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ABSTRACT 

Computational Fluid Dynamics (CFD) has wide applications in areas such as 

aerospace, automobile and materials manufacturing industries. The development of CFD 

procedures has progressed extremely rapidly during the past two decades. However, the 

real world processes are usually too large and too complicated to simulate due to the 

computing and memory limits. The problems that are facing the computational fluid 

dynamicist can be briefly summarized as discretization and variable storing strategies, 

convergence acceleration of solution procedure, handling of complex geometries and 

turbulence modeling. 

In the present study, an effort is made to develop solution procedures to tackle the 

above mentioned problems. The evaluation of the pressure field has always been the 

difficult issue in the primitive variable approach. To eliminate a wavy pressure field, the 

staggered grid approach was developed by Harlow and Welch (1965), but implementation 

of the staggered grid for a three-dimensional, curvilinear coordinate system is complicated 

and tiresome. In the present study, the results and convergence histories with using a 

solution procedure based on non-staggered grid system are reported and compared with 

that of staggered grid system. After comparing the flow field and convergence histories, the 

present non-staggered grid formulation proved as a potential alternative to staggered grid 

formulation. There has never been any pressure oscillation in this practice. 

The applicability of the Multi-Grid technique (which accelerate the convergence of 

solution procedure) for the coupled iterative solution of momentum and continuity 

equations is investigated. The Multi-Grid technique cycles between coarser and finer grids 

until all the frequency components of ertor are appropriately smoothed. A coarse grid 

pressure cortection procedure is proposed and successfully implemented. The Multi-Grid 



algorithm is applied to solve the problem of flow in a driven cavity. The CPU times with 

Multi-Grid technique are significantiy smaller than those of conventional single grid 

solution procedure. 

Many engineering applications involve complex geometries. To handle these complex 

geometries, a Multi-Block algorithm is developed, in which the computational domain is 

divided into several blocks, such that each block is topologically simple and grid generation 

could be cartied out with little difficulty. Several cases are solved with the Multi-Block 

algorithm and the results and convergence histories are compared with conventional single 

block solution. 

Flows in practical situation are almost always turbulent. The standard k- e model has 

been widely used to predict turbulent flows due to the simplicity and realistic predictions it 

has. However, the standard k-e model can only be applied in the high Reynolds number 

region of the flow where the viscous effects are dominated by turbulence effects. For flow 

close to the wall, where local Reynolds number is low and viscous effect dominates, the 

standard k- e model will not perform satisfactorily. To handle this near wall region, low 

Reynolds number k- e models have been developed, that can be integrated all the way to the 

wall. In the present study the standard and low Reynolds number k- e models were coupled 

through Multi-Block solution procedure, to solve complex turbulent seperating and 

recirculating flows. This procedure predicted the reattachment point more accurately. The 

velocity profiles are compared with the experimental results. 
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CHAPTER I 

INTRODUCTION 

The role of Computational Fluid Dynamics (CFD) in engineering predictions has 

become so strong that today it can be viewed as a new "third dimension" in fluid dynamics, 

the other two dimensions being the classical cases of pure experiment and pure theory. The 

development of Computational Fluid Dynamics (CFD) procedures has progressed 

extremely rapidly during the past two decades. The parallel rapid development in computer 

hardware resources and architectures has not only matched the explosive algorithm 

development but has indeed provided and continues to provide its impetus. Together the 

resources are now available for the numerical simulation of the flow about complex three 

dimensional configurations. Yet, in many ways the discipline of CFD is still in its infancy. 

Major decisions concerning its ftiture directions need to be decided and many impeding 

obstacles must be overcome before its evolution into a mature discipline for solving the 

equations governing engineering flows. 

The problems that are facing the computational fluid dynamics can be divided into four 

categories: 

1. Discretization and variable storing strategies, 

2. Convergence acceleration of the solution procedure, 

3. Handling of complex geometries, 

4. Turbulence modeling. 

In the present study, an effort is made to develop procedures to tackle the above 

mentioned problems. 



1.1 Objectives 

The major objective of the present research is to develop algorithms that can accelerate 

the convergence process and handle complex geometries. Specific objectives are as 

follows: 

1. Comparing staggered and non-staggered grid formulations (it is desirable to develop 

non-staggered grid formulation because it can be easily extended to three-dimensional 

curvilinear coordinate system, which many practical applications need); 

2. Developing multi-grid algorithm to solve Navier-Stokes equations; 

3. Developing multi-block algorithm to handle complex geometries; 

4. Multi-model based prediction of turbulent flows. 

1.2 Contents of Dissertation 

The governing equations, discretization procedures and the staggered and non-

staggered grid systems are explained in detail in Chapter B. A multi-grid algorithm to 

accelerate the convergence of Navier-Stokes equations solution procedure is developed in 

Chapter III. In Chapter IV, a multi block algorithm to handle complex geometries by 

dividing the computational domain into several blocks is developed. In Chapter V, a 

solution procedure to predict turbulent flows by implementing different turbulence models 

in different regions of the computational domain is developed. Chapter VI contains the 

conclusions of this study and recommendations for future study. 



CHAPTER E 

STAGGERED AND NON-STAGGERED GRE) SYSTEMS 

2.1 Introduction 

Physically meaningful and illuminating approaches to the solution of complex fluid 

flows demand formulations in terms of primitive variables, namely the velocity components 

and pressure. However, the evaluation of the pressure field has always been the dificult 

issue in the primitive variable approach. If we store both pressure and velocities at the cell 

centers, there is a devastating consequence such as, a wavy pressure field will be felt like a 

uniform pressure field by the momentum equations. This led to staggered grid approach. In 

staggered grid, the velocity components are stored at cell interfaces and pressure at cell 

centers. This was first used by Harlow and Welch (1965) in their MAC method. A popular 

method for solving the primitive variable equations on a staggered grid system was 

originated by the SIMPLE algorithm of Patankar and Spalding (1972). The staggered grid 

system has its own price. A computer program based on the staggered grid must carry all 

the indexing and geometric information about the locations of the velocity components. 

Many engineering flows are three-dimensional in nature and need curvilinear coordinate 

system. Implementation of staggered grid in these cases will be complicated and tiresome. 

Under these circumstances, a solution procedure based on non-staggered grid system, 

which is free from accepting wavy pressure field as uniform pressure field is strongly 

desirable. 

In this chapter the results and convergence histories with using a solution procedure 

based on non-staggered grid system are reported. In the present study with non-staggered 

grid, velocity components at cell centers are computed by solving the momentum equations 

implicitly. The velocity components across each cell face must be known to solve the 



pressure correction equation. The velocity components across each cell face are calculated 

explicitly through momentum balance between adjacent cells. There has never been any 

pressure oscillation resulting from this practice. 

