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ABSTRACT 

In recent years, the nanocolloidal suspensions have attracted much attention for 

their wide range of applications in electronics, pharmaceutical, and coating and lubricant 

industries.  The knowledge of the structure-flow-end use property relationships is 

essential for designing and innovating the practical applications of the nanocolloidal 

suspensions.  The flow properties of the nanocolloidal suspension systems are governed 

by the specific chemical interactions in these systems, the role of which is often difficult 

to delineate in experiments.  Molecular dynamics (MD) simulations can provide direct 

insights into the role of the detailed interactions on the rheological behavior of the 

nanocolloidal systems. 

In the first part of this work, an explicit particulate solvent model of the 

nanocolloidal suspensions is developed that has the ability to capture the effect of the 

colloid-colloid, colloid-solvent, and solvent-solvent interactions on the rheological 

behavior of the nanocolloidal systems.  The trends of zero shear viscosity and dynamic 

viscosity as a function of volume fraction for the nanocolloidal systems obtained from the 

molecular simulations are quantitatively consistent with the literature experimental, 

simulation, and theoretical studies.  It is shown that the frequency range accessible to the 

MD simulations can be extended by more than four decades by applying the time-

concentration superposition (TCS) principle to the simulated viscoelastic modulus 

values.  The ability of the molecular simulations to account for the specific chemical 

interactions was further demonstrated by investigating the molecular mechanisms 

underpinning the rheology of graphene oxide/poly (vinyl alcohol) suspensions.  
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In the second part of this work, the applicability of the probe rheology molecular 

simulation technique for investigating the nanoscale rheology of colloidal suspensions is 

studied.  Both the active and the passive modes of probe rheology are employed in 

conjunction with the continuum analysis framework to establish a connection between 

the probe motion and the linear viscoelastic properties of the suspension systems.  The 

viscoelastic properties so-obtained were found to be in good agreement with those from 

the bulk rheology simulations and the theoretical predictions.  A methodology to account 

for the artificial probe hydrodynamic interactions is applied that leads to an improved 

quantitative accuracy in the viscoelastic modulus values.  The role of probe-colloid size 

ratio in determining the linear viscoelastic modulus is discussed in the context of the 

probe-colloid interactions.  This study demonstrates that the probe rheology simulation 

technique can be used by the rheologists to investigate the nanoscale rheology of 

complex fluids.  On the application side, the ability of the probe rheology molecular 

simulation technique to determine the local viscoelasticity of nanocolloidal systems is 

also discussed.  
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CHAPTER 𝟏 

INTRODUCTION 

The contents in the sections 1.2 and 1.4 of this chapter have been adapted from the 

author’s published review article in Current Opinion in Chemical Engineering 

(permission from the journal is not required, please refer to Appendix A.1).  

                                   

𝟏. 𝟏. COLLOIDAL SUSPENSIONS  

A colloidal suspension is typically a heterogenous system or a two phase system 

consisting of a continuous phase and a dispersed phase.  Some of the examples of a 

colloidal suspension system include sols (solid dispersed in a liquid phase),  emulsions 

(liquid dispersed in a liquid phase), and foams (gas dispersed in a liquid phase).  Table 

1.1 shows the different types of colloidal suspensions and their corresponding examples.  

Roughly speaking, the size of the dispersed colloidal particles is usually in the range of 

1 𝑛𝑚 − 1 𝜇𝑚.  The lower limit of the size is usually chosen such that the dispersed 

colloidal particles are considerably larger than that of the suspending medium in order to 

form a suspension system.  On the other hand, the upper limit is chosen such that the 

Brownian motion of the colloidal particles is dominant enough to not classify it as a non-

colloidal suspension system.  Most of the products that are used in everyday life are 

colloidal systems, a few examples being, paints, cosmetics, food materials like jelly, 

mayonnaise, and ice cream.  Furthermore, the biological fluids like blood can be 

classified as a colloidal suspension system because of the dispersion of the blood cells 

and the platelets in the plasma fluid.  Given its ubiquitous nature, it is thus important to 

carry out the investigation of the behavior of these systems at the microscopic and the 
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macroscopic level.  The information that is gained from such an investigation can then be 

used by the engineers and the scientists to tailor the end-use applications of the colloidal 

systems.        

An important aspect of the colloidal suspension systems is the direct 

correlation between the phase behavior and the concentration of the colloidal particles.1  

In other words, the colloidal systems can exhibit a transition from a dilute fluid system to 

a dense system showing solid-like behavior followed by the formation of crystals and 

 

glass with an increase in the concentration or the volume fraction (𝜙) of the colloidal 

particles in the suspension systems.  The volume fraction at which certain phase  

transition occurs can be altered by two important factors, namely, the size polydispersity 

and the degree of softness of the colloidal particles.2  Specifically, it is well known that 

   
Dispersed phase 

 

  
Gas Liquid Solid 

 
Gas None  

(miscible) 

Liquid aerosol 

(fog) 

Solid aerosol 

(smoke) 

Continuous 

phase 

Liquid Foam 

(whipped cream) 

Emulsion 

(mayonnaise) 

Sol 

(paint) 

 
Solid Solid Foam 

(styrofoam) 

Gel 

(jelly) 

Solid sol 

(glass) 

Table 𝟏. 𝟏. Different types of colloidal suspensions and their corresponding examples.   
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the occurrence of the glass transition and the random jamming transition are pushed to 

higher volume fractions with an increase in the polydispersity and the degree of softness 

of the colloidal particles.  In addition, a polydispersity value of about 7% is known to 

suppress the crystallization process in the colloidal suspension systems3-6.  The phase 

diagram of the monodisperse hard sphere colloidal dispersions is shown in Figure 1.1.  It 

is thus clear from the foregoing literature observations that the complex phase behavior 

of the colloidal systems is driven by the microstructure (i.e. the colloidal particles 

embedded in a suspending medium) which in turn determines the dynamical and the 

rheological properties of these systems that are of importance for a wide range of 

industrial applications.7 

 

 

 

Figure. 𝟏. 𝟏. Phase diagram of the monodisperse hard sphere colloidal dispersions.  RCP 

and HCP denotes the random close packing and the hexagonal close packing volume 

fractions.   
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𝟏. 𝟐. SIMULATION OF COLLOIDAL SUSPENSIONS               

In simulations, accounting for the solvent molecules explicitly via the 

intermolecular interactions will give an accurate description of the structure and the 

hydrodynamics in the colloidal suspension systems.  However, such an approach will 

increase the computational cost significantly and there exist several simulation techniques 

that have shown the ability to investigate the colloidal suspensions by treating the solvent 

molecules differently.  Specifically, the handling of the solvent molecules can range from 

an explicit treatment to a continuum treatment (see Figure 𝟏. 𝟐).  The characteristics of 

the different simulation techniques are briefly discussed in what follows.   

𝟏. 𝟐. 𝟏. Atomistic Model Simulations: Molecular Dynamics (MD) and Monte Carlo 

(MC) Technqiues 

The solvent molecules interact with each other and with the colloidal particles via 

the Lennard Jones (LJ) potential or the purely repulsive potential known as the Weeks-

Chandler Andersen (WCA) potential.8  Typical colloidal models that are used include a 

large smooth sphere,9-11 a large rough sphere that is constructed as a collection small 

solvent beads,11-13 and a large sphere that is composed of a uniform distribution of many 

small spherical beads.14  In MD simulations, Newton’s equation of motion is integrated 

for each of the particles that gives information about the trajectory of the system.  For 

simulations involving the flow of colloidal suspensions, the slip boundary condition that 

is typically observed at the particle surface can be effectively reduced by increasing the 

attraction strength between the colloid and the solvent particles, and by using a colloidal 

particle with a rough surface.9, 12-13  Monte Carlo (MC) simulations can also be 
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Figure. 𝟏. 𝟐. Schematic representation of different simulation techniques.  Red 

and green colors are used to show solute and solvent particles, respectively.  The 

arrows represent fluid particle velocities in the depiction of the LB technique 

while they represent hydrodynamic interactions in the depiction of the SD 

technique.  Adapted from Khare et al.42 
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performed on the same model systems for studying the equilibrium properties.  In the MC 

simulations, the stochastically generated system configurations are accepted or rejected 

based on the importance sampling approach.15-16 

𝟏. 𝟐. 𝟐. Dissipative Particle Dynamics (DPD) 

The forces experienced by the fluid that are modeled as blobs in dissipative 

particle dynamics (DPD) have three contributions: conservative (𝐹𝑐), dissipative (𝐹𝐷), 

and Brownian (𝐹𝐵) forces i.e. 𝐹𝑖  = ∑ (𝐹𝑖𝑗
𝑐 + 𝐹𝑖𝑗

𝐷 + 𝐹𝑖𝑗
𝐵)𝑗≠𝑖 .17-18  Specifically, a collection 

of the fluid molecules are treated as blobs in a coarse-grained fashion that interact with 

each other via the soft forces that allow for the particle overlap and the forces are directed 

along the line connecting the center of mass of the blobs.  Such features can lead to 

serious disadvantages: (1) the overlap of the colloidal particles results in a non-uniform 

distribution of the colloids and (2) the central nature of the force does not allow for the 

shear forces between the colloids.  Some of the modifications that have been made to the 

simulation technique for it to be useful in the investigation of the colloidal suspensions 

include changes to the conservative force to prevent the non-uniform distribution of the 

colloids19-20 and the addition of a non-central component to the dissipative force to 

account for the shear forces between the colloidal particles.20-23  

𝟏. 𝟐. 𝟑. Lattice Boltzmann (LB)  

A lattice model of the solvent is used in which the solvent particles have a 

discrete set of velocities that can allow for the motion of the solvent particles from one 

site to another.24-25  The commonly used 3𝐷 lattice model is the 𝐷3𝑄19 model in which a  
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set of 19 velocities is used.  The evolution of the particle density distribution on the 

lattice can be written as follows:  

                                        𝑛𝑖 (𝒓 + 𝒄𝒊 𝛥𝑡, 𝑡 + 𝛥𝑡) =  𝑛𝑖 (𝒓, 𝑡) + 𝜟𝒊 (𝑛𝑖 (𝒓, 𝑡))                          (1.1) 

where 𝒄𝒊 is the set of particle velocities at site 𝒓, Δ𝑡 is the time step and 𝚫𝒊  is the 

appropriately defined collision operator.  Bounce-back rule is employed for modeling the 

interactions between the solvent and the colloidal particles (hard particles) which 

preserves the no-slip boundary condition at the particle surface.  

𝟏. 𝟐. 𝟒. Multi-Particle Collision Dynamics (MPCD)  

The dynamics of the solvent particles that are represented as point particles in the 

multi-particle collision dynamics (MPCD) technique is implemented via two steps 26-28: 

In the first step known as the streaming step, the particle positions evolve as: 

𝒓𝑖(𝑡 + Δ𝑡) =   𝒓𝑖(𝑡) +  Δ𝑡 𝒗𝑖(𝑡), and in the second step known as the collision step, the 

particle collisions occur through the changes in the direction of the particle velocity.  The 

relative velocity of each particle with respect to the center of mass velocity of the cell 

(𝒗𝑐𝑚(𝑡)) in which it is placed is rotated as follows: 𝒗𝑖(𝑡 + Δ𝑡) =   𝒗𝑐𝑚(𝑡) +

 𝐓(𝛼) (𝒗𝑖(𝑡) −  𝒗𝑐𝑚(𝑡)), where 𝛼 is the angle of rotation and 𝐓(𝛼) is the corresponding 

rotation matrix.  Galilean invariance is ensured by applying a random lattice shift to all 

the cells that will lead to a change in the set of the colliding particles at every time step.  

In usual practice, a hybrid MD-MPCD approach29-30 is employed for simulating the 

colloidal suspension in which the colloidal particle interact with each other and with the 

solvent particles via the LJ potential in MD simulations.  The colloid and the solvent 

positions are then evolved for a certain number of time steps using MD simulation 
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following which the solvent particle interaction is treated using the solvent rotation step 

described above.     

𝟏. 𝟐. 𝟓. Brownian Dynamics (BD)  

In the Brownian dynamics (BD) simulations,31-32 a continuum representation of 

the solvent is used and the positions of the colloidal particles are evolved using the 

Langevin equation in which the force acting on a particle has three contributions: 

conservative interparticle force, the dissipative, and the stochastic, Brownian force.  It 

must be noted that both the dissipative and the Brownian forces can account for the 

solvent effect in the BD simulations.  In the simplest form, the dissipative force is equal 

to the Stokes frictional force, i.e. 𝐹𝐷 = 6𝜋𝜇𝑎𝑣 (where 𝑎 = particle radius).  Furthermore, 

Rotne-Prager tensor is used to determine the dissipative force for the cases in which the 

hydrodynamic interactions are important.      

𝟏. 𝟐. 𝟔. Stokesian Dynamics (SD)  

Similar to the BD technique, the solvent is treated as a continuum but the 

Stokesian dynamics (SD) technique33-34 also rigorously accounts for the lubrication 

forces between the particles in close contact and the multiparticle hydrodynamics.  This 

technique is in general applicable at both the high and the low limits of the Peclet number 

(𝑃𝑒, defined as the ratio of time scales for particle diffusion and flow).  It must be noted 

that the computational cost for employing SD simulations is 𝑂(𝑁3), where 𝑁 is the 

number of particles in the system.  However, an accelerated SD alogorithm with 𝑁 𝑙𝑛𝑁 

scaling has been in practice that allows for the ability to simulate much larger systems.35      
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𝟏. 𝟑. NANOCOLLOIDS AND ITS APPLICATIONS 

Suspension systems that are formed by the nanoparticles/nanocolloids are often 

termed as the nanocolloidal suspensions.  These suspensions are a subset of the colloidal 

suspension systems in which at least one of the dimensions of the embedded 

nanocolloidal particles is of size less than 20 − 50 𝑛𝑚.  Some of the examples of the 

nanocolloidal particles include silicon dioxide (SiO2), titanium dioxide (TiO2), carbon 

nanotubes (CNTs), boron nitride nanosheets (BNNSs), graphene, graphene oxide (GO), 

and proteins.  Two of the most commonly used aspherical nanocolloids, graphene and 

carbon nanotubes are shown in Figure 1.3.  Due to their unique material properties, these 

nanoparticles can be used as anti-corrosion coatings, catalyst support materials, anodes in 

lithium-ion batteries, and water treatment adsorbents.  It is then evident that creating 

stable dispersions of these nanocolloids is of importance for large scale production of 

Figure. 𝟏. 𝟑. Aspherical nanocolloidal models of (𝑎) graphene and (𝑏) carbon nanotube.   
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commercial products.  Furthermore, in the nanocolloidal suspension systems, the 

colloidal and the solvent particles are of comparable sizes.  Thus, in addition to the 

colloid-colloid interactions, the behavior of these suspension systems are also governed 

by the specific chemical interactions between the solvent-solvent and the colloid-solvent 

particle pairs.  In order to realistically capture the behavior of the colloidal suspensions at 

the nanoscale level, one has to then model the solvent particles explicitly when compared 

to the continuum treatment of the solvent particles that is often found to be sufficient for 

investigating the colloidal systems in which the colloidal particles are significantly larger 

than that of the solvent particles.  Molecular dynamics (MD) simulations (as discussed in 

the previous sub-section) provide the ability to account for the explicit chemical 

interactions and the structural heterogeneities present within the nanocolloidal suspension 

systems.   

𝟏. 𝟒. ROLE OF CHEMICAL INTERACTIONS IN NANOCOLLOIDS 

The interactions between the nanocolloidal particles and the nanocolloid-solvent 

particles often dictate the stability of the nanocolloidal suspensions.  By adopting for the 

macroscopic approaches, one cannot determine the interactions at the nanoscale level due 

to the breakdown of several assumptions, one being that the nanocolloidal particles are 

smooth.  MD simulations have been previously used to show that at the small 

nanoparticle separations, the van der Waals interactions between the particles and those 

obtained from the macroscopic Hamaker equation are different.36  Furthermore, it has 

been shown that the rough nanoparticles can result in anisotropic interactions with respect 

to the relative nanoparticle orientations.37  However, the thermodynamic properties of the 

suspension calculated using the MC simulations have been observed to depend only on 
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the second virial coefficient.38  The interactions between the colloidal amorphous silica 

particles have been shown to be affected by the counterion concentration and the 

interparticle hydrogen bonding using molecular simulations.39-40  In the case of structured 

fluids, the relative size ratio of the nanocolloids and the fluid particles play an important 

role on the nature of interactions between them.  For example, the classic oscillatory 

interaction is observed only for very large nanocolloid-solvent particle size ratio.41   

As discussed in the previous section, the nanocolloidal particles such as the 

carbon nanotubes (CNTs), graphene, and the boron nitride nanosheets (BNNSs) are 

important for a wide range of industrial applications.  However, these nanoparticles are 

hydrophobic in nature and there is a need to use surfactants and solvent mixtures to create 

stable colloidal suspensions formed by these nanoparticles.  Molecular simulations in 

conjunction with the atomistically detailed models have been previously used to obtain 

insights about the chemical interactions that are responsible for achieving such stable 

nanocolloidal suspensions.42  E.g., molecular simulations have been used to decipher the 

mechanism of aqueous phase stabilization of CNTs43 and graphene44 by the surfactant 

sodium cholate.  Similar insights on the stabilization of BNNSs45 and graphene46 using 

different surfactants and solvent mixtures have also been obtained using the MD 

simulations.  Recently, it was shown that the alcohol-water cosolvent mixtures are 

successful in the aqueous phase stabilization and exfoliation of BNNSs.47  In particular, it 

was shown that among the 4 alcohol molecules, namely, ethanol, t-butanol, 1-butanol, 

and 1-hexanol that were studied, the t-butanol molecules not only aid in BNNS 

exfoliation but also act as an effective liquid dispersant by favorably interacting with both 

the water and the BNNS (Figure 1.4 illustrates the mechanism of the BNNS dispersion 
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in the t-butanol-water co-solvent mixture).  In other words, the hydrocarbon chain of t-

butanol wraps around BNNS thus preventing aggregation and the hydroxyl group of t-

butanol forms hydrogen bonds with water thus leading to the stabilization of the system.  

The amphiphilic nature of t-butanol drives the exfoliation and the stabilization 

mechanism which was further confirmed by observing a bimodal distribution in the 

clustering of t-butanol molecules in pure water (see Figure 1.5).  In other words, among 

the alcohols studied, only the t-butanol molecules exhibited the tendency to form 

considerably large clusters that can shield around BNNS as well as small clusters that can 

favorably interact with water.  Furthermore, ionic liquids possess the ability to disperse 

metallic nanoparticles in the absence of a surfactant because of the stabilization of the 

Figure. 𝟏. 𝟒. Illustration of the structure of BNNS (green color) dispersion in a t-

butanol-water co-solvent mixture (water molecule size is scaled down for the sake 

of clarity).  T-butanol molecules physisorb on BNNS thus shielding it from bulk 

water, while other alcohol molecules stabilize the system by dispersing in water.  

Adapted from Khare et al.42   
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nanoparticles by the monolayer of both the cations and the anions in such systems.48  It is 

thus clear from the literature molecular simulation studies that the chemical interactions 

play an important in the stability of the nanocolloidal suspensions.  Furthermore, such 

interactions can also influence the rheological behavior of the nanocolloidal systems.  

There is thus a need to develop an explicit solvent model to investigate the nanocolloid 

rheology using molecular simulations which is the focus of Chapter 2 of this dissertation.  

In addition, for the purpose of elucidating the effect of the chemical interactions on the  

Figure. 𝟏. 𝟓. Cluster size probability distribution of (𝑎) ethanol (dark green bars), 

(𝑏) t-butanol (red bars), (𝑐) 1-butanol (dark yellow bars), and (𝑑) 1-hexanol (dark 

blue bars) in water.  Reprinted with permission from Habib et al.47  © 2016, 

American Chemical Society.   
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nanocolloid rheology, the atomistic graphene oxide/poly (vinyl alcohol) suspension 

systems will be investigated for the role played by the hydrogen bonding interactions on 

the rheology of these systems in the first section of Chapter 4 of this dissertation.          

𝟏. 𝟓. MACRORHEOLOGY VS. MICRORHEOLOGY    

Given the significant interest of the colloidal suspensions in the industrial sector, 

it is imperative to have an extensive knowledge of the rheology − the flow and the 

deformation behavior − of such systems.  Investigation of the suspension flow and the 

deformation properties requires the system to be subjected to either a bulk shear flow or 

an oscillatory flow or an extensional flow.7  In response to the imposed flow type, the 

colloidal suspensions exhibit non-Newtonian behaviors such as shear thinning, shear 

thickening, and viscoelasticity.  Simulations have shown the ability to capture the shear 

thinning behavior of the colloidal suspensions.14, 21, 49  Furthermore, simulations have also 

been used to study the effect of shapes of the colloidal particles on the viscosity of the 

suspension systems.50  In addition, insights into the glass transition concentration (𝜙𝑔) of 

the colloidal suspensions have also been obtained by tracking the diffusivity and the 

viscosity of these systems using simulations.14, 21  Hard sphere models have been used to 

study the effect of polydispersity on the crystallization and the glass transition of the 

colloidal systems.51  It must be noted that a vast number of experimental studies have also 

been successful in delineating the macrorheology of the colloidal suspensions.  E.g., 

using experiments, the science behind the shear thickening mechanism and the methods 

to control it have been previously investigated.52  Furthermore, the shear induced 

ordering of the colloidal particles is another common phenomenon that has been 
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investigated in the hard sphere and the soft sphere suspensions using experiments and 

simulations.53-54  The role played by the shear flow on the isotropic-nematic transition of 

the rod-like colloidal particles has been investigated using experiments and simulations in 

the literature.55  The orientation of rod-like particles along the shear flow direction in 

response to the applied shear rate (�̇�) can play a huge role on the transport and rheology 

of systems containing these particles.  Understanding this behavior and possessing the 

ability to control it can be useful for many applications such as polymer and liquid crystal 

processing.    

Of particular interest to Chapter 3 of this dissertation, microrheology is an 

alternate approach to macrorheology that provides the ability to decipher the rheological 

behavior of the complex fluid systems at the microscopic length scales.56  Such a 

technique has many advantages when compared to the traditional macrorheology 

techniques, a few being, the requirement of small sample volume that can be useful for 

investigating rare and costly materials, the ability to access an extended range of 

frequencies, the ability to investigate local rheological properties in materials such as 

polymer nanocomposites and thin polymer films, and the short acquisition times for 

obtaining the rheological properties.57  In the microrheology technique, the motion of a 

probe particle is tracked from which the rheological properties of the medium can be 

obtained.  Specifically, the probe particle motion can be tracked in two different modes, 

namely, the passive mode and the active mode.  In the passive mode, the Brownian 

motion of the probe particle is tracked whereas in the active mode, the motion of the 

probe particle in response to an external force is monitored.  One can then use the 

generalized Stokes-Einstein relation (GSER) that can relate the probe motion with the 
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rheological properties of the system.  Several review articles on microrheology can be 

found in the literature that provide a good fundamental understanding of the technique.58-

62  Also, both the theoretical frameworks and the experimental techniques for carrying out 

a microrheology study can be found in the literature.63  Furthermore, in the past decade, 

the field of microrheology has been considerably expanded for the purpose of 

establishing it as a robust technique for the investigation of the various complex fluid 

systems.56, 63-66  Specifically, the theoretical67-68 and the experimental68-69 microrheology 

studies of the colloidal suspensions have given a new insight into these complex fluid 

systems.  One of the intriguing questions about the application of the microrheology 

technique in colloidal suspensions is whether it can recover the same features as those 

obtained from the macrorheology techniques.  Although microrheology is expected to 

yield the same rheological features as macrorheology in the linear limit, it has been 

shown previously that it need not be the case when probing the non-linear regime of the 

colloidal suspension systems.68  However, when dealing with the nanocolloidal systems, 

it is necessary to first extend the microrheology technique in the linear limit to investigate 

such systems at the nanoscale level.  In particular, the focus of Chapter 3 is to investigate 

the applicability of the probe rheology molecular simulation technique to investigate the 

linear viscoelastic properties of the nanocolloidal suspension systems.  Furthermore, on 

the application side, the ability of the probe rheology technique to determine the local 

viscoelasticity of the colloidal systems with a volume fraction gradient will also be 

investigated in the second section of Chapter 4 of this dissertation.    

𝟏. 𝟔. THESIS ORGANIZATION    

The objectives of the work presented in this thesis are to develop explicit solvent 
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models of the nanocolloidal suspension systems and to investigate the rheology of such 

systems that are governed by the inherent detailed chemical interactions using the bulk 

rheology and the probe rheology molecular simulation techniques.  The organization of 

the thesis is as follows: 

In Chapter 2, the development of the molecular model of the nanocolloidal 

suspensions is presented.  Furthermore, the rheology of these model systems is 

characterized in terms of the viscosity and the linear viscoelasticity.  The results obtained 

from the molecular simulations are compared with the literature experimental studies of 

the colloidal suspension systems.  This study is published in The Journal of Rheology 

(DOI: 10.1122/1.5125142) and is presented here with the permission from the 

publisher (see Appendix 𝐀. 𝟐). 

