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CHAPTER I 

INTRODUCTION 

An artificial neural network, or simply neural network, 

is a system composed of massively parallel, highly intercon

nected simple processing elements. Their hierarchical organi

zations are largely based on our present understanding of 

biological nervous systems. The modern forms of neural 

network science began with the work of McCulloch and Pitts in 

1943 [1]. They were the first to show that Boolean functions 

could be performed using simple elements modeled after brain 

neurons. Since then, many researchers have been attracted by 

the fascination of this wholly new computational scheme in 

the hope of achieving human-like performance in applications 

such as speech, vision, and robotics [2-16]. 

So far the collection of processing operations inside 

the brain is still largely unknown, but the mechanics of 

individual neurons and their interactions have long been 

investigated and a degree of knowledge has been achieved 

[2,7,8,17-21]. Although it is certainly impossible to find a 

simple matrix mapping between input stimuli and output 

responses which could achieve all types of brain behavior, 

it is equally obvious that there exist some functions in the 

neural realm for which the responses may be quite simple. The 

purpose of neural network research is to extract general 

properties and principles of the brain's organization and use 



them to build artificial neural networks to emulate the way 

information processing occurs inside the brain. Thus the goal 

is not to duplicate the brain, but to model detailed 

structures and their functional properties and characterize 

the computation that can be done with these neural networks. 

Previous studies -of neural networks cover a wide range of 

aspects, from developing new topologies and learning 

algorithms [20,22-24], theoretical analyses [25,26], and 

computer simulations [27], to applications and implementa

tions using electronic [28-32] or optical techniques [33-36]. 

One of the most important properties of memory in a 

biological system is its associative nature, i.e., the 

ability to recall complete information, given only partial 

information. Many neural network models have been developed 

in an attempt to simulate an associative memory (or content 

addressable memory) [1,20,37-39]. In an auto-associative 

memory, a particular set of data (usually a vector) is 

recalled by addressing the memory with that same data (i.e., 

a probe vector) or data that is close to it, rather than a 

specific address. This type of memory can be used in various 

applications including data compression [32], pattern recog

nition [40] and error correction in communication systems 

[37]. The memory is called a hetero-associative memory if the 

stored vector and its associated vector are not identical. 

It is now widely acknowledged that the recent resurgence 

of interest in neural networks is attributed to the work of 



John Hopfield in his study of a simple recurrent network 

known as the Hopfield model [37], which uses a first-order 

outer-product learning algorithm (i.e., Hebbian-type learning 

[18]) and yet is able to perform as an associative memory. 

Unlike the conventional model for memory in which the 

information is stored in a localized way and recalled by an 

address code, information in the Hopfield model (usually 

specified by N-dimensional vectors) is stored in a distribu

tive way and is recalled by its associated vector. From a 

finite-state system viewpoint, information in the Hopfield 

model is stored as stable states of the network, i.e., a 

stable state corresponds to a fixed point in the state space. 

The spontaneous state of the network is represented by the 

collective states of each individual neuron, which 

asynchronously updates its state during the recall process. 

Thus, the dynamic behavior of the network is characterized as 

a trajectory in time through the state space and the recall 

process can be viewed as the dynamical behavior of the system 

searching for a stable state (also known as convergence) 

stimulated by an initial or external input vector. 

Many studies have investigated the characteristics of 

the Hopfield model [41-48] . There has been, however, 

relatively little research performed on the characteristics 

of the higher-order associative memories. Note that here by 

characteristics are meant (under a specific requirement for 

convergence probability) the storage capacity M (i.e., the 



maximum allowable number of stored vectors) and the input 

error correction capability (measured by the attraction 

radius p), given a certain number of neurons N in the 

network. In designing a practical associative memory, there 

are certain engineering issues that need to be addressed, 

e.g., the trade-off involved in choosing the values for the 

parameters of (N,M,p) such that the network can meet the 

required convergence probability. Also there is a trade-off 

between the convergence speed and the storage capacity, i.e., 

given (N,p) the convergence time can be shortened if one is 

willing to settle on a smaller storage capacity. 

The fundamental network model studied in this 

dissertation will have the structure of the Hopfield model 

and utilize the Hebbian-type learning algorithm, but with 

synchronous updating, i.e., all units update simultaneously. 

This model is called a Hebbian-type associative memory (HAM) 

[47]. This dissertation addresses the following questions for 

arbitrary order HAMs. First, given the same required 

convergence probability, what is the storage capacity when no 

input error bits are present? Secondly, what limitations on 

the storage capacity and the number of connection weights 

are imposed by the presence of input error bits? Thirdly, 

how can an associative memory network achieve its original 

performance without using all the connection weights? 

This dissertation contains the following major contribu

tions. It determines the characteristics of HAMs using a 



simple statistical signal-to-noise ratio called the C parame

ter, the origins of which come from the signal-to-noise ratio 

concept commonly seen in binary decision theory. Two key 

figures of merit derived from the C parameter are introduced 

and shown to be effective in characterizing (1) direct 

convergence nets in which the initial probe vector is 

required to precisely converge to a stored vector in one step 

and (2) indirect convergence nets in which convergence to a 

small Hamming distance away from a stored vector is allowed 

after a stable state is reached. It provides complete 

formulations encompassing the storage capacity, convergence 

probability, and attraction radius of the HAM. So far almost 

all solutions for the memory capacity of the Hopfield model 

and its variants are derived based on the assumptions of N—><» 

and a "fairly high" convergence probability (not explicitly 

specified) . Thus, if N « «», such as 50, the error in the 

capacity estimate may be significant. In addition, the 

capacity of a HAM requiring a convergence probability of 0.95 

can be very much different from the capacity of another HAM 

requiring a convergence probability of 0.99, particularly 

when N is large. The C parameter method is the first attempt 

to derive the characteristics of HAMs based on a specific 

value of convergence probability. Furthermore, the 

calculation of attraction radius for the higher-order HAM 

given a specific convergence probability has been lacking in 

the past. This problem is solved in this dissertation by 



analyzing the effect of input error bits on the C parameter. 

Also, among all synaptic connections T based on the outer-

product rule, there exist certain "principal connections" 

which are shown, using the C parameter, to carry more 

information than the others. HAMs using only principal 

connections are capable of achieving good recall results. 

Finally, since the C parameter method need not assume N—̂ o©, 

results applicable to realizable networks can be obtained. 

Simulation results verify the theoretical formulations and 

prove that the C parameter is, indeed, an efficient method 

for characterizing arbitrary order HAMs. 

In addition, this dissertation contains the following 

contribution. The work on multilayer networks is the first 

effort at simulating a higher-order associative memory by 

imposing the prior knowledge of HAMs on product units. The 

multilayer network contains (1) product units [4 9] for which 

each input is raised to a power determined by a trainable 

weight, and (2) ordinary sigmoidally-threshdded summing 

units. In essence, the operation of the multilayer higher-

order associative memory consists of three phases: (1) 

preprocess the prescribed associative vectors and determine 

the principal connections; (2) create the required number of 

product units and connections based on the results obtained 

in (1) ; and (3) train the network using the backpropagation 

learning algorithm until high recall accuracy is achieved. 

The major advantages of this network include fast training 



time, efficient implementation, and great generalization 

capability. 

This dissertation is organized into six chapters. 

Chapter I has provided an overview as well as motivation. In 

Chapter II, the original Hopfield model, which allows no 

neural self-connections, will be reviewed. The C parameter is 

introduced, and its applications in deriving the character

istics of first-order HAMs are explored. Several important 

properties unique to nonzero auto-correlation HAMs are 

examined in detail. Chapter III introduces a higher-order 

extension of the first-order HAMs. The C parameter for this 

case is derived and is shown to be effective in determining 

the storage capacity and error correction capability of 

higher-order HAMs. In comparison to the first-order HAMs, the 

advantages and disadvantages of using higher-order HAMs are 

discussed. In Chapter IV, the connection proliferation 

problem in higher-order HAMs is explored. Derivations and 

applications of principal connections useful in eliminating 

redundant connections in higher-order HAMs are introduced. 

Chapter V applies the results in the previous chapters, in 

particular the principal connections, to product units and 

establishes a multilayer network that is trained, using the 

backpropagation algorithm, to function as a higher-order 

associative memory. Finally, Chapter VI states the 

conclusions of the dissertation and provides suggestions for 

future research. 



CHAPTER II 

FIRST-ORDER HEBBIAN-TYPE ASSOCIATIVE MEMORIES 

In this chapter, the basic concept of associative 

memory, as well as the original Hopfield model capable of 

functioning as an associative memory, are reviewed in Section 

2.1. In Section 2.2, the Hebbian-type associative memory 

(HAM) that utilizes the Hopfield model as its network 

structure, but with synchronously updated units, is 

introduced. In Section 2.3, characteristics of first-order 

HAMs are studied. The existence of a constant value of P for 

any arbitrary HAM is shown (P is a random variable defined as 

|s/n|, where s is the signal and n is the noise random 

variable seen by an arbitrary neuron during update 

respectively and P is the average of P). This discovery then 

leads us to the derivation of the average parameter C which 

is useful in determining HAM characteristics. The C parameter 

method is shown to be effective in providing complete 

formulas encompassing the storage capacity, convergence 

probability, and attraction radius of a HAM. The method need 

not assume N—»««, so results applicable to realizable networks 

can be obtained. Simulation results will be shown to justify 

the validity of our method. 

Although having similar formulations for storage 

capacity and attraction radius, there exist certain unique 

properties associated with first-order HAMs that have nonzero 
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diagonal terms in the memory matrix, i.e., self-neural 

feedback. The C parameter method is applied to study this 

particular type of HAM in Section 2.4. 

Z-J^ Associative Memories 

A classic problem in communication theory is that if 

binary fixed-length signals (patterns) are sent through a 

memoryless binary symmetric channel, noise will reverse 

certain bits of the exemplar randomly and independently with 

a given probability. The optimum minimum error classifier 

calculates the Hamming distance to the exemplar for each 

class and selects that class with minimum Hamming distance. 

The Hamming distance between the noisy input and the 

corresponding exemplar is the number of places in which the 

bits are different. The Hamming network [50-53] is a 

feedforward maximum likelihood classifier that implements 

such an algorithm and is shown in Figure 2.1 There are three 

sets of units : N input units , G internal units, and N 

output units. The internal units have inhibitory lateral 

connections which implement a winner-take-all circuit. The 

network is also called the unary network because only one 

internal unit is active once a match is made. Each of the 

internal units is associated with a pair of input and output 

memory registers. In fact, Figure 2.1 is a general feedfor

ward associative memory and the Hamming net is only a special 

case of this architecture. Associative memory, or content 
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addressable memory allows retrieval of a complete stored 

pattern from a noisy or partial input probe pattern, and the 

associative function is computed by the network as follows 

[54] : 

(1) A partial or noisy probe vector of N bits is present 

at the input. Internal units G compute the inner product 

between the inputs and weight vectors. 

(2) The node with the largest inner product corresponds 

to the best match in Hamming distance between the probe 

vector and the stored vectors. The winner-take-all 

circuit then selects the best match. 

(3) Once the internal units have converged to determine 

the winner, only one of them will be active. The sole 

"on" unit transmits a pattern corresponding to the 

stored vector to the output units, completing the memory 

recall process. 

Historically, associative memory modeling has been a 

major focus of neural network research [1,20,37-39]. Most of 

the models studied are based on storing and retrieving binary 

vectors. These models typically make use of the Hamming 

distance, and their connections take on only integer values. 

These models are adapted either by specifying weights a 

priori or by incrementally updating them using some simple 

learning rule. Most of the modeling of neural networks has 

been based on synapses or weights of a general type described 
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by Hebb [18] and Eccles [19] . The essential ingredient is 

the modification of an interconnection weight T^j by 

AT.j oc [v,(t)Vj(t)]3,„3g„ (2.1) 

where V^{t) and Vj(t) are the states of neurons i and j at 

time t, respectively. Note that the interconnection strength 

T̂ j is reinforced if both states are of the same sign, and is 

reduced otherwise. Thus, the learning algorithm in Eq.(2.1) 

is of the reinforcement type. It is also usually referred to 

as Hebb's learning rule after Hebb [18]. After 1975, 

widespread interest in such models seems to have waned 

because of the available technology favoring the use of 

digital memories, RAMs and ROMs, in conjunction with 

conventional Von Neuman computers. Thus, these models did not 

have a lasting impact and were significant primarily because 

they were able to explain biological memory in simple 

mathematical terms. Hopfield rekindled great interest in 

associative memory in 1982 by introducing a neural network 

model as an associative memory based on the outer product 

rule [37]. While outer product memories had been studied 

previously [55], the Hopfield model captured much attention 

because of its success in providing an energy minimization 

function and because of its timeliness from a technological 

viewpoint, in particular, the fast advancement of new 

implementation techniques, the wide availability of 

12 



simulation tools, and the ever increasingly pursuit of 

superior computing power in applications such as pattern 

recognition. Due to its importance and interesting 

properties, a large number of researchers have studied the 

Hopfield model [41-48,56-60], its variations, and 

generalizations [61-69]. 

2.2. The Hopfield Model and First-Order HAMs 

As shown in Figure 2.2, the Hopfield model has only 

one layer of neurons. These serve triple duty as input, 

output, and processing units. The model is fully 

interconnected, i.e., every unit is connected to all other 

units, but there is no self-neural feedback. The intercon

nection weight Tij is constructed by the outer product rule 

which complies with the principle of Eq.(2.1) 

M 

Each bit of Vi is considered as an independent identically 

distributed (i.i.d.) random variable with equal probability 

q' 
of being +1 or -1. Let V be the initial input vector that 

Q 

differs from a specific stored vector V ( 1 < q < M) by a 

small number of bits, b. Our objective is to retrieve V^ 

13 



+ 
^ ^ • • ^ ^ 

^ ^ ^ ^ 

CO 
2 
o M 
EH 
O 
W 
z 2 
O 
o 
Q 
pa 
n> 
H^ 

< 
> 
1 DH 

w 

EH 
2 
M 

2 
1 

"is 

V 

mZ^0^ -^_ i .^^JtCyy/y\. ^^^T •*>—̂  

^^ 
^ 

^s 

^ X ^^-^ z 

s 

^ 

^ ^ . ^ 
•^^TIS. ^ ^ 

^ ^ 

.^^ 

W^C X'^^X ' ^ >A 
s,^^ n 

^^Tvyy^i-^^^ 

Jf^^^ 

^ 
^̂  

i(t
) V

 

1 

2 
> 

;:^ 

^ ± ^ ^ ^ ^ 
^ - ^ ^ ^ 

* r f 

_^^^^ * J 
^^^^ > « • 

'̂'̂  ::r 
,̂̂  

4-> 

^̂ .̂  
^ 

II 

P 

• 
rH 
<u T3 O

U
I 

M 
u 
0 
S 
4J 
0) 
c 

rH 
(TJ 

D 
<D 
C 

T3 

0) 
- H 
IM 

o 
K 

0 JS 
EH 

• 
CM 

. 
CN 

P 

-H 
frj 

14 



after inputting a noisy input, V^ , i.e., we want V^ to be 

attracted to, and hopefully settle down to, V^. The next 

state of neuron i is determined by the following update rule: 

V?(t+1) = F, E Ti j vf (t) 
L j = i 

(2.3) 

where Fh(x)=l if x >0, and Fh(x)=-1 if x <0. It has been 

shown [37] that when the matrix T is symmetric, the dynamic 

of Eq.(2.3) minimizes a Liapunov energy function which 

generates collective properties that make the Hopfield model 

useful. Eq. (2.2) provides such a symmetric T matrix. The 

process of retrieving information from a Hopfield model 

begins by inputting an initial state vector (probe vector, 

which may contain erroneous bits). The state update takes 

place one unit at a time (i.e., asynchronously) according to 

Eq. (2.3) . The output state then feeds back to the input, so 

the network iterates until it converges to a final stable 

state. Hopfield showed by simulations [37] that if the number 

of stored patterns M is chosen such that M=0.15N, this 

stable state would be the one closest (in a Hamming 

sense) to the stored vector. It is interesting to note that 

Eq. (2.3) can be expanded as 

r<i' Vl (t+1) =Fh I 
M 

1 ^1 ^: 

j = l L K=l,i»'j 

rq' v^ (t) \ (2.4a) 

15 



=FJ 
M 

V 1 Z V,'^V3^'(t)+X^i' 
j=l,K=q K#q 

Z v̂ '̂(t) 
L j=i 

(2.4b) 

The first term in Eq. (2.4b) can be viewed as signal, because 

by passing it through Fh , the memorized bit Vi^ can be 

recovered, and 

if Vi"̂ ' is a correct bit, i.e., Vi'''= Vi"̂  

signal = Vi (N-2b-l) 

q ' c • q 

and if Vi IS an incorrect bit, i.e., Vi * =- Vi 

(2.5a) 

signal = Vi^(N-2b+l) (2.5b) 

The second term in Eq. (2.4b) can be viewed as noise 
q • 

originating from the interference of input vector V with 

the rest of the memorized vectors other than the target 

vector v''. Recall that each bit Vi'̂  is treated as a 

statistically i.i.d. random variable with zero mean and unit 

variance. With K;̂ q and i^j, each triple product term 

Vi Vj Vi in Eq. (2.4b) may be treated as an independent 

random variable with zero mean and unit variance. Assuming NM 

is large and invoking the central limit theorem, the sum of 

these triple products is approximately Gaussian distributed 

with mean 0 and variance 

16 



On = (N-1)(M-1) . (2.6) 

With N neurons in the network, during one synchronous update 

there are N separate such Gaussian noise random variables 

associated with each neuron. Let na(q') be the noise 

associated with ath neuron when the input vector is v"̂  . 

From Eq.(2.4b) the covariance of the noises of the neuron 

pair a and b, i.e., E[na(q*)nb(q')] is 

E 
M N 

II 
_Ki ^q j l # a 

M N 

II 
_K2?tq jZ" b 

V. "̂  V.'^ V. ^' 

=E 
M N M N 

I I I Iv: i" v/' vj.^'v,,- v,« vj,^-. 
LKl?tq jl»» a K2?*q J2* b 

( 2 . 7 ) 

It is easily seen that all terms in Eq.(2.7) are mean zero 

if â tb. Therefore, in the HAMs during one synchronous update 

cycle any pair of noise random variables na(q') and nb(q')^ 

1< a,b < N are independent. This pairwaise independence will 

be used later in deriving the storage capacity. Consider the 

special case where a=b: terms with jl=j2, Kl=K2 are not mean 

zero and E[na(q')nb(q')] reduces to 

M N 

X X^^Dl"' ̂a"' Vjl̂ ') r (N-1)(M-1). 
.Ki ̂ q jli» a 

(2.8) 
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As expected, we have obtained the same variance result shown 

in Eq. (2.6) . 

The associative memories studied in this dissertation 

have every aspect of the Hopfield model described in the 

above, except they use synchronous update, i.e., all units 

update simultaneously using Eq. (2.3). Due to the use of 

the outer product rule as in Eq.(2.1) based on Hebb's 

learning rule, these synchronous memories are called Hebbian-

type associative memories (HAMs). Since in Eq. (2.4b) the 
K q' 

inner product i s of f i r s t - o r d e r , i . e . , [V V ] , such memories 

a re c a l l e d f i r s t - o r d e r HAMs, and a re d i scussed in t h i s 

chapte r . Their extens ions , such as second-order HAMs (contain 
K q ' 2 

[V V ] in Eq. (2.4b)) and arbitrary p^^ order HAMs are 

discussed in the next chapter. 

Based on how many synchronous steps are required for the 

initial input vector to converge to its corresponding stored 

vector, HAMs are further divided into two categories : (1) 

direct convergence HAMs, in which the initial input vector is 

required to precisely converge to a stored vector in one 

synchronous-step and (2) indirect convergence HAMs, in which 

convergence to at most a Hamming distance £N (away from a 

stored vector) is allowed after a stable state is reached. 

Note that although Chen et ai. [64,77] showed, using an 

energy function, that synchronous updating cannot guarantee 

convergence for the HAMs, in practice it is found that 

oscillations are not a problem and that the network still 
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converges to a fixed point using synchronous updating. The 

advantage of synchronous updating is that computation time is 

saved, and more importantly synchronous updating allows, due 

to possible positive energy transitions, the system to 

escape from a local minimum if the system dynamic gets 

trapped in that unwanted state [62]. 

2.3 Characteristics of First-Order HAMs: 
Storage Capacity and Error Correction 

2.3.1 Constant p and the C parameter 

Let P be the square root of (signal )/(noise ), and P 

be the average value (over N components) for all neurons 

during their first update. It has been shown [46],[47] that 

any arbitrary first-order HAM of given (N,M,b) has a unique 

constant P associated with it. In other words, HAMs with 

identical values of N,M, and b will have the same values of 

P, while in a set of HAMs, in which every single HAM has a 

different value of N,M,b, each individual HAM will have its 

own different, but fixed p associated with it. Depending on 

the choice of (N,M,b), rarely will two HAMs of different 

choices of (N,M,b) possess identical p. 

In the following derivations we shall derive the single 

C parameter used to explain the behavior of p, which then leads 

us to the statistical theory useful in characterizing HAMs. 

Letting the signal = s, and the noise random variable = n, 

p can then be written as 
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' • V ^ 
Ignal _. _s_ 

n 
Since n is a random variable with a pdf 

PN(n) = — = 

4 
•Exp 

2ncl 

n 
2a n _ 

and Gn = V(N-1)(M-1) , 

the pdf p(p) can be derived from pN(n), and is written 

as 

P(P) =i 

{ , ,̂ Exp ^̂ "7 , if p>0 

0, otherwise. 

We can now define a signal-to-noise variable C, where C 

= s/On. Then 

C = 
V(N-I)(M-I) 

and p(P) can be written as 

VI5Fp^ 2P'. 
(2.9) 

Let P(incorrect I correct) be the probability that a neuron 

already in the correct state will change to an incorrect 

state and P(incorrect I incorrect) be the probability that a 

neuron already in an incorrect state will remain in an 

incorrect state after one update of Eq. (2.3). Denoting the 
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event {0<|s/n| <1} or {0< p <1} by R , if the noise random 

variables na(q') and nb(q') are independent, then the 

corresponding events R^ and R^ are independent too. We proved 

in [47] that P(incorrect|correct) = 0.5*P(R), i.e., 

1) P(incorrect |correct)= -̂  I p(p) dp, (2.10) 
2 Jo 

2) P(correct I incorrect) = 1 ^| p(p)dp . (2.1l) 
2 Jo 

By examining Eqs. (2.9), (2.10), and (2.11), we immediately 

realize that both P ( incorrect I correct) and 

P(correct I incorrect) are, in fact, functions of a single 

variable, C. And the C variables for neurons holding the 

correct state or incorrect state are: 

(N-2b-l) . . ^, 
C= - = = = = for a correct bit, (2.12) 

V (N-1)(M-1) 

C= —==^^= for an incorrect bit. (2.13) 
V (N-1)(M-1) 

Eqs. (2.12) and (2.13) provide two different expressions 

for the C variable, depending on the current state of the 

neuron under consideration. Considering the fact that, in 

general, N is much larger than 1, the two different C 
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variables for P(incorrect I correct) and P (incorrect I incorrect) 

are very close. Without loss of generality and for 

analytical convenience, we define an averaged C parameter to 

replace the previous C variables as: 

C = 
N-b N-2b-l N-2b+l 

N V (N-1)(M-1) NV (N-1)(M-1) 
(2.14) 

Since C is a parameter averaged over the presence of 

correct and incorrect bits, it is now independent of the 

current state of the neuron under consideration, it depends 

completely on the network's parameters only. Given the 

values of N, M, b, we can now estimate the probability that 

an arbitrary neuron changes to an incorrect state and the 

probability that it remains correct after an update cycle. 

