𝑧/𝑟)

𝑓

(𝜔𝜃)
𝑑 ,      or      

|(𝜔𝜃)
𝑓|

|(𝜔𝜃)
𝑑|
≈

|
4

𝜋
(𝑣𝜔𝑧/𝑟)

𝑓|

[(𝜔𝜃)
𝑑]
2 . (4.8) 

Note, as discussed above, that the criterion for bursting can be interpreted as the ratio 

between (𝜔𝜃)
𝑑 and (𝜔𝜃)

𝑓; thus, equation (4.8) can be modified to include 𝜔𝜃 from any 

source within the core (such as axial flow or fluctuations excited by external filaments). 

There is an advantage of using vorticity, as it can be readily directly calculated from the 

vorticity equations; however, pointwise vorticity can be instantaneously maximum 

anywhere in a domain without this point being dynamically significant for the bursting 

phenomenon. Thus, it seems that a criterion based on circulation is much more desirable, 

even though such information is not tractable via equations.  

Let us now focus on the inner dipole (figure 24). The mutual induction of the two 

dipoles (only the left side of each dipole is sketched in figure 24d) determines whether or 

not the inner dipole continues to radially advect, pushing the outer dipole aside to erupt 

from the column (as discussed in figure 23). When bursting occurs, the opposite 𝜔𝜃 

generated at the edge of the vortex, (𝜔𝜃)
𝑓, is small compared to the azimuthal vorticity of 

(a)         (b)  

 
Figure 25 DNS Results of Counter Dipole Growth 

Evolution of 𝜔𝜃 at position (𝑟 = 2, 𝑧 = 0.174), where z is measured from the collision 

plane, for 𝛽 = 2 at 𝑅𝑒 = 5000 for (a) linear and (b) semi-log plots, showing the quadratic 

in time growth. The vertical ticks in (a) mark where 𝜔𝜃 changes sign and corresponds to 

the cusps in (b). 
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the dipole, (𝜔𝜃)
𝑑; from equation (4.8), this means |(𝜔𝜃)

𝑓|/|(𝜔𝜃)
𝑑| < 1 or [(𝜔𝜃)

𝑑]2 >

|
4

𝜋
(
𝑣𝜔𝑧

𝑟
)
𝑓

| – this thus can serve as a general criterion for whether bursting will occur or 

not. Once again, bursting is prevented when (𝜔𝜃)
𝑓 ≥ (𝜔𝜃)

𝑑, which means |
4

𝜋
(
𝑣𝜔𝑧

𝑟
)
𝑓

| ≥

[(𝜔𝜃̅̅ ̅̅ )
𝑑]2. Then, given a collision plane, the dipole’s 𝜔𝜃 can be compared to the vortex 

column via equation (4.8) to determine bursting; then, the question obviously remains as 

to how to identify a future collision plane a priori. Identification of a collision plane for 

random fluctuations within the column is non-trivial, and presents a significant challenge 

for predicting vortex bursting; however, for controlled excitation of the column, the 

collision plane is known, and bursting can be determined from the excitation. 

 

4.2 Minimum 𝛽 for Bursting 

 

As our erupting ring dipole is generated by vortex line coiling at the axial variation 

of the vortex column, the dipole’s 𝜔𝜃 is assumed to originate from that coiling. Then, 

(𝜔𝜃)
𝑑 is approximated as the coiled 𝜔𝜃, (𝜔𝜃)

𝑐, generated over a time 𝛿𝑡 within the initial 

radial contraction using 

𝜕(𝜔𝜃)
𝑐

𝜕𝑡
≈ −2(

𝑣𝜔𝑟

𝑟
)
𝑐

= −2 [
𝑣

𝑟
(
𝑟

𝑟0
) (

𝜕𝑟0

𝜕𝑧
)𝜔𝑧]

𝑐

 (4.9) 

where 𝜔𝑟 = (
𝑟

𝑟0
) (

𝜕𝑟0

𝜕𝑧
)𝜔𝑧 in the initial contraction (noted above in equation 2.3b). Note 

that the assumption of the dipole’s 𝜔𝜃 originating from the vortex line coiling gives rise to 

the c identifier. Integrating equation (4.9) over 𝛿𝑡 at some radius 𝑟 = 𝑐 within the 

contraction gives 
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 (𝜔𝜃)
𝑐 ≈ −2 [(

𝑣

𝑟0
) (

𝜕𝑟0

𝜕𝑧
)𝜔𝑧]

