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ABSTRACT 

The nuclear shell theory has been used extensively and 

rather successfully to describe nuclear structure and other 

nuclear properties in general. However, the pure shell 

model has its limitations, and cannot describe some of the 

microscopic details of nuclear structure. For example, or-

dinarily ^Li can be best described in the LS coupled shell 

model. However, the static electric cjuadrupole moment of 

^Li vanishes in pure LS coupling. 

A Jastrow-type short range correlation has been intro-

duced into the harmonic oscillator shell model wave func-

tion. The intermediate coupling has been used by adding the 

P and D states to the predominantly ^'^Si ground state wave 

function, thus mixing different parity and isospin states. 

The static electric quadrupole, electric hexadecapole 

and magnetic dipole moments have been computed for the 

ground state. The electric quadrupole transition width be-

tween the l''",0 ground state and the 3"̂ ,0 first excited state 

(2.184 MeV) has been computed. The magnetic dipole transi-

tion width between the l''",0 ground state and the 0"*", 1 second 

excited state (3.56 MeV) has been fitted. The best corre-

lated, parity and isospin mixed wave function yields Q = -

0.621 e-mb (-3.57%), \L = 0.892 nm (8.52%), hexadecapole = -

0.112 e-fm^ and r(E2) = 4.31 x lO'^ eV (-2.05%). 
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CHAPTER 1 

INTRODUCTION 

The postulate, that all substances are composed of 

indivisible particles of matter, is very old. Right up 

until the beginning of the twentieth century, these 

particles, atoms, were treated in the kinetic theory, as 

hard spheres, constantly in motion, colliding with one 

another. No finer structure, no "sub-atomic" details were 

knovm to exist until J.J Thompson's discovery, around 1900, 

that atoms can be made to emit negatively charged particles, 

now known as electrons. Since Thompson's electrons are 

negatively charged, while an atom is electrically neutral, 

the fact that there is yet more sub-atomic structure besides 

electrons, was evident. It was Ernst Rutherford [1] who 

experimentally determined that there is a region of positive 

charge within the atom, confined to a radius of not more 

than 10""̂ ^ cm. This region is much less than the atomic 

radius of about 10"^ cm. Rutherford's observations, 

therefore, constitute the first evidence of the existence of 

the atomic nucleus, which is now known to contain more than 

just positively charged particles called protons. Besides 

the electricâlly neutral neutron, mesons are exchanged 

between nucleons, thus mediating the "strong" nuclear inter-



action. It is this force, attractive in nature, that gives 

rise to the finite size of any nuclide. 

Protons and neutrons also have finite sizes. Though it 

is often done for convenience, that nucleons are treated as 

point particles, this is not permitted in relativistic cjuan-

tum theory. In the Dirac theory, a nucleon's position coor-

dinate can be expected to fluctuate, with a magnitude on the 

order of the nucleon*s de Broglie wavelength [2]. On this 

basis, we may ask about the structure of protons and neu-

trons; about the distribution of charge and current within 

the finite volume of the nucleon. It was in 1924 that Wolf-

gang Pauli [3] first postulated that atomic nuclei should 

possess magnetic moments. In 1928 P.A.M. Dirac predicted, 

on the basis of his relativistic wave ec[uation, that the 

magnetic moment of the proton is given by 

eh -18 
Ll = = 3.152526 X 10 MeV/G. 

47CM 
P 

To the neutron he assigned a value of zero, after all, 

the neutron was not thought to contain any charges, not to 

mention currents from which the magnetic moment might arise. 

Not until five years later did the experimental work of 

Stern and his collaborators demonstrate that the Dirac 

equation, so successful at describing the electron, was 



yielding the wrong values for the magnetic moments of the 

proton and neutron. Stern and Frisch [4] made the first 

measurement of the magnetic moment of the proton. The value 

they obtained was approximately 2.5 times larger than the 

Dirac prediction. Furthermore, Stern and Estermann [5] 

measured the magnetic moment of the deute-ron. Under the 

assumption that the law of additivity, ^D ^ ̂ P̂ "•" >̂ N' ^°^ ^^® 

magnetic moment would hold, Stern and.Estermann computed a 

non-zero value for the neutron magnetic moment. These re-

sults suggest that the impossibility of spatial localization 

does not, by itself, account for the magnetic moments of the 

nucleons. In the case of nuclei, the multipole moments 

arise from the spatial distribution of the constituent 

particles. This is not so*for nucleons. There must be 

additional structure contributing to the current distribu-

tions. 

As already mentioned, mesons are present in nuclei, be-

ing exchanged between particles of the nucleus. Mesons may 

be created by a nucleon if the mesôn is absorbed by the nu-

cleon, or some other nucleon, within a time dictated by the 

uncertainty principle. This process of emitting and aúosorb-

ing mesons is continually going on, such that, there is a 

meson "cloud" surrounding a nucleon. This cloud provides 



the additional structure that satisfactorily explains the 

magnetic moments of the nucleons. 

In the present study, interest will be confined to the 

charge structure of the lithium-six nucleus, and no discus-

sion of the structure of the constituent nucleons is needed. 

It may be bourne in mind, however, that nuclear composition 

is very rich, and any notion of treating nuclei as hard 

spheres, in an explicitly nuclear physics discussion, is out 

of the question, although this approximation may suffice in 

other areas of physics. 

The Problem 

Our primary interest is to examine the effects that 

parity mixing, isospin mixing, and short range nucleon-

nucleon correlations have on the charge shape of the ^Li 

ground state nucleus. We will build this study on the 

widely known shell model, by making some modifications to 

the pure form of that model. For example, a phe-

nomenological method of including short range, two-body 

correlations into the wave function has been invoked. The 

task at hand is to calculate the electric cjuadrupole and 

magnetic dipole moments and transition rates. From them, 

information regarding the deformation of thenucleus may be 

obtained. Most of this information will be derived from the 

electrlc quadrupole moment. 



LS coupling is generally the most appropriate for light 

nuclei. However, the pure LS coupled, shell model wave 

function is incapable of producing a non-zero cjuadrupole 

moment, even when our two-body correlation is invoked. 

Failing that, intermediate coupling will be used in the wave 

functions, which will lead to the possibility of mixing 

parity and isospin in the ground and second excited states. 

The results obtained with several different ground state 

wave functions will be compared. The one that is thought to 

be the most consistent with the experimental data will be 

used to make a prediction of the static electric 

hexadecapole moment. We have used wave functions with and 

without parity mixing, with and without isospin mixing, with 

and without two-body correlations and most combinations of 

these. The shell model potential that is used is the 

harmonic oscillator potential. Three different harmonic os-

cillator potentials are tried. These calculations have been 

done with various sets of parameters, most of which have 

been borrowed from the literature. Some are derived from 

fitting the quadrupole moment. In the remainder of this 

chapter, we will discuss nuclear deformation, and its 

relation to the electric quadrupole moment and the electric 

quadrupole transition rate. 



Charge Shape 

The first cjualitative information about the 

distribution of charge in the nucleus was obtained by 

Rutherford [1] in 1911. He based his calculations on the 

experimental results of Geiger and Marsden [6, 7, 8], who 

scattered alpha particles from atoms of gold. Rutherford 

was able to deduce that the nucleus is confined to a volume 

of radius not more than 10"^ cm. Subseĉ uent experiments by 

Rutherford and others led to the semi-empirical relation 

1/3 
R = r A , (l.I) 

where rø = 1.2 x 10"^^ cm. 

Among the early methods of determining nuclear radii, 

were the scattering of a-particles, a-decay lifetimes, the 

yield of a nuclear reaction initiated by protons or a-parti-

cles, scattering of high energy neutrons, the maximum energy 

of some p-rays, and x-rays emitted by negative L̂-mesons cap-

tured in nuclear bound states. We will not review these 

methods here, but we note that all of them provided a means 

of determining the nuclear radius. However, no further 

information about the radial and angular variation of the 

charge distribution could be gleaned from them. 

In the early 1950's, a more promising method of obtain-

ing detailed information about the distribution of charge in 



the nucleus was being developed [refs. 9-13]. Since that 

time, electron scattering has been a favorite means of ex-

ploring the atomic nucleus. Monoenergetic beams are easily 

created, and the electron-nucleon interaction is well under-

stood. On the negative side, the small mass of the 

electron, and consecîuently its long wave length, makes it 

insensitive to nuclear effects except at high energies. 

Relativistic electrons are needed, therefore, to delineate 

the features of the nucleus, typically about 1 fm, say. 

Deformed Nuclei 

The surface of a distorted sphere may be expressed [14] 

as 

oo oo 

R(e,<|)) = R [1 + X X a Ŷ  (6,(1» ] . (1.2) 
a ~ ^ A41 X\L 

X=Q \L=-X 

Here, 9 and (j) are the polar angles measured with 

respect to some set of space-fixed axes. Ra îs added to 

conserve the volume. In using (1.2) to describe nuclear 

deformation, the aoo term is discarded in the treatment of 

low-lying deformational modes because of the large amount of 

energy reĉ uired for this type of deformation. The aip, term 

describes pure translations of the nucleus, and consequently 

does not effect the potential energy of the nucleus. We can 
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then, without loss of generality, fix the center of mass of 

the nucleus at the origin, so that aip, = 0. Furthermore, we 

will restrict X to be equal to 2, because the principle mode 

of defomation of the nucleus is expected to be ellipsoidal 

from considerations of the energetics of nuclear 

deformation. Then ecpaation (1.2) becomes 

2 

R(e,(|)) = R [1 + V a Y (e,<|)) ]. (1.3) 
a ^^ 2LI 2ii 

^=-2 ^ ^ 

Ecjuation (1.3) can be transformed to the body-axis s y s -

tem v i a the transformation 

Y (e,<t)) = X Y^ (e',<i»')D (e.,e.,e.) (i.4a) 
P 

a = / , a (D ) , (1.4b) 
2\L ^ 2p \Lp 

p 

where D(ei) is the rotation matrix, and e^ are the Euler an-

gles that define the relative orientations of the two sys-

tems. If e* and (j)* give the angular position of a point on 

the surface in the body-fixed axis system, and if the body-

fixed axes are the major and minor axes of the ellipsoid 



then a22 = «2-2 and a^i = a^-i = 0. This leaves two 

independent parameters in (1.3) which can be written as 

«20 " P̂ ^̂ '̂  ^̂ ^ 2̂2 " " 2 - 2 ^ 7 ^ Psiny. (1.5) 

If we substitute (1.5) and the expressions for the 

spherical harmonics into (1.3) then we obtain, in the body-

fixed axis system, 

rr 2 
R(e',<t)') - R = / R P[cosY(3cos e'-l) 

a \l IS a 
2 (1.6) 

+ /3 siny-sin e* .cos2<|)* ] . 

From (1.5) it can be seen that p2 = j^ Í0L2\L)^, and therefore 

P is a measure of the total deformation of the nucleus from 

sphericity. If p = 0, then there is no deformation, the nu-

cleus is a sphere, and R(e*,ø) - Ra = 0, so that Ra is just 

the nuclear radius Ro. The variation, R(e',<t)') - Ro, along 

each of the axes in the body*s coordinate system has been 

given (i.e., [14]) by choosing {Q\^') = (Ji/2,0), { /2,n/2) 

and (0,<t)'), for the x', y' and z' axes, respectively. The 

result is 

[R(e',<t)') - R^] = /-^ p R.cos (Y - -'V^), (1.7) 
' 47C " 

where = 1,2,3 refers to x', y', and z'. 
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When Y = 0, and the symmetry axis is the 3-axis, then 

the ellipsoid is prolate or elongated along the axis of sym-

metry. If Y = T^, and the 3-axis is the axis of symmetry, 

then the nucleus is an oblate ellipsoid. y is the asymmetry 

parameter. Y = 23C/3 and 47c/3 are prolate ellipsoids about 

the x' and y' axes, respectively. y = 57c/3 and 7c/3 are 

oblate ellipsoids about the x' and y' axes, respectively. 

All other values of y describe deformed shapes with no axis 

of symmetry. 

Electric Quadrupole Moment 

In the pure shell model of the nucleus (to be discussed 

in detail in the next chapter) the cjuadrupole moment arises 

from protons that are located outside of closed shells. 

Closed shells contribute nothing. However, the observed 

cîuadrupole moments are often larger than the pure shell 

model can predict. In this model, a group of identical 

particles has a cjuadrupole moment that is smaller than a 

single párticle of that group. One attempt to explain this 

is by including contributions to the ĉ uadrupole moment that 

come from other configurations of the nucleons. This 

configuration mixing is discussed in chapter 4. 

Alternatively, the nucleus may be described in terms of 

a collective deformation of the whole nucleus. Mayer [15] 

consixlereci the combined effects of the extra-shell protons 
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and the total nuclear deformation. It was concluded that 

near closed shells, the cjuadrupole moments can be accounted 

for with zero deformation, but that far from closed shells a 

large deformation was needed. These conclusions suggest 

that the nuclear deformation is a regularly varying 

parameter, with minima for closed proton or neutron shells, 

and maxima between closed shells. 

Indeed, Raman, et al., [16] have recently compiled the 

experimental results for the electric cîuadrupole transition 

rates, B(E2), between the O"*" ground state and the 2"'" first 

excited state of even-even nuclei. Their paper surveys re-

duced transition rates for 281 nuclei. The data confirms 

definitely, that the transition rate peaks in the middle of 

the nucleon shells, and falls off substantially in a small 

range around the nucleon closed-shell numbers. Shortly, we 

will show the relationship between the reduced transition 

rate and the deformation parameter; P̂  is proportional to 

B(E2). Nuclei do show a minimum of deformation near closed 

shells. 

Now, small c[uadrupole moments imply a negligible 

nuclear deformation, and shell model calculations based on 

spherical symmetry ought to be, and are, generally 

successful near closed shells. Large cîuadrupole moments 

suggest that the extra-shell proton contribution is 
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negligible, and that the c[uadrupole moment of the nucleus is 

entirely due to the deformation of a homogeneous charge 

distribution. 

It can be seen from the form of the cjuadrupole moment 

(eq. A.15a with L = 2, M = 0, a = b) that if the cjuadrupole 

moment is non-zero, then the charge distribution is not 

spherically symmetric. This is so because then the density, 

^F^*, must then have a term proportional to Y20 (̂ ) • In the 

previous section we discussed the ellipsoidal deformation of 

a spherical surface. Since this is expected to be the domi-

nant mode of deformation, consider an ellipsoid with semi-

major and semi-minor axes a and b, respectively. Let a 

uniform charge distribution be located in the volume of the 

ellipsoid. The charge density is 

p = -^5î_ . (1.8) 
^ 2 

47cab 

From (A.3a) the c^uadrupole moment of the ellipsoid, in the 

body-fixed reference frame, with respect to the z'-axis, is 

=•- / X f ' 
V 167C J 

3Ze 

2 
47cab 

2 2 
(3z' - r' ) dV' 

V 

(1.9) 
Ze 2 2 
= (a - b ) . 
207C 
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The i n t r i n s i c cjuadrupole moment i s related to the 

deformation parameter, p, via 

o V 57C 
COS p = -^^—j Q'. (l.IO) 

3ZRQ 

Then for the ellipsoidally deformed nucleus (1.9) and (1.10) 

yield 

2 2 
cos p = ^—^— . (1.11) 

^^0 

It is apparent that Q' and pcosy from (1.5) are zero if the 

nucleus is a sphere. The nucleus is prolate if Q' and pcosy 

are positive, and it is oblate if they are negative. 

Q' is related to Q (the quadrupole moment in the space-

fixed axial system) by the angle of rotation, 0, between the 

z- and z'-axes, through the relation 

Q = — (3cos e - 1) Q', (I.I2) 

where 

cosØ = - p = = = . (1.13) 
V J ( J + 1) 
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The maximum observable c[uadrupole moment occurs when 

(1.13) is maximum. If the spin of the nucleus, J, is paral-

lel to the z'-axis, then mj is ecjual to J, its maximum 

value, and (1.12) becomes 

2 
r. 2J - 1 ^, ^2^0 2J - 1 ^ 

for an ellipsoidal charge distribution. Note that if J = 

1/2, then Q = 0. This is a specific example of the theorem 

that for an electric 2l^-pole moment to exist, the angular 

momentum, J, must be greater than or ecjual to (1/2) L. 

Furthermore, it is apparent from (1.14) that Q eĉ ual to zero 

does not automatically mean that the nucleus is spherical, 

only that the alignment of the J-vector and the z-axis is 

very slight, and therefore the asymmetry of the nucleus does 

not show up in the c[uadrupole moment in the laboratory axis 

system. 

Electric Quadrupole Transition Rate 

The electric c^uadrupole transition rate is given by the 

off-diagonal matrix element of the same operator whose 

diagonal matrix element gives the cjuadrupole moment. We may 

expect then, to obtain information about the charge shape of 

the nucleus from a knowledge of the electric c^uadrupole 
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transition rate. The cîuadrupole transition rate, T(E2), and 

the reduced transition probability, B(E2), are defined in 

Appendix A. The reduced cjuadrupole transition rate may be 

linked to the quadrupole deformation. If we assume, as we 

did there, that the charge distribution is uniform out to a 

distance R(e,<|)), and vanishing beyond that distance, then 

the cîuadrupole deformation is given by 

P = - ^ /"T' / (1.15) 
3ZR 

where R = 1.2 x A^/^ (fm.) as in (1.1), and the units of 

B(E2) are e^b^. 

Raman, et al. [16], compiled the experimental results 

of the B(E2) values for the transition that occurs between 

the O"'' ground state and the 2"*' first excited state of 281 

nuclei. They then tested several theoretical and empirical 

relationships that have been conjectured to exist amongst 

these values. The relationships are divided into three 

categories: global, local and regional systematics. 

Global systematics makes the connection between the 

transition probability, the energy and the mass number. The 

systematics of Grodzins [17], Bohr and Mottelson [18] and 

Wang, et al. [19], fall into this category. Raman, et al. 

[16], obtained the best fit to the experimental data_ as 
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^ ^^ 14 -4.0 -2 0.69 
X = 1.25 X 10 E Z A . (1.16) 

Here, x is the lifetime of the excited state, the reciprocal 

of the transition probability, T(E2). 