Namely, with the definition of the C parameter shown in 

Eq.(2.14), P(correct I correct) and P (correct|incorrect) can 

now be replaced by P(correct), while P (incorrect I correct) and 

P(incorrect I incorrect) can be replaced by P(incorrect) . 

Therefore, we can express P (correct) and P (incorrect) as 

C f̂  1 
P(correct) = 1 j= —r Exp 

V27C Jo S^ 
2P' . 

dp. 

and P(incorrect) = 
V27C 
= r̂  
n Jo R2 

Exp 
2p' . 

dp, 

(2 .15) 

(2 .16) 
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where C is defined in Eq.(2.14). From Eq.(2.9), the average 

of p, p is just given by 

2C f 1 

V2¥ Jo P 
Exp 

Ĉ  

2P' . 
dp . (2.17) 

Since p is a function solely dependent on C, Eq.(2.17) 

mathematically justifies why we always observed a fixed P to 

be associated with the first-order HAM with given (N,M,b). 

In fact, for any arbitrary order HAM which can be expressed 

as (N,M,b), there is a unique value of p, and hence a 

parameter C as shown in Eq. (2.14) associated with it. Empir

ical justification of its existence can be found in [46,47]. 

In the following discussions we show that once the 

network's parameters, i.e., N,M,b are given, characteristics 

such as storage capacity and attraction radius are 

completely determined. This essentially means that any 

arbitrary HAM is, in fact, uniquely characterized by this 

averaged C parameter. 

2.3.2 Direct ConvPrgence Case 

In direct convergence HAMs, only one update cycle is 

allowed and precise convergence is required. We define the 

direct convergence probability Pdc as the probability that an 

initial input vector differing by b bits from a stored vector 

will exactly converge to the stored vector, i.e., without any 
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errors, after a single-step synchronous update. The fact that 

events {R^, l<i<N} are not strictly jointly independent 

constitutes the major obstacle to calculating the storage 

capacity of the HAM. In the following analysis we want to 

utilize the result of a theorem, a proof of which is 

presented in [70], i.e., by generating N events from a set 

of N exchangeable random variables, if the events are nearly 

pairwise independent, then q of these events are nearly 

jointly independent for 2 <q <N. Note that random variables 

{n^ ,l<i<N} are exchangeable if their joint distribution is 

invariant under permutations of the random variables [70] . 

From previous discussions, since E[na(q')]=E [nt(q')]=0 and 

E [na (q') nb (q') ] =0 if â b̂, any pair of noise random variables 

are independent. Thus, their corresponding events Ra^ ^hr 

where R ={0<P<1}, are independent too. Intuitively this can 

be explained as follows: in HAMs with synchronous updating 

each unit computes its update independently with the same 

values of signal and noise. Thus the probability of a state 

containing an incorrect bit Tj = P (incorrect) =0 . 5*P (R) is the 

same for each neuron. In the Hopfield model, however, each 

neuron updates asynchronously, and previous neurons' update 

results obviously will affect the currently updating neuron 

with respect to the probability of R occurring, i.e., P (R) . 

In first-order HAMs, due to the pairwise independence, events 
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of {Ri, l<i<N} are approximately jointly independent. We 

conclude then that 

N 

Pdc ^ [ P(correct) ] . (2.18) 

Or, by using the fact that the expected number of error 

bits in the resulting vector after a single-step synchronous 

update is approximately Poisson with parameter NT| [42,44,71], 

it follows that the probability of no error bits in the 

converged vector can be written as 

Pdc = e ^ =(1-T|)^, when Tj^O. (2.19) 

Thus we obtain the same result as in Eq. (2.18). 

Eqs. (2.14), (2.15), and (2.18) imply the possibility of 

using the parameter C as a measure to judge the convergence 

properties and the storage capacity of a HAM. For 

convenience, we first assume b=0 in analyzing the capacity of 

both direct convergence and indirect convergence nets. With 

the results so obtained, and including the effect of b on the 

C parameter, we can achieve complete formulas for the 

problem of computing the information capacity of HAMs. Let 

us set the required direct convergence probability Pdc to 

be approximately 0.994. Then 
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l e t t i n g T[ = P ( i n c o r r e c t ) , we have 

Pdc = Exp{-NT|} « 0 . 9 9 4 , and from Eq. (2 .16) , 

T l = 
VIjTJt 

i± Exp 
2P^J 

oo 

dz = <D(C) 

Letting X = NO(C) and solving for X, we have 

- 3 
X=N<I>(C) = - l n [ 0 . 9 9 4 ] « 6.0*10 . ( 2 .20 ) 

Now, <I)(C) = — s o C 
N = *1̂ ] V+" [xh"H 
1 1 

where K = . — , and In -Jin C w-
From Eq. (2 .14) , w i t h b = 0 we have 

=feT V 4 - [x]-'̂ ^ V(N-I)(M-I) 

M 
Using N-1 «N, — «0, and solving this equation for M by 

N 

n e g l e c t i n g ln(K), we g e t 

M = 
N + 2 [ln(N)+5]-l 

2 [ l n ( N ) + 5 ] 
(2.21) 

As N ->«», Eq. (2 .21) can be w r i t t e n a s 

N 
M = 21n(N) ' 

( 2 . 2 2 ) 
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which is identical to the result of McEliece et ai. [42], who 

use the large deviation central limit theorem in their 

analysis. Being just a growth rate of capacity, Eq. (2.22) is 

not suitable to estimate M given an arbitrary N when a 

specific convergence probability Pdc is required. Amari et 

al. [25] improved this by subtracting ln(ln(N)) from the 

term 21n(N) in the above equation. But the result is still 

not satisfactory due to its asymptotic nature. By using the 

C parameter, however, we can avoid the assumption of N—>«> 

and estimate the storage capacity more precisely than 

before. Note that in obtaining Eq. (2.21), the term of In(K) 

is neglected for convenience. In first-order HAMs, due to M 

being just 0(N) and neglecting In (K) will not hurt accuracy 

significantly [47] . But this is not the case for higher-

order HAMs, as will be seen in the next chapter where In(K) 

must be included in deriving the storage capacity. Also note 

that in the derivations above, the requirement of convergence 

probability Pdc is 0-.994. If this requirement is changed, we 

can still apply the same procedures as in deriving Eq. 

(2.21) and obtain the storage capacity for the case of higher 

Pdc or lower Pdc- Iri other words, one of the most important 

factors in dealing with the problem of storage capacity is 

specifying the required convergence probability. This 

principle also applies to the following derivations of the 

memory capacity for indirect convergence HAMs. 
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2.3.3 Indirect Convergence Case 

From Eq.(2.18), Pdc depends not only on r\= P (incorrect) , 

but on the number of neurons N as well. With a fixed value 

of Tj (i.e., a fixed C) , larger N means smaller Pdc- Another 

way to view this is that for direct convergence HAMs with 

different numbers of neurons to have the same recall 

capability, X (=T|N, i.e., the mean value of the number of 

error bits in the converged vector after a single update) in 

Eq. (2.20) has to be kept at a constant value, depending on 

the required convergence probability. Worth noting here is 

that X equals the parameter of the Poisson density mentioned 

earlier. Since T| is itself a function of M and N through 

the parameter C, the nonlinear (logarithmic) relationship 

between N and M as shown in Eq.(2.21) results. But this is 

not the case for the indirect convergence HAM. As 

shown in Table 2.1, Pic is independent of N. Thus, we 

would expect a linear dependence of M on N for the indirect 

convergence HAM, and we will proceed to prove this as 

follows: 

Let T| = P(incorrect). Then 

11 =-^ J ~^Exp 
V27C Jo a^ L 2p- <^P=vfeJc Exp 

2 J 
dz=<D(c), 

-1, 
thus C = O dl) . 
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ô  
M 
(U 
> 
c 
o 
u 
4J 

u 
0) 
M 

- H 
T3 
C 

- H 

-o 
c 
(0 

+J 
o 
(U 
M 

• H 
T3 

0) 
M 
<0 

() 
:w 

Ui 

T3 
C 
(0 

(J 
T t 

Oi 

<u 
.c 
J j 

CO 
- H 

O 
rT* 
(U 

m 

C 
0 

- H 
-P 
(0 

r H 
3 

s • H 
CO 

e O 
M 

I M 

T) 
(U 
C 

• H 
(0 
4-) 
i 3 
0 

CO 
0) 

- H 
4J 
- H 
r H 
• H 
.Q 
«a 
i 3 
0 
u 
X 

II 
u 
i 3 
JJ 
• H 

s 
• 

> 1 
4-> 
- H 
r H 
- H 

X! 
(6 

Xi 
0 
M 
a 
0) 
u 
c (1) 
C7> 
M 
a> 
> 
c 
O 
o 
4J 

o 
a; 
M 

• H 

-o 
r H 
(0 
o 

• H 
4J 
d) 
M 
0 
<U 
JS 
4J 

(U 
Xi 
4J 

c 
<u 
x: 
5 

CO 
Z 
< 
ac 
r H 
,-\ 
tn 

u 
0 

I4H 

T 
cr> 
cr» 

• 
o 

> i 
r-i 
U 
fd 
<D 
c 

CO 
• H 

o 
•H 

cu 
^ 

r̂  
r H 

• 
cn 

VD 
O 

• 
O 

II 
CJ 

V4-I 

O 

C 
0 

• H 
4J 

u 
Id 

u 
MH 

ro 

c 
• r l 

,c 
4-) 
• H 
» 

CO 
• H 

M 
O 
4J 
O 
<U 
> 

T3 
0) 
D> 
M 
<D 
> 
C 
o 
u 

• 

O 
i-l 
U 
O 

c 
• H 

CO 
4J 

c 
<u 
c 
O 
a 
E 
O 
u 
2 

CO 
4J 
• H 

UH 
0 

29 



Since T|-̂ 0 for large C, we can use an asymptotic formula for 

the tail of the Gaussian distribution to obtain 

r| =<D(C) « - F = — Exp 
V27C L 2 J = K*Exp L 2 J' 

1 1 2 - 1 
where K =-==--. Thus C =21n(Ti ) -f 21n(K), 

V27C C 

and C = O \ T I ) » V 2[ ln(T| V l n ( K ) ] . 

- 1 , 
We s o l v e C = . = V 2[ ln(T| ")+ln(K)] f o r M t o g e t 

V(N-I) (M-I) 

M = 
N+2[ln(Tl ^Kln(K)]-l 

2[ln(Tl"^)+ln(K)] 
(2 .23) 

For C = 3 . 1 7 , a g a i n i m p l y i n g r\ = 0 . 0 0 0 7 5 5 , we have 

M =-
N + 9 . 3 7 

1 0 . 3 7 
(2 .24) 

Note that in the above derivations, we use C=3.17, i.e., 

T|=0.000755 and achieve Pic «0.994. Doing so, we need to use 

a value of e such that e/Tl >20 (see next Section) . Actually, 

the equation for storage capacity can be obtained by using 

using Eq.(2.14) with b=0 and the fact C=3.17 always gives 

Pic «0.994. Doing so results in M «0.1N, which is very close 

to Eq.(2.24). McEliece et aJ. [42] predicted that the 

asymptotic capacity for the indirect convergence HAM is 
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Comparing Eq.(2.23) with Eq.(2.25) using C= 3.17, 11=0.000755 

and Pic =0.994, reveals that Eq.(2.25) has a larger error for 

HAMs having a smaller value of N, and that the error seems to 

approach an asymptotic value as N is increased. Indeed when 

N^oo, M ==0.07N in Eq.(2.25) , and that error will approach 

30%. In addition, Eq.(2.23) or Eq.(2.24) justifies our 

earlier prediction of a linear relationship between N and M 

in the indirect convergence case. 

2.3.4 Attraction Radius 

So far, we have assumed b=0 in our previous derivations. 

But a useful HAM must be able to recall the complete stored 

pattern even when presented with a noisy input, i.e., it must 

be capable of generalization. The question is: what is the 

maximum number of input error bits a HAM can tolerate and 

still recall its stored vectors? More specifically, what is 

the attraction radius of a HAM when given only the values of 

N and M? Again, this problem can be solved using the C 

parameter. The basic idea is this: two HAMs with N neurons, 

not necessarily having identical values of (M,b), can have 

the same convergence probability (Pdc or Pic) that takes the 

same number of update steps, if and only if these two HAMs 

have the same C parameter value. We start from the 
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following two corollaries that describe the effects of b on 

C, where C=3.17 is used in both corollaries for illustration 

purposes and consistency. The proofs of the corollaries, 

which can be found in [47], and are omitted here. 

COROLLARY 1 For any arbitrary HAM of (N,M) having C=3.17, 

the effect of adding b error bits (in the input vector) on C 

is to decrease C and is expressed as 

•2^ = 1---S_ or c =3.17ri-2^1, (2.26) 
N 3.17 L N J 

where 3.17 is the value of the C parameter when b = 0. Note 

that no assumptions such as N—>«> or N » 1 are used. 

COROLLARY 2. If an arbitrary HAM of (N,M) originally has C > 

3.17 when there are no error bits in the initial vector, 

i.e., b=0, then the maximum number of error bits b=B (B/N= 

p=attraction radius) allowed in the initial vector such that 

the HAM still has T|=0.000755 can be determined by 

1-1 

i^ = l-^^il- or c=3.17ri-^r. (2.27) 
N C L N J 

Generally speaking, an indirect convergence HAM with C 

> 3.17 has some unused capacity which can be consumed in two 
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ways: (1) increasing the number of memorized patterns M or 

(2) allowing more tolerance for input data errors. Eq.(2.27) 

exactly specifies the latter choice. In fact, by subtracting 

Eq.(2.27) from Eq.(2.2 6), we have 

2(B-b) ̂  C _ 3.17 _ (C+3.17)(C-3.17) 

N 3.17 C " 3.17C • ^̂ '̂ ^̂  

Eq. (2.28) shows: 

1. For b < B, C > 3.17; this indicates the memory is 

s t i l l undercapacity. 

2. For b = B, C =3.17; this indicates the capacity has 

been used up. 

3. For b >B, C<3.17; this indicates memory is overloaded 

and the initial input is too noisy to be attracted to 

the correct stored pattern. 

The procedure, using previous results, for calculating the 

theoretical attraction radius of the first-order HAM, as well 

as the computer simulation results can be found in [47] . The 

following derivations use previous results to give the 

complete formulation for the storage capacity, i . e . , the 

equation that specifies the attraction radius p given the 

requirement that every stored pattern can be recalled 

successfully with Pic =0.994. 
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. N-1 -2b N-2b 
^ ——:=^^:^^^^— = , where M is the storage capacity 

V(N-I)(M'-I) VNM^ 

when b error bits are present in the input vector. Also 

C =• 
N-1 ^ /^ 

-1)(M-1) V M ' V(N-1)(M-1) 
where M is the storage capacity 

when no error bits are present in the probe vector and C 

is the C parameter value for the HAM with (N, M',b). We 

now form the ratio _C_ 
C 

3.17 
3.17 

N-2b 
N 

M = 1 
M 

Now L N J so 

M'=[l-2p] M, where p = —. 
^ N 

(2.29) 

From Eq.(2.23), 

M' =[ l-2pl̂ ^ 
N + 2[ln(ii~̂ )+ln(K)]-l 

2[In (ii-')+ln(K)] J 
(2.30) 

where both C and C must be 3.17. This is because we are 

comparing two memories having the same convergence 

probability, implying the two memories must have the same 

values of C, but whose storage capacities differ because of 

the presence of error bits in the probe vector in the M' 

case. Note that in the derivations above, b=B. Similar 

arguments (but C is not necessarily 3.17 in this case) can be 

applied to Eq.(2.21), which gives the storage capacity for 
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the direct convergence HAM when b=0. That is, by multiplying 

Eq.(2.21) by a scaling factor of (l-2p)^, we obtain M', i.e., 

the allowable storage capacity when the indirect convergence 

HAM exhibits the attraction radius p. 

2.3.5 Figures of Merit: T̂ N and E/r| 

Previous studies [42,43,45,58,72] of the Hopfield model 

often were based on fairly complicated coding theory and 

the results so obtained must assume "fairly high" 

convergence probability. In the above discussions, we have, 

in fact, implicitly applied two simple statistical parameters 

to derive the storage capacity of the first-order HAMs. In 

this section, the principle that involves using two figures 

of merit, E/Tj and TjN, to determine the convergence probability 

for indirect and direct convergence HAMs will be discussed 

in detail. In particular, (1) Given Tl, the parameter e/Tj 

determines the capability of converging iteratively to at 

most EN bits away from the stored vector after a stable state 

is reached, where 0<e<0.5. (2) The indirect convergence 

probability Pic is =1.0 for all HAMs having e/Ti>20. (3) On 

the other hand if precise convergence to the stored vector 

in one step is required, the parameter TjN determines the 

probability of direct convergence Pdc The key equation in 

this section is: 
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V27C Jc 
Exp 

c 2 J 
dp, (2.31) 

where C is the C parameter defined in Eq.(2.14). (In fact, 

Eq.(2.31) is transformable to Eq.(2.16).) The detailed 

results are given in the following discussions: 

2.3.5.1 Indirect Convergence and e/r\ 

Due to multiple iterations, it is very difficult to 

derive a closed form equation for the relationship between Pic 

and e/Tj. Fortunately, it is sufficient to have e/Tj >20 to 

obtain Pic = 1.0, regardless of the value of N. Computer 

simulations were performed on three different values of N for 

first-order indirect convergence HAMs with various values of 

e/T). Figure 2.3 shows that the constant Pic turns out to 

be the saturation region in the curve Pic versus e/Tj. As e/Tj 

increases beyond 20 the convergence probability Pic will 

saturate to 1.0, regardless of the value of N. Thus, these 

three curves overlap each other over the range of e/ll>2 0. 

Although Pic starts decreasing rapidly as e/ll< 20 (decreasing 

more rapidly for large N than for smaller N) , in practice 

we would like Pic «1.0. Therefore, the saturation phenomena 

in Figure 2.3 suggests a useful network design tool due to 

the fact that C is just a function of N and M (Eq.(2.14)). 

Once the value of C is given, the storage capacity M is 

readily obtained, as already shown in Section 2.3.3, where 

C=3.17 is used to derive the storage capacity for the 
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Figure 2.3. Simulation results of e/Tj versus Pic-

indirect HAMs. We conclude that for a HAM with an 

arbitrarily chosen value of E/T] >20, its convergence 

probability Pic—>1.0. But there are many possible 

combinations of (e,N,M) which can be used to achieve this 

chosen e/T| and thus constant Pic- Equivalently speaking, 

given any two of the parameters 6, M or N, we can find the 

third parameter. This offers a great flexibility in 

constructing neural networks, where some engineering 

decisions (cost, system complexity, etc.) must be made to 

determine values of (e,N,M) in order to meet the required 

convergence probability. Another way to view this is that 

given values of (e,N,M), the corresponding achievable Pic 

is readily obtained. The first column of Table 2.2 shows 

this flexibility, where three different values of N 
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(60,80,100) are simulated, and for each value of N there are 

two different values of M. Recall that once values of (N,M) 

are given, Tl is determined (Eqs. (2.5) and (2.6)). Next, we 

arranged the value of e for each (N,M) combination in such a 

way that all these 6 combinations of (e,N,M) have 

approximately the same value of e/T|. As can be seen the 

convergence probability Pic for each combination is nearly 

1.0, i.e., all 6 combinations have the same recall capability 

even though they may not have the same values of (e,N,M) . 

Table 2.2. Constant E/T] 

(N,M) 

(60,6) 

(60,8) 

(80,10) 

(80,12) 

(100,12) 

(100,15) 

e 

0.030 

0.200 

0.150 

0.350 

0.140 

0.260 

Tl 

0.00030 

0.00186 

0.00154 

0.00368 

0.00135 

0.00263 

eAi 

100 

107 

97 

95 

103 

100 

Pic 

0.99900 

0.99800 

0.99800 

0.99600 

0.99900 

0.99700 

2.3.5.2 Direct Convergence and TIN 

As mentioned earlier, the expected number of error bits 

in the resulting vector after a one-step update in a first-

order HAM is approximately Poisson distributed with parameter 
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X='nN. Therefore, the probability of no error bits in the 

resulting vector can be written as Pdc =e"''̂ N̂  ^g shown in 

Eq.(2.19). Thus, HAMs of different combinations of (N,M), 

while having the same value of TIN, are expected to have the 

same value of convergence probability Pdc. For example, in 

Section 2.3.2 the storage capacity of direct convergence HAMs 

is derived based on Pdc=0.994, which implies T1N=0.006 ( see 

Eq.(2.20)). Note that the bold face represents the 

theoretical value (eg. Pdc) and plain face represents the 

simulation value (eg. Pic, Pdc) . Unlike indirect convergence, 

in which every different N has a curve of its own (until e/Tj 

>2 0 where these curves merge), there is only one common curve 

of TjN versus Pdc in direct convergence. This is shown in 

Figure 2.4. The 1-to-l relationship between TjN and Pdc 

displayed in Figure 2.4 can be used to estimate the storage 

capacity or the convergence probability, as shown in Section 

2.3.2. The fact that there are many possible combinations of 

(N,M) to achieve a certain value of TJN using Eqs. (2.14) and 

(2.31) is useful in designing a network which meets a 

specific value of PdCf or conversely one can predict 

the achievable Pdc, provided the values of (N,M) are given. 

Moreover, this implies that given any two of the parameters 

PdCf M or N, we can find the third parameter. Table 2.3 shows 

this idea, where two sets of different values of TIN 

(0.074 and 0.41) are given and each set has three 
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Figure 2.4. Simulation result for direct convergence HAMs. 

Table 2.3. Constant T|N 

( N , M ) 

(55,7) 

(78,9) 

(102,11) 

(80,13) 

(98,15) 

(127,18) 

T|*N 

0.0013 * 55=0.074 

96*1()^* 80=0.074 

73*10 *102=0.074 

51*10"̂  *80=0.410 
-4 

42*10 *98=0.410 

32*10*127=0.410 

Pdc 

0.9485 

0.9435 

0.9520 

0.6992 

0.6923 

0.6844 

-TIN 

e 
0.93 

0.93 

0.93 

0.66 

0.66 

0.66 
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different chosen values of (N,M) respectively. As can be 

seen, those combinations with the same value of IIN result in 

approximately identical values of Pdc- Also HAMs with a 

larger value of TIN give smaller Pdc- Note that the 

difference between the theoretical prediction e"''̂ ^ and the 

simulation convergence probability Pdc from Figure 2.4 can 

be made as small as desired by properly choosing a very 

small value of T[. Since only one iteration is allowed and 

precise convergence is required in direct convergence (i.e., 

e =0), given the same values of (N,M), Pdc is, in general, 

smaller than Pic. Finally, since Tj is solely determined by 

the value of the C parameter, Eq.(2.31) holds for both first-

order and higher-order HAMs. Consequently, the results 

shown in Figures 2.3 and 2.4 apply to higher-order HAMs 

also. 

In summary, for any arbitrary order HAM with e/Tj >20, 

we have Pic =1.0. An analogy to this in an arbitrary pth 

order direct convergence HAM, i.e., the role of parameter TjN 

in determining the direct convergence probability is 

described. Also, for the case of indirect convergence with 

Pic~1.0, given any two of the parameters £, M or N, we can 

find the third. For the case of direct convergence, given 

any two of the parameters Pdc, M or N, we can find the third. 