2.2 Mathematical Formulation 

2.2.1 Governing Equations 

The differential equations governing the unsteady, incompressible, viscous flow in 

two-dimensional cartesian coordinates can be expressed as follows: 

Continuity 
au av 

Momentum 

—(pu) + — (puu) -H — (puv) 
dt dx dy 

T-(pv) + — (puv) + — (pvv) 
dt dx dy 

ap a 
ox dx 

dp a 
— - + — 
ay dx 

au" 

av' 

a 
+ — 

ay 

a 
+— 

ay 

au 

dv 

dy 

(2.2) 

(2.3) 

2.2.2 Governing Equations in a General Coordinate System 

The differential equations (2.1), (2.2) and (2.3) have to be expressed in a general, 

non-orthogonal coordinate system so that the boundary conditions at the desired locations 

can be implemented easily. If (j) denotes a general scalar variable, the differential equation 

for the conservation of (j) in a general ^ - r| coordinate system can be expressed as follows: 



jat ^^ ja^ ^̂  J an ^̂^ j 3̂  V J ^ a^ 

1 a rr, 
V jari J ^ ari 

\ 

+ 1 a rr 
j a ^ J a-pij j ari 

^ 1 a fr. 
J ^ a^ 

+ 

+ s. 

(2.4) 

where 

G^ = Py,iU - px^v G,i = px^v - py^u 

^^ = y . ^ 
^ay^ ^ax^ 

X . = 
\M)^ '' laiij^ y? 

^ax̂  

g " = < + y ^ .12 
g =-(x^x^+y^y^) 

22 2 2 

g = yj + xj 

a a 
The cross derivative terms — and — that appear in equation (2.4) are due to grid 

â  an 
nonorthogonality; u and v are the velocity components in the x and y directions of the 

original coordinate system, and F̂  and Ŝ  are the associated diffusivity and source 

function for the variable <(). 

2.3 Method of Computation 

2.3.1 General Discretized Equation 

The method of solution is of the finite volume variety, in which numerical solution to 

the transport equation of the preceding section is obtained by dividing the solution domain 

into a finite number of discrete volumes or cells and determining the numerical values of the 

dependent variables at the centers of these cells. If the problem has a steady state solution. 



then it is obtained by taking sufficient time steps until the solution remains unchanged. If 

the flow is transient, then enough time steps are taken to show that the solution keeps 

changing with time. For temporal discretization, a time linearized, implicit scheme was 

selected. Spatially, the standard upwind differencing scheme described in the work of 

Spalding (1972) is employed to treat the convective terms, while the diffusive terms are 

approximated by the central differencing scheme. 

A typical control volume that surrounds a node P and its neighboring nodes N,S,E, 

and W are shown in Figure 2.1. Equation (2.4) is integrated over the control volume for 

node P to yield the following fmite-volume equation for ({) : 

pp, vol At 
: n x n + l 

-h (F,T^'), - (F;(1)"^'), + (F ," r ' )„ - (F,T^'), 

AQUA 

V 

n+1 

Jt 

+ 

vol 

V vol J„ 

(<1>E - ^ ? ) -
r^n^ 

V vol 
n+1 

(<t>P - 9 w ) 

/^/-22A 
.n+1 n+1-«i)r-<i)r)-

vol 
(C'-O-

V 

vol 

G^^ 

vol 

.n+1 / x n + i A.n+1\ 

(<t>P - < t > s ) 

((l)"^^-(t)"^') ^Tnw Tsw / 

(2.5) 

+ 
(G^'\ 

/ ^ / - 2 l \ 

V vol 
vTne Tnw -' 

/ n V vol 
.n+1 

(C-C')+Vvoi 

where F, and F2 are the convective fluxes across the east and the north cell faces. 

G^'=(Ay)^+(Ax)^ 

G'' = {^y)\ + (Ax)J 

G'̂  = G '̂ = -[(Ax)^(Ax)^ +(Ay)^(Ay)^] 

<t>ne = 4 ( < l > P + ^ E + < l > N + < l > N E ) 

Vol=volume of a general cell 

(j);̂ ' = (t)J"̂  if F; > 0 and 0̂ "' if F," < 0 

(j);̂ ' = <1)Ĵ ' if F2" > 0 and (j)̂ "' if F̂" < 0 . 



In equation (2.5), the variables (l)r''<l>r''<t)r''<l>s '̂ will be represented through 

upwind differencing scheme. The superscripts n and n+1 refer to the old and new time 

levels. The subscript, in general, refers to the location in the physical plane. Since equation 

(2.4) is linearized in time, the convective terms in equation (2.5) are linear, that is, F, and 

Fj are kept in the old time level. 

2.3.2 Formulation of Pressure-Correction Equation 

For incompressible flows, there is no separate equation for pressure. The pressure has 

to be obtained from the continuity and momentum equations. The convection across each 

cell face must be known to formulate the continuity equation. Interpolation of nodal values 

may cause pressure oscillation as explained by Patankar (1980). Rhie and Chow (1982) 

employed a pressure interpolation method to compute the cell face velocities. In the present 

work, a more rigorous approach is taken. As described in the study of Parameswaran 

(1992), velocity projections along the coordinate directions are computed directly from 

momentum balance at the cell faces. For example, consider Figure 2.2, to compute the 

convection across the east face of the cell P, velocity projection in the direction of PE (U^) 

is computed from momentum balance at location e. 

Similarly, the convection across the north face is computed from the velocity 

projection in the direction of PN (V„), which again is obtained from the momentum 

balance. In the following paragraphs, the derivation of the pressure cortection equation is 

described in detail. 

A provisional velocity field, represented by u* and v*, is obtained from equation (2.5) 

with the existing pressure field (pressure field at the previous time step) as follows: 



u, 

V, 

Ap + 

Ap + 

p*VOLP 
At 

p*VOLP 

At 

= A^>-)-(A,)>;."W(A,)jAp-WP*^^^^;*^^ 
^ ' -"'^^ ' '^ At 

p*VOLP*v"p 
= AVpiv)- (Ax\{Ap"\ + (Ax)^(Ap")^ + 

At 
(2.6) 

where, AUp( u* ) and AVp( v* ) contain all the terms due to convection and diffusion 

except pressure terms and the unsteady term in equation (2.5). 

The velocity projections Ug and V^ at the cell faces are computed from momentum 

balance as follows: 

U Yi 
f 

V 

TOLP*p VOL£:*pA 
Ap -I- Ap + + 

"^ ^ At At J 
= /2[Af/p(M*) + A[/^(M*)]C05e,, 

+/2[AVp(v*) + AV^(v*)]5me,, " 

-.,5m(e2,. - 0 ,J(rf - rf) + 0.5 * p * ( ^ ^ ^ ^ ^ ^ 

V Vi 
( 

Ap^-A^^ 
VOLP*p VOLN*p^ 

At At , 

= /2[Af/p(M*) + Af/̂ (M*)]C05e2,„ 

+K[AV;,(v*) + Ay^(v*)]5m02,„ 

-fl„5m(e2,-e,j(/7;-/7;)+o.5*p= fVOLP+VOLN^ 

At j*K" 

where, 

61 e is the angle between PE and the x-axis, 

62 e is the angle between the east face and the x-axis, 

ag is the area of the east face, 

â  is the area of the north face. 

(2.7) 
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In order to compute the fluxes across the cell faces, a second velocity projection is 

required at each cell face. Hence Vg and U^ are calculated at east and north faces from linear 

interpolation as follows: 

K = / 2 K + ^*N)CosQx,n + /2(v; + v;)5me, „ 
(2.8) 

The fluxes across the east and north cell faces, Fj ^ and F2̂ n ' ^^ obtained as follows 

€ = 

2,n 

5m(e2-e,) 
p 

5^(62-6,) 

-—[f/;-v>5(e2-e,)J*a, 

[y:-f/>5(e2-0,)„]*«„ 
(2.9) 

In general, the convective fluxes Fj g, Fj ^, F2 „» ̂ 2,5 "^^y ^^^ satisfy continuity 

because the pressure field is at the old time level. Therefore, the pressure field must be 

adjusted to eliminate the continuity ertor. The following approximate relationships between 

the cortected fluxes and the pressure cortections are derived from equations (2.7)-(2.9). 