In Chapter 3, the extension of the probe rheology molecular simulation technique 

to the nanocolloidal systems is discussed.  Specifically, the results of the bulk linear 

viscoelastic properties of the nanocolloidal suspensions as obtained from the probe 

rheology simulations are presented, and are compared with those obtained from the 

NEMD simulations and a theoretical bulk rheological model.  Furthermore, the 

conditions that must be satisfied to perform probe rheology at the nanoscale level are 

described that will facilitate the extension of the technique to the atomistically detailed 

systems, for example, a biological medium, that is of practical importance.  The 

manuscript discussing the results of this study is under preparation and will soon be 

submitted to a peer-reviewed journal. 

In Chapter 4, the applications of molecular simulations for studying the rheology 
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of the nanocolloidal suspension systems is discussed.  Specifically, the effect of the 

hydrogen bonding interactions on the rheology of the graphene oxide/poly (vinyl 

alcohol) suspensions is investigated.  Specifically, the study is carried out by 

investigating the effect of the carbon-oxygen (C/O) ratio of the graphene oxide 

nanosheets on the shear viscosity of these suspension systems.  Following this, the ability 

of the probe rheology technique to capture the local viscoelasticity of the colloidal 

systems with a volume fraction (𝜙) gradient is demonstrated.  For this purpose, the 

dynamic modulus values as obtained from the active rheology simulations of a 𝜙 gradient 

colloidal system and from the bulk rheology are compared.   Finally, a summary of the 

findings of the thesis and the directions for future work are presented in Chapter 5. 
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CHAPTER 𝟐 

MOLECULAR SIMULATION OF NANOCOLLOID RHEOLOGY: 

VISCOSITY, VISCOELASTICITY, AND TIME CONCENTRATION 

SUPERPOSITION 

The contents of this chapter are published in The Journal of Rheology and are reproduced 

here with permission from the publisher. © 2020, AIP Publishing. 

 

𝟐. 𝟏. ABSTRACT 

A particulate molecular model in which the solvent particles are considered 

explicitly is developed for studying the linear viscoelasticity of nanocolloidal suspensions 

using molecular dynamics simulations.  Nanocolloidal systems of volume fractions 

ranging from 0.10 to 0.49 are studied.  The hydrodynamics in these model systems are 

governed by the interparticle interactions.  The volume fraction dependence of the 

relative zero shear viscosity exhibited by this molecular model is consistent with that 

reported in the literature experiments and simulations.  Over the range of frequencies 

studied, the relative dynamic viscosity values follow the same qualitative trend as that 

seen in the literature experiments.  The time-concentration superposition (TCS) principle 

is successfully applied to construct the viscoelastic master curves that span nine decades 

of frequency in the case of the elastic modulus and more than four decades of frequency 

in the case of the loss modulus.  The TCS principle was observed to fail at high volume 

fractions that are near the glass transition concentration; this finding is consistent with the 

literature experimental and simulation observations.  The volume fraction dependence of 

the shift factors used in the construction of the viscoelastic master curves is in good 
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quantitative agreement with that of the viscosity of the nanocolloidal systems.  Our 

results demonstrate that molecular simulations in conjunction with an explicit solvent 

model can be used to quantitatively represent the viscosity and the viscoelastic properties 

of nanocolloidal suspensions.  Such particulate models will be useful for studying the 

rheology of systems whose properties are governed by specific chemical interactions. 

𝟐. 𝟐. INTRODUCTION 

Colloidal suspensions are commonly used in many applications including paints, 

cosmetics, pharmaceutics, and food products.  The wide-spread industrial applications of 

these complex fluids have led to a significant interest in understanding the structure, 

flow, and end-use properties of such systems.  In general, the colloidal suspensions, 

though structurally simple, exhibit a rich rheological behavior consisting of shear 

thinning, shear thickening, and viscoelasticity, and hence, serve as a suitable model 

system for the study of rheology of complex fluids.7  Furthermore, the colloidal 

suspension systems also show a complex phase behavior that is controlled by the volume 

fraction (𝜙) of the colloidal particles.1  This feature of suspensions can also be used to 

systematically study the rheological behavior in different regions of the phase diagram by 

simply varying the concentration of these systems.   

The advancements in theoretical67-68, 70-75 and experimental76-84 rheological 

techniques have had a significant impact in the understanding of the colloidal suspension 

rheology leading to elucidation of various rheological behaviors pertaining to shear 

thinning, shear thickening, viscosity, viscoelasticity, and normal stress differences.  In 

addition, different simulation techniques are currently in practice for studying the 
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rheological properties of colloidal suspensions.  This computational effort predominantly 

consists of mesoscale simulation techniques that employ an implicit solvent model; 

examples are Brownian dynamics (BD)32, 85 and Stokesian dynamics (SD)86-87 

simulations.  Other simulation techniques that have been used to study colloidal 

suspensions include the lattice Boltzmann (LB),30 dissipative particle dynamics (DPD),21 

and stochastic rotation dynamics (SRD).29  These modeling techniques accurately 

capture the behavior of suspensions of colloidal particles in the size range of 0.2 −

1.1 𝜇𝑚.    

The systems of interest in this work are nanocolloidal suspensions in which at 

least one of the dimensions of the colloidal particles is of the order of 20 𝑛𝑚 or smaller.  

These suspensions are encountered in applications involving nanofillers such as titanium 

dioxide (TiO2), silicon dioxide (SiO2), carbon nanotubes (CNTs), and graphene, and in 

biological applications involving protein solutions.  As the colloidal particle size becomes 

comparable to the solvent size, the colloid-solvent, the colloid-colloid, and the solvent-

solvent intermolecular interactions play an important role in governing the behavior of 

these nanocolloidal suspensions.42  Experimentally, a change in the structure and 

interparticle interactions resulting from a pH change has been demonstrated to affect the 

rheology of nanocolloidal suspensions of TiO2
88 and SiO2.

89  Similarly, the interactions 

between the ionic liquid (IL) molecules and the multiwalled carbon nanotubes 

(MWCNTs) were shown to govern the gelation behavior of the MWCNT-IL 

suspensions.90  Experimental work has also indicated that the interactions between 

polymers – poly(vinyl alcohol)91 or poly(ethylene glycol) 92 – and graphene oxide (GO) 

sheets can be used to tune the viscosity of the aqueous suspensions of GO and the 
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polymer.  The process of salt induced gelation of cellulose nanocrystal suspension is 

affected by the size of the cation that is added to the suspension.93  The rheological 

properties of protein solutions are important for the processing operations.  In a number 

of experimental studies, change in protein-protein interactions resulting from, for 

example, a change in the pH of the suspension has been shown to affect the rheological 

properties (e.g. viscosity, viscoelastic moduli) of the protein suspensions.94-96  Further 

examples of the rheological features of the nanocolloidal systems can be found in a recent 

review article by Sharma et al.97  Given the importance of the specific chemical 

interactions and the local structure in determining the rheological properties of 

nanocolloidal systems, the solvent molecules can no longer be treated using a continuum 

representation in these systems.  Thus, the approach of using a particulate nanoscale 

molecular model to treat the solvent molecules explicitly in the nanocolloidal suspensions 

is followed.  Molecular dynamics (MD) simulation technique in conjunction with the 

explicit particulate solvent model has the unique ability to account for these chemical 

interactions and the structural heterogeneities in the system. 

MD simulations have been used to elucidate the mechanism of aqueous phase 

stabilization of carbon nanotube (CNT) dispersions43 and boron nitride nanosheet 

(BNNS) dispersions.45, 47  Previous MD simulation studies of colloid rheology have 

focused on investigating the effect of different nanoparticle shapes on the rheological 

behavior of suspension systems50 as well as to obtain the shear viscosity of such 

systems.98  However, the linear viscoelastic behavior of nanocolloidal suspensions has 

not yet been extensively studied using MD simulations.  Furthermore, like experimental 

rheology, simulations are restricted to a limited range of frequency or time scale window.  
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The goals of this work are two-fold: First goal is to characterize both the steady shear 

rheology and the oscillatory shear rheology of nanocolloidal model systems over a wide 

range of volume fractions and frequencies.  Checking the applicability of the time-

concentration superposition (TCS) principle for creating the master curves of viscoelastic 

moduli values and thus extending the range of frequencies accessible to simulations is 

another major goal of this work.  The rheological properties of the model suspension 

systems determined in this work were seen to be consistent with the literature 

experimental, simulation, and theoretical studies for the range of volume fractions 

studied.  Furthermore, the master curves of the elastic (𝐺′) and the loss (𝐺′′) modulus 

values constructed using the TCS principle resulted in an extended dynamic rheological 

map that spans nine decades of frequency in the case of 𝐺′ and more than four decades of 

frequency in the case of 𝐺′′.  The TCS principle was found to work only in the 𝛼-

relaxation region and the loss modulus values do not superpose in the 𝛽-relaxation 

region.  Our work demonstrates the ability of MD simulations for capturing the linear 

viscoelastic behavior of nanocolloidal suspensions using a particulate model for the 

solvent.  

The rest of the paper is organized as follows: In Section 2.3, the details of the 

molecular model of nanocolloidal suspension systems and the simulation technique used 

to study these models are discussed.  In Section 2.4, the results and discussions of the 

relative zero shear viscosity (휂𝑟), the elastic (𝐺′) and the loss (𝐺′′) modulus, and the 

relative dynamic viscosity (휂𝑟
∗) of nanocolloidal suspensions for different volume 

fractions (𝜙) are presented.  Further, the results of the master curves of the linear 

viscoelastic modulus and the physical significance of the shift factors are discussed.  The 
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paper is closed with a brief summary of the findings in Section 𝟐. 𝟓.   

𝟐. 𝟑. MOLECULAR MODEL AND SIMULATION DETAILS 

The simulation systems of interest in this study consisted of colloidal particles 

that were dispersed in an explicit solvent system.  A 5: 1 colloid-solvent size ratio was 

employed and suspensions with colloidal volume fractions (𝜙) ranging from 0.10 to 0.49 

(i.e., covering the regimes of dilute, moderate, and concentrated suspensions) were 

studied.  A particulate model of the colloidal suspension system was used in which two 

components are present: the solvent particles and the colloidal particles.  The background 

solvent particles were modeled as beads and the colloidal particles were treated as large 

smooth spheres.  The interactions between all of the beads were modeled by the purely 

repulsive Lennard-Jones (LJ) potential, known as the Weeks-Chandler-Andersen (WCA) 

potential.8  In particular, the solvent particles interacted with each other via the WCA 

potential as follows:   

                           𝑈𝑊𝐶𝐴(𝑟) = {
4휀 [(

𝜎

𝑟
)

12

− (
𝜎

𝑟
)

6

+
1

4
] , 𝑟 ≤ 𝑟𝑐 = 21/6𝜎

0, 𝑟 > 𝑟𝑐

                              (2.1) 

where 휀 and 𝜎 are the LJ parameters, and 𝑟𝑐 is the cut-off distance.  All of the quantities 

discussed in this work are reported in the reduced LJ units defined by 𝑡∗ =
𝑡

(𝑚𝜎2⁄ )1 2⁄ , 

𝜌∗ = 𝜌𝜎3, and 𝑟∗ =
𝑟

𝜎
, etc.  The quantities in the reduced units can be converted to those 

in the real units by expressing them in terms of the parameters of the coarse-grained 

particulate model used here.  For example, if each of the solvent particles is mapped to a 

single water molecule using the TIP4P/2005 model,99 then a reduced shear rate of �̇�∗ =
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�̇�

( 𝑚𝜎2⁄ )1 2⁄ = 0.05 and a reduced viscosity of 휂∗ =
𝜂

(𝑚 𝜎4⁄ )1 2⁄ = 1 will correspond to 

values of 3.28 × 1010 𝑠−1 and 0.062 × 10−3 𝑃𝑎. 𝑠, respectively.  Furthermore, when 

mapped to a different coarse-grained model such as the MARTINI model100 in which 

each of the solvent particles corresponds to four water molecules, �̇�∗ = 0.05 and 휂∗ = 1 

will correspond to values of 2.80 × 1010 𝑠−1 and  0.143 × 10−3 𝑃𝑎. 𝑠, respectively.  The 

timescale accessible to simulation will increase with the increasing level of coarse-

graining.  For simplicity, the reduced units will be represented without the asterisk 

symbol in the rest of this paper.  The interactions between the colloidal beads and 

between the colloid and the solvent beads were modeled using the distance-shifted WCA 

potential9-10 as follows:   

                 𝑈𝑠ℎ𝑖𝑓𝑡𝑒𝑑−𝑊𝐶𝐴(𝑟) = {
4휀 [(

𝜎

𝑟−𝑎
)

12

− (
𝜎

𝑟−𝑎
)

6

+
1

4
] , 𝑟 − 𝑎 ≤ 𝑟𝑐 = 21/6𝜎

0, 𝑟 − 𝑎 > 𝑟𝑐

        (2.2) 

In both of the cases discussed above, values of 휀 = 1 and 𝜎 = 1 were used.  The 

parameter 𝑎 takes into account the size of the colloidal particles.  In our simulations, the 

value of 𝑎𝑐𝑐 = 2𝑅𝑏𝑎𝑟𝑒
𝑐 − 𝜎 = 4 was used for the colloid-colloid interactions, where 

𝑅𝑏𝑎𝑟𝑒
𝑐 = 2.5 represents the bare radius of the colloidal particles.  In order to account for 

the depletion forces that can lead to the aggregation of colloidal particles,30 the parameter 

𝑎𝑐𝑠 for the colloid-solvent interactions was set to a value that is slightly smaller than its 

expected value (𝑎𝑐𝑠 = 𝑅𝑏𝑎𝑟𝑒
𝑐 + 𝑅𝑏𝑎𝑟𝑒

𝑠 − 𝜎 = 2), where 𝑅𝑏𝑎𝑟𝑒
𝑠 =

𝜎

2
 represents the bare 

radius of the solvent particles; this modification allows the solvent particles to penetrate in 

the gap between any two colloidal particles that are approaching each other at short 

distances.  Thus, in this work, the value of 𝑎𝑐𝑠 = 0.9 × (𝑅𝑏𝑎𝑟𝑒
𝑐 + 𝑅𝑏𝑎𝑟𝑒

𝑠 − 𝜎) = 1.8 was  
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Figure 𝟐. 𝟏. Snapshots of the sample simulation boxes displaying the molecular models 

of the nanocolloidal dispersions for volume fractions, 𝜙 = 0.20, 0.35, and 0.49.  The 

colloidal particles that are modeled as large smooth spheres are shown in cyan color and 

the solvent particles (greatly reduced in size for the sake of clarity) are shown in gray 

color.   

Figure 𝟐. 𝟐. Struik’s protocol for carrying out the physical aging simulations using 

oscillatory perturbations (Figure adapted with permission from Peng et al.105  Copyrighted 

by the American Physical Society 2016).   
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was used for the colloid-solvent interactions.101   

A periodic cubic simulation box of edge length 𝐿 = 50 was used for all of the 

molecular dynamics (MD) simulations carried out in this work.  The volume fraction of 

the colloidal suspension systems in the central simulation box was defined as 𝜙 =

𝑁𝑐

𝑉

4

3
𝜋(𝑅𝑏𝑎𝑟𝑒

𝑐 )3, where 𝑁𝑐 is the number of colloidal particles and 𝑉 is the simulation box 

volume.  The number of colloidal particles varied from 𝑁𝑐 = 191 to 936 for volume 

fractions, 𝜙 = 0.10 − 0.49, that are studied in this work.  As the colloidal volume 

fraction was increased, the proportionate number of solvent particles were removed from 

the system to maintain the mass density constant at 𝜌 = 0.60 for all of the volume 

fractions studied.  The mass of the colloidal particles was calculated as 𝑚 =

𝜌 ×
4

3
𝜋(𝑅𝑏𝑎𝑟𝑒

𝑐 )3 = 39.27 to ensure that the density of the colloids is the same as that of 

the background solvent medium.  Snapshots of the sample simulation boxes displaying 

the particulate molecular model of the nanocolloidal suspension system for volume 

fractions, 𝜙 = 0.20, 0.35, and 0.49, are shown in Figure 2.1.   

The linear rheological properties of the model colloidal systems were calculated 

using methodology similar to that employed in our recent simulation study102 of the 

rheology of atomistically detailed models of asphalt and involved applying the non-

equilibrium MD (NEMD) simulation technique.103  Five independent replicas were used 

to obtain all of the rheological quantities presented in this work.  The particulate model 

systems were subjected to a steady shear strain at different shear rates (�̇�) using the 

SLLOD equations of motion and the sliding-brick periodic boundary conditions,103 and 

the shear stress was measured from which the shear viscosity (휂) was obtained.  A time-
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step of Δ𝑡 = 0.003 was used for the steady shear simulations.  The systems were 

equilibrated for a period of 40 × 106 time-steps and this stage was then followed by a 

production run of 60 × 106 time-steps.  It was verified that beyond the equilibration 

stage, i.e. in the production stage, the shear viscosity values did not change with time for 

all volume fractions (𝜙) studied.  In the case of oscillatory shear simulations, the only 

difference is the use of an oscillatory shear strain that was imparted on the model 

systems.  The resulting in-phase and out-of-phase components of the oscillatory shear 

stress were then used to determine the elastic (𝐺′) and the loss (𝐺′′) modulus values of 

the colloidal systems.  For these simulations, a time-step of Δ𝑡 = 0.002992 − 0.003021 

(a different time-step value was used at each frequency (𝜔) to ensure that the oscillation 

time period is an integer multiple of the time-step) was used.  Further, the model systems 

were initially allowed to equilibrate by subjecting them to an oscillatory perturbation for 

a period of 50 oscillations at all frequencies in the chosen range of 𝜔 = 0.004 − 0.25.  

Following this, in the production stage, the oscillatory shear stress response was collected 

for a duration of 100 oscillations in the case of lower frequencies (𝜔 < 0.015) and for a 

duration of 150 oscillations in the case of higher frequencies (𝜔 ≥ 0.015).  Large 

number of oscillations were required in the equilibration and the production stages to 

ensure that the uncertainties in the modulus values were small.   

The long relaxation times of the system at high volume fractions (𝜙 ≥ 0.46) 

necessitated special considerations in the determination of the 𝐺′ and the 𝐺′′ values at 

these 𝜙.  To further investigate this aspect, the Struik’s protocol104-105 that is commonly 

used to account for physical aging in creep experiments was followed at the highest 

volume fraction of 𝜙 = 0.49.  A schematic of the modified Struik’s protocol that was 
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employed to account for the physical aging at this 𝜙 using oscillatory perturbations is 

shown in Figure 2.2.  The Struik’s protocol was followed such that the aging time or the 

waiting time (𝑡𝑤) of the model systems was at least ten times the time (𝑡𝑖) for which the 

systems are perturbed during the oscillatory shear simulations.  Three sequences of 

Struik’s protocol were performed in the frequency range of 𝜔 = 0.04 − 0.25.  It must be 

noted that these aging simulations required to complete the Struik’s protocol were 

computationally expensive and accounted for a total duration of more than 109 time-

steps.  For all of the simulations reported in this work, the system temperature was 

maintained at 𝑇 = 1 using the Nosé-Hoover thermostat.106  The MD simulations at each 

volume fraction were performed at the conditions of constant number of particles, 

volume, and temperature (constant NVT) using the LAMMPS package.107   

𝟐. 𝟒. RESULTS AND DISCUSSIONS 

𝟐. 𝟒. 𝟏. Molecular Structure in Nanocolloidal Suspensions 

For the purpose of quantifying the structure present within the colloidal 

suspensions, the radial distribution functions (RDFs) of the colloid-colloid and the 

colloid-solvent pairs were calculated.  The RDF (𝑔(𝑟)) quantifies the probability of 

finding two particles at a given distance normalized by the probability of occurrence of 

those particles at that distance in the case of a uniform distribution of the particles.  

Figures 2.3(a) and 2.3(b) show the colloid-solvent and the colloid-colloid RDFs for 

volume fractions, 𝜙 = 0.15, 0.35, 0.45, 0.46, and 0.49.  As seen from the figures, the 

magnitude of the first peak increases with an increase in the volume fraction indicating 

higher tendency for the short-range packing of particles at large 𝜙 values.  Furthermore, 
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𝑔(𝑟) attains a value of 1 at a shorter distance in the case of the dilute suspension (𝜙 =

0.15) compared to that for the concentrated suspensions (𝜙 = 0.45, 0.46, and 0.49), 

where the 𝑔(𝑟) exhibits peaks at distances of the order of 4 particle diameters.  This long-

range order in the structure indicates that the colloidal systems are undergoing a 

transition from a dilute fluid system to a densely-packed system at these high volume 

fractions.  Similar observations were also reported in the theoretical studies of hard 

sphere suspensions.108  As seen from Figure 2.3(a), the colloid-solvent RDF shows a  

 

(𝒂) 
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strong first peak at a distance of 2.85 at all volume fractions.  It must be noted that this 

peak position is approximately the same as 𝑎𝑐𝑠 + 𝜎 (= 1.8 + 1), indicating that the first 

solvent layer is in close contact with the colloidal particles.  The RDF plot also shows a 

smaller second peak at a distance of 4.05 (≈ 𝑎𝑐𝑠 + 2𝜎) which is indicative of a weak  

(𝒃) 

Figure 𝟐. 𝟑. Radial distribution functions (𝑔(𝑟)) of (𝑎) the colloid-solvent and (𝑏) the 

colloid-colloid pairs for volume fractions, 𝜙 = 0.15, 0.35, 0.45, 0.46, and 0.49.   
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tendency for the formation of a second layer of solvent beads around the colloidal 

particles.  Figure 2.3(b) shows a first peak in the colloid-colloid RDF at a distance of 5.5 

(≈ 2 × [first peak location in colloid-solvent RDF]).  Thus, this peak location suggests 

that two colloidal particles are not in direct contact but are separated by a layer of solvent 

atoms, as was also suggested by the first peak in Figure 2.3(a).  Furthermore, in 

connection with the observation of a small second peak in the colloid-solvent RDF, there 

is also a shoulder in the colloid-colloid RDF.  This observation is consistent with the 

configurations where colloidal particles are separated by two layers of solvent particles.  

It is to be noted that the observed solvent layering around the colloidal particles results in 

a larger separation between them, which in turn, affects the suspension structure and 

hence, the rheology of these systems, as compared to that observed in an implicit solvent 

model system.109  A weak second peak in the colloid-colloid RDF is only observed for 

volume fractions 𝜙 ≥ 0.35, indicating that the colloids exhibit only very short range 

packing at the lower volume fractions.  Furthermore, the crystallization effects were not 

observed at these 𝜙 values as indicated by the absence of peaks as those expected, for 

example, when an FCC crystal is formed in colloidal systems.54  Following the work by 

Kohale and Khare,12 the hydrodynamic radius of the colloidal particles is deduced from 

the location of the first peak in the colloid-solvent RDF (see Figure 2.3(a)) and is found 

to have a value of 𝑅𝐻
𝑐 = 2.85 at all volume fractions.   

𝟐. 𝟒. 𝟐. Steady Shear Viscosity 

As a first step towards studying the rheology of colloidal dispersions using 

molecular simulations, the rheological properties of the particulate molecular model that 
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is used in this study were compared with the prior literature reports of the rheological 

behavior of the colloidal suspension systems.110  For this purpose, the NEMD simulation 

technique was used to determine the relative zero shear viscosity (휂𝑟) values as a 

function of the colloidal volume fraction (𝜙).  The model systems were subjected to 

steady shear at different shear rates (�̇�) and the corresponding shear stress component 

(𝜏𝑥𝑦) was measured; the shear viscosity values (휂) as a function of the shear rate (�̇�)  

Figure 𝟐. 𝟒. Shear viscosity (휂) as a function of the shear rate (�̇�) for colloidal 

suspensions of different volume fractions (𝜙).  It must be noted that the hollow green 

squares are the viscosity results for 𝜙 = 0.40 that were obtained by modeling the colloid-

solvent interactions via the LJ potential (LJcs) with the value of well-depth set to be 휀 =
2.   
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were then determined as 휂 = −
𝜏𝑥𝑦

�̇�
 (see Figure 2.4).  As expected, the viscosity values 

increase with an increase in the volume fraction of the suspension.  Furthermore, a slope 

value of −0.54 is observed in the shear thinning region.  In order to test the effect of the 

interparticle interactions on the viscosity values, for one of the volume fractions (𝜙 =

0.40), an additional set of simulations was carried out by changing the interaction 

between only the colloid and the solvent particles from WCA to full LJ potential with the 

value of well-depth set to be 𝜖 = 2.  As seen, this simple change in the colloid-solvent 

interaction resulted in an approximately factor of two increase in the viscosity of the 

suspension compared to the value obtained using the purely repulsive LJ or WCA 

interactions between the colloid and the solvent particles.   

