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INTEGRATION METHODS IN SYSTEM ANALYSIS 

by 

CHING-TSAI PAN, B.S.E., M.S. in E.E. 

A DISSERTATION . 

IN 

ELECTRICAL ENGINEERING 

Submitted to the Graduate Faculty 
of Texas Tech University in 
Partial Fulfillment of 
. the Requirements for 

the Degree of 

DOCTOR OF PHILOSOPHY 

December, 1976 



Aev- 2,s zT^ 

•Cop. Z 

ACKNOWLEDGEMENTS 

The author is deeply indebted to Dr. Kwong Shu Chao 

for his encouragement, his guidance, and his serving as 

the chairman of the committee. The author also wishes 

to sincerely thanlc Dr. Russell H. Seacat, Dr. Richard E. 

Saelcs, Dr. Stanley R. Liberty and Dr. Harold D. Meyer 

for serving on his committee and for their constructive 

criticism. The author is also happy to thank his family 

for the constant encouragement throughout this study. 

11 



TABLE OF CONTENTS 

ACKNOWLEDGEMENTS ii 

LIST OF FIGURES iv 

I. INTRODUCTION 1 

II. MULTIPLE SOLUTIONS AND UNIQUENESS 

THEOREMS OF SOLUTION CURVE 5 

2.1 Introduction 5 

2.2 Iterative Solution Method 5 

2.3 Existence and Uniqueness 
Theorems of Solution Curve 8 

III. MULTIPLE SOLUTIONS WITH MULTI-
BRANCHED SOLUTION CURVES 13 

3.1 Introduction 13 

3.2 Theoretical Basis 14 

3.3 Numerical Algorithm. . . . . . . . . 22 

3.4 Starting Points 32 

3.5 Numerical Examples , 35 

IV. APPLICATIONS 41 

4.1 AC-Resistive Network Analysis. . . . 41 

4.2 Computer-aided Root-locus 

Method 46 

4.3 Computation of Eigenvalues 60 

V. CONCLUSION 63 
LIST OF REFERENCES 65 

• • 111 



LIST OF FIGURES 

Figure Page 

3.1 Solution curves for f, = 0 and 
f2 = 0 i 15 

3.2 The functional graph of f9^^^ 
along L,, and L̂  2 ^^ 

3.3 An even singular point 29 

3.4 An odd singular point 29 

3.5 Solution curves of Re g(z) = 0 
and Im g(z) = 0 39 

3.6 Solution curves for Re g(z) = 0 

and Im g(z) = 0 40 

4.1 A nonlinear AC-resistive network 44 

4.2 Three starting points of the 
nonlinear network 45 

4.3 Output voltages for different 
starting points 47 

4.4 Output currents for different 

starting points 48 

4.5 A closed-loop system 50 

4.6 G(s) H(s) = p 55 
(s + 3) (s + 1) 

A n rtc.\ vtt^\ - (s + 1.5) (s + 5.5) 
4.7 G(s) H(s) - (s) (s + l)(s + 5) ^^ 

K 
4.8 G(s) H(s) = s (s + 6 + j 3) (s + 6 - j 3) • • • ^^ 

4.9 G(s) H(s) = s (s + 3 + j /T) (s + 3 - j y^) * " " 

IV 



CHAPTER I 

INTRODUCTION 

Nature is nonlinear. It is only human expediency or 

intellectual laziness that causes linear systems to be con

sidered first. Let's observe the beneficial aspects of 

nonlinearities. Without off-on characteristics, such 

mechanisms as modern digital computers and large communica

tion systems could not be developed. Without hysteresis 

loops, magnetic amplifiers could not come into existence. 

Without magnetic saturation, electric machines would run 

up excessive speed and destroy themselves. Today, more 

and more stress is now being placed on nonlinear systems 

which more faithfully represent the physical world. With 

the impact of modern high speed digital computers, this 

tendency is even more apparent. 
m 

In the analysis of nonlinear systems, two important 

basic notions are stability and oscillation. The notion 

of stability is associated with equilibrium points of the 

system or the solution trajectories of the system. The 

notion of oscillation in nonlinear systems arises from that 

of oscillating motion, which is periodic or aperiodic, 

forced or unforced. Conditions for the existence of 



periodic motion, the amplitude bounds and the period of the 

oscillation are some of the interesting topics. For an 

autonomous system 

^ x = f (X), x(0) = XQ (1.1) 

where feC and is a mapping from R into R , the equilib

rium points are the points such that 

f(x) = 0 . (1.2) 

The problem of solving nonlinear equation (1.2) is one of 

the important numerical tasks frequently encountered in 

applied mathematics, resistive networks, power systems, 

least-square approximations, boundary-value problems as 

well as in optimization. Equation (1.2) may have either 

no solution, a unique solution or multiple solutions. 

Problems with the existence and uniqueness of the solution 

to (1.2) have been discussed in many places, e.g. [1-8], 

It is essentially a matter of finding conditions under 

which f (x) is a global homeomorphism. For multiple solu

tions, in general it is impossible to tell in advance the 

number of real solutions. In Chapter III this problem is 

answered for a class of functions. 

Although various techniques have been developed for 

solving (1.2), relatively little has been done in locating 

multiple solutions. Brown and Gearhart [9] used a defla

tion technique to obtain multiple solutions. In nonlinear 



resistive network analysis, Chua [10] introduced an itera

tive piecewise-linear method suitable for finding multiple 

solutions. Kuh and Hajj [11] considered multiple solu

tions of piecewise-linear network from input-output 

characteristic plots. Franin [12] solved the problem by 

integrating a related differential equation. Chao et al. 

[13] have developed a systematic search method for ob

taining all the multiple solutions under some conditions. 

In the same context, Chua and Ushida [27] developed a 

switching-parameter algoritlim for finding multiple solu

tions. 

In this report the integration technique described in 

[13] is explored further for more complicated cases and is 

then applied to a number related problems in the computer-

aided analysis of electronic circuits and control systems. 

For convenience and to make this discussion self-contained 

the systematic search method [13] is outlined in Chapter 

II, Theorems which extend the use of this method are also 

covered, A more general case of problems with multi-

branches is then considered in Chapter III, A thorough 

theoretical basis together with a systematic search method 

2 

is developed for a class of functions from R into itself. 

It turns out that the new algorithm is most suited for 

obtaining all the roots of a polynomial. Applications to 

other fields are discussed in Chapter IV. These include 
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AC resistive network analysis, algorithms for the plotting 

of root locus and the computation of all eigenvalues of a 

constant matrix. Finally, some concluding remarks are 

given in Chapter V. 



CHAPTER II 

MULTIPLE SOLUTIONS AND UNIQUENESS 

THEOREMS OF SOLUTION CURVE 

2.1 Introduction 

A systematic search method has been developed by Chao, 

Liu and the author [13] for obtaining multiple solutions of 

(1.2). For convenience this method is outlined here. 

Theorems [4] which extend the use of this method are also 

presented without proof. The fact that some theorems are 

not valid for n = 2 and yet are true for n > 3 is somewhat 

surprising. 