Ke = 

Kn = 

Pa^{PE-Pp) 

4 
P^IJPN-PP) 

4 
(2.10) 

where. 

A = 

A,= 

0.5* 

0.5* 

VOLP*Q VOLE*p\ 
AP + AE+ -+ -At At J 

VOLP*Q VOLN*p\ 
Ap+A^+ ^ + At At J 

(2.11) 

and p' is the pressure cortection. 



Assuming that the cortected fluxes satisfy continuity, one can obtain the following 

equation for pressure-cortection: 

. fOa^ CiC? CS(? Cif?\ , n/7^ , r\r? . n/-^ 
Pp 

where. 

V 4 Av 4 A J 
p^^p^^p^^p^ =/^.^-P.^^P.^-..^-e. (2.12) 

4 ' - '4 '^4 ^ 4 

£ =F* -F* +F* -F* 

Further detailed derivation of the above equation can be found in the work of 

Parameswaran (1985). 

2.3.3 Solution Procedure 

The solution to the coupled momentum and continuity equations is achieved by 

carrying out the following steps. 

1. Guess the pressure field; 

2. Solve the momentum equations, i.e., equation (2.6); to obtain cell center velocities 

u and v; 

3. Calculate cell face velocities U and V through equations (2.7) and (2.8); 

4. Calculate the fluxes Fi and F2 through equation (2.9); 

5. Assemble the pressure cortection equation and solve to yield a new pressure field; 

6. Cortect the fluxes through equation (2.10); 

7. Take a new time step; 

8. Steps 2-7 are repeated until a steady state solution is reached. 

2.3.4 Solver 

Stone's (1968) strongly implicit scheme is used to solve the implicit discretized set of 

equations. 

10 



2.3.5 Convergence Criteria 

M - Re sidual = ^ a^u^ + a^Uy^ +a,^u,^ + a^u^ -\-su- apUp (2.13) 
No.of Cells 

V-Residual = ^a^v^ +a^v^+a^^Vi^+asVs +su-dpVp (2.14) 
No.of Cells 

Coninuity Re sidual = ^ F^-F^ + F^-F^- (2.15) 
No.ofCells 

When the maximum of equations (2.13), (2.14) and (2.15) is less than 0.001, 

convergence is declared. 

2.4 Application to Flow in a Driven Cavity 

The numerical solution of the flow in a square cavity with the top wall moving at a 

constant velocity has been a standard problem for testing the efficiency of many solution 

algorithms. For the numerical analyst, it is a challenging problem, because of the 

nonlinearity of the Navier-Stokes equations of motion, and because of the presence of 

regions in which the solution changes rapidly. This problem characterizes the elliptic and 

non-linear nature of many engineering flows. From a computational view point, the cavity 

flow is an ideal prototype non-linear problem which is readily posed for numerical 

solution. Its geometric simplicity, well-defined boundary conditions and no preferted flow 

directions makes it very attractive as a test case for numerical techniques. The problem is 

defined in Figure 2.3. A number of numerical studies have been published for comparison, 

Bozeman (1973), Burggraf (1966), Ghia (1982) and Vanka (1986). 

2.5 Results 

Calculations have been made for a Reynolds number of 100. Here the emphasis is on 

comparing the performance of staggered grid and non-staggered grid formulations. The 

motion of the top wall sets up a vortex structure in the cavity. This vortex structure varies 

with Reynolds number. 

11 

file://-/-su


The profiles of the horizontal velocity along the vertical centerline of the driven cavity 

are plotted for various grid sizes in Figure 2.4, for non-staggered grid. The successive 

refinement of the grid takes us asymptotically towards the correct solution. From Figure 

2.4, we can conclude that 42x42 grid gives an accurate solution for this problem. All the 

further results reported in this paper are on 42x42 grid. In Figure 2.5, the horizontal 

velocity profile along the vertical center line of the cavity is compared between staggered 

and non-staggered grids. From this comparison, we can conclude that the results of 

staggered and non-staggered grids are identical. The u-Profile of the non-staggered grid is 

compared w.ith the numerical results of Burggraf (1966) in Figure 2.6. The velocity vector 

plots are shown in Figure 2.7 and Figure 2.8 for staggered and non-staggered grids, 

respectively. It is seen that Figure 2.7 and Figure 2.8 represent an identical vortex 

structure. 

Till now we have compared the flow fields predicted by staggered and non-staggered 

grid formulations and observed that they both yielded identical results. Now, we will turn 

to studying the convergence histories of these two formulations. As we described in the 

solution procedure, each time step is equivalent to one iteration. In the present computation, 

the staggered grid formulation converged in 663 iterations, while non-staggered grid took 

683 iterations for convergence. Time step is based on Courant number criteria, i.e.. 

Ax 
Ar = — , where Ax is the minimum cell size. 

As can be expected, there is a rapid reduction in residual in the first 100 iterations and 

the smoothing is slow thereafter. The u-residual and v-residual for staggered and non-

staggered grid formulations are compared in Figure 2.9 and Figure 2.10, respectively. The 

convergence trends of staggered and non-staggered grid fomulations closely followed one 

another. The continuity residual is compared in Figure 2.11. From this comparison, we can 

observe that oscillations in residuals started after a certain iteration number and the 

amplitude of oscillations increased with iteration, but the magnitude of residual reduced 

12 



with each iteration. This looks like as if a fluctuating residual is superimposed on a mean 

residual. The mean residual reduces with each iteration. 

13 
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Figure 2.2. Velocity projections from monientum balance at the cell faces 
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Figure 2.3. Schematic of Driven Cavity and boundary conditions 
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Figure 2.7. Velocity vector plot of staggered grid 
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Figure 2.8. Velocity vector plot of Non-staggered grid 
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CHAPTER m 

MULTI-GRID ALGORITHM 

3.1 Introduction 

Computational fluid dynamics has been widely applied in areas such as aerospace, 

automobile and materials manufacturing industries. The applications include power 

production processes, heating and air conditioning of buildings, design of electronic 

ckcuits, prediction of environmental pollution, simulation of blood flow through the human 

body and design of artificial human limbs. Since the processes under consideration have 

such an overwhelming impact on human life, we should be able to deal with them 

effectively. The goal of CFD is to provide an understanding of the nature of these 

processes and to help in designing new processes. 

However, the real world processes are usually too large and too complicated to 

simulate due to the computing and memory limits. Recent developments in multi grid 

algorithms which accelerate the convergence of solution process and advances in parallel 

computers offer the promise of providing orders of magnitude increase in computational 

power. 

Notable contributions using the multi-grid approach include articles by Ghia et al. 