Local systematics relates the B(E2) value of a nucleus 

(N, Z), to the value of B(E2) for its neighbors, (N+2, Z), 

(N, Z+2), and (N+2, Z+2). Raman and collaborators [16] 

point out that the values of the ratio tcalc/'^exp/ for 

neighboring nuclei, are approximately ecjual, except near 

closed shells. This is the basis for the local systematic 

approach. Ross and Bhaduri [20] and Patnaik, et al., [21] 

have produced relationships for the B(E2) and excited state 

energy values between neigliboring nuclei. 

Regional systematics deals with the trends that the re-

duced transition probability, B(E2), displays in the regions 

between the nucleon magic numbers. From the data of Raman, 

et al. [16], the B(E2) values are observed to increase with 

the mass number in general, but they display minima at or 

near closed shells. We bear in mind that the reduced 

transition probability is proportional to the scjuare of the 

of the deformation parameter, p. Now, because of the 

pairing nature of the n-n and p-p interactions, the 

deformation of the nucleus is expected to arise from the n-p 

—interactiennr- Therefore, the n-p interaction would be the 
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key to understanding the minima that the data display at the 

magic numbers. On this basis, Hamamoto conjectured [22] 

that the deformation of the nucleus is proportional to N^Np, 

the product of the valence number of neutrons and protons. 

Nn or Np is defined as the number of neutrons or protons 

below midshell or the number of holes past midshell, 

whichever is appropriate. 

The deformation parameter, p, is not appropriate as a 

measure of the collective effects in nuclei. As we have 

mentioned, the deformation of the nucleus is due to protons 

in unfilled shells as well as overall collective effects 

between the nuclei [15]. In order to sort out the part of 

the deformation that arises from extra-shell protons, the 

ratio P/psp bas been employed as a measure of the degree of 

collective effects in nuclei. psp is the quadrupole de-

formation parameter, computed with the single-particle 

value of B(E2), and is eĉ ual to 1.59/Z. 

Raman, et al. [16], plotted p/psp as a function of 

NnNp, and noted that the data may be fitted with an ecîuation 

of the form 

-aN N 
B/B = B + A(l - e ^ ^) , (1.17) 
*^ '̂ sp 
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where A, B and a are constants for each region. Raman and 

collaborators then go on to try to understand the regional 

systematics in terms of three schematic models. 

It might seem that ^LÍ, an odd-odd nucleus, does not 

lend itself to the even-even systematics reviewed by Raman 

et al. [16]. In as much as it contains one neutron and one 

proton outside of closed neutron and proton shells, the 

predictions about the minima displayed by the reduced 

transition probability, and hence the total deformation of 

the nucleus are interesting to us. ^LÍ does have a 

relatively. small reduced transition probability. 

Furthermore, ecîuation (1.17) says that at a closed neutron 

or proton shell the degree of collective deformation is a 

minimum. The next smallest value that the eĉ uation predicts 

occurs for Nn = 1, Np = 1, which is satisfied by ^LÍ. it 

will then be interesting to see, in this work, if the degree 

of collective deformation is predicted to be high or low. 



CHAPTER 2 

HISTORICAL REVIEW OF LITHIUM-SIX 

In this chapter, a chronology of the experimental and 

theoretical work that has been done on ^LÍ is presented. 

The review given here will attest to the fact that the 

present understanding of ^LÍ remains outside the framework 

of any single model of the last forty years. One of the 

reasons for the interest in this nucleus was summarized by 

LocQii [23] : 

It occupies an intermediate posi-
tion in nuclear structure theory. It 
is placed between those few very light 
nuclei for which the entire dynconics is 
of interest, for which detailed wave 
functions are necessary for any 
calculation, and all those relatively 
heavier nuclei in which the scheme of 
grouping the particles is of primary 
interest, for which simplified models 
are generally used. 

Lithium-6 consists of two protons and two neutrons in a 

closed, Is core, and one proton and one neutron in the Ip 

shell. It has the pure shell configuration 

(ls)p2(ls)n2(lp)p(lp)n. It is the lightest stable nucleus 

containing p-shell nucleons. In the ground state, J'̂ T̂ = 

1"'",0, and the dominant state is ^si (i.e., L = 0, S = l, J = 

1). Since the nuclear spin is one, ^LÍ can have a finite 
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static magnetic dipole and electric cjuadrupole moment. In-

deed, l̂ = 0.822 nm, and Q = -0.644 e-mb [24]. 

Inglis [25, 26] employed intermediate coupling in his 

calculations where a central internucleon potential is per-

turbed by a one-body spin-orbit interaction. He could pro-

duce the energy levels of ^LÍ if the intermediate coupling 

was near the LS limit. Tauber and Wu [27], using a variety 

of potential shapes, confirmed the results of Inglis [25, 

26] and obtained a value of the magnetic moment off by about 

6%. Elliot [28] and Regge [29] included a small amount of 

tensor force in the ^LÍ internucleon potential. In this 

case, the intermediate coupling could not simultaneously 

reproduce the energy level scheme and the ground state data. 

Morita and Tamura [30] calculated the binding energy of ^LÍ 

using a modified shell model wave function that depended 

upon the relative particle distance in a potential chosen to 

fit the two-body data. The potential was a Wigner-Yukawa 

central force and a Yukawa tensor force. They obtained 

fairly good results for the binding energy, but could not 

reproduce the ^s^-lso splitting. 

Adkins and Brennan [31], working in reverse order, as-

sumed a ground state wave function which reproduced the 

ground state data, and then sought a two-body potential with 

spin-orbit and tensor forces included. They concluded that 
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6LÍ could be described in the scheme of intermediate cou-

pling, with a strong tensor force and no configuration mix-

ing. French and Fujii [32] compared experimental data for 

the nuclei A = 6 to A = 10 with the predictions of the sin-

gle-particle spin-orbit coupling model for the nuclear p-

shell. This model, as shown by Inglis [26], Lane [33] and 

Kurath [34], was quite successful at describing the features 

of p-shell nuclei. French and Fujii [32, p. 656] felt the 

model might be "too successful," but concluded, "...with one 

exception, we have been unable to unearth any essential 

troubles with the predictions of the simple spin-orbit 

nuclear model for A = 6,7,8." 

Lyons [35] evaluated the effect of the tensor force on 

the central potential level scheme of ^LÍ. He used this 

force to remove the degeneracy of states with identical or-

bital angular momentum, L. Configuration mixing was in-

cluded, and shown to be important. The tensor force, he 

concluded, could account for the splitting of the ^D states. 

He also pointed out that the a-deuteron model of ^LÍ is 

inadecjuate for computing the effect of the tensor force. 

Tamura [36] demonstrated that the usual tensor force was 

sufficient to account for the ^Si-^So energy splitting using 

Feingold's [37] procedure for configuration mixing in the 

wave function. Pinkston and Brennan [38] using a single 
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configuration, intermediate coupling model computed the 

energy levels and static moments. They concluded that the 

tensor force was unnecessary for obtaining the correct 

energy level structure, and that it ought to be small to 

produce the cjuadrupole moment. The tensor force did not 

improve the magnetic moment. The central potential that 

gave the best results was larger than expected from the two-

nucleon analysis. 

Rustgi [39] calculated the angular distributions of the 

particles emitted in (̂ Li, a) and (̂ Li, d) reactions using 

an a-deuteron model for the nucleus of lithium-6. General 

shapes of the experimental data were reproduced, but the 

theory did not work well for large angles. Waclcman and 

Austern [40] attempted a cluster model approach, analyzing 

lithium-6 as a three-body system; proton, neutron and a-

particle. The three-body wave functions were constructed 

from primarily a p2 configuration, modified by configuration 

mixing introduced by the neutron-proton correlation. Ground 

state properties such as the cjuadrupole and magnetic moments 

and the charge radius were satisfactorily reproduced, but 

the energy level scheme was not reproduced exactly, and all 

levels were displaced by about 3.5 MeV. Hansteen and 

Wittern [41] examined the Coulomb breakup of accelerated 
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lithium-6 nuclei into alpha particles and deuterons in order 

to obtain information about cluster structures in lithium-6. 

An extensive work investigating a class of residual po-

tentials used in an independent particle shell model 

calculation was done by Lodhi [42]. The configuration 

mixing due to the residual two-body potential was handled by 

a correlation function constructed to simulate the 

admixture. The energy difference of the ground and first 

excited states was successfully reproduced. The electric 

cjuadrupole transition rates were calculated, not only in the 

IPSM with nucleon correlation, but also in the single 

particle model and in the IPSM with configuration mixing. 

These were all compared to several experimental measurements 

as well as other theoretical approaches. The IPSM with 

correlation was definitely preferred over the other models. 

General agreement was obtained with various experimental 

results and a few other theoretical approaches, namely the 

single particle models of Hansteen and Wittern [43] and 

Anderson, et al. [44]; the shell model and the projected 

Hatree Fock method of Bouten and Bouten with a Volkov or 

Brink potential [45]. Agreement was not obtained with the 

alpha-deuteron cluster model of Hansteen and Wittern [43] or 

Anderson, et al. [44]. 
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A six-body hyperspherical solution to the lithium-6 

bound states has been tried by Strobel [46]. The method was 

applied to the six-body Schroedinger ecjuation with the 

center of mass motion properly treated. Catara and Lombardo 

[47] used the description of lithium-6 as "2p-2n and Ip-In 

substructures whose intrinsic wave functions are determined 

in a shell model basis, as those minimizing the ground state 

energy of lithium-6" (p. 373). This method reproduced the 

ground state energy and electric form factor very well. 

Matsui [48] applied n-body resonance theory to the case of 

lithium-6, treating this nucleus as a three body system (a, 

p, n). He computed the energy of the first six levels of 

the nucleus without spectacular agreement to the 

experimental values. 

Krivec and Mihailovic [49] compared the description of 

the lithium-6 nucleus as a two-body cluster (^He-^H), to two 

more complicated models; one wherein the three two-cluster 

structures (^He-^H)+(^Li-n)+(^He-p) interplay, and another 

with the three-cluster model ("̂ He-p-n) . In the more compli-

cated models, large increases in the ground state binding 

energies were gained over the conventional two-cluster 

model. Voronchev, et al. [50] developed a variational 

approach to calculations of multicluster systems and applied 

them to the states with J^,T = l+,0 and 0+,l in lithium-6. 
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Coulomb differences for the isobaric triplet ^He-^Li-^Be 

were found to agree nicely with experiment. The root mean 

scjuare radius and the charge form factor in the ground state 

that were obtained, also showed good agreement with the 

experimental results. 

Filippov, et al. [51] proposed that if the interaction 

between collective and spin degrees of freedom is taken into 

account then the correct values of spin-orbit splitting, and 

the correct energy level seĉ uence can be reproduced in 

nuclei A = 5,6,7 and 8. Barker (52), using shell model wave 

functions, demonstrated that the virtual excitation of the 

giant dipole resonance (GDR) contributes to the Coulomb 

excitation of the first excited state of lithium-6. 

Reasonable agreement between calculated GDR contributions 

and experiment was obtained. Three-body dynamics (a, p, n) 

was used for the first time in the ground state of lithium-6 

by Lehman and Parke [53]. Orbital probabilities predicted 

in this model are significantly different from shell model 

calculations without core excitation. It was suggested that 

the need for core excitation in the shell model may imply 

that three-body dynamics is reĉ uired in lithi\am-6. 

Lehman and Parke [54], continuing their three-body 

model work, summarized the advantages of this model over the 

shell model for ^LÍ, (p. 194). 
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The general conclusion is that the 
shell model has not been successful in 
simultaneously predicting the 
electromagnetic data, ^He beta decay, 
the \L capture rate on ^LÍ, and the 

threshold behavior of the ^LÍ (y, 7C"*') ̂ He 
cross section. On the other hand, the 
three-body model calculations auto-
matically incorporate refinements of 
the shell structure, including valence 
neutron-proton spatial correlations, 
which are important in the structure of 
6LÍ.(P- 194) 

In still further studies of clustering effects in ^LÍ, 

Bachkarev, et al. [55] studied the spectra of alpha 

particles in the three-body decay of the 2"*", 1 states of the 

A = 6 nuclei. ^LÍ was concluded to decay with the emission 

of a deuteron, with the energy of the relative motion of the 

two nucleons being low. Also, Aleksandrov et al. [56] 

searched for the levels in A = 6 nuclei where the cluster 

structures ^H + ^H and ^H + ^He were thought to predominate. 

They determined the energy levels for various cluster 

schemes in these nuclei. They concluded that in the nuclei 

A = 5 - 9, the clusters possible for a given nucleus are in 

states that lie near the threshold disintegration energy for 

that cluster. As a result of this they were able to explain 

a gap of no less than 12 MeV in which no energy levels are 

found in the nuclei ^He, ^Li, ^Re and ^LÍ. The 17.4 MeV 

level in ^LÍ was observed for the first time. 
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In the correlated basis functions (CBF) theory, a set 

of orthonormal shell model states is multiplied by a 

correlatioh operator, and then a linear combination of these 

states is taken as the wave function of the system. Bosca 

and Guardiola [57] have recently applied this theory to 

describe the ground state properties of nuclei 3 < A < 17. 

This method is essentially the one used in this work, and 

will be discussed in more detail in chapter 5. 

Having given a general review of some of the attempts 

to model the ^LÍ nucleus, it will be beneficial to discuss 

separately, the experimental and theoretical work that has 

been done'in the area of electron scattering from ^LÍ. it 

is felt that this discussion will also demonstrate the lack 

of uniformity of opinion that surrounds this nucleus. At 

the same time, the results of electron scattering will 

motivate some of the discussion of later chapters, and that 

is the reason for this separate chronology. 

Burelson and Hofstadter [58] demonstrated that the 

experimental cross sections for high energy, elastic 

electron scattering from the p-shell of ^LÍ nuclei, could 

only be fitted by charge distributions derived from the 

independent particle wave functions with an infinite 

oscillator potential, if the s- and p-protons are assumed to 

move in different oscillator potential wells. ^LÍ is the 
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only p-shell nucleus for which this is necessary. Cazzola 

and Foglia [59] performed inelastic electron scattering 

calculations for ^LÍ in the shell model using LS and jj 

coupling in the oscillator wave functions. 

Jackson [60] fit the high energy, elastic electron 

scattering data with form factors computed from a modified 

oscillator potential with identical parameters for s- and p-

nucleons. Elton [61] showed that a good fit of the form 

factor of 6LÍ with the high energy electron scattering data 

can be obtained using a modified Gaussian charge shape 

distribution with different length parameters for the s- and 

p-protons, indicating that the p-nucleons are more loosely 

bound in ^LÍ. Sakamoto [62] seized upon this, using a 

scjuare well potential in which the p-nucleons are loosely 

bound, in order to calculate the cjuasi-elastic scattering of 

protons by the p-proton of ^LÍ in the direct interaction 

model. He noted that the experimental angular distribution 

of the p-proton of ^LÍ as measured by Tibell, et al., [63] 

shows a narrow dip at zero momentum transfer, indicating 

that the p-nucleons have the lowest momentum components of 

all p-shell nuclei, and a considerably larger radius in 

comparison with the p-nucleons of other p-shell nuclei. 

Sakamoto concluded that a wave function for the p-proton 

which contains more low momentum components is called for. 
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Lodhi [64] has shown that the data on elastic electron 

scattering cannot be fit using a single oscillator parameter 

in the single-particle shell model wave functions even when 

configuration mixing of the (2p, If) and (2s, Id) shell is 

included. However it could be done [65] if the residual 

two-body interaction is taken into account. This 

interaction leads to the acímixture of configurations aúDove 

the ground state in the harmonic oscillator well. Wong and 

Lin [66] stressed the importance of the short range correla-

tions in explaining the large observed values of the charge 

form factor at large momentum transfer, but rejected config-

uration mixing. They used intermediate coupling and a cor-

relation function in the ground state wave function. 

Ciofi Degli Atti [67] used a Jastrow type correlation 

[68] in the ground state wave function in order to compute 

the charge form factor for ^LÍ elastic electron scattering 

in the Born approximation. Ciofi Degli Atti used different 

oscillator lengths for the s- and p-nucleons. Jain [69] 

calculated the charge form factor of ^LÍ with an oscillator 

wave function of the type given by Irving and Schonland 

[70] . Jain obtained excellent agreement with the scattering 

data of Suelzle, et al. [71]. The single oscillator 

parameter value was obtained by fitting the root-mean-scîuare 

radius to the experimental value. 
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Eigenbrod [72] measured the elastic electron scattering 

cross sections, and obtained the ground state radiative 

widths and transition radii for the E2 transitions from the 

2.18 and 4.31 MeV states of ^LÍ. These measurements were 

also made for the MI transition from the 3.56 MeV state. 

Lodhi [73] calculated the reduced E2 transition probability, 

and the inelastic electron scattering nuclear form factor 

using a simple nucleon-nucleon correlation in the IPSM wave 

functions of ^LÍ. Considerable improvement was shown with 

the correlated wave function over the uncorrelated one. A 

harmonic pscillator wave function in LS coupling was used. 

Li, et al., [74] measured the elastic electron scatter-

ing cross sections in ^LÍ at high momentum transfers. This 

was an attempt to check the predictions of several theoreti-

cal calculations concerning the effects of short range 

correlations on the ^LÍ form factor. They concluded that 

the repulsive nuclear core will influence the high momentum 

transfer-scjuared part of the form factor, and that only the 

inclusion of a repulsive core can explain the height of the 

diffraction maximum due to the lowering of the central 

charge density. 

In an attempt to explore the ^LÍ charge form factor at 

large momentum transfer, Lodhi [75] invoked a Jastrow-type 

correlation into the harmonic oscillator wave function by 
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multiplying the single particle density by a short range 

correlation (SRC) function that satisfies the characteristic 

properties of the nucleon-nucleon interaction. The charge 

form factor computed showed reasonable agreement with the 

experimental results. This work was extended [76] with 'the 

inclusion of meson exchange currents (MEC) in the wave func-

tion. The form factor of ^LÍ was calculated, and the 

contribution of MEC to the form factor was shown to become 

significant near the first minimum. The second minimum was 

shifted from q̂  = 26 fm^ to around q̂  = 24 fm^. 

It is hoped that this historical sketch demonstrafes 

the lack of understanding in the case of the lithium-six 

nucleus. The chronology presented here is not by any means 

exhaustive. Various techniques and fusions of different 

models are available in the literature. At the present time 

no one model has emerged head and shoulders above the rest. 

Then the need for further work on ^LÍ is obvious, and 

motivates this study. 