41 



2.4. First-Order HAMs with Nonzero-
diagonal Terms in the Memory Matrix 

In this section, the C parameter method is applied to 

explore the unique characteristics of an another version of 

the first-order HAM in which self-neural feedback is allowed, 

i.e., Tiî tO in Eq.(2.2). We will theoretically prove the 

simulation result by Stiles et al., [73] that, by setting 

all the diagonal terms of the memory matrix to be M and 

letting the input error ratio p=0, the probability of 

successful recall Pr steadily decreases as a (=M/N) 

increases, but as a increases past 1.0, Pr begins to increase 

slowly. The network exhibits strong error correction 

capability if a<0.15 and this capability is shown to rapidly 

decrease as a increases. The network essentially loses 

all its error-correction capability at a=2, regardless of 

the value of p. In the extreme case of a » 1 , the network 

acts like an all-pass filter and the number of stable states 

increases to 2^. When 0<p<0.5, and under the constraint of 

Pr>0.99, the tradeoff between the number of stable states 

and their attraction force is analyzed and the storage 

capacity is shown to be 0.15N at best. We will also relate 

results by Keeler [76] in his study of attraction basins with 

the attraction radius results in this section, and use the 

comparison to indirectly justify the validity of our results. 

Gindi et ai. [44] showed that for the memory to evolve 

to minimize the energy function, the diagonal terms need not 
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be zero. In addition, the diagonal term serves as an inertia 

that causes a neuron to remain unchanged unless sufficiently 

activated by other neurons. This allows the network to move 

down relatively large gradients in the energy landscape. 

Stiles et al. [73] conducted a quantitative comparison of 

the performances of various associative memory models that 

work with discrete-valued data. They concluded that the 

recall accuracy Pr (i.e., the probability of successful 

recall assuming multiple iterations) of discrete associative 

memories depends on the number of stored vectors M, the 

number of neurons N, and number of erroneous bits b in the 

input vector. In general, Pr declines as a increases. 

Among these models one that drew much attention was the 

Hopfield model with nonzero diagonal terms in the. memory 

matrix (NZAM). In their Monte Carlo simulations. Stiles et 

al. observed that, when the input contains no error bits, 

the recall accuracy of the NZAM does not continuously 

decrease as a increases. In particular, the accuracy begins 

to increase as a becomes greater than 1.0. If Pr is 

expressed as a function of a , there exist double roots ai 

and a2 such that aia2=l and Pr(ai)=Pr(a2)• This is unique 

in the sense that it occurs only in the NZAM case. For 

first-order HAMs or other higher-order HAMs, the recall 

accuracy always decreases as a increases. Even when 0<p<0.5 

the NZAM is unique in its own way and results in special 
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network behavior due to the nonzero diagonal terms. But the 

property of Pr (oti) =Pr (CX2) no longer exists in this case. 

2.4.1 The Double-root Characteristic 

Let V^, V^, V^, be the M prescribed N-dimensional 

vectors to be stored in the NZAM. As before, each bit of the 

pattern vectors is considered as an independent identically 

distributed (i.i.d.) random variable with equal probabilities 

of being +1 or -1. The element Tij , 1< i, j <N, of memory 

matrix T is constructed as 

M 

Ti j = X V i ' ^ ' ( 2 .32 ) 

K=l 

Using t h e u p d a t e r u l e i n E q . ( 2 . 3 ) a l o n g w i t h t h e Ti j 

p r e s c r i b e d in Eq . (2 .32) g ives t h e fol lowing equa t ion : 

Vf =FH 

M 

vJ X v]'v,<''(t)+ X (Vi')'v,<''(t) 
I j=l,K=q K:»*q, i = : 

M 

I v,« 
K?tq,i?tj L j = l 

X^3'^i''(^> ( 2 .33 ) 

The first term in Eq.(2.33) can be viewed as the signal, and 

the second term modifies the signal by adding or subtracting 
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M-1 depending on whether or not Vi^ is a correct bit . Thus 

the signal is: 

if Vi^ is a correct bit, i.e., Vi^'= Vi^ 

signal = Vi^(N-2b)+Vi^(M-l) (2.34a) 

and if Vi^ is an incorrect bit, i.e., Vi^'=- Vi^ 

signal = Vi^(N-2b)-Vi^(M-l). (2.34b) 

The third term in Eq.(2.33) can be viewed as noise 

originating from the interference of input vector V with 

the rest of the stored vectors other than the target vector 
q 

V . We let na(q') be the noise associated with the ath 

q I 

neuron when the input vector is V . From Eq.(2.33) the 

covariance of the noise of the neuron pair a and b, i.e., 

E [na (q') nt) (q') ] is thus the same as Eq.(2.7). Therefore, 

E [na (q ' ) nb (q') ] =0 if a;tb, and when a=b we have the noise 

variance On = (N-1) (M-1), as given by Eq.(2.6). 

The signal-to-noise variable C, where C=s/an^ for 

neurons with the correct state or incorrect state in the 

NZAM case are then given by 

N-2b+(M-l) , . /-, or ̂  
C = , for a correct bit, (3.35a; 

V (N-1)(M-1) 
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^ _ N-2b-(M-l) 
^i- - 7 = = = = = = for an incorrect bit. (3.35b) 

V (N-1)(M-1) 

Without loss of generality, we define an averaged C parameter 

as follows : 

N-b N-2b-l-hM b N-2b4-l-M 

N V (N-1)(M-1) "̂  NV (N-1)(M-1) * 

L e t t i n g b /N=p=input e r r o r r a t i o , M/N=a , and N » l , E q . ( 2 . 3 6 ) 

becomes 

, . l - 2 p + a 1 -2p-a 
C= (1-p) p.— + p ^ , o r (2.37) 

C= ( l -2p) 
f 1 >! 

V a y 
(2.38) 

The C parameter is shown as the middle (+) curve in Figure 

2.5, where p =0.1 is used. Also shown in Figure 2.5 are the 

upper curve Cc representing (l-2p+a)/Va and the lower 

curve Ci representing (l-2p-a)/Va in Eq.(2.37). As will be 

seen these two curves can serve as a measure of the 

"attachment" to its previous state of any arbitrary neuron 

in the network after one update. Thus, the larger the Cc 

value is, the more likely a correct input bit will remain 

46 



Figure 2.5. a versus Cc, Ci, and C (p=0.1 is used) . 

correct, and similarly the smaller the Ci value is, the 

more likely an incorrect input bit will remain incorrect 

after one update. Note that these two curves follow almost 

the same path if a is fairly small. Later we will show that 

the range of 0 < a<0.15 is where the memory proves itself 

most useful. Thus when a is fairly small, the C parameter in 

Eq. (2.38) can be viewed as an overall measure of the 

tendency of an arbitrary neuron to store a correct bit after 

one update. Now from Eq.(2.37), we have 

a^-H 
2C' 

L(l-2p)'J 
a + 1 =0 (2.39) 

Solving this equation for a, we obtain two roots ai , a2 
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C^-2(l-2p)^ ± cVc^- 4 (l-2p)̂  
tti, a2 = 

2(l-2p)' 

Note that aia2=l, regardless of the value of p. The C curve 

in Figure 2.5 shows this double-root characteristic of the 

NZAM. As can be seen the value of C decreases rapidly when a 

<1, but as a exceeds 1 the value of C starts to increase 

gradually. Asymptotically, when a « 1, we have C= a~̂ ^̂ , 

but when a » l we have C= Qt)'''^. 

2.4.2 Case 1: Input Error Ratio p=0 

For the special case of p=0, the three curves in Figure 

2.5 reduce to the curve of Cc only, and it represents 

the tendency for an arbitrary neuron to remain holding a 

correct bit after one update. It still retains the double-

root characteristic of aia2 =1. Thus, beyond the point of 

a=l the curve begins to rise. For illustration purposes, we 

ran computer simulations where the input vector contains no 

erroneous bits, i.e., b=0. To differentiate, we use ZAM to 

stand for the first-order HAM with zero-diagonal terms. We 

ran simulations on two NZAM and ZAM networks, both with 

N=20 neurons and M randomly coded memory vectors (M ranging 

from 3 to 100) . The network is initialized with a probe 

vector that is identical to one of the stored vectors. Again, 

synchronous update is assumed, i.e., all neurons will update 
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simultaneously. Thus, the updating processes of all neurons 

can be viewed as independent. We denote Pr as the recall 

accuracy by which we mean the probability that a probe vector 

will lead to its corresponding stored vector after one 

iteration. The using of one-step convergence is well 

justified by the fact that in the recall process of the 

Hopfield-type memories (such as HAMs or the Hopfield model) 

with "suitably" chosen values of N and M, every neuron in the 

network will change in the correct direction right at the 

first update; if not, rarely could it change in the 

successive updates [42,47]. Figure 2.6 shows the results 

for Pr as a increases from 0.15 to 5. For a<l both 

networks function like the ordinary associative memory 

(i.e., Pr decreases as M increases ), although it is easily 

seen that the NZAM outperforms the ZAM. But beyond the 

point of a=l, these two networks behave quite differently. 

The Pr for the ZAM still continues to decrease as expected, 

whereas in the NZAM, Pr begins to rise steadily for a> 1 

(until it saturates at 1.0). This surprising characteristic 

of the NZAM has been previously reported by Stiles et ai. 

[73], who examined in the output vector the number of 

correct components and divided this number by the total 

number of components to yield the output probability PQ. 

The value of C directly determines P (correct) (i.e., the 

probability for a neuron to be in a correct state after one 

update) by Eg. (2.15), except this time C is defined as in 
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Eq.(2.36). Similarly, the probability of successful recall Pr 

is approximately proportional to Pdc given by Eq.(2.19), 

i.e.. 

-TIN 
Pr «̂  e ' , (2.40) 

where 11=1- P [correct], Pr is seen to be a function of C and 

N. Thus the curve trend in Figure 2.6 (where N =20) must 

follow that of the (+) curve in Figure 2.5. Furthermore, 

• — NZAM 
13 ZAM 

Figure 2.6. Simulation results for NZAM and ZAM, 

the inflection point of the Pr curve (i.e., a=l) in Figure 

2.6 does not vary with N, and it can be predicted by the 
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special property of Pr(«!)=Pr(a2), where aia2=l. Note that 

by invoking definitions of the C parameter [46,47] for other 

classes of memory (e.g., (0,1) binary-valued network, ZAM , 

second-order, third-order, etc...), we cannot find double 

roots of a for every different value of C as in the case of 

the NZAM. Thus, this special property of first-decrease-

then-increase in Pr is true for the NZAM case only. For 

example, from Eq.(2.14) the C parameter for the ZAM is 

l-2p 
C - —p?^. (2.41) 

Va 

Thus, in the ZAM there is only one a corresponding to one 

value of C, and the relationship is C= (JT'^'^ for all 

values of a >0. In summary, using the double-root property of 

the C parameter and aia2 =1, we have verified the special 

behavior of the NZAM with p=0. 

2.4.3 Case 2: Input Error Ratio p?̂ Q 

We now turn to the more general case when the input 

error ratio p̂ '̂ O, and analyze how increasing M affects the 

error correcting capability and the recall accuracy of the 

network. We start with the probability of changing a correct 

input bit to an incorrect bit, and the probability of 

changing an incorrect input bit to a correct bit. Eqs. (2.10) 

and (2.11) can be written as [47] 
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P [ i n c o r r e c t | correct]=Q(Cc)= , ExJ — ^ dz, and (2.42) 

P [ i n c o r r e c t I incorrectJ=Q(Ci)=-== Exp 
V27C-'ci L 

2 
Z 
2 J 

dz. (2.43) 

Thus, as mentioned before, the term Cc = (l-2p+a)/Va in 

Eq.(2.37) represents the tendency of a correct input bit to 

remain correct, and the term Ci=(l-2p-a)/Va represents the 

tendency of an incorrect input bit to remain incorrect (i.e., 

the error-correcting ability degenerates as a increases) 

after one update. Figure 2.7 illustrates these C curves for 

various values of p. As can be seen at the far right end 

of the figure (i.e., a»l) , all three pairs of (Cc , Ci) 

curves go to their limit of (+Va , -Va) and merge together. 

In this case, from the above two equations the probability 

for an incorrect input bit to become correct is zero. 

Similarly, every correct input bit will remain a correct bit. 

Thus, for very large a every neuron in the network will 

simply remain unchanged. Intuitively, this is because when 

a>>l the memory matrix T in Eq.(2.32) tends toward the 

identity matrix as M becomes much larger than N, and every 

input probe is an eigenvector with the same eigenvalue of M. 

Thus the network acts like an all-pass filter to any input 

probe vector when a » l . This behavior is another unique 

property for the NZAM, since it is not found in any 

other variation of Hopfield model associative memories. 
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Figure 2.7. The curves of Cc and Ci for p=0.0,0.1, and 0.2. 

We have seen that as a » l , the NZAM will degenerate 

into a system in which every possible state is stable and 

thus the number of total stable states equals 2^. At this 

point, it is interesting to compare the NZAM with the BSB 

model [74] (i.e., brain-state-in-box) . In the BSB, only a few 

corners of the state space are stable states, so any initial 

input state (which may have analog-valued elements) within 

the state space will eventually evolve into one of the 

corner states. Similarly, in the NZAM for small a only a 

few of the corner states can be stable states (i.e., 

attractors) . And due to its discrete structure, the state 

transition of the NZAM is on a corner-to-corner basis. Thus 

error-correction can be viewed as the attracting force by 

which the input state is "pulled" from a corner to a stable 

corner state. From previous discussions, it is noted that 
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increasing the diagonal terms (i.e., value of M) in the 

memory matrix will inevitably degenerate the error-

correcting capability and thus shrink the attraction radius. 

To examine how the error correcting capability is 

affected by increasing a, we define po as the output 

error ratio, i.e., the fraction of N bits which are in error 

after one update. po can be approximated [59] by averaging 

Eq. (2.42) and Eq. (2.43) 

po« (l-p)Q(Cc) + PQ(Ci) . (2.4 4) 

Clearly the output error ratio po is a function of both the 

input error ratio p and a. It is interesting to note that 

numerical computations of Eq.(2.44) give po = p > 0 as a=2, 

and Po saturates at p as a continues to increase. This means 

the network will essentially lose all its error-

correcting capability if a >2. This is illustrated in 

Figure 2.8 by plotting a versus po using p=0.0, 0.1, 0.2, 

0.3, and 0.4. With no erroneous input bits (i.e., p=0.0), the 

network will have certain erroneous bits in the output 

until a>8. In particular, the trend starts decreasing at 

a=l, in agreement with the results shown in Figures 2.5 and 

2.6. Note that the results of Eq. (3.15) and Figure 2.8 are 

invariant as N changes. Also, the threshold capacity M=2N 

(from a=2) is independent of both N and p. To verify 
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Eq.(2.44), we also conducted computer simulations for N=20 

and the results are shown in Figure 2.9. 

Although it is very difficult to calculate the total 

number of stable states in the network [75], by examining 

Figure 2.8 for 0<a <2 it is safe to say that, as a 

increases, the number of stable states also increases and 

with high probability =1 their attraction force (i.e., the 

error correction capability of the network) is in proportion 

to p-po(p,a), i.e., of all pN incorrect bits [p-po (p/oc) ]N 

bits will be corrected. Thus, any initial input state located 

[p-po (Pf oc) ] N Hamming distance in the state space away from 

these stable states will very likely be attracted to them 

(not necessarily the stored vectors). This is illustrated in 

Figure 2.10, for example at a=0 (but not =0), po *0 and 

the stored vector is capable of attracting any initial 

0.40-
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Figure 2.8. po versus a for p=0.0,0.1,0.2,0.3,and 0.4 
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Figure 2.9. Simulation results for Figure 2.8 when N=20 
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Figure 2.10. The attraction force decreases as a increases 
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input state located pN Hamming distance away. The goal of 

associative memory is being able to recognize the stored 

state when the input state is pN bits different from the 

stored state. Therefore, the attraction radius is the 

maximum value of input error ratio psuch that po(pfa)=0, 

i.e., all input error bits are corrected and aN stored 

vector will be successfully recalled with high probability 

=1. As another example, at a =1, p-po(p,l) represents the 

error correction capability of the network when a=l and 

input error ratio=p. In general, any initial input states 

with pN incorrect bits will converge to the stable states 

located [po(P/Ct)]N Hamming distance in the state space away 

from the stored states. Since Po(Pftt) increases as a 

increases and will not saturate at p until a=2, the number 

of stable states do increase as a increases. This is also 

true when a>2 because the network tends to become a all-

pass filter with overloaded stored states. Note that these 

stable states are not necessarily the stored vectors. In 

fact, the probability that these stable states are 

themselves stored vectors can be estimated by using 

Eq.(2.40) and the relationship P [correct]=l-po if N is 

given. The result of N=20 is demonstrated in Figure 2.11, 

where the recall accuracies Pr versus a for various input 

error ratios are plotted. Note that the curve of p =0.0 in 

Figure 2.11 is, again, consistent with the simulation result 

shown in Figure 2.6 for the NZAM. 
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a 

Figure 2.11. Pr versus a for N=20 and p=0.0,0.1,and 0.2. 

From the above discussion and Figure 2.11 in particular, 

it is clear that in order to ensure that the stored vectors 

not degenerate into spurious states or unstable states, it is 

necessary to keep a at a fairly small number. As can be 

seen from Figures 2.8 , 2.9, and 2.11, the network exhibits 

no error-correcting capability at all for large a. Even when 

the network still exhibits a certain error-correction 

capability, as in the range of 0.2< a < 2, most likely it 

is still too weak to pull the initial erroneous input state 

into its nearest stored vector, and the net result is the 

poor recall accuracy Pr/ as shown in Figure 2.11. Therefore 

to ensure successful recall, i.e., the output error ratio 

po=0, it is important to determine the relationship 

between a and p for small a. From Eq. (2.38) we obtain 
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P = 7 
1 r _ cVoT ̂  

l+a ) 
(2.45) 

Now consider two different NZAMs A and B. Both NZAMs have 

the same number of neurons N. We assume their values of a 

and the input error ratios p are (aa , pa) and (ab , pb) r 

respectively. We also assume that with a high probability 

of Pr >0.99 they converge to the corresponding stored vector. 

From Eqs.(2.15) and (2.40), for these two networks to have 

the same recall probability Pr, their values of the C 

parameter must be identical. Based on this consideration and 

Eq.(2.45), the tradeoff between the allowable memory capacity 

M and the attraction radius p for the NZAM can be determined. 

This tradeoff is plotted in Figure 2.12 for C=3.0,3.5, and 

4.0. Note that the shaded area where p<0 is not allowable. 

It is important to note that in evaluating the attraction 

radius given a specific value of a, the choice of C curve in 

Figure 2.12 depends on the value of N used (Eq.(2.40). For 

example, the following combinations will all result in Pr > 

0.99: (N,C)=(5,3), (20,3.5), and (200,4). By examining 

Figure 2.12, it is interesting to note that the largest 

possible capacity M (i.e., for the smallest values of N =5, 

its corresponding required C =3) for the NZAM is 0.15N 

at best. This is because larger N requires higher C 

(>3) in order to achieve Pr >0.99, and at p=0.0 and C =3, 

we obtain a =0.15. Also as p increases, the necessary 
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Figure 2.12. The attraction radius pversus a in NZAM. 

decrease in a in order to retain po=0 and Pr>0.99 can be 

estimated from Figure 2.12. For comparison, an a curve for 

the ZAM case when C=3 is also plotted and the largest 

possible capacity M is approximately 0.12N, which is quite 

close to the result of M« aN, a < ac, with ac ^ 0.14 

obtained by Amit et al. [58] for the Hopfield model. As can 

be seen, the capacity a is larger for the NZAM than for the 

ZAM for a fixed attraction radius p. Or conversely, for a 

fixed a , the attraction radius p is larger for the NZAM 

than for the ZAM. Therefore, the NZAM outperforms the ZAM 

in terms of both the attraction radius and memory capacity. 

The above discussion of attraction radius can be viewed 

from a slightly different perspective. We want to know how 

the attraction radii change as a larger number of states are 
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stored. Again we consider two different NZAMs A and B. 

Both NZAMs have the same number of neurons N. We assume 

their values of M and the input error ratios p are (M, 

0) and (M', p), respectively. Since both NZAMs are 

required to have high probability of Pr >0.99, they must have 

identical values of C. Using these assumptions and Eq. 

(2.45), we obtain 

(l-2p) = clal ^^d i=cM, where a ' = ^ and tt =^ 
^ ' l+a' i+a N N 

Thus (l-2p) ='A/— ̂ "*"̂  . From the previous discussion 
^ "̂̂  V a l+a' 

a, a' « 1, so 

M'=(l-2p)^M. (2.46) 

Thus we obtained the same relationship that has been derived 

for the ZAM in Section 2.3.4 (i.e., Eq.(2.29)). Note that M 

in Eq. (2.46) can be obtained by following the same 

procedures used in deriving Eq.(2.23), and is 

N+2[ln(Tl ̂ )+ln(K)3 (2.47) 

2[ln(Tl"^)+ln(K)-l] 

Comparing Eq.(2.47) with Eq.(2.23) again shows that the NZAM 

slightly outperforms the ZAM. 
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It is interesting to compare the above result for 

attraction radius with the result for attraction basins using 

Keeler's graphing method [76]. The basin of attraction is 

defined as the set of all initial states which lead to a 

given stored state. Keeler investigated the structure of 

attraction basins of the Hopfield model using a random 2-

dimensional slice of state space. He developed an algorithm 

for looking at sections of basins of attraction by taking 2-

dimensional slices through the state space. The union of all 

of these slices contains the entire basin. He found that 

the basins of attraction become very complicated as the 

number of stored states increases, and the simulation results 

are shown in Figures 2.13 and 2.14, where (N,M)=(200,1) and 

(200,28), respectively. The interpretation of Figure 2.13 is 

as follows. The horizontal axis, H)̂ (x-a) is the number of 

neurons at which an arbitrarily selected state x and the 

stored state a differ in the first k neurons. The vertical 

axis, Hĵ _ĵ  (x-a) is the number of neurons at which an 

arbitrarily selected state x and the stored state a differ 

in the remaining N-k neurons. Hence, the point (i,j) in the 

plane corresponds to a state x which differs from the given 

state a by i Hamming distance in the first k neurons and j 

distance in the last N-k neurons. Each dark point in the 

figure represents an initial state x that can be attracted to 

the stored state a. Since k is the average Hamming distance 

between states x and a, k =N/2. 
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A random slice through the state space. N=200 
and only one vector is stored (this figure is 
used with permission of J.D. Keeler [76]). 
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Figure 2.14. 
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The same slice as in Figure 2.13, with 28 
stored vectors.( this figure is used with 
permission of J.D. Keeler [76]). 
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It is clearly desirable to have a well-defined ball of 

radius p centered at each stored state such that this ball is 

contained entirely within the basin of attraction. The 

existence of such a ball insures that the memory will recall 

any state within pN Hamming distance of the stored state. 

The results of attraction radius in Eqs. (2.45) and (2.46) 

essentially correspond to this concept of a well-defined 

ball. As pointed out in Keeler's paper, the "balls" of 

constant radius in the 2-dimensional slice correspond to 

right triangles (with equal length edges that intersect at 

the origin) as seen in Figure 2.13. The attraction radius is 

obtained by examining the vertices of the triangle. Using 

this result to examine Figure 2.14, we find a small triangle 

(its vertices are (0,0), (0,10) and (10,0)) sitting entirely 

on the attraction basin. The point of (0,10) and (10,0) then 

gives the maximum constant radius p=0.05. 

Before proceeding, we need to note that (1) even though 

the asynchronously-updating Hopfield model performs better 

from an energy transition perspective [77], it has been shown 

previously [42,47] that when p=0 the storage capacity of the 

Hopfield model is, in fact, very close to the storage 

capacity of ZAMs, and both are of 0(N). (2) The diagonal 

terms of the memory matrix are set to zero in the Hopfield 

model, so we will use M=0.15N [37,58] for calculations. Note 

that this capacity 0.15N is larger than what is given in 

Eq.(2.24). This is because Pic~0.994 is required in Eq.(2.24), 
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whereas in the Hopfield model the convergence probability 

requirement is less restrictive [37]. (3) As mentioned 

earlier, the NZAM and ZAM share the same relationship of 

Eq.(2.46), except for the storage capacity M when p=0 where 

the NZAM is slightly better. The above statements lay as the 

foundation for our validation of Eq.(2.46) through comparing 

the synchronous ZAM (its attraction radius) with the 

asynchronous Hopfield model (its attraction basin result by 

Keeler). 