2.2 Iterative Solution Method 

A system of differential equations of the form 

^f^[x(t)] = - f^[x(t)], f^[x(0)] = 0, i = l,2,...,n-l 

^f^[x(t)] = ± fj^[x(t)], f^[x(0)] = fĵ Q (2.1) 

is considered where the initial conditions of f. are such 

that starting point XQ must lie on a space curve L defined 

by f.(x) = 0 , i = l,2,...,n-l. Since f is not a function 

of t explicitly, g^ can be written as 



df 3f dx , -• ,^ ̂ , 
dt = JSFdt ^-^^ (2.2) 

and in the x-space (2.1) reduces to a differential equation 

* = j""-̂ (- f^, - f^, ..,, - fj^_^, ± fj^)^, XQ eL (2.3) 

where T denotes matrix transpose. Equation (2.3) may be 

solved by any numerical integration techniques. For ex

ample, discretization of (2.3) by the Euler method leads 

to an iterative algoritlim 

k̂+l = ̂ k ̂  hj"'(V t" fl̂ k̂> - Vl^^k^' ^ ^n^V^"" 

XQ eL, k = 0,1,2,... (2.4) 

where h is the step size. The transition in sign should 

occur at the points where the Jacobian changes sign and 

the solution points. The merit of this method can be seen 

from the solution of (2.1) in the f-space: 

fi[x(t)] = f̂ [x(0)]e'"*̂  = 0, i = l,2,...,n-l 

f^[x(t)] = f̂ Q e-^ . (2.5) 

This solution shows that for any x^ eL, the corresponding 

trajectory x(t) resulting from (2.3) remains in L. Theo

retically, the signs of f. for i = l,2,«--,n-l are im-
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material. The corresponding trajectory will remain in L so 

long as f.[x(0)] = 0, for i = l,2,-«*,n-l. But in compu

tational practice, the f. at each successive iteration may 

not be precisely zero; the signs of f. for i = 1,2,•••n-1 

are therefore kept negative to ensure that the computed 

trajectory x(t) does not stray too far from the space 

curve L. Depending on whether the minus or plus sign is 

being used, the function f is forced to be attracted to 

or diverge away from zero along L. In order to move in 

the desire direction on L, the sign of f must be changed 

at the solution points of (1,2) and the points on L where 

the Jacobian changes sign. The key point lies in a rela

tion between the Jacobian and the directional derivative 

of f in the tangential direction of L 

df ^ 
f' = ^ = S^ Vf^ (2.6) 
n dL n 

where s is the unit vector at x in the tangential direction 

of L and Vf is the gradient of f„(x). 
n " 

Theorem 2.1: If f'(x) is the directional derivative of 

f (x) in the tangential direction of L at 
n 

X defined by 

f.(x) = 0, i = l,2,---,n-l (2.7) 

and Aij is the (ij)th cofactor of the Jacobian 
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matrix J of f, then 

f^ = det J/|]v 

where ||, || denoted the Euclidean norm and 

""= ' ^ 1 ' ^ 2 ' •••' ^ - - ' > ' ' -nn 

Theorem 2,2: The directional derivative of f (x) in the 
n 

tangential direction of L changes sign if 

and only if the corresponding Jacobian of 

f on L changes sign. 

• Other respects concerning the convergence of the 

method and starting point problem are also detailed in 

[1.3] . Success in finding all multiple solutions depends 

heavily on whether (2.7) defines a unique simple curve L. 

If L is a simple curve, i.e., a continuously differenti-

able curve which does not intersect itself, then a com

plete transversal of it enables one to find all the 

multiple solutions. On the other hand, if L contains 

several branches, then application of the method may lead 

to those solutions that lie on the branch containing this 

starting point only. The following theorems provide some 

sufficient conditions for the existence and uniqueness 

of the solution curve. 

2.3 Existence and Uniqueness Theorems 
of Solution Curve 

Theorem 2.3: Let f be a real function of n real variables 



Theorem 2.4 

and of class C . If 

(i) det J never vanishes 

(ii) lim||f(x)|| = ", as [|x|| -> « 

then any n-1 equations of f. = 0, i = 1,2, 

•••,n define a unique continuously differ-

entiable space curve. 

Let f: R^ -y R^, n f̂  2, be a C''- map. Let 

S = {xeR̂ ^ I det J(x) = 0} and T = {xeR^ | 

x^S}. If 

(i) det J(x) > 0 (or det J(x) < 0) 

for all xeT and S is at most a 

set of isolated points 

(ii) lim||f (x)l| = «, as ||x|| -> «> 

then any n-1 equations of f. = 0, i = 1,2, 

•••,n define a unique continuous space curve. 

Theorem 2.5: If f is the gradient of some strictly convex 

scalar function (J>, where <^: R ->• R is a C 

map, then any n-1 equations of f. = 0, i = 

l,2,-«-,n, define a unique continuous space 

curve. 

Definition: Let U C R^. An nxn matrix A(x) is said to be 

almost positive definite on U iff A(x) is 

positive definite for all x in U except at 

most a set of isolated points on which A(x) 



10 

Theorem 2.6 

Definition 

is positive semidefinite. 

Let f: R^ -> R^ be a C"̂  function. If J (x) 

is almost positive definite on R^, then any 

n-1 equations of f. = 0, i = l,2,«**,n define 

a unique continuous space curve. 

An nxn matrix A is said to be a class E 

matrix iff each row and each colxomn of A 

have one and only one non-zero element which 

is either 1 or -1. 

Theorem 2.7: Let f be a C map. Suppose there exists a 

class E matrix E such that E J(x) is almost 
c c ' 

positive definite on R then any n-1 equations 

of f. = 0, i = l,2,.-«,n, define a unique 
continuous space curve 

Theorem 2.8 T Let g(x) = (fĵ (x), f j (x) , ..., ^^-1^^^ be of 

class C . If there exists an (n-1) vector 

T 
'^k-1 ^k+l'*"'^--^ ^°^ °̂"̂ ® n 

y = (x^, X2/• 

k, 1 < k < n, such that 

(i) 8g/3y is nonsingular for all x, and 

(ii) lim]|g(x) 11 = «, as ||y CO 

then g (x) = 0 defines a unique simple curve L. 

T 
Theorem 2.9: Let g(x) = (f̂ ^ (x) , f2 (x) , •••, ^n-l^^^^ ' ̂  ^ 

2, be a C map. If there exists a vector 

T 
y = (x^, X2'""'^k-1' ^k+l"*'^n^ ^°^ ^̂ "̂ ^ 
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k, 1 ^ k i n, such that 

(i) det 9g/3y > 0 (or det 8g/3y ^ 0) 

for all X and det 3g/3y = 0 on at 

most a set of isolated points in 

R^ 

(ii) lim||g(x)|| = «, as ||y|[ -> « 

then g(x) = 0 defines a unique space curve L. 

Theorem 2.10: Let g (x) = (f^(x), f 2 (x) , ..., f̂ -l̂ ^̂ '̂̂  ̂ ® 

of class C . If there exists an (n-1) vector 

y = (x^, X2''*''^k-1' ^k+l'''''^n^ for some 

k, 1 < k < n, and a positive constant e, 0 < 

e, such that 

I det J. I > e 

!det J^^^/det J^| > e, i = l,2,«.«,n-2 

for all xeR , where J. is the ith order upper-

left submatrix of (3g/3y), then g(x) = 0 de

fines a unique simple curve. 

It is interesting to note that theorem 2.4 and theorem 

2.9 are not valid for n = 2 and yet are true for n > 3. 

This unexpected results has its origin in a recent result 

by Church and Hemmingsen [15] to the effect that the branch 

points of a mapping from R to R for n > 3 form a perfect 

set [2]. The case for n = 2 will be discussed thoroughly 

in next chapter. It is seen that in this case although 
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conditions in theorem 2.4 or theorem 2.9 are satisfied yet 

the conclusion is not true. 



CHAPTER III 

MULTIPLE SOLUTIONS WITH MULTI-BRANCHED 

SOLUTION CURVES 

3.1 Introduction 

In Chapter II a systematic search method for solving 

multiple solutions of (1.2) is outlined. Success in find

ing all multiple solutions depends heavily on whether or 

not the set of equations f^ (x) = 0 , i = l,2,.».,n-l defines 

a unique curve L. If L is a simple curve, i.e., a con

tinuously differentiable curve which does not intersect 

itself, then a complete traversal of it enables one to 

find all the multiple solutions. On the other hand if L 

is multi-branched, the application of the method may lead 

only to those solutions that lie on the branch containing 

the starting point. As will be seen later, multiple 

branches exist for some class of functions. Therefore in 

order to find all solutions, a starting point on each and 

every branch of L must be located. 

Another difficulty arises when L intersects itself. 