CHAPTER 3 

INDEPENDENT PARTICLE SHELL MODEL (IPSM) 

It is known from experiment that the total angular mo-

mentum of the nucleus (henceforth referred to as the spin of 

the nucleus) is relatively small, even for many-particle 

systems. ^Ov, with 50 nucleons each possessing orbital and 

intrinsic angular momenta, has the largest known, ground 

state value of nuclear spin, J = 6. This means that there 

is substantial cancellation of the angular momentum vectors. 

It is observed that all ground state nuclei with even proton 

humber, Z, and even neutron number, N, have vanishing 

nuclear spin. This fact is evidence for the rule that the 

angular momenta of the nucleons will cancel in pairs, and 

furthermore, that a proton's angular momentum will cancel 

only with that of another proton's, and a neutron's only 

with that of another neutron's. For theoretical discussions 

of this phenomenon the reader may see references 77-80. 

Consider a ground state nucleus which is characterized 

by spin J. J is a constant of the motion in this closed 

system. Let j be the total angular momentum of each 

constituent nucleon. The number of one type of nucleon that 

can occupy a j-level is 2j + 1, one for each value of the 

magnetic ĉ uantum number, m, according to the exclusion 

principle. 2j + 1 nucleons in the same j-level will have a 
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total angular momentum of zero because the angular momentum 

vectors of two nucleons with opposite values of m will 

cancel. The total spin, J, of a nucleus will then come from 

partially filled j-levels. 

That even Z and even N nuclei have zero spin is not ap-

parent from this model since pairs of protons or neutrons in 

an unfilled j-level need not occupy suborbitals with 

opposite values of m. We have only assumed that the nucleus 

is in the ground state, and that makes no demands on which 

suborbitals are filled first. That is, the ground state 

energy does not depend on m. Nevertheless, the even Z, and 

even N nuclei do have zero total spin. Also, odd mass 

nuclei usually have total spin which is eĉ ual to the angular 

momentum of the odd (unpaired) nucleon. That is, J = j for 

odd mass nuclei. 

These experimental facts suggest that the individual 

nucleon angular momenta are constants of the motion. If 

this is so then each nucleon moves about in definite orbits 

defined by a single particle energy. Nucleons will not 

interact (i.e., exchange angular momenta) with one another. 

The only correlation that is permitted in this model is the 

Pauli exclusion principle, forbidding identical particles 

from occupying the same state. This model of the nucleus is 

known as the extreme single particle model. Clearly this 
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model is severely limited in its description of the physical 

situation, ignoring as it does the nuclear, and 

electromagnetic forces known to be present in the nucleus. 

An improvement to this model is made by assuming that 

the average effect of the interactions of a nucleon with all 

the other nucleons in the nucleus can be described by a cen-

tral potential field. The central field is common to all 

the nucleons which otherwise move independently of one 

another. This model retains the success of the extreme 

single particle model in that it still predicts the correct 

nuclear spin values. This independent particle model is the 

simplest type of shell model. 

At the time (1930's) that it was first suggested that 

the nucleus might contain shell structure analogous to the 

electronic shell structure in the atom, there was little ex-

perimental evidence to support the theory. Single particle 

orbits that lie close to one another, that is have energies 

near one another, lie in the same shell. Orbits in 

different shells will have energies that are relatively far 

apart as compared to same shell orbitals. If all the orbits 

of a shell are full then the shell is "closed." The only 

way to excite a particle of a closed shell is to remove it 

to an orbital of a higher shell. Since the energy gap 
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between shells is large, closed shells are particularly 

stable configurations. 

It had been observed early on [81, 82] that the last 

proton in nuclei with 9, 21, 51 and 83 protons is less bound 

than the other protons. The proton (or neutron) numbers 8, 

20, 50 and 82, later called magic numbers, were evidence for 

the existence of shell structure. The numbers 2, 28, 126 

and 184 were later added to the list of magic numbers. 

These numbers are the numbers of nucleons in the closed 

shell configurations. 

Evidence for the shell structure accumulated from the 

1930's through the 1940's, but attempts to put the shell 

model on a firm theoretical basis were largely ignored by 

nuclear physicists. In 1948, Maria Geoppart-Mayer 

sximmarized all the existing evidence for the presence of 

shell structure in nuclei [83]. This rekindled interest in 

the subject. The immediate problem was to formulate a shell 

model in which the secjuence of the orbitals would correctly 

give the magic numbers. 

The shell model assumes a central potential in which, 

as is well known, a particle's orbital angular momentum , 1, 

is constant. For each value of 1 there is a series of 

energy levels that can be labeled by the ĉ uantum number n, 

which takes on integral values. The spacing of these n-
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levels is determined by the form of the potential chosen, 

although the order of the orbitals turns out to be roughly 

independent of the shape of the potential. Early attempts 

[84] used the harmonic oscillator, or the infinite scjuare 

well. The states of the harmonic oscillator scjuare well are 

highly degenerate, and yield the shell closure numbers 2, 8, 

20, 34, 40, 70, 104 and 168. Only the first three agree 

with the actual magic numbers. The infinite sĉ uare well 

yields shell closure at 2, 8, 20, 34, 40, 58, 92, 132 and 

138, again going awry after 20. 

The magic numbers were reproduced successfully and 

independently, by Mayer [77, 85] and by Haxel, Jensen and 

Suess [84, 86]. They included into the central potential a 

spin-orbit interaction. Nucleons possess magnetic moments 

[4, 5] which will interact with the magnetic field around 

them. The strength of the interaction is proportional to 

1,-S., where 1 and ̂  are the orbital and spin angular momenta, 

respectively. We write 

V, = - V(r) l'S. . (3.1) 

is 

It is immediately seen that Vis depends upon the angle 

between 1 and 5.. That is to say, the nucleon's energy de-

pends upon whether its spin is aligned parallel or 

antiparallel to its orbital angular momentum vector. This 

correction successfully yielded the order of the orbitals 
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that produced shell closure at the magic nunbers. The shell 

•odel was firmly established. The spin orbit interaction 

arises from nuclear forces. It is too strong to be elec-

tromagnetic or relativistic in origin. 

A nucleon in a state >|í(n̂ l, j), will be shifted 

energetically by an amount 

5E - jv*(n,l,j) V(r) l.ÃV(n,l,j) . (3.2) 

Now, i = 1 + A/ and by the law of cosines. 

1 2 2 2 
i.S = |- [ Í - i ' S. ], (3.3) 

so that 

ÔE = - — [ j ( j + 1) - 1 ( 1 + 1) - s ( s + 1) ] V^y (3.4) 
mm 

where 

V , = (\|f*|V(r) \\f). (3.5) 
n l 

Since for nucleons s = 1/2 and j = 1 + s or 1 - s , we 

obtain for the energy s h i f t 

8E = i ± ( T l - T ) V n i - <̂ -̂ > 
4 2 4 nl 
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Here, the minus sign is used if 1 = j - s and the plus sign 

is used if 1 = j + s. This demonstrates the difference in 

energy for the parallel and antiparallel situations. The 

energy separation is simply 

ÔE(l=j-s) - 5E(l=j+s) = (1 + j)V^^, (3.7) 

and increases with 1. Notice that the state j = 1 + s is 

lower than the state j = 1 - s. This is to say, the system 

prefers that 1 and s be parallel (see Mayer [77] and Kielson 

[87] for further discussion of the spin-orbit interaction). 

Evidence for the existence of the spin-orbit interaction was 

obtained by Hensinkveld and Freier [88] in 1952 by studying 

the polarization effects of unpolarized proton beams 

scattering from unpolarized complex nuclei. 

The shell model goes a long way in explaining the 

atomic nucleus. Beyond the magic numbers and the ground 

state spins the shell model explains the effects of the 

"pairing energy." This is a negative potential energy which 

favors the occupancy of a level in pairs. In some cases 

this energy will pull a nucleon from one level up to the 

next level where a single nucleon already is, in order that 

the nucleoiis in the higher level might be paired, resulting 

in an overall lower energy for the system. The unpaired 

nucleon that is now in the lower level determines the 
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angular momentiam of the nucleus. If the nucleons filled up 

the lower levels of the shell first we would expect that 

75AS with 33 protons would have spin 5/2, because the 

configuration of the last five nucleons would be 

(4p3/2)^(4f3/2)^. However, the pairing energy pulls one of 

the P3/2 protons up to the f3/2 level, leaving an unpaired 

j = 3/2 proton. This gives the correct spin, J = 3/2, for 

the "̂ Âs nucleus. The same argument works for other nuclei 

as well. 

In the Schmidt model [89] of nuclear magnetic moments 

for odd-even or even-odd nuclei the total spin of the 

nucleus is assiomed to be due to the odd nucleon. All the 

other nucleon's angular momenta siom to zero just as in the 

shell model. This means'that S = +1/2 or -1/2, and so L = J 

+ 1/2 or J - 1/2 are the only possibilities for the orbital 

angular momentiom of the nucleus. These two values of L lead 

to opposite parity states. If we recjuire the nucleus to 

possess a definite parity [90] then we must assign only one 

of these values to a given nucleus. The magnetic moment of 

the nucleus is given by the expression 

eh eh 
u = (9x1^ "̂  gc-S) = g^- (3.8) 

47CMC ^ ^ 47CMC 

Here, the factors g^ and gs determine the degree to 

which L and S contribute to the magnetic moment. If the odd 
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nucleon is a proton then g^ » 1, and gs - gp * 5.5856 [14]. 

If the odd nucleon is a neutron then g^ * 0, and gs - gn = -

3.8263 (143. gp and gn are the gyromagnetic ratios for the 

proton and neutron, respectively. The nuclear gyromagnetic 

ratio, g, is found from equation (3.8) to be 

iI'S JI*L 

or 

_ J(J+1) + S(S+1) - L(L+1) 
^ ~ 2J(J+1) ^S 

J(J+1) + L(L+1) - S(S+1) 
2J(J+1) ^L • 

(3.10) 

But in the Schmidt model S = ±1/2 and L = J ± 1/2. These 

give 

and 

I Ŝ "̂  ̂ ^ ^ Î L̂ 
g = L and ̂  parallel (3.11a) 

1 3 
- 7 gg + (J + 7) ̂ L 

g = — = L/ S aptiparallel (3.11b) 

for the nnclear gyromagnetic ratio 
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It is well known that the Schmidt model does not 

predict the nuclear magnetic moments very well. However, 

almost all the nuclear magnetic moments fall between the so 

call Schmidt lines predicted by (3.11a) and (S.llb) above. 

Now if the assiomption is made that the type of LS vector 

alignment (parallel or antiparallel) in a nucleus is given 

by observing which Schmidt line the actual nuclear magnetic 

moment lies closer to, then the value of L can be inferred 

in this way. For example, if the actual magnetic moment is 

closer to the Sclimidt line for parallel intrinsic spin and 

orbital angular momentum vectors, then L = J - 1/2. Mayer 

[77] reported that this method was good for obtaining values 

of L for all odd N, even Z nuclei, and good for all but two 

odd Z, even N nuclei. 

Occasionally we find sets of two or three isotopes dif-

fering by two neutrons, that have eĉ ual spins, and which 

also have nearly identical magnetic moments. Examples of 

these are lO^Ag, 109^^; 133cs, 135cs, 137cs; 203^1, 205^1 

and 113in, HSin. This suggests that the two added neutrons 

do not disturb the proton configuration which gives rise to 

the magnetic moment in these nuclei. This is further 

evidence for the validity of the independent particle shell 

model. 
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While the lifetimes of most excited nuclear states are 

short, on the order of 10"^3 seconds, or even less, some so 

called isomeric states may exist for more than a second. 

Weizsacker [91] put forth the theory that such long 

lifetimes are possible if the excited state is the first 

excited state above the ground state, and if the excited and 

ground state have spins which are very different. The 

lifetime of the excited state has a strong dependence on 

the angular momentum, L, of the multipole radiation which is 

emitted in the process of de-excitation. From ecjuation 

(A.13) we see that the transition probaibility is a rapidly 

decreasing function as L increases. So for large L the 

lifetime of the excited state will be long. 

The shell model provides the satisfactory understanding 

of the "islands of nuclear isomerism." Long lived isomeric 

states are found in nuclei where either Z or N is near the 

end of a shell. Specifically, most of these isomeric states 

are found for Z or N between 39 and 49 or between 69 and 81 

[91, 94]. These are the ends of the number IV and V shells, 

respectively. The reason is that the level shift due to the 

spin-orbit interaction correctly places the g9/2 level at 

the end of the fourth shell. Likewise, the hii/2 level is 

depressed by the spin-orbit interaction so that it lies at 

the end of the fifth shell. Nucleons 39 to 49 fill up the 
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Pl/2 and g9/2 orbitals. If a pi/2 nucleon is excited up to 

a 99/2 suborbital then the angular momentum of the radiation 

emitted in de-excitation would be L = 4 or 5 by the rules of 

vector addition for angular momenta. 

This large value of angular momentum, L, produces the 

long lifetime as discussed above. Similarly, the nucleons 

69 to 81 fill up the si/2 and the hii/2 orbitals. A nucleon 

de-excitation from an h suborbital to an s suborbital will 

produce a radiation field with angular momentum 5 or 6, 

resulting in a long lifetime for the excited (isomeric) 

state. 

In 1940 Sclimidt [94] observed the following 

regularities in the electric cjuadrupole moments of nuclei. 

If Z is close to a magic number (i.e., the proton shell is 

almost closed) then the cjuadrupole moment is small. It is 

relatively large when Z is far from a magic number. When Z 

is greater than, but near a magic number the cjuadrupole 

moment is negative. If Z is less than, but near a magic 

number then the ĉ uadrupole moment is positive. 

These observations are the final ones that shall be 

discussed here as evidence for the existence of shell 

structure in nuclei, and the value of the shell model. 



CHAPTER 4 

MODIFICATIONS TO THE SHELL MODEL 

In the present work, several modifications to the pure 

shell model will be made. Some necessary background 

material of these topics will be discussed in this chapter. 

Reviews of the following topics are given: coupling schemes, 

nucleon-nucleon correlation and configuration mixing. 

Coupling Schemes 

Mayer [85, 77] and Haxel, et al., [86, 95] were very 

successful at interpreting the properties of heavy nuclei in 

jj coupling. They reĉ uired a large spin-orbit force which 

would strongly couple the spin and orbital angular momenta 

of each particle. The reaction ^Be (d̂ â '̂ Li was studied 

[96, 97] and from the energy spectrum of lithium-7 it was 

concluded that this nucleus is closer to LS coupling rather 

than jj. Hummel and Inglis [98] studied the five lowest 

energy states of lithium-7 as they approach intermediate 

coupling from both the LS and jj extremes, and again could 

only explain the low levels if the coupling was closer to 

LS. In general, heavy nuclei are best described in jj 

coupling while light nuclei are closer to LS coupling. 

Now, we consider as an example of intermediate couplinq 

the ^Li nucleus with four nucleons in an inert core and two 

nucleons in the lp3/2 orbital. The appropriate coupling 

44 
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scheme is intemiediate, but closer to LS than jj. In the 

grtmnd state J « 1 for this nucleus. The two p-orbital nu-

cleons, with 1 « 1, s « 1/2, can yield total orbital angular 

momenta L « 0,1 and 2 and total intrinsic spin S « 0,1. 

Then the most general wave function which can be formed for 

the ground state is 

m r̂. 1 3 3 
^ = c^ S^ + c^ P^ + C3 D^ + c^ P^. (4.1) 

The notation for each term is 2S+1LJ. xhe intermediate cou-

pling allows for the mixing of terms into the predominantly 

3si ground state wave function. 

Nucleon-Nucleon Correlation 

In the previous chapter we discussed the successes of 

the shell model, formulated from the basic ideas of the 

independent particle model. That is, each nucleon moves in 

a common central potential field which represents the 

average effect of the particle's interactions with all other 

nucleons, but besides which the motion of each nucleon is 

independent of the motion of all the other nucleons present 

(i.e., uncorrelated). Then in the shell model we attributed 

all the observable nuclear properties to those nucleons that 

lie outside of closed shells. The total angular momentum, 

i, of each nucleon is constant, as is the orbital angular 
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momentum, 1. The nucleons move in orbits described by the 

quantum numbers (n,l,j) if there are no residual 

internucleon interactions that are not described by the 

central field. All of the particles that can occupy an 

(n,l,j) orbit, 2(2j + 1) in number, are energetically 

degenerate. 

The configuration of a nucleus is the number of each 

type of nucleon that occupy each orbital, (n,l,j). For 

example, (lsi/2)p2(lsi/2)n^(lP3/2)p^(lP3/2)n^/ is the ground 

state configuration of ^Li which has two protons and two 

neutrons in the lsi/2 orbital, and one proton and one 

neutron in the lp3/2 orbital. The state of the nucleus is 

that set of observables which unicîuely identifies the 

nuclear system (i.e., a complete set of ĉ uantum numbers) . 

Now, a given configuration of nucleons can, in general, 

be in any one of a number of states or even a mixture of 

states, because of the different values of the total angular 

momentum, J. J is the vector sum of the nucleon angular mo-

menta, ji. In the pure independent particle shell model 

(IPSM), where no forces other than the central potential are 

considered, all of the states, (J,Mj), belonging to the sin-

gle configuration, (n,l,j), will have the same energy. 

This, however, leads to the following problem. The 

configuration of an excited nuclear state, in the shell 
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model, is thought of as a configuration in which one or more 

nucleons were removed from their positions in the ground 

state configuration, and raised to energetically higher 

orbitals. This picture of the nucleus does not successfully 

reproduce all the many excited states that exist in the 

first few MeV of excitation in most nuclei. The large 

degeneracy of the configurations reduces the number of 

excited states that the pure IPSM can predict. For example, 

50TÍ, with 28 neutrons in a closed shell, and 22 protons, 

has two protons outside a closed shell in an f7/2 level. 

The possible values for the spin of the nucleus are in the 

range from 0 to 7. For the wave function to be antisym-

metric we must reject the odd values of J. According to the 

shell model the O"*", 2"^, 4"*" and 6"'' states all have the same 

energy. It is found, however, that the J = 2"*', 4"'' and 6"*' 

states are the first three excited states above the 0"** 

ground state of 50^1. This indicates that there is some 

residual interaction, not accounted for by the average 

central potential, at work between the extra-core protons, 

which removes the degeneracy predicted by the pure IPSM. 