Now in Figure 2.14, we have p=0.05. Using M =0.15N in 

Eq.(2.29) gives the prediction capacity M'=25, which is close 

to the simulation value (i.e., 28) used in Figure 2.14. 

Thus, Keeler's results for attraction basins and the 

attraction radius result of Eq.(2.29) are seen to compare 

favorably. This comparison, in turn, justifies Eq.(2.46) 

which has the same form as Eq.(2.29). In other words, in 

order to acquire the capability of correcting pN input bits, 

the storage capacity is cut by the same scaling factor of (1-

2p)^, in both the NZAM and ZAM. In fact, this same factor 

applies to the Hopfield model, too [42] . 
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CHAPTER III 

HIGHER-ORDER HEBBIAN-TYPE ASSOCIATIVE MEMORY 

In the previous chapter we have shown, using the C 

parameter, that (1) for first-order indirect convergence 

HAMs, there exists a thresholding scale a to relate M and N 

(i.e., M= aN) , provided that a small fractional error £ is 

allowed in the final stable state, and (2) for first-order 

direct convergence HAMs, the storage capacity M = N/[21n(N)]. 

In this chapter, we show that a similar C parameter is 

applicable to higher-order HAMs also. As in the case of 

first-order HAMs, we will derive the storage capacities for 

higher-order HAMs based on the requisite convergence 

probability to be >0.:39, and show the close ties between 

the C parameter and convergence probability. The C parameter 

method is shown to be as effective in higher-order HAMs as in 

first-order HAMs. 

For illustration purposes, we will use second-order 

(i.e., quadratic) HAMs in most of our derivations in this 

chapter. We use the notation of QAM to stand for the second-

order HAM hereafter. In Section 3.1, several basic concepts 

of higher-order associative memories are introduced. Some 

important results on higher-order memories, previously 

obtained by other researchers, are briefly discussed. We then 

demonstrate that the constant p phenomenon existing in 

first-order HAMs also exists in QAMs. This establishes the 
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justification for using the C parameter in characterizing 

QAMs. From a signal and noise analysis, we derive the C 

parameter for the QAM. In Section 3.2, based on the C 

parameter, the equations for storage capacity are derived and 

procedures for calculating the attraction radius are 

presented. In Section 3.3, computer simulation results are 

provided to verify the validity of these equations, and 

comparisons with the wandering convergence nets [42] are 

made. In Section 3.4, generalization of the results to 

higher-order (> 3) HAMs is discussed. 

3.1. Derivations for Second-Order HAMs 

Higher-order associative memories can be broadly 

defined as the class of memories that can be trained to 

learn associations through modifying multi-neuron interaction 

coefficients. It is widely known that the number of degrees 

of freedom plays a crucial role in the ability to store 

information. In first-order networks such as the Hopfield 

model [37] and the HAMs seen in Chapter II, only two-neuron 

interactions (binary correlations) are specified. Thus, the 

number of non-redundant interaction weights or degrees of 

freedom is limited, resulting in an unsatisfactory storage 

capacity of only 0(N) (N is the number of neurons). In 

addition, first-order associative memories are unable to 

differentiate vectors which are close to each other. Higher-

order memories promise solutions to these problems by 
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offering the advantages of (1) an increase in the number of 

degrees of freedom due to the dimensionality expansion, 

which then results in a dramatic increase in capacity and (2) 

greater capability of separating the input vectors [62]. 

Recently considerable research effort has been devoted to 

higher-order associative memories [61-69]. 

The storage capacity of an associative memory presents 

itself as an important issue for study, because it is the 

key characteristic needed in understanding the memory and in 

evaluating its effectiveness. For the Hopfield model, 

McEliece et al. [42] proved that M can only grow 

proportionally to N/ln(N). For higher-order extensions (p 

> 2) of the Hopfield model, Peretto et ai. [41] have shown 

that when no errors are allowed, the growth of M is 

proportional to N /ln(N). Recently, Newman [43] has rigorously 

verified that M can grow as aN (i.e., a=lim M/N ) under the 

constraint that a small fraction of errors is allowed in the 

final stable state, and argued that a more suitable parameter 

for measuring memory capacity should be (p+1)!a. Baldi et 

al. [68] proved that the number of stable states are 

asymptotically N^/[2*(p+1)!In(N)]. 

As noted earlier, in an associative memory the radius of 

attraction of a stable state x (i.e., attractor) is defined 

as the largest value of p such that every input vector y at a 

Hamming distance no more than pN from x eventually reaches 

the state x. The feature of attraction radius thus provides 
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associative memory its most interesting property: error 

correction. Komlos et aJ. [45] investigated the convergence 

behavior of the Hopfield model and proved that the 

attraction radius for the case of arbitrary error patterns 

(i.e., fundamental memories attracting ali vectors within 

a distance of pN, instead of attracting most vectors as in 

the case of the random error vectors discussed in this 

dissertation) is p=0.024 when M< N/41n(N). 

The above mentioned solutions for memory capacity and 

error correction, however, are derived either based on the 

large deviation central limit theorem or on fairly 

complicated coding theory and the results so obtained either 

estimate the asymptotic capacity (in the sense of N—»«» or e—» 

0) or are the relative capacity compared to the first-order 

capacity [62] . Furthermore, the calculation of attraction 

radius for the higher-order associative memory under a 

specific convergence probability requirement has been lacking 

in the past. In this chapter, we study these issues using 

the C parameter method, which has been proven to be simple 

and yet very effective in characterizing first-order HAMs. 

The class of higher-order associative memories we study in 

this chapter are those nets whose neuron interaction weights 

are constructed from the higher-order outer products 

algorithm, i.e., the higher-order extensions of Eqs. (2.2) and 

(2.32). All neurons are updated simultaneously (i.e., 

synchronous update). We shall denote this class of memories 
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as higher-order HAMs. As in first-order HAMs, two types of 

higher-order HAMs are considered: (1) direct convergence 

nets in which the initial probe vector is required to 

precisely converge to a stored vector in one synchronous-

step and (2) indirect convergence nets in which convergence 

to at most a Hamming distance EN (away from a stored vector) 

is allowed after a stable state is reached. 

Now consider a network of N fully interconnected 

neurons, with each neuron taking on one of the values {1,-1}. 

The weight of the interconnection from the jth and kth 

neurons to the ith neuron is denoted by Tijk. The weights are 

represented as a symmetric tensor T. The state of the system 

is denoted by an N-dimensional vector V, where the ith 

component Vi is the state of the ith neuron. As in the case 

of first-order HAMs, the update of each neuron occurs 

synchronously. We also assume that the updating processes of 

all neurons are independent. As before, we will use the words 

vector and state interchangeably. The memory tensor T is 

constructed to memorized M prescribed N-dimensional vectors 

{V^,V^, ....,v"} by calculating its element Tijk according 

to the following equation 

M 

Tijk=Z^i''Vj''^!^ • (̂ -̂ ^ 
K=l 
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Note that Eq.(3.1) is simply the triple-correlation extension 

q' of Eq.(2.32). Consider as an input a state vector V that 

differs from a specific memorized vector V , l<q<M, by a 

number of bits,b, 0<b<0.5N (if b=0,V^=V^'; otherwise, 

q q» 
V ;tV ) . If the parameters N, M and b are chosen suitably, 

the network's dynamic can proceed in such a way (with a 

q« 
desired high probability, e.g., >0.99) that V is attracted 

to, and settles down to, V (i.e., every memorized vector is 

a stable state). During the recall process, the next state 

of neuron i is given by 

q' vr^ (t+l) = Fj X iTij.vf (t)V,-'(t) 
k = 1 j = 1 

(3.2) 

where Fh(x)= 1 if x > 0, and Fh(x)=-1 if x < 0. By using 

Eq.(3.1), Eq.(3.2) can be expanded into the following: 

q' 
Vi (t+1) =Fh 

N N 

II 
L j = i k=i 

M 

X ^i" ̂ D'^)< 
1C=1 

Vĵ '(t)V,̂ '(t) (3.3a) 

Fh^ 

N 

I v.̂ Vĵ 'Ct) 
.j=l,K=q 

M 

Ivi" 
Kitq Lj = 1 

•. (3.3b) 

The first term inside Fh( } of Eq.(3.3b) can be viewed as the 

signal, because it contains the ith bit Vi of the stored 
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vector V multiplied by the square of an inner product, 
q K q' 2 

I.e., Vi (V -V ) . Thus the signal term of neuron i is given 

by 

signal=s=(N-2b) . (3.4) 

Note that, unlike in the case of first-order HAMs, the signal 

terms for both a neuron holding a correct bit and a neuron 

holding an incorrect bit are identical. The second term in 

Eq. (3.3b) can be viewed as noise originating from the 

q I 

interference of the input vector V with memorized 

vectors other than the target vector V^. Let na(q') be the 

noise associated with the ath neuron when the input vector is 
,q' It is easily seen that the noise mean E{na(q')}=0, where 

1< a <N. From Eq. (3.3b) the correlation of the noise terms 

of the neuron pair a and b, E [na (q') nt> (q') ] is thus 

E^ 

M 

Iv/' 
l^Kneq 

N 

I v.-̂ 'v,̂ ' 
L j= i 

M 

Iv. K2 

J K2»*q 
I 

. h=l 

V K - ^ V , - -

M N N M N N 

= 1 I I 1 1 I E R ' V ^ J V , ? ' v,fv,rv,'^v,?v,rv,fv,r}. 
Kutq ji=lj2=lK2»tq h l = l h 2 = l 

(3 .5) 

It is easily seen that all terms in Eq.(3.5) are mean zero 

if a 5t b. Since E [na (q') nb (q') ]=0 if â b̂, any pair of 

noise random variables na(q') and nb(q')f 1^ a,b < N are 

uncorrelated and orthogonal. Consider the case where a=b. 
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Kl=K2 and recall that each bit of Vj"̂ ' in {} is an i.i.d. 

random variable with equal probability of being -1 or 1, 

then terms which are nonzero in the mean are those with (1) 

jl=hl, j2 =h2 or (2) jl =h2, j2 =hl or (3) jl=j2, hi =h2. 

E[na(q')nb(q')] thus reduces to 

dn =(3N^-2N)(M-1), (3.6) 

where -2N comes from excluding the two common cases in 

which jl=j2=hl =h2, and M-1 comes from k̂ k̂l. By invoking the 

Central Limit theorem for large NM, na(q') converges in 

distribution to a Gaussian random variable. With N neurons 

in the network, during one synchronous update there are N 

separate such Gaussian noise random variables associated 

with each neuron. Note that when b̂ Ô, it can be shown that 

the above noise results still hold. 

As in Chapter II, let us define P= I signal/noise I . The 

average over all neurons during an update is designated as p. 

We also define C=s/an, where s and On are defined in Eqs. 

(3.4) and (3.6), respectively, as the signal-to-noise ratio 

parameter for the QAM, i.e.. 

(N-2b)^ . , 
C = - (3.7) 

V(3N^-2N)(M-1) 

Considering the fact that the signal and noise are the same 
q' 

whether Vi is an incorrect bit or not, we can calculate 
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the probability that an arbitrary neuron remains holding an 

incorrect bit or a correct bit after updating without knowing 

its current state. Let T1=P(incorrect) be the probability that 

an arbitrary neuron remains holding an incorrect bit and 

P(correct) be the probability that an arbitrary neuron 

remains holding a correct bit after one update cycle. Without 

difficulty, the equations for the probability density 

function p(p) and T| for the QAM can be shown to be identical 

to Eqs. (2.9) and (2.16), respectively, except now we need to 

use the C parameter defined in Eq.(3.7). Therefore, it is 

expected that every QAM of (N,M,b) must have a fixed value 

of p, i.e., we can also obtain Eq.(2.17) for the case of the 

QAM. Simulation justification for this will be seen in 

Section 3.3. 

3.2. Characteristics of Second-Order HAMs 

As in the case of first-order HAMs, the major obstacle 

to calculating the capacity of the QAM is that the noise 

random variables {ni ,l<i<N} are not strictly jointly 

independent. In Chapter II, we applied the results from 

normal approximation theory and exchangeable random variables 

[70,71] to derive Eq.(2.19) and thus obtain the capacity for 

direct convergence HAMs. As for the indirect convergence 

HAMs, we utilized the complementary relationship between two 

parameters: P and C and the result that a fixed pwill give a 

constant convergence probability. Since the QAM (or even 
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higher-order HAMs) only differs from the first-order HAM in 

the manner of constructing the interconnection weights, it is 

expected to have a C parameter of its own (but with a 

different expression than Eq.(2.14)). Therefore, in this 

chapter we will apply the C parameter method along with two 

key figures of merit (Section 2.3.5) to the problem of the 

QAM. By transforming the p parameter to the C parameter, we 

can obtain the probability of a neuron representing an 

incorrect bit after the first update cycle, T), and use Tj to 

determine the storage capacity of the QAM. Thus, we have 

1 f̂  
ri=P(incorrect) =— p(P) dp, also (3.8) 

2 Jo 

--1 j P(P> dp' (3.9) P(correct) = 1-

where p(p) is the probability density function of the random 

variable P, as given by Eq.(2.9). 

3.2.1 Direct Convergence Case 

In the derivations that follow, we will use the 

relationship between parameters C and NT), where Tl = 

P(incorrect), to derive the storage capacity for direct 

convergence memories. Pdc^ as in Chapter II, is the 

theoretical direct convergence probability. In the following 

derivations, we apply normal approximation theory [70] to the 

noise of an arbitrary neuron. We assume the input vector V 
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contains no erroneous bits. The interaction strength of 

neuron i for input vector q , U(i,q) is defined as 

U(i.q) = E Z T, jk V? v,̂  (3.10) 
k = 1 j = 1 

and can be viewed as noise associated with neuron 

q 

Recall that the second term in Eq. (3.3b) is a random variable 

i. We 

transform this random variable by multiplying by Vi , i.e., 

the value of the ith bit for vector q, and obtain the 

normalized interaction strength u(i,q) [71]. 

M 

u(i,q) =Xvi''' 
Kl ?tq 

M 

I v,''' v," 
L j=i 

^i 

= [u(i,q) - NVlVi^ . (3.11) 

We now define a synchronous update A (V) as a simultaneous 

update on all N neurons with V initially input into the 

network. If V is a stable vector then V= A(V). Let p be the 

probability that V= A(V), then from Eq. (3.11) 

N 
=Pr[v(q)=Av(q)] =Pr[ n { u (j,q) ̂  -N^} ]. (3.12) 
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Before p can be analyzed, it is necessary to evaluate 

E [u(a,q)u(b,q)], i.e., the correlation of the u(i,q), 1< i< 

N. In the following derivations, we show that when 

u(a,q) =Xv, Kl 
M r N 

I 
K\^ Lj=i 

n2 

J ^J y^, then 

r 

E{u(a,q)u(b,q)}= 

(3N^-2N)(M-1), a=b 

12N(M-1), a^tb. (3.13) 

Proof 

E{u(a,q)u(b,q)} = EJXvr 
N 

I 
j=l 

Vj'^^V^ 

M 

v: llv.- I 
K2 *tq L h=l 

N 

v.^vS V 

By expanding the quadratic term, the above can be written as 

M N N M N N 

I I I I I lE{v/'vjr'v,?v,fv,|v^ v,'^v,fv,X?v,5v2}. 
Ki^q ji=l j2=l K2?tq hl=l h2=l 

(1) For a=b, E[u(a,q)u(b,q)] simply reduces to the variance 

as shown in Eqs. (3.5) and (3.6). (2) For â b̂, recall that 

each bit of Vi^ in { } is a random variable with equal 

probability of being -1 or 1, so the necessary condition 

for the expected value 

E{(v/'v3r')(Vb'='v,f)(V3fv,f)(V,''Vjj'')(V>J)(VjjXf)} "0 is K1=K2. 
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Furthermore, if we let a=jl,b=hl, and j2=h2 then the 

expected value=l. In fact, all permutations with any two 

of the four parameters jl,j2,hl,h2 being equal and each of 

the remaining two parameters either equal to a or b will do. 

Thus, we have E [u (a, k) u (b,k) ]=2*C2*N (M-1)=12N (M-1) , where M-1 

comes from the fact that K1=K2 and Kl̂ K̂. Q.E.D. 

By the Demoivre-Laplace theorem u(i,q) converges in 

distribution to a Gaussian random variable, g(i,q), which has 

the same first and second order moments as u(i,q). We can now 

proceed to calculate the quantity 

N 

PG =Pr(v(q)=Av(q)) =Pr( n{g(j,q) > -N^}). (3.14) 

2 1 r -
Let 0(x) = , I e ̂  dy be the standard error function and 

V27cJx 

l(') be the standard indicator function, we obtain the follow

ing two theorems. 

Theorem 1 

N 

31n(N) 
If M<— ^ - T T T XN = 7 . l( g(jfq) ̂  -N^ ) and YN is a Poisson 

j=l 

random variable with parameter X=NO(C), where 

N' 

C = —p==z=^=r , then XN —> YN in distribution 

V(3N^-2N)(M-1) 
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Theorem ? 
x2 

e 2 _ _ 
Also for large x, we have <I)(x) = — = = . Assuming p = pc, as 

xV27t 

N—>o«> the asymptotic capacity 

In order to justify the assumption of p = p^ in Theorem 2, it 

is necessary to normalize u(i,q) by dividing by the noise 

variance shown in Eq.(3.6), and obtain random variables 

{G(i,q)} , l<i<N and l<q<M, such that 

1, a=b 

E[G(a,q)G(b,q)] = 

•̂^ â tb. (3.16) 
3N-2 ' 

Theorem 1 states that the expected number of error bits in 

the resulting vector after a single-step update comes from 

a Poisson distribution with parameter X,=NTl. It is easily 

seen, using Eqs. (3.8) and (2.9), and by changing variables, 

that ri=P (incorrect) =0(0 . Therefore 

- -NC)(C) (^ ^..^^ 

pG =e , (.3.17a; 

where C is defined as in Eq.(3.7). Let us define Pdc as the 

theoretical direct convergence probability, i.e., the 

probability that an initial input vector differing by b bits 

from a memorized vector will exactly converge to the 
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memorized vector after a single-step synchronous update. 

Since E [G (a, q) G (b, q) ]-̂ 0 as N->«>, the noise random variables 

na (q) and nb (q) are nearly independent (both are 

approximately Gaussian), and the corresponding events Ra and 

Rb are nearly independent, too. It follows that the 

probability of no error bits in the resulting vector can be 

approximately written as 

Pdc* PG= e"^^ = (l-Tl)^, where Tl is very small. (3.17b) 

In short, Eq. (3.17b) essentially states that if any pair of 

events Ra, Rb are nearly independent (and exchangeable) , then 

events {Ri, l<i<N} are approximately jointly independent. 

Note that although the above analysis is for the QAM, 

it is easily generalized to pth order (p > 3) memories. For 

the cubic order network (p=3), by following the same steps 

from Eqs. (3.10) through (3.13), we obtain 

f (l 5N^-3 ON^+1 6N)(M-1) , a=b 

E{u(a,q)u(b,q)}=" 

^ 2*C4*(3N^-2N)(M-1) , â tb. (3.18) 

Generally, the correlation E[u(a,k)u(b,k)] for an arbitrary 

Pth order network (p>2) equals 

E{u(a,q)u(b,q)}= 

'tf(N,M), a=b 

. 2*C2^2*Q^^(N,M) , a;6b. (3.19) 
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p 

In Eq.(3.19) Q (N,M) is defined as the noise variance of the 

Pth order network. Note that it is difficult to calculate 

p 
Q (N,M) exactly for the cases p>3. The lower and upper 

bounds, however, can be estimated [62]. 

With Eq. (3.17b), we can proceed to evaluate the direct 

convergence capacity from the C parameter for any arbitrary 

QAM with given (N,M,b) . By following the procedure used in 

deriving the capacity of the direct convergence HAM in 

Section 2.3.2, and using the definition of the C parameter 

(b=0) given in Eq.(3.7), we obtain 

C = = '>y2Jln r|-l+ln(K) > . (3.20a) 

V(3N^-2N)(M-1) 

Solving t h i s equation, using X;=0.006 and neglect ing In (K) , 

N̂  + [ 6-—J[ln(N)+5] 
M = ^ / ^ . (3.20b) 

[6-^J[ln(N)+5] 

As N-̂ oo, Eq. (3.20b) approaches the asymptotic capacity 

described by Eq. (3.15). It should be kept in mind that in 

deriving Eq. (3.20b), the value used for Pdc is 0.994 (or 

equivalently, >.=T1N=0.006) . Changing the value of Pdc would 

result in different, though similar, equations. Note that in 

the above derivations In (K) has been neglected for 
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simplicity in solving the equation for M. An iterative 

method to solve this problem and thus improve the accuracy 

of Eq. (3.20b) is described as follows: (1) determine the 

value of the desired Pdc, (2) arbitrarily guess a value for 

the C parameter, (3) plug these two values of Pdc, C 

along with N into Eq.(3.21) and iterate until it 

converges to a stable value Cf, i.e., until Cnew = Cold = Cf 

(4) the converged Cf can now be used to determine the memory 

capacity M using Eq. (3.7) . 

'new ~ \ / i^ 
/ -KT \ -N 
V^ln(Pdc)> 

- ln(C„,J (3.21) 

In general this iterative method will always converge in 

less than 15 iterations, regardless of the values of N and 

the first guess for C used. This is shown in Table 3.1 where 

an initial guess of Ci =50 for various N is used. Note that 

the converged value Cf is independent of the first guess 

used. M(theo) are the theoretical values of M obtained by 

using this iterative method and Eg. (3.7). The total number of 

steps needed to reach a converged C, Cf, for each N is shown, 

as well as the values of M used in the simulations (i.e., 

M(sim)) and the corresponding resulting direct convergence 

probabilities (i.e., Pdc(sim)). As can be seen, the storage 

capacity predicted by the iterative C parameter method has 

very good accuracy. Thus, results of Table 3.1. again confirm 
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the validity of Eq. (3.17b), even for N small! Finally, it is 

interesting to compare the capacity estimated using the 

iterative method with the capacity using Eq. (3.20b), i.e., 

the constant of 5 in Eq.(3.20b) is now replaced with 5-ln(K), 

where K= (I/VITC) (Cf) "\ That is 

(3.22) 

For example with N=60, by using Eq.(3.21) we obtain Cf=3.74. 

Using this value of Cf in Eq.(3.22) gives M=88, which is very 

close to the simulation data of M=87 shown in Table 3.1. 

N 

TABLE 3.1. 

Simulation Results of Eqs. (3.21) and (3.22) 

Total 
Ci steps Cf M(theo) M(sim) Pdc (sim) 

20 
30 
40 
50 
60 

300 
10^ 

50 
50 
50 
50 
50 
50 
50 

10 
9 
9 
8 
9 
8 
7 

3.450042 
3.557053 
3.631343 
3.688080 
3.733884 
4.118803 
5.298955 

12.2 
24.4 
41.4 
62.2 
87.0 
1.7*10^ 
1.2*10^ 

12 
24 
41 
62 
87 
N.A. 
N.A. 

0.9958 
0.9951 
0.9926 
0.9935 
0.9942 
N.A. 
N.A. 
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3.2.2 Indirect Onnvf^raence Oa.qfi 

As in the case of first-order HAMs, the indirect 

convergence probability Pic will be a constant value so 

long as Tj is a constant, i.e., there is no dependence on N. 