The colloidal suspensions show Newtonian behavior at low volume fractions 

(𝜙 ≤ 0.45) while a strong shear thinning behavior is observed at the high volume 

fractions (𝜙 ≥  0.46) that were studied in this work.  The value of zero shear viscosity 

(휂0) was determined from the Newtonian plateau observed at the low shear rates.  In the 

case of high volume fractions (𝜙 ≥ 0.46), the Newtonian plateau could not be attained 

for the shear rates studied (down to �̇� = 1 × 10−5).  Simulations at even lower shear 

rates that are required to capture the Newtonian plateau at this 𝜙 are too expensive 

computationally.  For example, the simulations to obtain the 휂 value at the lowest �̇� 

studied here, �̇� = 1 × 10−5 took about 3 days and one can thus expect that the 

simulations at a �̇� that is an order of magnitude lower will take about 3 − 4 weeks to 

attain a reliable 휂 value.  The relative zero shear viscosity values at different volume 

fractions were then calculated as 휂𝑟 =
𝜂0

𝜂𝑠
, where 휂𝑠 represents the zero shear viscosity of 
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the pure solvent system.  The zero shear viscosity of the solvent (at 𝜌 = 0.60) as 

calculated using the NEMD simulations in this work is 휂𝑠 = 0.819 ± 0.122.  The 휂𝑟 

values of the colloidal suspensions so-obtained are then compared with those reported in 

the literature experimental111-113 and simulation20, 49, 114 studies of hard-sphere 

suspensions.  As can be seen from Figure 2.5(a), after an initial slow increase in 휂𝑟 with 

an increase in the volume fraction, the simulated 휂𝑟 values rise rapidly at high volume 

fractions (𝜙 > 0.40).  It must be noted that the model colloidal particles used in this 

study interact via a purely repulsive LJ potential and thus our model systems are not 

exactly the same as the hard sphere suspensions.  Despite this difference, it is seen that 

the 휂𝑟 values obtained from the NEMD simulations are in good agreement with the 

literature experimental and simulation results.  The only exception is that observed at a 

high volume fraction value of 𝜙 = 0.45, for which the 휂𝑟 value obtained in this work is 

slightly higher than the literature value.  However, our viscosity result at 𝜙 = 0.45 is in 

good agreement with that reported from the MD simulations by in’t Veld et al.98 which 

employed a different interaction potential for the colloid-solvent and the colloid-colloid 

interactions.  Furthermore, it is also seen that at low volume fractions (𝜙 ≤ 0.20), the 

simulated 휂𝑟 values follow the Einstein viscosity equation, 휂𝑟 = 1 + 2.5𝜙.  Thus, our 

model colloidal suspension systems with colloid to solvent size ratio of 5: 1 exhibit 

behavior that is consistent with the continuum expectations.     

The volume fraction dependence of viscosity of the colloidal systems is often 

represented by semi-empirical models.  The two commonly used models are the Krieger-

Dougherty (KD) equation115 and the model based on the mode-coupling theory 

(MCT).110  The Krieger-Dougherty equation can be written as,  
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                                                         휂𝑟 = [1 −
𝜙

𝜙𝑚
]

−2.5𝜙𝑚

                                            (2.3) 

where 𝜙𝑚 is the maximum packing fraction of the colloidal particles and [휂] = 2.5 is the 

intrinsic viscosity of the colloidal particles.  As seen in Figure 2.5(a), a value of 𝜙𝑚 =

0.476 is found to fit the 휂𝑟 values from the NEMD simulations.  The semi-empirical 

model based on the mode coupling theory (MCT) can be written as                               

                                                    
𝜂−𝜂∞

′

𝜂𝑠
= 0.9𝜙2 [1 −

𝜙

𝜙𝑚
]

−2.46

                                     (2.4)   

 

(𝒂) 
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(𝒃) 

Figure 𝟐. 𝟓. (𝑎) Comparison of the relative zero shear viscosities (휂𝑟) of colloidal 

suspensions as obtained from the NEMD simulations (shown as red diamonds) with those 

that are reported in the literature experimental and simulation studies.  The dashed orange 

line and the solid dark magenta line are the predictions obtained by fitting the Krieger-

Dougherty (KD) equation and the model based on the mode coupling theory (MCT) to the 

휂𝑟 values obtained from NEMD.  Best fit values of 𝜙𝑚 = 0.476 and 𝜙𝑚 = 0.519 were 

obtained in the case of KD equation and MCT model, respectively.  The dash-dot black 

line is the prediction of the 휂𝑟 values using the Einstein viscosity equation for suspensions.  

(𝑏) same as (𝑎) but all of the 휂𝑟 values from the literature studies and the simulated 

NEMD values of 휂𝑟 are rescaled using the 𝜙𝑔,𝑀𝐶𝑇 value obtained from the respective 

MCT fit to each set of 휂𝑟 values.   
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where 휂∞
′  represents the high frequency viscosity that is obtained by using a semi-                        

empirical correlation116 as,  

                                                   
𝜂∞

′

𝜂𝑠
=

1+1.5𝜙(1+𝜙−0.189𝜙2)

1−𝜙(1+𝜙−0.189𝜙2)
                                            (2.5) 

Using Equations 2.4 and 2.5, it was shown that in the case of hard sphere suspensions, 

the divergence of viscosity occurs at the glass transition value given by 𝜙𝑚 = 𝜙𝑔 =

0.57.110  However, when the MCT based model was used to fit the 휂𝑟 values obtained 

from the NEMD simulations in this work, a value of 𝜙𝑚 = 0.519 is obtained.  Thus, the 

fits of the simulation results to the Krieger-Dougherty and the MCT based models 

indicate that the glass transition concentration (𝜙𝑔) for our particulate colloidal model 

systems is in the range of 0.476 − 0.519.  Furthermore, on the theoretical side, 

Bengtzelius et al.117 have reported a value of 𝜙𝑔 = 0.516 in the case of a hard sphere 

model system.  In addition, the 𝜙 values reported in this work and in the literature were 

rescaled using the 𝜙𝑔,𝑀𝐶𝑇 value obtained by fitting the MCT model to each set of 휂𝑟 

values individually (see Table 2.1) and a plot of 휂𝑟 vs. rescaled 𝜙 (=
𝜙

𝜙𝑔,𝑀𝐶𝑇
)  is shown 

in Figure 2.5(b).  As seen in the figure, the average 휂𝑟 values obtained from the NEMD 

simulations are slightly lower than the literature 휂𝑟 values at low 𝜙 values.  This 

difference can be attributed to the use of a soft potential for simulating our model systems 

that leads to a steep increase in the 휂𝑟 value at 𝜙 = 0.45 (see Figure 2.5(a)). 
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𝟐. 𝟒. 𝟑. Linear Viscoelasticity 

In the previous section, it was shown that for our model systems up to 𝜙 = 0.45, 

the volume fraction dependence of viscosity is quantitatively similar to that observed in 

the experiments and in the previous simulation studies.  In this section, the results of the 

elastic (𝐺′(𝜔)) and the loss (𝐺′′(𝜔)) modulus values of colloidal systems for volume 

fractions ranging from 𝜙 = 0.15 − 0.49 as obtained using the oscillatory NEMD 

simulation technique are presented.  The shear stress response of the systems over 

different oscillation periods was averaged and then fitted using the relationship, 𝜎𝑥𝑦 =

𝜎0 sin(𝜔𝑡 + 𝛿), to determine the shear stress amplitude (𝜎0) and the phase lag (𝛿).  The 

Source 𝝓𝒈,𝑴𝑪𝑻 

NEMD simulations (this work)  0.519 

in’ t Veld et al. (MD simulation)98 0.524 

Sriram et al. (experiment)111 0.571 

Segre et al. (experiment)112 0.553 

Cheng et al. (experiment)118 0.568 

Shikata and Pearson (experiment)113 0.616 

Foss and Brady (SD simulation)49 0.571 

Phung (SD simulation)114 0.574 

Pan et al. (DPD simulation)20 0.652 

Table 𝟐. 𝟏. Values of 𝜙𝑔,𝑀𝐶𝑇 that were obtained by fitting the MCT model to the relative 

zero shear viscosity (휂𝑟) values reported in this work and in the literature studies. 
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linear viscoelastic modulus (𝐺′ and 𝐺′′) values were then calculated from the in-phase 

and the out-of-phase components of the stress response as 𝐺′ =
𝜎0

𝛾0
cos(𝛿) and 𝐺′′ =

𝜎0

𝛾0
sin(𝛿).  For the purpose of ensuring that the linear viscoelastic modulus values are not 

affected by the amplitude of the shear strain (𝛾0) imparted on the simulation box, an 

initial set of oscillatory simulations was performed to obtain the 𝐺′ and the 𝐺′′ values as a 

function of 𝛾0 at the frequency of 𝜔 = 0.1.  Figure 2.6 shows the strain amplitude (𝛾0) 

dependence of the elastic (𝐺′) and the loss (𝐺′′) modulus values that were obtained at a 

frequency of 𝜔 = 0.1 for different colloidal volume fractions (𝜙).  As can be seen from 

the figure, 𝐺′′ values exhibit a plateau region (indicative of linear response) at low 𝛾0 

values, while at higher values of strain amplitudes, both 𝐺′ and 𝐺′′ values show a 

dependence on 𝛾0, thus indicating that the system response is non-linear in this region.  In 

order to reduce the uncertainties in the results, the simulations for determining modulus 

values as a function of frequency at each 𝜙 were carried out at the highest possible 𝛾0 

value that resides in the linear region.  It is to be noted that since the elastic modulus (𝐺′) 

values are of very small magnitude for 𝜙 ≤ 0.30, a clear plateau region was not observed 

for these, and hence, only 𝐺′′ values were used to select the 𝛾0 value to be used in 

simulations for modulus determination.  The highest 𝛾0 value at which the linear response 

is observed at each 𝜙 decreases with an increase in the volume fraction; similar 

observation was also made in an experimental study by Mason and Weitz.76  The linearity 

of the system response to the oscillatory shear was further tested by taking a Fourier 

transform of the stress signal at each frequency and verifying that only a single peak, that 

at the input frequency, was observed.   
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 For the system at the highest volume fraction (𝜙 = 0.49), the Newtonian plateau 

required for obtaining the zero shear viscosity (휂0) was not attained at the shear rates 

studied in our work, thus indicating long relaxation times at 𝜙 = 0.49.  Given this 

observation, Struik’s protocol as shown in Figure 2.2 was followed to check for any 

possible physical aging effects at 𝜙 = 0.49 (see Figure 2.7).  For each of the five 

replicas, the modulus values at the lowest frequency of 𝜔 = 0.04 were first obtained and 

the resulting configuration from these oscillatory shear simulations was then 

 

 

(𝒂) 
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used to obtain the modulus values for these replicas at the next lowest frequency and so 

on.  It is observed from the figure that the modulus values are the same for the three 

sequences of Struik’s protocol.  It must be noted that if such a procedure of determining 

the modulus values in a sequential fashion from the lowest to the highest frequency is not 

followed (i.e., if the same starting structure is used to obtain the modulus values at 

different frequencies in parallel), the modulus values obtained in different sequences  

(𝒃) 

Figure 𝟐. 𝟔. (𝑎) Elastic (𝐺′) and loss (𝐺′′) modulus values as a function of the strain 

amplitude (𝛾0) at a frequency of 𝜔 = 0.1 for colloidal suspensions of different volume 

fractions (𝜙).   
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of Struik’s protocol are different.  This observation is an indication that the system 

undergoes physical aging at this 𝜙 but quickly reaches its equilibrium aged state by the 

end of the low frequency simulation run.  Based on this observation, for 𝜙 = 0.455 −

0.49, the elastic (𝐺′) and the loss (𝐺′′) modulus values were obtained from the 

sequential MD simulation runs (i.e., lowest to highest frequency) over the frequency 

range of 𝜔 = 0.004 − 0.25.   

 

 

(𝒂) 
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𝟐. 𝟒. 𝟑. 𝟏. Frequency dependence of viscoelastic modulus 

Having established that the system response is linear in our simulations and that 

the modulus values at the highest volume fraction are free from the physical aging 

effects, the focus is now on the frequency and the volume fraction dependence of the 

viscoelastic modulus values.  The elastic (𝐺′) and the loss (𝐺′′) modulus values as  

(𝒃) 

Figure 𝟐. 𝟕. (𝑎) Elastic (𝐺′(𝜔)) and (𝑏) loss (𝐺′′(𝜔)) modulus values before and after 

the application of Struik’s protocol for 𝜙 = 0.49.   
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obtained from the NEMD simulations for volume fractions, 𝜙 = 0.15 − 0.49 are shown 

in Figures 2.8(a) and 2.8(b), respectively.  As expected, both the 𝐺′ and the 𝐺′′ values of 

the colloidal suspensions increase with an increase in the frequency and an increase in the 

volume fraction up to 𝜙 = 0.45.  At high volume fractions of 𝜙 ≥ 0.455, a plateau in 𝐺′ 

is observed whereas at these 𝜙 values, the 𝐺′′ values continue to monotonically increase 

as a function of the frequency (𝜔).  Furthermore, the value of the ratio 
𝐺′ 

𝐺′′ 
 increases with 

an increase in the 𝜙 value such that at 𝜙 = 0.45, the ratio has a value  

 

(𝒂) 
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close to 1 at all frequencies studied while the ratio becomes greater than 1 (and shows a 

decrease in the frequency) for 𝜙 ≥ 0.455 (see Figure 2.8(c)).  This observation of an 

increase in the elastic behavior accompanied by a plateau in 𝐺′ values at high volume 

fractions (𝜙 ≥ 0.455 ) signals the approach to the glass transition concentration (𝜙𝑔).76  

(𝒄) 

Figure 𝟐. 𝟖. (𝑎) Elastic (𝐺′(𝜔)) modulus, (𝑏) loss (𝐺′′(𝜔)) modulus, and (𝑐) 
𝐺′

𝐺′′
 ratio of 

the colloidal suspensions as obtained from the NEMD simulations for different volume 

fractions (𝜙).   
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These findings are also consistent with the deduction of the glass transition concentration 

range of 0.476 < 𝜙𝑔 < 0.519, as obtained from the semi-empirical model fits to the 

viscosity values.   

𝟐. 𝟒. 𝟑. 𝟐. Dynamic viscosity: Comparison with experiments and validity of Cox-Merz 

rule 

The dynamic viscosity values (휂𝑟
∗) obtained in this work from the NEMD 

simulations for different volume fractions (𝜙) were compared with those obtained from 

the literature oscillatory active microrheology experiments.111  The comparison was carried 

out using the dimensionless frequency or the oscillation rate (𝛼) defined as, 

                                                  𝛼 =
𝜔(𝑅𝑏𝑎𝑟𝑒

𝑐 )2

2𝜋𝐷𝑐
=

((𝑅𝑏𝑎𝑟𝑒
𝑐 )2 𝐷𝑐⁄ )

(2𝜋 𝜔⁄ )
                                                   (2.6) 

where 𝐷𝑐 is the diffusivity of the colloidal particles.  It can be seen from Equation 2.6 

that the oscillation rate is the ratio of timescale of the diffusion of colloidal particles 

((𝑅𝑏𝑎𝑟𝑒
𝑐 )2 𝐷𝑐⁄ ) to the timescale of the oscillatory deformation (2𝜋 𝜔⁄ ).  It is to be noted 

that, in our work, all of the reported material parameters and 𝜔 are already in the 

dimensionless LJ units.  The dynamic viscosity values were obtained from the 𝐺′ and the 

𝐺′′ values by using the relation 휂𝑟
∗ =

√𝜂′2
+𝜂′′2

𝜂𝑠
, where 휂′ =

𝐺′′

𝜔
 and 휂′′ =

𝐺′

𝜔
.  Figure 

2.9(a) shows a comparison of the 휂𝑟
∗ values obtained from the oscillatory NEMD 

simulations and the oscillatory active microrheology experiments111 at different volume 

fractions.  It is to be noted that in the literature experiments,111 the 휂𝑟
∗ values were 

presented by rescaling the volume fraction values using the effective radius of the 

colloidal particles; our results are compared with the results that were reported in the 
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literature experiments111 using these rescaled volume fraction values.  Though the 𝜙 

values used in the experiments and in our simulations are slightly different, the 휂𝑟
∗ values 

obtained from the two techniques are semi-quantitatively consistent and both exhibit a 

Newtonian plateau at low frequencies followed by the onset of frequency thinning with 

an increase in the value of 𝛼.  Furthermore, as expected, the dynamic viscosity (휂𝑟
∗) 

values increase with an increase in the  volume fraction (𝜙).   

It has been previously reported in the literature that the Cox-Merz rule completely  

 

(𝒂) 
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breaks down119-120 or fails only at high volume fractions111 in the case of the colloidal 

suspension systems.  For the purpose of comparing the results of the steady shear and the 

oscillatory shear simulations obtained in this work, the Cox-Merz relationship121 was 

employed as follows: 

(𝒃) 

Figure 𝟐. 𝟗. (𝑎) Comparison of the relative dynamic viscosity (휂𝑟
∗) values obtained 

from the oscillatory NEMD simulations and the oscillatory active rheology 

experiments111 for different volume fractions (𝜙) and (𝑏) comparison of the relative 

steady shear viscosity (휂𝑟) and the relative dynamic viscosity (휂𝑟
∗) values to check for 

the validity of the Cox-Merz rule.   
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                                                        휂𝑟(�̇�) = 휂𝑟
∗(𝜔 2𝜋⁄ )                                                               (2.7) 

In order to arrive at a meaningful comparison, the shear rate (�̇�) was also represented in 

the form of a Péclet number as 𝑃𝑒 =
�̇�(𝑅𝑏𝑎𝑟𝑒

𝑐 )2

𝐷𝑐
.  Figure 2.9(b) shows the comparison of 

the relative steady shear (휂𝑟) and the relative dynamic viscosity (휂𝑟
∗) values obtained from 

simulations for our model systems used in this study.  As can be seen from the figure, the 휂𝑟
∗ 

values are quantitatively consistent with the shear viscosity (휂𝑟) values only up to 𝜙 =

0.40 for our model systems and the agreement between the two deteriorates for 𝜙 ≥

0.45.  

𝟐. 𝟒. 𝟒. Time-Concentration Superposition Principle: Master Curves of 𝑮′ and 𝑮′′ 

Theoretical work by Brady122 has indicated that the real and the imaginary parts 

of the complex viscosity of suspensions of different volume fractions can be superposed 

on a master curve by scaling the frequency using the concentration dependent time scale 

for diffusion.  Furthermore, it has also been shown that the experimental modulus values 

for colloidal glasses at different volume fractions (𝜙) can be collapsed onto a master 

curve using the time-concentration superposition (TCS) principle.123-124  However 

recently, Peng et al.5 have argued that the TCS principle works for colloidal suspensions 

only when the 𝛼-relaxation and the 𝛽-relaxation processes are considered individually 

but fails when applied to a combination of both of these mechanisms.  In order to test the 

applicability of this superposition principle to our model systems, a similar approach by 

applying the TCS principle to the simulated values of the elastic (𝐺′) and the loss (𝐺′′) 

modulus to construct the master curves of the modulus values is followed.  It must be 

noted that the solvent contribution (𝜔휂𝑠) is not removed from the 𝐺′′ values reported in 
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this work.  This is because the time-concentration superposition (TCS) principle is 

applicable only to the 𝐺′ and the 𝐺′′ values and not to the 𝐺′ and the reduced loss 

modulus (𝐺′′ − 𝜔휂𝑠) values.  In particular, it is of interest to check whether the TCS 

principle can be applied to a combination of both the 𝛼-relaxation and the 𝛽-relaxation 

processes in our model colloidal systems.  For this purpose, 𝜙 = 0.40 was chosen as the 

reference volume fraction.  The horizontal and the vertical shifts of the viscoelastic 

modulus values were performed to collapse them onto a single master curve.    

 

Figure 𝟐. 𝟏𝟎.  Master curve of the loss tangent (tan 𝛿) as a function of the scaled 

frequency (𝑎𝜙𝜔).  The chosen reference volume fraction is 𝜙 = 0.40.   
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Specifically, the horizontal shift factors (𝑎𝜙) were first identified by constructing a 

master curve of the loss tangent (tan 𝛿) as shown in Figure 2.10.  A slope value of −0.5 

in the low frequency region of the loss tangent master curve corresponds to the terminal 

region and the values at high volume fractions (𝜙 ≥ 0.45) were horizontally shifted with 

respect to this terminal slope line.  Furthermore, for 𝜙 ≥ 0.45, an increase in the loss 

tangent values with an increase in the frequency indicates the emergence of the 𝛽-

relaxation process.  This exercise was then followed by the manual determination of the 

vertical shift factors (𝑏𝜙) that are required to collapse all of the 𝐺′ values at different 

volume fractions.  The same shift factors were then used to construct a master curve of 

the 𝐺′′ values.  Figure 2.11 shows the master curves of the scaled elastic (𝑏𝜙𝐺′) and the 

scaled loss (𝑏𝜙𝐺′′) modulus as a function of the scaled frequency (𝑎𝜙𝜔).  As can be seen 

from the figure, the master curves obtained by the application of the TCS principle 

successfully extend the frequency range available to simulations, thus resulting in a linear 

viscoelastic (LVE) spectrum that spans nine decades of frequency in the case of 𝐺′ and 

more than four decades of frequency in the case of 𝐺′′.  The LVE spectrum clearly shows 

that the colloidal system response exhibits a transition from a fluid-like behavior 

(dominant 𝐺′′) in the terminal regime to more of a solid-like behavior (dominant 𝐺′) at 

the higher frequencies.  However, the expected crossover region in 𝐺′′ (i.e. the region 

where a minimum in 𝐺′′ is observed) could not be obtained at the high volume fractions 

as it would require simulations at very low frequencies which are computationally 

expensive.  The expected terminal region scaling, i.e., 𝐺′ ~ 𝜔2 and 𝐺′′ ~ 𝜔1, is observed 

in the low frequency region for the master curve, but the TCS principle is observed to 

work only up to a volume fraction of 𝜙 = 0.40.  The loss (𝐺′′) modulus values fail to  
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collapse onto the master curve at high volume fractions near the glass transition 

concentration (𝜙𝑔), due to the emergence and the overlap of the 𝛽-relaxation process 

with the 𝛼-relaxation process at these volume fractions, as was also observed by Peng et 

al.5  It is of importance to note that the 𝐺′ values are observed to seemingly superpose 

over the entire frequency range.  However, the 𝐺′ master curve obtained in this work  

Figure 𝟐. 𝟏𝟏.  Master curves of the scaled elastic (𝑏𝜙𝐺′) and the scaled loss (𝑏𝜙𝐺′′) 

modulus as a function of the scaled frequency (𝑎𝜙𝜔).  The chosen reference volume 

fraction is 𝜙 = 0.40.   
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should not be considered as a true master curve because the corresponding 𝐺′′ values do 

not superpose at high volume fractions.  It is thus clear that only the 𝛼-relaxation process 

seems to follow the TCS principle, as was argued by Peng et al.5     

The quality of the master curves obtained using the TCS principle can be further 

assessed by using the van Gurp-Palmen plot125 of the scaled complex modulus, 𝑏𝜙|𝐺∗| =

𝑏𝜙
√𝐺′2 + 𝐺′′2 (see Figure 2.12).  As can be seen from the figure, the phase lag values  

Figure 𝟐. 𝟏𝟐. Van Gurp-Palmen plot of the scaled complex modulus (𝑏𝜙|𝐺∗|) for 

colloidal suspensions of different volume fractions (𝜙).   
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fall on a continuous curve from 𝜙 = 0.15 to 𝜙 = 0.40, thus indicating the validity of the 

TCS principle at low volume fractions.  Furthermore, the phase lag values for 𝜙 > 0.40 

do not follow a continuous trend, a finding that is consistent with the observation that the 

TCS principle fails at high volume fractions near 𝜙𝑔.  A phase lag value of 𝛿 ≈

1.57 𝑟𝑎𝑑 ≈ 90° corresponding to the terminal relaxation is also obtained, which is 

consistent with the terminal slopes seen in the master curves of the LVE spectrum, where 

the TCS principle is valid.   

For further validation, the Kramers-Kronig relations,126 as given by Equations 2.8 

and 2.9, were used to predict the 𝐺′ values from the 𝐺′′ values and vice-versa.   

                                      𝐺′(𝜔) = 𝐺′(0) −
2𝜔2

𝜋
𝒫 ∫

𝐺′′(𝑢) 𝑢⁄ −𝐺′′(𝜔) 𝜔⁄

𝑢2−𝜔2 𝑑𝑢
∞

0
                     (2.8) 

                                             𝐺′′(𝜔) =
2𝜔

𝜋
𝒫 ∫

𝐺′(𝑢)−𝐺′(𝜔)

𝑢2−𝜔2 𝑑𝑢
∞

0
                                     (2.9)      

where 𝒫 is the Cauchy principal value.  Figure 2.13 compares the Kramers-Kronig 

predictions of the scaled elastic (𝑏𝜙𝐺′) and the scaled loss (𝑏𝜙𝐺′′) modulus values with 

the master curves obtained using the TCS principle.  It must be noted that the Kramers-

Kronig predictions of 𝑏𝜙𝐺′′ were obtained only in the low frequency region where the 

TCS principle is successfully applicable.  As can be seen in Figures 2.13(a) and 2.13(b), 

the 𝑏𝜙𝐺′ and the 𝑏𝜙𝐺′′ predictions show small variation from the values obtained from 

the master curves of 𝑏𝜙𝐺′ and 𝑏𝜙𝐺′′ at all frequencies.  The differences in the Kramers-

Kronig predictions of 𝑏𝜙𝐺′ are attributed to the absence of 𝑏𝜙𝐺′′ values at high 

frequencies whereas the differences in 𝑏𝜙𝐺′′ values are attributed to the very large 

uncertainties in 𝑏𝜙𝐺′ values in the low frequency region, which make it difficult to 
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obtain the 𝑏𝜙𝐺′′ values accurately.  In summary, the TCS principle is shown to be 

applicable to the simulation results for the viscoelastic moduli of the model colloidal 

systems only for the volume fractions well below the glass transition concentration (i.e., 

for the terminal region related to the 𝛼-relaxation process).   