In the shell model the Hamiltonian of a nucleus with A 

nucleons is given by 
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A 
X T + 2 V , (4.2) 
i=l ^ i<i=l Ĵ 

H = ^ -̂  

where Ti is the kinetic energy of the i^h particle, and VÍJ 

is the potential energy between the i^h and jth particles. 

For the two body potential, VÍJ, we write 

^ A A 

X V = S (V. + U ), (4.3) 
i<j=l ^^ i<j=l ^ "-^ 

where Vi is the one body, average central potential, and Uij 

is the residual two body interaction. In the pure shell 

model Uij is zero for i 9̂  j. Since the pure IPSM has worked 

well to describe many nuclear features (see chapter 3) it is 

expected that Uij is small. If so, then it may be treated as 

a perturbation to the central potential. 

Let Yo be the pure IPSM wave function with the 

following configuration: 

k^ 1 ̂ i 

(n̂ , ^i' ^i"^ 2"̂  ^^"i' -̂ i' -̂ i" "2̂  ^' ^^'^^ 

where ki is the number of nucleons in the i^^ orbital, with 

orbital and intrinsic angular momenta parallel (j = 1 + 

1/2). Likewise, Ki is the number of particles in the i^^ 

orbital, with orbital and intrinsic angular momenta 

antiparallel (j = 1 - 1/2) . The angular momenta of the 
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nucleons in partially filled orbitals will couple to give 

various possible values of the nuclear spin, J. As 

discussed, these various states are energetically 

degenerate. 

When the residual two body interaction is introduced 

the energy of these states is shifted. To first order, the 

magnitude of the energy shift is 

5E = (\|ÍQ(J,M)| ^ U^ IVQ(J.M)). (4.5) 

1<3=1 

Since this energy depends upon J, the degeneracy of the 2J + 

1 states is removed. 

Configuration Mixing 

The residual two body potential does more than shift 

the energy of the states \|ío(J/M). The wave function itself 

is altered by the interaction. The angular momenta, j, of 

the individual nucleons are no longer constants of the 

motion with the introduction of Uij. Rather, these 

particles are now able to exchange angular momenta through 

this two-body interaction. In other words, the residual po-

tential allows the nucleus to be found in more than one 

configuration. To accomplish configuration mixing we write 
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the wave function of the nucleus as an expansion of single 

particle states with the same J and M. That is 

where 

\|f(J,M) =VQ(J,M) + Sa¥p(J/M), (4.6) 

1 ^ 
a = (- — ) (V (J,M)| X U IV (J,M)). (4.7) 

0 " p i<j=l ^ P 

Eo and Ep are the IPSM energies of the states yo and \\fp, re-

spectively. 

From (2.17) we see that the excited state, \|íp(J,M), has 

no more than two nucleons in orbitals different from the 

ones that they occupied in y^Q{J,M) . U^j is a two-body 

interaction, and so the acimixture coefficient, a^, would be 

zero for any state, \|íp , which differs from \J/Q by more than 

two nucleons. We consider two cases of the single particle 

states, \|íp. Firstly, there are those states in which all 

the nucleons retain the same values of n and 1 that they had 

i n \|ÍQ. 

Let a^ = -2, -1, 0, I or 2 nucleons, and let kj^ and K^ 

be defined as above. Then the configuration of \|/p in the 

first case is 
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1 ^ i - ^ 1 ^i^^ 
(n̂ , l^, l^+j) (n̂ / l̂ / •'•i " T^ • ^^'^^ 

Here, one or two nucleons has changed the orientation 

of its spin angular momentum vector; ms goes to -ms. Since 

the li do not change for the nucleons in these states, they 

are still good cjuantum numbers, although the ji = 1 ± 1/2 

are not good cjuantum numbers any longer since for any 

nucleon either of these two values is possible. 

The second type of state that we want to mix in the 

unperturbed state does not constrain the n- and 1-values of 

any of the nucleons except to recjuire that at least one nu-

cleon changes its n and/or 1. Let bi (= -2, -1, 0, 1 or 2) 

be the change in the number of nucleons with j = l + l / 2 i n 

each orbital, and let Bi (= -2, -1, 0, 1 or 2) be the change 

in number of nucleons with j = 1 - 1/2 in each orbital. For 

this case the configuration of \|fp will be 

1 ^i^^ 1 ̂ i^^i 

(n̂ , l^, 1^+7) (̂i/ l̂ / 1^-7) • <̂ -̂ ) 

If this type of configuration is mixed into the pure 

independent particle shell model state, \|íO/ then neither li, 

nor ji are good ĉ uantum numbers any more. 

In first order perturbation theory we require lajcl̂  « 

1. Of course, |ajc|2 could be so small that configuration 
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mixing may be ignored. Usually, only a few states will be 

included in the admixture (4.6). We can see which states 

they are from (4.7). ap is large if Eo - Ep is small. So 

states whose unperturbed energies are near the energy of the 

pure IPSM state, \|ío, will be important for configuration 

mixing. Because of the arrangement of orbitals (correctly 

given by Mayer [85] and Haxel, et al. [86]) it usually 

happens that states whose energies are very close to one 

another will have different 1-values. This implies that 

configurations of the second type discussed above can be 

important. 

The term ap may also large if (\|ÍQ | Sĵ jÛ j Î I/Q) is 

large. This can happen when the i^^ and j^^ nucleons have 

similar single particle wave functions, and this will be so 

when the two nucleons have the same values of n and 1. So 

conficnarations of the first type discussed above may be 

important for configuration mixing also. 

While nucleon-nucleon correlations have been introduced 

into the shell model (and most nuclear models) since its re-

vival in the 1950's, experimental evidence for the existence 

of these interactions have only surfaced since 1984. For a 

review of the most recent experimental results in the area 

of pion double-charge exchange reactions, the reader is 

referred to Levi [99] and the references therein. In a pion 
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double-charge exchange reaction a positive, incident pion 

scatters successively from two neutrons in a nucleus, 

changing them into protons. The target nucleus (N, Z) is 

transformed into the double-isobaric-analog nucleus (N-2, 

Z+2) . The reaction rotates the nucleon isospin vectors, but 

does not alter the configuration of the nucleons or their 

spin wave functions. 

We have, up to now, discussed some physics which is 

well established in the literature. This has been done to 

provide a jumping-off point for our study. Because the pure 

shell model is inadecjuate, intermediate coupling and short 

range correlations are important, and have been incorporated 

by several authors into the wave function of ^Li. 

Correlation and intermediate coupling, including parity and 

isospin mixing, are employed in the present study in an 

attempt to see the effects that each of these has on the 

charge shape of the ^Li nucleus. Several sets of parameters 

were borrowed from other works. We also obtained some of 

our own parameters by fitting the cjuadrupole moment. We 

then computed other cjuantities from these, and compared the 

results to those obtained with the borrowed parameters. A 

prediction of the electric hexadecapole moment has been 

made. 



CHAPTER 5 

WAVE FUNCTION OF ^LÍ 

We develop now, the wave functions to be used in the 

calculations of the next chapter. Here, we will show how 

the various physical effects that were mentioned in the pre-

vious chapter are to be included in the present study. 

This study is built on the IPSM; a nucleon moves in a 

central potential created by all the other nucleons. No 

other forces act on the nucleon, and all nucleons move in 

the same potential. The potential chosen here is the famil-

iar harmonic oscillator potential, V(r) = Mû>2r2/2. The ra-

dial solutions to the one-body Schrodinger ecjuation with a 

harmonic oscillator potential, have been given by Mayer and 

Jensen [100]. That form is used here. 

V
l+2 2 

2 1 -(ar) /2 
(21 + 1)1! <«̂ ^ ^ • ^'-'^ 

a = (Ma)/h)Í/2 is the harmonic oscillator parameter. n is 

the harmonic oscillator shell number (different from the ac-

tual nuclear shell number), and 1 is the single particle or-

bital angular momentum. 

In the pure shell model, the four Is nucleons in ^Li 

form an inert core. The neutron and proton in the Ip3/2 or-

54 
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bital coupXe to give ^Li its ground state properties; J*,T > 

l+,0 and L « 0, S » 1. The coupling in ^Li is known to be 

nearer to LS than jj, as is generally true for light nuclei 

[25, 27, 28, 101-104]. Then the ground state wave function 

for this nucleus may be written in the pure IPSM as 

.o m^—m. m M_—m ,13 t t s S s 
V< S^) - |Rip(56) Hoo <56) X^^ (56) x 

o 
(5.2) 

m. —m. 
-1^1 1 A 
m. "*m-

ÛjjQ (56) I (ls)4> 

Here, (Is)^ stancis for the inert core. The following nota-

tions have been introduced: 

^ l s ^ ^ l ^ • • -^ l s *̂*̂ 4̂  ^*''' ^^^ ''°''® (5.3) 
^ l l " \R, (ar^) R, (or-) for the extra-core , 

Ip 5 Ip o 

W\ 11 11 
'̂TM̂  ^ <I 7 \ V \ ' ^ **T><I 7 \ V \ ' ' ^ T̂><5̂ ^̂  

is the two-particle isospin function, 

m M_—m 1 1 1 1 
S S s ^ J l ^ i 13 M > < - -" m̂  M -m ;S M >(5.5) 

*SM 2 2 s S s ' S 2 2 S S S S 

is the two-particle spin function 
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m M -m_ 
Q-„ = <1 1 m. M -mJL M > Y, (^J Y,„ i^J (5.6) LM 1 L 1 L Im i IM^-m 3 

is the two-particle angular part of the wave function. 1 = 

0 for core particles, 1 = 1 for extra-core particles. Y(Ûi) 

is the scalar spherical harmonic, denoting the angular part 

of the single-particle wave function. mt, m^ and mi are the 

associated magnetic cjuantum numbers for the single particle 

isospin, single particle intrinsic spin and single particle 

angular momentum, respectively. MT, MS and ML are the asso-

ciated c[uantum numbers for the two-particle isospin, two-

particle intrinsic spin and two-particle angular momentum, 

respectively. 

The inert core of the nucleus has the properties T = 0, 

S = 0 and L = 0. Its wave function may be written with the 

aid of (5.3) - (5.6) as 

y. m -m m -m -.. ^̂  
•^^^) > = ^ s ^ O O <^2^ ^OO <̂ '> "00^^2) Û Q Q ( 3 4 ) X 

m (l)M^-m (1) m (3),-M -m (3) 
Y ^ (12) x^ (34) X ^SM^ ^ ' ̂ S-M 

S o 

<S S M -M 10 0 >. (5.7) 
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We are using 1 and 3 to designate the core protons, and 5 to 

designate the p-shell proton. 2 and 4 represent the core 

neutrons, while 6 denotes the p-shell neutron. 

The wave function above, (5.2), yields a vanishing 

electric ĉ uadrupole moment [42] . The cjuadrupole moment of 

^Li is known to be non-zero, Q = -0.644 mb [24]. As has 

been discussed, residual interactions exist in nuclei not 

accounted for by the pure shell model central potential. To 

be considered here, are short range correlations (SRC). 

da Providencia and Shakin [105] have pointed out that for 

momentum transfer, q ^ 2 to 3 fm"l, the effect of short 

range two-body correlations are very important in the case 

of inelastic scattering of electrons from ^Li. The form 

factors obtained from the pure IPSM for this nucleus fall 

off too rapidly at large momentiam transfer, q̂  [106] . Some 

of the efforts to modify the shell model in order to account 

for this discrepancy have been mentioned in chapter 1. 

The wave function of a system determines both the den-

sity distribution, p(r), and the momentum distribution, 

n(k) . The wave function may be represented in real space or 

momentum space, since either representation is the Fourier 

transform of the other. However, if we construct a wave 

function to represent the system in real space, its Fourier 

transform may not be an accurate representation of the mo-
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mentum distribution if all the nucleon-nucleon correlations 

have not been accounted for. Specifically, short range cor-

relations that exist between nuclei, introduce more high mo-

mentum components into the momentum distribution. These 

need to be included at this point into our shell model. 

Methods for doing this have been developed. 

The existence of short range correlations (SRC) between 

particles allows them to exchange momenta. As has been dis-

cussed in chapter 4, this leads to the mixing of configura-

tions in the shell model. Many configuration mixing 

calculations have been done. An alternative approach for 

introducing the effect of the residual interaction is to in-

troduce a correlation function into the wave function which 

is designed, "to replace the admixture of an infinite number 

of configurations" [42, p. 2117]. 

In this work, a product of correlation functions of the 

type introduced by Jastrow [68] will be used. Wong and Lin 

[60] took the simple approach of multiplying the radial wave 

function by a correlation function. Drell and Huang [107] 

used a Slater determinant of the single particle wave func-

tions, øi, multiplied by a sum of two-body correlations, 

f(rij). Instead of using a sum of two-particle correla-

tions, the present study uses a product of Jastrow-type two-

body interactions, f(rij). 
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* 

•l<l) 

•^d) 

•l(A) 

•A<*> 

A 

•^ij* 
(5.8) 

This form to be used here with one simplification. The 

linear combination of products, 11 (•i), (i.e., Slater 

determinant) is generally needed to properly antisymmetrize 

the wave function, 'F. This work, however, will compute the 

expectation values of one-body operators, from which no ex-

change terms can arise. Therefore, only one product, 11̂ (̂ 1) 

of the single-particle wave functions will be needed; 

y = 
A 

11* 
n=l n 

A 

n f ( 
i<j-i 

'ij' 
(5.9) 

In order to simulate short range correlations, the 

function, f(rij), must satisfy the following conditions 

[108]: 

lim f(r. .) = 0 and lim f(r. .) = 1. (5.10) 

This will ensure that the wave function will vanish when the 

two interacting nucleons are very close. This simulates the 
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repulsive nature of the nuclear force at short distances. 

Also, at large separations the nuclei will not interact, so 

the correlated wave function reduces to the uncorrelated 

wave function. A Gaussian-type correlation has been intro-

duced by several researchers. This has the unfortunate ef-

fect of exchanging both large and small momenta, and thereby 

mixing the effects due to short and long range forces. If 

one keeps the Gaussian correlation parameter small enough,. 

then the wave function will be modified only at large mo-

menta, and one can simulate SRC that way. Other authors 

have not wished to impose this constraint on the correlation 

parameter. Specifically, Lodhi has used [108] 

f(r..) = 1 - JQ(kr..) (5.11) 

for the correlation function. JO(x) is the spherical Bessel 

function of order zero. This correlation function satisfies 

the boundary conditions of ecjuation (5.10), and exchanges a 

definite momentum between the two nucleons. Ecîuation (5.11) 

will be used in the present analysis. It is the only inter-

action that we will introduce into the pure shell model wave 

functions, and it is the same for all states of the nucleus. 

^ = 

A 

n=I n n (1-Jo'^v 
L<1 = I 

(5.12) 
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The function, (5.12), is not normalized. The 

nomialization factor, N, is given by 

A A 

N=(YI I l f ^ r ) 11 f(r..) IV)"̂ ^̂  
i < j - l ^J i< j= l ^J 

s (VI 1 - 22; j (kr.Jlv) 
i< j - 1 " ^J 

where \|í is the uncorrelated wave function, n ( ^ ) , and f''' is 

the adjoint of f. In this case, f''' = f. The set of func-

tions, (5.8), is normalized, but not orthogonal. 

If (5.11) is introduced into the wave function (5.2), 

13 ^ 
V( S ) n [1 - j^dcr. .)], (5.14) 

^ i<j=l " Ĵ 

then the cjuadrupole moment calculated with (5.14) is still 

zero. Because of intermediate coupling, states other than 

the 13si state are mixed into the ground state wave function 

in order to produce the non-zero cjuadrupole moment. The 

most general wave function, O, that the two p-shell nucleons 

may couple to give, with total angular momentum J = 1, is 

^G.S. ' ^i^<'\> ^ c^O^^'p^) 
(5.15) 

^ 1 3 ^ 3 3 
+ c,0( D.) + c^O( P^). 

3 1 4 1 
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This is a parity mixed wave function, since the P state 

has parity opposite to that of the S and D states. The ad-

mixture coefficients, ci, determine the degree of mixlng of 

each state. We will also be investigating the effects of 

isospin mixing in the ground state wave function. This has 

been accomplished by introducing the Ŝpĵ  into the extra-

core wave function, (5.15). 

<^(^3si) is given in equation (5.2). The other states 

are 

,11 \''™t "'s'""'s \ ' \ -m. «( P ) = R îl *" ^ y ^ s -l'"L~l 

^ 33 m ,-m m ,M -m m »Mĵ -m 

S L 

13 \'"\ ™s'̂ s"™s J^l'\'\ 

S L 
(5.18) 

The cjuadrupole transition rate, T(E2), will also be 

calculated. The transition that we are concerned with occurs 

between the ground state and the first excited state at 

2.184 MeV above the ground state. The p-shell nucleons of 

this excited state couple to give a 13^3 state, with wave 

function. 
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13 nî .,-m̂  \ ' % - \ "i'V"*! 

(5.19) 

ip 'OO ...3 ...̂  

For the magnetic dipole transition, which occurs be-

tween the ground state and the second excited state at 3.56 

MeV above it, the intermediate coupling leads to the follow-

ing states for the p-shell nucleons: 

31 \ ' " \ "̂ s'~"̂ s "̂ i'""̂ i 
^< ^O^ = ^ p ^ O 5CQQ ÛQQ , (5.20) 

33 \ ' \ '̂̂ S "'s 

0 ^P ^° ^^S (5.21) 
m ,-M -m 

X Cl <11M^,-M^|00>. 
1,-M S' S 



CHAPTER 6 

CALCULATIONS 

We wish to calculate the expectation value of an opera-

tor, 0. 

(V n f(r )|OIV 11 f(r. .)) 
,^,0,^) - ^<^f ' f ̂ -̂  ' . ,6.X) 

(VI n f(r. .) n f(r. .) IV) 
i<j=l ^̂  i<i=l ^^ ::=! -- i<j= 

Now we define the effective operator, Oeff, as 

^eff ^ n f (r. .) 0 nf(r..). (6.2) 
®^^ i<j=l ^̂  i<j=l ^̂  

Substituting (5.11) for f(rij), we obtain 

A A 

^eff = n [1 - 3o(kr )] 0 11 [1 " Jn^^^i^^í 
®^^ i<j=l " ^̂  i<j=l ° ^̂  

(6.3) 

= 0 - 2-0 X Jo(kr. .) 
i<^=lO ^3 

Higher order terms in this sum will be neglected, and there-

fore 

64 
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A 
(VIO - 2-0 £ J^(kr. .)IV) 

(VIOIY) s i^l-i . (6.4) 
A 

(VII - 2 X Jn<^^í^>'V) 
i< j«l" 13 

Equation (6.4) will be used to calculate the static 

electric quadrupole and octupole, and magnetic dipole mo-

ments. For the transition rates, (6.4) takes on the 

slightly different form. 