By following the procedures used in deriving the capacity of 

the direct convergence HAM in Section 2.3.3, and using 

Eq.(3.7), we obtain 

2 

C ^ = V2[ln(Tl Vln(K) . (3.23) 

V(3N^-2N)(M-1) 

Solving this equation for M 

N V ( 6--l[ln(ri ̂ +ln(K)] 

M = , ,^^ . (3.24a) 

[6-^J[ln(Tl Vln(K)] 

For C = 3.17, r| =0.000755 and ln(K) =-2.0, we have 

N + 31 (^ ^,^. 
M = . (3.24b) 

31 

Note that these equations hold for indirect convergence QAMs 

with e»Tl (e.g., £=0.02 and ri=0.000755) . For N =40, we have 

M=53 by using Eq. (3.24b). It is interesting to note that in 

the indirect convergence memory, Tl determines Pic. That in 

turn implies that once the value of C is given, the relation 

between M and N is readily obtained from Eq.(3.7). Thus, with 

C=3.17 (i.e., Pic«0.99) we have M = 1 + ( N V 3 0 ) , which essentially 

equals the expression in Eq.(3.24b). Unlike the indirect 
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convergence case where C=3.17 for all N values, in the case 

of direct convergence, the converged value of the C parameter 

for each different value of N has to be determined before 

using Eq. (3.22) . 

3.2.3 Attraction Radin?:; 

To this point our assumption has been that we input 

an initial vector with no errors and then calculate the 

probability that the state of the system does not change 

after the first update. In the QAM case we are also 

interested in recalling stored patterns even when input 

data contains only partial information about the pattern, 

i.e., the input vector contains some erroneous bits. In this 

case the storage capacity really means the maximum number of 

attractors (stable states) which are capable of attracting 

their nearby states. As we shall see, there exists a trade

off relationship between the number of attractors and the 

error correction capability of the network. The larger the 

number of attractors, the less the error correction 

capability. Thus Eqs. (3.22) and (3.24b) essentially give the 

number of stable states which have no attracting ability. In 

the following discussions, we study the error correction 

capability of QAMs by considering the effect of the number 

of erroneous bits, b, on the C parameter. We start by 

assuming a QAM initially has b=0 and a certain value of C 

(e.g., C=3.17,i.e., r|=0.000755) . 
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The effect of the number of erroneous bits, b, on the C 

parameter is given by the following two corollaries: 

Corollary 1• 

For any arbitrary QAM of (N,M) having C =3.17, the 

effect of adding b error bits (in the initial input) on C is 

to decrease C, and the relationship is 

2b 
N = '-\/^ °̂  ^ = 3-4'-irr- ^'-''^ 

Corollary 2: 

If an arbitrary QAM of (N,M) originally has C > 3.17 

with no error bits in the initial vector, i.e., b=0, then the 

maximum number of error bits b=B>0 allowed in the initial 

input such that the QAM still has Tj =0.000755 can be 

expressed as 

2 « = 1 
N \ / c °̂  ̂  = ̂ •̂ "̂ [̂ -̂ l '• ^̂'̂̂^ 

Here B/N is the attraction radius of the QAM under the 

requirement of r|= 0.000755. The proofs of these two 

corollaries can be found in [46]. 

In the previous sections, we have seen that the value 

of the C parameter can be used effectively to determine 
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Pdc, Pic and the storage capacity of a QAM with b=0. Now we 

assume two QAMs, one of which has b=0 and the other b̂ tO, 

but both have the same values of C. This means: (1) In the 

case of direct convergence, from Eq. (3.17b) these two QAMs 

must have identical values of Pdc, provided they both have 

the same value of N. (2) In the case of indirect convergence 

these two QAMs must have the same values of Pic and 

convergence speed, as will be seen in the next section. 

Since the convergence speed of the QAM with b;t 0 must be the 

same as that of the QAM with b=0, it is necessary that most 

of the input error bits must be corrected after the first 

update cycle. Also, Eqs.(2.26) and (3.26) can be rewritten as 

2Bi 3.17 
COSei = 1 = l-2pi = , and 

N Ci 

2B2 
00892 = 1 = 1-2 p2 V 3.17 

"ET 

Here 6i is the angle between two vectors having a Hamming 

distance of B^ in a first-order memory and 82 is the angle 

between two vectors having a Hamming of distance B2 in a 

QAM, and p-^, P2 are the attraction radii of these two 

memories respectively. Then (1) if Ci =C2, and assuming 

PIT P2 "^^ ^' ^® ^^^^ ^^~ 2p2)^=l-2pi, or pi= 2p2, which means 

that the first-order HAM has an attraction radius 

approximately twice as large as that of the QAM if 
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both memories have the same retrieval capability (due to 

Ci=C2). But it should be kept in mind that for Ci=C2, M is 

much larger for the QAM than for the first-order memory. 

This characteristic of smaller attraction radius in higher-

order associative memory is also mentioned in Psaltis et al. 

[62] . It can be said that as the order gets larger 

the memory behaves like a Boolean look-up table, which 

implicitly explains the degradation of the attraction radius. 

(2) From another point of view, if p^, p2 < 0. 5N then 

cosOi > 0 and cose2 > 0. If we further assume Ci=C2, we 

have 9i > 62. Thus, the allowable difference between the 

q' Q 

input vector V and the stored vector V is less in the 

QAM than in the first-order memory. Note that what we 

are comparing here are the two vectors V (noisy input 
q 

vector) and V (corresponding stored vector), and it is the 

attraction radius we are dealing with. When two vectors 

are allowed to be relatively close to each other, the 

memory's capability for differentiating the stored vector 

and the noisy input vector must degrade more in higher-

order memories such as the QAM, where many more vectors 

are stored than in the first-order memory (recall that in 

both memories, noise comes from the total interaction 

between the input vector and the rest of the stored 

vectors, as shown in Eq. (3.3)) . 

As mentioned earlier, two QAMs (one with b=0 and the 

other with b̂ Ô) that have the same values of C and N must 
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have identical values of convergence probability (either Pic 

or Pdc) and the same convergence speed. Based on this 

comparison scheme, we can determine the storage capacity of 

a QAM when the input vector contains erroneous bits. 

(N-2b)^ 
Let C = — - where M' is the capacity when b error 

V(3N^-2N)(M'-1) 

N' 
bits are present in the probe vector. Also, C=-

V (3N^-2N)(M-1) 

where M is the capacity when no error bits are present in the 

probe vector. Now for both QAMs to have identical retrieval 

capability and convergence speed, it is necessary that C'= C, 

C rN-2b1 / M b 
so we can form t h e r a t i o =\ <v/ =1 - L^t p=—, then 

C n. N J V M' ^ N 

M'= [l-2p]̂ M . (3.27) 

Thus, for the same values of convergence probability (Pdc 02: 

Pic ) the memory capacity allowing for tolerance of b errors 

in the input vector is less than the capacity which allows 

for no tolerance of input errors by the factor (l-2p) . 

Eq.(3.27) specifies the maximum number of attractors M', 

given the desired attraction radius p. Note that when p=0, 

M'=M. Remember that the reduction factor holds when we 
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require the same convergence speed in both QAMs, i.e., the 

number of synchronous updates needed for the QAM to converge 

with pTtO is required to be equal to that needed for the 

QAM with p=0. Therefore, if p̂ Ô, indirect convergence has 

the following special characteristics: (1) most of the 

erroneous bits will be corrected after the first update step 

and (2) with probability =1.0 the movement in the state 

space during each synchronous step is in the right direction 

to lead to the stored vector. 

3.3. Simulation Results and Comparisons 

This section presents several computer simulation 

results which verify the theoretical derivations for the 

QAMs presented in the previous sections. All simulation QAMs 

of (N,M) are based on : each bit of a stored vector Vi , 1<K<M 

and l<i<N, is considered as an independent identically 

distributed (i.i.d.) random variable with equal probabilities 

of being +1 or -1. These M memorized vectors thus encoded are 

separated by a 0.5N Hamming distance on the average. 

(1) The fixed p characteristic: the simulation results 

showing the fixed p in QAMs are illustrated in Table 3.2, 

where various QAMs are simulated and each QAM with a 

different C value has its associated value of p and r[ . Also 

shown are columns for Pdc and Pdc- Although the values of Pdc 

are larger than those of Pdc in Table 3.2, this is not 

always true. For example, when (N,M)=(16,9) we have Pdc=0.993 
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and Pdc=0.989. Note that all QAMs with a given (N,M,b) will 

exhibit the same value for p. As an example, all QAMs with 

(N,M,b)=(44,65,0) will have p=12.5. As shown in Table 3.2, 

for any arbitrary QAM which can be expressed as (N,M,b), 

there is a unique value of p, and hence a C parameter 

associated with it. In fact, this is a common property that 

exists in any pth order (p>l) associative memory based on the 

outer products algorithm. This property has been used to 

derive important characteristics of QAMs such as storage 

capacity and error correction capability in the previous 

sections. 

Table 3.2. Constant R in the QAM. 

c 

2.70 
2.97 
3.17 
3.34 
3.57 
3.78 
3.89 
4.04 
4.50 

P 

11.0 
11.9 
12.5 
13.1 
13.8 
14.4 
14.8 
15.2 
16.6 

Tl=P ( i n c o r r e c t ) 

0.003423 
0.001480 
0.000755 
0.000416 
0.000179 
0.000077 
0.000051 
0.000027 
0.000003 

Pdc (N) 

0.920(24) 
0.954(32) 
0.971(38) 
0.982(44) 
0.991(52) 
0.996(60) 
0.997(64) 
0.998(70) 
0.999(90) 

Pdc 

0.930 
0.965 
0.990 
0.993 
0.997 . 
0.998 
0.999 
1.000 
1.000 

(2) The constant Pic (=0.994) and convergence speed when 

C =3.17: Table 3.3 shows simulation results for various 

QAMs with C=3.17. For simplicity, we let b=0. The range of N 
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is from 40 to 60. Pdc is the simulation probability of direct 

convergence as compared to its theoretical counterpart Pdc 

using Eq. (3.17b) and Tl is the predicted probability that an 

arbitrary neuron remains holding an incorrect bit using Eq. 

(3.8). By comparing the columns of Pdc and Pdc^ the validity 

of Eq.(3.17b) is justified. Furthermore, it has been observed 

in our simulations (see Tables 3.2 and 3.3) that the 

difference between Pdc and Pdc is negligibly small if C is 

made such a value that Pdc ^0.99. In fact, the values of M 

for the QAMs shown in Table 3.3 are larger than the storage 

capacities which can meet the requirement of Pdc ^0.99. For 

comparison we also list the results for Pic (indirect 

convergence probability, but b=0 is assumed in Table 3.3). 

Table 3.3. Simulation Results for C=3.17. 

(N,M) 

40,54 
42,59 
44,65 
45,68 
48,77 
51,87 
52,90 
54,97 
56,105 
58,112 
60,120 

C 

3.17 
3.17 
3.17 
3.17 
3.17 
3.17 
3.17 
3.17 
3.17 
3.17 
3.17 

^ 

0.000755 
0.000755 
0.000755 
0.000755 
0.000755 
0.000755 
0.000755 
0.000755 
0.000755 
0.000755 
0.000755 

Pdc 

0.970 
0.968 
0.967 
0.966 
0.964 
0.962 
0.961 
0.960 
0.958 
0.957 
0.955 

Rlc 

0.985 
0.976 
0.977 
0.974 
0.972 
0.970 
0.970 
0.968 
0.967 
0.967 
0.965 

Pic (Ave. steps) 

0.998 (1.02) 
0.997 (1.03) 
0.996 (1.04) 
0.995 (1.05) 
0.997 (1.06) 
0.994 (1.04) 
0.992 (1.05) 
0.999 (1.05) 
0.994 (1.06) 
0.996 (1.04) 
0.992 (1.05) 
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Unlike direct convergence, we allow the final stable state to 

have at most a fraction e =0.02 of its N components in 

error. As a measure of convergence speed for indirect 

convergence, the simulation average number of synchronous 

steps needed for an input vector to converge are also shown 

(after the value of Pic) for each QAM. As can be seen, the 

average number of steps required to converge is nearly the 

same. This means that all QAMs with C=3.17 will always move 

in the state space in the right direction, i.e., no wandering 

is allowed. Most importantly. Table 3.3 shows that all 

QAMs with C =3.17 will have Pic =0.99 and almost the same 

convergence speed. As mentioned earlier, for any arbitrary 

associative memory, regardless of its order, noisy or 

noiseless inputs, having C=3.17 always yields a constant Pic 

of approximately 0.99, provided a fraction e (e»Tl) of its N 

components in error is allowed in the resulting vector. But 

in the direct convergence QAM, Pdc decreases as N increases 

even though C is held at 3.17, suggesting a greater capacity 

M in indirect convergence than in direct convergence can be 

achieved. 

(3) The attraction radius: for comparison, we now digress 

to discuss a special convergence in which the reduction 

factor for capacity can be (l-2p)^, if N is asymptotically 

large. This convergence allows wandering state transitions 

[42], i.e., the transition in the state space need not 

93 



always move in the right direction to the stored vector, 

instead it may intermittently wander in the state space and 

eventually converge to the stored vector. Unlike indirect 

convergence, the wandering convergence can not correct most 

of the input error bits after the first update cycle. This 

results in longer convergence times and lower Pdc ( Pic still 

is =0.99), but allows for a larger storage capacity than the 

indirect convergence QAM. To illustrate this, computer 

simulation results for N<100 are shown in Table 3.4 and some 

observations are in order: (1) The indirect convergence QAMs 

(i.e., M'=(l-2p)^M, M=the capacity when p=0) always yield 

Pic=0.99 in about the same convergence speed as when p=0. 

(2) In the wandering convergence QAMs (i.e., M'= (l-2p) ̂ M) , 

the average number of steps needed to converge increases as N 

or p increases. Whereas in the indirect convergence QAMs 

where M'=(l-2p)^M, the convergence speed remains nearly a 

constant. (3) In some cases the storage capacity of a QAM can 

only be (l-2p)"^ or even (l-2p)^ regardless. For example, a 

QAM with N=40 and p=0.25 using M'=14= (l-2p) ̂ M can only yield 

Pic =0.90,but if M'=4=(l-2p) ̂ M then Pic>0.99. A QAM with N=50, 

p=0.24 and M'=13= (l-2p) ̂ M can have Pic =0.99 in an average of 

1.42 convergence steps (when p=0 and M=83, it only takes 1.04 

steps on the average) . If we use M'=18, which is less than 

(l-2p)^M, the network can achieve only Pic=0.98. As another 

example, a QAM with N=100 and p=0.35 can not have a capacity 

of either (l-2p)^M or (l-2p)^M! (4) The trend in Table 3.4 
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Table 3.4. Comparisons of storage capacities for the 
indirect and the wandering convergence QAMs 

N(M) 

40(54) 

50(83) 

100(323) 

P 

0.00 
0.10 

0.20 
0.20 
0.25 
0.25 
0.00 
0.16 
0.24 
0.24 
0.30 
0.30 

0.30 
0.30 
0.30 
0.35 
0.35 
0.35 

M'= (l-2p)'*M 

54=M 
35= (l-2p)̂ M 

12= (l-2p)̂ M 
19= (l-2p)̂ M 
4= (l-2p)*M 

14= (l-2p)̂ M 
83=M 
38= (l-2p)̂ M 
13= (l-2p)̂ M 
18< (l-2p)̂ M 
2= (l-2pfM 

13= (l-2o)̂ M 
9= (l-2p)'̂ M 

20= (l-2p)̂ M 
45< (l-2p)̂ M 

3= (l-2p)̂ M 
9= (l-TpfM 

14< (l-2p)̂ M 

Rc/Rfc 

0.99/0.99 
0.99/0.85 

0.99/0.87 
0.97/0.62 
0.99/0.96 
0.90/0.52 
0.99/0.99 
0.99/0.70 

0.99/0.80 
0.98/0.59 
0.99/0.99 
0.88/0.30 

0.99/0.99 
0.99/0.57 
0.97/0.04 
0.99/0.99 
0.96/0.65 
0.94/0.32 

Ave. steps 

1.02 
1.30 

1.25 
1.81 
1.07 
2.15 
1.04 
1.70 
1.42 
1.82 
1.06 
2.60 

1.01 
1.80 
3.01 
1.01 
1.70 
2.50 

shows that as N-»oo, the capacity of the wandering convergence 

case can reach M' = (l-2p)^M. In summary, in the case of the 

indirect convergence QAM the storage capacity is (l-2p)''M for 

any value of N and p, and the QAM storing this many vectors 

has the same convergence speed as when p=0. Although the 

wandering convergence QAM can store up to (l-2p)^M patterns, 

it requires a longer convergence time than the indirect 
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convergence QAM. In addition, the equation M'=(l-2p)^M will 

yield Pic =0.99 only if N is asymptotically large, i.e., if N 

is small (and p is large) this capacity equation will yield 

Pic <0.99, as seen in Table 3.4. 

We now return to Eq.(3.27). By keeping C at 3.17, Eq. 

(3.27) specifies how storage capacity M' decreases if we 

want to increase the error correction capability. Figure 3.1 

shows how b changes the number of stored vectors in both the 

first-order memory and the QAM (both are indirect 

convergence), where the values of C are kept at 3.17 for both 

memories. As can be seen in the figure, the effect of b on 

the number M' is far more influential in the case of the QAM 

than in the first-order HAM. For example, we have M'=M= 98 

for a QAM with C=3.17 and b=0. From Figure 3.1, we can 

trade certain capacity for increasing input error tolerance, 

namely we can reduce the memory capacity to 4 9 at the 

identical Pic and have a 4.6 bit tolerance for input vector 

errors. Note that Eqs. (3.27) and (3.28) also apply to direct 

convergence memories. 

We can also derive a relationship between memory 

capacities of systems with no tolerance for input errors 

using the C parameter method. Let M" be the capacity of a 

memory with parameter C" and M be the capacity with C=3.17. 

Using Eqs. (3.26) and (3.27), we obtain 
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= [^]'M" M = [—J M". (3.28) 

This shows quantitatively how we can trade off convergence 

probability to gain greater storage capacity. For example, 

we have a QAM having C" = 4.50 (Pic~ 1-0) when N=54,b=0 and 
II 

M =4 9. We can double the number of stored vectors if we 

choose not to utilize the remaining capacity for an increase 

in the tolerance for erroneous input bits, b. From 

Eq. (3.28), 

H^Mm] 2 
49 = 98 . 

Increasing M from 49 to 98 results in decreasing C from 4.50 

to 3.17, where the memory has 11=0.000755 and Pic= 0.99. 

3.4. Generalized Pth Order HAMs 

In the previous sections, we showed that the scaling 

factor of the capacity for first-order HAMs is (l-2p) and 

is (l-2p)^ for QAMs. It seems that Eq.(3.27) is an extend

able relationship existing for the class of higher-order 

associative memories as well. In the following derivations, 

we prove that indeed there exists a generalized capacity 

formulation for arbitrary order associative memories. First, 

let us start from the update rule of Eq. (3.2), but in a 

generalized way. Thus, we find that 
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V^(t+1) = F, s X J\ ̂  JC ̂  < 

1 5 ' 

K V,^'(t)V,^'(t) q", • v,^ (t) (3.29) 

where 1 < k^ , k2 , . . . kp < N, 1 < p, and N is the number of 

neurons, and the input vector V*'' is assumed to differ from 

the stored vector V^ by b bits. The outer product rule can be 

generalized to order p by writing 

M 

= 1 
IC=1 

K K IC 

vf v,'̂^ v]^^ V 
' ^ p ' 

(3.30) 

where M is the number of stored vectors. By combining Eqs. 

(3.29) and (3.30), we can always have two parts, signal and 

noise, in the resulting expression: 

Fhi V 

-\P 

S V>ĵ '(t) 
L j=l,lC=q 

M 

Iv.̂  I 
K*q 

nP 

v^(t)v^'(t) 

L j = 1 

= Fj,{Vi (N-2b)^ + n o i s e } . (3.31) 

The variance of the noise = MN^ (2p) !/2^p! [62]. Thus the C 

parameter is written as 
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c = 
(N-2b) 

V 
(3.32) 

MN (2p) 

2̂ P! 

By following steps similar to those used in deriving Eq 

(3.22), we obtain 

N 

V (M-1)N''(2P) = -\f¥' i(N)+5-lnf 1 ^ 
VVITCC f/J 

(3.33) 

Note that Cf in Eq.(3.33) is obtained by using Eq.(3.21). 

Thus, the generalized solution for the storage capacity for 

the direct convergence memory of order p is 

M = 

N^2^V! + (2p!)rin(N)+5-ln[-=L—1 

(2p ! {ln(N)+5-lnr^- j 
(3.34) 

Similarly, the generalized solution for storage capacity for 

the indirect convergence memory is 

M = 
N^2^V! + (2p)![ln(Tl V2] 

-1, 
(3.35) 

(2p)![ln(r| )-2] 

or equivalently, one can use C=3.17 and solve Eq. (3.32) to 

obtain 
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M NVp!+10(2p)! 

^ = IE^<. • ''•''' 

Finally, by using procedures similar to those used in 

deriving the effect of b on the C parameter, we readily 

obtain 

M' = (l-2p)''̂ M, (3.37) 

where M' is the storage capacity with b input error bits and 

M is the storage capacity with b=0. For example, with p = 

2, Eqs. (3.34) and (3.35) nearly become Eqs. (3.22) and 

(3.24a). Figure 3.2 illustrates the relative storage 

capacities ( M'/M ) versus the number of input error bits b 

for p=l, 2, 3, and 4 in Eq.(3.37). Although the higher-order 

associative memories have a sharper decline in the relative 

storage capacity for increasing b, it should be noted that 

the absolute storage capacity M for the higher-order 

memories is much larger than for the lower-order memories. 

3.5. Summary 

The characterizations for second-order HAMs obtained by 

using a statistical parameter, C, have been described. Such 

an approach has a significant advantage of being 

comparatively simple in terms of the mathematical complexity 

involved, as well as allowing a greater use of physical 

intuition. Several equations for estimating the storage 

capacities and attraction radii of both direct and indirect 
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convergence memories are derived. Computer simulation 

results have shown the validity of these equations. The 

direct convergence memory in this paper deals with the one-

step synchronous convergence network. We have shown 

asymptotic results for the capacity of higher-order direct 

convergence memories using theorems about exchangeable random 

variables and normal approximation theory. A possible 

direction for further research is to investigate the network 

in which several steps are taken in order to converge 

precisely to a stable fixed point. The indirect convergence 

memory refers to the network in which multiple synchronous 

updates are allowed, but most of the input error bits must be 

corrected after the first update cycle. In deriving the 

capacity for indirect convergence memories, we have utilized 

the unique relationship between Pic (the required indirect 

convergence probability) and the value of e/Tj , where T[ is 

the probability of an arbitrary neuron state being an 

incorrect bit after the first update cycle and 6 is a small 

number. In other words, using C=3.17 (i.e. T) = 0.000755), 

and e =0.02 will result in a constant value of Pic = 0.994 

for an arbitrary pth order indirect convergence associative 

memory. An analogy to this in an arbitrary pth order 

direct convergence network, i.e., the role of parameter X.=T1N 

in determining the retrieval capability of network, was also 

described. 
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The effectiveness of the C parameter becomes most 

apparent when it comes to the problem of error correction. 

We have shown how the error correction capability affects 

the storage capacity by considering the effects of error bits 

b on the C parameter. For both the cases of direct and 

indirect convergence, the higher the order is, the more 

sensitive the memory is to the input error, and the number 

of stored vectors is reduced by a factor (l-2p)^P. 

For future work, it is interesting to consider the 

asynchronous versions for the direct and indirect convergence 

memory. Unlike in the first-order memory, the C parameter in 

Eq. (3.7) is sensitive to whether we update one neuron at a 

time or all at once. In fact, in asynchronous QAMs the 

update of an individual neuron is evidently dependent on 

other neurons' previous update results, Eq. (3.17b) and hence 

results in this paper are not applicable to asynchronous 

memories. In general, with the same N, M and b, asynchronous 

QAMs perform better than synchronous QAMs. 