It turns out that under this singular case the important 

relation between the Jacobian and the directional deriva

tive (Theorem 2.2) should be modified accordingly. 

13 
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Recently, Branin [31] described a procedure, called the 

method of signatures, for computing all the roots of a 

polynomial. The algorithm fails in cases where singular 

points do exist on L. A general search method for obtain

ing all the solutions of a polynomial is presented in this 

chapter. A thorough theoretical basis for the development 

of the method is also given. Furthermore, the bound of 

the region inside which all the solutions are located can 

also be obtained. This greatly reduces the task for search

ing all multiple solutions. 

3.2 Theoretical Basis 

Consider the problem of solving the following non

linear equations 

f^(x) = - 2 x^ X2 + 2 X2 = 0 

f2(x) = (x^ - 1)^ - X2 - 4 = 0 . (3.1) 

Both solution curves defined by f^(x) = 0 and f2(x) = 0 are 

shown in Fig. 3,1. It is seen that both f^ = 0 and £2 "̂  ̂  

are multi-branched. Furthermore the solution curve L de-

T T 
fined by f, = 0 intersects itself at (x^, X2) = (1, 0) . 

Since both f^ = 0 and f2 = 0 are not unique simple curves, 

application of the method described in Chapter II may not 

find all the solutions. In fact, only one solution will 

be obtained if L,, is used to search for all solutions. 
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L 

1 r-*-x. 

Fig. 3.1. Solution curves for f̂  = 0 and f^ = 0. 

The algoritlim leads to oscillation around (1, 0) point, for 

2 2 
the Jacobian, 4 (x̂  - 1) + 4 X2, is always nonnegative and 
no sign change would be made while passing through (1, 0) T 

point. But, as can be seen from Fig. 3.2, the directional 

derivative of f2 along L,, does change sign when passing 

T 
through (1, 0) . This can be judged from 

df2(x) 

dL 
= 2 (x. 1) (3.2) 

11 

Similarly, the directional derivative of f2 along L,^ 

df2(x) 

dL 
= - 2 X. 

12 
(3.3) 
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f2(L,2) 

- -12 

Fig. 3.2. The functional graph of f̂  (x) along L,^ and L 
11 12 
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Theorem 2,2 is valid only when L is a simple curve and it 

cannot be used for the case vzhere L does intersect itself. 

If this theorem is used to find the directional derivative 

for the present problem, then 

df 5 (x) -
- ^ = (2(X3^ - l))V|2(x - 1) I (3.4) 

df 2 (x) « 
-^£ = (2 X2)V|- 2 X2I . (3.5) 

Expressions (3.4) and (3.5) are not the same as the pre

vious results. 

2 
Consider the Jacobian of a real function from R into 

itself, 

3f- 3f, 3f 3f^ 

If 

3x, 3X2 
(3.6) 

and 

3x2 3x^ 
(3.7) 

^^1 2 ^^2 2 
then it is seen that det J = (-r-—) + (3-^) 2 0. Thus if 

o. X 1 0X1 

conditions (3.6) and (3.7) are satisfied, the Jacobian is 

always nonnegative. The same conclusion can be made in the 
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higher dimensional cases. The result is described in the 

following theorem. 

Theorem 3.1: Let f (x) : R^ -> R^, n > 2, be a C"*" function. 

If 

grad f̂  = v A (A^., A^2' * • • ' V ^ ' ^ ' ^^"^^ 

then de t J = | |vl | > 0. Furthermore i f feC , 

f a l s o s a t i s f i e s n 

2 2 2 
^ 3 ' ' f 3'^f 3'^f 

V^f = 2. + D: + . . . + n = 0 
3XT 3 X ^ 3 X _ 

1 2 n 

( 3 . 9 ) 

where the tangential vector v is defined as 

that in equation (2.8). 
Proof: Expansion of the Jacobian determinant along 

the nth row results in 

1=1 1 

The proof of the second part although compli-
2 

cated is quite straightforward. Since feC , 

the second derivative 

2 2 3'̂ f. 3 f. 
1 1 

3x . 3x, 3x, 3x . 3 k k D 

and 
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a^f 

3x; 
1. 

r = sir ^ni V i. Jr k = 1,2,•'.,n. 

Application of the rule for the derivative 
32f. 

of a determinant to each term, y^, results 
3x^ 

in a sum of n determinants. Expansion of all 

the determinants along the second order row 
32f. 

shows that for each term x .^ , 1 < i, j, k 
a2f ^^j^^k 

< n obtained from ^ there is exactly an-
'''j 32f 

Other term obtained from 5- whose coeffi~ 

cient is the same as the former but with 
2 

opposite sign. Hence V f = 0 . 

Under the conditions of Theorem 3,1, if the solution curve 

L does not intersect itself, then the directional deriva

tive, (det J)/||v||, would never change sign and this im

plies that there exists at most one solution on L, 

Theorem 3.2: Let f (x) : R -̂  R , n > 2, be a C function 

and f = 0 has more than one solution. If L, 

defined by (2.7), is a unique simple curve, 

then grad f 5̂  v. 

Proof: Suppose grad f = v and f(x) = 0 has more 

than one solution, then from Theorem 3.1, 

df /dL = ||v|| ̂  0. But since L is a unique 
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simple curve, det J must change sign at least 

once somewhere along L, This implies v = 0 

should occur somewhere along L, which is im

possible for a unique simple curve. 

Let's return to the problem considered earlier at the be

ginning of this section. Several facts are observed. 

These include the condition grad f2 = v, the existence of 

multiple solutions, the occurrence of a singular point on 

T - T L at (x^, X2) = (Ir 0) where det J = 0, and the fact that 

L is an intersecting multi-branched curve. It is this last 

characteristic that makes the problem complicated. If f̂  

and fy represent both the real part and the imaginary part 

of an analytic complex function, respectively, then the 

condition grad f = v in the two dimensional case is 
n 

essentially equivalent to the Cauchy-Riemann conditions. 

Since for any analytic complex function, Cauchy-Riemann 

conditions are always satisfied, it is natural to consider 

a class of real functions which are derived from the real 

and imaginary parts of an analytic complex function. In 

illustrating the various concepts to be discussed in later 

sections, it is convenient to introduce the notation of 

two sets, P^ and B. P^ = {g(z) : nel } is a set of nth 

order polynomials, g's, of the complex variable z with 

complex coefficients. B denotes a set of functions from 

R into itself derived from the real part and the imaginary 
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part of a complex polynomial g(z), i.e., B = {f(x)|f : R -> 

R , f. = Re g(z), ^2 ~ Iî  g(z)} where g(z) e P , x = (x, , 

T X2) and z = X, + j X2. There are several interesting 

properties associated with B than that described in Theorem 

3-1. For completeness, these properties are listed as 

follows: 

P-1 

P-2 

P-3 

P-4 

Proof: 

f̂  and fp satisfy the Cauchy-Riemann conditions. 

The curve defined by f, = constant are. perpendicu

lar to that of f2 = constant on x, - X2 plane. 

Det J (f^, f2) ^ 0. 

Det J = 0 occurs at (n - 1) isolated points (the 

mu Itiplicity is countable) on x. - X2 plane 

3f 3f 3f 3f 
From P-1, det J = (93^) + (^) = \j^ ^^^ -H. 

2r2 

P-5 

P-6 

Proof: 

P-7 

= |g' (z)r. 

where f, = Re g(z), f2 = Im g(z). Since g' (z) 

is an (n - l)th order polynomial, det J = 0 has 

(n - 1) isolated roots. 
2 

f and f̂  are harmonic functions, i.e., V f̂^ 

v2 f2 = 0. 

The singular points where det J = 0 are the 

saddle points of both f̂^ and f2. 

This follows directly from P~l and P-5. 

f(x) = 0 has n real solutions, where n is the 

highest degree of f̂  or £2' feB. 