(1982), Vanka (1986) and Hortmann et fl/.(1990). Ghia et a/.(1982) used the vorticity-

stream function formulation of the Navier-Stokes (NS) equations and employed the 

strongly implicit technique as their smoothing operator. Very good convergence rates were 

achieved. For driven cavity flow, converged solutions were obtained in approximately 20 

to 100 equivalent fine grid iterations as the Reynolds number (Re) was varied from 100 to 

10000. They found that the multi-grid procedure decreased the computational time by a 

factor of four over a single-grid calculation. 
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The article by Vanka (1986) describes a multi grid method based on the primitive 

variable formulation of the NS equations. Upwind differencing was used, so the solutions 

are only first order accurate; however, very fine grids are used. Vanka uses the 

"Symmetrically-Coupled Gauss-Seidel" (SCGS) scheme as the basic solver (smoother). 

The two-dimensional cavity has been treated for Re < 5000. Because it is based on the 

primitive variable formulation (as opposed to the vorticity-stream function formulation), the 

method can be easily extended to three dimensions. 

Recentiy Hortmann, Peric and Scheuerer (1990) presented a finite volume multi-grid 

procedure for the prediction of laminar natural convection flows, enabling efficient and 

accurate calculations on very fine grids. The method is fully conservative and uses second-

order central differencing for convection and diffusion fluxes. 

In the present study, the applicability of the multigrid technique for the coupled 

iterative solution of momentum and continuity equations is investigated. As a first step in 

understanding and implementing the multi-grid algorithm, a two-dimensional heat 

conduction problem is solved with multi-grid algorithm and then Navier stokes equations in 

primitive variable formulation are solved with multi-grid procedure. 

3.2 Governing Equations 

The differential equations governing the unsteady, incompressible, viscous flow in 

two-dimensions can be expressed as follows : 

Continuity 
du dw „ 
— - H - - = 0 
dx dy 
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Momentum 

d . . d . ^ ^ , ^ dp d 
—(pu) + — ipuu) + —ipuv) = - ^ + — 
ot dx dy dx dx 

^ (P v) +—(pMv)-f-— (p vv) = - ^ - K — 
dt dx dy dy dx 

du 

dx 

dx 

+ dy 

d 

^ 
du 

dv 

The above coupled equations are solved numerically by a finite volume method. The 

finite volume equations are formulated in strong conservative form on a general, non-

orthogonal, non-staggered grid system. The resulting equations are then solved by 

SIMPLE ( Semi-Implicit Method for Pressure Linked Equations) algorithm. The full details 

of equations and solution procedure is given in Chapter n. 

3.3 Details of MultiGrid 

When we solve fluid dynamics, heat transfer or other engineering problems 

numerically by using iterative procedures, one of the major issues that concerns us is 

getting a converged solution on a fine grid. The studies on convergence history of our 

solution procedure reveal that in the initial stages of our iterative procedure there is a rapid 

reduction in residual and as we march iteratively, the efficiency of smoothing the ertor falls 

down and eventually the solution procedure may stall. Here we will discuss the factors that 

affect the convergence of conventional solution procedures on single grid and then study 

how we can overcome these problems by using multi-grid algorithms. 
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3.3.1 Multi Grid Theory 

Given a set of finite difference equations 

L' 'W'=F' ' (3.1) 

for a general elliptic equation, any iterative procedure such as Gauss-Seidel, Jacobi, 

incomplete LU factorization, etc., is known to converge rapidly for the first few iterations 

and very slowly thereafter. A Fourier analysis of the error reduction process shows that 

these conventional iterative procedures are most efficient in smoothing out the errors of 

wave lengths comparable to the mesh size, but are inefficient in removing low frequency 

components. However, the low frequency components on any grid are relatively larger on 

grids that are coarser than the grid in question. Multi-grid methods seek to exploit the high 

frequency smoothing of relaxation methods. The multi-grid technique is based on the 

premise that each frequency range of error must be smoothed on the grid where it is most 

suitable to do so. Consequently, the multi-grid technique cycles between coarser and finer 

grids until all the frequency components of ertor are appropriately smoothed. The multi-

grid concept is distinct from the philosophy of starting a fine grid solution from an 

interpolated coarse grid converged solution. In the latter concept, only a better starting 

guess is provided. Therefore the starting residual is smaller than a raw guess, but the 

asymptotic rate of convergence is not improved. The multi-grid method, on the other hand, 

cycles between a hierarchy of computational grids, so that ertor components of all 

frequency ranges are efficientiy removed. 

3.3.2 Nump-rical Formulation 

Let the hierarchy of computational grids be denoted by D^ with cortesponding grid 

functions W^̂ . 

where k=l,2, ,M 
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In the simplest version of the multi grid technique, the solution is initiated on the finest 

grid M. A few iterations are performed on grid M until the relaxation procedure (iterations) 

fails to smooth the residuals at the desired theoretical rate. The iterations are stopped on 

grid M and the residuals ( L ' ' W ' ' - F ' ' = R ' ' ; W'' is an approximation to W*" ) are 

transferred to the next coarser grid, obtained typically by doubling the mesh size. The grid 

functions ( variables ) are similarly restricted to the coarse grid. In this simplest form of the 

multigrid (MG) technique, called the cortection scheme (CS), a cortection function wl̂ "l is 

calculated by solving the system 

L'^-^''-' = ll-'R^ (3.2) 

where L*""' is the operator on grid (k-1) and l|̂ "' is the opearator to restrict the 

residual on grid k. The solution to equation (3.2) can be obtained on grid (k-1) itself, if the 

(k-1) is not a fine grid. Other wise a few iterations on (k-1) are performed, after which 

R*""' is restricted to grid (k-2). When an accurate solution to equation (3.2) is obtained, 

w''"' is prolongated to grid k, i.e., 

w L = w i + l L , w ' - ' - (3.3) 
new old ' ^k-1 

The restriction and prolongations on grid k are continued until the residual decrease 

below a desired accuracy. 

^ ^ 3 Details of FAS-FMG 

The FAS-FMG (Full Approximation Storage - Full Multi-Grid), which is ideally 

suited for non-linear problems, is a generalization of the cortection scheme(CS). The flow 

chart for the iterative cycle is shown in Figure 3.1. The flow chart of FAS-FMG in a 

detailed mathematical fashion is shown in Figure 3.2. 
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In FAS-FMG algorithm, after a series of grids is chosen, iterations are initiated on the 

coarsest grid (grid number 1). On this grid, the solution of the complete problem is sought. 

The converged solution on this grid is then prolongated to the next finest grid and a few 

relaxation sweeps are made. When the smoothing on this grid gets worse below a threshold 

rate T| , i.e., when 

- ^ > ^ (3.4) 
Kp 

the residuals and variables are restricted to the coarser grid and smoothed on this grid. The 

threshold smoothing rate r| , for switching from fine to coarse grids was fixed at 0.5 for all 

calculations. However, unlike the correction scheme, in the FAS procedure, the values 

calculated on a coarser grid (k-1) are not simple cortections to the values on grid k; instead 

they are approximations on grid (k-1) to the correct values on grid k. In the FAS 

procedure, therefore, the equations solved on (k-1) are 

L'^-V"' = F ' - ' - H I ; ; " ' ( F ' - L V ) . (3.5) 

The cortection to w'' is then 

wL=w:.d+t,(w^"'-iry^d)- (3.6) 

Note that in equation (3.5), only the change from the previous value (w"""' - I^'^w^jJ 

is prolongated to grid k and not the value w''"' itself. This detail is important in the FAS 

scheme; otherwise, the convergence of overall sequence may not be good. Before initiating 

the iterations, w*" ' is set equal to Î  'w"" old' 

The iterations on each grid level are continued until the required convergence criterion 

is met, at which time the solution vector is transformed to the next finer level. When the 

finest level is solved to the desired accuracy, the overall solution cycle is terminated. Note 

30 



that the tolerance level on any grid is equal to the originally prescribed value only when that 

grid is the curtent finest grid. However, when the curtent level, k, is less than the curtent 

finest level 1, the tolerance on k, e^is set to 

^k ~ ^ k + l 

where e^ ,̂ is norm of ertor on grid (k+1). Typically, 8= 0.4. 