𝟐. 𝟒. 𝟒. 𝟏. Physical significance of the shift factors 

The shift factors can be related to the relative zero shear viscosity of the colloidal 

suspensions as follows:127 

 

(𝒂) 
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𝑎𝜙

𝑏𝜙
=

𝜂𝑟,𝜙

𝜂𝑟,𝑟𝑒𝑓
                                                                       (2.10) 

where 휂𝑟,𝜙 and 휂𝑟,𝑟𝑒𝑓 are the relative zero shear viscosity values at the volume fraction of 

interest and the reference volume fraction, respectively.  Figure 2.14 shows a comparison 

of the plots of the ratio of shift factors (
𝑎𝜙

𝑏𝜙
) and the relative zero shear viscosity 

(𝒃) 

Figure 𝟐. 𝟏𝟑. Comparison of the Kramers-Kronig predictions (yellow plus-squares) 

with the master curves of (𝑎) the scaled elastic (𝑏𝜙𝐺′) and (𝑏) the scaled loss (𝑏𝜙𝐺′′) 

modulus values.   
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(
𝜂𝑟,𝜙

𝜂𝑟,𝑟𝑒𝑓
) as a function of the colloidal volume fraction (𝜙).  It is seen that, within the 

statistical uncertainties, values of the ratio of shift factors are in good agreement with the 

relative zero shear viscosity values up to 𝜙 = 0.40 but they start to deviate from the 

relative zero shear viscosity values at 𝜙 = 0.45.  It is to be noted that the TCS principle 

was also found to be applicable only up to the volume fraction of 𝜙 = 0.40.  Also, the 

horizontal shift factors are observed to increase with an increase in the volume fraction 

up to 𝜙 = 0.49 whereas the vertical shift factors increase up to = 0.40 and attain almost 

a constant value at higher volume fractions (see inset of Figure 2.14).  Furthermore, the 

TCS principle was successfully applied to superpose the 𝛽-relaxation process 

individually and the horizontal shift factors (𝑎𝜙,𝛽) corresponding to this superposition are 

also shown in the inset of Figure 2.14.  As can be seen, these 𝑎𝜙,𝛽 values do not show a 

dependence on the volume fraction as was also seen in the experimental and simulation 

study by Peng et al.5   

The volume fraction dependence of the ratio of shift factors or the relaxation time 

can be described5, 128 by the Vogel-Fulcher-Tammann (VFT) equation129-131 as follows: 

                                                      
𝑎𝜙

𝑏𝜙
= 𝑒𝑥𝑝 [𝐵 +

𝐶

𝜙∞−𝜙
]                                                          (2.11) 

where B and C are the VFT constants, and 𝜙∞ represents the volume fraction at which the 

motion of the colloidal particles freezes completely (i.e., the random close packing, RCP).  

It is to be noted that a good fit of the William-Landel-Ferry (WLF) equation132-133 (which 

is mathematically equivalent to the VFT equation) to the shift factors of the unjammed 

systems was reported by Wen et al.124 in the application of TCS principle to study the 
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dynamics of soft colloidal glasses.  As can be seen from the Figure 2.14, the VFT 

equation provides an excellent fit to the ratio of the shift factors at volume fractions lower 

than the glass transition concentration (i.e., unjammed volume fractions of 𝜙 < 0.455).   

 

Figure 𝟐. 𝟏𝟒. Comparison of the ratio of shift factors (
𝑎𝜙

𝑏𝜙
) and relative zero shear 

viscosity (
𝜂𝑟,𝜙

𝜂𝑟,𝑟𝑒𝑓
) as a function of volume fraction (𝜙).  The dashed violet line is the 

VFT fit to the ratio of shift factors.  Inset: Horizontal (𝑎𝜙) and vertical  (𝑏𝜙) shift 

factors as a function of volume fraction (𝜙).  Also, the horizontal shift factors (𝑎𝜙,𝛽) 

that were used to superpose the 𝐺′′ values in the 𝛽-relaxation region are shown as pink 

cross-circles.  The dashed violet line is the VFT fit to the 𝑎𝜙 values. 
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The best fit parameter values of 𝐵 = −3.886 and 𝐶 =  0.483 were obtained from this 

VFT fit to the 
𝑎𝜙

𝑏𝜙
 ratio.  These values are similar to those obtained in a recent study of 

colloidal glasses by one of us.5  Furthermore, a fit value of 𝜙∞ = 0.524 was obtained 

which is slightly higher than the glass transition concentration (𝜙𝑔) value of 0.519 that is 

obtained using the MCT fit to the 휂𝑟 values (see Section 2.4.2).   

The VFT equation can also be used to represent only the horizontal shift factors 

(𝑎𝜙) used in the construction of the master curves.  Such an attempt to fit the VFT 

equation to the 𝑎𝜙 values resulted in the parameter values of 𝐵 = −12.17, 𝐶 =  3.357, 

and 𝜙∞ = 0.676 (see inset of Figure 2.14).  The 𝜙∞ value obtained from this fit is much 

higher than expected and is not consistent with the previous observations made for our 

model systems.  Also, the VFT equation could not properly represent the 𝑎𝜙 values at 

low volume fractions.  These findings signify the importance of accounting for the 

vertical shift factors (𝑏𝜙) (i.e., using the 
𝑎𝜙

𝑏𝜙
 ratio instead of just 𝑎𝜙) for the purpose of 

accurately quantifying the viscosity behavior as a function of volume fraction.  Both the 

𝑎𝜙 and the 𝑏𝜙 values contain information related to the relaxation modes of the model 

colloidal systems and both must be taken into account whenever the vertical shift factors 

along with the horizontal shift factors are used in the construction of the master curves of 

the elastic and the loss modulus values using the TCS principle.   

𝟐. 𝟓. SUMMARY AND CONCLUSIONS 

The interparticle interactions play a significant role in governing the rheology of 

nanocolloidal suspensions due to the comparable sizes of the solvent and the colloidal 
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particles in these systems.  In this work, a particulate molecular model that explicitly 

accounts for these colloid-colloid, colloid-solvent, and solvent-solvent interactions is 

used.  The model is used to investigate the rheology of nanocolloidal suspensions using 

MD simulations.  The rheological features of our nanocolloidal model systems with a 5: 1 

colloid-solvent size ratio were found to be consistent with those observed in the systems 

with a large size difference between the solvent and the colloidal particles.  Specifically, 

for 𝜙 ≤ 0.45, the relative zero shear viscosity (휂𝑟) values of these systems were observed 

to be in good agreement with those reported in the previous macroscopic experimental 

and mesoscopic simulation studies.  The elastic (𝐺′) and the loss (𝐺′′) modulus values of 

these model colloidal suspensions showed the expected transition from a fluid-like 

behavior at low volume fractions to more of a solid-like behavior at high volume 

fractions.   

Molecular simulations can treat the interparticle interactions via the use of explicit 

solvent models but because of this aspect, the simulations are restricted to small time or 

frequency scale windows.  Our results showed that similar to experimental rheology, the 

frequency scale accessible to simulations can be extended by applying the time-

concentration superposition (TCS) principle to the colloid rheological properties but the 

TCS principle works only for the 𝛼-relaxation process.  Application of the TCS principle 

resulted in a linear viscoelastic (LVE) spectrum covering nine decades of frequency for 

the elastic modulus and more than four decades of frequency for the loss modulus values.  

However, the TCS principle failed at high volume fractions (𝜙 > 0.40) near the glass 

transition concentration (𝜙𝑔) regime, as evident from the master curve of the loss 

modulus.  The validity of the TCS principle was judged by using several tests: The van 
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Gurp-Palmen plot showed a continuous behavior of the phase lag as a function of the 

complex modulus and the master curves followed the Kramers-Kronig predictions.  

Furthermore, the volume fraction dependence of the ratio of shift factors followed the 

VFT equation and was also in quantitative agreement with the relative zero shear 

viscosity values.  In summary, our results show that a fully particulate molecular model 

of the nanocolloidal suspensions captures the known rheological behavior of colloidal 

systems in terms of viscosity and viscoelasticity and the time-concentration superposition 

(TCS) principle can be used as a viable tool to overcome the challenges posed by the 

accessibility to a limited timescale in simulations.   

The explicit solvent molecular model provides the ability to study the 

fundamental physics related questions in probe rheology that result when the probe 

particle size and the suspension medium particle size become comparable.  Such an effort 

that combines probe rheology simulations134-135 with the molecular models of 

nanocolloidal suspensions is currently underway in our group.  The interactions between 

different types of particles were represented using the basic, purely repulsive WCA 

potential in this work.  The ability of the model to handle the effect of specific 

interactions was demonstrated by making a simple change in the interaction potential 

from the WCA to the LJ potential (which also has attractive interactions); this change 

resulted in approximately a factor of two increase in the viscosity of the model system.  

As shown in the previous literature studies,30, 101 the local structure of the colloidal 

systems (e.g. aggregation/dispersion) can be tuned by changing the length scale of the 

different interactions in the systems.  Furthermore, the model used in this work can be 

readily extended by incorporating the appropriate intermolecular interactions (e.g. 
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electrostatic interactions) between the particles in the case if the interactions in the 

system are strong and thus one is interested in studying the effects of specific chemistry 

on the structure as well as the rheology of a particular nanocolloidal suspension.  Such a 

study can be carried out using atomistically detailed models of the nanocolloidal systems.  

However, this ability to handle specific interactions and short range structure comes with 

a potentially severe increase in the computational cost of the simulations compared to the 

cost of mesoscopic simulation techniques such as BD and SD that use a continuum 

representation of the solvent.  The explicit solvent model that is employed here will only 

be useful when specific chemical interactions and nanoscale molecular structure play an 

important role in governing the system rheology thus rendering continuum treatment of 

the solvent inadequate.  For complex fluid systems where both nanoscale and mesoscale 

effects are important, the results from these explicit solvent model simulations could 

serve as an input to the mesoscale simulation techniques such as BD or SD simulations.   
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CHAPTER 𝟑 

LINEAR VISCOELASTICITY OF NANOCOLLOIDAL 

SUSPENSIONS FROM PROBE RHEOLOGY MOLECULAR 

SIMULATIONS 

The contents of this chapter are intended to be a part of the manuscript that is currently under 

preparation. 

 

𝟑. 𝟏. ABSTRACT 

Molecular dynamics (MD) simulations in conjunction with the probe rheology 

technique are used to investigate the linear viscoelasticity of nanocolloidal suspensions.  

A particulate model of the solvent is used in which the hydrodynamics is governed by the 

interparticle interactions.  Active and passive probe rheology molecular simulations are 

performed on the colloidal suspensions of different volume fractions ranging from 0.30 

to 0.45 to determine the linear viscoelastic properties of these systems.  The viscoelastic 

modulus of the suspensions is obtained by analyzing the probe motion using continuum 

mechanics.  In active rheology, the colloidal distribution around the probe is observed to 

be symmetric at all conditions investigated which is consistent with the system being in 

the linear regime.  In passive rheology, the mean-squared displacement of the probe 

exhibits both the ballistic and the diffusive regimes over the time-scales studied.  The 

dynamic modulus and the reduced complex viscosity so obtained from the probe 

rheology simulations are in good agreement with the results from the oscillatory non-

equilibrium MD simulations and the literature theoretical predictions.  Furthermore, it is 

shown that accounting for the artificial hydrodynamic interactions between the probe and 
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its periodic images improves the quantitative accuracy of the modulus values.  Only the 

probe sizes that are considerably larger than that of the colloids are observed to yield 

accurate viscoelastic modulus at all volume fractions investigated.  These results 

demonstrate that the probe rheology simulations is a robust technique to investigate the 

nanocolloid rheology that is dictated by the intermolecular interactions in such systems.   

𝟑. 𝟐. INTRODUCTION 

Colloidal suspensions are structurally simple systems that consist of microscopic 

colloidal particles embedded in a macroscopic solvent medium.  On the other hand, 

colloidal suspensions are rheologically complex systems that are typically viscoelastic 

exhibiting both the elastic- and the viscous-like behaviors depending on the length- and 

the time-scales of inspection of these systems.  Due to their rich rheological behavior, one 

can find applications of the colloidal suspension systems in a wide range of commercial 

products such as paints, cosmetics, pharmaceutics, and food materials.  The rheology of 

these systems can depend on the spatial and the temporal evolution of the colloidal 

microstructure when subjected to an externally imposed flow field.  Since the traditional 

macrorheological experimental techniques136 are used to investigate these systems over 

much longer length scales compared to that of the microstructural constituents, there is a 

need to probe the colloidal suspension systems at the micrometer length scale to infer the 

local rheological properties that are governed by the microstructure within these systems.   

Over the years, the particle tracking microrheology technique7, 59, 62, 64, 137 has been 

used to investigate the small-scale rheological behavior of colloidal suspensions.  The 

technique was introduced in the work of Mason and Weitz,56 who used it to determine the 
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linear viscoelastic properties of various complex fluids such as a hard sphere suspension, 

a polymer solution, and an emulsion.  The rheology of the different complex systems was 

investigated by analyzing the Brownian motion of the micron-sized particles (i.e., in the 

passive mode) in the medium using the generalized Stokes-Einstein relation (GSER).  By 

definition that the probe motion is Brownian, the passive microrheology can only be used 

to extract the linear rheological properties.  In the literature experiments, the applications 

of passive microrheology can be found for different class of materials such as the 

polymer solutions,138 the micellar solutions,139 the F-actin polymer networks,140 and the 

hydrogelators.141  Of particular interest to this work, Mason and Weitz76 have also used 

the passive microrheology technique to investigate the linear viscoelastic properties of 

the colloidal suspensions at different volume fractions (𝜙).  

In the alternate implementation of probe rheology, namely active rheology, the 

probe particle is actively driven by the application of an external force.142  Specifically, in 

the active mode, a known constant or an oscillatory force is applied to the probe particle 

and its resulting motion is measured to determine the rheological properties of the 

embedding medium.  Experimentally, the probe can be actively driven, for example, via 

the laser or the magnetic tweezers.57  In the past, complex materials such as the polymer 

solutions143-145 and the hydrogels146 have been investigated using the active 

microrheology technique.  Furthermore, using the laser tweezers, Sriram et al.77 and 

Meyer et al.69 have reported the non-linear microrheological properties of the colloidal 

suspension systems.  Habdas et al.78 used the magnetic tweezers to show that the 

approach to the glass transition concentration (𝜙𝑔) in the colloidal suspensions is 

accompanied by an increase in the non-linearity of the drag force experienced by the 
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probe particle.  Active microrheology experiments have also been used to infer the linear 

rheological properties of the suspension systems.111  If the goal is to obtain the linear 

rheological properties in active rheology, one has to be cautious about the forcing 

strength by which the probe is driven through the medium.  In particular, the amplitude of 

the external force is chosen such that the resulting amplitude of the probe displacement is 

much smaller than the probe size itself in order to ensure that the system is not deformed 

from its equilibrium microstructure.   

 In the active mode, the probe particle can be pulled either by a constant force 

(CF) or with a constant velocity (CV) through the complex medium.  The advancements 

in the theoretical microrheology has had a significant impact in the better understanding 

of the suspension rheology and there exists an extensive literature that has focused on 

determining the suspension viscosity,71, 147 the normal stresses,70 and the force induced 

diffusion148 by applying a constant external force to the probe particle.  In addition, it has 

been shown that in the case of the dilute suspensions, when the probe and the bath 

particles are of the same size, the effective viscosity inferred from the CF and the CV 

conditions differ by a factor of 2 in the absence of the hydrodynamic interactions.68  

Similar observations were also seen in the case of the concentrated suspensions using 

Brownian dynamics (BD) simulations.85, 149  Recently, Swan et al.150 and Nazockdast et 

al.151 have accounted for the effect of the hydrodynamic interactions to study the probe 

motion in the colloidal suspensions under the CF and the CV conditions.  It is thus clear 

that, unlike the passive mode, understanding the conditions under which the active 

rheology is performed is critical to obtaining a meaningful rheological picture for the 

colloidal suspension systems. 
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The systems of interest in this work are the nanocolloidal suspensions that consist 

of the colloidal particles whose size in at least one of the dimensions is of the order of 

20 𝑛𝑚 or smaller.  In the nanocolloidal suspensions, the solvent-solvent, the colloid-

solvent, and the colloid-colloid interactions govern the system behavior due to the 

comparable sizes of the solvent and the colloidal particles.42, 47  Thus, an explicit solvent 

model was recently developed (see Chapter 2) to quantitatively capture the viscosity and 

the linear viscoelasticity of the nanocolloidal suspensions using the non-equilibrium 

molecular dynamics (NEMD) simulations.152  Furthermore, analogous to the 

microrheology technique, the use of the molecular dynamics (MD) simulations coupled 

with the continuum analysis of the probe motion to predict the linear viscoelasticity of the 

unentangled134 and the weakly entangled135 polymer melt systems was also recently 

demonstrated.  One of the two objectives of this work is to investigate the general 

applicability of the same formalism in both the active and the passive modes to decipher 

the linear bulk viscoelasticity of the nanocolloidal suspensions with the help of the 

particulate molecular models.  The other objective is to delineate the conditions that must 

be satisfied to perform probe rheology at the nanoscale level that will guide the extension 

of the probe rheology technique to atomistically detailed systems, for example, a 

biological medium, that is of practical importance.  In active rheology, the distribution of 

the colloidal particles around the probe was found to be symmetric thus giving 

confidence that only the linear region of the suspension system is being probed.  

Furthermore, in passive rheology, the mean-squared-displacement (MSD) of the probe 

showed both the ballistic and the diffusive behaviors at the short and the long times, 

respectively.  Similar to our works on the polymer melt systems,134-135 it is observed that 
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the use of the inertial version of the generalized Stokes-Einstein relation (IGSER) that 

accounts for both the medium and the particle inertia is necessary to accurately determine 

the viscoelastic modulus of the nanocolloidal systems.  The elastic (𝐺′) and the loss (𝐺′′) 

modulus values obtained from the probe rheology molecular simulations were found to 

be in good quantitative agreement with those obtained using the non-equilibrium 

molecular dynamics (NEMD) simulations.  It was confirmed that the probe rheology 

simulations recover the bulk rheology of the suspension by observing a good quantitative 

agreement between the real (Δ′) and the imaginary (Δ′′) parts of the reduced complex 

viscosity obtained from the probe rheology and the literature theoretical model.  Multi-

body artificial probe hydrodynamic interactions were observed to have an effect at the 

low frequency probe rheology simulations and it is shown that a modification to the 

analysis methodology that can account for such an effect can improve the accuracy of the 

viscoelastic modulus values.  Furthermore, only the use of the probe sizes that are 

considerably larger than that of the colloidal particles (probe-colloid ratio = 3.2) were 

observed to yield accurate viscoelastic modulus values at all volume fractions (𝜙) 

studied in this work.  Our work demonstrates the ability of the probe rheology molecular 

simulation technique to quantitatively capture the linear viscoelastic properties of the 

nanocolloidal suspensions.   

The rest of the paper is organized as follows: In the following section, the details 

of the explicit solvent model of the colloidal suspension system that consists of a probe 

and the simulation methodology that is employed to study the suspension model are 

discussed.  This is followed by a detailed description of the continuum analysis procedure 

that is used to analyze the probe motion in both the active and the passive modes.  In the 
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results section, the values of the elastic (𝐺′) and the loss (𝐺′′) modulus obtained from the 

active and the passive probe rheology simulations are compared with those obtained 

using the NEMD simulations.  In addition, a comparison between the simulation results 

and the theoretical predictions of the reduced complex viscosity (Δ) is presented.  

Furthermore, the procedure to account for the artificial hydrodynamic interactions 

(AHIs) between the probe and its periodic images in the continuum analysis and the 

effect of the relative size ratio of the probe and the colloidal particles on the measured 

viscoelastic properties are discussed.  The paper is closed by summarizing the findings of 

this work.   

𝟑. 𝟑. MOLECULAR MODEL AND SIMULATION DETAILS 

The particulate model system for carrying out the probe rheology simulations 

consisted of a probe particle that was dispersed in a nanocolloidal suspension medium.  

Such a model system was prepared at different colloidal volume fractions (𝜙) ranging 

from 0.30 to 0.45 (i.e., covering the regimes of the moderate and the concentrated 

suspensions) that are below the glass transition concentration (𝜙𝑔) for these model 

systems which was found to be in the range of 𝜙𝑔 = 0.476 − 0.519 in our recent study 

on the nanocolloidal model systems.152  The hydrodynamics in these model systems is 

governed by the interparticle interactions.  The molecular model and the simulation 

methodology for this particulate nanocolloidal model in the absence of a probe particle 

was discussed in our recent work and will be presented here for the sake of completeness.  

The model system was comprised of three types of particles that are of different sizes, 

namely the solvent particles, the colloidal particles, and a probe particle.  A 5: 1 colloid-
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solvent size ratio and a 16: 5 probe-colloid size ratio were employed in our simulations.  

In particular, the solvent particles, being the smallest in size, were modeled as beads of 

bare radius 𝑅𝑏𝑎𝑟𝑒
𝑠 = 0.5.  The initial configuration of the systems were prepared in such a 

way that the colloidal particles are of the same size as that of the solvent particles.  The 

size of the colloidal particles was then gradually increased in a stepwise-fashion using 

short molecular dynamics (MD) simulations into large smooth spheres of bare radius 

𝑅𝑏𝑎𝑟𝑒
𝑐 = 2.5.  The probe particle was modeled as a rough sphere of bare radius 𝑅𝑏𝑎𝑟𝑒

𝑝
= 

 

Figure 𝟑. 𝟏. (𝑎) Simulation box of a probe particle embedded in a nanocolloidal 

suspension of volume fraction 𝜙 = 0.30.  The probe particle and the colloidal particles are 

shown in red and cyan colors, respectively.  The solvent particles (shown as gray dots) are 

greatly reduced in size for the sake of clarity.  (𝑏) Close-up view of a section of the 

simulation box highlighting the molecular models of the probe and the colloidal particles 

used in this study.   
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8.  Specifically, the probe particle was constructed as a collection of 2988 beads that are 

carved out of a face-centered cubic (FCC) crystal lattice structure with a lattice spacing 

value of 1.42.  The rigidity of the probe was maintained by connecting the neighboring 

beads using the stiff harmonic bonds, 𝑈ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐 =
1

2
𝑘(𝑙 − 𝑙0)2, where 𝑘 = 1000 is the 

force constant and 𝑙0 is the equilibrium bond distance as determined from the lattice 

spacing of the initial crystal structure.  Thus, the value of 𝑙0 was set to be 1.42 for the 

bonds between the corner atoms and 1.004 for the bonds between the corner and the face 

centered atoms that were originally placed on the FCC lattice.  These values of 𝑙0 ensure 

that the beads of the probe particle are just touching each other, thus resulting in a closed 

spherical structure of the probe particle.  A snapshot of the sample simulation box 

highlighting the molecular model of the probe particle embedded in a nanocolloidal 

suspension of volume fraction, 𝜙 = 0.30 is shown in Figure 3.1.   