A 
(V^IO - 2-0 X Jn<^^i4>'Vi> 
^ i<i=l" ^3 1 * ^ i - .̂(6.5) 

il;̂ -; -. 

1/2 
KVf 11-2 X Jo<^^H> ' V (V. 11-2 X Jo(î̂ r ) IV.)] 
^ i<j«l" 13 í 1 i<j«l" ^3 1 

Quadrupole Moment 

The operator, Qopr that we need to use in (6.4) is 

A A 2 <S)n "̂  ^ 
Q = X Q = X r„ ^on(^«) ^ ' <^-^) 
op T̂fi n "3, n 20 n 2 
'̂  n=l n=l 

where Qn is the single-body operator. Here, X3 ecjuals +1 

for protons and -1 for neutrons. The quadrupole moment, Q, 

is defined as the expectation value of Qopr in the state 

V(Mj = J) . Now (6.4) is 
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M=J Å ^ A ^̂  
(V I X Q ^ - 2 X X Q ^ JQ(kr..)|/-'̂ ) 

^ n=l " n=l i<i=l" 0 "-^ 
Q = ' — , ie.l) 

(VII - 2 X llni^r..) IV) 
i<j=l" ^3 

and it is clear that Qcorr is the sum of the uncorrelated 

moment, 

M=J v" M'=J 
QQ = (V \ L Q«IV )/ (6.8) 

n=l 

and a correction term. 

c M=J T^ T-« M*=J 
5Q = -2(V \ L 2- Q^ Jo(kr. .)IV ). (6.9) 

n=l i<j=l^ " Ĵ 

To calculate the ground state cjuadrupole moment we must 

use the ground state wave function (5.15), multiplied by 

(5.7), in ecjuation (6.7). Now, only the three protons (n = 

1,3,5) will contribute to the ĉ uadrupole moment, and the 

contributions from the two core protons (n = 1,3) must be 

the same. Since the ground state of 6LÍ has J = 1, we must 

calculate the ĉ uadrupole moment in the state v(Mj = I) . 

From (5.2), (5.16), (5.17) and (5.18), the p-shell wave 

functions in this state are. 
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and 

• • ^ S " s ) - R n"*='""̂  / » ' " " « o"i'""i <«•!<» 

M-1 11 '"t'""'t %'""« m,»l-i», 

* < V-^p%S Xoî " l î ' <«•"> 

M«l Jo t t s S s 

" l ' ^"**S~°1 
O^J <l lMg, l -Mg| l l> , 

* < •'i' - ̂ p ''oo h u ^ 

m_, 1—M —m_ 

«2,1-^3 <21M3,1-M3|11>. 

(6.13) 

The denominator of (6.7) is just the normalization con-

stant, N2. The integrand in the numerator may be written as 

4 3 1 
I [Is] {c^v( Ŝ ) + c^V^ P^) 

(6.14) 
3 3 2 

+ c^V^ D^) + c^V( Pi) } I Qgff/ 

in the first approximation, (6.4). It is seen that the fol-

lowing contributions need to be worked out (Appendix B): 
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2 4 4 
c^ ([Isl V(S)IQ^^^|[lsl V(S)), (6.15a) 

4 4 
c^c^ ([Is] V(S)IQ^^^|[ls] V(D)), (6.15b) 

4 4 
c^c^ ([Is] V(D) IQ^f^Kls] V(S)), (6.150 

2 4 4 
c^ ([Is] V(P)IQgffI[Is] V(P))/ (6.15d) 

2 4 4 
c^ ([Is] V(D)IQgffl[Is]• V(D)). (6.15e) 

The first of these terms is zero. Further, (6.15b) and 

(6.15c) are ec^ivalent. All other cross terms will be 

identically zero because of orthogonality. The result is 

2 1 y? 2 y? 2 7 2 
Q = N { —;=—T [ "C,c^ + —7- c^ ^ c^ ;=• c,] 

2^ >V;„2 '^ 4 2 8-4 87? -3 
P 

2A 1 rr. ^ n ^3 ^ 2 
+ -7=^ C^C^ j= [B + C - — D] c^ (6.16) 

5V3C 2V51C 

A 2 7 151 , 2 
c, + 7= [B + C - -::z7 í̂ ^3 )• 

lyi c ^ ^OTSTC ^̂ ^ 
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If a definite isospin calculation is desired, then 04 

is ecjual to zero. If a mixed isospin calculation is being 

done, then C2 is identically zero. If a definite parity cal-

culation is needed, then both C2 and 04 are zero. 

The first term in the braces in (6.16), is the uncorre-

lated cjuadrupole moment, QQ. If one wants to know QQ, then 

only this term needs to be calculated, and N^ is ecjual to 1, 

since no renormalization would have been necessary if the 

correlation function had not been introduced into the wave 

function. The admixture coefficients in each tenn of (6.16) 

tell us from where each contribution comes. 

The parameters A, B, C and D depend only on the har-

monic oscillator parameters, a^ and o^, and the correlation 

parameter, k. as and ap are the harmonic oscillator parame-

ters for the s-shell and p-shell nucleons, respectively. If 

all the nucleons move in the same potential well, then as = 

ap, otherwise not. 

A = -B - C - D, (6.17) 

where 

2 4 4 
20 13k ít ^ 1 JS ,r X ^^ r ta IQN 

B = r + + "T — T T ]G + —r G , (6.18) 
^ ^ 2 4 ^ 6 6 4 2 S P 2 s 

a 3a 6a^ a a a 
p P p s p p 
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2 4 6 
, 5 13k llk 1 l̂  , ,̂  ,û. 

c 5 [ + r Ir (6.19) 
o 2 ,^4 ,^6 144 8 ' 
2a I2a 72a a_ 
P P P P 

4 6 
D s [ — ^ - ]G . (6.20) 

6 8 P 
I2a 24a 

P P 
Factors of G which appear above are defined as follows. 

2 
G s exp{-[ ~- ( ̂  + ̂  )]}. (6.21) 
Sp 4 ^ ^ a a s p 

2 
G s exp{ r }, (6.22) 
s ^ 2 2a s 

2 
G s exp{ r }. (6.23) 
P /.2 
*̂  2a 

P 

The normalization factor, N^, is given by (Appendix G) 

o 2 1 2 
N = 1 + 3[(A'+ B'+ C'+ D')c^ + (A'+ B'+ C«- - DMc^ 

(6.24) 

+ (A'+ B'+ C'- j DMcJ + (A'+ B'+ 2C'+ j DMc^ ] 

for the correlated wave function. 
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A', B', C' and D' are defined as 

A' m -12 Gg, (6.25) 

2 
B« s -16(1 - Ji-.) G . (6.26) 

6a^ ^^ 
P 

k' 2 
C' s -2(1 -) G , (6.27) 

6a^ P 
P 

4 

D» s G^. (6.28) 
9a 
P 

The parameters, A, B, C, D, A', B*, C' and D', depend 

only on the harmonic oscillator parameters, a^ and ap and on 

the wave number, k. The value of k to be used throughout 

these results is k = 2.1 fm'l [75]. a^ is the parameter 

that characterizes the width of the potential in which the 

s-shell nucleons move. 

Quadrupole Transition Rates 

The multipole transition rate is defined as (see 

ecjuation A.13) 
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, ^ 2 , 2L+1 
m/^**x 16 t (L + 1) k 
T(OLM) = _ ,^ , ̂ . ,̂  ^g.29) 

L[(2L + 1) !!] 

where OL^M ^nd a*L,M/ (eqs. A.15 and A.16) are the multipole 

moment transition matrix elements. The transition probabil-

ity may also be written as 

2 2L+1 
^ . ^ . 16îC (L + 1) k ^ ̂ ^ 
T(OL) = ^ '——-— B(OL) (6.30) 

L[(2L + 1) !!] 

where B(OL) is the reduced matrix element defined as [ref 

14, p. 672] 

B(OL,J.->J^) = ^ ^ X X Kfl^op^^ôp'^^'' ^''^^^ 
1 M ^ ^ 

and the operators, aop and a'op can be extracted from (A.15) 

and (A.16) . 

The reduced matrix element for the ĉ uadrupole transi-

tion from the 2.184 MeV, J = 3 state of 6LÍ is simply 

B(E2,3—>1) = "7 X X I <flQ9m'̂ > ' • <̂ -̂ 2̂  
^f^i 

The quadrupole transition operator, Q2mf is given by 



73 

V 2 * <^3'n * ^ 
Qam = 2:,-n ^2m<"n' 2 ' '^'^^) 

The static cjuadrupole moment operator, (6.6), is just the 

special case, m = 0. We have already written down the wave 

function of the excited state in ec^uation (5.19) . The core 

and p-shell wave functions for the ground state are given in 

(5.2), (5.7) and (5.16)-(5.18). Note that we do not set the 

total magnetic cjuantum number, Mj, ec[ual to J as we did in 

the static case. 

The matrix element that appears in (6.32) will be ap-

proximated by the matrix element (6.5) in order to take nu-

cleon correlation into account. The denominator of (6.5) is 

the product of the normalizations for the ground and excited 

states, N(J=1)N(J=3). N(J=1) has already been given in 

(6.24). The normalization for the excited state is 

(Appendix G) 

N"^ = [1 + ̂  (A'+ B'+ C'+ — ^ D')], (6.34) 
V3 10V3 

where A', B', C' and D' are the same as ecîuations (6.25)-

(6.28) . 

The correlated reduced matrix element for the 

cîuadrupole transition is given by 
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M^ A M. 

(6.35) 

®/̂ nT.T. * T 2^X I <V l̂ X Q„IV ^> 
^ ° ^ ^ 7 M ^ ^ n=i ^ 

A M^ M. 2 
- 2 X <V IJo(kr )Q IV ""> I 

i<j=l u 13 n 
n=l 

The excited state is a pure D state. Contributions to the 

second term on the right-hand side of (6.35) will arise only 

from the 0 ( 1 3 S I ) 0 ( 1 3 D 3 ) and 0 ( 1 3 D I ) 0 ( 1 3 D 3 ) terms (note, the 

adtaixed P-state in the ground state wave function will only 

affect the matrix element through the normalization). We 

can write (6.35) as 

M A M. 2 
B = - X X I <V I X Q„IV ^> + (SD) + (DD) I 
.. ^ ° ^ ^ 7 ^ ^ n= 1 '̂  "̂  

M A M^ 2 
= T 2121 <V I X Q̂ l V ""> (6.36) 

' MJl. n=l " f̂̂ i 
M A M, 

+ i X X [(SD + DD) + (SD + DD)<V I X Q^IV ^>] • 
I MJl. n=l 

Here, (SD) and (DD) denote the appropriate contributions 

from the second term on the right-hand side of (6.35). 

The correlated reduced matrix element is ecjual to the 

uncorrelated matrix element plus a correction. From Ap-

pendix C the uncorrelated reduced matrix element is 



75 

c. 

2^5 ' "P 
BQ = 0.036659578 [ĉ  + — ^ ]^a"^. (6.37) 

The complete, correlated, reduced transition probabil-

ity may be written as 

-2 ^3 2 -4 
B(E2) = [N(J=1)-^(^=3)] { 0.036659578 [c. + —p=r ] a 

^ 2V5 P 
2 2 3(B+C) + ̂ TJD 2 

+ - (- — Ac^ + = C3 ) 
5VîC 15V51C 

(6.38) 

^ 1 ^ 2 ÍT ^ ^ V 8(B+C) -5D 2 
+ - ( ~ T, / Ac + p = c ) 

4 2A 3(B+C) + 2/2 D l̂ "̂  «̂ 3/̂ 20 
+ ~ (- - ^ C^ + /-" C3) (- 2/- ^ 

5VJC 15V51C 2 a V7C 
P 

Here, A, B, C, and D are the same as in eqs. (6.17)-

(6.20) . For a definite parity calculation, C2 = C4 = 0. 

For the uncorrelated transition rates only the first term of 

the numerator is taken, and N = 1. For parity mixed 

calculations, either C2 or 04 is non-zero, depending upon 

whether the isospin is to be mixed or not. 
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Dipole Moment 

The dipole moment operator from ec[uation (A.16) is 

V (s) (1) 

Like the electric cjuadrupole moment, the dipole moment is 

defined as the expectation value of ̂ iop In the state Mj = J. 

M=j, V , <s) (D^ , .«,M'=J 
= < ^ Z. {g s + g 1 } T > 

^ '̂ n zn ^n zn 
n=i 

M=J| V , (s) (1), ,1 M'=J ^̂  ̂ ^̂  
~<V \ Z, ig s + g 1 }lv > (6.40) ~ T -^ i-Sĵ  2n ^n zn ^ 

n=l 

Å M=Ji (s) (1) M'=J 
+ 2 I < v IjQÍkr ) {g„ ŝ ^ + ĝ  l̂ „}lv >. 

1<J = 1 •' 
n=l 

The complete result, worked out in Appendix D, is 

2 2 2 2 2 ^ 2 
ĉ  c. c- ĉ  c 3c^ s s 1 4 3 , 2 _ 4 3 

2 2 2 2 2 
C C C^ ^? 3 ^4 2 

- [ ( g J - g ' t T ^ T - T J . _ . _ , _ . c^)] [ A . . B . . C . ] 

2 2 2 2 , 2 
1 s s 2 <=4 =3 =2 =4 ^ 3C3 2 

+ 7D.((gp + ĝ )[ĉ  - — -^l - — " T ^ I F ' "̂  • 
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where N~2 is the same as in (6.24). A', B', C' and D' are 

the same as in (6.25)-(6.28). The first term is the 

uncorrelated dipole moment, for which the normalization is 

again 1. From the form of (6.41), one can compute the indi-

vidual contributions of the spin and orbital angular momen-

tum parts of the dipole moment operator. The spin gyromag-

netic ratios, gpS + gĵ Ŝ  label the spin contributions. All 

the other terms are orbital in origin. 

Dipole Transition Rates 

From (6.31), the reduced transition probaibility for the 

magnetic dipole transition between the 1"*",0 ground state and 

the O+^l second excited state at 3.56 MeV above the ground 

state is 

2 
B(M1,0~>1) = X Z I *̂ l̂"inil̂ ^ I • (6.42) 

"f"i 

The magnetic dipole transition operator, Mim/ is given by 

Å s 1 
M = U ^ 2 ^ ( g s + g l ) . (6.43) 
Im ^O ^. ^n zn ^n zn n=i 

The ground and excited state wave functions are given 

by (5.2), (5.8), (5.16)-(5.18), (5.20) and (5.21). Now, the 

matrix element that appears in (6.42) will be approximated 
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by the matrix element (6.5). The normalization constant of 

the ground state is given by (6.24). The normalization con-

stant for the second excited state is (Appendix G) 

"2 2 3 2 
N =• 1+ (A'+B'+C'+D')c_+ (A'+B'+C'+—D')c,. (6.44) 

5 20 6 

Here, cs and ce are the acJmixture coefficients of the S and 

P states, respectively. 

The correlated reduced matrix element is 

B(M1) = [BQ{1+A' + B' + C' + J D ' } ] [N(J=1)N(J=0)]", (6.45) 

where BQ is the uncorrelated reduced matrix element. 

c ĉ  
BQ = - ^ [1 - gp - g^lHg. (6.46) 

See Appendix E for more details of this calculation. 



CHAPTER 7 

RESULTS 

We present now, the values of the electric cjuadrupole 

moment, the electric cjuadrupole transition rate, the mag-

netic dipole moment and the magnetic dipole transition rate. 

Further, a prediction of the ground state static electric 

hexadecapole moment, H, is presented (see chapter 8 for 

discussion of hexadecapole moments). Most of the parameters 

and actaiixture coefficients used in this work have been bor-

rowed from the literature. As discussed in chapter 2, at-

tempts have been made to fit the ^Li data using the same, as 

well as different, harmonic oscillator length parameters for 

the s- and p-shell nucleons. We do both in this work for a 

comparison. When tts and Op are not ecjual, then we shall use 

as = 0.582 fm~l and ap = 0.467 fm"l. Jackson [54] has used 

these values to evaluate the elastic charge form factor of 

6LÍ. When the parameters are the same, then a = 0.5813 [61] 

or 0.5434 fm. 

The other parameters that need to be specified are the 

admixture coefficients, ci, C2, C3 and 04. When the parity 

is to be mixed in the ground state wave function, then the 

values of the parameters are ci = 0.988, C2 = 0.147, 03 = 

0.055 and 04 = 0. Uberall [109] obtained these coupling pa-

rameters using his own result for the r.m.s. radius. If the 

79 

b b b i i 
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isospin is also to be mixed, then we have taken these 

coefficients to be ci = 0.988, C2 = 0, 03 = 0.055, 04 = 

0.147. If the parity is not mixed in the ground state wave 

function, then C2 = C4 = 0. As for ci and 03, we have done 

the following. We have fit the experimental value of the 

cîuadrupole moment for both the correlated and uncorrelated 

cases. Use of equation (6.16) and the constraint ci^ + 03^ 

= 1 are sufficient to determine the values of ci and 03 that 

give the proper cjuadrupole moment. A set of coefficients 

has been worked out for each set of harmonic oscillator pa-

rameters, a, that yields Q within the experimental uncer-

tainty (about ±1%). We then found the pair of coefficients 

from each set that yielded the best vaiue of the correlated 

and uncorrelated dipole moment, and then used those values 

to compute the transition width, r(E2). 

For the magnetic dipole transition rate we rec[uired two 

more admixture coefficients, 05 and C6. We have fit the 

magnetic dipole transition width for in order to obtain val-

ues of these coefficients. We are reporting the electric 

quadrupole transition width, r(E2), rather than the transi-

tion rate, T(E2), for a ready comparison to the experimental 

value. These two cîuantities are simply related, 

i_ 

r(E2) = T(E2) . (7.1) 
27C 
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In all calculations the correlation parameter k = 2.1 fm"l 

[74, 75]. The results are summarized in Tables 7.1-7.5. 

