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CHAPTER I 

INTRODUCTION 

The principal focus of this research is the development of an 

efficient algorithm for solving the capacitated multi-product dynamic 

lot size inventory problem. This is a problem which is encountered 

in many manufacturing firms; and, at present, there is no efficient 

method for determining the optimal production-inventory schedule. 

By reducing the number of state and decision variables at each stage, 

a dynamic programming algorithm will be developed, and conclusions 

regarding the efficiency of the algorithm will be presented. 

This dissertation consists of five chapters in addition to the 

introduction. In Chapter II the general inventory problem and the 

dynamic lot size problem are presented, the important assumptions 

are discussed, and a fixed-charge model is presented. 

A review of the literature in this area appears in Chapter III. 

The work which most closely relates to the problem being studied in 

this dissertation is discussed in more detail. 

In the fourth chapter, a dynamic programming model is developed 

for the multi-product capacitated lot size inventory problem. An 

algorithm is given for the single product case, and several examples 

are discussed. The major result of this study, Theorem 4, appears 

in this chapter. Next, an algorithm for the multi-product case is 

developed. 



The fifth chapter provides some results concerning the effi-

ciency of the algorithms. The final chapter describes some possible 

areas for further research based on the results presented herein. 



CHAPTER II 

THE PROBLEM AREA 

The problem investigated in this research is that of developing 

an efficient algorithm for solving the dynamic lot size inventory 

model having a capacity constraint. Before addressing this specific 

topic, the more general inventory problem will be presented. The 

discussion will be made with reference to a manufacturing situation 

in which one or more products are made and then sold to consumers. A 

consumer may be another segment of the firm itself, in which case the 

sale may in fact only reflect transfer costs for accounting purposes. 

Furtheinnore, the following discussion can be easily adapted to inven-

tory models for a retail firm which purchases finished goods from 

suppliers and then resells them to the ultimate consumers. 

There are two questions to be answered when operating a produc-

tion-inventoiry system: When should the various products be manufac-

tured, and what quantity should be made at these times? An inventory 

problem exists due to two conflicting goals. The first goal is to 

satisfy the demand placed upon the firm for its products, and the 

second goal is to minimize expenses incurred by the firm in producing 

these goods. FurtherTtiore, there may be additional constraints inter-

acting with these goals. 

The method in which these goals are resolved will depend upon 

the particular situation being considered. In some cases, the first 

goal will have such a high priority that all demand must be met, and 



this objective is to be accomplished at a minimum cost. In other 

cases, there may be a tradeoff between the achievement of goals. For 

example, the expense of carrying a large safety stock inventory may 

exceed the expected lost profit due to some unsatisfied demand. 

The future demand for the firm's products can be a forecast 

amount, a known quantity, or some combination of the two. The attempt 

to meet demand must be viewed in light of three factors: (1) the 

length of the planning horizon, (2) the nature of the forecasted de-

mand, and (3) the degree to which the demands will be satisfied. 

The planning horizon is the length of time over which a fore-

cast is made. We will conveniently think of the planning horizon as 

consisting of a sequence of discrete periods in which demand occurs 

and production is possible. Planning horizons can be catagorized as 

being either finite or infinite, depending on the number of periods 

in the forecast. In reality, planning horizons will be finite, but 

the infinite horizon is a useful concept in investigating steady-state 

properties of production planning systems. 

The nature of the forecasted demand can be described as being 

either deterministic or stochastic and as being either static or dy-

namic. For a deteministic demand it is assumed that the forecast 

quantities will be the actual amounts desired. In the stochastic 

cases, the forecast for a given period is, in effect, a probability 

distribution for the possible demands in that period. A static de-

mand forecast refers to one in which the demand pattern is invariant 

over time, whereas a dynamic demand refers to one in which the pattern 



will vary over time. Thus, for example, a deterministic, dynamic de-

mand would refer to a situation in which the demand is assumed to be 

known over the planning horizon, but the demand is allowed to vary 

from period to period. 

The demand in a given period can be handled in three ways, or 

some combination of these. The desired goods may be made available 

when requested through inventory and/or production, the demand may be 

met at a later date via backordering, or the demand may remain unsat-

isfied resulting in a lost sale. 