Note that the HAMs considered in this chapter are those 

with nonzero-diagonal terms in the weight tensor. It is 

interesting to consider higher-order HAMs with zero-diagonal 

terms in the weight tensor. In fact, by using the C 

parameter, we can prove that zero-diagonal QAMs perform 

better than nonzero-diagonal QAMs, in terms of storage 

capacity and error correction, provided they have the same 

number of neurons. This is because, by following the 
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procedures similar to those used in deriving Eq.(3.6), the C 

parameter for the zero-diagonal QAM can be proved to be 

(N--l)(N-2) 
C = . (3.38) 

V2(N-1)(N-2)(M-1) 

Apparently, given the same values of N and C (which in turn 

gives the same convergence probabilities, Pdc and Pic) , 

Eq.(3.38) yields a larger storage capacity M than Eq.(3.7) 

does. On the other hand, given the same values of N, M, 

Eq.(3.38) again gives a larger value of C than Eq.(3.7) does, 

which means larger error-correction capability. These 

results have been observed in our computer simulations. 
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CHAPTER IV 

REDUCTION OF INTERCONNECTION WEIGHTS 

IN HIGHER-ORDER HAMS 

In Chapter III, we have seen that the asymptotic 

storage capacity of higher-order HAMs is of O(N^) (see Eqs. 

(3.34) and (3.35)). Thus, the storage capacity increases 

rapidly as the order of the network, p, increases. This can 

be seen by comparing Eqs. (2.24) and (3.24). But the problem 

with higher-order HAMs is that the number of weighting 

terms also increases very rapidly with the number of inputs N 

and the order p, as can be seen in Eq.(3.30), and it becomes 

unacceptably large for use in many situations. For example, 

2 

using Eq.(2.2) gives 0(N ) number of weighted intercon

nections for the first-order HAM, and using Eq.(3.1) gives 
3 

0(N ) for t h e second-order network ( i . e . QAM). In g e n e r a l , t he 
number of i n d e p e n d e n t w e i g h t i n g t e rms i n t h e pth o r d e r 

p+1 
expansion i s approximate ly (N ) / p ! . Thus, t h i s number w i l l 

soon become u n a c c e p t a b l y l a r g e even fo r a modera te N. 

P r e v i o u s t e c h n i q u e s fo r d e a l i n g wi th t h i s p r o l i f e r a t i o n 

problem i n c l u d e u s i n g a d d i t i o n a l n e u r a l networks for p r e 

p r o c e s s i n g ( f e a t u r e e x t r a c t i o n ) , c a s c a d i n g of h i g h - o r d e r 

s l a b s , and l i m i t a t i o n of o r d e r [ 6 3 ] . Another method [78,79] 

i n v o l v e s u s i n g a priori knowledge of t h e problem domain 

t o e l i m i n a t e t h e terms which have a small l i k e l i h o o d of being 

u s e f u l . T h i s p r e l e a r n i n g method p r o d u c e s s p e c i a l i z e d 
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networks which are useful in a limited domain such as 

geometric invariance in pattern recognition. As for the 

special case of associative memories, no efficient method 

for tackling the proliferation problem has been seen. It is 

interesting to pose the following questions: are all the 

terms in Eq.(3.1) necessary in order to have good memory 

recall accuracy? If not, how can one find those less 

significant terms and eliminate them? Furthermore, to what 

extent can one reduce these less significant terms without 

sacrificing accuracy and error-correction capability? In the 

following discussions, we show that for p=2 there indeed 

exist certain sets of weighting terms in Eq. (3.1) which 

carry more information than other sets and thus present 

themselves as principal connection weights. 

4.1• The Principal Connection Weights 
in Higher-Order HAMs 

A simulation histogram of the interconnection tensor T 

for a zero-diagonal QAM with (N,M) = (23, 17) is shown in 

Figure 4.1. The Gaussian shape of the histogram is no 

surprise, since each bit of Vi in Eq.(3.1) (now with 

Tijk=0,for i=j i=k or j=k) is considered as an independent 

identically distributed (i.i.d.) random variable with equal 

probabilities of being +1 or -1. Invoking the Demoivre-

Laplace theorem for large M, Tij^ in Eq.(3.1) converges in 

distribution to a Gaussian random variable. For M=17, the 
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possible values of T can only be ±1, ±3, ±5, ±7, ±9, 

±11, ±13, or ±17, where each set has a different probability 

of occurrence. Although sets of ±1 and ±3 constitute 

nearly 60% of all weighting terms, interestingly, they 

turn out to be less useful terms. This can be seen by 

simulating the QAM in which a single set of T weighting 

terms is used for each simulation, i.e., keeping only those 

terms of , say ±5, and letting all the others be zero. 

Table 4.1 illustrates the simulation results where the 

absolute value of T is shown. Clearly, sets ±5, ±7, and 

±9, consisting of nearly 30% of all T terms, exhibit higher 

recall accuracy than the other sets. In other words, they 

contain most of the information stored. For convenience, 

the sets having higher recall accuracy (either Pdc or Pic) 

are called the principal sets Tpr hereafter. Results similar 

to those described above for the case of (N,M) =(20,14) are 

also shown in Table 4.1, i.e., the principal sets ±4, ±6, and 

±8 contain more information than the other sets. Note that 

principal sets are always located near the standard deviation 

of the random variable T. Later it will be proved that the 

principal sets span the "principal range" given approximately 

by VM < ITprI< 2.2VM. 

The importance of principal sets can be further 

demonstrated in Table 4.2 where accumulated sets are used, 

e.g., (sets >5} includes all those sets having |T| values 
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Table 4.1. Separate Recall Accuracy 

(N,M)=(20,14) 
ITI= 

0 
2 
4 
6 
8 

10 
12 
14 

% 

21.15 
36.90 
24.25 
12.04 

4.41 
1.10 
0.15 
0.01 

Pdc 

0.000 
0.407 
0.892i;: 
0.903 
0.667i 
0.231 
0.001 
0.000 

Pic 

0.000 
0.283 
0.928 
0.933 

f0.862-̂ ::''1f-
0.410 
0.001 
0.000 

(N,M)=(23,17) 
ITI= 

1 
3 

11 
13 
15 

% 

36.90 
29.70 
18.94 

S9.41 -̂̂ -
t 3.65 

1.20 
0.20 
0.00 

Pdc 

0.045 
0.608 
0.821 
0.878 
0.624 
0.196 
0.002 
0.000 

Pic 

0.091 
0.758 
0.902 
0.916 
0.823 
0.342 
0.006 
0.000 

Table 4.2. Accumulated Recall Accuracy 

(N,M)=(20,14) 
ITI> 

0 
2 
4 
6 
8 

10 
12 
14 

% 

100.00 
78.86 
41.96 
17.71 
5.67 
1.26 
0.16 
0.01 

Pdc 

0.999 
0.996 
0.991 
0.952 
0.767 
0.236 
0.060 
0.000 

Pic 

>0.99 
>0.99 
>0.99 
>0.99 
0.890 
0.467 
0.080 
0.000 

(N,M)=(23,17) 
ITI> 

1 
3 
5 
7 
9 

11 
13 
15 

% 

100.00 
63.10 
33.40 
14.46 
5.05 
1.40 
0.20 
0.00 

Pdc 

0.996 
0.995 
0.987 
0.935 
0.651 
0.201 
0.005 
0.000 

Pic 

>0.99 
>0.99 
>0.99 
0.988 
0.842 
0.363 
0.025 
0.000 
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larger than 5. As can be seen, the performance of {sets ^5} 

is very close to that of {sets >3} and {sets >1}. This 

suggests that sets 1 and 3 can be discarded, while still 

maintaining very good recall accuracy. On the other 

hand, if {sets^ll} only are used, i.e., none of the 

principal sets are used, both Pdc and Pic are very poor. But 

the performance of {sets >9} is seen to be much improved. 

Similarly, in the case of (N,M)=(20,14) significant 

accuracy improvement can be obtained by going from {sets>10} 

to {sets>8}. Because of the fact that both the large-

valued and small-valued sets of T contribute far less 

information than the Tpr sets, it seems that a QAM will 

still have good recall accuracy even if the network 

contains only Tpr weighting terms! To verify this, different 

sets of T are combined together to form various percentages 

of the complete number of terms. The simulations were 

conducted for (N,M)=(23,17), and results are listed in 

Table 4.3 where the first column lists percentages ranging 

from 15% to 60%, and the second column lists corresponding 

possible combinations that make up such a specific 

percentage. 

Three comments are in order here: (1) all combinations 

that contain the principal sets Tpr give more accurate 

recall than those which do not; (2) a larger percentage 

(i.e., more weighting terms) does not guarantee good recall 

accuracy and (3) the combination of (5,7,9) that gives 
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s a t i s f a c t o r y performance happens t o be w i th in the 

" p r i n c i p a l range" mentioned previous ly , i . e . , VM < {5,7,9} < 

2.2 VM. Therefore, i t seems tha t the optimal combination (in 

t h e sense of being t he sma l l e s t p o s s i b l e percentage of 

weights ab le t o give good r e c a l l accuracy ) can be 

determined by using VM < |Tpr|< 2.2VM. 

Table 4 . 3 . Various Combinations of T Sets 

Percent. 

-15% 

=20% 

=30% 

=40% 

=50% 

=60% 

Sets 

(7,9,11) 

(7,9) 

(5,11) 

(5,7,9) 
(3,11) 

(3,13) 
(3,11,13) 

(1,9) 

(3,7,11) 

(3,5,11,13) 

(3,5,7,9) 

(1,3,9) 

Pdc 

0.882 

0.800 

0.700 

• Qsimm 
0.412 

0.471 
0.529 

0.500 

0.930 

0.941 

0.980 

0.706 

Pic 

0.941 

0.920 

0.850 

iiiO.994 •.•• 
0.647 

0.647 
0.765 

0.660 

0.988 

0.998 

0.998 

0.824 

112 



4.2. Statistical Analysis of the Principal 
Connection Weights 

In this section, a statistical method is used to explain 

the existence of principal sets. Mathematical formulations 

for the empirical results presented in Section 4.1 are given 

here. Consider a QAM that uses only a specific set of 

connection weights |Tijkl=D, 0<D<M, in the network. If Vi, the 

current state of neuron i, is assumed to be 1, then the 

probability of the next state being incorrect (-1) after an 

update cycle,P [Vi=-1I ITijk I=D]=P[incorrect], can be determined 

using the C parameter method. To do so, we need to calculate 

the corresponding signal and noise terms for Eq.(3.2) given 

that the only allowed weights are those weights with |Tijk|=D. 

The analysis proceeds as follows. First we note that 

P[ Tijk=|D| I I Tijk I =D] =P[ Tijk=-|D| I I Tijk I =D] =—. From Eq.(3.l), 

p[VjVk=l I Tijk=|D| |] =p[VjVk=-l I Tijk=-|D| |] = |_-J^J' and 

p[VjVk=l I Tijk=-|D| |] =p[VjVk=-l I Tijk=|D| |] = [-^j-

Also, P[ TijkVjVk=|D| I I Tijk I =D] =p[VjVk=-l & Tijk=-|D| 1 I Tijk I =D] 

+ p[VjVk=l & Tijk=|D| I I Tijk I =D ] . Thus, 

P[ TijkVjVk=|D| I |Tijkl=D]=p[VjVk=l|Tijk=|D|]p[ Tijk=|D| | I Tijk I =D] 

-. r 1 I F M + D I IFM+DI 
+ p[VjVk=-l|Tijk=-|D|]p[ Tijk=-|D| I ITiJ ic l=Dj=-[ -^J+-j [ -^J 

" L 2M J • 
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mean S i m i l a r l y , p[ TijkVjVk=-|D | | | Tijk l=D]=[ii-2.1. T h e r e f o r e , t h e 

M- and s t a n d a r d d e v i a t i o n a of t h e random number TijkVjVk when 

| T i j k l = D a r e 

D ' / 2 D^ 

To calculate p[ Vi=-1 | |Tijkl=D], we let YD =2^^ TijkVjVk, where 

LD is the number of all independent Tijk terms that have |Tijkl = 

D. Since Eq.(3.l) represents a sum of Binomial random variables 

1 
with M trials and p=q=--, when M is large the probability of 

Tij)̂  being D or —D can be approximated as 

f M+D Y 

KMva L 2Mpq J 
P[Ti jk=D]=P[Tijk=-D]=-=^=Exp| ' " ^ | = - = L = r E x p . 

V27CMpq L 2Mpq J V27CM L 2M J 

-D^ 
(4.2) 

Thus LD can be estimated as 

since the total number of independent terms in Eq.(3.2) is 

[N(N-l)]/2. Now we can proceed to calculate P [Vi=-1| |Tijk | 

=D] , which in fact equals P[yD<0]. By using Eq.(4.1) and 

invoking the Central Limit Theorem, the random variable YD can 

be approximated as Gaussian with (|1D»^D)' where 
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M-D - M - L D = — L D , aD=avLD=A / L D (4.4) 

Thus, the C parameter for the network with only weights that 

have I Tijk I =D can be written as 

C -^ -iLjT - D 
°̂ "GD -a^^°-7=7= 

VM^-D' 

V/L^ (4.5) 

By replacing L D with the expression in Eq.(4. 3 ) , we obtain 

D 

VM^-D' V 4 ( N - 1 -l)(N-2) 

27I:M(2!) 
Exp 

- D 

2M 
and (4.6a) 

P[Vi=-l I I Tijk I =D]=P[YD<0j=-7Lr Exp 
V27CJCD L 2 J 

dy (4 . 6b) 

That is, the C parameter defined in Eq.(3.38) now reduces to 

Eq . ( 4 . 6 a ) , if all the interconnection weight terms are set to 

zero except those with |Tijk|=D. Since the value of the C 

parameter determines how large the convergence probability 

will be, DMax, the value of D which gives the maximum Pdc and 

Pic, can be calculated by taking the derivative of Co with 

respect to D in Eq.(4.6a). Therefore, we have 

'Max =v M' •-MVM^-8M (4.7) 

The v a l i d i t y of E q . ( 4 . 7 ) i s checked by comparing with 

p rev ious s imula t ion r e s u l t s . For example, Eq. (4 .6a) gives 
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CD=2.08 and Eq.(4.7) gives DMax«6.3 with (N,M) = (23,17) . 

The latter is compared with the simulation data shown in 

Table 4.1 where the set of ITijk |=7 gives the largest Pdc and 

Pic. In Eq.(4.7), because M^-8M < (M-2)^ < M^, we have VM 

< Dnax < M. Also note that the area of the range VM < T < 

2.2VM is =0.2 9 under the Gaussian distribution of T. For 

M=17, arp=VM = 4.12->5 (since 4 is not an allowed value). 

Since connection weights from VM< ITijk | <2.2VM encompass 

less than 30% of the total weights but contain most of the 

stored information, we define Tpr as the principal 

connection weights that satisfy "vfe |Tpr| < 2.2>^. Now we 

can use Eq.(4.6a) to show why principal connection weights 

work by examining the C parameter with only Tpr weights 

used in the recall process when (N,M)= (23,17). Eq.(3.2) 

can be re-written as 

q' Vi^ (t+l) = Fh 
.i€ ITI 

Yi (4.8) 

where Yi i s t h e t o t a l summing i n p u t due t o t h e s e t of 

c o n n e c t i o n w e i g h t s | T i j k | = i , and i i s one of t h e p o s s i b l e 

v a l u e s of | T | . For example , Y5 i s due t o t h e s e t of 

connec t ion weights I Tijk | =5 in our c u r r e n t case of M=17. Thus 

CI = - ^ , where \lz =zL ^i «̂ 5+̂ A7+̂ i9 and ol = \ cl =05+0^+09. 
i € Tpr i e Tpr 
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This is due to the fact that the sets of ±5, ±7,±9 are 

dominant among all Tpr's, and Yi's are independent Gaussian 

random variables. Note that M-i and C^ indicate the signal and 

noise terms, respectively, in Eq.(4.4), with |Tijk|=i in 

Eq.(3.2). Using Eq.(4.6a) gives Cĵ  =3.4 (Pdc= 0.976), which is 

close to 05̂ =3.8 (Pdc= 0.996) when all connection weights are 

used. The above derivations show why principal connection 

weights Tpr alone are capable of achieving good recall 

accuracy. To fill the gap between Pdc= 0.976 and Pdc=0.996, 

we try N=24,25, and 26 separately while keeping M at 17. The 

corresponding C^ values thus obtained are 3.5, 3.7, and 3.8. 

Therefore, a QAM of (N, M) = (2 6, 17) which uses only Tpr 

interconnections can have the same Pdc as a QAM of 

(N,M)=(23,17) using all weights. This method, in general, 

always results in a saving of more than 50% of the number of 

connection weights while maintaining the original recall 

accuracy. This example demonstrates the tradeoffs between 

the weights one needs to retain, the desired recall accuracy, 

the number of neurons N and the memory capacity M for higher-

order associative memories. Finally, Eq.(4.6a) can be 

extended to a pth order (p>2) HAM, and the result is given 

by 

0̂ X w V 
4(N-1)(N-2). . .(N-p) ̂  

Exp .J^^y >/2i^p 
D1 

. 2M. 
(4.9) 
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The case for large values of M was also examined using 

a QAM with (N,M)=(54,97). The results in Table 4.4 show that 

the maximum accuracy occurs for the set |T| =13, and 

Eq.(4.7) gives DMax'=14 Note that for odd values of M, Dnax 

has to be odd also. Now let P[correct]= 1-P [incorrect] be 

the probability of a single neuron being in a correct state. 

Figure 4.2 illustrates P[correct] versus IT|=D for M=17 

and M=97. As can be seen, the theoretical calculations 

using Eq.(4.6a) for M=17(T) and M=97(T) closely predict the 

simulation results , i.e., M=17(S) and M=97(S) . Also Figure 

4.2 affirms the previous argument of VM < |Tpr|< 2.2VM, 

i.e., the regions containing the principal sets are bounded 

by VM and 2.2VM. These principal sets, i.e., ±11, ±13, ±15, 

±17, ±19, and ±21, can respond with the most information 

when a QAM of (N,M) = (54, 97) is under the recall process. 

As the set {±5,±7,±9} is able to give Pdc > 0.95 in a QAM of 

(N,M)=(23,17), the principal set {±11,±13,±15,±17,±19, ±21} 

alone is able to achieve Pdc ^ 0.95 in a QAM of (N,M) = 

(54,97) . 

4.3. Error Cnrrection and the Principal 
Connection Weights 

Does the error correction (i.e., generalization) 

capability of the QAM still hold when only Tpr weights are 

used? The effect on Pdc when erroneous input bits are 

present can be utilized to answer this question. This is 
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Figure 4.2. P[correct] versus |T|. S=Simulation; 
T=Calculation using Eq. (4.6a) . 

Table 4.4. Separate Recall Accuracy for Large M(=97) 

ITI = 

1 
3 
5 
7 
9 

11 
13 
15 
17 

% 

16.09 
15.43 
14.20 
12.54 
10.72 
8,66 
6.85 
5,08 
3.68 

Pdc 

0.000 
0.000 
0.000 
0.002 
0.008 

10.010 
0.022 
0.022 
0.016 

Pic 

0.000 
0.000 
0.005 
0.033 
0.076 
0.123 
0.219 
0.212 
0.175 

ITI = 

23 
25 
27 
29 
31 
33 
35 

% 

2.53 
« . 6 8 

1.04 
0.65 
0.38 
0.19 
0.12 
0.05 
0.00 

Pdc 

0.005 
0.002 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

Pic 

0.155 
0.098 
0.031 
0.012 
0.005 
0.001 
0.000 
0.000 
0.000 
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illustrated in Figure 4.3 which shows that for a QAM with 

(N,M) = (23, 17) to achieve the same (or better) Pdc and M while 

using only Tpr weights, it is necessary to increase N to 26. 

Note that we have shown this example in the previous section, 

but from the viewpoint of keeping the C parameter at C=3.8. 

To show that a QAM using only Tpr weights is capable of 

generalization, we simulate two cases where erroneous bits 

are present in the input: (1) N=24,M=6, and b=3; (2) N=30, 

M=16, and b=2. As shown in the Table 4.5, for the first case 

N is increased from 30 to 32 to obtain the same or better 

Pdc performance, if the QAM uses only Tpr weights ( i.e., 

{ IT 1=4,6,8,10,12,14,16}) . Similarly, in the second case N 

must be increased from 24 to 26 to obtain the same or 

better Pdc performance, if the QAM uses only Tpr weights 

(i.e., {|T|=4,6}). 

Given |Tijk| =D >0, what is the effect on the C 

parameter (or Pdc) when a certain number of erroneous bits 

are present in the input vector? Assume the input bits are 

VjO and Vy.^, and their corresponding correct bits are Vj and 

V^. Without loss of generality, we let VjVĵ  =1. Thus, the 

four possible cases are: (1) V^°V^° =V^7^ =1, i.e., both input 

bits are correct; (2) Vĵ Vĵ o =VjV,, =1, i.e., both input bits are 

incorrect; (3) Vĵ Vĵ o =VjV,, =-1, i.e., only VjO is correct; (4) 

V ovĵ o =VjV,̂  =-1, i.e. only Vĵo is correct. The probabilities 

for these four cases are: (1-b/N)^ for case (1); (b/N)^ for 
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Pdc 

1.0 

0.8-

0.6-

0.4-

0.2-

0.0 

•ii Tpr (N-56) 

•H All (N=23) 

- • — Tpr (N=23) 

T T 

1 2 3 4 

b (number of error bits) 

Figure 4.3. b versus Pdc 

Table 4.5. Retaining the Same Value 
of Pdc by Increasing N. 

Case 

1 

2 

N 

30 

32 

24 

26 

M 

16 

16 

6 

6 

b 

2 

2 

3 

3 

Weights used 

All 

Tpr only 

All 

Tpr only 

Pdc 

0.992 

0.994 

0.990 

0.993 
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case (2); and finally (1-b/N) (b/N) for cases (3) and (4). 

Taking these possibilities into consideration gives 

p[Tij,v5v°=D||Tij,|=D]=[ M+D ir N-b 
2M JL N . 

2 r 

+ 
M+D 
. 2M Iff ^ < IFI^ b 

LN. 

' M+D" 

. 2M . 
2Db 

MN 

"N-b1 
. N J (4.10a) 

Similarly, 

'[Ti-Pl-Tij,V°v5= - D | ITi ..'»HMT^]Mi?It]-[ M+D 2M J 
N-b 
. N . 

b_ 
LN. 

M-D"! 2DbrN-b"| 
2M J MN L N J * (4.10b) 

Therefore, as in Eq.(4.1), we obtain 

' -S'-fC'-i)]." =V°'-7 [-T(-J)]" (4.11) 

Note that by setting b=0, Eq.(4.11) reduces to Eq.(4.1). The 

validity of Eq. (4.11) can also be checked by comparing it 

with the simulation example shown in Table 4.5. In fact, the 

necessary increase in values of N (i.e., 30 to 32 and 24 

to 2 6) and their corresponding b's in Table 4.5 can be 

predicted by using Eq.(4.6) through Eq.(4.11). 
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Finally, it is noted that by adding the connections Tijk, 

2.2\M< I Tijk |< M, (which corresponds to the tail components in 

the distribution of Tijk) to Tpr, one can significantly 

improve the convergence probability. This is illustrated in 

Table 4.6, where simulation data of P (correct), Pdc, and Pic 

for a QAM with (N,M)=(30,24) are shown. Considering that the 

tail (represented by the symbol + in Table 4.6) constitutes 

only a very small portion of the total connections (<3%), it 

is well worthwhile to include these tail weighting terms 

when applying the Tpr weights to practical applications. 

Also shown in Table 4.6 is the fact that Pdc can be 

raised to a satisfactory value, e.g., 0.994, by either 

increasing N or decreasing M. For the former case, note 

Table 4.6. Comparisons of Convergence Probabilities for 
QAMs Using VM<| Tijk |<2 .2>/M and ^fe|Tijk|< M 

(N,M) Tpr P(correct) Pdc Pic 

(30,24) 6,8,10 0.99722 

(30,24) 6,8,10+ 0.99903 

(36,24) 6,8,10+ 0.99942 

(30,18) 6,8,10+ 0.99941 

0. 