 The background solvent particles in the system interacted with each other via the 

purely repulsive potential, known as the Weeks-Chandler-Andersen (WCA) potential8 as 

follows:   

                            𝑈𝑊𝐶𝐴(𝑟) = {
4휀 [(

𝜎

𝑟
)

12

− (
𝜎

𝑟
)

6

+
1

4
] , 𝑟 ≤ 𝑟𝑐 = 21/6𝜎

0, 𝑟 > 𝑟𝑐,
                             (3.1) 

where 휀 and 𝜎 are the Lennard Jones (LJ) parameters, and 𝑟𝑐 is the cut-off distance.  All 

of the physical quantities discussed in this work are presented in the reduced LJ units 

defined by the reduced time 𝑡∗ =
𝑡

(𝑚𝜎2⁄ )1 2⁄ , the reduced temperature 𝑇∗ =
𝑇

( 𝑘𝐵⁄ )
, the 

reduced density 𝜌∗ = 𝜌𝜎3, and the reduced distance 𝑟∗ =
𝑟

𝜎
, etc.  It is clear from these 

definitions that the quantities in the reduced units can be converted to those in the real 
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units by writing them in terms of the parameters of the coarse-grained model used in this 

work.  For example, if each of the solvent particles correspond to a single water 

molecule, then by using the TIP4P/2005 model99 to get the LJ parameters for water, one 

can determine that a reduced shear rate of �̇�∗ =
�̇�

( 𝑚𝜎2⁄ )1 2⁄ = 0.01 and a reduced viscosity 

of 휂∗ =
𝜂

(𝑚 𝜎4⁄ )1 2⁄ = 0.5 will correspond to the values of �̇� = 6.565 × 109 𝑠−1 and 휂 =

0.031 × 10−3 𝑃𝑎. 𝑠, respectively.  For the sake of convenience, the asterisk symbol will 

not be used to denote the reduced units in the rest of this work.  The colloidal particles 

interacted with each other and with the background solvent particles via the distance-

shifted WCA potential9-10, 152 as follows:   

               𝑈𝑠ℎ𝑖𝑓𝑡𝑒𝑑−𝑊𝐶𝐴(𝑟) = {
4휀 [(

𝜎

𝑟−𝑎
)

12

− (
𝜎

𝑟−𝑎
)

6

+
1

4
] , 𝑟 − 𝑎 ≤ 𝑟𝑐 = 21/6𝜎

0, 𝑟 − 𝑎 > 𝑟𝑐.
           (3.2) 

For all of the interactions discussed above, values of 휀 = 1 and 𝜎 = 1 were used.  The 

parameter 𝑎 that appears in Equation 3.2 accounts for the size of the colloidal particles.  

Specifically, in the case of the colloid-colloid interactions, the value of 𝑎𝑐𝑐 was set to be 

2𝑅𝑏𝑎𝑟𝑒
𝑐 − 𝜎 = 4.  Furthermore, the depletion forces between the colloid and the solvent 

particles were prevented in our simulations by setting the parameter 𝑎𝑐𝑠 for the colloid-

solvent interactions to a value that is slightly smaller than the expected value (𝑎𝑐𝑠 =

𝑅𝑏𝑎𝑟𝑒
𝑐 + 𝑅𝑏𝑎𝑟𝑒

𝑠 − 𝜎 = 2).30  Specifically, the value of 𝑎𝑐𝑠 for the colloid-solvent 

interactions was set to be 0.9 × (𝑅𝑏𝑎𝑟𝑒
𝑐 + 𝑅𝑏𝑎𝑟𝑒

𝑠 − 𝜎) = 1.8 in this work.101  For the 

purpose of ensuring the no-slip boundary condition at the probe-medium interface, which 

is one of the main assumptions in our continuum analysis, the attractive interactions were 

introduced between the probe particle beads and the medium particles.12, 134-135  Thus, the 
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probe particle beads interacted with the solvent particles via the LJ potential while the 

probe-colloid interactions were modeled using the distance-shifted LJ potential.  The LJ 

parameters for these interactions were chosen as 휀 = 2 and 𝜎 = 1 with the cut-off 

distance 𝑟𝑐 = 2.5.  It must be noted that the value of the parameter 𝑎𝑐𝑝 = 𝑅𝑏𝑎𝑟𝑒
𝑐 +

𝑅𝑏𝑎𝑟𝑒
𝑠 − 𝜎 = 2 was used for the colloid-probe interactions.  The interactions between the 

beads constituting the probe particle were modeled using the WCA potential (see 

Equation 3.1), which is same as the one used for the solvent-solvent interactions in the 

suspension system.   

The colloidal volume fraction of the model systems was defined as 𝜙 =

𝑁𝑐

𝑉

4

3
𝜋(𝑅𝑏𝑎𝑟𝑒

𝑐 )3, where 𝑁𝑐 and 𝑉 are the number of the colloidal particles and the volume 

of the central simulation box, respectively.  Table 3.1 shows the number of the colloidal 

particles (𝑁𝑐) in a periodic cubic simulation box of edge length (𝐿) for different volume 

fractions (𝜙) at which the probe rheology molecular simulations were carried out.  The 

increase in the colloidal volume fractions was accompanied by the removal of a 

proportionate amount of the solvent particles from the system to ensure that the mass 

density was kept constant at 𝜌 = 0.60 for all of the volume fractions studied.  The mass 

of the colloidal particles was calculated as 𝑚 = 𝜌 ×
4

3
𝜋(𝑅𝑏𝑎𝑟𝑒

𝑐 )3 = 39.27 in order to 

maintain the density of the colloids at the same value as that of the background solvent 

medium.   

For the purpose of establishing a comparison with the linear viscoelastic 

properties obtained using the active and the passive probe rheology simulation technique, 

the oscillatory non-equilibrium MD (NEMD) simulation technique103 was employed.  
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Specifically, the model systems were subjected to an oscillatory shear strain at different 

frequencies (𝜔) using the SLLOD equations of motion and the sliding-brick periodic 

boundary conditions, and the oscillatory shear stress was measured as a function of time.  

The elastic (𝐺′) and the loss (𝐺′′)  modulus values were then determined from the 

resulting in-phase and out-of-phase components of the shear stress as 𝐺′ =
𝜎𝑜

𝛾𝑜
cos(𝛿) and 

𝐺′′ =
𝜎𝑜

𝛾𝑜
sin(𝛿), where 𝜎𝑜, 𝛾𝑜, and 𝛿 are the shear stress amplitude, the shear strain 

amplitude, and the phase lag, respectively.  The so-obtained viscoelastic modulus (𝐺′ and 

𝐺′′) values were then used for comparison with those obtained from the probe rheology 

simulations.  For both the active probe rheology and the NEMD simulations, a time-step 

of Δ𝑡 = 0.002992 − 0.003021 was used at each frequency to ensure that the oscillation 

time period is an integer multiple of the time-step.  During these simulations, the model 

systems were allowed to equilibrate for a duration of 50 oscillations at all frequencies 

studied.  This was then followed by the production stage, during which, the oscillatory 

shear stress in the case of the NEMD simulations and the oscillating probe displacement 

in the case of the active rheology simulations were collected for a period of 100 

oscillations at frequencies 𝜔 < 0.015 and for a period of 150 oscillations at frequencies 

𝜔 ≥ 0.015.  Furthermore, during the passive rheology simulations of the colloidal 

systems at different volume fractions (𝜙) for which a time-step of Δ𝑡 = 0.003 was used, 

the values of the mean-squared displacement (MSD) of the probe was collected for a 

duration of 72 × 106 time-steps.  The probe displacement from the active rheology and 

the probe MSD from the passive rheology were then used to extract the 𝐺′ and the 𝐺′′ 

values of the nanocolloidal systems at different volume fractions.  The modulus values 

were averaged over five independent replica systems for each of the volume fractions  
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studied.  The temperature of the model systems was maintained at 𝑇 = 1 using the Nosé-

Hoover thermostat106 and the MD simulations were carried out at the conditions of 

constant number of particles, volume, and temperature (constant NVT) using the large-

scale atomic/molecular massively parallel simulator (LAMMPS) package.107   

𝟑. 𝟒. ANALYSIS METHODOLOGY USING CONTINUUM MECHANICS 

The basic idea behind the probe rheology simulation technique is to establish a 

relationship between the probe particle motion in a complex medium and its nanoscale 

viscoelastic properties.  In order to accomplish this objective in the present study, the 

probe particle motion was analyzed using the continuum mechanics to obtain the elastic 

(𝐺′) and the loss (𝐺′′) modulus values of the colloidal suspension systems.  In our 

previous works, it was shown that the continuum mechanics expressions can be used to 

quantitatively analyze the results obtained from the molecular simulations of a variety of 

transport problems such as a simple shear flow,153 an oscillatory shear flow,154 and the 

𝝓 𝑳 𝑵𝒄 

0.30 100 4584 

0.35 120 9241 

0.40 150 20627 

0.45 150 23205 

Table 𝟑. 𝟏. Details of the number of the colloidal particles (𝑁𝑐) in a cubic simulation 

box of length (𝐿) for different volume fractions (𝜙) at which the probe rheology 

simulations were carried out.   
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translation and the rotation of a nanoparticle in a solvent medium.9, 12  Furthermore, it 

was also shown that the probe motion in both the active and the passive modes can be 

successfully analyzed using the continuum mechanics to extract the linear viscoelastic 

properties of the unentangled134 and the weakly entangled135 polymer melts.  In what 

follows, the analysis methodology employed for the active and the passive probe 

rheology simulations of the colloidal suspension systems is discussed.   

𝟑. 𝟒. 𝟏. Active Rheology 

The generalized Langevin equation (GLE) describing the motion of a probe particle 

in a viscoelastic medium can be written as, 

                       𝑚𝑏𝑎𝑟𝑒
𝑑2𝒓𝑏(𝑡)

𝑑𝑡2 = − ∫ 휁(𝑡 − 𝑡′)
𝑡

−∞

𝑑𝒓𝑏(𝑡′)

𝑑𝑡′ 𝑑𝑡′ + 𝑭𝐵(𝑡) + 𝑭𝑒𝑥(𝑡)                  (3.3) 

where 𝑚𝑏𝑎𝑟𝑒 is the bare mass of the probe particle, 𝒓𝑏(𝑡) is the spatial position of the 

probe at time 𝑡, and 휁(𝑡) is the memory function, or simply the time-dependent friction 

experienced by the probe particle.  The forces that induce probe motion are the Brownian 

motion 𝑭𝐵(𝑡), that is exerted by the surrounding medium on the probe particle and the 

externally applied force 𝑭𝑒𝑥(𝑡).  Analogous to the active microrheology experiments,111, 

143 the active rheology simulations were performed by subjecting the probe particle to an 

external sinusoidal oscillatory force, 𝑅𝑒{𝐹𝑜(𝜔)𝑒𝑖𝜔𝑡}, where 𝐹𝑜(𝜔) is the amplitude of the 

applied force and 𝑅𝑒 denotes the real part of the force expression.  In addition to the 

externally applied force, the probe particle was also subjected to an harmonic trap, 

−𝑯𝑒 . ∆𝒓𝑏(𝑡), to ensure that its equilibrium trap position is the same at all times, where 

𝑯𝑒 is the harmonic spring constant tensor and ∆𝒓𝑏(𝑡) is the displacement of the center of 
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mass of the probe from its trap position.  The molecular model of the colloidal suspension 

systems used in this work are isotropic and hence, the physical properties obtained by 

analyzing the probe particle motion are independent of the direction in which they are 

measured.  Thus, the oscillatory force was applied to the probe particle only in the 𝑥-

direction with a spring constant value of 𝐻𝑒,𝑥𝑥 = 10.  In the 𝑦- and the 𝑧- directions, the 

spring constant values were chosen to be 𝐻𝑒,𝑦𝑦 = 𝐻𝑒,𝑧𝑧 = 1000, to ensure that the probe 

displacement in these directions was negligible relative to that in the 𝑥-direction in which 

the force is applied.  It is to be noted that the off-diagonal elements (𝐻𝑒,𝑖𝑗, where 𝑖 ≠ 𝑗) 

of the spring constant tensor were set to a value of zero in the chosen Cartesian 

coordinate system.  The total external force acting on the probe particle in the 𝑥-direction 

can then be written as, 

                                     𝑭𝑒𝑥(𝑡) = 𝑅𝑒{𝐹𝑜(𝜔)𝑒𝑖𝜔𝑡}𝒆𝑥 − 𝐻𝑒,𝑥𝑥∆𝑥𝑏(𝑡)                                      (3.4) 

where 𝒆𝑥 is the unit vector along the 𝑥-direction.  It is important to note that the probe 

motion is also influenced by the thermal fluctuation in the medium (i.e., Brownian force 

𝑭𝐵(𝑡) ≠ 0) but the probe cannot wander through the medium due to the presence of the 

harmonic trap.  In response to the applied oscillatory force, the probe oscillates about its 

trap position as,  

                                            〈∆𝑥𝑏(𝑡)〉 = 𝑥𝑜(𝜔) 𝑅𝑒{𝑒𝑖[𝜔𝑡−𝛿(𝜔)]}                              (3.5) 

where 𝑥𝑜(𝜔) is the amplitude of the probe displacement in the medium and 𝛿(𝜔) is the 

frequency dependent phase lag between the applied force and the resulting probe 

displacement.  In our simulations, the value of the external force amplitude (𝐹𝑜) was 

chosen such that the probe displacement falls within the range of 𝑥𝑜 = 1.2 − 1.6 which is 
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approximately 10 − 13 times smaller than the probe diameter (2𝑅𝑏𝑎𝑟𝑒
𝑝 = 16).  Such a 

small amplitude probe displacement was used to obtain the linear viscoelastic properties 

of the colloidal suspension systems.  By substituting the expressions for the total external 

force on the probe particle (Equation 3.4) and the probe oscillatory displacement 

(Equation 3.5), and assuming that the strength of the Brownian force is negligible 

compared to that of the external force, one can take a two-sided Fourier transform of the 

GLE (Equation 3.3) in the 𝑥-direction that will result in the following functional form, 

                                      (𝑖𝜔)2𝑚𝑏𝑎𝑟𝑒 + 𝑖𝜔𝑍∗(𝜔) + 𝐻𝑒,𝑥𝑥 =
𝐹𝑜(𝜔)

𝑥𝑜(𝜔)𝑒−𝑖𝛿(𝜔)                             (3.6) 

where 𝑍∗(𝜔) is the frequency-dependent friction on the probe particle.  By solving 

Equation 3.6 for 𝑍∗(𝜔) and substituting it in the solution for the time-dependent 

creeping flow around a sphere moving with an arbitrary velocity (𝑢(𝜔)),155 an 

expression relating the probe motion in a complex medium and its viscoelastic properties 

can be obtained as follows:156-157   

                                𝑍∗(𝜔) =
6𝜋𝑅ℎ

𝑝
𝐺∗(𝜔)

𝑖𝜔
+ 6𝜋𝑅ℎ

𝑝2
√𝜌𝐺∗(𝜔) + 𝑖𝜔𝑚𝑒𝑓𝑓                       (3.7) 

where 𝑍∗(𝜔) = 𝑍𝑎𝑐𝑡𝑖𝑣𝑒
∗ (𝜔) =

1

𝑖𝜔
(

𝐹𝑜(𝜔)

𝑥𝑜(𝜔)
𝑒𝑖𝛿(𝜔) − 𝐻𝑒,𝑥𝑥), 𝑅ℎ

𝑝
 is the hydrodynamic radius 

of the probe particle, 𝐺∗(𝜔) = 𝐺′(𝜔) + 𝑖𝐺′′(𝜔) is the dynamic modulus of the 

suspension medium and 𝜌 is the medium density.  The three terms on the right side 

represent the generalized Stokes drag, the Basset force arising from the medium inertia, 

and the effective probe particle inertial force, respectively.  The value of 6 for the 

coefficient in the generalized Stokes drag expression assumes that the no-slip boundary 

condition holds at the probe-medium interface.  As per continuum mechanics, the 
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effective mass of the probe particle is defined as 𝑚𝑒𝑓𝑓 = 𝑚𝑏𝑎𝑟𝑒 + 𝑚𝑎𝑑𝑑, where 𝑚𝑎𝑑𝑑 =

2

3
𝜋𝑅ℎ

𝑝3
𝜌 is the added mass from the medium that is dragged by the moving probe.158  An 

expression for 𝐺∗(𝜔) is then obtained by rearranging Equation 3.7 as,   

                𝐺∗(𝜔) =
𝑖𝜔𝑍∗(𝜔)

6𝜋𝑅ℎ
𝑝 +

𝑚𝑒𝑓𝑓𝜔2

6𝜋𝑅ℎ
𝑝 +

𝑅ℎ
𝑝2

𝜔2

2
[√𝜌2 +

2𝜌

3𝜋𝑅
ℎ
𝑝3 (

𝑍∗(𝜔)

𝑖𝜔
− 𝑚𝑒𝑓𝑓) − 𝜌]       (3.8) 

In the absence of inertia, one can recover the generalized Stokes drag expression from 

Equation 3.8 as 𝐺∗(𝜔) =
𝑖𝜔𝑍∗(𝜔)

6𝜋𝑅ℎ
𝑝 .   

𝟑. 𝟒. 𝟐. Passive Rheology 

In the passive rheology simulations, the Einstein relation connecting the frequency-

dependent friction and the mean-squared displacement of the probe undergoing Brownian 

motion can be written in the following functional form as, 

                                          𝑍∗(𝜔) = 𝑍𝑝𝑎𝑠𝑠𝑖𝑣𝑒
∗ (𝜔) =

6𝑘𝐵𝑇

(𝑖𝜔)2〈Δ𝒓𝑏
2(𝜔)〉̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝑒𝑞
                                       (3.9) 

In Equation 3.9, 𝑘𝐵 is the Boltzmann constant and 〈Δ𝒓𝑏
2(𝜔)〉̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑒𝑞 is the one-sided Fourier 

transform of the MSD of the probe particle that can be defined in the time-domain as, 

〈Δ𝒓𝑏
2(𝑡)〉𝑒𝑞 = 〈[𝑟𝑏(𝑡) − 𝑟𝑏(0)]2〉.  In the passive mode, the relation for 𝐺∗ as given in 

Equation 3.8 together with this expression for 𝑍∗ is known as the inertial generalized 

Stokes-Einstein relation (IGSER) since it involves the use of the Einstein relation along 

with the Stokes drag expression to analyze the MSD of the probe particle.  The Fourier 

transform of the probe MSD can be obtained by writing a power law approximation to 

the MSD as was proposed by Mason.58  Following this power law approach together with 
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an empirical modification and using the generalized Stokes-Einstein relation (GSER), 

that can be written as 𝐺∗(𝜔) =
𝑘𝐵𝑇

𝜋𝑅ℎ
𝑝

𝑖𝜔〈Δ𝒓𝑏
2(𝜔)〉̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

𝑒𝑞
, the expressions for the elastic (𝐺′) and 

the loss (𝐺′′) modulus were obtained by Dasgupta et al.159  However, in our simulations, 

the IGSER is used due to the role played by the medium and the particle inertia in the 

nanocolloidal systems.  Thus, for the purpose of using IGSER to analyze the probe 

motion, an expression for the Fourier transform of the MSD can be obtained from the 

modified relations of Dasgupta et al.,159 which can then be substituted in the Einstein 

relation as given in Equation 3.9 to get an expression for 𝑍∗(𝜔) as follows:   

       𝑍∗(𝜔) = 𝑍(𝜔) × (
1

1+𝛽′(𝜔)
) × (𝑐𝑜𝑠 [

𝜋𝛼′(𝜔)

2
− 𝛽′(𝜔)𝛼′(𝜔) (

𝜋

2
− 1)] + 𝑖 𝑠𝑖𝑛 [

𝜋𝛼′(𝜔)

2
−

                                                                  𝛽′(𝜔)(1 − 𝛼′(𝜔)) (
𝜋

2
− 1)])                                     (3.10) 

where 𝑍(𝜔) is the prefactor that can be written as, 

                                          𝑍(𝜔) =  
6𝑘𝐵𝑇

𝑖𝜔〈Δ𝑟2(1/𝜔)〉Γ[(1+𝛼(𝜔))(1+
𝛽(𝜔)

2
)]

                                   (3.11) 

The terms 𝛼(𝜔) and 𝛽(𝜔) are the first- and the second-order natural logarithmic time 

derivatives of MSD whereas the terms 𝛼′(𝜔) and 𝛽′(𝜔) are the first- and the second-

order natural logarithmic frequency derivatives of 
𝑖𝜔𝑍(𝜔)

6𝜋𝑅ℎ
𝑝 , respectively.  It is to be noted 

that the definitions of 𝛼′(𝜔) and 𝛽′(𝜔) are the same as that proposed by Dasgupta et 

al.159  This expression for 𝑍∗ is then used in IGSER (Equation 3.8) to determine the 𝐺′ 

and the 𝐺′′ values of the nanocolloidal suspension systems.   
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𝟑. 𝟓. RESULTS 

In the probe rheology molecular simulation technique, two characteristic length 

scales that dictate the frequency range over which the IGSER can be applied to extract 

the viscoelastic modulus (𝐺′ and 𝐺′′) are: (1) the penetration depth (Δ) and (2) the 

wavelength (Λ) of the elastic wave.134-135, 157  Both these length scales can be written as 

the decreasing functions of frequency (𝜔) as, 

                                                       Δ(𝜔) =
|𝐺∗|

𝜔
√

2

𝜌(|𝐺∗|−𝐺′)
                                                        (3.12) 

                                                       Λ(𝜔) =
|𝐺∗|

𝜔
√

2

𝜌(|𝐺∗|+𝐺′)
                                                        (3.13) 

where the values of |𝐺∗| = √(𝐺′)2 + (𝐺′′)2 were obtained from the NEMD simulations.  

The lower limit of the reliable frequency window was estimated to be the value at which 

the penetration depth of the elastic waves originating from the surface of the moving probe 

particle is less than the distance between the probe and its periodic images 𝐿 − 2𝑅𝐻
𝑝

, where 

𝐿 is the simulation box length and 𝑅ℎ
𝑝 = 8.775 is the hydrodynamic radius of the probe 

particle as obtained from the location of the first peak in the probe-(colloid+solvent) radial 

distribution function (RDF) as shown in Figure 3.2.  The probe hydrodynamic radius was 

determined by accounting for both the colloid and the solvent particles in the RDF 

calculation because in the nanocolloidal suspensions, the solvent and the colloidal particles 

are of comparable sizes and hence, the colloid-colloid, the colloid-solvent, and the solvent-

solvent interactions tend to dictate the rheological properties of these systems.  Also, it 

must be noted that, using the probe hydrodynamic radius, the effective mass of the probe 

particle that appears in Equation 3.8 was calculated to be 𝑚𝑒𝑓𝑓 = 3837.09.  For low 
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frequencies at which the criterion Δ < 𝐿 − 2𝑅ℎ
𝑝
 is not valid, the elastic waves from the 

probe surface will influence the motion of its nearest periodic images and vice-versa.  It is 

to be noted that the length (𝐿) of the simulation box to obtain the elastic (𝐺′) and the loss 

(𝐺′′) modulus values up to a frequency of 𝜔 = 0.004 increased with an increase in the 

volume fraction (see Table 3.1) as dictated by the values of the penetration depth.  

Specifically, the simulation box length varied between 𝐿 = 100 and 𝐿 = 150, thus making  

 

 

Figure 𝟑. 𝟐. Radial distribution function (𝑔(𝑟)) of the probe-(colloid+solvent) pair for 

volume fractions 𝜙 = 0.30, 0.35, 0.40, and 0.45.   
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it computationally expensive to simulate the systems at the high colloidal volume fractions 

(𝜙).  However despite the use of the large simulation boxes (𝐿 = 150), the lower bound 

of the reliable frequency window is limited to 𝜔 = 0.009 for the highest volume fraction 

(𝜙 = 0.45) studied in this work.   

Furthermore, the upper limit of the frequency window was set such that the 

wavelength of the elastic wave becomes greater than the hydrodynamic radius of the probe 

particle (𝑅ℎ
𝑝 = 8.775).  For high frequencies at which Λ < 𝑅ℎ

𝑝
 is observed, the Basset force 

dominates the Stokes drag and the probe motion is only ballistic thus rendering it 

inadequate to sample the viscoelastic response of the suspension medium.157  Thus, the 𝐺′ 

and the 𝐺′′ values obtained at these frequencies are considered to be unreliable.  In our 

previous works,134-135 it was shown that accurate viscoelastic modulus values were 

obtained for the polymer melt systems only in the frequency window set by the penetration 

depth and the wavelength values.  With the consideration of these length scales, the results 

of the active and the passive probe rheology simulations of the colloidal suspension 

systems will be discussed in what follows.   

𝟑. 𝟓. 𝟏. Active Rheology 

𝟑. 𝟓. 𝟏. 𝟏. Molecular structure around the probe particle 

The structure around the probe was quantified by calculating the radial function 

(RDF) of the probe-(colloid+solvent) pair for all of the volume fractions (𝜙) studied (see 

Figure 3.2).  The RDF (𝑔(𝑟)) quantifies the probability of finding a particle at a given 

separation distance (𝑟) from another particle which is normalized by the corresponding 

probability in the case of a uniform distribution of the particles.  As can be seen from the 
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RDF plot, an increase in the magnitude of the first peak with an increase in the volume 

fraction is observed which indicates a higher tendency for the colloid and the solvent 

particles to form short range packing at high 𝜙 values.  Furthermore, the distance at which 

𝑔(𝑟) attains a value of 1 increases with an increase in the volume fractions, thus indicating 

the presence of long range ordering at high 𝜙 values.  Specifically, the location of the first 

maximum peak that corresponds to the hydrodynamic radius of the probe particle 

(𝑅𝐻
𝑝

= 8.775) is followed by the peaks that are approximately separated by a distance of the 

order of the colloid particle diameter (2𝑅𝑏𝑎𝑟𝑒
𝑐 ≈ 5), indicating that the colloidal particles are 

dominating the long-range ordering around the probe when compared to the background 

solvent particles.  In other words, for a change in the 𝜙 value from 0.30 to 0.45, the colloidal 

systems are undergoing a transition from a dilute colloidal system to a densely packed 

colloidal system.  If one considers the probe as one of the colloidal particles, it must then be 

noted that the similar observations were also seen in the RDFs of the colloid-colloid and the 

colloid-solvent pairs that were presented in our recent work on the nanocolloidal systems.152   

In addition to the RDF plots, the spatial density profile of the distribution of the 

colloidal particle surrounding the probe particle is shown in Figure 3.3 for 𝜙 = 0.35 and 

𝜙 = 0.45 at a frequency of 𝜔 = 0.06.  The time-averaged and the replica-averaged 

density profiles were obtained by projecting the spatial position of the colloidal particles 

onto the 𝑥𝑦-plane, passing through the center of the probe particle that is oscillating in 

the 𝑥-direction.  As can be seen from the density profile plots, a symmetric distribution of 

the colloidal particles around the probe exists for both the moderate (𝜙 = 0.35) and the 

concentrated (𝜙 = 0.45) colloidal systems which is consistent with the system being in 

the linear regime.  Similar isotropic colloidal distributions are also seen for the other 
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volume fractions (𝜙 = 0.30 and 𝜙 = 0.40) studied in this work.  It must be noted that 

the linearity was also tested by taking the Fourier transform of the probe displacement 

and confirming that only a single characteristic peak at the forcing frequency is observed.  