3.3.4 Restriction and Prolongation 

Restriction is used for transfering fine grid values to a coarse grid, where as 

prolongation is used for extrapolating a coarse grid cortection to a fine grid. The two 

operators were denoted by l^'^ and lj^_,, respectively. 

In the curtent study, the restrictions are made by averaging nearby values. Let (ic,jc) 

and (if,jf) denote coarse and fine mesh indices, respectively. Then 

if=2(ic)-l 

jf=2ac)-l 

w'^(ic,jc) = -fw^(if,jf) + w^(if-1,jf) + w^(if,jf-l) + w^(if-1,jf-1)] . (3.7) 
4'-

Equation (3.7) is employed to restrict u,v and p. 

In prolongation, first the variables on the fine grid are restricted by using equation 

(3.7) and stored as (l)'(ic, jc). Then, we calculate 

5w'(ic,jc) = w'^(ic,jc) - (l)'(ic,jc) . (3.8 a) 

This change is prolongated to the fine grid by using the following relationships 
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<.iif -hjf) = ^Ldf - IJf) + 6w (̂/c.yc) 

^LiifJf -1) = ^^U^fJf - 1) + ̂ w'iicjc) (3.8 b,c,d,e) 

>vL((/" - 1 if - 1) = ^Uif - IJf -1) + 6v/(/c,;c). 

Equation (3.8) is employed to prolongate u,v and p. 

3.4. Coarse Grid Pressure Cortection 

In the present implementation, when the smoothing rate on a fine grid is worse than a 

prescribed threshold rate (equation 3.4), an equation for pressure correction is formulated 

on the next coarse grid. Convective fluxes are restricted from fine grid to coarse grid for 

this purpose. Restriction of convective fluxes is shown schematically in Figure 3.3. 

After solving the pressure cortection equation on the coarse grid, the pressures and 

velocities are cortected through standard cortection formulas. The cortected u,v and p are 

then prolongated to the finer grid. 

3.5 Smoothing Operator 

The choice of an efficient smoothing operator (relaxation procedure) is an important 

aspect in the multi grid technique. Although the concept of the multi grid technique is valid 

even with a poor smoothing operator, the efficiency of the method can be downgraded 

significantly if the smoothing is not efficient. The choice of the relaxation procedure is 

some what problem dependent and there is always a trade off between a robust technique 

with a larger operation count and a less robust but simpler technique with lower operation 

count. 

In the present study, the Gauss-Siedel scheme is used. The Red-Black Gauss-Seidel 

metiiod is another potential smootiiing procedure. The advantages of red-black over regular 
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Gauss-Seidel are not immediately apparent; the issue is often problem dependent. 

However, red-black Gauss-Seidel does have a clear advantage in terms of implementation 

on a parallel computer. 

3.6 Application of Multi Grid Algorithm 

3.6.1 Application to Flow in a Driven Cavity 

The numerical solution of fluid flow in a square cavity with the top wall moving at a 

constant velocity has been a standard problem for testing the efficiency of many solution 

algorithms. The problem characterizes the elliptic and non-linear nature of many 

engineering flows. From a computational view point, the cavity flow is an ideal prototype 

non-linear problem which is readily posed for numerical solution. Its geometric simplicity, 

well-defined boundary conditions and no preferred flow directions makes it very attractive 

as a test case for numerical techniques. A number of numerical studies have been published 

for comparison. The problem is defined in Figure 2.3. 

3.6.2 Results 

The motion of the top wall sets up a complex vortex structure in the cavity. This vortex 

structure varies with Reynolds number. Calculations have been made with grids consisting 

of 12x 12, 22x22, 42x42 and 82x82 finite volume cells. The Reynolds number of flow 

is 100. During each relaxation sweep, the residuals for all cells are determined and when 

the maximum residual among these cells is below the tolerance limit, the calculations for 

that grid were terminated. The CPU time requirements of multi-grid solution and single 

82x82 grid solution are compared in Table 3.1. The number of iterations or relaxation 

sweeps on each grid level are shown in Table 3.2. The conventional single grid procedure 

for 82x82 grid, took 606 relaxation sweeps to converge to a tolerance of l.E-5. 
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The horizontal velocity profile along the vertical center hne of the dri\'en ca\'ity (x=0.5) 

is plotted for all four grid levels in Figure 3.4. From this figure, we can observe that 

42x42 and 82x82 grid velocity profiles are close enough to declare grid independence. 

Figure 3.5 compares the variation of horizontal velocity along the vertical center line of the 

cavity with the numerical results of Burggraf (1966), who solved the steady two-

dimensional square cavity problem, numerically. The agreement is very satisfactory. The 

velocity vector plots for Reynolds number of 100 and 1000 are shown in Figure 3.6 and 

Figure 3.7, respectively. 
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Figure 
3.1. Flow chart of iterative Multi-Grid cycle 
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Figure 3.6. Velocity vector plot for Re=100 
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TABLE 3.1 CPU Times with Multi-Grid and Single Grid 

Solution 

Procedure 

Multi Grid 

Single Grid 

CPU time 

26143 

213885 

Tolerance 

l.E-5 

l.E-5 

42 



TABLE 3.2. Number of iterations on each level of Multi-Grid 

Grid Level 

1 

2 

3 

4 

Grid size 

12x12 

22x22 

42x42 

82x82 

No.of Iterations 

41 

30 

45 

52 

Tolerance 

l.E-4 

l.E-4 

l.E-4 

1 l.E-5 
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CHAPTER IV 

MULTI-BLOCK ALGORTFHM 

4.1 Introduction 

Recent developments in parallel processing computers provide incentive to develop 

CFD codes based on domain decomposition algorithms. In these methods, the total 

computational domain is divided into several blocks, so that each block is solved by one 

processor and all the blocks are simultaneously solved by different processors. Another 

advantage of domain decomposition methods is convenience in grid generation. Many 

engineering applications involve flows in and around complex geometries. Grid generation 

for the whole computational domain considering it as one single block would be a tiresome 

process and may sometimes become impractical. Through domain decomposition methods, 

the computational domain can be divided into several blocks, such that each block is 

topologically simple and grid generation could be carried out with Uttie difficulty. 

Notable contributions on solving Navier-Stokes equations with parallel algorithms 

include that of Schreck and Peric (1993), Kato et al. (1992) and Baysal and Saxena 

(1993). The article by Schreck and Peric (1993) describes a finite volume numerical 

method for the prediction of fluid flow and heat transfer in simple geometries tiiat is 

parallelized with a domain decomposition approach. The efficiency was examined on three 

different parallel computers for laminar flow in a pipe with an orifice and natural convection 

in a closed cavity. 