The static electric hexadecapole moment of the ground 

state of 6LÍ obtained with a^ = ap = 0.5434 fm"l, ci = 

0.988, C2 = 0, C3 = 0.055 and 04 = 0.147 is H = -0.112 e-fm. 

See Appendix F for details of this calculation. 

It should be noted that Table 7.5 does not permit a 

comparison of correlated and uncorrelated values because 

those results were computed with different acámixture coeffi-

cients. Rather, Table 7.5 displays the best possible corre-

lated and uncorrelated dipole moments when Q is fixed within 

the experimental margin of error. The value of the transi-

tion width was then calculated with those coefficients, not 

necessarily the coefficients that yield the best possible 

value of r(E2). 

In order to see how these results have been influenced 

by the various effects considered in this paper, eĉ uations 

(6.16), (6.38) and (6.41) have been plotted in several dif-

ferent ways, with several different admixture coefficients. 

Figures 7.1 - 7.9 are also included to help the reader 

assimilate these results. 



TABLE 7.1 

QUADRUPOLE MOMENT^rb 

Uncorrelated 

82 

oscillator 
parameter 

as"0.582l 

ap-0.467J 

a=0.5434 

0=0.5813 

Q(parity mixed) 

-0.562 (-12.73%) 

-0.415 (-35.56%) 

-0.363 (-43.63%) 

Q(parity and 
isospin mixed) 

-0.796 (23.60%) 

-0.588 (-8.70%) 

-0.514 (-20.19%) 

Correlated 

oscillator 
parameter 

as=0.582l 

ap«0.467j 

0=0.5434 

0=0.5813 

Q(parity mixed) 

-0.599 (-6.99%) 

-0.438 (-31.99%) 

-0.413 (-35.87%) 

Q(parity and 
isospin mixed) 

-0.845 (31.21%) 

-0.621 (-3.57%) 

-0.580 (-9.94%) 

^The units are e«mb. 
^The experimental value is -0.644 ± 0.007 e-mb [24]. 



TABLE 7.2 

DIPOLE MOMENTSrb 

Uncorrelated 

83 

oscillator 
parameter 

as=0.582l 

0^=0.467J 

0=0.5434 

0=0.5813 

fl(parity mixed) 

0.870 (5.84%) 

^(parity and 
isospin mixed) 

0.875 (6.45%) 

Correlated 

oscillator 
parameter 

as*0.582l 

0^=0.4 67j 

0=0.5434 

0=0.5813 

^(parity mixed) 

0.890 (8.27%) 

0.887 (7.91%) 

0.909 (10.58%) 

p,(parity and 
isospin mixed) 

0.894 (8.76%) 

0.892 (8.52%) 

0.913 (9.97%) 

^The units are nuclear magnetons. 
l̂ The experimental value is 0.8220 nm [24]. 
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TABLE 7.3 

QUADRUPOLE TRANSITION mDTH^'^ 

oscillator Uncorrelated Correlated 
parameter 

Os-0.582l 

0^-0.4 67j 
8.48 (92.73%) 10.28 (133.64%) 

0-0.5434 4.62 (5.0%) 4.31 (-2.05%) 

O«0.5813 3.53 (-19.77%) 3.11 (-29.32%) 

TABLE 7.4 

PERCENT ADMIXTURE OF 3,3po STATE 
OBTAINED BY FITTING THE DIPOLE 

TRANSITION WIDTH^ 

oscillator 
parameter 

as=0.582l 

0^=0.467J 

0=0.5434 

0=0.5813 

Uncorrelated^ correlated^^ 

7.6731 8.9356 

7.6454 

7.7007 

^The units are eV x 10"^. 
bThe experimental value is (4.4 ± 0.34) x lO'^ eV [110] . 
CThe experimental value of r(Ml) is 8.19 ± 0.17 eV [110]. 

^ln units of 10"^. 



TABLE 7.5 

RESULTS OF FITTING THE 
QUADRUPOLE MOMENT^'^ 

Uncorrelated 

85 

oscillator 
parameter 

08-0.582 

ap«0.467 

a«0.5434 

} 
ci 

0.99878 

0.99779 

»«0.5813 0.99771 

-Q 

0.6503 0.878 (6.81%) 8.64 (96.36%) 

0.6497 0.877 (6.69%) 

0.6510 0.876 (6.57%) 

4.74 (7.73%) 

3.63 (-17.50%) 

Correlated 

oscillator 
parameter 

Os-O.582 

ap«0.467 

0=0.5434 

} 

0=0.5813 

ci 

0.99890 

0.99797 

0.99769 

-Q 

0.6497 0.898 (9.25%) 10.47 (137.95%) 

0.6505 0.895 (8.88%) 

0.6499 0.918 (11.68%) 

4.41 (0.23%) 

3.20 (-27.27%) 

^The coefficients listed are those that give the best 
value of \l, while keeping Q within the experimental lim-
its. 
^[Q] = e«mb, [\l] = nm, [T] = eV. 
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Fig. 7.1. Correlated and uncorrelated, 
definite parity and isospin, electric 
cjuadrupole moments for three different 
oscillator parameters as functions of 
the fractional admixture of D state. 
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Fig. 7.3. Correlated and uncorrelated, 
mixed parity and isospin, zero D-state 
cîuadrupole moments for three different 
oscillator parameters as functions of the 
fractional admixture of P state. 
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Fig. 7.5. Correlated and uncorrelated, 
mixed parity, definite isospin, zero D-
state dipole moments for three different 
oscillator parameters as functions of the 
fractional admixture of P state. 
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Fig. 7.7. Correlated and uncorrelated, 
definite parity and isospin, electric 
quadrupole transition widths for three 
different oscillator parameters as func-
tions of the fractional admixture of D 
state. 
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CHAPTER 8 

DISCUSSION AND CONCLUSIONS 

We summarize the information of Figures 7.1 - 7.9, and 

then specifically make conclusions for 6LÍ on the basis of 

the information in Tables 7.1 - 7.5. 

Summary Of Results 

Fiaures 7.1 - 7.3. The D state favors more oblateness 

while the ^^Pi state favors more prolateness. Isospin mix-

ing favors oblateness to such a degree that the 33p^ state 

favors oblateness overall. Correlation favors oblateness 
m 

and seems to affect the wave function with Os = ttp = 0.5813 

fm~^ more than the other two. The choice of harmonic oscil-

lator parameter seems to affect the degree of non-sphericity 

of the nucleus, but not the type (prolate or oblate). 

Fiaures 7.4 - 7.6. Parity and isospin mixing decrease 

the value of the magnetic dipole moment. Also the D-state 

admixture has the same effect. Correlation increases the 

value of the dipole moment in all cases. 

Fíaures 7.7 - 7.9. Correlation may increase or de-

crease the magnitude of the transition width, depending on 

the value of Op relative to a^. In the single-oscillator-

parameter cases the correlation decreases the magnitude of 

the transition width. If, however, we decrease the value of 
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Op enough, in those cases, then the correlated value will be 

greater than the uncorrelated value. The presence of the D 

state enhances the transition width, but the P states make 

it smaller. In all cases the largest transition width is 

obtained with the two-oscillator-parameter wave function. 

The smallest is obtained with o = 0.5813 fm"l. 

Table 7.1. The best agreement with the experimental 

results for the cjuadrupole moment is obtained with the par-

ity mixed, isospin mixed, correlated wave function with har-

monic oscillator parameter O = 0.5434 fm "^. 

Table 7.2. The best results for the dipole moment are 

obtained with the parity mixed, definite or mixed isospin, 

uncorrelated wave function, with any oscillator parameter; 

i.e., the uncorrelated dipole moment is independent of a. 

Table 7.3. The best results for the cjuadrupole transi-

tion width are obtained with the parity mixed, correlated 

wave function, with oscillator parameter a = 0.5434 fm~l, 

with or without isospin mixing. 

Table 7.4. A very small admixture of ^^Po state is re-

quired for the explanation of the magnetic dipole transition 

width. The uncorrelated dipole transition width is indepen-

dent of the choice of oscillator parameter. 

Table 7.5. The choice of oscillator parameter has lit-

tle effect (<0.3%) on the magnitude of the uncorrelated 
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dipole moment, but a considerable effect on the uncorrelated 

quadrupole transition width. The choice of oscillator 

parameter has a small effect (<2.6%) on the magnitude of the 

correlated dipole moment, but a considerable effect on the 

correlated cjuadrupole transition width. a = 0.5434 fm'l 

yields the best results for either the correlated or uncor-

related cases. 

Discussion 

The two-oscillator parameter wave function predicts too 

much oblateness in the ground state if both the parity and 

isospin are mixed, but not enough oblateness if only the 

parity is mixed. The wave function that uses the single os-

cillator parameter a = 0.5813 fm~l does not provide enough 

oblateness in the ground state. The results with a^ = Op = 

0.5434 fm~^ also do not provide c uite enough oblateness, al-

though the situation is much better than the a = 0.5813 fm"l 

case. With any of the wave functions tried above the calcu-

lated dipole moments are always larger than the experimental 

results. These facts certainly mean that there are other 

effects and interactions that need to be considered. Clus-

tering may play some role, as various models mentioned in 

the first chapter attest to. Meson exchange currents will 

certainly affect the dipole moment. A more realistic treat-
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ment of the short range forces obtaining between nucleons 

needs to be put forth. 

In a paper by Lehman and Parke [48] the results of sev-

eral calculations of the magnetic dipole moment of 6LÍ with 

various models [48, 111-115] were reviewed. The admixture 

coefficients that were used in those calculations were 

given. All of the dipole moments that are listed there are 

in better agreement with the experimental value than the 

ones obtained here. We have, therefore, blindly calculated 

the magnetic dipole moment, electric cjuadrupole moment and 

electric quadrupole transition width using the ec uations 

given in chapter 4, and the admixture coefficients given in 

Lehman and Parke [48]. The dipole moments of references 

[48, 111-115] were reproduced exactly or very nearly exactly 

with our uncorrelated expression. In all but one case, how-

ever, the cjuadrupole moments that these coefficients gave 

were quite poor. The best overall results that were ob-

tained were 3.57% for the dipole moment, 6.98% for the 

quadrupole moment, and -21.77% for the transition width. 

These were obtained with 92.8% l^s^, state 0.7% 33̂ ^̂  state, 

5,3% llp̂ ^ state and 1.2% I^QI state [114]. Overall, these 

results are not in better agreement with experimental values 

than what we have obtained here. 
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As discussed in chapter 1, Raman, et al. [16], demon-

strated that the data on the ratio of the total deformation 

of nuclei to the deformation due to extra-core nucleons 

shows a minimum near closed shells. If we could extrapolate 

their results to the 6̂ 1 nucleus (although their compilation 

is for even-even nuclei) we would expect that this ratio 

would be relatively small. From the results of the 

quadrupole transition width reported earlier in this paper, 

the largest ratio, p/Psp (see chapter 1) that we could ob-

tain is 0.535 using the two-oscillator parameter model. The 

smallest that we could obtain is 0.294 for a = 0.5813 fm~l. 

Unfortunately, Raman, et al. [16], do not present the value 

of this ratio for light nuclei. 

Conclusions 

On the basis of the data in Tables 7.1 - 7.5, we con-

clude that there are two wave functions, of those attempted, 

that are clearly superior to the others. The first one is 

the parity mixed, isospin mixed, correlated wave function 

with the single harmonic oscillator parameter, a = 0.5434 

fm~^. This yielded -3.57% for the c[uadrupole moment, which 

is less than 2.5% outside of the experimental range of 

uncertainty, 8.52% for the dipole moment and -2.05% for the 

quadrupole transition width. The only other wave function 

that merits consideration is the definite parity, definite 
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isospin, correlated wave function with single oscillator 

parameter, o = 0.5434 fm~l, fitted to 1.01% of the quadru-

pole moment. It gives -0.23% for the transition width and 

8.88% for the dipole moment. 

Both quadrupole transition widths fall within the 

experimental uncertainty, and we do not discriminate between 

these two wave functions on that basis. The dipole moments 

are too close to say that the parity mixed, isospin mixed 

wave function is better than the definite parity, definite 

isospin wave function. The quadrupole moment, calculated 

with the definite parity, definite isospin wave function, 

gives about a 2.5% improvement over the mixed wave function. 

Adopting this wave function, however, would mean that ^LÍ, 

in the ground state, has definite parity and isospin. This 

description is unlikely to be the actual case. As we shall 

see in a moment, the 33pĵ  state is recjuired in this model to 

explain the magnetic dipole transition width. The fact that 

our other wave function is only 3.57% inaccurate in the case 

of the c uadrupole moment, points to effects that have yet to 

be accounted for, such as clustering and meson exchange cur-

rents, rather than a real absence of P state in the ground 

state of ^Li. 

At this point it is advantageous to discuss the results 

of the magnetic dipole transition rate, Ml. In the model 
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employed throughout this work we note that the dipole 

transition rate would be identically zero if not for the 

interaction between the 33p^ gtate and the 33pQ gtate. This 

can be seen from equations (6.45) and (6.46), in which only 

the admixture coefficients 04 and 05 appear; (05 appears 

through the normalization only). 

If we are to be consistent within the mathematical 

model used in this thesis then it must be concluded that the 

correct ground state wave function for the 6LÍ nucleus is 

the parity mixed, isospin mixed, correlated wave function 

with a single oscillator parameter, a = 0.5434 fm~l. The 

acJmixture coefficients appearing in ecpiation (5.15) are ci = 

0.988 (13si), C2 = 0 (^^Pi), 04 = 0.147 (33^^), ^3 = 0.055 

(l^Di) . 

The Hexadecapole Moment Of 6̂ 1 

Using the present model, a value for the electric hex-

adecapole moment of the ground state of the 6̂ 1 nucleus has 

been obtained (see Appendix F) using the wave function re-

ported above. The number of nuclei for which the hexade-

capole moment has been determined by experiment are few. 

Fuller's 1976 tables of nuclear spins and moments [116] 

lists only four direct measurements of this cpaantity [117 -

118], and precious few model-independent values are avail-

able at the present time [119 - 123]. The values referenced 
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here range from A = 133 to A = 238. In addition to these 

measured values some predictions have been made in the lit-

erature ranging from A = 115 up to A =243 [124 - 130]. No 

value of this moment is currently available in the litera-

ture for any light nuclei like ^LÍ. 

The experimental values available are order of magni-

tude lO^ e'fm^ in the region between A = 150 - 250 except 

for "̂̂ L̂u around 200 e-fm^. From A = 160 - 200 theoretical 

results center around lO^ e-fm^. Several predictions 

concerning 238^ [128-133] tend to be on the order of lO^ 

e*fm^ (see fig. 8.1). 

These values are 4 to 5 orders of magnitude larger than 

what we are predicting for 6LÍ. Certainly it is not sur-

prising that this is the case given the large differences in 

the number of nucleons of the respective systems. All of 

the nuclei referenced above with the exception of "^^^Sm, 

l'̂ Ŷb and 238^ have high, half-integer spins for which the 

nuclear deformation is expected to be high. The nuclear de-

formation of ^Li is cjuite small compared to these heavy nu-

clei, and effects of the hexadecapole order are correspond-

ingly small also. 

Substituting the preferred wave function (reported 

above) in equation (F.ll) we predict the value of the ground 

state hexadecapole moment to be H = -0.112 e-fm" . 
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APPENDIX A 

MULTIPOLE MOMENTS AND TRANSITION RATES 

We consider multipole radiation emanating from a source 

that contains charges, p(£,t), currents, j(£,t) and intrin-

sic magnetization, M(j:,t) . We assume that the time depen-

dence of p, j., and M is e~iû)t. ^hen the electromagnetic 

multipole field will satisfy Maxwell's equations, and the 

ec[uation of continuity 

c curl ii = -iCDfi + 47Cl , (A.la) 

c curl £ = ia)[ii + im] , (A.la) 

div j. = iCûp. (A.lc) 

Provided the frecjuency, (û, is not ecpial to zero, that is to 

say, we are not considering static fields, then the remain-

ing two of Maxwell's equations are implicit in (A.la), 

(A.lb) and (A.lc) above. 

It has been shown (see for example, Blatt and Weiskopf 

[131], p. 807) that the amplitude, aE(L,M), of the electric 

multipole radiation of order (L,M), in the long wavelength 

approximation (kd«l), is given by 

47C 

^E^^'^^ = " (2L+1)!! L ^ . 