Furthermore, for 𝜙 = 0.35, clear ring-like structures (3 rings) are formed around the 

probe particle (see Figure 3.3(a)).  This observation can be explained as follows: The 

probe particle has an equal probability of finding a colloidal particle in any given  

(𝒂) 
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(𝒃) 

Figure 𝟑. 𝟑. Spatial density profile of the distribution of the colloidal particles 

surrounding the probe of bare radius, 𝑅𝑏𝑎𝑟𝑒
𝑝

= 8 for (𝑎) 𝜙 = 0.35 and (𝑏) 𝜙 = 0.45 

obtained at a frequency of 𝜔 = 0.06.  The projection is made on the 𝑥𝑦-plane that cuts 

through the probe center and the probe oscillates in the 𝑥-direction.  The probe motion 

during the forward displacements of an oscillation is only considered for the time-

averaging purposes.   
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direction, which is an indication that the system exhibits liquid-like characteristics.  

However, for 𝜙 = 0.45, at the most 2 rings can be observed around the probe and the 

colloidal particles are seen to be densely packed around the probe particle (see Figure 

3.3(b)).  This observation of the formation of ring-like structures around the probe is 

consistent with those seen via the Brownian dynamics (BD) simulations of the colloidal 

suspensions by Carpen et al.85   

 In the active rheology simulations, the colloidal structure around the probe can be 

characterized with the help of two independent dimensionless parameters, namely, the 

Péclet number (𝑃𝑒) and the oscillation rate (𝛼).  At equilibrium, the structure is isotropic 

but can be distorted in the case of a very high forcing strength exerted on the probe 

particle resulting in an asymmetric structure around it.  In the active mode, there is a need 

to distinguish between the direct probe-colloid interactions and the indirect colloid-

colloid interactions that can contribute to the drag force on the probe particle.160  Unlike 

the direct interactions, the indirect interactions along with the Einstein contribution 

contribute to the stresses arising in the bulk suspensions and hence, are considered to 

have a macroscopic analog.77, 111  Furthermore, the indirect interactions will dominate 

when the probe size is larger than that of the colloidal particles.  In the large probe limit, 

these two interactions will give rise to two characteristic Péclet numbers.  Specifically, 

the Péclet number for direct interactions (𝑃𝑒𝐷) is greater than that for the indirect 

interactions (𝑃𝑒𝐵) by a factor of (
𝑅𝑏𝑎𝑟𝑒

𝑝

𝑅𝑏𝑎𝑟𝑒
𝑐 )

2

.160  In this work, the probe-colloid size ratio 

was fixed at 𝛽 =
𝑅𝑏𝑎𝑟𝑒

𝑝

𝑅𝑏𝑎𝑟𝑒
𝑐 = 3.2 and thus, the degree of structural deformation can then be 

quantified by by writing an expression for a ‘bulk’ Péclet number as a function of the   
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forcing strength as, 

                                          𝑃𝑒𝐵 = (
𝑅𝑏𝑎𝑟𝑒

𝑐

𝑅
𝑏𝑎𝑟𝑒
𝑝 )

2
𝐹𝑜𝑅𝑏𝑎𝑟𝑒

𝑐

𝑘𝐵𝑇
                                                         (3.14) 

The Péclet number defined here signifies the relative strength between the external force 

amplitude (𝐹𝑜) and the restoring force (𝑘𝐵𝑇 𝑅𝐻
𝑐⁄ ) experienced by the colloidal particles 

due to the presence of the thermal fluctuations in the medium.  In the case of an 

oscillating probe, the colloidal structure is also governed by a dimensionless frequency 

which is also known as the oscillation rate (𝛼) that can be defined as,67, 111   

                                                  𝛼 =
𝜔(𝑅𝑏𝑎𝑟𝑒

𝑐 )2

𝐷𝑐
=

((𝑅𝑏𝑎𝑟𝑒
𝑐 )2 𝐷𝑐⁄ )

(1 𝜔⁄ )
                                                  (3.15) 

where 𝐷𝑐  is the diffusivity of the colloidal particles.  As can be seen from Equation 

3.15, the oscillation rate is defined as the ratio of timescale of the diffusion of the 

colloidal particles to the timescale scale of the structural deformation induced by the 

oscillatory motion of the probe particle.  Recently, Swan et al.67 showed that an 

additional parameter termed as the extent of deformation (Γ𝑒), defined as the ratio of the 

Péclet number to the oscillation rate (Γ𝑒 = 𝑃𝑒𝐵 𝛼⁄ ), is also important for constructing a 

phase space for the probe response oscillating in the medium.  From their study, it can be 

inferred that the probe motion results in a symmetric colloidal structure around it when 

Γ𝑒 ≪ 1.  The density profile plots are shown for the upper limit of the frequency window 

for which the value of 𝑃𝑒𝐵 is significantly greater than 1.  It must be noted that in the 

case of the probe being dragged through the suspension medium rather than allowing it to 

oscillate, larger values of 𝑃𝑒𝐵 will result in an asymmetric colloidal structure around the 

probe, thus giving rise to a non-linear response.  However, in our simulations, the 
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parameter Γ𝑒 dictates the structural deformation around the oscillating probe whose 

values are Γ𝑒 = 0.47 for 𝜙 = 0.35 and Γ𝑒 = 0.27 for 𝜙 = 45.  Even though the condition 

Γ𝑒 ≪ 1 is not satisfied, the low values of Γ𝑒 that are obtained from our simulations are 

sufficient enough to ensure that the colloidal structure is not driven away from its 

equilibrium configuration in response to the probe oscillations.  Furthermore, the extent 

of deformation (i.e., the values of Γ𝑒) decreases with an increase in the volume fraction 

that can be related to the transition of the suspension systems from a dilute state to a 

densely packed state.  It is clear from the above observations that at all conditions 

investigated, the viscoelastic properties of the colloidal suspensions are determined only 

in the linear limit.   

𝟑. 𝟓. 𝟏. 𝟐. Linear viscoelastic modulus from probe oscillations 

The elastic (𝐺′) and the loss (𝐺′′) modulus values for the colloidal suspensions of 

different volume fractions (𝜙) were obtained by analyzing the motion of the oscillating 

probe using the continuum mechanics expression as given in Equation 3.8.  Figure 3.4 

shows the comparison of the 𝐺′ and the 𝐺′′ values obtained from the active probe 

rheology simulations for 𝛽 = 3.2 with those obtained from the NEMD simulations for 

different 𝜙 values studied in this work.  The vertical dashed green lines in each of the 

plots represent the upper and the lower limits of the frequency window within which the 

viscoelastic modulus obtained from the active rheology simulations are considered to be 

accurate and reliable.  It is to be noted that the reason for not choosing the lower volume 

fractions (𝜙 < 0.30) is because of the very low magnitudes and the high statistical 

uncertainties in the elastic modulus values at those 𝜙 values.152  From the plots, the  
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following observations can be made: The active rheology simulations is seen to capture 

the expected increase in the 𝐺′ and the 𝐺′′ values with an increase in the volume fraction 

(𝜙) and the frequency (𝜔) values.  For all of the volume fractions, within the statistical 

uncertainties, the 𝐺′ and the 𝐺′′ values obtained from the active rheology simulations are 

in good quantitative agreement with those obtained from the NEMD simulations.  In the 

case of 𝐺′′, a systematic deviation is observed at all 𝜙 where the values obtained from the 

active rheology simulations are slightly higher than those obtained from the NEMD 

simulations at all frequencies.  Furthermore, at all 𝜙, the deviation of the average 𝐺′ 

values between the active rheology and the NEMD simulations continues to increase as 

the lower limit of the frequency window is approached.  Since the upper and the lower 

limit of the frequency values are only an estimation that are set by the penetration depth 

and the wavelength of the elastic wave, it is expected that the artificial hydrodynamic 

interactions (AHIs) between the probe and its periodic images are still having an effect 

on the viscoelastic modulus values that are obtained especially at the frequencies close to 

the lower limit of the frequency window.  By accounting for these AHIs in the colloidal 

system, the agreement of the 𝐺′ and the 𝐺′′ values between the active rheology and the 

NEMD simulations can be improved (see Section 3.6.1 for a detailed discussion).  

However, it must be noted that, within the statistical uncertainties, the differences in the 

viscoelastic modulus values obtained from the active rheology and the NEMD 

Figure 𝟑. 𝟒. Comparison of the elastic (𝐺′) and the loss (𝐺′′) modulus values obtained 

from the active probe rheology simulations for 𝛽 = 3.2 with those obtained from the 

oscillatory NEMD simulations for volume fractions (𝑎) 𝜙 = 0.30, (𝑏) 𝜙 = 0.35, (𝑐) 𝜙 =
0.40, and (𝑑) 𝜙 = 0.45.  The vertical dashed green lines indicate the upper and the lower 

limits of the reliable frequency window that are estimated using the values of the 

penetration depth (Δ) and the wavelength (Λ) of the elastic wave. 
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simulations are not very significant.  Furthermore, the active rheology molecular 

simulations is seen to capture the correct order of magnitude increase in the modulus 

values for all of the volume fractions studied in this work.   

 In order to further confirm that the probe rheology simulations are capturing the 

bulk rheology of the suspensions, the real (Δ′) and the imaginary parts (Δ′′) of the 

reduced complex viscosity obtained from the active rheology simulations can be 

compared with those obtained from the theoretical model following Brady’s approach.111, 

122  The expressions for Δ′ and Δ′′ can be written as follows: 

                     Δ′(ω) =
𝜂′(𝜔)−𝜂∞

′

𝜂0
′ −𝜂∞

′ =
1+2𝛾+2𝛾2+

4

3
𝛾3+

16

27
𝛾4+

4

27
𝛾5

1+2𝛾+2𝛾2+
4

3
𝛾3+

64

81
𝛾4+

32

81
𝛾5+

8

81
𝛾6

                           (3.16) 

                      Δ′′(ω) =
𝜂′′(𝜔)

𝜂0
′ −𝜂∞

′ =
𝛾2(1+2𝛾+2𝛾2+

2

3
𝛾3)

1+2𝛾+2𝛾2+
4

3
𝛾3+

64

81
𝛾4+

32

81
𝛾5+

8

81
𝛾6

                               (3.17) 

where 𝛾 = √2𝛼∗, 휂′(𝜔) =
𝐺′′

𝜔
, and 휂′′(𝜔) =

𝐺′

𝜔
.  Similar to the Brady’s work,122 a 

dimensionless frequency (𝛼∗) is defined that can be written as,  

                                                 𝛼∗ =
𝜔(𝑅𝑏𝑎𝑟𝑒

𝑐 )2

𝐷0
𝑠                                                                  (3.18) 

where 𝐷0
𝑠 is the volume fraction (𝜙) dependent short-time self-diffusivity of the colloidal 

particles.  For the purpose of comparing the active microrheology experimental values of 

Δ, Sriram et al.111 obtained the 𝐷0
𝑠 values from the work of Sierou and Brady,35 who 

showed that the 𝐷0
𝑠 values diverge as the random packing fraction value of 𝜙𝑚 = 0.63 is 

approached.  However, it was shown in our previous work152 that the diverging volume 

fraction for the molecular model systems used in this work is 𝜙𝑚 = 0.519 that was 

obtained by fitting the viscosity values using the model based on the mode coupling 
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theory (MCT).  For the purpose of obtaining the 𝐷0
𝑠 values that will yield a similar value 

of 𝜙𝑚 = 0.519, an approximate functional form for 𝐷0
𝑠 that was obtained using the 

Stokesian dynamics (SD) simulations by Brady122 as 𝐷0
𝑠 ~ 0.85 (1 −

𝜙

𝜙𝑚
) was used.  The 

low frequency viscosity (휂0
′ ) was obtained from the plateau region that was observed at  

 

 

Figure 𝟑. 𝟓. Comparison of the real (Δ′) and the imaginary (Δ′′) parts of the reduced 

complex viscosity obtained from the active probe rheology simulations for 𝛽 = 3.2 with 

the theoretical predictions of the same120 for volume fractions 𝜙 = 0.35 and 𝜙 = 0.40.   
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the low frequencies in the active rheology simulations whereas the high frequency 

viscosity (휂∞
′ ) was obtained from the MCT based model110 as 

𝜂0−𝜂∞
′

𝜂𝑠
= 0.9𝜙2 [1 −

𝜙

𝜙𝑚
]

−2.46

.  Figure 3.5 shows the comparison of the active rheology (𝛽 = 3.2) and the 

theoretical model results for the Δ′ and the Δ′′ values at volume fractions, 𝜙 = 0.35 and 

𝜙 = 0.40.  It is clear from the comparison that, within the statistical uncertainties, there 

is a good quantitative agreement between the active rheology simulations and the 

theoretical predictions, thus providing evidence that the active rheology simulations 

capture the bulk rheology of the suspension systems.  The scatter in the Δ′′ values is 

probably due to the very low values of elastic modulus (𝐺′) as was also seen by Sriram et 

al.111  Furthermore, it is to be noted that the Δ′ and the Δ′′ values could not be obtained 

for 𝜙 = 0.45 because the plateau region to obtain 휂0
′  was not reached at the low 

frequencies in the active rheology simulations.  From the foregoing observations, it is 

clear that the continuum mechanics framework used to analyze the probe motion in the 

nanocolloidal systems reproduces the expected behavior of the linear bulk viscoelastic 

modulus values with an increase in the volume fraction of the colloidal particles.   

𝟑. 𝟓. 𝟐. Passive Rheology 

𝟑. 𝟓. 𝟐. 𝟏. Linear viscoelastic modulus from probe MSD 

In passive rheology, the Brownian motion of the probe particle embedded in the 

colloidal suspensions was tracked using the equilibrium MD simulations.  In particular, 

the motion was recorded by calculating the MSD (〈Δ𝒓𝑏
2(𝑡)〉𝑒𝑞) of the probe particle for 

different volume fractions (𝜙).  It must be noted that, since the probe motion is 
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Brownian, the colloidal structure around the probe is isotropic at all times during the 

passive rheology simulations.  Figure 3.6 shows the equilibrium averaged MSD of the 

probe particle (𝑅𝑏𝑎𝑟𝑒
𝑝 = 8 ) for volume fractions 𝜙 = 0.35, 0.40, and 0.45.  As can be 

seen from the logarithmic plot of MSD, for all volume fractions, the ballistic regime is 

observed at the short times (𝑡 < 0.3) with an expected slope value of 2.  At the long 

times, the slope attains a value of 1 indicating that the probe motion is diffusive.  In 

addition, at the intermediate times, an extended (i.e., slow transition from the ballistic to  

Figure 𝟑. 𝟔. The equilibrium averaged mean-squared displacement (MSD) of the probe 

particle (𝑅𝑏𝑎𝑟𝑒
𝑝

= 8 ) dispersed in the colloidal suspensions of three different volume 

fractions 𝜙 = 0.35, 0.40, and 0.45.   
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the diffusive region) local caging region is observed only at the highest volume fraction 

of 𝜙 = 0.45 indicating that the probe motion finds it difficult to break the transient cages 

before approaching the diffusive motion as the volume fraction is increased.  

Furthermore, as expected, the value of MSD decreases with an increase in the volume 

fraction.  These MSD values were then used to obtain the elastic (𝐺′) and the loss (𝐺′′) 

modulus values of the colloidal suspensions.  Specifically, the probe MSD at all 𝜙 values 

were fitted to a fourth order polynomial which was then used to obtain the values of 

𝛼(𝜔), 𝛽(𝜔), 𝛼′(𝜔), and 𝛽′(𝜔) that appears in Equation 3.10 (see Section 3.4.2).  The 

IGSER as given in Equation 3.8 together with the algebraic expression for 𝑍∗(𝜔) 

(Equation 3.10) was then used to obtained the linear viscoelastic modulus of the 

colloidal suspensions for different volume fractions.   

   The comparison of the 𝐺′ and the 𝐺′′ values obtained from the passive probe 

rheology simulations for 𝛽 = 3.2 and the NEMD simulations for different 𝜙 values is 

shown in Figure 3.7.  As can be seen from the figure, for all volume fractions, a good 

quantitative agreement exists between the 𝐺′ and the 𝐺′′ values obtained from the passive 

rheology and the NEMD simulations.  However, similar to the active rheology case, the 

viscoelastic modulus values obtained from the passive rheology simulations are slightly 

higher for all of the volume fractions, perhaps because of the artificial hydrodynamic 

interactions (AHIs) between the probe and its periodic images (see Section 3.6.1).  As 

before, it is necessary to reiterate that the deviation in the modulus values between the 

passive rheology and the NEMD simulations are not significant and the passive rheology 

simulations can effectively capture the correct order of magnitude increase in the 

modulus values for all of the volume fractions investigated in this work.  It must be noted 
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that, in the passive mode, the contribution to the error in the modulus values could also 

come from method of fitting the MSD values to a polynomial function.  A better 

functional form like the one developed in our previous studies on the probe rheology 

simulations of polymer melts134-135 based on the principles of polymer physics are needed 

to fit the MSD values of the probe dispersed in a colloidal suspension.   

 

(𝒄) 

Figure 𝟑. 𝟕. Comparison of the elastic (𝐺′) and the loss (𝐺′′) modulus values obtained 

from the passive probe rheology simulations for 𝛽 = 3.2 with those obtained from the 

oscillatory NEMD simulations for volume fractions (𝑎) 𝜙 = 0.35, (𝑏) 𝜙 = 0.40, and 

(𝑐) 𝜙 = 0.45.  The vertical dashed green lines indicate the upper and the lower limits of 

the reliable frequency window that are estimated using the values of the penetration depth 

(Δ) and the wavelength (Λ) of the elastic wave. 
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𝟑. 𝟔. DISCUSSIONS 

𝟑. 𝟔. 𝟏. Accounting for Artificial Probe Hydrodynamic Interactions      

The use of the periodic boundary condition in our simulations means that a 

periodic array of probe particles is undergoing motion in the colloidal suspension system.  

Equation 3.8 is applicable only under the assumption that the coupled motion of the 

probe particle in the central simulation box and its periodic images does not exist.  For 

this purpose of avoiding the artificial hydrodynamic interactions (AHIs) between the 

probe and its images, large simulation boxes were used such that the criterion Δ < 𝐿 −

2𝑅ℎ
𝑝
 is satisfied in the operating frequency window.  However, it was observed that the 

AHIs did have an effect within the frequency window resulting in a slight deviation of 

the viscoelastic modulus (𝐺′ and 𝐺′′) values obtained from the probe rheology 

simulations when compared to those obtained from the NEMD simulations.  Hasimoto161 

and later, Sangani and Acrivos162 derived a fundamental solution of the Stokes equation 

for the fluid flowing past a periodic array of spherical particles where they found that the 

ratio of the frictional force experienced by the spherical particles forming a periodic array 

to that given by the Stokes equation for an isolated particle is greater than 1.  

Specifically, the Stokes equation for the motion of a periodic array of particles can be 

written as,   

                                      𝑍∗(𝜔) =
6𝐾𝑓𝑚

−1𝑓𝑣
−1𝜋𝑅𝐺∗(𝜔)

𝑖𝜔
                                                    (3.19) 

where 𝑓𝑚 =
𝑚𝑓

𝑚𝑓+𝑚𝑝
 is the mass fraction of the suspension medium that is written as a 

function of the mass of the suspension particles (𝑚𝑓) and the mass of the probe (𝑚𝑝), 
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and 𝑓𝑣 = 1 − 𝜙 is the volume fraction of the fluid.  The terms 𝑓𝑚 and 𝑓𝑣 appear in the 

expression for 𝑍∗(𝜔) to account for the inertial frame of reference in the MD simulations.  

A detailed analysis of the solution accounting for the inertial frame of reference will be 

presented in a future publication.  The factor 𝐾 as obtained by Sangani and Acrivos 

accounts for the hydrodynamic interactions between the probe and its periodic images 

that can be written as a function of the probe hydrodynamic radius (𝑅ℎ
𝑝) and the length 

(𝐿) of the cubic simulation box as follows:   

            𝐾−1 = (1 − 1.7601𝜙𝑝

1

3 + 𝜙𝑝 − 1.5593𝜙𝑝
2 + 3.9788𝜙𝑝

8

3 − 3.0734𝜙𝑝

10

3 )     (20)                   

(𝒂) 
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(𝒃) 

Figure 𝟑. 𝟖. Comparison of the elastic (𝐺′) and the loss (𝐺′′) modulus values obtained 

from the active probe rheology simulations for 𝛽 = 3.2 by analyzing the probe motion 

using the generalized Stokes drag expression and using the Stokes equation that accounts 

for the artificial hydrodynamic interactions (AHIs) between the probe and its images 
with those obtained from the oscillatory NEMD simulations for volume fractions 

(𝑎) 𝜙 = 0.40 and (𝑏) 𝜙 = 0.45.  Only the modulus values that were obtained by not 

accounting for the AHIs in the analysis of the probe motion are limited by a lower 

frequency bound as indicated by a dashed green line.  
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where 𝜙𝑝 =
1

𝑉

4

3
𝜋(𝑅ℎ

𝑝)3 is the volume fraction of the probe particle.  It must be noted that 

Equation 3.16 does not account for the medium and the particle inertia that is found to 

be important to obtain accurate viscoelastic modulus values of the colloidal suspensions 

from the probe rheology molecular simulations.  However, since inertia plays a role only 

at the high frequencies (𝜔), the expression for 𝑍∗(𝜔) as given in Equation 3.19 can be 

used to determine the low frequency behavior of the modulus values.  Figure 3.8 shows 

the comparison of the elastic (𝐺′) and the loss (𝐺′′) modulus values obtained from the 

active rheology simulations for 𝛽 = 3.2 by analyzing the probe motion using the 

generalized Stokes drag expression and using the Stokes equation that accounts for the 

artificial hydrodynamic interactions (AHIs) between the probe and its images with those 

obtained from the NEMD simulations for volume fractions 𝜙 = 0.40 and 𝜙 = 0.45.  

From the figure, it can be seen that, when the generalized Stokes drag relation that does 

not account for the AHIs is employed, the 𝐺′ values become negative and the 𝐺′′ values 

significantly deviate from those obtained using the NEMD simulations at the high 

frequencies due to the absence of the inertial terms in the expression.  Furthermore, at the 

low frequencies, the modulus values are slightly higher when compared with the results 

of the NEMD simulations.  Most importantly, when the Stokes equation that accounts for 

the AHIs is used to obtain the modulus values, an improved quantitative accuracy of the 

modulus values is observed when compared to those obtained by not accounting for the 

AHIs in the analysis of the probe motion.  It must be noted that the importance of the 

inertial effects can be quantified by calculating the 
2

9

𝑅𝑒

𝑆𝑟
 factor, where 𝑅𝑒 is the Reynolds 

number and 𝑆𝑟 is the Strouhal number, that will appear when the generalized Langevin 

equation (GLE) is written in a non-dimensional form.  Specifically, if 
2

9

𝑅𝑒

𝑆𝑟
≪ 1, then 
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inertia is not considered to play an important role at the frequencies of interest.  It must 

be noted that the modulus values obtained by accounting for the AHIs are shown only at 

the frequencies where the value of 
2

9

𝑅𝑒

𝑆𝑟
< 0.01 is observed.  For frequencies at which 

2

9

𝑅𝑒

𝑆𝑟
> 0.01, the 𝐺′ values obtained from generalized Stokes drag relation are observed to 

drop down indicating that the inertial effects are starting to become important at these 

frequencies.  However, the best approach is to obtain an expression by accounting for the 

AHIs in Equation 3.8 that accounts for the medium and the particle inertia so that the 

viscoelastic modulus values can be obtained even at the high frequencies and such an 

effort is underway in our research group.  It is to be noted that by accounting for the 

AHIs in the continuum analysis, one can use much smaller simulation boxes to perform 

the probe rheology simulations thus making it a computationally inexpensive method.  