0. 

0 

0 

931 

979 

.995 

.994 

0.983 

0.992 

0.999 

0.999 

that the number of independent weights L=N(N-1)(N-2)/2. 

With N=30, L=12180 and with N=36, L=21420. Using Tpr of 

6,8,10+ gives us approximately a 70% reduction, i.e., 
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L=21420*0.3=6426 weights with N=36. Comparing 6426 with the 

12180 weights one would need to get the same Pdc with N=30 

results in a saving of 50% of the total connection 

weights. For the latter case, M can be reduced to 18 if only 

weights of 6,8,10+ are used with N=30, compared to 

(N,M) = (25, 18) in which all weights need to be used to 

obtain the same recall accuracy. With N=25, L=6900 and with 

N=30, L=12180. Using the Tpr weights of 6,8,10+ gives us 

approximately a 70% reduction, i.e., L now is 

=12180*0.3=3654. Comparing 3654 with 6900 again results in a 

saving of 50% of total connection weights. 

4 •4. Summary 

The existence of principal connection weights Tpr 

useful in solving the problem of proliferation of weights 

in QAMs has been introduced. Among all connection weights T 

based on the outer-product rule, we showed that those weights 

near VM, M=number of stored patterns, contain more 

information than the others. We have investigated, using a 

statistical method and computer simulations, the recall 

capability of QAMs which use only principal connection 

weights Tpr, where TpreT and \M< I Tpr | < M^ We showed how 

such QAMs can maintain their original recall capability and 

error correction properties, using less than 50% of the 

original number of connection weights. Although we used zero-

diagonal QAMs to derive all formulas in this chapter, it only 
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requires minor modifications to Eqs. (4 . 3), (4.6a), and (4.9), 

i.e., the term (N-1)...(N-p) is replaced with N^, to obtain 

results for nonzero-diagonal QAMs. It is trivial to prove 

that the principal range for nonzero-diagonal QAMs is also 

VM< ITprI < M. 

These principal sets results give rise to at least two 

significant contributions: (1) more than 50% of the total 

connection weights can be eliminated; and (2) if the result 

of this significant reduction in connection weighting terms 

is to be employed in preparing the initial weights (instead 

of using random initial weights valued between 0 and 1.0 ) 

and hidden units for a multilayer network, the required 

training time should be much lower than otherwise is the 

case, due to the fact that the network is to learn to 

improve from a certain value of Pdc to Pdc^l.O, instead of 

starting from scratch. These considerations lead to the 

development of a multilayer higher-order network associative 

memory composed of product units and ordinary sigmoidally-

threshdded summing units which will be discussed in the 

next chapter. 
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CHAPTER V 

PRODUCT UNIT NEURAL NETWORK HIGHER-

ORDER ASSOCIATIVE MEMORIES 

In this chapter, the results from previous chapters, 

i.e., the memory capacity of higher order HAMs in Chapter III 

and the principal connection weights in Chapter IV, will be 

utilized to implement higher order associative memories in a 

novel 3-layer neural network. The basic network structure of 

this feedforward network is: (1) an input layer that contains 

units that send input data to the chosen units in the hidden 

layer, (2) a hidden layer that contains product units for 

which each input is raised to a power determined by a 

trainable weight [49], and (3) an output layer that only has 

ordinary sigmoidally-threshdded summing units. The opera

tion of the network consists of three phases: (1) preprocess 

the prescribed associative vectors to be stored and determine 

the principal connection weights; (2) estimate and create the 

required number of product units and connections based on 

the results from (1) ; and (3) train the network using the 

backpropagation learning algorithm [22] until satisfactory 

recall accuracy is achieved. 

In Section 5.1, several basic concepts of product units 

and the backpropagation learning algorithm are reviewed. 

This enables us to introduce the 3-layer product unit neural 

networks (PUNN) . The idea of combining the PUNN and 
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principal connection weights to implement an associative 

memory, without requiring long training times (as often seen 

in a usual backpropagation-type network) and an unacceptably 

large number of interconnections, is presented in Section 

5.2. Various characteristics of PUNN associative memories 

are determined in Section 5.3. In particular, noise distri

butions are added to the input to determine the robustness of 

PUNN associative memories trained with or without learning 

the noise statistics. Performance comparisons between HAMs 

and PUNN associative memories are also shown. Finally, some 

brief comments are given in Section 5.4. 

5.1. Product Unit Neural Networks (PUNN) 

A product unit is a feedforward network of the back-

propagation type proposed by Rumelhart and Durbin [49]. 

Instead of calculating a weighted sum this unit calculates a 

weighted product, where each input is raised to a power 

determined by a trainable weight. The underlying idea behind 

the product unit is that it can learn to represent any 

generalized polynomial term in the input. It may, therefore, 

help to form a better representation of the data in cases 

where higher-order combinations of the inputs are 

significant. There is only one weight per input, as with 

summing units such as perceptrons. This is different from 

the "Sigma-pi units" [66,80] which not only provide a 

weight to each input but also to all second and higher-order 
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products of inputs. The problem with Sigma-pi units is that 

the number of terms increases very rapidly with the number 

of inputs, the same problem as with the higher-order HAMs. 

The output of a product unit is 

N 

Vi- =Tl4' . (5.1) 
r=l 

A possible form for product units is shown in Figure 5.1. 

The product unit network has been shown to be able to behave 

as an associative memory [49]. The weights Wri are treated in 

the same way as variable weights, and are trained by gradient 

descent on the output sum square error. Since the Wri can 

take fractional and negative values, product units provide 

much more generality than just allowing polynomial terms. 

Note that no nonlinear function is applied to the output of a 

product unit. The outputs of all summing units are compressed 

during training using a nonlinear, differentiable function 

such as the sigmoid function Sig=(l-e~^ )/(l+e"^ ), i.e.. 

Yj = Sig X^i'Ti: 
L i=0 

(5.2) 

Note that, during the recall process, Yj is threshdded by a 

hard-limiting function to get binary values. 
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As with the Wri, the weights Tij are trained using the 

backpropagation learning algorithm. The utility of the back-

propagation algorithm stems from the surprising computa

tional power of three-layer perceptrons [17,22]. Kdmogorov's 

theorem [81] can be used to prove that a 3-layer network can 

form any continuous nonlinear function of the inputs [82]. 

More recent work [83,84] has demonstrated that continuous 

nonlinear functions can be approximated to arbitrary pre

cision using three-layer perceptrons with a sigmoid nonlin-

earlity. Empirical results [85] also demonstrate that many 

useful nonlinear mappings can be realized with 

backpropagation-type networks. These have made backpropaga

tion the most popular supervised learning algorithm for 

adapting multilayer neural networks to various computation 

tasks . The goal of supervised learning is to train the 

network to produce outputs that match the known desired ones 

(i.e., trained with a teacher). The training of backpropa

gation networks involves adjusting the weights between the 

nodes in the network to minimize the errors between the 

network's prediction and the known outputs in the training 

set. The error signals arising from comparing the output and 

the desired pattern are passed back to the lower layers 

and the weights between neighboring layers are thus updated. 

Using Figure 5.1, the essence of backpropagation 

learning can be summarized in three equations [22]. First, 

the weight on each connection Wri between elements r and i 
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should be changed by an amount proportional to the product of 

an error signal,5i, available to the unit i receiving an input 

along Wri, and the output of the unit r. Or, sending output 

along Wri. In symbols, the equation is written as 

AWri(t+l) = T|6iOr + a[Aŵ i(t)], (5.3) 

where Tj is called the learning rate and a is called the 

momentum. The other two equations specify the error signal. 

Essentially, the determination of the error signal is a 

recursive process which starts with the output units. If a 

unit is an output unit, it is given by 

9Y 
6j = (tj-Oj)f-(netj) = (tj-Oj)^—^— , (5.4) 

where fj'(netj) is the derivative of the sigmoid function 

which maps the total input to the unit j (i.e., netj=XYi'Tij) 

to an output value. Finally, the error signal for a hidden 

unit for which there is no specified target is determined in 

terms of the error signals of the units to which it directly 

connects and the weights of those connections. That is, 

5i = ^^^^X^'^^'^i = X^kWki, (5.5) 
^ k k 

whenever the unit is not an output unit where neti=nXr"^^ . 

Like other gradient descent algorithms, backpropagation 

also suffers from the local minimum problem. For this, the 
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random optimization of Matyas [86] has been used to train the 

network and find the global minimum of the cost function 

[87]. Another difficulty with backpropagation training is 

that many training presentations are frequently required for 

convergence when the decision regions or the desired mapping 

are complex. This results in slow training. Recall that in 

Chapter IV we have shown that in second-order HAMs not all 

of the connection weighting terms are relevant in recalling 

the memory, i.e., only a small portion (< 50% if only 

independent terms are counted) out of all the possible 

weighting terms are needed to achieve fairly good recall 

accuracy. Now considering the capability of product units 

being able to represent higher-order input combinations, and 

the advantage of eliminating redundant terms using the 

principal connection weights, it is possible to implement an 

associative memory using product units, with less 

interconnections than the higher-order HAMs and yet being 

much more efficient than if otherwise implemented using the 

fully connected product units network [4 9] shown in Figure 

5.1. Thus, the idea behind the PUNN is twofold: (1) starting 

with only principal weights means that more than 50% of the 

total connection terms can be eliminated; and (2) if the 

result of this significant reduction in connection weights is 

to be utilized in preparing the initial weights and hidden 

units for the product units network, the training time 

required should be much lower than if done otherwise, due to 
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the fact that the network is to learn to improve from a 

certain high value of Pdc to Pdc^O.99, instead of starting 

from scratch (i.e., the initial weights of conventional 

backpropagation-type networks are assigned random values 

between 0.0 and 1.0, and the number of the minimum required 

hidden units cannot be determined apriori [91]). These 

considerations have led to the following associative memory 

based on the PUNN as illustrated in Figure 5.2 and described 

in the next section. 

5.2. Higher-Order Associative Memory 
Based on the PUNN 

The first step in forming the PUNN is to preprocess the 

second-order HAM of (N,M) (recall Eqs. (3.34) and (3.35) that 

govern the choices of the number of neurons N, the number of 

stored vectors M, and the convergence probability Pdc) and 

identify all principal Tijĵ  weighting terms and their associ

ated XjXk input combinations. We then implement these terms in 

the PUNN by: (1) generating the number of hidden units (pro

duct units) required in the hidden layer by choosing these 

units from the XjXk input combinations obtained in the prepro

cessing; each hidden unit receiving only one input combina

tion of XjXk (designated as an i, u, or v unit in Figure 5.2 

for convenience; e.g., XiXN=unit i and Tij=Tj^jj^connection 

weight between unit i and the output neuron j); (2) setting 

133 



X) 
-H 

=
S
i
g
i
 

—«. 
M-l L 

c 
II 

- ^ ^ 

T( 

U i 

d) 
>% 

(/J 
4—> 

D 

ro
du
ct
 

cu 

C 

A 

m 

\ ^ 

cs 
X 
Xf 

3 , 

^ 

•<f'S3 

A 

0. 
T 1 

• • ( w ) 

i » i ^ 

X 

L • • * V 

\ y 

^ x\ 
sj/t • t ^^ 

4/ 
# * 

• • < 

> X 

• • 

> • 

• • 

• • 

p" 

^ 

> 

• • 

• • 

5 
A 

A 1 
© 
1 * 

/ ^ 
^ 
•* 

i | 

yU 

7 
<« 

4—> 

3 

3 o 

cn 

& 
W 

.3 
z 

II 
• " - » 

H 

CA 
4—» 

3 

•P 
O 4J 
D O 
t ) D 
0 73 
M O 
X M 

Q. 
C7> 
C M-l 

•H 0 
CO 
P M 

0 

m
e
m
o
r
y
 

h
e
 
n
u
m
b
 

o
s
t
.
 

<u E-i e 
> 

•H • 4J 
4-) CO fd 
CO j J 

- H - H CN 

s
s
o
c
 

g
 
u
n
 

+
 1
)/
 

d
e
r
 
a
 

u
m
m
i
n
 

e
 
N
(
N
 

M CO J3 

o 1 T3 C 
M C (d 
<U 03 U 

A
 
h
i
g
h
 

u
n
i
t
s
 

u
n
i
t
s
 

• 
CVJ 

• 
in 

(U 
u 
3 
XT 

-H 
Et4 

134 



all connections Wj-i from inputs to product units to be 1 ( may 

be changed during training); (3) setting all connections 

between product units and output units to the values of the 

normalized principal weights (i.e., normalization by dividing 

•̂ ijk ̂ y ^) • Due to the sigmoid function, this normalization is 

necessary in order to avoid the error signal fed back from 

the output neuron from being too small. After setting up 

the network and connections, the network can then be trained 

to learn, using backpropagation, to improve the recall 

accuracy Pdc from a certain value (due to the prior knowledge 

obtained from the QAM) to >0.99. From Figure 5.2 the training 

of this network can be described by the following equations. 

Using the hidden unit i in Figure 5.2, Eq. (5.1) in the 

complex plane can be rewritten as [4 9] 

[Wii(lnXi) + WNidnXw)] [w^dn | Xi |+jTlIi) + WNi(ln | XN I + JTIIN) 1 
Yi =e =e 

[Wiidn 1 Xi 1+ WNidn I XN I )] [ j7c(WiiIi+WNilN)] 
=e e , 

where Ir is an indicator function, i.e., Ir is equal to 1 if 

Xr is negative, otherwise it is 0. Thus more generally, the 

above equation can be written as 

Y1 =e4'^"^'"^''TcosTcJ^Wriir +jsin7t^Wriir . (5.6) 

Now if we let u = ^^WrilniXrl and discard the imaginary data in 

r 

Eq.(5.6), ( as in [4 9] ) we have 
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^^=e"|ln|X^|cos^7c5^w^ii,j-I^7Csin(^7C^w^ii,l . (5.7) 

Note that for the special case of binary inputs, Eq.(5.7) 

reduces to 

dYl 
dWri = —7C sin 

= 0, 

TcX^'ri 
r 

for Xj, = -1; 

for Xj, = 1 (5.8) 

The connection weights are updated by 

Tij(t+l) = Tij(t) + Tii5jYl + a[ATij(t)], and 

dY' 
w^i(t+l)=W^i(t) + Ti26i•----+ a[Aw^i(t)], where 5 i = y TijSj (5.9) 

Note that, as shown in Figure 5.2, the index i here 

represents the product unit i (i.e., the one receiving 

inputs from Xl and XN) , and Yi* is the output of this unit 

which receives input from input unit r through Wri. Tij 

connects product unit i and output unit j, and 5j is the 

error signal propagated from output unit j. Also note that in 

applying Eq. (5.7) to update the weights, the term e^ must not 

be used, due to the positive feedback amplification during 

the iterative training process which could lead to the 

problem of arithmetic overflow. Thus, we used a constant 1 to 

replace the e" term to avoid this problem. 
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Since the network before training is already capable of 

achieving a certain high value of Pdc, the average changes 

in the connection weights of the network should be mild and 

a quick adaptation process can be expected. Also, in the 

past, the problem of estimating the number of hidden units 

[87-92] has never been solved. The proposed network avoids 

this difficulty by preprocessing the associative vector pairs 

and provides the double advantages of speeding the training 

process and eliminating redundant connection weights. By 

examining the trade-off between the number of product units 

and the required training time, it is possible to determine 

the best network configuration that meets the performance 

requirements. 

In brief, the network operation consists of three 

phases: (1) given the number of neurons N, determine the 

number of stored vectors M, and the convergence probability 

governed by Eqs. (3.34) and (3.35) with p=2. Then select the 

principal connection weights Tpr; (2) generate the PUNN 

according to the results obtained in (1); and (3) train the 

network using backpropagation until Pdc^O.99. These phases 

are detailed in Figure 5.3. 

^^•3, .qimulatjon Results 

In this section, several simulation results are 

presented to investigate the characteristics of PUNN 

associative memories. The PUNN we use has 30 neurons in both 

137 



r 
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A 

Figure 5.3. The basic operation flow chart for 
associative memories based on the PUNN 
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the input and output layer, and is trained to perform as an 

associative memory that is able to store M = 16 vectors. As 

shown in the previous chapter, the principal connection 

weights are in the range of VM < |Tpr|< M. In order to show 

the feasibility of PUNN associative memories and the 

possibility of "trimming" the network size, we demonstrate 

the simulation results that utilize >/M <|Tpr|< M rather than 

the range of '^<|Tpr|<M, i.e., we first set the cutting point 

"cut" to be \M=4. Thus, by following the procedure shown in 

Figure 5.3, the PUNN generated would have approximately 

4 60 hidden units, 890 W-links and 2800 T-links for the NZA-

type PUNN (i.e., based on the NZA QAM), and 434 hidden units, 

868 W-links and 2500 T-links for the ZA-type PUNN (i.e., 

based on the ZA QAM) . Since we have imposed a certain apriori 

knowledge of association on the PUNN using the principal 

connection results, we expect high recall accuracy, Pdc, 

before any training if the input contains the exact stored 

pattern. We also expect a certain recall accuracy if the 

input vector contains erroneous bits. But what we are 

interested in is whether the network can show an increase in 

error-correction capability due to training. Also, if we 

reduce (by randomly picking the units to be eliminated) the 

number of hidden units, how does this effect the training and 

training results, i.e., the number of required iterations, 

input noise immunity, and the recall accuracy? 
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Based on the type of training data, there are three 

simulation categories: (1) clean-training that has the 

training patterns exactly the same as the stored patterns, 

but some type of noise (discrete erroneous bits or additive 

analog noise) is added to the testing data, (2) discrete 

erroneous bits (i.e., +1 changed to -1 or vice versa) are 

present in the training patterns, and discrete erroneous 

bits occur in the testing data, and (3) analog noise is 

added to every bit in the training pattern, and also to the 

testing data. For the additive analog noise, we use a pseudo-

Gaussian distribution with mean zero and standard deviations 

from 0.1 to 1.0. During training, each input pattern (that 

has a corresponding stored pattern) is presented and 

propagates through the network. The output of the network is 

compared with the stored pattern and their difference (i.e., 

the error signal) then is propagated back to update the Tij 

and Wj.̂  weights using Eq.(5.9). This sequence is repeated 

until all the corresponding stored patterns have been 

presented. Each such input presentation will be referred to 

as an iteration hereafter. Note that true gradient descent 

requires that every weight updating take place only when all 

stored patterns have been presented once. By changing the 

weights after each pattern presentation we depart from a 

true gradient descent in E, i.e.. 
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dE >^aEp aE -^aE, 
a ^ = ^ a ^ ' -<^ 3̂17 = 2-9517' ^'''"^ 

where E is the cost function which is defined as 

M M N 

E = X^P = 7 X X ^̂PJ - Yp/' (5.11) 
P=i p=i 1=1 

and where Ypj and tpj represent the jth output component and 

its corresponding desired value, respectively, when the 

input pattern p is presented. In practice, however, this 

departure from the true gradient descent will be negligible 

and the update rule of Eq. (5.9) will achieve a valid 

approximation to gradient descent, provided the learning rate 

T| is sufficiently small [22]. Also the Average Square Error 

(ASE), i.e., 2E/M, is used in our simulations as an 

indication of the trajectory direction of the network in 

weight space, i.e., if the change in E, AE <0, the training 

is going in the right direction. Otherwise, it means that 

either the learning rate is too large or the network is 

trying to learn too many patterns. 

R,3 1. Clean-training: Training Patterns 

rontain No Noise 

In this simulation, we use training patterns that 

contain the exact stored patterns. Before training and after 

every 250 iterations of training, two sets of 1600 patterns 
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(i.e., 100 for each stored pattern) are used for testing. 

Among these two testing sets, one contains input patterns 

that have 2 random erroneous bits (i.e., b=2) and another set 

has Gaussian noise of (p., a)=(0.0, 0.5) added to each bit of 

its patterns. These corrupted patterns are presented in 

sequence to determine the error-correction capability of the 

network. By comparing with its corresponding stored pattern, 

each output vector that contains no erroneous bits is counted 

as one successful recall. The recall accuracy Pdc is recorded 

as the average success rate over the total 1600 tests. 

Figure 5.4 illustrates the simulation results for the 

learning rate T|=0 .2 and momentum a=0 .8 . (see Eq.(5.9)), where 

4_NZA_(b=2) indicates that the PUNN is an NZA-type with 

cut=4, and b=2. Also, 4_NZA_(a=0.5) means Gaussian noise of 

mean=0.0 and 0=0.5 is added to each binary bit of the 

original stored patterns to form a testing input pattern. 

Figure 5.5 illustrates the corresponding simulation ASE 

curves for Figure 5.4. 

From Figures 5.4 and 5.5, it is clear that before 

training (iterations=0) and after training the recall 

accuracy Pdc is virtually unchanged. Thus, the PUNN trained 

without providing noise information will not improve recall 

accuracy, particularly when all the twin weighting terms Tijk 

and Tikj, where î ĵ̂ k, are assigned an individual (but 

certainly with identical value) T-link, as in Eq.(3.2). One 

may tend to keep Tijn and eliminate Tikj when applying 
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Figure 5.4. Simulation recall accuracy of the NZA-type PUNN 
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Figure 5.5. Simulation ASE of Figure 5.4 
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Eq.(3.2) in the recall process, due to the fact that TijkVjVk= 

TikjVkVj. It is interesting to note that such an implementation 

results in a sharp decrease in the before-training recall 

accuracy, as shown in Figure 5.6 where the stored vectors are 

identical to those used in Figure 5.4. With the learning 

rate r|=0.2 three different momentums are used to train the 

PUNN. As can be seen, the PUNN responds quickly to the 

training. With momentum=0.8, 500 iterations are sufficient 

to raise Pdc up to the same level that is shown in Figure 5.4. 

Based on these observations, to eliminate the redundancy 

of Tikj without hurting the before-training recall accuracy, 

the NZA-type PUNN must have an initial value of 2*Tijk 

assigned to each unique Tijk link. In the ZA-type PUNN, 

however, this is not necessary. 

1.0 

Pdc 

0.3 

• — (Momentum=0.6) 

« — (Momentum=0.8) 

a (Momentum=0.9) 

— I ' 1 — 

500 1000 

— I • 1 1 — 

1500 2000 2500 

Iterations 

Figure 5.6. Simulation results of the NZA-type PUNN when 
either Tijk or Tikj weights are eliminated. 
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The reason that Pdc cannot be improved with training in 

Figure 5.4 is that the PUNN (ZA or NZA-type) is based on the 

apriori knowledge acquired from the QAM. Before any training, 

a PUNN must possess the same characteristics as its 

originating QAM. According to the capacity formulas presented 

in Chapter III, an NZA QAM with (N, M, b) = (30, 16, 0) is expected 

to have Pdc >0.99. With such high probability, every input 

presentation that is identical to a stored pattern gives the 

same data at the output, and thus essentially provides no 

error signal to the network, resulting in inefficient 

training. 

5.3.2. Training Patterns Containing 
Discrete Noise 

The previous simulation results have shown that a clean-

trained PUNN cannot be improved to have satisfactory recall 

accuracy (Pdc>0.99) with noisy inputs. Noise information must 

be provided during training. In the next simulation, certain 

erroneous bits are present in the input patterns, during both 

the training and testing processes. PUNNs of both NZA and ZA 

type are simulated, and the results of using b=2 are shown in 

Table 5.1 and Table 5.2. Note that Pdc=1.00 represents the 

probability that Pdc>0.99, HD(x) stands for the probability 

of having x error bits in the output pattern, and HFD 

represents the probability of having at most b/2 error bits 

in the output pattern during the testing process. The symbol 
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Table 5.1. Simulation Results for the NZA-type PUNN When 
cut=4,Tl=0.05 and a=0 .1. 