𝑐

𝛿𝑡, (4.10) 

and the interaction of the dipoles that determines whether bursting occurs, equation (4.8), 

becomes 

 4 ([(
𝑣

𝑟
) (

𝑟

𝑟0
) (

𝜕𝑟0

𝜕𝑧
)𝜔𝑧]

𝑐

)
2

𝛿𝑡2 >
4

𝜋
(
𝑣𝜔𝑧

𝑟
)
𝑓

. (4.11) 

It is assumed that the core radius variation 𝛽, and thus the amplitude of the core radius 

perturbation 𝜇, controls whether vortex bursting occurs. This perturbation amplitude can 

be connected to the core radius variation 
𝜕𝑟0

𝜕𝑧
 by the axial contraction length, 𝑧𝑐(= 1.5) as 

𝜕𝑟0

𝜕𝑧
≈

2𝜇

𝑧𝑐
. For the left-hand side of equation (4.11), the initial velocity and vorticity profiles 

of the Oseen vortex are used, giving  

 
𝑣𝜔𝑧

𝑟
=

𝛼Γ0

2𝜋2𝑟2𝑟0
2 {exp [−𝛼 (

𝑟

𝑟0
)
2

] − exp [−2𝛼 (
𝑟

𝑟0
)
2

]}. (4.12) 

Noticing from figure 8b that the 𝜔𝜃 region which advects the fastest is close to the column 

axis, take 𝑟𝑐 = 0.5𝑟0 (taken at the axial position of maximum core radius variation within 

the contraction). For RHS of equation (4.11), 𝑟𝑓 = 2𝑟0 (where Γ(𝑟𝑓) = 0.99Γ0, marking 

the edge of the vortex). Finally, the time is approximated as 𝛿𝑡 ≈ 1, which is the time it 

takes for 𝜔𝜃 to begin advecting along the vortex axis as a ring in the above simulations 

(figures 8 and 9). Equation (4.12) can be inserted into equation (4.11) to obtain 𝜕𝑟0/𝜕𝑧, 

which is then related to the radius variation, 𝜇, using 𝜇 ≈ 𝑧𝑐(𝜕𝑟0/𝜕𝑧)/2. Using our initial 

parameters in section 2, equation (4.11) gives 

 [
𝑟𝑐

𝑟0
(
𝜕𝑟0

𝜕𝑧
)
𝑐

]
2

=
1

4
[𝜇 (

2

𝑧𝑐
)]
2

>
4

𝜋
(
𝑣𝜔𝑧
𝑟
)
𝑓

[(
𝑣𝜔𝑧
𝑟
)
𝑐
]
2 ≈

0.00209

(0.319)2
≈ 0.0205.  (4.13) 
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Then, the criterion for bursting to occur is 𝜇𝑚𝑖𝑛 ≈ 0.22 or 𝛽𝑚𝑖𝑛 =
1+𝜇𝑚𝑖𝑛

1−𝜇𝑚𝑖𝑛
= 1.55. Note 

that different vortex base profiles or core radius variations will change the resulting values 

of 
𝑣𝜔𝑧

𝑟
. A discussion of how a different base flow (vortex profile and axial function for the 

core radius) impacts the bursting dynamics is given in appendix A.  

Thus, the model in section 4.1 is extended to include the vortex line coiling 

responsible for the 𝜔𝜃 packets, focusing on the first collision of these packets. The first 

collision draws the most interest as it would best represent a burst formed due to random 

variations of the vortex core radius, like those to a trailing vortex. Note that if the core 

radius variations are sparse, then the packets of oppositely coiled 𝜔𝜃 after the initial 

collision would not encounter another packet for a long period of time. This is unlike van 

Rees (2020) where the periodic boundaries close to the initial core radius variation cause 

rapid uncoiling and inhibit dipole formation during the initial collision, discussed further 

in appendix A. The model could be extended to vortex bursting for any collision of 𝜔𝜃 

packets by estimating the dipole using either a) the 𝜔𝜃 generated by the vortex line coiling 

over an arbitrary period (e.g. the short initial period of van Rees or longer periods of 

coiling), or b) 𝜔𝜃 generated by core dynamics, which would form the colliding packets. 

The different methods of generating 𝜔𝜃 within the dipole permits more realistic methods 

for genesis of vortex burst.  