= 0, 
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3.3 Numerical Algorithm 

In view of the foregoing properties, the method for 

obtaining all the solutions can now be formulated for the 

nonlinear equation f = 0 where feB. The new algorithm is 

based on the systematic search method developed by Chao, 

Liu and Pan [13]. A system of differential equations of 

the form 

df^ 
= - f^, f^ (x^Q, X^Q) = 0 (3.10) 

df2 

dt = ± f2, f2 (x^Q, X^Q) = f^Q, i = l,2,-.-,n (3.11) 

is considered where the initial conditions are such that 
* * * m 

the starting point x^ = ^^lo' ^20^ lies on or close to 

each branch of L defined by f_ = 0. By using the chain 

rule of differentiation and assuming det J =j= 0/ the pre

vious two equations can be written as 

X. 

X. 

det J 

3f. 

1 TK. 

3f. 

± f 
3f, 

2 Ix! 

3f. 

"1 3x. 
± f 

2 3x. 

(3.12) 

i sT 
^S = ^^10' 4o^ ' ̂  = l,2,---,n. 

Let z = Xĵ  + j X2, g(z) = f^ + j f2. g' (z) = h^ + j h2. An 

expression in the complex domain is obtained as 
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(h^ + h2) 

ZQ = ^10 + 3 x^Q, i = 1,2,...,n. 

Further simplification by using the notion of complex 

conjugate leads to the following compact forms: 

z = - 1̂ i V, if the plus sign is chosen (3.14) 

z = - ^i, s t if the minus sign is chosen (3.15) g' (z) 

zj = x^Q + j x^Q, i = l,2,-.-,n. (3.16) 

If L is traced exactly, i.e., f̂  = 0, then (3.14) and (3.15) 

reduce to 

z =. ± 242) , (3.17) 
g' (z) 

But computationally, f, may not equal to zero exactly, 

therefore (3.14) and (3.15) will be used to minimize the 

error. Even though the algoritlim is derived from f, it is 

seen from (3.14) - (3.16) that analytic expressions for 

f , f , h^ and h2 are not required explicitly. The algo

rithm is thus most suited for finding all the roots of a 

complex polynomial. Due to the nature of isolated singular 

points the existence of (n-1) such singular points in the 

denominator does not pose any problem to the algorithm. 
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The ± sign in (3.13) or the conjugate sign in (3.14) and 

(3.15) must be switched at the solution points and at cer

tain singular points where the Jacobian vanishes as will 

be clear from the following theorems. 

Theorem 3.3: Suppose g(z) is an analytic function such 

that 

g (w) = j a where a is real and a 7̂  0 

ĝ "̂ ^ (w) = 0, q = l,2,...,m-l 

ĝ "̂ ^ (w) 7̂  0, m > 2 

at some point w located on Re g(z) = 0. Let 

R = {zRe g(z) = 0}, then in the neighbor-
g ' 

hood of w, R consists of m branches, R^, 
g gi 

g2' ' gm' gl g2 gm 

Furthermore for each i, 1 < i < m 

Im g(z)|R . has either a local maximum 
y 

or a local minimum at w if 

m IS even. 

Im g(z)|R . is either an increasing or 
^ ' gi 

a decreasing function if m 

is odd. 

Proof: Without loss of generality w can be assumed 

to be zero. First, consider the special case 

h(z) = j a + z"̂ . Then 

\ 

• _ 

= {zlRe h(z) = 0} = (re^ | r"̂  cos m9 = 0} 

= (rê l̂r > 0, e = ̂ ^ ^ = l,3,5,...,4m-l}. 
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Each branch consists of two half lines, de-

noted by R̂ ^̂ ^̂  = {re '̂ } and R^^__ = {re ^ }, 

k = 1,3,5,••.,2m-l. Thus for each k, 

Im h(z) I = a + r"̂  sin (me, ) 
nik+ ^ 

= a + r"̂  sin (kTr/2) 

= a + (-1) (̂ -l>/2 ̂ m 

Im h(z) _ = a + r"̂  sin (m(kir/2m + TT) ) 
\ k -

= a + (-1)^ (-1) ̂ ^-l)/2 ̂ m^ 

Therefore if m is even 

Im h(z) L > a = Im h(0), when (-1) ̂ ^"^^^^ = i 

Im h(z) L < a = Im h(0), when (-1) ̂"^^/^ ^ _ -^ 

i.e., h(z)I has either a local maximum or 
^ k 

a local minimum. If m is odd, then for each 

k, 

lmh(z)l = a + (-l)(k-l)/2 r^ 
^k+ 

lmh(z)| = a - (-l)(̂ -̂l)/2 r^ 
•jik-

i.e., Im h(z) is either an increasing 
^hk 

function or a decreasing function along R̂ ^̂ . 

From the previous result the conclusion is 

obvious. Returning to the general case, g(z) 

can be expanded as a Taylor series around w 
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g(z) = g(w) + Z c. (z-w)^ 
i=m ^ 

00 

= ja + (z-w)"" I c ̂  (z-w)P 

00 

since I c , (z-w)^ is an analytic function 
p=0 P+"̂  ' ' 

and has no zero in a small disc around w, 

from a standard theorem [33], there exists an 

analytic function u(z) such that 
00 

E c , (z-w)^ = exp (u(z)). 
p=0 P"*""̂  

Let v(z) = exp (u(z)/m). Then 

g(z) = j a + ((z-w) v(z))"^ 

A j a + (f (z))"" 

where f (w) = 0, f' (w) j^ 0. Thus f (z) is a 

local homeomorphism. Now 

R = {z|Re (ja + (f (z))^ = 0} 
y 

= {z|f(z) e R^}. 

Let R 1̂  = {z|f (z) e Rî ĵ ># k = 1,3, 5, • • • ,2m-l. 

Then if m is even z c R , -> f (z) e R̂ ĵ  

-> Im h(f (z)) > Im h(0) = Im h (f (w)) , 

when (-l)(̂ -l)/2 = 1 

Im h(f (z)) < Im h(f (w)) 

when (-l)(̂ -̂ >/2 .-1 

i.e.,lmg(z)l >lmg(0), (-1) ̂ ^"^^^^ = 1 
gk 
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Img(z)L <lmg(0), (-1) ̂ ^ ̂ ^^^ ^ _3_̂  
R gk 

Similarly if m is odd then Im g(z) R gk 
changes value either from greater than a to 

less than a or vice versa. 

Theorem 3.4: Suppose g(z) is an analytic function such 

that 

g (w) = a where a is real and a 5̂  0 

g^^^ (w) = 0, q = 1,2, 

(m) 

,m-l 

g • " (w) 7̂  0, 2 < m 

at some point w located on Im g(z) = 0. Let 

R ={z|lmg(z)=0}. Then in the neighbor-
y 

hood of w, R consists of m branches, R ,, 

R ^, ..., R , and R ,/̂  R o^ '•' ^^^ = g2' ' gm gl g2 gm 

{w}. Furthermore for each i, 1 < i < m 

Re g(z)1^ has either a local maximum 
gi 

or a local minimum at w if 

Proof: 

m IS even. 

Re g(z)|„ is either an increasing 
R • gi 

function or a decreasing 

function if m is odd. 
The proof is essentially similar to that of 

Theorem 3.3 and will be omitted. 

For convenience a singular point, w, where g (w) 7̂  0, 

g'(w) = 0 will be called an even singular point if the m 
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in Theorem 3,3 or Theorem 3,4 is even and an odd singular 

point for odd m. 

Theorem 3,5: If g(z) e P^ and w is not a solution point, 

then the directional derivative of Im g(z) 

in the tangential direction of L defined by 

Re g(z) = 0 changes sign when passing through 

w iff w is an even singular point. 

Proof: The proof follows from Theorem 3.3. 

In view of the previous theorems the sign must be 

changed when passing through an even singular point even 

though the Jacobian does not change sign. For an odd 

singular point the sign is kept unchanged when passing 

through the singular point since fo (x) (Im g(z)) does not 

change its monotonicity. The same conclusion can be drawn 

when the trajectories of f2 = 0 (Im g(z) = 0) are used to 

search for all solutions. 