Hadley and Whitin [19] list five costs which might be considered 

in an inventory system. Depending upon the system being used, some of 

these costs may not be relevant. The costs listed are (1) the vari-

able costs associated with producing each item, (2) the cost of the 

information processing system, (3) the cost of handling the finished 

product, (4) the cost of setting up for a pro.duction xun, and (5) the 

cost̂  of cariryinĝ  J-tems in inventory. 

The costs of producing the items refer to those direct variable 

costs involved. Typically, these costs represent labor and material 

costs. It is possible that the variable costs may not be constant, 

depending upon the amount produced during a particular period. This 

situation would reflect an economy (or diseconomy) of scale. 

The cost of operating an information system involves such items 

as processing orders, billing, and other accounting activities. The 

costs of handling the finished items include such costs as packing, 

shipping, etc. 



The setup costs are those costs incurred during a production run 

which are independent of the quantity produced. Furthermore, if there 

is no production during a given period,then there will be no setup ex-

pense during that period. These costs may be thought of as the costs 

incurred in preparing for production, such as cleaning the machinery, 

setting the jigs, etc. 

Finally, the inventory holding costs are those costs which result 

due to the fact that the firm is holding some inventory which will be 

disposed of at some future date. Some of these costs are real costs, 

such as taxes, insurance, buildings, etc. A significant cost is the 

opportunity cost due to the capital tied up in inventory. Whereas the 

cost due to holding inventory is difficult to assess, it is felt that 

an annual expense equivalent to 20 to 30 percent of the value of the 

inventory is a reasonable estimate for many firms. 

In addition to considering the type of forecast and the costs in-

volved, it is often necessary to incorporate various other constraints 

in the problem. Such constraints might be (1) a limited amount of 

capital which can be tied up in inventory, (2) limited production ca-

pability due to time, technology, trained workers, etc., and (3) a 

limited area for storing inventory. 

The dynamic lot size inventory problem with a capacity constraint 

will now be discussed in light of the preceding factors. For this 

situation, the forecast will cover a finite planning horizon which 

implies that the forecast demands are for a finite number of periods, 

and the forecasts can and will be updated periodically. Also, the 



forecast in this problem is assumed to be deterministic and dynamic; 

and it is also required that the demand is met in the period in which 

it occurs, thus eliminating backorders and lost sales. These assump-

tions are reasonable in many manufacturing systems, although they may 

not be applicable for a retail firm. 

The only costs to be considered are setup costs and inventory 

holding costs. The other costs will be present, but they will not be 

affected by the decisiona of when and how much to produce. 

It is assumed that the production coŝ ts per unit are c_onstant^ 

at least over the feasible operating range being considered. Since 

all demands must be satisfied, the quantity produced__in_ any given pe-

riod will not affect the total of the variablecosts gyez: t̂ ® planning 

horizon. 

Also it is assumed that the cost of operating the information 

system is independent of the production schedule and that the costs 

related to the disposition of the finished goods does not depend on 

the timing of the production. 

The setup costs may be different for the various products, and 

the setup costs in fact may vary from period to period. The inventory 

holding costs will be assiamed to be assessed to the ending inventories 

for each period. The carrying rate may vary among the products and 

also may_dif fer__between perioda. for any given product^ For any prod-

uct, the Í£iyentoryL..CLarrylng rate per unit of ending inventory is as-

sumed to be_independent of the amount of inventory on hand. 
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The problem being studied will incorporate one additional con-

straint: A limit will be placed on the amount of production time 

available each period. (This amount is allowed to vary between peri-

ods.) Each product requires some of this time to be manufactured. 

Thus the problem is to minimize the total of setup and inventory 

costs over the horizon while ensuring that demands are met in the 

periods in which they arise and without exceeding the production 

capacity in any period. 

A mathematical model of the problem is 

N M N M 

Minimize z = T' y 6. .A. . + XI XL h. .EI. . 

í h ^^ ̂ ' i=i Pi ^' ̂ ' 
IL IL for j=l,2,...,M 

subject to > X. . > >__ D. . 
^ l 13 ~ ^ l 13 and n=l,2,. .. ,N 

C X.. - £ D.. =EI . f°̂ -=l'2 N 
i=l ^^ i=l "-^ "^ and j=l,2, M 

M 

3=1 

y r..X.. < C. for i=l,2,...,N 
^ iD iD - 1 

for i=l ,2,...,N 
X. . >_ 0 

and j=l,2,...,M 

where N is the number of periods in the planning 
horizon 

M is the number of different products made 

ô. . = 1 if product j is made in period i, 0 
otherwise 

û is the setup cost of product j in period i 

ij 



h., is the cost of holding one unit of product j 
over period i 

EI. . is the ending inventory of product j in pe-
riod i 

X.. is the number of units of product j made in 
period 1 

D.. is the demand for product j in period i 

r.. is the number of time units required to pro-
1: duce one unit of product j in period i 

C. is the amount of production time units 
available in period i-

The first term in the objective function is the sum of the setup 

costs incurred,and the second term is the sum of all holding charges. 