There are several limitations of the current model for the bursting criterion, 

equation (4.8). First, it is derived purely using inviscid assumptions. For example, as the 

patches of 𝜔𝜃 advect from the contraction towards the collision plane, they decay due to 

viscous diffusion and cross-annihilation across the axis; hence a longer 𝑧2 separation in 
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figure 3c would mean weaker patches during the collision. The decrease in 𝜔𝜃 during the 

packet’s advection towards the collision plane due to vortex line uncoiling as the packet 

advects (i.e. uncoiling as the moving packet locally varies the vortex surfaces during its 

movement along 𝑧2; see figure 11) is also neglected. Viscous cross-annihilation also occurs 

between the rings of the dipole as it radially advects, as well as between the dipole and the 

oppositely signed 𝜔𝜃 that forms at the core edge, reducing all the 𝜔𝜃 patches used in the 

model. Second, many of the time dependencies are neglected, such as the time dependence 

in tilting of 𝜔𝑧 at the edge of the core into 𝜔𝑟 by the dipole (equation (4.2)), which would 

change the counter-dipole’s 𝜔𝑟, and hence its 𝜔𝜃. Third, the patch of oppositely signed 𝜔𝜃 

tends to be advected/deformed from a circular patch into an elliptical shape radially outside 

the advecting dipole (see the × in figure 22b), which deviates from the assumption of a 

circular ring cross-section in the counter-dipole in the model. The core radius profile and 

axial variation of the core radius to determine 𝛽𝑚𝑖𝑛 are the ones used in the above 

simulations, while other contraction shapes may result in different 𝛽𝑚𝑖𝑛. However, 

equation (4.8) is generic, as it is derived from the dynamics of the flow. As a note on the 

assumption of axisymmetry, equation (4.8) suggests that if non-axisymmetric packets of 

𝜔𝜃 were to collide head-on (similar to the axisymmetric packets seen here), they could also 

form an erupting pair of filaments, but would not reproduce the pancake-like burst 

Table 1 Bursting as a Function of 𝛽 and 𝑅𝑒 

𝛽 𝜇 𝑅𝑒 = 5,000 𝑅𝑒 = 20,000 𝑅𝑒 = 50,000 

2.2 0.375 No Burst No Burst No Burst 

2.33 0.400 No Burst No Burst Burst 

2.48 0.425 No Burst Burst Burst 

2.63 0.450 No Burst Burst Burst 

3.0 0.500 Burst - - 

Core radius ratios (𝛽) and core perturbation amplitudes (𝜇) for parametric search of 

bursting occurrence at various 𝑅𝑒. 
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indicated by Spalart (1998). Hence our model captures the formative mechanism for the 

eruption of filaments from the column. 

This model can be used to understand the bursting process from any method of 

producing the 𝜔𝜃 packets and hence the dipole. If significant core radius variations (i.e. 

𝛽 > 1) are too unfeasible to generate the (𝜔𝜃)
𝑐 necessary for bursting, then localized puffs 

of axial velocity (containing intense 𝜔𝜃) within the core (even without any radial variation 

of the column) could also be considered by relating the axial velocity to 𝜔𝜃 and using 

equation (4.8) to predict bursting. Another option would be generating core radius 

variations during the vortex formation by some actuation, such as, for a wing-tip vortex, 

altering the angle of attack or using blowing and suction to modify the vortex core without 

changing its circulation. One caveat is that external vorticity filaments, such as those 

generated by vortex-turbulence interaction considered by Pradeep & Hussain (2010), 

excite 𝜔𝜃 patches within the vortex far from the axis. Then, the time it would take those 

excited patches to advect to the edge of the column would be much smaller than that 

predicted by 𝑡𝑑, and the model would have to be modified accordingly for the shorter time 

frames and interaction distance, 𝑓, in equation (4.3) and onward. In the case of external 

filaments, erupting dipoles could be excited without large amplitude perturbations to the 

core, though the effect on the vortex would have to be studied. Thus, the model provides a 

generic framework for understanding bursting while not being constrained to the initial 

condition considered herein. 

Overall, the idealizations serve the purpose of capturing the mechanisms preventing 

bursting, resulting in a generic criterion for bursting to occur, and modeling them for our 

configuration to determine a threshold core radius variation, 𝛽𝑚𝑖𝑛. A logical extension is 



Texas Tech University, Eric Stout, December 2021 

53 

 

testing vortex bursting for various core radius variations (𝛽) to show that bursting trends 

towards this threshold with increasing Re.  