The sign changes at the even and the odd singular 

points are illustrated in Fig. 3.3 and Fig. 3.4, In Fig. 

3,3, m = 2, w is an even singular point, thus when w is 

passed through while tracing along R , or R 2^ the sign 

must be changed. In Fig, 3,4, m = 3, w is an odd singular 

point hence the sign should be kept unchanged when passing 

through w along R . , i = l , 2, 3. In actual implementa-
y "̂  

tion, since there are only two possibilities, higher de

rivative tests may be avoided. One can initiate a sign 
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R 

\2+ ^\l+ 

g(w) 7̂  0, g' (w) = 0 

g^^^ (w) ?̂  0 

g2+ 

^1+ 

''̂ -̂ \ 2 - ^^^^ 

g(w) ?̂  0, g' (w) = 0 

ĝ ^̂  (w) = 0, g^^^ (w) 7̂  0 

Fig. 3.3. An even singular Fig. 3.4. An odd singular 
point. point. 

change when passing through a singular point. If oscilla

tion arises, one should proceed without any sign change. 

In view of the property det J > 0 and the fact that det 

J = 0 occurs only at the singular points it is evident that 

for multi-branched problems, a change in sign of the 

Jacobian along a trajectory is not a necessary condition 

for the existence of multiple solutions on that trajectory. 

Theorem 3.6: If f e B, each branch of f. 

have at most n solutions. 

0 (f2 = 0) can 

Proof In the extreme case, if all the (n-1) singu

lar points are even and located on a branch 

of f̂  = 0 (f2 = 0), then the directional de

rivative of fp (fi) along that branch changes 

sign (n-1) times. Hence it can have at most 
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n solutions. 

The fact of Theorem 3.6 can be seen from the problem 

discussed in section 3.2 for n = 2. An example of 3rd 

order polynomial will be considered later where the (n-1) 

= 2 even singular points are all located on a branch of L 

defined by f^ = 0. It turns out that all three solutions 

lies on this branch while no solution exists on the other 

two branches. 

Theorem 3.7: If f e B and det J never vanishes on L de

fined by f^ = 0 (f2 = 0), then there exists 

one and only one solution on each branch 

of L, 

Proof: Since there are exactly n solutions, from 

Theorem 3,6 it is seen that there exists 

exactly one solution on each branch. 

This theorem defines an important subclass of functions 

Since there is a one-one correspondence between each solu

tion and each branch of L, in applying the algorithm the 

search can be stopped once a solution is obtained and one 

should proceed to another starting point to search for the 

remaining solutions. Hence the numerical task is greatly 

reduced. 

Theorem 3,8: If a singular point of g(z), w, is located 

on both Re g (w) = 0 and Im g(w) = 0, then w 

is a root with multiplicity n, n > 2. 
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Proof: Since w satisfies Re g(z) = 0 and Im g(z) = 0, 

it is a root of g(z) = 0. Let g(z) = (z-w) 

f(z) with f(w) 7̂  0. Then g' (z) = n (z-w)^""^ 

f(z) + (z-w)^ f (z). The fact that w is a 

singular point implies that g* (w) = 0. 

Therefore w is at least a double root. 

In order to prevent unnecessary search in finding 

multiple solutions it is important to estimate the bound 

inside which all the solutions may lie. Such a bound is 

provided in the following theorem. 

Theorem 3.9: If x is a solution of f(x) = 0 for f e B , 

then ||x|| < M, where M = max t|a^|/ 1 + l̂ ĵ l' 

k = l,2,-»»,n-l} and the a.*s are coeffi

cients of the corresponding monic polynomial 

g(z) = z + a, z + ••• + a^. 

Proof: The equation g(z) = 0 can be considered as 

the characteristic equation of an ordinary 

differential equation 

ŷ ^̂  + â^ ŷ "̂̂ ^ + ... + a^ y - 0. 

It is well-known in linear system that with 

the introduction of a state variable Y = (y, 

y(l)^ y(2)^ ...̂  y(n-l)jT ^^^ ordinary dif

ferential equation can be represented in the 

phase-variable form Y = A Y, where A is the 
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A = 

•a -a , n n-1 

0 . . . 0 

0 . . . 0 

1 

•a. 

Thus from Gerschgori*s theorem [29] each 

eigenvalue, s, of A which is also the solu

tion of f = 0, i.e., X, is bounded by the 

following inequalities: 

L 

n 
s < a 

sj < 1 + lâ l̂, m = 2,3,...,n-l 

s + a^ I < 1 -> I s I < 1 + I a. 

Therefore, 

llxll < la^l 

||x|| < 1 + |aj^|, k = l,2,...,n-l 

which implies 

||x|| < M for each x. 

3.4 Starting Points 

The new algorithm requires n starting points located 

on each branch of f, = 0. For functions belonging to B 

these starting points can easily be determined. Let z,, 
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^2' '**' ^n ^® ^^^ zeros of g(z), i.e., 

g(z) = z^ + a, ẑ"-*- + .•• + a 

1 n 

= (z - z^) (z - Z2) ••• (z - ẑ ) . (3.18) 

From Theorem 3.9, |z.| < M. Thus for |z| >> M 

g(z) ^ z'̂  A R^ e^^^ and L is defined by 

fĵ  = Re g(z) =̂  R^ cos (ne) = 0. 

Sine R 7̂  0, it follows that 

e = —-, k = 1, 3, 5, ..• 

Actually 6 takes on 2n different values in the complex 

plane, i.e., 

Oĵ  = 1^, k = 1, 3, 5, ..., 4n-l . (3.19) 

It is seen for |z| >> M the trajectories of f. = 0 approach 

straight lines with constant phase. These asymptotes in

tersect at the centroid 

ZQ = 4^ (3.20) 

where â  is the coefficient of the z term in (3.18). 

This follows from the fact that for |z| >> M all the roots 

appear to be at the same point 

/ \ n . n-1 . g (z) = z + a T Z + . . . + a ^ 1 n 
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n 

- ^" r,̂  -,ri-l . n(n-l) 2 n-2 , , ,n 
- z - nzQ z + 2 ^0 ^ • • • + ( - ZQ) 

(3.21) 

Since for |z| >> M the higher order terms dominate the 

series, the comparison of the coefficients of z^~ in 

(3.21) leads to (3.20). Thus from (3.19) and (3.20) the 

possible initial estimates of the starting points are de

termined as 

k ^ \ 
ZQ = ZQ + R e , k = l,3,5,.-.,4n~l . (3.22) 

The starting points can be obtained, usually within a few 

steps, by using the Newton method as correction 

= z » Re g(z) (3 23) 
^k+1 ^k g-(z) • Ki^^i) 

Since a polynomial is quite sensitive to its variable, the 

closeness of the solution trajectory to the theoretical L 

is judged in z domain by the absolute value of Re g(z)/ 

g'(z) instead of the closeness of Re g(z) to zero in g 

domain. The inclusion of ZQ in (3.22), whose absolute 

value is much smaller than R, will be clear in the next 

section (see example 1). Similarly if the trajectories 

of f2 = 0 are traced to search for the solutions then 

je 
111 ^ z "^=z^ + R e "̂ , m = 0,2,4,•••,4n-2 (3.24) 
0 ''O 
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where 

ê ^ = ^ , m = 0,2,4,...,4n-2 , (3.25) 

and the starting points can be obtained within a few steps 

by using the Newton method as correction 

"̂ k+l ^\ ^ g' (z) • ^^-2^^ 

Although there are 2n points in (3.22) or (3.24) only half 

of them are used. The other half are just the end points 

of each trajectory. These end points can be identified 

easily by checking their phases. Since for |z| large 

enough z-z,. approaches an asymptote which is a straight 

line passing through z^. The choice of R depends on the 

accuracy required and the order of the polynomial. Since, 

the bound of all roots, M, is known, R need not be much 

larger than M, It is fairly easy to reach a point close 

to L from a rough estimate of (3,22) (see example 2 in the 

next section). 