Further, there is no longer a lower bound on the frequency scale and thus, much lower 

frequencies than the ones investigated in this work can be accessed with this modified 

analysis.   

𝟑. 𝟔. 𝟐. Effect of Probe Size 

An important consideration for the continuum mechanics to be applicable in the 

probe rheology molecular simulations is that the probe particle must be large enough to 

see the surrounding medium as a continuum.  Thus, a probe size of bare radius, 𝑅𝑏𝑎𝑟𝑒
𝑝 =

8 which is 3.2 times greater than the colloid radius was used to successfully determine 

the linear viscoelastic properties of the nanocolloidal suspensions in both the active and 

the passive modes.  In this section, the effect of the probe size on the viscoelastic 

modulus (𝐺′ and 𝐺′′) values is investigated by using a probe particle which is of the  
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same size as that of the colloidal particles (i.e., 𝛽 = 1) in the suspension system.  Figure 

3.9 shows the comparison of the elastic (𝐺′) and the loss (𝐺′′) modulus values obtained 

from the active probe rheology simulations using a probe of bare radius, 𝑅𝑏𝑎𝑟𝑒
𝑝 = 2.5 (in 

this case, probe-colloid ratio is 𝛽 = 1) and the NEMD simulations for different volume 

fractions studied in this work.  As can be seen from the figure, a good agreement exists 

between the dynamic modulus values obtained from the active rheology simulations and 

the NEMD simulations for 𝜙 ≤ 0.40.  However, for 𝜙 = 0.45, the 𝐺′  values 

significantly deviates and are lower than the NEMD results at the high frequencies (𝜔).  

Correspondingly, the 𝐺′′  values are also lower than those obtained from the NEMD 

simulations over the same high frequency region.  At 𝜙 = 0.45, the direct probe-colloid 

interactions is believed to dominate (i.e., larger degree of probe-colloid collisions) at the 

high frequencies that is considered to not have macroscopic analog.160  It is interesting to 

note that such discrepancies at 𝜙 = 0.45 are not observed when the viscoelastic modulus 

values were obtained using a probe-colloid ratio of 𝛽 = 3.2 (see Figure 3.4(d)) as the 

indirect colloid-colloid interactions is expected to dominate in the large probe limit.77  

This observation also indicates that the continuum assumption that the probe particle has 

to be much larger than the medium length scale (in this case, 𝛽 = 3.2) becomes an 

important requirement for the nanocolloidal suspensions at the high volume fractions that 

Figure 𝟑. 𝟗. Comparison of the elastic (𝐺′) and the loss (𝐺′′) modulus values obtained 

from the active probe rheology simulations for 𝛽 = 1 with those obtained from the 

oscillatory NEMD simulations for (𝑎) 𝜙 = 0.30, (𝑏) 𝜙 = 0.35, (𝑐) 𝜙 = 0.40, and 

(𝑑) 𝜙 = 0.45.  The vertical dashed green lines indicate the upper and the lower limits of 

the reliable frequency window that are estimated using the values of the penetration depth 
(Δ) and the wavelength (Λ) of the elastic wave. 
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are close to the glass transition concentration (𝜙𝑔 = 0.476 − 0.519 for the nanocolloidal 

model systems under study).  More detailed investigation on the effect of the probe sizes 

at the volume fractions close to the 𝜙𝑔 value for the nanocolloidal suspension models are 

required which is of future interest.  Furthermore, based on a recent study in which Li et 

al.163 showed that using the GSER expression in Laplace domain followed by inversion 

techniques tend to give accurate viscoelastic modulus values that were in good agreement 

with the macrorheological experiments, it is of interest to investigate whether the same 

Laplace approach would result in a quantitative agreement in the modulus values for high 

𝜙 and small probe sizes.   

𝟑. 𝟕. SUMMARY AND CONCLUSIONS 

Active and passive probe rheology molecular simulations were employed to 

investigate the linear viscoelastic properties of the nanocolloidal suspension models for 

volume fractions (𝜙) ranging between 0.30 − 0.45 that are below the glass transition 

concentration (𝜙𝑔).  A probe of bare radius, 𝑅𝑏𝑎𝑟𝑒
𝑝 = 8 was used in both the active and 

the passive modes.  In the active rheology simulations, the probe forcing strength was 

chosen such that the colloidal particles are not perturbed from its equilibrium structure 

which is consistent with the system being in the linear regime at all frequencies (𝜔) 

investigated.  In the passive rheology simulations, the probe MSD was observed to 

exhibit both the ballistic and the diffusive regimes over the time-scales studied.  The 

oscillatory displacement of the probe in the active mode and the MSD of the probe in the 

passive mode were used to determine the elastic (𝐺′) and the loss (𝐺′′) modulus values 

of the nanocolloidal suspensions.  The viscoelastic modulus values obtained from the 
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active and the passive probe rheology simulations were found to be in good agreement 

with those obtained from the NEMD simulations.  Furthermore, the real (Δ′) and the 

imaginary (Δ′′) parts of the reduced complex viscosity obtained from the probe rheology 

simulations collapsed on to a master curve independent of the volume fractions and were 

in good agreement with the theoretical predictions of the reduced complex viscosity, thus 

giving confidence that the probe rheology technique is able to recover the linear bulk 

rheology of the suspension medium.  This study successfully establishes that the probe 

rheology molecular simulations together with the use of continuum mechanics is a robust 

technique that can be used to investigate the rheology of a wide variety of complex fluid 

systems such as the nanocolloidal suspensions, the polymer melts, and the polymer 

nanocomposites.   

The frequency range over which the probe rheology molecular simulation 

technique is applicable is determined by comparing the relevant length scales of the 

system with the propagation effects and the wavelength of the elastic wave that originates 

from the probe motion.  It was found that the artificial hydrodynamic interactions (AHIs) 

between the probe and its periodic images did have an effect within the frequency 

window thus resulting in the modulus values obtained from the probe rheology 

simulations to be slightly higher than the NEMD results.  A modified Stokes equation 

that accounts for these AHIs (in the absence of the inertial terms) was used that resulted 

in an improved quantitative accuracy of the modulus values obtained from the probe 

rheology simulations at the low frequencies where inertia does not play an important role.  

This way of including the AHIs in the continuum analysis framework will allow for the 

use of small simulation boxes that renders the computational cost inexpensive and also, 
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removes the lower bound on the frequency scale thus making it possible to access much 

lower frequencies than those investigated in this work.  The current focus is on including 

the AHIs along with the inertial terms in the continuum analysis methodology in order to 

obtain the viscoelastic modulus values over the entire frequency range of interest.  

Furthermore, it was showed that only the probe sizes that are considerably larger than the 

colloidal particle size (in this work, 𝛽 = 3.2) can yield accurate modulus values at all 

volume fractions that spans from the moderate to the concentrated suspension systems.   

Unlike most of the literature experimental microrheology studies, the size of the 

probe particle used in this work are only slightly higher when compared to the size of the 

medium particles.  Even for such a small probe-colloid size ratio, it was shown that the 

correct linear viscoelastic behavior of nanocolloidal suspensions can be obtained for a 

range of volume fractions (𝜙) by employing the continuum analysis framework.  On the 

other hand, the use of a particulate nanocolloidal suspension model has paved way for 

investigating the fundamental physics related questions in probe rheology such as the role 

of inertia, the effect of the artificial hydrodynamic interactions, and the effect of the 

probe-medium interactions in this work.  The probe rheology molecular simulation 

technique presented here is a robust technique that can be used to investigate the 

nanoscale complex fluid systems whose rheological properties are directly influenced by 

the intermolecular interactions (e.g., electrostatic interactions) and the structural 

heterogeneities present within these systems.  Furthermore, it must be noted that by 

taking into account all of the considerations that are discussed in this work, the probe 

rheology technique can be extended to atomistically detailed systems such as a biological 

medium that will allow for establishing a connection between the nanoparticle motion 
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and the local rheology of the medium that has potential applications in the design of 

nanoparticle based drug delivery vehicles. 
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CHAPTER 𝟒 

APPLICATIONS OF MOLECULAR SIMULATIONS TO 

NANOCOLLOIDAL SUSPENSIONS  

 

𝟒. 𝟏. RHEOLOGICAL BEHAVIOR OF GRAPHENE OXIDE/POLY (VINYL 

ALCOHOL) SUSPENSIONS 

𝟒. 𝟏. 𝟏. ABSTRACT 

In a recent study, it is hypothesized that the presence of GO sheets with varying 

carbon-oxygen C/O ratio causes a change in the hydrogen bonding characteristics in the 

polymer solution system resulting in an increase in the spinnable concentration 

(SC) range for the electrospinning of polymer solutions.  The effect of the carbon-oxygen 

(C/O) ratio of the graphene oxide (GO) on the rheology of the graphene oxide/poly 

(vinyl alcohol) (PVA) suspensions is thus investigated in this work using the molecular 

dynamics (MD) simulations.  The model systems are prepared by dispersing the 

graphene sheets (1 wt% concentration) in the 10 wt% PVA/water system.  Two 

different suspension systems with the graphene oxide sheets of C/O ratio of 2.5 

(GO/PVA suspension system) and 7.5 (RGO/PVA suspension system) are used to 

investigate the molecular origins of the rheological behavior of these systems.  The shear 

viscosity of the GO/PVA suspensions is found to be higher than that of the pure 

PVA/water system.  The increase in the viscosity for GO/PVA suspension system is 

found to be due to the decrease in the mobility of the PVA chains as observed from the 

mean-squared displacement of the carbon atoms of PVA of the two systems.  However, 
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no significant change in the probability of hydrogen bonds formed between the PVA-

PVA monomers and the PVA monomers-water molecules is observed between the GO 

suspensions and the PVA-water system.  Similar observations are also seen in the 

RGO/PVA suspension system.  Further investigation into the factors that lead to the 

increase/decrease in the mobility of the polymer chains in the suspension systems is 

required.  This study will be useful in expanding the existing knowledge about the 

regulation of electrospinning process using nanocolloidal particles.   

𝟒. 𝟏. 𝟐. INTRODUCTION 

Over the years, the electrospinning of polymer solutions into polymer nanofibers 

has gained increasing attraction for its application in medical, water treatment, and sensor 

industries.164  It is well known that the quality of the polymer fibers produced from the 

electrospinning process not only depends on the operating conditions but also on the 

properties of the polymer solutions.  Most importantly, the viscosity of the polymer 

solutions directly impacts the quality of the fibers produced from the electrospinning 

process.  Specifically, a polymer solution of very high concentration will undergo 

gelation and result in the production of only a few micrometer-sized nanofibers, most 

probably due to the blockage of the nozzle.  On the other hand, the use of dilute polymer 

solutions will result in beaded fibers of very low quality.  It is thus clear that there exists 

a concentration window for any chosen polymer solution system within which high-

quality polymer fibers can be obtained from the electrospinning process.  It must be noted 

that detailed reviews of the challenges and the applications of the electrospinning process 

can be found in the literature.165-166 
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The use of nanocolloidal particles in the polymer solutions to achieve the desired 

morphology of the polymer fibers is of interest for both the industrial and the scientific 

community.  There are numerous studies that successfully demonstrate that the addition 

of nanofillers can lead to improved morphology, mechanical properties, and thermal 

properties.  Some of the examples of nanoparticles that have been used as fillers in 

polymer solutions include silver (Ag) nanoparticles,167-168 gold (Au) nanoparticles,169-170 

titanium dioxide (TiO2) nanoparticles,171 lead sulfide (PbS) nanoparticles172 and carbon 

nanotubes.173  The readers are referred to an extensive review on the use of functional 

nanoparticles in the electrospinning process that can be found in the literature.174     

It has been recently found that by altering the specific chemical interactions 

between the nanocolloids and the polymer of interest, one can get access to a wide range 

of polymer concentration that can result in the production of high-performance multi-

functional polymer nanofibers.91, 175  A recent study made use of graphene oxide (GO) 

and reduced graphene oxide (RGO) nanosheets to increase the spinnable concentration 

range of poly (vinyl alcohol) alcohol (PVA), a water-soluble polymer.91  Specifically, 

the GO/PVA suspension system resulted in an increase in the viscosity when compared 

to the PVA-water system whereas the use of RGO/PVA suspension system resulted in a 

decrease in the viscosity when compared to the PVA-water system.  Though it is argued 

that the hydrogen bonding interactions drive the rheology in these systems, the molecular 

mechanisms underpinning these observations are poorly understood.  In this study, the 

objective is to decipher such mechanisms that can give a molecular picture into how the 

graphene oxide nanosheets aid in the control of the morphology of the electrospun PVA 
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fibers.  Also, it is of interest to investigate if such mechanisms are universal for a wide 

range of polymer systems that vary in the degree of hydrophilicity.   

The rest of the section is organized as follows: In the following section, the details 

of the molecular model and the force field parameters are discussed.  Also, the method 

employed in the preparation of the model structures is described.  This is followed by the 

results and discussions section, in which the structure, the rheology, and the dynamics of 

the GO/PVA and the RGO/PVA suspension systems are discussed.  The chapter is 

closed with a brief summary of the findings and the further work that is required to 

complete this study. 

𝟒. 𝟏. 𝟑. SIMULATION DETAILS 

𝟒. 𝟏. 𝟑. 𝟏. Molecular Models and Force Fields 

The two suspension systems of interest in this study consisted of 1 wt% 

concentration of graphene oxide (GO) or the reduced graphene oxide (RGO) nanosheets 

that were dispersed in an aqueous poly (vinyl alcohol) system.  The size of the GO and 

the RGO sheets is 20 Å × 20 Å and each system contained at least 140,000 atoms in a 

cubic simulation box of edge length 100 Å.  A 1 wt% concentration corresponds to 3 GO 

sheets in the case of GO/PVA suspension system and 4 RGO sheets in the case of 

RGO/PVA suspension system.  The terms GO and RGO are used in this work to denote 

the difference in the value of the carbon-oxygen ratio (C/O) ratio present in each of the 

nanosheets.  Specifically, the C/O ratio in the GO nanosheet is 2.5 which is a typically 

observed value after a standard oxidation process of graphene in the experiments.176  On 



                                      Texas Tech University, Dinesh Sundaravadivelu Devarajan, August 2020 

118 
 

the other hand, the C/O ratio in the RGO nanosheet is fixed at 7.5 that is the same as that 

used in the literature experiments.91  The GO and the RGO nanosheets consisted of the 

epoxy and the hydroxyl groups distributed on either side of the basal plane.  Further, the 

edges of the sheets consisted of the hydroxyl and the carboxyl groups.  The molecular  
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structures of the GO and the RGO nanosheets are shown in Figure 4.1.  A 10 wt% 

concentration of PVA relative to the water content was used in all of the systems.  Thus, 

4 PVA chains each of length 80 monomers was used in this study. 

(𝒃) 

Figure 𝟒. 𝟏. The top view (top) and the side view (bottom) of the molecular structure of 

(𝑎) graphene oxide (GO) nanosheet with a carbon-oxygen (C/O) ratio of 2.5 and (𝑏) 

reduced graphene oxide (RGO) nanosheet with a carbon-oxygen (C/O) ratio of 7.5.   
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The optimized potentials for liquid simulations (OPLS)177 was used to set the force 

field parameters of GO and RGO whereas the general AMBER force field (GAFF)178-179 

force field parameters were used to represent the PVA chains and the water molecules.  It 

must be noted that the water molecules were modeled using the TIP3P model.180  The 

partial charges on the atoms of the PVA chains were obtained using the AM1-BCC 

method.181-182  The bond lengths and the bond angles of the water molecules were 

constrained using the SHAKE algorithm.183  The van der Waals and the electrostatic 

interactions in the system were truncated at a cut-off distance of 12 Å.  Furthermore, the 

long-range interactions were modeled using the tail corrections and the particle-particle 

particle-mesh (PPPM) algorithm.184  The temperature and the pressure of the system were 

held constant using the Nosé-Hoover thermostat and barostat106 at 298.15 𝐾 and 1 𝑎𝑡𝑚, 

respectively.  A time-step of 1 𝑓𝑠 was used and the MD simulation of the suspension 

systems at the conditions of constant number of particles, pressure, and temperature 

(constant NPT) was carried out using the large-scale atomic/molecular massively parallel 

simulator (LAMMPS) package.107          

𝟒. 𝟏. 𝟑. 𝟐. Preparation of Model Structures 

The structures of GO and RGO were obtained using the MakeGraphitics library 

written in python and is available free of charge under the GNU general public 

license.185-187  The author of this library has made use of a machine learning approach that 

builds nanosheet structures based on empirical and theoretical observation rather than a 

random generation that is conventionally followed.  In other words, the structures 

prepared using the library are more realistic and resemble the structure of nanosheets that 
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are typically obtained from the experimental synthesis.  For the purpose of validation of 

the bulk PVA model, the PVA structures were built using the simulated annealing 

polymerization method.188  Specifically, the PVA monomers were first placed in the 

simulation box and the optimum polymerization sequence consisting of the spatially 

closest reacting pairs was determined using the simulated annealing multivariable 

optimization technique.  The PVA chains were then obtained by connecting the identified  

Figure 𝟒. 𝟐. Simulation box of the GO/PVA suspension system.  The PVA chains and 

the GO sheets are shown in grey green and red colors, respectively.  The water 

molecules are shown as silver points and are greatly reduced in size for the sake of 

clarity.    
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reacting pairs using bonds and the structure was relaxed at a temperature of 580 𝐾 for a 

duration of 5 𝑛𝑠.  In the case of the suspension system, the nanosheets, the PVA 

monomers, and the water molecules were placed in the simulation box in the desired 

concentrations and all of the above steps for polymerizing the PVA monomers were 

followed.  The simulation box of the GO/PVA suspension is shown in Figure 4.2.  

𝟒. 𝟏. 𝟒. RESULTS AND DISCUSSIONS 

𝟒. 𝟏. 𝟒. 𝟏. Validation of the Force Field for the PVA Structure 

Figure 𝟒. 𝟑. Specific volume-temperature behavior of the poly (vinyl alcohol) system. 
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The model structure of the poly (vinyl alcohol) chains prepared using the 

simulated annealing method was validated by characterizing the glass transition 

temperature (𝑇𝑔) of the bulk PVA system.  For this purpose, the PVA system was 

subjected to a stepwise cooling from a temperature (𝑇) of 580 𝐾 to 200 𝐾 in steps of 

20 𝐾 per 2 𝑛𝑠.  During this cooling process, the specific volume (𝜐) of the system was 

calculated at each temperature.  The temperature-dependent specific volume that was 

averaged over the final 1 𝑛𝑠 at each temperature is shown in Figure 4.3.  As can be seen 

in the figure, the rubbery and the glassy states can be clearly identified by the linear fits 

in the high and the low temperature regions, respectively.  The point of intersection of the 

two linear fits is taken to be the glass transition temperature of the simulated PVA system 

which is 𝑇𝑔 = 399.05 𝐾.  It must be noted that, in the literature experiments,189 the 𝑇𝑔 of 

the PVA system is reported to be as 353 𝐾.  Furthermore, the density of PVA at room 

temperature is 1.21 
𝑔

𝑐𝑚3 which is also in good agreement with the reported literature 

value.  As expected, the 𝑇𝑔 values obtained from the simulations is higher than that 

obtained from the experiments due to difference in the cooling rates.  Specifically, in 

usual practice, the difference in the cooling rates between the simulations and the 

experiments is about 10-11 orders of magnitude.  Thus, if one follows the rule of thumb 

that the 𝑇𝑔 values shift by 3 𝐾-5 𝐾 for an order of magnitude increase in the cooling 

rate,190-192 then the 𝑇𝑔 difference of 46.05 𝐾 between the simulations and the experiments 

observed here for the PVA system falls within the expected range.  In addition, using the 

WLF equation132-133 and the universal parameter values (𝐶1 = 17.44 and 𝐶2 = 51.6 𝐾), 

the 𝑇𝑔 difference is predicted to be 64.6 𝐾 between the experiments and simulations for 

the pure PVA system. 
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𝟒. 𝟏. 𝟒. 𝟐. Molecular Structure 

The structure in the PVA/water system and the suspension systems containing the 

graphene oxide (GO) and the reduced graphene oxide (RGO) nanosheets is quantified 

using the radial distribution function (RDF).  The RDF (𝑔(𝑟)) quantifies the normalized 

probability of finding an atom at a given separation distance (𝑟) from another atom.  The 

RDF plots between the hydrogen atoms in the hydroxyl group of PVA and oxygen atoms  
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of water molecules, carbon atoms of PVA and oxygen atoms of water molecules, and 

oxygen atoms of water molecules are shown in Figure 4.4.  As can be seen from the 

Figures 4.4(a) and 4.4(b), for all of the systems, the value of RDF is less than unity 

indicating that the PVA-water interactions are least favorable.  In other words, the water 

(𝒄) 

Figure 𝟒. 𝟒. Radial distribution function (𝑔(𝑟)) between (𝑎) hydrogen atoms in the 

hydroxyl group of PVA and oxygen atoms of water molecules, (𝑏) carbon atoms of PVA 

and oxygen atoms of water molecules, and (𝑐) oxygen atoms of water molecules for 

PVA/water, PVA/water/GO, and PVA/water/RGO systems, respectively. 
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molecules form clusters at high concentrations as was also observed in a literature 

simulation study.193  Furthermore, the RDF plot between the oxygen atoms of water 

molecules (see Figure 4.4(c)) shows a strong peak greater than 1 indicating that water-

water interactions are favored at high water concentrations.     

𝟒. 𝟏. 𝟒. 𝟑. Steady Shear Viscosity 

The steady shear viscosity (휂) of the suspension systems containing the GO and the RGO  

Figure 𝟒. 𝟓. Shear viscosity (휂) as a function of shear rate (�̇�) for PVA/water, 

PVA/water/GO, and PVA/water/RGO systems, respectively. 
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nanosheets were characterized using the non-equilibrium molecular dynamics (NEMD) 

simulations.103  During the NEMD simulations, the model systems were subjected to a 

steady shear at different shear rates (�̇�) and the corresponding shear stress component 

(𝜏𝑥𝑦) was measured.  The viscosity values were then calculated as 휂 = −
𝜏𝑥𝑦

�̇�
.  The shear 

viscosity trends as a function of the shear rate for all of the systems studied in this work 

are shown in Figure 4.5.  It must be noted that the error in the reported viscosity values 

are smaller than the size of the symbols used in Figure 4.5.  As can be seen from the 

figure, the viscosity values of GO/PVA suspension system is higher than that of the 

PVA/water system at low �̇� values.  This observation could be attributed to the addition 

of the GO sheets (i.e., the expected suspension effect) and the hydrogen bonding ability 

of the GO sheets that makes the polymer chains less mobile.  The same observation is 

also seen in the case of PVA/RGO suspensions where the viscosity is higher than that of 

the PVA/water system.  However, there is not much difference in the viscosity values 

between the systems containing the GO and the RGO nanosheets.  This observation 

requires further investigation because it has been observed in the literature that the 

presence of RGO nanosheets results in a decrease in the viscosity values when compared 

to that of the PVA/water system.  However, the increase in the viscosity of the PVA/GO 

suspension system can be attributed to the decrease in the mobility of the PVA chains.  It 

must be noted that for the literature experimental PVA/GO and PVA/RGO suspension 

systems91, slope values of 0.75 and 0.87, respectively are observed in the strong shear 

thinning region.  Figure 4.6 shows the mean-squared displacement (MSD) of the carbon 

atoms of the PVA chains.  As can be seen from the figure, the PVA chains are less 

mobile in the GO suspension system when compared to the PVA-water system.  
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However, there is not much difference in the MSD values between the suspension 

systems containing the GO and the RGO sheets.  The literature reasoning91 for the 

decrease in the PVA mobility is that the GO sheets form hydrogen bonds with the PVA 

chains thereby replacing some of the PVA-PVA hydrogen bonds.  Though there are 

hydrogen bonds formed between the GO sheets and the PVA chains in the simulated 

model system, there is no difference in the hydrogen bonding ability between the PVA-  

Figure 𝟒. 𝟔. Mean-squared displacement (MSD) of the carbon atoms of poly (vinyl 

alcohol) chains for PVA/water, PVA/water/GO, and PVA/water/RGO systems, 

respectively. 
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PVA chains in both the presence and the absence of the GO sheets (see Figure 4.7).  

This observation also requires further investigation because the difference in the 

hydrogen bond formation drives the rheology in these systems. 