,1/2 
L+1 L+2 

k (Q_ + Q' ) , (A.2) 
L, M L,M 
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where 

^,M " / ̂ ^ ̂ L,M<®'*> P<Ĵ > <*V, (A.3a) 
all 
space 

and 

ik r L 
^L,M " • irr / '' ^L,M<®'*> ^* Í^^MÍ dV. (A.3b) 

all 
space 

Similarly, for the amplitude of the magnetic multipole radi-

ation. 

r 1̂ /2 

^M<^'™> - -̂  (21+1) 11 L ~ J ^ ^^m^ ^im>' ^^-^) 

where 

\,M " "/ ̂ ^ ̂ L,M<®'*> ^* í^ ̂  ̂ í <̂ V' <A.5a) 
all 
space 

and 

^Í,M • -/ ̂ ^ ̂ L,M<®'*> ^'^ ̂ ^- <A.5b) 
all 

space 

Here, k is the wave number of the radiation. d charac-

terizes the dimensions of the source. L and M are the angu-
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lar momentum and the associated magnetic ĉ uantum number, re-

spectively. QL,M and Q'L,M are the electric multipole mo-

ments of order (L,M); QL,M being that associated with the 

charge distribution, p(Xft), and Q'L,M being that associ-

ated with the magnetization, M(£,t). Similar definitions 

hold for the magnetic multipole moments, ML,M and M L,M' 

Furthermore, the electric and magnetic multipole fields 

of order (L,M), at the point £, far from the source, are 

given by 

ikr 

£g(L,M,£) = a^(L,M) ̂  Vx [^^ ^^^{Q,(^) ] , (A.6a) 

ikr 

iig(L,M,x) = a^(L,M) - ^ ] ^ ^,M^®'^^' ^^'^^^ 

and 

ikr 

E^(L,M,£) = a^(L,M) -^^^M^®'^^' ^^'^^^ 

ikr 

Ii^(L,M,x) = - a„(L,M) ̂ V X i ^ }L^^^íB,^) ] , (A.7b) 

re 
spectively, where XL,M(e,(t)) is the normalized vector 

spherical harmonic. 
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The flux of energy at a point is given by the magnitude 

of the Poynting vector, fi, at that point. Far from the 

source we have 

S = — E. fl . (A.8) 
4îC 47C 

When £ and R are functions of the time then it is the aver-

age values of E 2 and H2 that appear in (A.8). with the time 

dependence mentioned above, we have 

-icût +io)t 
E(£,t) = E(x) e + £*(x) e , (A.9a) 

-iû)t +i(Ot 
ii(i:,t) = iKi) e + ii*(x) e . (A.9b) 

The time averaged values of E2 and H2 are 

2 £*(£) -£(£) = 2 ii(£) -iî î) . (A.IO) 

The power radiated is just ISIr^. Using (A.6b) or (A.7a) 

above in ec^uation (A.8) we obtain 

P =-^X£^^(e,(t»-Z^^^(e,(fr) la (L,M)|' (A.ll) 
27Ck 

for the power radiated in the direction {Q,^) of a pure mul-

tipole of order (L,M). Here, a is E or M, as we are talking 

about electric or magnetic multipole radiation. 
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Beyond the multipole moments (A.3) and (A.5) we will 

recjuire the probabilities for emission or absorption of a 

photon of energy hco. The total power radiated by a pure 

multipole field is gotten by integrating ecjuation (A.ll) 

over the spherical surface. The vector spherical harmonics 

in (A.ll) are normalized, and we obtain 

c 2 
P r la (L,M) I . (A.12) 

27Ck 

The transition probabilities per unit time for a photon 

of energy hû) and angular momentum L, M is the power of the 

multipole field divided by the energy of the photon. The 

probabilities for a transition in either an electric or mag-

netic multipole field are 

2L+1 
8JC(L+1) k 2 

T (L,M) - — T la. ̂  + G' I , (A.12) 
rc 2 h L,M L,M 

L[(2L+1)!!] 

where once again G denotes electric or magnetic type of ra-

diating multipole, and equations (A.2) and (A.4) have been 

used. 

In the treatment of nuclear physics, the cjuantal 

analogs of the electromagnetic multipole noments and transi-

tion probabilities are recjuired. If, in eĉ uations (A.3), 

(A.5) and (A.13), we replace p (r) > j(j:)—and-HKi) by theij^. _ 
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analogous expressions in cjuantum mechanics, then we will 

have the desired results. The quantum mechanical substitu-

tions are 

<̂̂ > = "^ [^*(B^ ) + (a^,)*^J, (A.14a) 2M o a o a 

p(£) = e ̂ * (£)^^(x), (A.14b) 
o a 

2Mc b a 

Here, e is the charge on the particle of mass M, ^b is the 

wave function of the system in the state b, and ^ is the 

linear momentum operator. \L is the magnetic moment of the 

particle, h is Planck's constant divided by 2ií, and Q is the 

Pauli spin operator. Then the cjuantum mechanical multipole 

moments that are involved in a nuclear transition, from a 

state b to a state a, are 

Q = e y f r Y* ̂ (Û ) —^ ^* ^ dt, (A.15a) 
L̂,M ^ J n L,M n 2 b a 

n=l 

. ^ _ i^ik y f r^ Y* (Û )V'[^* (£ X fl ) ^ ]dX, 
L̂,M 2Mc(L+l) ^-^n J n L,M^ n' ^ b'^n ^n' a' 

(A.15b) 
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"l-̂ M - - -ÍĴ ÎT r^^J-n ^L,M<"n>-V^ "^-^nW <"• 

(A.16a) 

"L,M = - ̂  S / n K L̂,M<Ûn> ^•^'^í^'^a^''^- <*-lŜ > 
n=i 

T3 is the z-component of the single-particle isospin, ec[ual 

to +1 for protons, and -1 for neutrons. Using (A.15) and 

(A.16) in equation (A.13) will yield the correct expression 

for the transition probability. 

The total electric multipole moment is the sum of 

(A.15a) and (A.15b). However, the matrix element, (A.15b), 

is usually ignored, as it is of the same order of magnitude 

as the magnetic moment of next higher order. This is not 

true in the magnetic multipole case. The total magnetic 

multipole moment is the sum of (A.16a) and (A.16b), and both 

terms need to be included. (A.15) and (A.16) are the multi-

pole moments involved in nuclear transitions. The static 

multipole moments are the diagonal matrix elements'of those 

same operators. 



APPENDIX B 

CALCULATION OF THE QUADRUPOLE MOMENT 

We need to compute (4.7) with the wave functions 

(4.10)-(4.13) . The non-zero terms that arise are given in 

(4.15b)-(4.15e) . We consider them in turn. 

4 4 
c^c^ <[ls] \|í(S) IQ^^^I [Is] V'(D)> 

Because we must use \jí(M=J), we have that Ms = Ms' = 1 

and ML = ML' = 0 . Therefore, the SD contributions are of 

the form 

X S (-) 47C c < < 2 1 0 1 i l l > <R. J JT ( î^r . ) j ^ ( k r . ) r |R > x c^ ^^xuxixx- ̂ -ll'-'L''""i'-'L^'^^j"n'*^ll' 
i<j m ,m: 
"' ^ L ^ 

m., —m. 00 ^OO ^ 1 1 <0""(12) a""(34, Q. ^56, , Y^„(n„, Y^,„<n,, Y£^„(û., I 

m',-m' 

The DS contribution, (4.15c), is equivalent to (B.l). 

ĉ  <[ls]^ V(P) I Q^ffl [is] V'(P)> 

The requirement Mj = J leads to ML = ML' = 1 if the the 

P-state is the ^Pl state. If the P-state is the 33?^ 

state, which mixes the isospin as well as the parity, then 
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only the less stringent conditions, Ms + ML = Ms' + ML* = 1 , 

ML = ML' and Ms = Ms', may be imposed. The PP contributions 

are of the form 

I I (-)'' 47C c\ <RIIIJL(Î^^Í)3L(^-J)-J^1> ^ 
i<3 m ,m' 
n 1^1 

- - m ,1—m 

<Û00<">"00<3''>°11 < = ̂>'^20<"n>\,M<"i>^£,M<"j>' 

m',l-m' 
0^2(12, ûJJ (34) Q^J S56,> (B.2) 

for the definite isospin wave function, and 

I I {')^^nc\ <ll,l-M3,M5lll>^R,Jj^(krJj^(kr.)rJ|R^^> 

i<j m. ,m; 
n J- -1-

L,M^ 
m ,1-M -m 

X<û2J(12)û2°o(34,û,^,_J '(56),Y3,(Q„,Y^^„(û,,Y*^„(n.), 

m' , 1-M̂ ~í̂ í 

«oS<->"o°0<-><i-M3 <-'> 

for the parity and isospin mixed wave function. 
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2 4 4 
^3 < [Is] V(D) jQ |[ls] V(D) > 

lons 

'eff 

The requirement that Mj - j leads to the restrict 

MS + ML = Ms' + ML' = 1, ML = ML' and Ms = Ms' . The DD con-

tributions are of the form 

Í X (-' ' 
i<j m ,m' 
n 1 1 

L (-) 47CC < 2 1 , 1 - M ,M I I I X R Ij ( k r . ) j í k r . ) r | R , , > x 
,m,' o í> 1 1 L 1 L j n 1 1 

L,M, 

no 00 " l̂'-^"^s"" î 
<"00<^2)Q^^(34,û^^^_^^ <">l^20<"n>VM<°i>^í ,„<"j>l 

„00 00 m^,l-M -m' 
" 0 0 < ^ 2 ) Q Q Q ( 3 4 , Q 2 , I _ M (56) > (B.4, 

Of the 90 terms in the sum over n, i, and j, the 19 

non-zero contributions are as follows: n = l , i = l , j = 5 , 

6 (2 terms); n =*3, i = 3, j = 5, 6 (2 terms) ; n = 5, i < j 

= 1, 2, 3, 4 (6 terms); n = 5, i < 5, j = 5 (4 terms); n = 

5, i < 5, j = 6 (4 terms); n = 5, i = 5, j = 6 (1 term). 

These have been grouped according to radial contribution, 

and these are the only terms that contribute in the SD, DS, 

PP and DD terms. The values of L are restricted by the tri-

angle conditions for angular momenta. The first 18 of the 

non-zero terms all require that L = 0. The last t3rm is the 

sum of an L = 0 part and an L = 2 part. 
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The SD terms with L = 0 are all equal except for the 

radial part. Ignoring the radial part for now, the SD terms 

with L = 0 are equal to -CIC3/IO71I/2. ^he L = 2 part gives 

-3cic3/57cl/2, excluding the radial integral. The DS contri-

bution is the same as the SD contribution. When L = 0 the 

llpi-llpi terms are 022/(8071)1/2. when L = 2 the result is 

-53^2^/7(8070 1/2. For the L = 0 terms the Ŝp̂ -̂SSp;,̂  contri-

bution gives -042/8(571)1/2, and zero for the L = 2 term. 

From the DD contribution, we get -7032/20(2071)1/2 for the L 

= 0 terms, and (151/7) C32/2O (207C) 1/2 . 

Each of the 19 terms must be multiplied by the 

appropriate radial integral, as (A.1)-(A.4) demand, before 

being added together. The values of i, j, n and L determine 

the radial integral that needs to be solved. These inte-

grals are discussed in Appendix E. After adding the 19 non-

zero terms from each of the four contributions, (4.15b)-

(4.15e), the whole sum is multiplied by 2 to give the total 

correction to the uncorrelated cjuadrupole moment. 

The uncorrelated quadrupole moment may be obtained from 

the correction terms with n = 5 , i < j = l , 2, 3, 4, except 

for the radial part. The correction terms have an addi-

tional factor of <RioIJo(^^)IRlO>^ that is not present in 

the uncorrelated moment. The results of this calculation 

have been expressed in ecjuation (4.16). 



APPENDIX C 

CALCULATION OF THE 
QUADRUPOLE TRANSITION RATE 

We need to compute (6.32) with the wave functions (5.2) 

and (5.16-5.19). In the intermediate coupling the two terms 

that arise are the SD and DD terms. Here, we do not have 

the restriction that Mj = J. it will happen in all terms 

that Mi = Mf. That is, m = 0. There are two correction 

terms. 

4 4 
c^< [Is] V(S^) IQ̂ ^̂ I [Is] VMD^) > 

In the SD term it is recjuired (by orthogonali*ty of the 

spherical harmonics) that Mi = Mf = Ms- The SD contribution 

may be written in the notation of chapter 5 as 

A T 2 

£ X (~) 47C c^(210Mg|3Mg) <Riil JL^^'^i^^L^^''i^''n'^ll^ 
i<3 m ,m 

m,, —m, ^ 

<"2O<12,Q;J(34,QQ; ^56, IÍ2o<"n>^LM<"i>'^LM<"j> ' 

m.', -m.' 

û2o<^2,ÛQQ (34,^20 (56, >. (C.l, 

The same 19 terms listed at the end of Appendix B give 

the only non-zero contributions here. Again these are 
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grouped according to radial contribution (Appendix F ) . The 

first 18 terms of ecjuation (C.l), neglecting the radial 

parts, are -ci (210Ms |3Ms) / [1071] 1/2 . The 19th term is the 

sum of an L = 0 part and an L = 2 part. The L = 0, non-ra-

dial part of this term is -ci (210Msl 3Ms) / [1071] 1/2 . The L = 

2, non-radial part gives -6ci (210Ms |3Ms) / [107C] 1/2 . 

4 4 
c^^ [Is] \|í(D̂ ) IQ^^^I [Is] \|í'(D̂ ) > 

In this term Mi = Mf leads to Mi = Mf = Mi + Ms, but no 

more stringent conditions. The DD contribution is 

A L 
X X (~) 47C C2(21M^Mg|lM^+ Mg) (21M^Mg|3M^+ M^) x 
i<j m ,m; 
n i^ 1 

m ,M -m * 

< Q ° ° ( 1 2 , Q ; ; ( 3 4 , Q 2 ; ^ (56)lY2o(Û„)y^(ûi)^^("j)l 

mî,M -m! 2 

"O^^^^^O^^^^SM^ ^''^^ <̂ l'̂ L<̂ î>̂ L<̂ ĵ̂ n̂'̂ l̂ -

(C.2) 

The first 18 terms (neglecting the radial parts) are 

"̂  (21M^Mg|lM^+ Mg) (21M^Mg|3M^+ M^) X 

207C 

\ , 0 ^ Í ^ M ^ M • ̂ M^|,2^' 
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where ô's are Dirac delta functions. The L - 0 part of the 

19th term is the same as this, but the L = 2 part is given 

by 

C2(21M^Mg|lM^+ Mg) (21M^Mg|3M^+ M^) x 

[ .^ ( — S — S i S — /^l 
J ^ " 2 M^,0 ̂  3 |M^|,1- 6 1^^1,2^-7^71^* 

The uncorrelated transition matrix element can be got-

ten from any one of the n = 5, i = 1,2,3, j = 2,3,4, i < j 

terms of the correction calculations above. It is the same 

thing except for the radial part since no j (kr) factors 

would be present if correlation had not been introduced. 

The uncorrelated transition matrix element (with no radial 

part) looks like 

<V ̂ Z OJV '> = -J^ (210M3,3Mg) - ^ 5 
n VIOTC 2a 1 

'=3 5 
+ (21M^Mg|lM^+ Mg) (21M^Mg|3M^+ M^) X 
V207C 2a 
^ P 

\ , o ' l ' m ^ i-'\M^^,2'- <"•'' 
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Writing down each term for each value of Mf, scjuaring 

and then adding them, and finally dividing by 7, as called 

for by ecjuation (6.32), yields the uncorrelated reduced ma-

trix element 

^3 2 -4 
B(E2; 3—>1) = 0.036659578 [c, + —pr] a . (C.4) 

1 2 r^ p 

Given d e f i n i t i o n s for A, B, C and D from (6.17) - (6 .20) the 

SD and DD c o r r e c t i o n s may be w r i t t e n as 

'^^^O'^ ' N / | « | M J , 1 W Í ^ M ^ , , 2 > x - ^ ( C . 5 ) 

07C 

and 

''"^"' ""yfû; %0^Í«,M^,,1-^MJ,2> 

1 3 1 1 1 5; i / A 
+ - D [ j = i - ^ \ ^ Q ^ I ^ M 1 , 1 - i ^ M 1,2^ " W T C ^ ^ 

Vl07C 1 1 -L 6 

X c (21M^Mg|lM^+Mg) (21M^Mg|3M^+Mg), (C.6) 

respectively. 

Correction terms (C.5) and (C.6) must be added to (C.3) 

-befare any squaring of those terms is done. Then that sum 
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Í8 worked out for each value of Mf. When these are scjuared 

and the sum over Mf is performed the result is the corre-

lated reduced matrix element given by equation (6.35). 



APPENDIX D 

CALCULATION OF THE DIPOLE MOMENT 

The zeroth order term and the correction term 

V (1) (s) 
\^Q = < L {g„ 1 „ + g„ s.)> _ (D.ia) 

^ __^ n zn n zn M =J 

A A M =J ... ^ ̂  M'=J 
^V V J . (1) (s) J 

-22. 2. <¥ l^oíJ^r^.) í ^n ^.n + ^n ^.n^'V > 

n=l i<j=l 0 2.J n zn n zn ^ 
(D.lb) 

have been computed to give the correlated and uncorrelated 

dipole moment for the ground state of ^Li. The calculation 

is broken up into four parts. (D.la) and (D.lb) are 

computed separately f or the orbital part and the spin part. 

Uncorrelated Orbital Part 

We note that lzl¥ = lz3V = 0, lz5V = misV. Then the 

uncorrelated orbital part is simply 

M=l M'=l ^̂  ̂ , 
< ¥ l<c V >• ^̂ -2) 

Here again, we have several contributions due to the inter-

mediate coupling in the ground state wave function. The SS 

and SD contributions are zero in this case. The Hpi - HPi 

contribution is c^^ + 2. 33p^ _ 33p^ gives 04^ + 4, and the 
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DD part is Sc^^ + 4. The total uncorrelated orbital part 

2 2 2 
^2 ^^3 ^4 

T '^ ~ '^ T ' <°-^) 

Correction Term: Orbital Part 

The orbital part of (D.lb) (without the factor of -2) 

expands to 

I:<V"=^ (-)^. Jx,(''ri)í,(lcr.,Y,^„(Q,,Y*^^(Q^,g;^>|/'=^^>. 

L 
(D.4) 

Since 5 designates a proton, g^d) = 1. The SS and SD parts 

vanish. The sum over i, j and L gives several terms. As in 

Appendix B, these can be grouped according to radial factor. 

The llPi - llpi interaction gives 6 terms (i<j<5) that 

look like (02^/2 X radial integrals) and 8 terms (i<j, 

j=5,6) that look like (02^/2 x radial integrals), these two 

differing in what the radial factor is according to the 

values of i and j. The i = 5, j = 6 term has a L = 0 and a 

L = 2 part. The L = 0 part is (02^/2 x radial integrals); 

the L = 2 part is (-02̂ /2 x radial integrals). With the 

radial parts (Appendix H) the Hpi - Hpi part of the 

orbital correction is given by 
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2 1 1 

2 -k / 2 a 2 a^ a^ 
CjCae + 4(1 - — ) e ^ ^ 

% (D.Sa) 

1 k^ 2 -^^/2a^ 4 -ic^/a^ 

2 ««2' ^ 72 4 ® ^-
6a a 

p p 

Thi s i s t h e 33pj^ _ 33p^ c o n t r i b u t i o n wi th 02^ r e p l a c e d by 

C42 4- 2 : 

2 1 1 
2 2 "^^ / 4 ) ( — + — ) 

2 -k /2a^ 2 a a 
r. r^ ^ k S p 
C4 [3e + 4 (1 j ) e *̂  

6a (D.5b) 
P 

l^ ^\2-^^'^% 1 / -"'X 
+ 7 a - - 7 ) e - : ^ — « 1/2-

6a a 
p p 

From the DD interaction the non-radial factors of the 

first fourteen terms in the sum over i and j give 303^/4. 