3,5 Numerical Examples 

Example 1. Consider the problem discussed in 3,2 (see Fig, 

3,1), Let 

f (x) = - 2 x^ X2 + 2 X2 = 0 

f2(x) = (x̂  - 1)^ - X2 - 4 = 0 

The corresponding complex polynomial is given by 
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g(z) = j z^ - j 2 z - j 3 

which has one singular point (x^, X2)^ = (1, 0)'^ located 

on f^ = 0, The bound, M, and the centroid, z , are ob

tained by considering the corresponding monic polynomial 

as 

M = max { -3 , 1 + -21} = 3 

z - - ^ = 1 o 2 

The solution curves L̂ ^̂  and L,2 defined by f. = 0 are used 

to search for the solutions. From (3.22) four possible 

initial estimates of the starting points are obtained as 

zj = 1 + R e^O z^ = 1 + R ei 1S° 

z2 = 1 + R e^ 9° z^ = 1 + R e^ 270 ^ 

where R is chosen as 10 M = 30, It is seen in this example 

that the inclusion of z makes the correction of the ap-
o ^ 

proximate starting point unnecessary. Application of 

(3.12) with z^ as starting point results in two solutions, 

T T 
namely (3, 0) and (-1, 0) . Sign changes together with 

T a jump are made at the even singular point (1, 0) and the 

two solution points. The end point of L,., is identified 

by checking the angle of the line from x to z (or 8/(TT/2n) 

- integer) once the bound is reached. Similarly L,2 is 

traced to search for other possible solutions. There is 
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one sign change made at (1, 0)'^ but no extra solution is 

found on this branch. 

Example 2. Consider the problem of finding all the roots 

of the following complex polynomial. 

g(z) = z"̂  + (3 _ j 3) z2 ^ (3 - j 14) z - (23 + j 11), 

which has three known solutions a t z ^ = l + j 2 , Z 2 = - l + 

j3 and z^ = - 3 - j2. From Theorem 3,9, M = max {|23 + 

j 11|, 1 + |3 - j 14|, 1 + |3 - j 3|} - 25.5. The centroid 

ZQ = - (3 - j 3)/3 = - 1 + j 1 and the six possible initial 

estimates of the starting points are 

zi = z + R e^ 30 
0 o 

4 J r. j 210 
Zf. - 7. + R e-̂  0 o 

2 ^ r, j 90 
z^ = z + R e-" 0 o 

z + R e o 
j 270 

3 ^ ^ j 150 z^ = z + R e-" 0 o 
z^ = z + R êi 330 
0 o 

where R is chosen as 50. Since R is not much greater than 

M it is necessary to refine these initial estimates. The 

following possible starting points are obtained within 2 

steps by applying the Newton method (3.23): 

zj = 42.2793 + j 26.0357 ZQ = - 44.2772 - j 24.0394 

ZQ = -0.94878 + j 50.9999 z^ 1.11538 ~ j 23.9995 

ZQ = -44.3039 + j 25.9932 ZQ 42.3060 " j 23.9895 
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Application of (3.14 - 3.16) results in 3 solutions, z = 

1.0000 + j 2.0000, Z2 = - 0.9999 + j 3.0000 and Z3 = -

3.0000 - j 1.9999, where the Euler method is used with 

step size 0.1. The solution curves are shown in Fig. 3.5 

where ZQ, ZQ and ZQ are the end points of zj, ZQ and z^ 

respectively. 

Example 3. A third order polynomial 

3 2 
g(z) = z + 3 z + 28 z + 26 

is considered where all the singular points are located on 

one branch of Re g(z) = 0. The trajectories of both Re 

g(z) = 0 and Im g(z) = 0 are shown in Fig. 3.6. Trajec

tories of Re g(z) = 0 are used to search for the solutions. 

Tracing along L,_ results in three solutions ẑ  = - 1 + 

j 5, Z2 = - 1 and z- = - 1 + j 5 while the other two 

branches, L,, and l^-^o' contains no solution at all. In 

this problem, since all the singular points (even) are 

located on L,^ and the solutions are all single roots, it 

follows that from Theorem 3.8 none of these singular points 

are located on Im g(z) = 0. Therefore if trajectories of 

Im g(z) = 0 are used to search for the solution there is 

one and only one solution on each branch as is evident from 

Fig. 3.6. 
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2 N 

I " - V ^ 
-4 \-2 

; 

' Z-, 

'0 

Fig. 3.5. Solution curves of Re g(z) = 0 and Im g(z) = 0 
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'22 

—r 
6 

g* (z)=o 

-2 
I K 

g' (z)=o 

Re g(z)=0 

Im g(z)=0 X 

2 
-r 
4 

->— 

f-2 

Re g(z)=0 

^̂  Im g(z)=0 

Fig. 3.6. Solution curves for Re g(z)=0 and Im g(z)=0 



CHAPTER IV 

APPLICATIONS 

4.1 AC-Resistive Network Analysis 

In Chapter II it was found that if a proper starting 

point is chosen then the resulting trajectory of (2.3) will 

remain on L. A slight modification of the technique can be 

used to solve AC-resistive networks. 

Resistive networks containing one or more time-varying 

sources are known as AC-resistive networks. In this case, 

the network equations can always be written in the form 

f(x(t), u(t)) = 0 (4.1) 

where u(t) is an m-vector of known time-varying sources and 

the n-vector x represents network variables. The operating 

point of the network, which is the solution of equation 

(4.1), is now a function of t. The presence of the time 

parameter greatly increases the complexity of the problem. 

Theoretically, the problem can be solved by simply solving 

the problem at different instants of time [16, Chapter 5] 

which, undoubtedly, would be a very time-consuming practice 

It is thus proposed to develop an integrating scheme such 

that the solution of (4.1) for all t e [t , t̂ ]̂ can be 
o r 

traced automatically, 

41 
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Consider a system of differential equations of the 

form 

d f(x, u) _ 
d t - f(x, u), f(x(t^), u(t^)) = 0 (4.2) 

^ - ^ = w (t),u(t^) = u ^ 

where u is assumed to be continuously differentiable, and 

its time derivative, denoted by w, is a known function of 

t. The initial condition on f is such that x(t ) = x 
o o 

must be a solution point of (4.1) for u(t ) = u . In the 
o o 

x-u plane (4.2) is equivalent to 

X 

u 

dx 3u 

m 

-1 
- f(x, u) 

w(t) 

(4.3) 

x(t ) = x^, u(t ) = u^ o o o o 

since the matrix inverse in (4.3) is of a special form, 

equation (4.3) can be decoupled as 

X = - J"^ (f (X, u) + |~ w) (4.4) 

u = w (4.5) 

(̂*̂ ô  == ̂ o' ̂ ^^o^ = ^o (4.6) 

where J is the Jacobian matrix 8f/9x. Thus equation (4,4) 

may now be integrated to find x(t) automatically for all 



43 

t e [t^, t^]. Since J is assumed to be nonsingular at the 

solution point, J will never vanish along the trajectory 

of (4.3), If f(x, u^) = 0 has multiple solutions, then all 

the solution points must be used as starting points of 

(4.4) in order to obtain a complete family of solution 

curves, 

A more direct approach may be used by differentiating 

(4.1) with respect to t yielding 

d f 8f • , 8f . 
•r--X + -r— u = 0 d t 8x 8u 

or 

^-1 3f 
^ == " *̂  all ̂ • (4.7) 

The only difference between the two schemes (4.4) and (4.7) 

is the appearance of the correction term - j" f(x, u) in 

(4.4). Theoretically, along the solution curve of (4.2), 

f = 0. In actual computation, however, f may not be 

identically zero. The use of the minus sign in front of f 

in (4.2) tends to damp the error. The merit of this method 

is that its trajectory can be traced very easily without 

regarding to its usual numerical stability properties. 