 

4.3 Reynolds Number Trends 

 

To further examine our newly found bursting threshold of 𝛽𝑚𝑖𝑛 = 1.55, various 

core radius perturbations at three Re (table 1) are parametrically searched using the 

axisymmetric code discussed in Section 2. Visual analysis is made to see whether bursting 

– a dipole erupting from the column – has occurred, though the dipole may disappear 

quickly due to viscous cross-annihilation. The peak 𝜔𝜃 in the dipole and counter-dipole at 

the time the dipole reaches the edge of the column are used to support the visual 

identification (table 2). The time when the dipole reaches the edge of the column varies 

slightly with 𝛽 and Re, but occurs at approximately the time chosen in figures 26-28 for 

the 𝛽’s selected. The observations of bursting are done mainly post hoc using the long time 

evolution, which is then checked against the 𝜔𝜃 ratio in equation (4.8) using table 2; since 

the 𝜔𝜃 values depend on knowing where the dipole is, these values are less than ideal as 

the sole identifier of bursting, typically requiring some additional visualization to confirm.  

For 𝑅𝑒 = 5,000 (figure 26), bursting occurs between 𝛽 = 2.63 (figure 26d) and 

𝛽 = 3 (figure 26e), as seen from the separation of the heads of the dipole rings from their 

tails (figure 26f). As expected for the low Re, the occurrence of bursting is at a significantly 

higher 𝛽 than the predicted threshold due to increased viscous effect. The strong viscous 

effects present during the advection of the coiled 𝜔𝜃 to the collision plane (involving cross-

annihilation at the axis), and also during the dipole’s radial advection to the edge of the 
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column (across the collision plane) accounts for the substantial difference in 𝛽. Figures 

26a-e show that the vortex ring dipole’s (labeled D) advection is clearly being impeded by 

oppositely signed 𝜔𝜃 radially outside of it (labeled CD). With increasing 𝛽, the 𝜔𝜃 patches 

of the dipole (D) become stronger due to increased coiling; the 𝜔𝜃 patches of the counter-

dipole (CD) become weaker due to the shorter dipole advection time, 𝑡𝑑, in equation 4.7. 

Thus, not surprisingly, only higher 𝛽 cases can overcome viscous damping to form erupting 

vortex dipoles.  

As Re increases to 20,000 (figure 27), the threshold for bursting decreases to 

between 𝛽 = 2.33 (figure 27c) and 𝛽 = 2.48 (figure 27d), reflecting the stronger 

circulation of the dipole rings. The coiled 𝜔𝜃 patches have less cross-annihilation across 

the column axis as they advect towards the collision plane due to the lower viscosity; during 

the advection of the dipole rings (D) radially outward, there is also less cross-annihilation 

Table 2 Comparison of (𝜔𝜃)
𝑐 and (𝜔𝜃)

𝑓 as an Indicator of Bursting 

𝛽 𝑅𝑒 = 5,000 𝑅𝑒 = 20,000 𝑅𝑒 = 50,000 

|(𝜔𝜃)
𝑐| |(𝜔𝜃)

𝑓| |(𝜔𝜃)
𝑐| |(𝜔𝜃)

𝑓| |(𝜔𝜃)
𝑐| |(𝜔𝜃)

𝑓| 

2.2 1.34 1.01 4.66 5.066 7.75 9.81 

2.33 1.32 1.11 5.47 5.41 9.90 9.72 

2.48 1.37 1.21 5.47 5.13 13.92 9.56 

2.63 1.64 1.09 5.46 4.79 18.69 9.17 

Peak |(𝜔𝜃)
𝑐|, for the vortex ring dipole, and (𝜔𝜃)

𝑓, for the counter dipole, as the dipole 

reaches the edge of the column for different 𝛽 at various 𝑅𝑒. When |(𝜔𝜃)
𝑓| > |(𝜔𝜃)

𝑐|, the 

dipole bursts. Note that 𝛽 = 3 is not listed as it is clearly bursting in figure 26(f). 
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across the collision plane (between the two rings of the dipole) and with the patches of 

opposite 𝜔𝜃 (i.e. D and CD). This means the dipole has greater circulation during its 

advection; thus, the dipole’s meridional velocity is stronger and more easily advects the 

counter dipole (CD) axially away from the collision plane. The radial advection of the 

dipole thus increases compared to the same 𝛽 at a lower 𝑅𝑒. At higher 𝑅𝑒, as expected, the 

(a) 𝛽 = 2.2 (d) 𝛽 = 2.63 

  
(b) 𝛽 = 2.33 (e) 𝛽 = 3 

  
(c) 𝛽 = 2.48 (f) 𝛽 = 3 

  
Figure 26 Bursting as a Function of 𝛽 at 𝑅𝑒 = 5,000 

Meridional plane view of vorticity magnitude colored by 𝜔𝜃 (red is positive and blue is 

negative) focused near the collision plane at 𝑡 = 5.5 for 𝑅𝑒 = 5000. 𝜔𝜃 = ±5 is the 

maximum color scale. Isocontours of |𝜔| are shown at 1, 2, 4, 8, and 10 . An enhanced 

view of the dipole head in (e) is shown in (f). 
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oppositely signed 𝜔𝜃 of the counter dipole (CD) are thinner and closer to each other near 

the collision plane by self-advection (compare figure 26a to figure 27a). Comparing figure 