The first set of constraints requires that production through the 

first n periods is sufficient to meet the demand over those periods. 

The second set of constraints relates inventory, production, and de-

mand. The third set ensures that the production capacities will not 

be exceeded, and the final constraints are the familiar non-negativity 

constraints prohibiting negative production quantities. 

If it were not for the 6..A.. terms, the above model could be 
iD iD 

easily solved by linear programming. However, these terms result in 

the problem being a fixed-charge problem. Also, if we require that an 

integral number of units be produced in each run, the problem is, in 

fact, a fixed-charge integer programming problem. Currently, there is 

no satisfactory method for determining the exact solution to this pro-

blem when the number of variables and constraints is large. The pro-

blem will be reformulated in Chapter IV as a dynamic programming 
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problem using time units as the decision variables. Algorithms for 

efficiency solving this problem will then be developed. 



CHAPTER III 

LITERATURE REVIEW 

The subject of inventory control was one of the earliest areas 

of business decision making to be studied analytically. The economic 

order quantity (EOQ) formula, also called Wilson's formula, was de-

veloped at Westinghouse around 1915 to determine the inventory policy 

for a deterministic static demand pattern [38]. Two of the many books 

dealing with the quantitative study of inventories are those by Hadley 

and Whitin [19] and Brown [s]. The first is a comprehensive study of 

the inventoiy problem with dynamic lot sizing being only a minor part, 

and the second is similar although at a more elementary level. The 

subjects of inventory and scheduling are closely related subjects in 

a typical manufacturing firm. Holt et al. [20] present an analytical 

method for scheduling production and work force size which recognizes 

the associated costs for holding inventories. 

The classical work in the field of dynamic lot sizing is the 1958 

article by Wagner and Whitin [56]. Their paper is concerned with de-

veloping an efficient algorithm for solving the single-product deter-

ministic dynamic inventory problem. The only costs which are relevant 

are setup costs and inventory holding costs, and there is a finite 

planning horizon. The algorithm is based upon an important theorem 

which indicates that a production run in a given period will be made 

if and only if the beginning inventory in that period is zero. In 1960 

11 
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Bhatia and Garg [3] published an article which independently presented 

the same results as those found by Wagner and Whitin. 

There are numerous articles based on the paper written by Wagner 

and Whitin. Typically these papers consider generalizing some of the 

price structures assumed in the original work. For example, setup 

costs may be allowed to vary in certain manners between the various 

periods in the planning horizon. Some of this work can be found in 

the articles by Eppen, Gould, and Pashigian [17]; Gleason {!&]; Kat-

sushige [28]; Kerner [29]; Resh, Friedman, and Barbosa [46]; Wagner 

[54]; and Zabel [59]. 

There are also articles which explore rather significant changes 

in the basic assumptions of the original problem of Wagner and Whitin. 

Cantellow, Burton, and Lang [7] develop a heuristic method for solving 

the dynamic lot size problem with quantity discounts available, while 

Burton and Gleason [6] develop an algorithm for finding the exact solu-

tion to this problem. Williams [57] develops an algorithm for solving 

the quantity discount problem when the discounts are of the incremen-

tal type as opposed to the all-units type. Elmaghraby and Bawle [16] 

solve the original problem when batch prqductions are required. That 

is, production quantities in a given period, k, must be of the form 

n *Q where Q is an integer greater than one and n, is a non-negative 
k k 

integer. Crabill and Jaquette [8] deyelop an algorithmic solution 

similar to the Wagner-Whitin method which can be applied to the situ-

ation where two products are being manufactured but there is a restric-

tion that at most one product can be made..-iii any__given period, 
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The articles mentioned above, except where noted, give exact 

solutions. There are also heuristic techniques for the dynamic lot 

size problem. DeMatteis [lo] presents the part-period algorithm while 

Mendoza [37] furnishes a mathematical justification of that method. 