𝟒. 𝟏. 𝟓. SUMMARY AND CONCLUSIONS 

The use of nanocolloidal particles in the polymer solution systems is important for 

regulating the rheology of such systems which in turn dictates the effectiveness of the 

electrospinning process.  In this study, the rheological behavior of GO/PVA and 

RGO/PVA suspension systems are investigated.  The model structure of PVA chains was 

validated by obtaining the glass transition temperature (𝑇𝑔) and comparing them with the 

Figure 𝟒. 𝟕. Hydrogen bond probability distribution between the PVA chains for 

PVA/water, PVA/water/GO, and PVA/water/RGO systems, respectively. 
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literature 𝑇𝑔 values.  Furthermore, it was found that the water molecules form clusters at 

high water concentrations used in this work.  From the viscosity vs. shear rate plot, it was 

observed that the viscosity values were higher for the GO/PVA suspension system when 

compared to that in the absence of the GO nanosheets.  This is because the PVA chains in 

the presence of GO sheets become less mobile due to the hydrogen bond formation with 

the GO sheets.  This was further confirmed by observing lower values of mean-squared 

displacement (MSD) of the carbon atoms of the PVA chains for the GO/PVA 

suspension system.  It must be noted that for the PVA concentrations used in this work, 

no difference in the hydrogen bonding ability of PVA-PVA and PVA-water was observed 

between all of the systems studied in this work.   Similarly, the RGO nanosheets 

exhibited the same behavior as GO and require further investigation.  Understanding the 

molecular mechanisms that govern the rheology of the nanosheet/PVA suspension 

system and extending it to other polymeric systems which differ in the degree of 

hydrophilicity will provide a solid framework with which the quality of the polymer 

nanofibers obtained from the electrospinning process can be modulated depending on the 

end-use applications.  Furthermore, given the rheological changes observed in the 

presence of nanosheets, it is of interest to use different nanocolloidal particles such as 

spherical SiO2 particles and carbon nanotubes to investigate the role of nanocolloidal 

shape in the rheology of PVA suspension systems.   
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𝟒. 𝟐. LOCAL VISCOELASTICITY OF NANOCOLLOIDAL SUSPENSIONS 

FROM PROBE RHEOLOGY MOLECULAR SIMULATIONS 

𝟒. 𝟐. 𝟏. ABSTRACT 

The ability of the probe rheology molecular simulation technique to capture the 

local viscoelasticity of nanocolloidal suspensions is investigated in this study.  The 

reverse non-equilibrium molecular dynamics (RNEMD) simulation technique was 

employed to induce a temperature gradient in a colloidal system of volume fraction 𝜙 = 

0.35.  The imposed temperature gradient resulted in a gradient in the volume fraction of 

the colloidal particles and hence, a gradient in the viscoelastic properties of the system in 

the chosen Cartesian direction.  Active probe rheology simulations are performed on the 

𝜙 gradient colloidal systems by placing the probe at different locations corresponding to 

volume fractions, 𝜙 = 0.353 and 𝜙 = 0.403.  The elastic and the loss modulus values so 

obtained at different local volume fractions were then compared with the results from the 

oscillatory NEMD simulations that were performed at the state points corresponding to 

the local temperature and the volume fraction values.  A good agreement in the 

viscoelastic modulus values obtained from the active rheology and the NEMD 

simulations is observed.  The results of this study demonstrate the ability of the probe 

rheology technique for determining the local viscoelasticity of complex fluid systems.   

𝟒. 𝟐. 𝟐. INTRODUCTION 

The rheology of complex fluids is dictated by the microstructure present within 

these systems.  It has been hypothesized that the microrheology technique can probe the 

local variation in the microstructure and hence, the rheological properties of the complex 
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fluid systems.57  In other words, the probe motion that is tracked in the microrheology 

technique is believed to sample only the rheology of the surrounding local environment, 

whose size is set approximately by the radius of the probe particle.  However, in the case 

of a heterogeneous environment, one must not violate the most important fundamental 

assumption of microrheology.  Specifically, the probe particle must see the surrounding 

local environment as a continuum for the Stokes equation to be valid.  When the 

microrheology technique is utilized with care, extensive information related to the spatial 

gradients in the properties of heterogenous complex fluid systems can be obtained.  The 

technique’s ability to aid in the local characterization of rheology has direct biological 

applications, for example, in the study of inter- and intra-cellular transport phenomena.     

In this study, the objective is to test whether the probe rheology molecular 

simulation technique as discussed in Chapter 3 of this dissertation has the ability to 

determine the local viscoelasticity of the complex fluid systems.  For this purpose, the 

explicit solvent model of nanocolloidal suspensions as discussed previously was 

employed.  Reverse non-equilibrium molecular dynamics (RNEMD) simulation 

technique was utilized to induce a spatial change in the temperature values in the 

nanocolloidal model system.  The resulting temperature gradient, in turn, lead to a spatial 

gradient in the volume fraction (𝜙) of the colloidal particles and hence, a gradient in the 

viscoelastic properties of the system along the chosen Cartesian direction.  Active 

rheology simulations were then performed on the system with the volume fraction 

gradient by placing the probe in different locations along the gradient direction.  The 

elastic (𝐺′) and the loss (𝐺′′) modulus values so obtained from the active mode were 

found to be in good agreement with those obtained from the oscillatory NEMD 
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simulations.  The results of this study serve as evidence that the probe rheology 

molecular simulation technique indeed has the ability to sample the local viscoelastic 

behavior of the nanocolloidal suspension systems.   

The rest of the section is organized as follows: To begin with, the details of the 

molecular model and the RNEMD simulation technique are discussed.  This is followed 

by the results and discussions section, in which the results of the temperature, the density, 

and the volume fraction profiles are presented.  Furthermore, the results of the change in 

the viscoelastic modulus (𝐺′ and 𝐺′′) values along the gradient direction, and the 

comparison plots between the active rheology and the NEMD simulations for different 

volume fractions (𝜙) are presented.  The chapter is closed with a brief summary of the 

findings and the further work that is required to complete this study. 

 𝟒. 𝟐. 𝟑. MOLECULAR MODEL AND SIMULATION DETAILS 

The molecular model of nanocolloidal suspensions used in this study is the same 

as that discussed in Chapter 2 and Chapter 3 of this dissertation.  The readers are 

therefore referred to those chapters to know about the model and the intermolecular 

interaction details in the system.  The only difference in this study is that the reverse non-

equilibrium molecular dynamics (RNEMD) simulation technique194 was employed to 

create a spatial variation in the temperature along one of the Cartesian directions.  In 

other words, the temperature gradient was generated in the system in response to an 

imposed steady heat flux.  The heat flux was imposed by swapping the velocities of the 

hottest and the coldest particles that are present in the hot and the cold regions of the 

simulation box.  The swapping process took place at a time interval of 20 time steps 
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which resulted in the establishment of the temperature gradient in the system.  It must be 

noted that the bin size along the gradient direction was kept fixed at a value of 𝜎𝐵𝑆 = 7.5.  

The resulting temperature gradient, in turn, resulted in a volume fraction (𝜙) gradient 

along that direction.  From the previous chapters, it is now known that the elastic (𝐺′) 

and the loss (𝐺′′) modulus values change with a change in the colloidal volume fraction 

for the nanocolloidal model systems under study.  For the purpose of sampling the local 

viscoelasticity, the active rheology simulations were performed by placing the probe at 

two different locations along the gradient direction.  It must be noted that the two 

locations correspond to the volume fraction values of 𝜙 = 0.353 and 𝜙 = 0.403, 

respectively.  For comparison purposes, the viscoelastic modulus values were also 

obtained from the oscillatory NEMD simulations that were carried out at the same state 

points and the volume fraction values as that of the two chosen locations in the 𝜙 

gradient system.  Three independent replicas were used to obtain all of the results 

presented in this work.  The details regarding the implementation of the active rheology 

and the NEMD simulations and the calculation of the viscoelastic modulus values using 

the continuum analysis of the probe motion are the same as that discussed in Chapter 3.  

The MD simulations were carried out at the conditions of constant number of particles, 

volume, and energy (constant NVE) using the LAMMPS package.107   

𝟒. 𝟐. 𝟒. RESULTS AND DISCUSSIONS 

A colloidal system with a spatial variation in temperature, density, and volume 

fraction was prepared by using the RNEMD simulation technique as described in the 

previous sub-section.  The temperature profile, the density profile, and the volume 
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fraction profile along the gradient direction of the nanocolloidal model system is shown 

in Figure 4.8.  As can be seen from the Figure 4.8(a), the value of temperature varies 

between 0.9 and 1.1 in a linear fashion along the 𝑧 (gradient) direction.  Furthermore, an 

increase in the temperature values is accompanied by a decrease in the mass density 

values and correspondingly, a decrease in the volume fraction of the colloidal particles 

along the gradient direction (see Figure 4.8(b) and 4.8(c)).  The local stress tensor 

components were also calculated along the gradient direction to check for any possible 

variation in the pressure in the system as a result of the imposed temperature gradient.   

(𝒂) 
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One of the components 𝑃𝑧𝑧 as shown in Figure 4.9 is observed to be constant along the 

gradient direction and the same observation is also made with respect to the other 

components (𝑃𝑥𝑥 and 𝑃𝑦𝑦) of the stress tensor indicating the absence of a pressure 

gradient in the 𝑧 direction.  Furthermore, in order to investigate the difference in the 

viscoelastic modulus values along the gradient direction, four locations corresponding to 

four different volume fraction values (𝜙 = 0.326, 0.353, 0.382, and 0.403) were chosen.  

Oscillatory NEMD simulations were then performed using the state points corresponding  

 

(𝒃) 
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to those volume fraction values.  The elastic (𝐺′) and the loss (𝐺′′) modulus values as 

obtained from the NEMD simulations are shown in Figure 4.10.  As can be seen from the 

figure, the viscoelastic modulus values increase with an increase in the volume fraction.  

Most importantly, the active probe rheology simulations of the 𝜙 gradient system were 

performed by placing the probe of radius, 𝑅𝑏𝑎𝑟𝑒
𝑝 =  2.5 at two different locations in the 𝑧 

direction that corresponds to volume fractions, 𝜙 = 0.353 and 𝜙 = 0.403.  The  

(𝒄) 

Figure 𝟒. 𝟖. (𝑎) Temperature profile, (𝑏) density profile, and (𝑐) volume fraction profile 

along the gradient direction of the nanocolloidal model system. 
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comparison of the elastic (𝐺′) and the loss (𝐺′′) modulus values obtained from active 

rheology simulations and the NEMD simulations for 𝜙 = 0.353 and 𝜙 = 0.403 is shown 

in Figure 4.11.  As can be seen from the figure,  the viscoelastic modulus values as 

obtained from the active rheology simulations using the IGSER expression is in good 

agreement with those obtained from the NEMD simulations.  Furthermore, the corrected 

GSER expression that accounts for the artificial probe hydrodynamic interactions resulted   

 

 

Figure 𝟒. 𝟗. The profile of the local stress tensor component (𝑃𝑧𝑧) along the gradient 

direction of the nanocolloidal model system. 
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in accurate viscoelastic modulus values at low frequencies where the inertia is not 

important.  These results suggest that the probe rheology technique has the ability to 

determine the local viscoelastic properties of the nanocolloidal suspension systems. 

  

 

  

Figure 𝟒. 𝟏𝟎. The elastic (𝐺′) and the loss (𝐺′′) modulus values obtained from the 

NEMD simulations at different state points corresponding to the local temperature and the 

volume fraction values. 
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𝟒. 𝟐. 𝟓. SUMMARY AND CONCLUSIONS 

The ability of the probe rheology molecular simulations to capture the local 

viscoelasticity of the nanocolloidal suspensions is investigated in this study.  For this 

purpose, the temperature gradient was induced in the nanocolloidal suspension systems 

(𝒃) 

Figure 𝟒. 𝟏𝟏. Comparison of the elastic (𝐺′) and the loss (𝐺′′) modulus values obtained 

from the active probe rheology simulations by using a probe of radius, 𝑅𝑏𝑎𝑟𝑒
𝑝 =  2.5 

with those obtained from the oscillatory NEMD simulations for volume fractions, 
(𝑎) 𝜙 = 0.353 and (𝑏) 𝜙 = 0.403, respectively. 
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using the RNEMD simulation technique which in turn resulted in a volume fraction 

gradient (𝜙) and hence, a gradient in the viscoelastic properties of the system.  Active 

rheology simulations were performed by placing the probe at two different locations that 

correspond to volume fractions, 𝜙 = 0.353 and 𝜙 = 0.403.  The viscoelastic modulus 

values so obtained from active rheology were found to be in good agreement with those 

obtained from the bulk NEMD simulations.  This study indicates that the probe rheology 

technique has the ability to capture the local rheology of nanocolloidal suspensions.  It is 

of further interest to demonstrate this ability in the passive mode where the probe motion 

is Brownian and in other complex fluid systems such as polymer melts and polymer 

networks, which is currently underway in our research group.   
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CHAPTER 𝟓 

CONCLUSIONS AND FUTURE DIRECTIONS 

𝟓. 𝟏. SUMMARY AND CONCLUSIONS 

A fundamental knowledge of the structure and the rheology of the nanocolloidal 

suspensions is necessary to determine the end-use applications of these systems.  This 

dissertation is thus focused on investigating the molecular level structural and the 

rheological properties of these systems whose properties are governed by the specific 

chemical interactions.  In particular, the goals of this dissertation are three-fold: (1) The 

first objective is to develop particulate molecular models of the nanocolloidal 

suspensions that can be used to capture all of the rheological features of these systems, 

(2) the second objective is to establish the applicability of the probe rheology simulation 

technique to the nanocolloidal systems and to establish the conditions that must be 

satisfied for the application of probe rheology at the nanoscale level, and (3) finally, the 

third objective is to demonstrate the applications of molecular simulations for studying 

the rheology of practically relevant nanocolloidal systems.  The specific objectives of this 

part of the work are to demonstrate the ability of the probe rheology molecular 

simulations to capture the local viscoelastic properties of a colloidal system with a 

volume fraction (𝜙) gradient and to delineate the connection between the molecular 

structure and the rheology of graphene oxide/poly (vinyl alcohol) (PVA) suspensions 

which have applications in the electrospinning of poly (vinyl alcohol) to produce PVA 

nanofibers.  Overall, the research carried out in this dissertation shows the ability of 
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molecular simulations to establish a direct connection between the detailed chemical 

interactions and the rheological behavior of the nanocolloidal systems that can be of use 

for the large scale production of the nanoparticle based commercial products.       

The chapter 2 of the dissertation is focused on the development of an explicit 

solvent model (5: 1 colloid-solvent size ratio) of the nanocolloidal suspensions.  The 

developed molecular models can be used to account all of the intermolecular interactions 

such as the colloid-solvent, the solvent-solvent, and the colloid-colloid interactions that 

can in turn dictate the rheological behavior of these systems.  Specifically, the steady 

shear rheology and the oscillatory rheology of the nanocolloidal models were 

characterized using the MD simulations.  The relative zero shear viscosity (휂𝑟) values 

obtained for the nanocolloidal systems were found to be in good agreement with the 

literature experimental and the simulations studies.  The viscoelastic (𝐺′ and 𝐺′′) 

modulus values showed the expected fluid-solid transition with an increase in the volume 

fraction.  More importantly, it was shown that the frequency scale (or the time scale) 

accessible to the molecular simulations can be extended by the application of the time-

concentration superposition principle (TCS) to the viscoelastic modulus values obtained 

for the nanocolloidal suspension systems.  The resulting master curves of the linear 

viscoelastic (LVE) spectrum were observed to collapse only up to the 𝛼-relaxation 

region.  The TCS principle failed at volume fractions near the glass transition 

concentration (𝜙𝑔) where the 𝛽-relaxation starts to emerge, the signature of which was 

also seen in the van Gurp-Palmen plot in which a discontinuity in the phase lag (𝛿) as a 

function of the scaled complex modulus was observed.  It must be noted that a similar 

breakdown of the TCS principle was also observed in a recent literature experimental and 
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simulation study of glassy colloidal systems.  Finally, the importance of the ratio of the 

horizontal (𝑎𝜙) and the vertical (𝑏𝜙) shift factors that were used in the construction of 

the master curves to explain the relaxation modes of the nanocolloidal suspensions was 

demonstrated with the help of the Vogel-Fulcher-Tammann (VFT) equation.  In 

summary, it was successfully shown that the explicit solvent models can capture the 

rheology of the nanocolloidal systems in terms of the viscosity and the viscoelasticity, 

and the TCS principle can be useful for extending the accessible frequency scale (or the 

time scale) for these systems that is often limited in the molecular simulations.      

The applicability of the probe rheology molecular simulations to decipher the 

linear rheology of nanocolloidal suspensions is investigated in Chapter 3 of the 

dissertation.  The probe rheology simulations were carried out in both the active and the 

passive modes.  In the active rheology simulations, it was ensured that only the linear 

regime of the system was probed by selecting an oscillatory forcing strength that will not 

result in the deformation of the equilibrium colloidal structure.  However, in the passive 

rheology simulations, the probe motion is Brownian and hence, by default, only the linear 

regime was probed.  The Brownian motion was quantified by calculating the mean-

squared displacement (MSD) of the probe which showed both the ballistic and the 

diffusive regimes over the time-scales studied.  The elastic (𝐺′) and the loss (𝐺′′) 

modulus values obtained from both of these modes were observed to be in good 

agreement with those obtained from the NEMD simulations for all of the volume 

fractions (𝜙) of interest.  Furthermore, the ability of the probe rheology molecular 

simulations to recover the linear bulk rheology of the suspension medium is demonstrated 

by observing a good agreement between the probe rheology simulation results and the 
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theoretical predictions of the real (Δ′) and the imaginary (Δ′′) parts of the reduced 

complex viscosity.  An approach for including the artificial hydrodynamic 

interactions (AHIs) between the probe and its periodic images in the continuum analysis 

framework was demonstrated that resulted in obtaining accurate viscoelastic modulus 

values at the low frequencies (𝜔).  This modification will allow for the use of much 

smaller simulation boxes than those used in this work that renders the computational cost 

inexpensive and also removes the lower bound on the frequency range that can be studied 

using this technique, thus allowing for the ability to obtain the viscoelastic properties at 

very low frequencies.  Finally, it was shown that only the probe sizes that are 

considerably larger than the size of the colloidal particles were able to capture the 

accurate viscoelastic modulus values for all of the volume fractions studied in this work.   

In Chapter 4 of the dissertation, the simulation methodology developed in this 

work is applied to the practically relevant nanocolloidal systems.  In the first section of 

this chapter, the rheological behavior of the graphene oxide (GO)/poly (vinyl alcohol) 

(PVA) suspensions with two different values of the carbon-oxygen ratio (C/O) ratio of 

the graphene oxide (GO) nanosheets is investigated.  In one of the model systems, a C/O  

ratio of 2.5 was used which reflects a typical outcome of the standard oxidation process 

in experiments.176  In another system, nanosheets with a C/O ratio of 7.5 were used 

which reflects the model of a reduced graphene oxide (RGO).  A 10 wt% concentration 

of PVA and a 1 wt% concentration of GO was used in all of the model systems.  For the 

purpose of validating the model of poly (vinyl alcohol) used, the glass transition 

temperature (𝑇𝑔) of poly (vinyl alcohol) PVA was characterized and was identified to be 

399.05 𝐾 from the specific volume vs. temperature plot.  As expected, this value is 
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higher than the literature experimental 𝑇𝑔 value of 353 𝐾 due to the very high cooling 

rates used in the simulations when compared to that of the experiments.  From the plots 

of the radial distribution function, it was observed that the PVA molecules prefer to 

interact with the other PVA molecules and same is the case for the water molecules.  This 

observation is due to the very high concentration of the water present in these systems 

which was also reported in a literature simulation study.  However, it must be noted that 

the PVA chains were still observed to form hydrogen bonds with the surrounding water 

molecules.  The shear viscosity of these systems was then obtained as a function of the 

shear rate and it was observed that the viscosity of the GO/PVA-water suspension 

system was higher than the PVA-water system.  This can be attributed to the ability of the 

GO sheets to form hydrogen bonds with the PVA chains thereby rendering it immobile.  

This was further confirmed by observing that the mean-squared displacement of the 

carbon atoms of PVA chains in the presence of GO was found to be lower than those in 

the absence of GO.  However, no difference was seen in the hydrogen bonding ability of 

PVA-PVA and PVA-water in both of these systems.  Similarly, the system with the RGO 

sheets exhibited the same behavior as that of the system with the GO sheets which 

requires further investigation.  When the intriguing question such as the role of GO and 

RGO sheets in the hydrogen bonding characteristics of PVA-PVA and PVA-water is 

answered from a molecular perspective, it will help in modulating the concentration 

range available for the electrospinning of the PVA polymer solution.  In another 

application of the methodology, the ability of the probe rheology molecular simulation 

technique to capture the spatial variations in the viscoelastic properties of a colloidal 

system with a volume fraction (𝜙) gradient is investigated.  For the purpose of creating a 
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spatial variation in the rheological properties of the system, a temperature gradient was 

imposed on the colloidal system which resulted in a gradient in the volume fraction (𝜙) 

of the colloidal particles, and hence, a gradient in viscoelasticity of the system in the 

chosen Cartesian direction.  Firstly, the oscillatory non-equilibrium MD (NEMD) 

simulations were carried out at the state points (temperature and density) corresponding 

to a particular volume fraction to determine the linear viscoelastic modulus values.  It 

must be noted that the state points were chosen from the temperature profile and the 

density profile that were obtained as a result of imposing a temperature gradient.  The 

viscoelastic modulus values obtained from the active probe rheology simulations by 

placing the probe at two different locations which correspond to two different volume 

fractions in the gradient system were then compared with those obtained from the NEMD 

simulations.  A good agreement was observed between the values obtained from the 

active rheology and the NEMD simulations which indicate that the probe rheology 

simulations can successfully sample the local viscoelastic properties of the colloidal 

systems.  Overall, the thesis successfully demonstrates that the use of the explicit solvent 

models in conjunction with the molecular simulations allow for investigating the 

behavior of the nanocolloidal systems that can aid in the processing of the large scale 

nanoparticle based commercial products.                  

𝟓. 𝟐. DIRECTIONS FOR FUTURE WORK 

As discussed in the first section of Chapter 4 of the dissertation, graphene oxide 

(GO) sheets possess prominent material properties and hence, can be used for improving 

the efficiency of the electrospinning process.  There are reports in the literature91, 175 
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showing that the presence of GO sheets in aqueous polymer systems can help in 

increasing the window of the spinnable concentration (SC) range available for the 

electrospinning purposes but the mechanism underpinning this observation such as the 

hydrogen bonding interactions are poorly understood.  Specifically, it is known that GO 

sheets increases the viscosity of the PVA-water system whereas the reduced graphene 

oxide (RGO) decreases the viscosity of the PVA-water system, thus giving the ability to 

regulate the SC window.  With the preliminary results that are presented in Chapter 4, the 

aim of the study is to further investigate the molecular mechanisms underpinning the 

rheological behavior of these systems.  Since no changes in the hydrogen bonding 

interactions were seen in the 10 wt% PVA concentration systems, the first step would be 

to increase the PVA concentration range in the system to investigate the hydrogen 

bonding interactions.  Also, the concentration of the GO and the RGO sheets will be 

increased to have a greater number of sheets in the system (and hence, have a prominent 

effect) than opposed to 1 wt% concentration in the present systems.  The study can also 

be extended to other polymer-solvent systems ranging from hydrophilic to hydrophobic 

polymers to investigate if the molecular mechanism upon the addition of the GO sheets 

are the same across a wide range of systems. 

The ability to characterize the local rheological properties is of importance for a 

wide range of heterogeneous complex fluid systems such as polymer nanocomposites and 

thin polymer films.  Further, it is known that cell locomotion is governed by the stress 

and elasticity in the local surrounding and hence the characterization of local 

viscoelasticity could be of importance for biological applications such as the inter- and 

the intra-cellular transport phenomena.  Thus, in this recommended work, which is a 
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continuation to the second section of Chapter 2, the ability of the probe rheology 

simulation technique to sample local viscoelasticity of nanocolloidal suspensions will be 

further demonstrated by carrying out the simulations in the passive mode.  Furthermore, 

it is also of interest to extend the characterization of local viscoelasticity to systems such 

as polymer melts, polymer networks, and polymer nanocomposites.  For all of the 

complex fluid systems that will be studied, the viscoelastic modulus obtained from the 

probe rheology simulations using the continuum analysis framework will then be 

compared with those obtained from the bulk NEMD simulations to establish the 

applicability of the probe rheology technique in determining the local viscoelasticity of a 

complex medium. 

Finally, the ability of the probe rheology molecular simulation technique to 

capture the effect of the attractive interactions on the viscoelastic properties of complex 

fluids will be tested in this study.  For this purpose, polymer-grafted colloidal particles 

will be utilized, and the background medium will be the LJ solvent in one case and the 

polymer chains in the other case.  Thus, two types of systems will be utilized in this 

study: (1) polymer-grafted colloidal suspension and (2) polymer-grafted colloidal 

composite.  The bulk rheology simulations and the probe rheology simulations will be 

carried out by varying the attraction strength between the grafted polymer chains and the 

background medium.  This study will be useful because it has been reported in the 

literature,195 that at least in the nanocomposite systems, it is well-known that with an 

increase in the attraction strength between the grafted polymer chains and the matrix 

polymer chains, there is a dramatic slowdown in the dynamics of the polymer that are in 

close proximity to the colloidal particles which leads to an increase in the enhanced 
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moduli values.  In other words, the relaxation time of the grafted and the matrix chains 

increases with an increase in the attraction strength.  The ability of the probe rheology 

simulations to capture all of the aforementioned physics such as the local change in 

dynamics will give much more confidence in establishing it as a useful tool to investigate 

nanoscale rheology.     
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