26 to figure 27, the overall dynamics at this time do not seem to change significantly with 

increasing 𝑅𝑒. It is expected that at later times, the weaker viscous decay means greater 

vortex line coiling and uncoiling, formation of additional 𝜔𝜃 packets (due to opposite 

coiling) and bursting due to collisions of those 𝜔𝜃 packets; this later bursting due to coiling 

induced additional 𝜔𝜃 occurs away from the initial collision plane, and is called ‘secondary 

bursting’ (observed in figure 17 for 𝛽 = 5). These dynamics later in the flow evolution are 

interesting but outside of our focus on the initial formation of the burst. 

At 𝑅𝑒 = 50,000, the threshold further decreases to between 𝛽 = 2.2 (figure 28a) 

and 𝛽 = 2.33 (figure 28b); this threshold is even closer to the inviscidly predicted 

threshold of 𝛽𝑚𝑖𝑛 = 1.55. Similar to the increase from 𝑅𝑒 = 5,000 to 20,000, the packets 

of 𝜔𝜃 are again thinner and more tightly packed, especially near the collision plane. The 

packets also experience less cross annihilation in all stages of the burst formation and 

evolution, becoming even stronger. One additional phenomenon of note is how the 

opposite 𝜔𝜃 (CD), responsible for impeding the advection of the ring dipole, grow in size 

and magnitude, especially in figure 28d. Notably, these CD are thin vorticity layers laying 

outside the dipole, which could roll up to form vortex rings and play a significant role 

during the vortex line uncoiling and opposite coiling that leads to a secondary burst.  
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These results reveal some trends for bursting with increasing 𝑅𝑒. With increasing 

Re, the mutual induction of the two dipole vortices is higher. Therefore, they advect faster 

and diffuse slower, causing the cross-section to be smaller; the slower diffusion will, 

however, be countered by the stronger collision of the vortex rings, which will somewhat 

increase cross-annihilation, decreasing the dipole vortex Re. Additionally, the regions of 

oppositely coiled 𝜔𝜃 (CD) outside the dipole have higher magnitudes and become more 

complex, again as the vorticity advects faster and diffuses less. The radial position of the 

dipole at 𝑡 = 5.5 in figures 26-28 increases with increasing 𝑅𝑒, as there are less viscous 

losses before dipole formation and during the dipole advection. The decreased viscous 

losses also mean the potential for secondary bursting due to stronger uncoiling and opposite 

coiling at higher 𝑅𝑒. Additionally, each vortex ring dipole that does burst should reach a 

larger terminal radius before dying out due to reduced viscous cross-annihilation between 

(a) 𝛽 = 2.2 (c) 𝛽 = 2.48 

  
(b) 𝛽 = 2.33 (d) 𝛽 = 2.63 

  
Figure 27 Bursting as a Function of 𝛽 at 𝑅𝑒 = 20,000 

Meridional plane view of vorticity magnitude colored by 𝜔𝜃 (red is positive and blue is 

negative) focused at the collision plane at 𝑡 = 5.5 for 𝑅𝑒 = 20,000. 𝜔𝜃 = ±5 is the 

maximum color scale. Isocontours of |𝜔| are shown at 1, 2, 4, 8, and 10 .  
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the individual rings of the dipole. Thus, the brief snapshots shown here illustrate how 

bursting becomes stronger and richer as 𝑅𝑒 increases.  

The observed 𝛽 necessary for bursting for these three 𝑅𝑒 trends towards the 

predicted threshold, supporting our model, though it gives a general sense and not a fine 

parametric map of the behavior. Note that this study supports a generally low 𝛽 threshold 

for bursting, and further studies must be done on the effect of the core radius variation in z 

and the Re effect. The counter dipole is still present even at low 𝛽 and high 𝑅𝑒, indicating 

it plays a role in preventing bursting at practical Re and supports the model of section 4.1.  