Pierce [45] extends the part-period algorithm to handle the multi-item 

case. Silver and Meal [48, 49] construct a heuristic_al9a2dLth,m. based 

on equating marginal costs, and Silver [47] extends this method to the^ 

case of joint replenishment for_a multi-item firm. 

There are two articles which are closely related to the topic 

studied in this dissertation. Lambrecht and Vander Eecken [31] con-

sider the single product capacitated lot size problem. They allow 

unit holding costs,_unit production costs, and setup costs_to vary 

between perioda. The problem is formulated as a network problem with 

nodes being the various regeneration points (a period in which begin-

ning inventory is zero), and the arcs corresponding to the minimum 

cost of producing and holding inventory from the first to the second 

regeneration point. Then, a minimum cost network problem was solved 

using standard minimum path techniques. The authors develop an algo-

rithm for finding the minimum cost schedule between two regeneration 

points. The algorithm is developed by considering incremental costs 

of producing and carrying inventory in the various periods in the 

planning horizon. 

Eisenhut [15] modifies the work of Silver and Meal to find a heu-

ristic solution to the multi-item capacitated problem. It should be 

emphasized that this procedure will not necessarily yield an optimal 
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solution, and in fact it cannot be determined if the solution gener-

ated is or is not optimal. 

Eisenhut considers the cost function, C(T), given by 

C(T) = (S + I(T))/T 

where C(T) is the average per period cost of producing the amount suf-

ficient to meet demand for the next T periods. Here S is the setup 

cost and I(T) is the inventory holding cost over the next T periods. 

The derivative (with respect to T) of this function is approximated by 

C'(T) = (I(T) - S)/T^. 

It is argued that production should continue so long as this deriva-

tive is negative since this would indicate that average per period 

costs are decreasing. 

There is one such approximate derivative for each item in the 

multi-product case. In this case, production is first undertaken so 

that all current demands are met; and then production for future con-

sumption is considered. Then, for each product, j, and period, T, we 

compute 

U(T). = - C'(T)./F(T). 
3 3 3 

where F(T) is the demand in period T for product j. Notice that 
3 

U(T) is the negative of the (approximate) change in the average cost 
j 

per unit made when production is extended into period T. (The nega-

tive is merely a convenience allowing us to prefer those product-

period combinations having large positive U(T). values.) We select, 

in decreasing order of U(T)., those products which are to be made 
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for future consumption. This process is continued until either capac-

ity is met or there are no more positive U(T). values. 
3 

The time frame is moved ahead one period at a time, and the pre-

ceding procedure is repeated for each period iintil the end of the 

planning horizon. The desired result is an efficient production-

inventory schedule for the capacitated multi-item problem. 

Finally, there are numerous articles which compare the efficiency 

of various algorithms for the lot size problem [ll], [l4], [23], [24], 

[25], [26], [52]. As to be expected, the overall conclusion is that 

the best algorithm is the one having assumptions which most nearly 

satisfy the actual conditions encountered. 



CHAPTER IV 

THE CAPACITATED DYNAMIC LOT SIZE PROBLEM 

The material in this section will be presented in three parts. 

First, a dynamic programming (D.P.) formulation of the dynamic lot 

size model with a capacity constraint will be given. Next, the case 

involving a single product will be discussed. An algorithm for solv-

ing this problem efficiently is developed, and examples illustrating 

the algorithm are included. Finally, the multi-product case is dis-

cussed. The primary result of the dissertation, Theorem 4, is proven; 

and an algorithm based on this theorem is presented. An example il-

lustrating the algorithm is given in the appendix. 

It will prove more convenient to formulate the D.P. problem in 

terms of production time units rather than in units of the products 

which are manufactured. Thus, when we refer to a demand of D.. units, 
iD 

we will mean that it will require D.. time units to manufacture the 
iD 

requirement of product j in period i. This does not imply that the 

production must occur in period i since demand for the product can be 

met from inventory. Similarly, the inventory holding charge, h.., 

will represent the cost of holding, during period i, that amount of 

product j which can be produced in one time unit. Thus, in the rest 

of this section the term unit will refer to time unit. 

It is assumed there is a standard time unit in which all time re-

quirements can be expressed as integral amounts. Thus, the formula-

tion will, in fact, be a discrete dynamic programming problem. 

16 
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In order to formulate a dynamic programming model it is necessary 

to first identify those entities which will be the stages, the state 

variables, and the decision variables in the model. The stages will 

be the periods in the planning horizon. Stage k will represent the 

1 th . ^ . 
k period m the planning horizon. 