Kato et al. (1992) computed the air flow around a 2-D square rib placed within a 

boundary layer, by means of a massive parallel computer. Parallehzation of the algorithm is 

achieved by regional partitioning, i.e., grid partitioning; the total computational domain is 

divided into several subdomains, and data belonging to each subdomain is distributed to 

each processor. The results show that the communication method between individual 

processors and the size of the divided subdomains are rather crucial on computational time. 



Baysal and Saxena (1993) edited several research papers on CFD algorithms and 

appUcations for parallel processors and presented them in a volume. 

All the research ariticles referenced till now give valuable information on parallehzation 

strategies, efficiencies, etc., but none of them provide enough details on how to develop 

and implement the domain decomposition algorithm to solve Navier-Stokes equations. In 

the present work, a detailed rigorous solution algorithm is presented, which resulted after 

several numerical experiments on implementation of domain decomposition methods. 

Even though, the approach to the multi block solution procedure is different, the work 

done by Wei Shyy (1994) on composite grids is worth referencing here. Shyy used a 

pressure correction algorithm in conjunction with a staggered grid system to solve the 

continuity and momentum equations in a sequential manner, within each of the blocks of 

the domain, and a conservative interface treatment is used for transferring information 

between the blocks. Specifically, mass and momentum flux conservation across the 

interface is always enforced and used as the basis to conduct the interpolation necessary to 

yield the velocity distribution along the boundary of each block. Sample calculations are 

presented which demonstrate the capability of the method. 

4.2 Solution Algorithm 

In the present work, a multi block solution algorithm is developed to solve two-

dimensional incompressible Navier-Stokes equations. The solution algorithm is tested by 

solving several test cases on conventional sequential computer. But, as explained in the 

introduction, the major incentive to develop the multi block solution algorithm is to solve 

the problem on a parallel computer. The present algorithm is suitable to implement on a 

parallel architecnire. 

The algorithm is explained in detail in Figure 4.1. 
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4.3 Test Cases 

We will demonstrate the performance of the multi-block algorithm with the following 

case studies. For all the cases presented here, the Reynolds number is 100. 

4.3.1 CASE I: Laminar Flow through a duct (Vertical Split) 

The geometry shown in Figure 4.2 is solved by dividing the computational domain 

into two blocks as shown in Figure 4.3. 

Case I of flow through a duct is solved by using the multi block procedure and 

conventional single block procedure. The convergence histories of u-momentum, v-

momentum and continuity solution are compared between multi-block and single-block 

solution procedures in Figure 4.4, 4.5 and 4.6, respectively. From this comparison, we 

can observe that the convergence history of the present multi-block solution is in good 

agreement with that of the single block. Since we are solving the problem in multi block 

and single block to the same accuracy, it resulted in identical flow fields and hence no 

attempt is made here to present the flow field comparison. 

4.3.2 CASE II: Laminar Flow through a duct (Horizontal Spht) 

In case I, we have only one exit boundary, i.e., the exit boundary of block 2. One of 

the important studies would be to divide the computational domain such that, the division 

results in multiple exit boundaries. Block cortection would be done to all exit boundaries at 

once. 

In case II, the duct is divided into two blocks horizontally as shown in Figure 4.7, 

such that it results in two exit boundaries. The convergence histories of u-momentum, v-

momentum and continuity solution for this case are compared between multi block and 

single block solution procedures m Figure 4.8,4.9 and 4.10, respectively. The agreement 

of convergence history of multi block solution of CASE II with single block solution is not 
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very good, compared to that of CASE I. This we attribute to block cortection at multiple 

exit boundaries. But further systematic microscopic research must be done to find out how 

exactiy the block correction is affecting the solution procedure. 

4.3.3 CASE n i : Recirculating Flow in a Driven Cavitv 

In this case, we consider recirculating flow in a driven cavity. The configuration of 

driven cavity is shown in Figure 2.3. The geometry shown in Figure 2.3 is divided into 

two blocks as shown in Figure 4.11. The convergence history of multi block solution for 

this case is compared with that of single block solution in Figures 4.12, 4.13 and 4.14. 

4.3.4 CASE rV : Recirculating Flow over Backward Facing Step 

Recirculating flow over a backward facing step is an important test case which has the 

characteristics of many engineering flows such as separation and reattachment. The 

geometry and boundary conditions for this case are shown in Figure 4.15. 

The computational domain shown in Figure 4.15 is divided into three blocks. The 

configuration of each block is shown with the grid in Figure 4.16. The velocity vector plot 

of the full computational domain is shown in Figure 4.17. The computational results of 

different blocks are assembled tiirough PLOT3D's multiple grid option. The close-up view 

of the recirculating region is shown in Figure 4.18. 

4 3.5 CASE V : Channel Flow with Multiple Outiet Branches 

The channel flow with multiple outiet branches is representative of a large variety of 

practical problems such as blood flow in arteries with bifurcations and the inlet and exhaust 

systems of internal combustion engines. Grid generation for this class of problems would 

be very complicated in single block approach. With the multi-block procedure these 

complex geometries can be easily handled. 

47 



In this section, we will look into channel flow with two outlet branches. The schematic 

of branch with equal area division is shown in Figure 4.19. This geometry is divided into 

four blocks as shown in Figure 4.20. The grid for this configuration is shown in Figure 

4.21. The velocity vector plot of flow through this channel is presented in Figure 4.22. 

This problem converged without any additional boundary condition constraints. 

Now we will look into flow through a branch with unequal area division, the 

schematic and grid of which are shown in Figure 4.23. This configuration is also divided 

into four blocks as explained for the previous case. The solution for this problem could not 

converge without an additional regulatory mechanism. The additional constraint is the ratio 

of the mass flux between the two branches that helps the numerical computation reach a 

unique and physically correct solution. The velocity vector plot of converged solution for 

this case is shown in Figure 4.24. 

Now we propose a procedure with which we can get convergence to the above 

mentioned branch problem without any additional constraint such as fixing the ratio of the 

mass flux between the two branches. The key lies in block correction. The schematic of 

channel with branch divided into four blocks is shown in Figure 4.25. 

Block correction is done to block 1 and block 2 exits (internal boundaries) with 

reference to inlet. This gives mass flux into block 3 and block 4. Now block cortection at 

the exits of block 3 and block 4 is done separately with reference to die mass flux into those 

blocks. The numerical computation reached a unique and physically correct solution. For 

the configuration considered here, the numerical computation converged to the following 

result: 

the total mass inflow rate into the channel = 3 kg/sec, 

mass out flow rate at the exit of block 3 = 2.186 kg/sec, 

mass out flow rate at the exit of block 4 = 0.814 kg/sec. 
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10 

START 

INrnALIZE 

TIME_STEP=0 

CONTINUE 

TIME_STEP=TIME_STEP+1 

C U-MOMENTUM SOLUTEON 

IN_ITER=0 

1 CONTINUE 

IN_rTER=IN_ITER-hl 

D0I=1,NBL0CK 

EXCHANGE REQUIRED BOUNDARY VALUES 

SOLVE U-MOMENTUM EQUATION (ONE SIPSOL ITERATION) 