Consider the nonlinear resistive circuit in Fig. 4.1 

which consists of an AC source in series with a linear re

sistor R = 1.5 k ohm and a tunnel diode. The character

istic of the tunnel diode has been approximated by the 

following polynomial [16] 



44 

i = h(v) = 17.76 V - 103.79 v^ + 229.62 v^ - 226.31 v^ + 83.72 v^ ma 

(4.8) 

R = 1,5 k 

AAAAA i(t) 

0- (t) = 0,4 sin t 

-r E = 1.2 V 

Fig. 4.1, A nonlinear AC-resistive network. 

According to Kirchhoff's law, the network equations 

f^(v, i) = h(v) - i = 0 

f2(v, i) = V + R i - E - u(t) = 0 

are obtained. At t = 0, three operating points are first 

located by using the method described in Chapter II, as 

shown in Fig, 4,2, 

Q : (v , i^) = (0.06263 volt, 0,75824 ma) 

Q2 : (V2, i2) = (0,28537 volt, 0,60975 ma) 

Q^ : (v^, i3) = (0,88443 volt, 0.21038 ma) 

From equation (4,4) the differential equation of the tra-
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o 
CM 

0 cOO 0c26 0c52 0=78 
V (VOLTS) 

1 c04 1. .30 

Fig. 4.2. Three starting points of the nonlinear network. 
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jectories becomes 

d t 

v(t) 

i(t) 

3 h(v) 
8 V 

-1-1 
- 1 

1.5 0 -1 

0.4 cos t 

(4.9) 

Euler method with a step size 0.1 second is used to inte

grate (4.9). The trajectories of v(t) and i(t) for dif

ferent Q points are plotted in Fig. 4.3 and Fig. 4.4. 

4.2 Computer-aided Root-locus Method 

4.2.1 Introduction 

The basic idea of the root-locus method [17-20] is to 

determine the closed-loop pole (and incidentally, closed-

loop zero) configuration from the configuration of the 

open-loop poles and zeros. Although the Nyguist criterion 

and Routh criterion can be used to determine the number of 

closed-loop poles in the RHP, the root-locus approach is a 

much more powerful method in that it allows one to de

termine not only whether the closed-loop system has any 

poles in the RHP, but exactly where the closed-loop poles 

are going to be. The power of this method lies in the fact 

that it furnishes so much more information than just the 

information relative to stability. Knowing the closed-loop 

poles will allow one to quickly judge the closed-loop time 
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o 
o 

o 
CD 

o 
ID 

_ I 
o 

• 

o 
CM 

o' 

o 

a 
0,00 4.00 8=00 12r.00 

T (SECOND) 
16.00 20.00 

Fig. 4.3. Output voltages for different starting points. 
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0.00 4«00 ScOO 12-00 
T (SECOND) 

16=00 20c00 

Fig. 4.4. Output currents for different starting points. 
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response for a given system, a great aid to system compen

sation. 

A great deal of information is available in texts and 

literature on the method for the construction of root-loci. 

The graphical method of constructing root locus using cer

tain elementary geometric properties of the loci is prob

ably the most common approach (see e.g., 18, 21, 22). 

Other approaches [23-26] employ either semi-analytic or 

analytic representations that involve the use of the equa

tions of the loci. Although the analytic approach en

ables one to obtain accurate plots and certain qualitative 

features of the root-paths, the point-to-point plotting 

job is just a formidable task. Besides, investigations 

for higher order systems are virtually impractical. 

Therefore a new method is developed for plotting the root 

loci in a systematic manner. The approach is based on the 

integration of a set associated differential equations. 

The open loop gain, K, which corresponds to the set of 

closed-loop poles is obtained at the same time. This new 

method provides a povzerful aid to system design. 

4.2.2 Derivation of the New Method 

Consider the closed-loop system shown in Fig. 4.5 

where the open-loop gain is expressed as 

(s-z )(s-z^).-.(s-zj 

G(s) H(s) =-.g^-p^K (s-p^)(s-P3)---(s-p^) • <*-^°' 

TEXAS TECH LIBRARY] 
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R(s) + i " > , J 
I 

G ( S ) 

H(s) 

C(s) 

Fig. 4.5. A closed-loop system, 

The overall transfer function of this system is given by 

T(s) = G(s) G(s) B(s) 
1 + G(s) H(s) B(s) + K A(s) (4.11) 

The root locus of a closed-loop transfer function T(s) is 

defined as the locus of the poles of T(s) as the gain K is 

varied from zero to infinity, which is equivalent to the 

set of points in the s-plane where 

g(s) = B(s) + K A(s) (4.12) 

Instead of solving the roots of (4.12) for each K using 

conventional techniques a system of two simultaneous dif

ferential equations 

d g(s, K) 
d t 

= - g(s, K), g(p^, 0) = 0, i = 1,2,•••,n 

(4.13) 

d K 
d t = 1, K(0) = 0 

(4.14) 

is considered where p., i = 1,2,•••,n are n open-loop 

poles. In view of the fact that the root locus contains 
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n branches starting from the open-loop poles at K = 0, the 

n initial conditions for (4.13) are therefore selected at 

K = 0, i.e., g(p^, 0) = 0, i = l,2,...,n. Application of 

the chain rule to (4.13) results in the desired set of 

differential equations 

TT =̂  "^ag/fs^^- ^̂ >̂ = Pi' ̂  = 1,2,•..,n (4.15) 

§-| = 1, K(0) = 0 , (4.16) 

or equivalently 

^ ^ - -(B(s) + K A(s)) - A(s) ^fn^ - r. •? - i 9 
r r B' (s) + K A* (s) ' ^^°^ - P^, 1 - 1,2,...,n 

(4.17) 

1 ^ = 1, K(0) = 0 

Theoretically when the root locus is traced exactly g would 

be zero identically. But in real computation g may not be 

exactly zero, therefore the m.inus sign in (4.13) and the 

term -(B(s) + K A(s)) in (4.17) are used in order to reduce 

the error. 

The starting points of the algorithm are chosen at the 

open-loop poles. In some cases where the open loop gain 

contains repeated poles, this may not be feasible. In such 

cases, however, approximate starting points can easily be 

obtained by analyzing the properties of the approximate 

root locus near the pole. An example showing such an 
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analysis is given in section 4.2.3. At the singular point 

where dK/ds = 0, i.e., 

d K ^ dK/dt ^ B' (s) 4- K A' (s) _ ^ 
d s d s/d t -A(s) " ' 

the denominator of (4.17) becomes zero and the algorithm 

fails. There are essentially three types of singular 

points, namely, break-in points, breakaway points and in

tersecting points. In the case of intersecting points, 

the difficulty can be overcome by jumping over the singular 

point. This is done by adding a small variation A s along 

the tangential direction of the trajectory. For a break

away point A s is chosen as ± je while for a break-in 

point A s is chosen as ± e where e is a small real quantity. 

The nature of the singular points can be detected by check

ing the second derivative of K with respect to s on the 

real axis at the singular point: 

d^ K _ d B' (s) + K A(s) _ B' ' (s) + K A' ' (s) 
, 2 d s -A(s) ATST 
d s (4.18) 

2 2 
The singular point is a break-in point if d K/ds is greater 

2 2 

than zero and it is a breakaway point if d K/ds is less 

than zero. Otherwise the singular point is known as an in

tersecting point. From the local properties of g(s) around 

the singular point it is seen that if g' (s) = 0 and g'' (s) 

7̂  0 on real axis, then s is either a breakaway point or a 
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break-in point. If g^^^(s) = 0, i = l,2,...,m-l and ĝ "'̂ (s) 

i^ 0 then s is the intersecting point of m branches of the 

root-loci. Thus for intersecting points the jump should be 

made along the trajectory in the tangential direction as K 

increases. 