 

  

(a) 𝛽 = 2.2 (c) 𝛽 = 2.48 

  
(b) 𝛽 = 2.33 (d) 𝛽 = 2.63 

  
Figure 28 Bursting as a Function of 𝛽 at 𝑅𝑒 = 50,000 

Meridional plane view of vorticity magnitude colored by 𝜔𝜃 (red is positive and blue is 

negative) focused at the collision plane at 𝑡 = 5.5 for 𝑅𝑒 = 50,000. 𝜔𝜃 = ±5 is the 

maximum color scale. Isocontours of |𝜔| are shown at 1, 2, 4, 8, and 10 .  
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CHAPTER 5 

CONCLUSION 

Despite occasional treatment of vortex bursting in the literature, no clear definition is 

available, and the dynamics responsible are relatively unexplored. Here, a clear definition 

of vortex bursting is provided, the dynamics documented, and a criterion for bursting to 

occur is derived.  

The generation of a burst is tied to the formation of strong core radius fluctuations 

due to vortex line coiling; this coiling is driven by variations of the vortex column’s core 

radius, governed by the ratio of the maximum core to the minimum core radii (𝛽). By 

comparing the evolutions of a vortex column at two different 𝛽’s (2 and 5), the formation 

of a vortex burst is documented. This builds on the coiling of the column’s vortex lines, 

called ‘core dynamics’ by MH94. For 𝛽 = 2, the formation and evolution of a vortex ring 

dipole within the column are detailed using DNS, whose radially outward advection to the 

column’s surface and beyond is prevented (hence, no bursting). For the larger core radius 

variation (i.e. 𝛽 = 5), the dipole erupts and detaches from the column as a separate 

structure. Hence, the formation of a vortex ring dipole well within the column – vortex line 

reconnection to form closed azimuthal rings and their advection away from the axis as a 

dipole due to mutual induction – and the dipole’s radial ejection beyond the column’s 

surface is defines the phenomenon of vortex bursting.  

 Motivated by the vorticity dynamics and vortex line coiling/uncoiling observed for 

the non-bursting case of 𝛽 = 2, a model for the 𝜔𝜃 within a ring dipole necessary to cause 

bursting is developed. One ring of the dipole tilts the unperturbed vortex surface 

(associated with purely axial vortex lines) at the edge of the core to generate 𝜔𝑟, and hence 



Texas Tech University, Eric Stout, December 2021 

60 

 

oppositely signed 𝜔𝜃 via vortex line coiling (figure 24a). This generation of 𝜔𝜃 is 

inviscidly modeled from the 𝜔𝑟 and 𝜔𝜃 equations. The ratio of the dipole’s 𝜔𝜃
𝑑 to the 

generated opposite 𝜔𝜃 is a criterion for bursting, namely (𝜔𝜃
𝑑)
2
> (

4

𝜋

𝑣

𝑟
𝜔𝑧)

𝑓

; that is 

bursting will occur when this inequality is established. For an Oseen vortex, the generation 

of 𝜔𝜃 needed for the dipole’s genesis is modeled; this 𝜔𝜃 comes from vortex line coiling, 

via equation (3.1b), at the column’s core radius variation. Alternatively, localized puffs 

(i.e. of high localized streamwise velocity and 𝜔𝜃) or other actuations to the column could 

be responsible for the dipole’s 𝜔𝜃, extending the model to practical bursting excitation and 

control. From our model of the dipole’s 𝜔𝜃, the inviscid bursting criterion results in a 

minimum core radius variation of 𝛽𝑚𝑖𝑛 = 1.55. In contrast to this asymptotic criterion for 

inviscid vortices, the bursting criterion for viscous vortices at practical Re is explored via 

DNS. Thus, a parametric search for bursting initiation is done for 𝑅𝑒 = 5,000, 20,000 and 

50,000. By limited trial, the onset of bursting is observed for 𝛽 > 2.63 for 𝑅𝑒 = 5,000, 

𝛽 > 2.33 for 𝑅𝑒 = 20,000, and 𝛽 > 2.2 for 𝑅𝑒 = 50,000. These decreases in the 𝛽 value 

for bursting criterion reflect a clear trend towards the inviscidly predicted threshold as Re 

increases, supporting our model of bursting.  

 By clearly outlining the initiation dynamics and Re trends of bursting, this research 

provides the groundwork for many other future studies. Additional complexities are needed 

to understand vortex bursting in practical flows fully. For example, the addition of 

turbulence or axial flow within the column would break the initial symmetries of the flow 

and increase the complexity of the vortex ring dipole formation and eruption. The model 

of bursting also suggests that non-axisymmetric bursts of vortex filament dipoles (instead 
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of a vortex ring dipole) can occur via the same mechanism, though the complexity of such 

a collision increases due to azimuthal variations allowing vorticity packets to collide 

partially. 
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APPENDICES 

APPENDIX A. 