The beginning inventories (actually the number of time units 

which have been utilized in making the goods on hand) for the various 

products at any stage will constitute the state variables. These 

variables will be denoted by the M dimensional vector B. = (B.,,..., 
1 il 

B. ) where B.. is the beginning inventory of the j product in period 

i. We may assume the beginning inventory at stage 1 is zero for all 

products. Othervise, we allocate that inventory to the demands in the 

periods at the beginning of the planning horizon until it is depleted, 

and reduce the demand in those periods by a corresponding amount. 

Similarly, the inventory at the end of the horizon may be assumed to 

be zero. 

The decision variables are the production times to be allocated 

to the various products in a given period. The M-dimensional vector 
X = (X ,...,X. ) will be used to denote the decision variable, where 
i il iM 

X is the number of time units allocated to product j in period i. 
ij 

D will denote the demand vector. 
1 

The function f (X, ,B ) will yield the (relevant) cost of making 
k k k 

decision X in period k if the beginning inventory is B . The costs 
k 

mentioned are the setup and inventory holding costs from period k to 

the end of the planning horizon. We will let f *(B ) denote the 
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minimum cost resulting from the optimal set of decision variables from 

state B . "^1,^^'^^ will denote the transformation of the state vari-

ables from stage k to k+1. 

The recursion equations for the dynamic programming model are 

M 
f (B ) = S" Ô A 
N ' N f-, Nj Nj 

3 = 1 
where 6. 

Nj 

1 if B . < D . 
Nj N3 

0 of B̂  . = D 
Nj N] 

M 

3=1 n=l -̂  

where T (X ,B, ) = B, + X - n for k=l ,2, 3,. .. ,N-1 
k k k k k k 

and 6 
kj 

1 if X . > 0 

0 otherwise 

and f (B, ) = min f, (X ,B, ) for k=l,2,3, . .. ,N-1 
k k k k k 

M 

. T kj - k 

\ ^ \ - \ 

B = (0,0,...0) 
X, .s are integers 

where N is the number of periods in the planning horizon 

M is the number of different products made 

ô = 1 if product j is made in period i, 0 otherwise 
ij 

A is the setup cost if product j is made in period i 
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h.. is the cost of holding one unit of product j over 
period i 

EI.. is the ending inventory of product j in period i 

B.. is the beginning inventory of product j in period i 

X.. is the number of units of product j made in period i 

D.. is the demand for product j in period i 

C. is the time available in period i 

f (X ,B ) is the cost of the optimal planning schedule 
Js. JC JC 

from period k through the end of the horizon if the 

beginning inventory and production quantities in 

period k are B and X , respectively 
* 

and f^íX /B ) is the cost of the optimal schedule from 
JC JC ic 

period k if the beginning inventory is B . 
JC 

Theoretically, the inventory problem being considered could be 

solved using standard dynamic programming techniques. However, when 

there are two or more products, the "curse of dimensionality" renders 

the straight-forward approach impractical. The main focus of this 

dissertation is to develop an algorithm which uses a dynamic program-

ming approach, but in which the possible number of states at any stage 

is greatly reduced. As we shall show, the algorithm to be developed 

does not depend on the choice of the time unit chosen. Thus, contin-

uous processes may be approximated as closely as desired without sac-

rificing computational efficiency. Hence, implementation of the 

algorithm will yield an optimal solution involving a reasonable 

amount of computer time and storage. 
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If it were not for the capacity restrictions, the single product 

and multi-product cases could be solved using the efficient Wagner-

Whitin algorithm. That algorithm is based on the result that pro-

duction will occur in a given period if and only if the beginning 

inventory in that period is zero. Example 1 illustrates the fact that 

the presence of a capacity constraint will require us to consider other 

production schedules. That is, with a limited capacity it may be nec-

essary to produce in a given period even though the beginning inven-

tory is greater than zero. 

Example 1: Suppose demands over a four period planning horizon 

are 10, 10, 10, and 50 units; and suppose that production capacity is 

20 units. The only feasible production schedule, and thus the optimal 

schedule, is to produce 20 units in each period. The resulting begin-

ning inventories are 0, 10, 20, and 30; and production must occur in 

three periods having a positive beginning inventory. 