4.2.3 Examples 

Example 1. Consider an open loop system with 

G(s) H(s) = ^ 
(s + 3)(s + 1)^ 

where s = - 1 is a repeated pole with multiplicity 2. From 

equation (4.12) the root loci are governed by the equation 

(s + 3) (s + 1)^ + K = 0 

Let s approach - 1 and s + 1 = A s. It follows that 

2(As)^ + K = 0 , 

or 

AS, = (K/2)l/2e^(180-H 360 i)/2^ . ^ g , 1 . 

Thus two approximate starting points for the repeated pole 

s = - 1 can be obtained as 

2 
s. = - 1 + A S T = - 1 + J 0.2, K(0) = 2|As| = 0.08 

S 2 = - 1 + A S 2 = - 1 - J 0.2, K(0) = 0.08 

where | As| is any sufficiently small number. In this ex

ample it is chosen as 0.2. The root loci are obtained by 
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integrating (4.17) using Euler method with a variable step 

size and s(0) = s^, s^, -3 and K(0) = 0.08, 0.08, 0 re

spectively. The results are shown in Fig. 4.6 where the 

root loci are plotted up to K = 5. 

Example 2. Consider an open loop system with two zeros 

Sĵ  = - 1.5, S2 = - 5.5 and 3 poles, p^ = 0, P2 = - 1, P3 = 

- 5. 

Again Euler method with variable step size is used to 

integrate (4.17). Three branches of the loci, denoted by 

1, 2, 3 respectively, are shown in Fig. 4.7. When a tra

jectory approaches a singular point, Newton method is used 

as correction to accurately obtain the value of the singu-

2 2 

lar point. The second derivative (d K/ds ) test is then 

used to identify the nature of the singular point. Accord

ing to the nature of the singular point, a proper jump as 

described in section 4.2.2 is made. The K corresponding 

to the point after the jump can be evaluated from 
J, ̂  __ Re B(s) 

Re A(s) 

or 
^ ^ _ Im B(s) 

Im A(s) 

which are derived from taking the real and the imaginary 

parts of (4.12), respectively. If the singular point is a 

break-in point then the imaginary part of s beyond the. 
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-2.00 
IMflGINRRY RXIS 

-1.00 G^QQ 2.00 

Fig. 4.6. G(s) H(s) = 
(s + 3) (s + 1) 
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-3.00 -1.80 
IMRGINnRY AXIS 

-0-60 Q.6Q U8G 
L 

3-00 

Fig. 4.7. G(s) H(s) = 
_ (s + 1.5)(s + 5.5) 

(s) (s + 1) (s + 5) 
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singular point is set to zero to eliminate the error of the 

imaginary part. The closeness of s, at each step to the 

exact one is judged in the s domain instead of g domain. 

The trajectory can further be corrected by using the Newton 

method 

B(Sĵ ) + K A(Sĵ ) 

^k+1 " ^k " B' (s^) + K A' (Sĵ ) 

if necessary. 

Example 3. Consider 

K G(s) H(s) = 
s (s + 6 + j 3) (s + 6 - j 3) 

It is seen from Fig. 4.8, there are two singular points 

Q. and Q^ on the root locus where Q is a breakaway point 

while Qy is a break-in point. At these points, the first 

locus has two choices to branch out. Once the decision is 

made, the second branch must branch out in the opposite 

direction. One of the configuration is shown in Fig. 4.8. 

Example 4. Consider 

K 
G(s) H(s) = 

(s + 3 + j/3) (s + 3 - j/3") 

Application of the proposed procedure, the root loci are 

obtained as shown in Fig. 4.9. In this case the singular 

point Q is an intersecting point. Therefore A s is chosen 

in the tangential direction of the trajectory. In the 
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3-00 
IMRGINRRY RXIS 

•L.8Q -0-60 Q.6Q 1-80 
J I L 

3.00 

K 
Fig. 4.8. G(s) H(s) = s (g + 6 + j 3)(s + 6 - j 3) 
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-3.00 -U8G 
IMRGINRRY RXIS 

-0.60 0-60 1.80 
L 

3.0Q 
J 

Fig. 4.9. G(s) H(s) K 

(s + 3 + j /I) (s + 3 - j /3) 
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testing process the derivative is tested only up to the 

second order. 

4.3 Computation of Eigenvalues 

The eigenvalue problem for a square matrix A = (a..) 

of order n is that of determining a scalar such that Ax = 

sx has nonzero solution. For each eigenvalue s., i = 1,2, 

•••,n the corresponding nonzero vector x. are called the 

eigenvectors. In fact, as well-known, the eigenvalues, 

s., i = l,2,'»»,n are the n roots of the characteristic 

equation 

det (si - A) A p(s) A s^ - a^ ŝ"-'- - •.. - a^_^ s - a^ = 0 

(4.19) 

Thus the eigenvalues can be found as the roots of p(s) with

out recourse to any of the eigenvectors. Zadeh and Desoer 

[28] present an algorithm for the simultaneous determina

tion of the coefficients a^, a2, •••* a^ of p(s) and the 

matrices B^, B2, •••* \ _ i ' defined by 

(si - A)"-'- = p(s)~-'' B(s) 

B(s) = s"""̂  I + s"""̂  B^ + ... + s B^_2 + B̂ _3_ 

a^ = tr (A) , B^ = A - a^ I 

a2 = 1/2 tr (B^A) , B2 = B^A - a2l 

(4, 

(4, 

(4, 

(4 

.20) 

,21) 

.22) 

.23) 
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^n-1 == l/(n-l) tr (B^_2A), B^_^ = B^^2^ - â __̂ I (4.24) 

^n " ^/^ ^^ ^^n-1^^ ' ° " ^n-1 "̂  ̂ n^ " (4.25) 

It is of interest to note that the equation provides a 

check on the computation of B. and a. and gives an estimate 
•I- JL 

of the magnitude of the round off errors. Once the coef

ficients a^, i = 1,2,...^n, are determined, the algorithm 

discussed in Chapter III can be applied to compute all 

the eigenvalues for (4.19). The bound, M, of all eigen

values can be obtained from Gerschgorin's theorem [29] 

M = max {r^ + |a^^|, i = 1,2,...,n} (4.26) 

where 

n 
r. = I la. . I 
^ j=l 3̂ 

j?̂ i 

For some matrice the eigenvalues may be quite sensitive to 

the change of the elements in A. Morgan [30] derived an 

expression for the change d s. in any eigenvalue s. for a 

change in A. The sensitivity expression is found as 

d s^ = (tr B(ŝ ))""-̂  (B(s^) * d A) ( 4.27) 

where * denotes the inner product of two matrice of the 

form 



n n 
A * B A I I a. . b. . 

- i=i j=i 13 Di 
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(4.28) 

Thus equation (4.27) may be served as a check on the sensi

tivity of eigenvalues if necessary. 



CHAPTER V 

CONCLUSION 

A systematic search method for finding multiple solu

tions is outlined in Chapter II. More general conditions 

for the existence of the unique simple curve are also 

covered to enlarge the use of this method. Chapter III 

provides an integrated and comprehensive understanding of 

the root-finding procedure for a class of functions from 
2 

R into itself. It has been shown that the new algorithm 

is most suited for obtaining all the roots of a complex 

polynomial. Applications of the previous results to non

linear AC resistive networks and the computation of root 

locus are studied. These new algorithms provide an ex

tremely powerful aid to system designers. 

Areas in which further research should be directed 
include: 

1. In Chapter III, the new algorithm is used to find 

the roots of a polynomial. Extension of this method to 

analytic complex functions is worthy of further investi

gation. 

2. For higher dimension problems n >̂  3, with multi-

branch solution curves, the systematic search method is 

63 
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still an interesting topic for further research. 

3. The algorithms considered in this report require 

the finding of starting points. A self-starting algorithm 

seems attractive. 

4. More efficient n\imerical techniques exclusive for 

tracing the solution curve are also highly desirable. 
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