END DO 

U_RESIDUAL = SUM OF U-MOMENTUM RESIDUAL OF ALL 

BLOCKS 

IF(IN_ITER.EQ.l) RESID(IU)=U_RESIDUAL 

IF(U_RESIDUAL .GT.TOLERANCE) GOTO 1 

C V-MOMENTUM SOLUTION 

IN_rrER=0 

2 CONTINUE 

IN_ITER=IN_ITER+1 

DOI=l,NBLOCK 

EXCHANGE REQUIRED BOUNDARY VALUES 

SOLVE V-MOMENTUM EQUATION (ONE SIPSOL FFERATION) 
END DO 

Figure 4.1. Multi-block algorithm 
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V_RESIDUAL=SUM OF V-MOMENTUM RESIDUALS OF ALL 
BLOCKS 

IF(IN_ITER.EQ. 1 )RESnD(rV)=V_RESIDU AL 

IF(V_RESIDUAL .GT. TOLERANCE) GOTO 2 

C BLOCK CORRECTION 

DOI=l,NBLOCK 

BLOCK CORRECTION AT EXFF BOUNDARIES 

END DO 

C CALCULATE MASS FLUXES 

DOI=l,NBLOCK 

CALCULATE MASS FLUXES THROUGH MOMENTUM BALANCE 

END DO 

C PRESSURE CORRECTION SOLUTION 

IN_ITER=0 

3 CONTINUE 

IN_rrER=IN_ITER-i-l 

DOI=l,NBLOCK 

EXCHANGE REQUIRED BOUNDARY VALUES 

SOLVE PRESSURE CORRECTION EQUATION (ONE SIPSOL 
ITERATION) 

END DO 

CONTINUrrY_RESIDUAL=SUM OF CONTINUITY RESIDUALS OF 
ALL BLOCKS 

IF(IN_rrER.EQ. 1 )RESID(IP)=CONTINUITY_RESIDU AL 

IF(CONTINUITY_RESIDUAL .GT. TOLERANCE) GOTO 3 

Figure 4.1. (continued.) 
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C CORRECT PRESSURES, VELOCITIES AND MASS FLUXES 

DOI=l,NBLOCK 

CORRECT PRESSURE FIELD IN ALL THE BLOCKS WITH 
REFERENCE TO ONE COMMON CELL PRESSURE 
CORRECTION VALUE 

CORRECT VELOCITIES AND MASS FLUXES 

END DO 

C CONVERGENCE CHECK 

RESIDUAL=AMAX(RESID(IU), RESID(IV), RESID(IP)) 

IF(RESIDUAL .GT. TOLERANCE) GOTO 10 

OUTPUT 

STOP 
END 

Figure 4.1. (continued) 
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CHAPTER V 

COMPUTATION OF TURBULENT FLOW 

5.1 Introduction 

Flows in practical situations are almost always turbulent. This means that the fluid 

motion is highly random, unsteady and three-dimensional. The turbulent motion can be 

described by the Navier-Stokes equations. However, the turbulent motion contains 

elements which are much smaller than the extent of the flow domain. To resolve the motion 

of these elements in a numerical procedure, the mesh size of the numerical grid should be 

even smaUer, Rodi (1984); therefore, a huge number of grid points are needed to cover the 

flow domian. Storing the flow variables at so many grid points is beyond the capacity of 

present-day computers, and furthermore, the numl)er of arithmetic operations which would 

be required is so large that the computing time would also be prohibitive. Hence it is not 

feasible to solve the Navier-Stokes equations directly. 

For engineering applications, a statistical approach was taken (as first suggested by 

Osbome Reynolds) and the equations which describe turbulent flow were averaged over a 

time scale, which is long compared with that of the turbulent motion. Unfortunately, the 

time averaging procedure introduces additional unknowns in the mean flow equations. This 

means that the equations no longer constitute a closed system. The system of equations can 

be closed only with the aid of "turbulence modeling." A model of turbulence means a set of 

equations which, when solved with the mean flow equations, allows calculations of the 

relevant correlations and so simulates die behavior of the real fluids in important respects. 

Numerous turbulence models have been developed in the past three decades. From 

lower to higher level, they are the zero-equation mixing length model, one-equation model 

and the well known two-equation k-e model. Among these models, the standard k-e 
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model. Launder and Spalding (1974), which is also referted as a high Reynolds number k-

e model, has been widely used due to the simplicity and realistic predictions it has. 

However, the standard k- e model has its disadvantages too. It can only be applied in the 

high Reynolds number region of the flow where viscous effects are less important. For 

flow close to the wall, where the local Reynolds number is low and viscous effects 

dominate, the standard k-e model will not perform satisfactorily. This drawback has 

required that the first grid node adjacent to the wall be placed in the fully turbulent region. 

In this near wall region, the common practice is to use an empirical wall function to 

approximate turbulence quantities for grids adjacent to the wall and die standard k-e model 

for the rest of computational domain. The wall function is a logarithmic profile cortelated 

from boundary layer data. The use of a wall function is economical but the degree of 

empiricism embedded in the wall function has limited the prediction of near wall quantities 

in complex turbulent flows. 

Thus, a strategy that discards wall functions and, instead, prescribes a route for 

determining the various turbulence parameters all the way to the wall itself is highly 

desirable. Various researchers, Jones and Launder (1972), Launder and Sharma (1973), 

Chien (1982) and Lam and Bremhorst (1981), have proposed two-equation turbulence 

models that can be integrated all the way to the wall. These models are conventionally 

known as low Reynolds number k- e (LKE) models. 

The objective of the present study is to solve complex turbulent separating and 

recirculating flows by coupling standard and low Reynolds number k-e models. The 

coupling is achieved by dividing the computational domain into several blocks through the 

multi block approach (Chapter IV) and then applying different turbulence models in 

different regions (blocks) according their suitabihty. 
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5.2 Mathematical Formulation 

5.2.1 Reynolds averaged equations 

The unsteady, incompressible, Reynolds averaged, two-dimensional form of the 

continuity and momenmm equations describing a turbulent flow are as follows: 

Continuity 

dx, 
= 0 (5.1) 

Momentum 

d(pU,) ^ djpUPj) _ dp ^ d 

dt dX; dX: dX; 

dU, — 

dX; ' J 

J L J 

(5.2) 

Closure of the momentum equation is achieved by modelling the Reynolds Stress 

UiUj. 

5.2.2 Standard k-e model 

In the standard k-e model of Launder and Spalding (1974), die UjUj term is modeled 

by the eddy viscosity concept: 

/ 

dxj dXi 

\ 

J 
-IM (5.3) 

where turbulent viscosity, \i^ is defined as 

|L^r = 
C^k^ (5.4) 
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The equations for turbulent kinetic energy k and its dissipation rate e are given below: 

dk ^dk \ d 

a7"^>a^ = pa:̂  + P-e (5.5) 

3e 3e 1 3 

dt ' dxj p dxj y<5,dx.j k ^^ k 
(5.6) 

where 

(5.7) 

and 

C^ = 0.09, Cei = 1.44, Ce2 = L92, o^ = 1.0, and Og = 1.3. 