EFFECT OF AXIAL VARIATION OF THE INITIAL CORE RADIUS 

 One major difference between our results and those in van Rees (2020) is the 

relative lengths of radius variation – van Rees used a sinusoidal function, while this work 

used a piecewise function (equation 2.2; see also figures 3b and 3c). To examine the effect 

of different axial distributions of the cores on bursting, an additional simulation using van 

Rees’ axial distribution is performed, using a domain size of (𝑥𝐿 , 𝑦𝐿 , 𝑧𝐿) = (𝜋, 𝜋, 2𝜋) 

with (𝑛𝑥, 𝑛𝑦, 𝑛𝑧) = (256, 256, 512). The initial configuration is chosen to be the same as 

that from MH94, namely, a compact Gaussian vortex with sinusoidal core radius variation,  

𝜔𝑟 = 𝑓 (
𝑟

𝑟′𝑟0(𝑧)
)

𝑟

𝑟0
3(𝑧)

𝑑𝑟0
𝑑𝑧

 

𝜔𝑧 = 𝑓 (
𝑟

𝑟′𝑟0(𝑧)
) 𝑟0

2(𝑧)⁄  

where 

𝑓(𝜉) = {
𝜔0 exp[−4𝜉

2 (1 − 𝜉2)⁄ ] exp(4𝜉4 + 4𝜉6 + 4𝜉8) , 0 ≤ 𝜉 < 1
0, 1 ≤ 𝜉

 

and  

𝑟0(𝑧) = 1 − 𝜇 cos(2𝜋𝑧 𝜆⁄ ). 

𝑟′ = 0.8727 is the unperturbed core radius, 𝜆 = 𝑧𝐿 is the wavelength of the core variation, 

𝜇 = 0.5 is the amplitude of the core radius variation (giving a 𝛽 = 3), and 𝜔0 = 11.805 

so that Γ0 = 2𝜋 (the circulation of the column). Our vortex is slightly different from van 

Rees’ as he used a Gaussian profile, like above in section 3; however, the difference in the 

vortex profile is not expected to be significant (supported by the results in figure 29). Note 
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that for the compact Gaussian vortex, the core radius denotes the radial location where the 

vorticity goes to zero (unlike a Gaussian profile, where the tail goes to infinity), and not 

the location of peak of azimuthal velocity. 𝑅𝑒 is chosen to be 10,000 to match van Rees 

(2020), which is larger than our results at 𝑅𝑒 = 5,000 in this manuscript; from the three 

Re simulations shown in section 4.2, the dynamics of our piecewise vortex at 𝑅𝑒 = 10,000 

are not expected to be notably different from the 𝑅𝑒 = 5,000 case discussed above.  

(a) t=0 (g) t=3.25 

  
(b) t=0.5 (h) t=3.5 

  
(c) t=1 (i) t=4 

  
(d) t=2 (j) t=4.5 

  
(e) t=2.5 (k) t=5 

  
(f) t=3 (l) t=5.5 

  
Figure 29 Evolution of a Sinuous Vortex Core at 𝑅𝑒 = 10,000 

Evolution of contours of constant circulation (equivalent to vortex lines projected onto a 

meridional plane), colored by azimuthal vorticity, for a compact Gaussian vortex with a 

core radius ratio of 𝛽 = 3. 
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 Figure 29 shows the evolution of vortex surface isocontours (surfaces of constant 

circulation) in a meridional plane, colored by 𝜔𝜃 values. The initial dynamics (figures 

29a,b) match our piecewise case – the axial variation of the vortex lines causes them to tilt 

azimuthally, hence coiling, generating 𝜔𝜃 (detailed in section 3.1). After this initial coiling, 

these packets of 𝜔𝜃 are adjacent to each other, both across the center of the domain and 

across the periodic boundary, unlike in our piecewise case. These 𝜔𝜃 packets are associated 

with meridional velocities, including radial outward flow at the most contracted point (the 

periodic boundary) and radially inward flow at the most expanded point (the center of the 

domain). The radially outward flow causes the vortex lines near the periodic boundary to 

move outward, creating a small region with vortex lines of opposite axial variation. That 

is, on the left half of the domain, the vortex lines decrease their radial position in the 

positive axial direction (inside the green box in figure 29b), and the effect of the 𝜔𝜃 

packets’ meridional velocities create a region with opposite 𝜔𝑟 to the initial condition; the 

same occurs on the right half of the domain. This change in the vortex line slope causes 

opposite coiling at the periodic boundary, immediately generating opposite 𝜔𝜃 there 

(figure 29c). This patch is not the counter-dipole, and instead is opposite generation of 𝜔𝜃, 

inviscidly reducing the initial 𝜔𝜃 patch and causing it to appear to advect away from the 

periodic boundary, even as the self-induced velocity of the patch advects it towards the 

boundary (this apparently enigmatic motion due to the competing effects of generation and 

advection is noted in MH94). The resulting separation of the colliding 𝜔𝜃 packets prevents 

dipole formation entirely. This contrasts the non-bursting case in section 4.1, where a 

counter dipole suppresses the erupting dipole. Note that the appearance of these oppositely 
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coiled patches increases the cross-annihilation of all 𝜔𝜃 patches, enhancing the cross-

annihilation of 𝜔𝜃 across the vortex column axis.  