The example below will illustrate the fact that it is not suffi-

cient to restrict attention to those production quantities provided 

by the Wagner-Whitin algorithm if a capacity constraint is present. 

Example 2: Consider the 5 period planning horizon with the fore-

casted demands given in Table 1. Suppose the setup cost is $20 in 

each period and the holding cost is $1 in each period. Also, suppose 

there is a capacity constraint of 15 time units in each period. 

We will consider three possible schedules: (1) the schedule 

generated by the Wagner-Whitin algorithm in which the capacity con-

straint is ignored, (2) the optimal solution when the capacity 
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TABLE 1 

DATA FOR EXAMPLE 2 

Period Demand 

1 2 
2 4 
3 6 
4 9 
5 8 

constraint is incorporated, but only the "Wagner-Whitin type" produc-

tion quantities are considered (that is, production occurs only if 

the beginning inventory is zero, and the quantity when produced is 

exactly the amount required to satisfy the demands for an integral 

number of the following periods), and (3) the optimal solution to the 

capacitated problem. The results are presented in Table 2. 

TABLE 2 

SOLUTIONS TO EXAMPLE 2 

Period 

1 
2 
3 
4 
5 

Cost ($) 

Demand 

2 
4 
6 
9 
8 

1 

12 
0 
0 
17 
0 

64 

Schedule 
2 

6 
0 
15 
0 
8 

73 

3 

14 
0 
0 
15 
0 

70 
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Applying the Wagner-Whitin algorithm yields the lowest cost, $64, 

but the resulting production schedule is not feasible since production 

in period 4 exceeds 15 time units. The cost of the second schedule, 

$73, is the result of a feasible but not optimal policy. The third 

cost, $70, is the result of the optimal, feasible schedule. The opti-

mal schedule can be found for this simple problem by using standard 

dynamic programming. However, the schedule can be found more easily 

by using the algorithm to be developed in this section. 

The efficiency of the algorithm arises due to a reduction in the 

number of states to be considered in a given period and also to a re-

duction in the number of decisions to be considered with respect to 

any given state. To illustrate this point, consider the example in 

Table 2. Since production in period 1 must be at least 2 time units 

but not more than 15 units, the beginning inventory in period 2 can be 

any integral amount between 0 and 13. Thus, there are 14 possible 

states in period 1. Also, production in period 2 must be such that 

production plus beginning inventory must be at least 4 units, but pro-

duction cannot exceed 15 units. For example, if the beginning inven-

tory is one unit, then possible production quantities are 3,4,...,15 

units. There are a total of 214 state-decision combinations in period 

2. As we will show, the algorithm suggested in this period will re-

quire considering only 10 such combinations. 

Before stating the principal theorem from which the algorithm 

will be developed, the following preliminary result is presented. 
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Theorem 1: It is sufficient to consider only those schedules 

having the property that, for any period k, either: 

(1) ending inventory is exactly equal to demand for the next 

p periods, p=0,l,..., or 

(2) the next production run, in period k+k , must be at capacity. 

Proof: Suppose production in period k is x units, ending inven-

tory does not satisfy exactly the demand for the next p periods, and 

production in period k+k is not at capacity. Then an alternate 

schedule exists which results in a cost no higher than the schedule 

being considered. The alternate schedule is to produce x-1 units in 

period k and one additional unit in period k+k . The result is that 

there is no change in the setup costs, but there is a reduction in 

holding costs due to carrying one less unit from period k to period 

k+k . Thus, the original schedule can be ignored. 

The single-product algorithm for determining an optimal produc-

tion schedule is derived from the following theorem. 

Theorem 2: The only production quantities in period k that are 

necessary to consider for an optimal schedule are those such that 

either: 

(1) the ending inventory in period k is exactly the amount needed 

to satisfy demand for the next p periods, where p=0,l,2,..., 

or 

(2) there is a sequence of periods following period k, say peri-

ods k+k , k+k +k„, ..., k+k +...+k , in which production is 
1 1 2 1 r 

at capacity and the ending inventory in period k+k +...+k is 
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exactly sufficient to satisfy the demands for the next p 

periods, where p=0,l,2 Furthermore, production does not 

occur in any period between k and k+k +...+k except those 
1 r 

in this sequence. 

Proof: Suppose condition (1) does not hold in period k. We will 

show that condition (2) must hold. 