The assumption of fully turbulent flow requires that the local turbulent Reynolds 

number. Re,, not the global Reynolds number, be high. The Re, is defined as the ratio of 

the eddy viscosity |i, to molecular viscosity p, given below: 

î ve 

For flow near the wall, the local Reynolds number is low and molecular viscosity 

dominates. For the grid node adjacent to the wall to satisfy the fully turbulent criterion, it 

has to be placed far away from die wall. This requkement makes it difficult to get accurate 

wall related quantities such as wall shear stress. To solve this problem, an empirical wall 

function is used to bridge die gap between the wall and the grid node adjacent to the wall. 
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The non-equilibrium, wall function formulation of Launder and Spalding (1974) is 

employed in the present study. In this formulation, values for U and T inside a cell adjacent 

to a wall are prescribed by the following logarithmic functions: 

1 1 
Uo - - 1 

(^/Pl >'V K 
Ey. 

C^k 
V J 

1 

1 1 

<J,-T„)CfiC^kl 
P£ZKZP_ 

K 
Ey. 

C^k 
V I + P 

where. 

P = 9.0 
^PrV4 r 

l + 0.28exp -0.007 
Pr ^ 

V 'tj 

The value of e is also fixed in the adjacent cell P and is given by the following 

expression: 

e„ = 

2 

KV, 

The foUowing variables would be important to note: 

M̂  is the non-dimensional velocity 

u^ is the fiiction velocity 
' ^ ^ 

J 

z^ is wall shear stress, 

y'^ is the non-dimensional distance 
^ }'w, \ 

V V ; 

K is the Von Karman constant (=0.40), 

E is a constant (=9.0), and 
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y is the normal distance from the wall. 

Pr is the Prandti number of the wholly laminar fluid 

o, is the effective Prandti number of the fully turbulent fluid. 

5.2.3 Low Revnolds number k-e model 

In the present investigation, the low Reynolds number k- e model (LKE) developed by 

Chien (1982) is considered. The low Reynolds number k- e model is a modified version of 

standard k- e model. Additional terms are added to k and e equations to include the effects 

of molecular viscosity close to the wall. In the region near the wall, the closer to the wall, 

the more significant the laminar flow is. Hence, the kinematic viscosity and the distance to 

the wall are added to the turbulent diffusivity and dissipation terms. It permits the 

integration of momentum as weU as k and e equations from the fully turbulent region to the 

laminar sublayer near the waU. The wall shear stress can be calculated from the velocity 

gradient near the waU. 

The equations for turbulent kinetic energy k and its dissipation rate e are given below: 

^ + U — = -— 
dt ^ dXj p dXj 

f \ dk 

dx, 
+ P-E (5.8) 

de ,, de Id 
dt ^ dXj p dXj 

+ Q , / | p - Q , / 2 y + ^ (5.9) 

where 
k^ 

e = e + D 
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D = 2v-^ 
y 

2eve^"''̂ ^" 
E = 

/ 

/ = l - e x p 
f 
-0.0115 

V > 

/ i=L00 

/ , = l - - e x p rRe,^ 

V 6 y 

C^=0.09 Qi=1.35 ^2 = 1.80 o,=1.0 a, = 1.3 

5.3 Computational Domain 

The two-dimensional backward-facing step set up in the experiment by Kim, Kline 

and Johnston (1980) (referred to as KKJ step hereafter) was chosen in this study. The 

geometry of the KKJ step is shown in Figure 5.1. The Reynolds number of the flow based 

on step height is 4.62x10"^. The test configuration has an expansion ratio of 1.5 

(=(Y+H)/Y) where H is the step height and Y is the channel height. The computational 

domain is 20H in the streamwise direction and 3H in cross-stream direction. The 

computational domain shown in Figure 5.1 is divided into three blocks. The configuration 

of each block is shown with the grid in Figure 5.2. When low Reynolds number k-e 

model is employed in block 3, then the grid in that block is refined such that the first grid 

node near the wall lies in the viscous sub-layer. 

5.4 Results 

The success of a turbulence model in predicting the recirculating flow is always judged 

by its abiUty to predict the reattachment length correctly. Incorrect prediction of 

reattachment length leads to erroneous prediction of other quantities such as skin friction. 

Figure 5.3 shows the velocity vector plot of full computational domain when standard k- e 
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model is employed in all the three blocks (hereafter referted to as CASE I). The close up 

view of the recirculating region i.e. block 3 is shown in Figure 5.4. This model predicts the 

reattachment pomt at X=6.2H (experimental value is 7.1H). 

Figure 5.5 shows the velocity vector plot of full computational domain when the low 

Reynolds number k- e model is employed in block 3 and standard k- e model in blocks 1 

and 2 (hereafter referted to as CASE II). The close up view of the recirculating region, 

i.e.,block 3 is shown in Figure 5.6. This model predicts the reattachment point at X=6.6 

H, which is more accurate compared to the previous model. 

The mean velocities in the x-direction are compared with the experimental data in 

Figures 5.7, 5.8 and 5.9. 
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CHAPTER VI 

CONCLUSIONS AND RECOMMENDATIONS 

In the present study, as a first step, staggered and non-staggered grid formulations for 

fluid flow computations are described. After comparing the flow field and convergence 

histories, the present non-staggered grid formulation proved as a potential alternative to 

staggered grid formulation. The reason for which we prefer non-staggered grid formulation 

is, it can be easily extended to 3-dimensional curvilinear coordinate system. There has 

never been any pressure oscillation in the present non-staggered grid practice. A Multi-Grid 

algorithm to accelerate the solution process of Navier-Stokes equations is developed and 

implemented. A Multi-Block algorithm is developed to handle complex geometries. A 

Multi-Model based procedure to compute turbulent fluid flow is developed and 

implemented. 

6.1 Conclusions 

According to the observations of the results in this study, the following conclusions 

are made. 

1. The non-staggered grid formulation is capable of achieving convergence, in 

approximately the same number of iterations as that of staggered grid formulation. Its 

additional advantage is convenience in extending to 3-dimensional curvilinear coordinate 

system. 

2 The computed flow fields are compared with previously published numerical results 

and good agreement has been observed. 

3 The CPU times with Multi-Grid solution procedure are significantly smaller than 

those of conventional single grid solution procedure. 
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ism 

4. The Multi-Block algorithm developed in the present study has been very effective in 

handling complex geometries such as branch illustrated in Chapter IV. Several cases are 

solved to test the efficasy of the present solution procedure. The convergence histories are 

compared between multi-block and single-block solution procedures. 

5. Turbulent flow over backward facing step is solved by using multi-block and multi-

model based solution procedure. Implementing low Reynolds number k- e model in the 

recirculating region predicted the reattachment point more accurately. The velocity profiles 

are compared with the experimental results. 

6. Implementing low Reynolds number k- e model in the whole computational domain 

may impose the requirement of excessively fine grid. Because of this, it is desirable to 

implement low Reynolds number k-e model only in the regions where it is necessary to 

predict wall related parameters more accurately. In other regions standard k- e model can be 

used. 

6.2 Recommendations 

The following recommendations are made for the future study. 

1. Coupling of Multi-Grid and Multi-Block algorithms would be very effective to 

apply Computational fluid dynamics to industrial applications, being capable of handling 

complex geometries with accelerated convergence process. 

2. Extension of the present 2-dimensional solution procedure to 3-dimensions is 

strongly desirable for practical applications. 

3. To reduce numerical diffusion, higher order differencing schemes should be tested. 
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