For 1 = 5 , j = 6 , L = 0 the non-radial part is also 303^/4, 

while for 1 = 5, j = 6, L = 2 it is 3c32/20. Each of these 

terms multiplied by the appropriate radial integral gives 

the DD part of the orbital correction as 
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2 1 1 . 
2 2 "^^ / 4 ) ( — + — ) 

o -k /2a 2 a a 
- . 2 3 s k s p 
3 c 3 [ | e + 2 (1 j ) e 

6a 
P (D.6) 

2 2 2 2 
2 ^ -k / 2 a 4 -k / a 

1 k 2 p 1 k P, 
+ —(1 ) e + e ] . 

4^ 2 720 4 
6a a 

P P 
Uncorre la ted Spin Part 

M=l Å (s) M'=l ,^ ^. 
< ¥ I Z g m' |\|f > (D.7) 

^ ^ - ^n sn ^ 
n=l 

n = 1,2,3,4 give zero. The n = 6 term is the same as the n 

= 5 term, gN^^) replacing gp(s). The SD and HPi - l̂ Pi 

interactions are zero. The SS term is (gp(s) + gN<^))ci2/2. 

The DD term is -(gp<s) + gN<^))C32/4 and the 33p^ - 33p^ 

term is (gp<s) + gN<s))c42/4. Then (D.7) is given by 

2 2 2 

, (s) ^ (s) ! i . ! i ^ ! i 3. (D.8) 
<^p ^ % ^ ^ 2 4 4 ' 

Correction Term: Spin Part 

The spin part of (D.lb) (without the factor of -2) is 

I.<^''^\{-)''^n^^{kr.)^^{kr,)Y^^^{Cl,)^^^^^^ 

i,j (D.9) 
L,n 
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There is no contribution from the core, n « 1,2,3,4. The n 

= 6 term is the same as the n = 5 term with g^^^) replacing 

gp(s). The SD and Hpi - llp^ interactions are again zero. 

The SS interaction gives 6 terms (i<j<5) that look like 

(gp(s)ci2/2 X radial integrals) and 8 terms (i<j, j=5,6) 

that look like (gp(s)ci2/2 x radial integrals), these two 

differing in what the radial factor is according to the 

values of i and j. The 1 = 5 , j = 6 term has a L = 0 and a 

L = 2 part. The L = 0 part is (gp(s)ci2/2 x radial inte-

grals); the L = 2 part is (gp(s)ci2 x radial integrals). 

With the radial parts (Appendix H) the SS part of the spin 

correction is given by 

2 1 1 V 
-ík /4) ( + ) 

2 2 o 2 2' 
-k /2a 2 a a 
^ ^ s k s p 

[3e +4(1 j)e 
6a 
P 

2 2 2 2 
2 ^ -k /2a ^ 4 -k /a 

1 k 2 P 1 k P, /r̂  inx 
+ —(1 — ) e e (D.IO 

2 2 36 4 
6a a 
P P 

(s) (s) 2 
X (gp + g^ )̂ i-

From the DD interaction the non-radial factors of the 

first fourteen terms in the sum over i and j give -
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gp(s)c32/4. For i = 5, j = 6, L = 0 the non-radial part is 

also -gp(s)c32/4, while for i = 5, j = 6, L = 2 it is -

gp<s)c32/20. Each of these terms multiplied by the appro-

priate radial integral gives the DD part of the spin correc-

tion as 

2 1 1 
2 2 -(k/4)(— + — ) 

, ~k /2a 2 a a 
[|e % 2 ( l - ^ ) e " P 

2 
6a 
P 

o , 2,^ 2 ^ 2 2 
1 v^ 9 '^ /2a 4 -k /a 

.1/1 k 2 P 1 k p 

+ 7(1 - - ^ ) e + ̂ o — ^ ^ '°-"> 

, (s, (s) 2 
X (9p + % )C3-

From the ^3^^ _ 33p^ interaction the non-radial fac-

tors of the first fourteen terms in the sum over i and j 

give gp(s)04^/4. For 1 = 5 , j = 6 , L = 0 the non-radial 

part is also gp(s)042/4, while for 1 = 5 , j = 6, L = 2 it is 

-gp(s)c42/4. Each of these terms multiplied by the appro-

priate radial integral gives the 33p^ _ 33p^ part of the 

spin correction term. The complete expression for the 33p^ 

- 33p^ contribution is 
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2 1 1 
2 2 -<k /4) (— + --) 

-k /2a 2 a o 

[3e ^ + 4(l-Ji-)e " ^ 

P 

1 v^ 0 -^^/2a^ ^ ^4 -k^/a^ 
. 1 ,- k 2 P 1 k p 
+ 7(1 - — ) e - T i " — ^ ^ ^̂ -'̂ ^ 

2 
(s) (s) ^4 

The dipole moment then, is the sum of (D.3), (D.5a), 

(D.5b), (D.6), (D.8), (D.IO), (D.ll), and (D.12) divided by 

the normalization [N(J=1)]2 (eq. 6.24). In the notation of 

chapter six the dipole moment is given by equation (6.41). 



APPENDIX E 

CALCULATION OF THE DIPOLE 
TRANSITION RATE 

The reduced rate, B(M1), of the magnetic dipole transi-

tion between the ground state and the second excited state 

is gotten by computing (6.42) using (6.43) . The most gen-

eral wave function for the second excited state that we can 

write is 

31 ^33 /̂  . V 
c. ^{ S^) + c- 0( P^) . (E.la) 
5 0 D U 

The ground state wave function is written in (5.15), 

^G.S. = -i^<''^) ^ c^O^^'p^) 

13 ^ 33 ^ 
+ c^O( D^) + c^O( P^) . 

(E.lb) 

Because of orthogonality conditions only the 33pQ - 33p^ in-

teraction will contribute to B(M1). 33^^ ig given in 

(5.17), and 33po is given in (5.21). Then the uncorrelated 

reduced transition rate reduces to 

B <M1, I I l<0('\)l»lo Í < ' ^ n ' %"^zn>'*<'\>^''-
U M M ^=1 

f i (E.2a) 
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The correction term to the matrix element in (E.2a) is 

^ ,^K . . . ., :: V . (s) (s) ^ 33 
«̂ «,n "*" 9„ 1 ) \^i Pn)>-p zn N zn 0 •\<ir**'''i"'o<''v»'oi,<^, 

(E.2b) 

It happens that only Mf - Mi « 0 contribute. 

Uncorrelated Transition Rate 

(E.2a) is zero for n < 5. For n = 5 the orbital part 

is M-QĈ cg -•• 6l/2. it is zero for n * 6. The spin part of 

(E.2a) is -M.o(gp<®̂  "•• gN<^^)^4°6 + 6^^2. The total uncorre-

lated reduced transition rate is 

°4^6 .. . (s) (s) 

Correction Term 

(E.2b) is zero for n < 5. There is no orbital contri-

bution for n « 6. The spin contribution for n » 6 is the 

same as that for n = 5 with g^ís) replacing gp(s) . From 

i < j < 5 there are six terms that look like (-Mo(gp<̂ ^ "•• 

gN<^))C4C6 + 6l/2 x radial integrals) from the spin part of 

(E.2b), and six terms that look like (Moc^c^ + ^^^^ ̂  radial 

integrals) from the orbital part. i < 5, j = 5,6 gives 

eight like (-Mo(gp<̂ > + gN<^^)C4C6 * ^1/2 x radial inte-

grals) from the spin part of (E.2b), and eight terms that 
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look like {\LQC4C^ + 6̂ /2 x radial integrals) from the or-

bital part. 

The 1 = 5 , j = 6 correction term has a L = 0 part and a 

L = 2 part. The L = 0 part gives (-Mo(gp<̂ ^ + gN<^^)C4C6 + 

5I/2 X radial integrals) for the spin contribution and 

(MOC4C6 + 6l/2 X radial integrals) for the orbital contribu-

tion. The L = 2 part gives (Mo(gp<^^ "•" gN^^^)^^^^ + ^^^^ ̂  

radial integrals) for the spin contribution and (-M-oĉ cg + 

6l/2 X radial integrals) for the orbital contribution. 

The total correction to the matrix element in (E.2a) , 

in the notation of chapter six, is given by 

c c 

'̂O <̂  " ^%^ ^ 4^^^^ Tf" '̂''̂  ̂ '̂  C'-~D'}. (E.4) 

Then the total correlated ( and normalized) reduced dipole 

transition rate is given by 

1 2 -2 
B(M1) = [B {1+A' + B' + C'+-D'}] [N(J=1)N(J=0)] , (E.5) 

u ^ 

which is equation (6.45). 



APPENDIX F 

CALCULATION OF THE HEXADECAPOLE MOMENT 

The static electric hexadecapole moment, H, for the 

ground state is worked out. The hexadecapole operator is 

A 1 + '̂ Q 

X 4 ^ 3n 
e r Y.-(Í2 ) , (F.l) 

UM 40 n 2 
n 

and the hexadecapole moment is computed in the state Mj = J 

using equation (6.4). For the ground state of ^Li, J = 1. 

The neutrons (n = 2,4,6) do not contribute. 

H = I Í<Vlr; Y^Q(Q^) - 2r; Y^^ (û„) j^ (kr. ., I V^NT' 
n i<j=l (F.2) 

where N is given in (6.24). Furthermore, since the wave 

function of the core protons is proportional to 

Yoo (^1)^00(^3)' (F-2) yields terms of the form 

<^00^"l^^OO^S^ '^40<"n> - ̂ O^^n^^LM^^i^^LM^^j^ ' 

^OO^^l^^OO^S^ >• '"'"' 

It is seen from (F.3) that the uncorrelated hexadecapole mo-

ment is zero. Also, (F.3) is zero for n = 1,3 for all val-
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ues of i, j. so the only contribution comes from n - 5. Por 

n - 5 there are six terms (i < j < 5) of the form 
í> ~ . . . • , . . 

^ ^ O O ' ^ L M ' W Í < ^ 0 0 ' ^ £ M ' W J <^m^'^40'^lmi>5 ' <̂ -̂ ) 

four terms (i < 5, j - 5) of the form 

^ ^ O O ' ^ L M ' W Í ^^lm^'^ÍM ̂ 40'^m^>j ' <̂ -5) 

and four terms (i < 5, j = 6) of the form 

<^00'^LM'^00^<^lmJ^40'^mi>5<^M^.™^'^Ll'^l^^^^^ ' 

(F.6) 

all of which are zero. 

The only non-zero term in (F.2) is n - 5, i - 5, j - 6. 

Then (F.2) has been reduced to 

L,M 

( F . 7 , 

^LM<S>^ÍM<°6> ^L<'''5>ÍL<'''6>"''G.S.^ •'^'' 

where jo has been expanded. 

The ground state wave function is of the form (5.15) . 

There will therefore be contributions from the SS, SD, DS, 
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DD, llPi - llpi and 33p^ _ 33p^ interactions. The SS inter-

action gives 16ci2 + 35(5îC)l/2. The SD interaction (equal 

to the DS interaction) gives -20^03 * 35(5JC)1/2. The HPi -

llPl interaction yields 120^2 -1- 35(7C)l/2. The 33p^ _ 33p^ 

interaction gives 6042 + 35 (w) 1/2, and the DD interaction is 

2032 + 35(11)1/2. These are without the radial factors which 

are the same for each of thses contributions, and look like 

<^PV5^'"'^2^^^5>'^PV5^^^ 

(F.8) 

<R, (a r_) I j^(kr_) |R (a r )>. 
I p p 6 2 6 l p p 6 

Equation (F.8) is given in Appendix H. The complete elec-

tric hexadecapole moment is given by 

2 2 2 ^1^3 , 2 2 
H = —= [8c^ + 6C2 - -7=- + 3c^ + C3] X 

35V7C V3 

2 2 (̂ -9) 
4 2 ^4 -k /2a^ ^ 

k 9 5k ^ k p -2 
[— - + ] e N 8 4 2 ^ 4 

72a 2a l6a 
p p p 



APPENDIX 6 

NORMALIZATION FACTORS 

Normalization factors are computed with equation (5.13) 

as discussed in the text. 

A A 
N - ( V I r i f ^ r ) Ufir..) IV)'^^^ 

i<j-l ^^ i<j-l Ĵ 

V -1/2 
= (VI 1 - 22 . j (kr )IV) (G.l) 

V -1/2 
- [<VIV> - <VI2 2 . Jn<̂ ^̂ 4̂) •¥>! 

i<j-l" Ĵ 

where y is the ground state wave function, and so <VIV> " 1« 

Ground State 

The most general ground state wave function is (5.15), 

.^13 ^ 11 
^G.S. - ^^< ^> " ̂ 2^< ^^ 

(G.2) 
.^13 ^ 3 3 

+ c-<l>( D.) + c^O( P.) . 
3 1 4 1 

Substituting this into the second term of (G.l) we need to 

work out the contributions from the various interactions. 

Only the SS, HPi - HPi/ ^^Pi - ̂ -̂ Pif and DD interactions 

are non-zero. Each of these interactions gives rise to 16 

terms in the sums over i, j and L. These 16 terms are clas 

140 



141 

sified into four groups according to their radial integra-

tions. These groups are i < j < 5 , L = 0 (6 terms), i < 5, 

j = 5,6, L = 0 (8 terms), i = 5,"j = 6, L = 0 (1 term), i = 

5, j = 6 , L = 2 ( l term). The non-radial parts of the first 

15 (first 14 for the DD interaction) of these (that is, the 

L = 0 terms) are equivalent. 

For the SS interaction the L = 0 terms are 3ci2 multi-

plied by the appropriate radial integrals (labeled by i,j; 

Appendix H) . The L = 2 term is (6ci2 x radial factors) . 

For llPi - llPi the L = 0 terms are (30̂ 2 x radial factors). 

The L = 2 term is (-30̂ 2 x radial factors). The 33p^ _ 33p^ 

interaction contributes the same as the HPi - HPi interac-

tion with C42 replacing 02^. Lastly, the DD interaction 

yields (30^2 x radial factors) for the 14 L = 0 terms with i 

< 5. It gives (603^ x radial factors) for the one L = 0, i 

= 5 term and ([12/5]C32 x radial factors) for the one L = 2 

term. 

Using the notation of chapter six the ground state 

normalization (including the radial parts) is given by 

_o 2 1 2 
N = 1 + 3[(A'+ B'+ C'+ D')C^ + (A'+ B'+ C'- j D')c^ 

1 2 3 2 
+ (A'+ B'+ C'- - D')c^ + (A'+ B'+ 2C'+ j D' ) C^ ] . 

(G.3) 
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First Excited State 

The first excited state is a pure D state, ^ ( I ^ D ^ ) . it 

is given in equation (5.19). When this is substituted into 

the second term of (G.l) it gives 6 terms that are of the 

form [35C42 x e-k^/^a^^^/31/2^ g ̂ ^^^^ ^^ ^^^ ^^^ ^3^^^2 x 

exp[-(k2/4) (as-2 + ap-2)] x [l - k2/6ap2]/3l/2}, 1 term 

{35C42 X exp[-(k2/2ap2)] x [1 - k2/6ap2]2/3l/2j, and 1 term 

like [7k4c42 x ^-^2/2^^2^/^Qg^^4^ ^^^^^ ^^^ notation of 

chapter six (G.l) for the first excited state becomes 

simply. 

-2 35 1 
N = [1 + - ^ (A'+ B'+ C'+ pr D')] . (G.4) 

V3 10V3 

• Second Excited State 

The second excited state of lithium-six is of the form 

^ = C50(31so) + C6<I>(33PQ)^ where these terms are given in 

(5.20) and (5.21). Then there are 16 terms contributing to 

the SS interaction, and 16 terms contributing to the PP 

interaction. There is no SP contribution by orthogonality 

of the spin functions. From the second term of (G.l) we get 

6 SS terms (i < j < 5) like 05^ <Ris I JO (̂ r̂) |Ris>2, 8 terms 

(i < 5, j = 5,6) like 05^ <Ris I Jo (̂ î̂) IRls> <Rlpl JO (í̂ r) |Rip>, 

one term (i = 5, j = 6, L = 0) like 05^ <Rip|jo(kr)|Rip>2 

and one SS interaction term (i = 5, j = 6, L = 2) that looks 
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like 2C52 <Rip|J2(kr)|Rip>2. The radial function, Rni, is 

given by (5.1). The total SS contribution is 

[A'+ B'+ C'+ D']c . (G.5) 

The PP interaction gives the following contributions 

to the second term of (G.l): cg^ <Ris I Jo Ô r) l^ls^^ (̂  

terms), cg^ <R^3|j^(kr)|Ris> <RiplJO(^r)|Rip>, (8terms), 

cg^ <Rip|jo(kr) |Rip>2 (1 term) and one term that looks like 

-(3/5)C62 <Rip|J2(kr)|Rip>2. The total PP contribution is 

3 2 
[A'+ B'+ C' — D']Cg. (G.6) 

Substituting (G.5) and (G.6) into (G.l) yields 

_9 2 3 2 
N = 1+ (A'+B'+C'+D')C5+ (A'+B'+C'+ —D')Cg, (G.7) 

for the normalization of the second excited state. 



APPENDIX H 

RADIAL INTEGRALS 

Eight radial integrals have been required throughout 

this thesis. All of them were extracted from H. Bateman's 

Table Qf ntearal Transforms [132]. Thereafter, algebraic 

manipulation brought them into the form used here. All of 

them were straightforward. The integrals are listed here. 

2, 2 
-k /4a 

^̂ ls'̂ Ô "̂"̂  '^ls^ " ^ ^ "̂'̂ ^ 

<R, lr j^(kr) |R. > = 

2 2 
2 -k /4a 
k s Is' -'2̂  ' • Is 4 
4a 
s 

2 5 
<R, Ir |R, > = 'IP IP o 2 

^ 2a 
P 

<R._IJo(k^)l^r.> = 

2 2 
2 -k /4a 
k P 

P 

(H.2) 

(H.3) 

2, 2 
2 -k /4a 

p 

(H.5) 

144 



145 

2 2 
2 4 -k /4a 

2 2 15 k k , P 
<R ir j (kr) IR > = — t T " ~I ̂  ~ r ^ ̂ 

*̂  ^ 3a a I6a (H.6) 

P P P 

2 2 
2 2 -k /4a 

<R Ir'j (kr) IR > = ^ < } " " H ̂  ̂  "" ̂''•'̂  
^ *̂  6a 4a 

P P 

2, 2 
2 2 4 -k /4a 

4 k 9 5k Jc P 

P P P 

The radial functions, Rnlf are given by (5.1). JL Is 

the spherical Bessel function of order L. 
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