By Theorem 1, the next production run in period k+k , must be at 

capacity. If the ending inventory in period k+k satisfies condition 

(1), then the production in period k has satisfied condition (2). If 

production in period k+k does not satisfy condition (1), we again 

apply Theorem 1 which requires the next production run, in period 

k+k k , to be at capacity. If production in period k+k +k satisfies 

condition (1), the production in period k has satisfied condition (2). 

Otherwise, we continue the same argument. Since the planning horizon 

is finite and since ending inventory is to be zero, a period must 

eventually be reached in the sequence in which condition (1) is satis-

fied. Thus, condition (2) holds with respect to the original period, 

k. 

Theorems 1 and 2, along with one of the assumptions of the prob-

lem being studied, are illustrated in Figures 1, 2, and 3. The re-

quirement that all demands are to be met within the period in which 

they occur is illustrated in Figure 1. Note that the total production 

through period k must be at least as large as the total demand through 

that period. Also, the ending inventory in period N is to be zero. 



25 

Production ' ' l ""2 \ 
X 

N 

Demand °1 D 
2 \ 

D 
N 

Figure 1. Illustration of Theorem 1. 

Let ciomulative demand and cumulative production through period k 

be denoted by CD and CX respectively. The two conditions to be 

considered in Theorem 1 are illustrated in Figure 2. The situation 

where production in period k exactly satisfies the demands for an 

integral number of periods is shown in Figure 2(a). The case where 

production does not meet the demands for an integral number of peri-

ods is illustrated in Figure 2 (b). In the second case, the next pro-

duction run, in period k+k , must be at capacity. Note that k < L 

since the next production run must occur in time to meet the demand 

in period L where inventory is depleted. Thus, it may occur before 

period L, but not later than period L. 

Theorem 2 can be illustrated by Figure 3 along with Figure 2(a). 

The first condition in Theorem 2 is exactly the first condition in 

Theorem 1, thus Figure 2 (a) will illustrate this point. The second 

condition is presented in Figure 3. Here, the production does not 

satisfy demand for an integral number of periods. Thus, a sequence 

of capacity productions will follow with the final production in this 

sequence satisfying an integral number of periods' demands. 
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(a) 

Production 

Demand 
\ . . . \+L 

Production 

(b) 

^\-l \ 
X ~c 
k+k k+k 

Demand 
\ 

• • • 
k+L 

Figure 2. Illustration of Theorem 2(1) 

Capacity Production 

Production ^Vi \ \+k^ 
• • • V . . k 

r 

Demand \ 
D, 

k+ . . p 

Figure 3. Illustration of Theorem 2(2) 
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We now develop an algorithm based on Theorem 2 for solving the 

single product capacitated problem. The following notation will be 

used in the algorithm. D, , C , and X will denote the demand, capac-
k k k 

ity, and production quantity in period k, while CD , CC , and CX will 
k Jc X 

denote the respective cumulative values through period k. The above 

values are defined to be zero for k less than one. 

The problem is to determine which beginning inventories and which 

corresponding production quantities need to be considered in each 

period. 

The first part of the algorithm, steps 0 through 6, is used to 

generate values corresponding to the second condition in Theorem 2. 

These values are depicted as the points, p, / in Figure 4. 

Production 
\ k k 

(a) 

Demand k+L 

Production 

(b) 

Demand 

Capacity Productions 

^k \ k+ . .k 
r 

D 
k + . . + k +p 

r 

Figure 4. Illustration of potential production quantities 
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Basically, we are seeking those values, p , such that production 
Jx 

up to period k, plus capacity production in a sequence of periods 

starting at k will exactly satisfy demand through an integral number 

of periods. Note that p, is actually CX ,, and we are trying to find 

k k-1 
those situations where a feasible CX exists so that adding capacity 

k-1 
production, C , will be as in Figure 4. 

The algorithm is presented below, to be followed with a brief 

discussion of the various steps. An example in which the algorithm 

is applied will be found in Appendix A. 

Step 0: Initialize by calculating CD and CC for k=l,2,...,N. 
JC . 

Let Q = {CD .CD^,...,CD }, and W = {CD .CD^,...,CD^}, and 
1 2 N 1 2 N 

let E = 0 for k=2,3,...N. 
JC 

Step 1: Let g be the largest element in Q. 

Let k be the smallest integer such that g _<_ CD . 

Step 2: Set p = g-c . If p and g are in W then go to 5. 
k k k 

Step 3: If (1) p, < CD , or 
k k-1 

(2) CC < g then go to step 5. 
k 

Step 4: Union {p } to sets Q and E . 