\ 

1 

2 

3 

U 
V5 

Max 
Iterations 

450 

1800 

3500 

2500 

1600 

Pdc(=HD(0)) 
Pre and Post training 

0.95 - 1.00 

0.87 - 0.99 

0.71-0.95 

0.53 - 0.80 

0.30 - 0.57 

ASE 
Pre and Post training 

0.0200 - 0.0029 

0.0588 - 0.0078 

0.1299-0.0210 

0.2228 - 0.0983 

0.3551-0.2362 

HD(0+1) 

1.00 

0.99 

0.99 

0.91 

0.79 

HFD 

1.00 

0.99 

0.99 

0.96 

0.87 

Table 5.2. Simulation Results for the ZA-type PUNN When 
cut=4,11=0.05, and a=0 .1. 

\ 

1 

2 

3 

V4 

V5 

Max 
Iterations 

250 

1500 

3000 

2500 

1600 

Pdc(=HD(0)) 
Pre and Post training 

0.98 - 1.00 

0.93 - 0.99 

0.83 - 0.95 

0.63 - 0.80 

0.39 - 0.52 

ASE 
Pre and Post training 

0.0085 - 0.0037 

0.0302 - 0.0090 

0.0775 - 0.0365 

0.1700-0.1000 

0.3114-0.2486 

HD(0+1) 

1.00 

0.99 

0.99 

0.92 

0.77 

HFD 

1.00 

0.99 

0.99 

0.95 

0.87 
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V indicates that the PUNN cannot be practically trained 

(meaning too much training time is required or the network 

will never be able to learn) to have satisfactory recall 

accuracy. From these two tables, dearly the PUNN can learn 

the noisy information fairly quickly, but it has practical 

limitations in the number of input error bits, depending on 

the network parameters. In our current case with N=30, M=16, 

cut=4, the PUNN is practically "untrainable" to discriminate 

between the input patterns when b is increased to more than 

3. For example , with b=4, Table 5.2 shows that Pdc can be 

improved to 0.80 after 2500 iterations, but it takes another 

30 times of this training time just to increase Pdc to 0.86! 

This is better viewed in Figure 5.7 where Pdc versus training 

time for Table 5.1 with b=2,3,4 are plotted. Note that the 

ZA-type PUNN learns faster than the NZA-type PUNN. For exam

ple, with b=2, it takes at most 1800 iterations for the NZA-

type PUNN to improve Pdc from 0.85 to 0.99, while in the ZA-

type PUNN it takes only 1200 iterations to reach the same 

performance level. This is no surprise if one recalls that in 

Eq.(3.38), given the same values of (N,M) the ZA-type QAM has 

been shown to have a higher C parameter value than the NZA-

type QAM has. Note that all data shown in the simulation 

results in this section are only expected values, i.e., 

another trial run for the same N, M, b, Tl, a, a may result in 

slightly different values of Pdc and number of iterations. 
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Figure 5.7. Simulation recall accuracy of the NZA-type PUNN 
for b=2,3,4. 

Now we can compare Table 5.2 with Table 4.5, which shows 

that a ZA QAM with N=30, M=16, and b=2 must use all Tijk 

connection weights in order to achieve Pdc>0.99. On the other 

hand. Table 5.2 shows that the PUNN, which utilizes the 

results of principal weights of the QAM, can achieve the same 

performance by using less than 30% of the original Tijk 

connection weights. The only price to pay is a fairly small 

amount of training time. Moreover, as implied in Figure 5.7, 

the input error tolerance b can be further increased to 3 if 

one is willing to spend more training time. At any rate, the 

training iterations can be further decreased if we apply the 

range of 4<|Tijk|<16, i.e., the principal range in Chapter IV, 

instead of the smaller range of 4<|Tijk|<16. Therefore, there 

exists a trade-off between training time, input error 
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tolerance, and network size. This point will become more 

evident after we see the following simulation results. 

It is interesting to know if the PUNN can still learn if 

the number of product (i.e., hidden) units decreases. Figure 

5.8 illustrates this possibility by plotting the pre-trained 

Pdc and post-trained Pdc versus the number of product units, 

given the number of iterations=6000 and b=2. Note that 434 is 

the full number of product units in the ZA-type PUNN used in 

previous simulations. As can be seen in Figure 5.8, the 

number of hidden units can be decreased down to 303, which is 

70% of the original number, and the PUNN is still able to 

learn to raise Pdc up to more than 0.99. If the number is 

further decreased to 217, Pdc can only be improved to 0.92 

(indicated by the arrow) after 6000 iterations. This is quite 

significant because the decreasing number of hidden units 

gives a reduction in the number of interconnections (W-links 

and T-links), which in turn results in saving actual total 

training time. In general, the reduction in the total number 

of interconnection links can be up to Y% if the number of 

hidden units is reduced by Y%. This is because the total 

number of links of the PUNN is = 2*h+R*N*h =(2+RN)*h, where 

h is the number of hidden units and R is a constant <1.0 

depending on the values of the cutting point and M. 

The next question is how the total number of iterations 

needed to train the PUNN changes as the number of hidden 
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units decreases. In Figure 5.8 the maximum number of 

allowable iterations is 6000. To solve the current problem, 

the number of required iterations in order to achieve Pdc 

>0.99 is recorded for each different number of hidden units, 

and the results are shown in Figure 5.9. As can be seen, this 

number of required iterations grows exponentially as the 

number of product units becomes less than 2 60. The question 

mark indicates that beyond the point of 217 (=50% of the 

original number) , the network is either untrainable or the 

required training time is prohibitive! 

Pdc 

Figure 5.8. 

1 1 > I I 1 r — I 1 1 I I ' I • 

43 87 130 173 217 260 303 347 390 434 

number of product units 

Simulation recall accuracy of the ZA-type 
PUNN when the number of product units varies 
The number of iterations=6000 and b=2. 

Ti=0.05 and a=0.1. 
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Figure 5.9. Simulation number of maximum required itera
tions when the number of product units 
varies. The value of Pdc is >0.99 and b=2. 

5.3 .3. Training Patterns Containing 
Analog-valued Noise 

Compared to its originating model QAM, the PUNN so far 

has been shown to be quite efficient, in terms of network 

complexity, error-correction capability (discrete erroneous 

noise bits), and the required training time. Now we want to 

determine the immunity of the PUNN to analog additive noise 

before and after training. Using Gaussian noise of mean 0 

and standard deviation a, the following simulation results 

demonstrate that as long as the noise deviation O<0.5, the 

PUNN can eliminate the noise and achieve a high recall 

accuracy. In fact, the PUNN exhibits a strong additive 

noise immunity even without any training, and minor training 
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can improve the recall accuracy to >0.99. In the following 

simulations, we again invoke the capacity formulas for the 

ZA-type QAM derived in Chapter III. Given Pdc=0.996 and the 

input, output dimension of N=30, from Eqs. (3.17b) and (3.38) 

the proper choice of M is =31. Note that the reason we do not 

use M=16 as in the previous simulations is because the issue 

here is not concerned with attraction radius. Based on these 

data along with cut=5, the PUNN generated by following the 

procedure in Figure 5.3 has 434 hidden units, 868 W-links, 

and 3400 T-links. Figure 5.10 shows how the recall accuracy 

Pdc varies as the deviation a increases. For comparison, also 

shown is the special case where cut=0, i.e., all Tijk weights 

are employed in the PUNN. From Figure 5.10, the PUNN 

maintains fairly high recall accuracy for a<0.5. Note that 

the gap in Pdc between these two curves is fairly small for 

a<0.5. As in Table 5.1, values of HD(0+1) are also recorded 

and the results for Figure 5.10 are shown in Figure 5.11. For 

comparison, the curve for the Pdc with cut=5 in Figure 5.10 is 

replotted here. Clearly, if one is willing to settle for 1 

error bit in the output, the recall accuracy is quite 

satisfactory considering no training has yet been given. 

When training is applied, how many iterations will be enough 

for a PUNN with cut=5 to improve Pdc up to >0.99? The 

simulation result for this question is illustrated in Figure 

5.12. As can be seen, less than 2000 iterations will be 

enough in cases where a<0.5 But as a^0.5, the symbol "?" 
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Pdc 

Figure 5.10. Simulation results of the ZA-type PUNN before 
training with Gaussian noise added in the 
input patterns. 
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Figure 5.11, Comparison of HD(0+1) and HD(0) or Pdc of the 
ZA-type PUNN before training. 
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Figure 5.12. Simulation maximum number of iterations 

in the ZA-type PUNN when G varies. 

11=0.05 and a=0.1. 

again marks the untrainable cases. For example at 0=0.5, the 

PUNN has Pdc =0.94 after 6000 iterations (as marked by x in 

the figure) and has Pdc«0.95 after 60000 iterations! This is 

better illustrated in Figure 5.13 where four PUNNs with 

(a,h)=(0.4,434), (0.4,217), (0.5,434), (0.6,434) are trained 

for 60000 iterations. As expected the PUNN with (0,h) = 

(0.4,434) reaches Pdc> 0.99 in less than 2000 iterations. For 

the same 0=0.4, it takes 12000 iterations to obtain Pdc>0.99 

if h is decreased from 434 to 217. The varying curves for 

0=0.5, 0=0.6 indicate that they are untrainable PUNNs if we 

want Pdc >0.99. 

As in the discrete noise simulations, the values of Pdc 

for a varying number of hidden units after 6000 iterations 
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0 6000 20000 40000 

Iterations 

60000 

Figure 5.13 Simulation results of the ZA-type PUNN when 

0=0.4,0.5,0.6. h=number of hidden units. 

ri=0.05 and a=0 .1. 

decrease down to 217. The simulation results (not shown here) 

have indicated that a PUNN cannot achieve Pdc>0.99 if h<173 

even if the iteration number is increased indefinitely. 

In the previous simulations, if for some reason one 

needs to have immunity to noise whose a>0.5, then the number 

of stored patterns M must be reduced. For example, by using 

are simulated and the results are shown in Figure 5.14 for a 

PUNN with a=0.4. The Pre-trained and Post-trained curves 

represent the recall accuracy before and after training 

respectively. The meaning of Post-train* will be seen later. 

As can be seen, for h^260 it only takes iterations<6000 to 

achieve Pdc>0.99. As already shown in Figure 5.13, the number 

of iterations will increase rapidly if h continues to 

N=30, a=0.5, M=16, and cut=4 a PUNN with h>434 hidden units 

155 



Pdc °-S 

"•—I ' I • — I — « — I — • — I ' l l — r 
43 87 130 173 217 260 303 347 390 434 

number of product u n i t s 

F igu re 5 .14 . Simula t ion r e s u l t s of t he ZA-type PUNN when 
0=0.4 and the number of i t e r a t i o n s = 6 0 0 0 . 

can ach i eve Pdc >0.99 wi thout t r a i n i n g , and a PUNN with h=347 

h i d d e n u n i t s can a c h i e v e Pdc >0.99 wi th l e s s t h a n 6000 

i t e r a t i o n s of t r a i n i n g . Also i t i s i n t e r e s t i n g t o note t h a t , 

by keep ing t h e W-links i n v a r i a n t a t 1.0 dur ing t h e t r a i n i n g , 

one g e n e r a l l y o b t a i n s a b e t t e r r e s u l t i n g Pdc, as shown in 

F i g u r e 5.14 by t h e P o s t - t r a i n e d * c u r v e . This e f f e c t becomes 

more e v i d e n t as C i n c r e a s e s . 

5 4 .g;ummary and Discuss ions 

The c h a r a c t e r i s t i c s of PUNN a s s o c i a t i v e memories 

u t i l i z i n g p r o d u c t u n i t s i n t h e h idden l a y e r and p r i o r 

knowledge o b t a i n e d from t h e QAM have been i n v e s t i g a t e d . In 
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particular, the generalization capability (i.e., error-

correction capability) of the network has been shown, 

including the case of presenting certain discrete erroneous 

bits in the input pattern and the case of adding Gaussian 

noise of mean zero and various standard deviations a to each 

bit in the input pattern. The network exhibits a certain 

degree of generalization capability without any training 

applied. PUNN associative memories show strong pre-trained 

immunity, particularly to additive Gaussian noise. But to 

improve the recall accuracy Pdc up to Pdc>0.99 when presented 

with erroneous inputs, the network should be trained with 

noise corrupted input data. Since the PUNN uses hidden units 

that are generally more than the minimum required, our 

results in a sense agree with the result by Sietsma et 

ai.,[92] who showed numerically that, for networks trained 

with noisy inputs, 3-layer networks with many hidden units 

generalize better than many-layer networks with few hidden 

units. Also note that it has been shown that the least upper 

bound on the number of hidden units is M-1 to implement a 3-

layer feedforward perceptron network, assuming the outputs of 

hidden units are binary [91]. The outputs of hidden units 

in the PUNN, however, are not threshdded, therefore the 

result of [91] may not be applicable to the PUNN. 

The trade-off between the reduction of network size, the 

increase in b (or a) and the increase in the training 

iterations has also been examined. As has been illustrated in 
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this chapter, the use of apriori knowledge from the QAM to 

implement the network structure guarantees an initial 

sufficient (yet much smaller than its originating QAM) 

network size to achieve satisfactory (but better than its 

originating QAM) recall accuracy after very moderate 

training. Starting from this initial network, the size of 

the network can be further reduced, by the random elimination 

scheme as shown in this chapter, to achieve the same level of 

performance if the number of training iterations can be 

increased. (Another possible approach to reduce the network 

size is by using the pruning technique introduced by Sietsma 

et ai., [92]. This pruning technique requires examining the 

outputs of the hidden units across all the training sets, and 

then eliminating those units considered as not contributing 

to the solution) . We have learned, however, that an unlimited 

increase in training iterations does not guarantee successful 

training, due to the fact that some PUNNs are inherently 

untrainable because of the improper choices of the network 

size, a (or b) , or the number of stored patterns. So the 

reduction of the number of hidden units has its bounds. It 

is unknown at this point if there exists an analytic and 

systematic approach to determine this bound. Thus, the 

problem of determining the optimum network size given 

specified input/output dimensions and generalization 

capability deserves future investigation. 
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Finally, it is noted that when the input patterns only 

contain binary data (i.e., no additive analog-valued noise), 

the PUNN provides an additional advantage: error tolerance in 

the weights of the W-links. This is because as long as the 

sign of the W-link weight is not forced to change due to 

noise, the output of the product units will remain unchanged. 

Also in training the network using additive noisy input 

patterns, we have shown that in the PUNN the connection 

weights between the input and hidden layer need not be 

updated, which not only results in faster actual training 

time but also a better trained result. As an interesting 

observation (results not shown in this chapter) , a fully 

connected product units network as shown in Figure 5.1 is not 

ideal for implementing the binary-valued associative memory, 

due to its extremely long training time and low storage 

capacity. 
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CHAPTER VI 

CONCLUSIONS 

In this dissertation we have studied, both qualitatively 

and quantitatively, several aspects of synchronous Hebbian-

type associative memories (HAMs). We have utilized a 

statistical signal-to-noise parameter called the C parameter 

to characterize the performance of arbitrary order HAMs, and 

computer simulations were used to verify the analytical 

results. The existence of principal connection weights useful 

in eliminating redundant interconnections in high-order HAMs 

has been shown. These results have been presented in the 

three main chapters. The results of principal connection 

weights were then applied to a 3-layer product unit network 

to improve, using backpropagation training, the performance 

of a second-order HAM. A recap of these results and some 

reflections on possible future work are in order. 

In Chapter II, the development of the C parameter was 

successfully applied to derive equations capable of concisely 

estimating the storage capacity of (1) first-order direct 

convergence HAMs in which the initial vector is required to 

precisely converge to the memorized vector in one iteration 

and (2) first-order indirect convergence HAMs in which a 

specified error e is allowed after multiple iterations. 

Throughout this dissertation, indirect convergence refers to 

the HAM network in which multiple synchronous updates are 
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allowed, but most of the input error bits must be corrected 

after the first update cycle. The close tie between the 

memory capacity and the required convergence probability of 

the first-order HAM was described. 

With the help of the C parameter, this dissertation has 

offered theoretical explanations for several unique 

characteristics associated with the NZAM, i.e., the first-

order HAM with nonzero diagonal terms in the memory matrix. 

We have shown the existence of a double-root characteristic 

that results in the unique behavior of recall probability Pr 

when the input error ratio p=0, i.e., the probability of a 

successful one-step recall decreases rapidly as 0<a<l (where 

a=M/N, M=number of stored patterns and N=number of neurons), 

but once a exceeds 1 it begins to increase slowly and finally 

saturates at 1 when a » l . The result of the double-root 

characteristic is also extended to examine the case of p >0. 

The network is shown to essentially perform no error-

correction at all if a >2. Also the tradeoff between the size 

of the attractor radii and the number of stored patterns M 

under the requirement of Pr>0.99 was analyzed. 

Two figures of merit, e/T\ and TjN, were introduced and 

their relationships to arbitrary order HAMs were developed. 

We have discussed the unique relationship between the 

indirect convergence probability Pic and the value of the 

ratio e/T|, where T̂  is the probability of an arbitrary neuron 

holding an incorrect bit after one update cycle and £ is the 

161 



fraction of output vector bits in error. For any arbitrary 

order HAM with e/T| >20, we have Pic = 1.0. An analogy to 

this in an arbitrary order direct convergence HAM, i.e., 

the role of parameter T|N in determining the direct 

convergence probability, was introduced. For the case of 

indirect convergence with Pic=1.0, given any two of the 

parameters e, M or N, we can find the third for an arbitrary 

order HAM. For the case of direct convergence, given any two 

of the parameters Pdc, M or N, we can find the third for an 

arbitrary order HAM. 

The C parameter approach, generalized to determine the 

characteristics of synchronous higher-order (i.e., order 

>2) HAMs, was presented in Chapter III. Several equations 

for estimating the storage capacities and attraction radii of 

both direct and indirect convergence HAMs were derived. As 

for the first-order HAM, the direct convergence HAM in this 

paper deals with the one-step synchronous convergence 

network. We have shown asymptotic results for the 

capacity of higher-order direct convergence memories using 

theorems including exchangeable random variables and normal 

approximation theory. We have introduced a recursive method 

to find a convergent C parameter which is useful in obtaining 

more accurate capacity estimations. A possible direction for 

further research is to investigate networks in which several 

steps are taken in order to converge precisely to a stable 

fixed point . In deriving the capacity for indirect 
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convergence memories, we have utilized the unique 

relationship between P̂ c and the value of the ratio E/rj. For 

example, using C=3.17 (i.e. Tl= 0.000755), and e=0.02 will 

result in a constant value of Pic >0.99 for an arbitrary 

order indirect convergence associative memory. An analogy to 

this in an arbitrary order direct convergence HAM, i.e., the 

role of the parameter X=T1N in determining the recall accuracy 

of a network, was also described. By comparing the C 

parameter formulas for nonzero-diagonal QAMs (i.e., second-

order HAMs) and zero-diagonal QAMs, we have found that the 

zero-diagonal QAM, which needs less connection weights, 

performs better than the nonzero-diagonal QAM. 

We have also shown how the error correction capability 

of a network affects the storage capacity by considering the 

effects of b input error bits on the C parameter. For both 

the cases of direct and indirect HAMs, the higher the order 

is, the more sensitive the memory is to the input error, and 

the number of stored vectors is reduced by a factor (l-2p)^P, 

where p=b/N 

A second interesting, but unsolved, area of investiga

tion concerning the Hebbian-type associative memory is the 

behavior of asynchronous versions of direct and indirect 

convergence memory. Unlike first-order HAMs, the C parameter 

of higher-order networks is sensitive to whether we update 

one neuron at a time or all neurons at once. In fact, in 

asynchronous QAMs each update event of an individual neuron 
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is dependent on another neuron's, hence the results in 

Chapter III are not applicable to asynchronous memories. In 

general, with the same N, M and b, asynchronous QAMs perform 

better than synchronous QAMs. 

In light of the better performance of zero-diagonal QAMs 

over nonzero-diagonal QAMs, we have learned that a QAM using 

fewer connection weights can perform better. In addition, as 

shown in Chapter III, the capacity increase advantage due to 

increase in network order seems to inevitably be overshadowed 

by the accompanying interconnection proliferation problem. 

These thoughts have led us to examine the existence of 

principal connection weights Tpr useful in solving the 

problem of proliferation of weights in higher-order HAMs. 

In Chapter IV, using zero-diagonal HAMs we have proved that, 

among all connection weights T based on the outer-product 

rule, those weights near VM contain more information than 

the others. The recall capability of HAMs which use only 

principal weights Tpr, where TpreT and V ^ I Tpr | < M , was 

investigated using the C parameter. We have demonstrated how 

such memories can maintain original recall capability and 

error-correction properties, using less than 50% of the 

original number of connection weights. Besides direct 

application to other types of HAMs such as nonzero-diagonal 

EM^s and indirect convergence HAMs, the principal connection 

weights are also useful in a new 3-layer network that uses 
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product units in implementing associative memory, as 

discussed in Chapter V. 

Using the knowledge of principal connection weights of 

the QAM, we have introduced a 3-layer, partially connected 

product unit network (PUNN) capable of learning to outperform 

its originating QAM, in terms of both the generalization 

capability and network size requirements. As for the 

generalization capability, the case of presenting certain 

discrete erroneous bits in the input pattern as well as the 

case of adding Gaussian noise of mean zero to each bit in 

the input pattern have been considered. Although the network 

possesses a certain degree of noise immunity before training, 

the network must be trained with noise corrupted input data 

in order to improve the recall accuracy Pdc up to Pdc>0.99, 

Utilization of the backpropagation algorithm is, to 

date, the only practical choice for multilayer networks that 

require supervised training. Despite the well-known problems 

of getting stuck at local minimums and lengthy training, the 

PUNN was shown able to get away from these two problems. 

Thanks to imposing the prior knowledge of principal weights, 

the initial point in the weight space configuration would be, 

in principle, most likely located nearby the global 

minimum, thus the PUNN should have a well-behaved downward 

trajectory when trained with a small learning rate and 

momentum. We should here stress that these comments apply 

only to the PUNN that uses a large part of the principal 
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weights of the underlying QAM. Excessive cuts in the deployed 

weights (equivalently the number of hidden units) will not 

even guarantee successful training! 

We have examined the trade-off between the reduction of 

network size (i.e., the number of hidden units and 

interconnections), the increase in b (or the Gaussian noise 

deviation o) and the increase in training iterations. One of 

the major results of Chapter V has been to show that a PUNN 

which utilizes the prior knowledge from a QAM to implement 

its network structure has a sufficient network size (yet much 

less than its originating QAM) to achieve satisfactory (but 

better than its originating QAM) recall accuracy after very 

moderate training. Furthermore, starting from this initial 

network, it was also shown that the size of the network can 

be reduced, by randomly eliminating hidden units, to 

achieve the same level of performance provided the number of 

training iterations can be increased. However, as aforemen

tioned, in some cases where the number of hidden units is 

too small, an unlimited increase in training iterations does 

not guarantee successful training. Therefore, the reduction 

of the number of hidden units has its lower bound. To date, 

it is unknown if there exists an analytic and systematic 

approach to determine this lower bound. This observation 

leads to another possible avenue of investigation, i.e., 

the problem of determining the optimum network size given 
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specified input and output dimensions, maximum allowable 

number of iterations, and generalization capability. 

In brief, learning in the PUNN associative memories, in 

fact, consists of two phases: (1) Hebbian learning rule, 

which generates the outer-product connection weights and 

subset of which forms the principal weights, and (2) the 

backpropagation training algorithm. The PUNN using principal 

weights was empirically proved to perform much better than 

its originating QAMs. The network was empirically proved to 

perform even better when the interconnection weights between 

input and output units remain unchanged. In that case, 

backpropagation reduces to the delta learning rule and the 

network becomes a QAM with a trained subset of principal 

connection weights. 
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