These oppositely signed 𝜔𝜃 patches grow because of the continuing reversal of the 

vortex core radius variation (figures 29d-e), uncoiling the initial patch of coiled 𝜔𝜃. This 

uncoiling continues until the initial patch is reduced to zero (figure 29e), after which the 

dynamics are dominated by the oppositely coiled patches (figure 29f), reflecting the 

oscillatory coiling-uncoiling discussed in section 3.1 and MH94. Thus, due to the uncoiling 

effect of core dynamics, the sinuous vortex core does not burst during the first collision of 

the 𝜔𝜃 patches. 

 Similar to the initially coiled packets in our piecewise vortex case (figure 9), the 

new patches of opposite 𝜔𝜃 advect towards the center of the domain, the new collision 

plane (figures 29e-f), colliding to form an erupting dipole (figure 29g). Note that as the 

dipole erupts (figure 29h), the 𝜔𝜃 within the head of the dipole ring, |𝜔𝜃
𝑑| = 77.41, is 

greater than the vorticity within the counter-dipole, |𝜔𝜃
𝑓
| = 11.51, indicating a burst (as 

discussed in section 4.1). Once the dipole has erupted, it continues to decay (figures 29i-j) 

due to cross-annihilation between the dipole rings, and also due to cross-annihilation 

between the rings and the oppositely signed 𝜔𝜃 patches outside the dipole (discussed in 

section 4.1). When the erupting dipole is sufficiently weakened due to cross-annihilation, 

its outward advection is halted and the oppositely signed 𝜔𝜃 dipole (sustained against 

cross-annihilation by continued coiling of the deflected vortex lines) then causes radially 

inward advection (figures 29j-l). Away from the bursted dipole, the column begins a new 

cycle of vortex line coiling, forming new packets of 𝜔𝜃 that move towards the periodic 

boundary for a third collision, similar to the secondary bursting discussed above. However, 
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the peak 𝜔𝜃 before this third collision is approximately 60% of the peak of the bursted 

ring’s 𝜔𝜃, indicating it is unlikely a second burst would occur. The details involved in 

calculating circulation at each time step, though necessary to understand the dynamics, is 

not justified for rigorous discussion; thus, the ‘simplier’ indicator of comparing the peak 

𝜔𝜃 within the dipole and counter dipole is used. The repeated collision of 𝜔𝜃 packets due 

to coiling and uncoiling does indicate that repeated bursting is likely as 𝑅𝑒 increases, 

something discussed for our piecewise case in section 4.3.  

 Thus, the main difference between our piecewise core radius function (equation 

2.2) and the sinuous core radius function (van Rees 2020) is the sinuous case’s initial 

evolution and the opposite coiling that develops due to the adjacent packets of 𝜔𝜃. This 

initial uncoiling, which prevents the formation of a strong vortex ring dipole, is why a 

piecewise function is used for our earlier results; the axial separation between the varying 

core radius allows for the vortex lines to coil to a sufficient magnitude of 𝜔𝜃 before 

colliding. Additionally, if bursting was studied using only the sinuous case, it is unlikely 

bursting on the first collision would occur except for extremely large 𝛽, potentially leading 

to the erroneous conclusion that bursting only occurs for the second collision of the coiled 

𝜔𝜃 packets. The sinuous core radius case (figure 29) does show how secondary collisions 

of 𝜔𝜃 packets may or may not form into vortex ring dipoles and cause bursts after the 

uncoiling and opposite coiling of an existing 𝜔𝜃 packet. Hence, it may be appropriate to 

explore longer periods of time for predicting the minimum 𝛽 required for bursting in 

section 4 to see if a burst forms after the second (or later) collision of 𝜔𝜃 packets; note that 

viscous losses means there is some period after which bursting would never form, but 

bursting need not occur on the first collision, as discussed here. The current results of 
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sections 3 and 4 then capture the trends for the initial collision and dipole formation that 

leads to vortex bursting.   
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