Step 5: Set k=k-l. If k=l then go to 6. Otherwise, go to 2. 

Step 6: Remove g from Q. If the only element remaining in Q is CD 

then go to 7. Otherwise, go to 1. 

Step 7: Set W = {CD ,CD ,...,CD }, and set E equal to the union of 

the E, 's. Set k=l, B, = {O}, and 
k -L 

X (0) = {x |x e W or E, x^ £ C^}. 

Step 8: Set k=k+l 
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^"* \ = f\IVi ^ Vi 'Vi' - Vi = \> 

where b^_^ , B^_^ and .^_^ (b^_^) , x^_^ (b^_^). 

For each b in B, calculate CD, ,+B, and then construct the 
k k k-1 k 

set, X (b ) as follows: 

(a) if CD^_ +b is in set W, then let 

Xj^(b^) = •[^]^I\+CD +b is in W or E, x <C , and x >D,+b }. 

(b) if CD +b is in E, , then let 
k-1 k k 

\ ' \ ' = K^ 
(c) otherwise, X (b ) = 0 . 

k k 
Step 9: If k=N, then go to 10, Otherwise, go to 8. 

SteplO: Solve the backwards D.P. problem in which the states at stage 

k are found in B , and for each b in B the corresponding 
k k k 

decision variables are those values found in set X, (b, ). 
k k 

Initially Q contains those values corresponding to the cumulative 

demand through an integral number of periods. E will eventually be 

the set of values such as the value p in Figure 4. 

The largest element in Q, initially CD , is denoted as g; and k 

is the period in which cumulative demand eventually reaches g. We 

will consider capacity production quantities in periods 2 through k 

in order to see if points such as p are present in any of these peri-
JC 

ods. In steps 2 through 5 the capacities for these periods are sub-

tracted from g, and a check in step 3 determines if the potential 
element of E, , namely p, , should be included. We will discuss these 

k k 

conditions presently. 
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When k is decremented to 1, g is removed from Q and the largest 

remaining value in Q is taken as g. If the only remaining value is 

CK , we have found all the members for the various E s. (We do not 
J- k 

consider CD as being g since the corresponding p would either be 

rejected at step 3 or it would already be in the set W which is given 

in step 7.) 

A discussion of the conditions in step 3 is not given. The oc-

currence of condition 1 is illustrated in Figure 5. If condition 1 

holds, then cumulative demand through period k-1 exceeds the cumula-

tive production through period k-1. Thus, this value is not to be 

included in E. . 

Production 
\ \ 

Demand = \ - l \ 

Figure 5. Illustration of the single product algorithm, step 3(1) 

If condition 2 occurs, as illustrated in Figure 6, there will be 

an unsatisfied demand amounting to p - CC ; so this value will not 

be included in E, . 
k 

Steps 7 through 9 are used to determine the states and decision 

variables (that is, beginning inventories and production quantities) 
that we need to consider at each state. In period 1 the only beginning 
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Production cc 
k-1 

P -cc 
k k -1 \ 

Demand 

Figure 6. Illustration of the single product algorithm, step 3(2) 

inventory is 0, and the corresponding production quantities are those 

which satisfy condition 1 in Theorem 2 or the condition of that 

theorem, while not exceeding the capacity of period 1. These amounts 

are the values found in sets W and E, respectively, such that the 

capacity is not exceeded. 

In Step 8 the beginning inventories and production quantities are 

determined for the other periods. The beginning inventories are de-

termined by the accounting equation: 

^ \ = ^̂ k-i ^ Vi - \-i-

The production quantities to be considered for a given beginning in-

ventory are determined by noting that CD^_^ + b^ is exactly the cumu-

lative production through k-1 periods. If this is a value in the set 

E , then, by Theorem 2, we should produce at capacity in that period. 
k' 

If CD + b is a value in W, we should consider quantities such as 
k-1 k 

those determined in condition 1 or 2 of Theorem 2; that is, those 

values in W or E. Otherwise, we should not produce in period k. 

Always, we are restricted to not exceed capacity in any period. 
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At step 10 the information generated in the previous steps is 

used to find an optimal schedule by using standard backwards dynamic 

programming. 

The algorithm was applied to the problem given in Example 3. 

We define the term "evaluation" to mean the calculation of the ex-

pression, -̂ ĵ ^̂ u'̂ v̂ ' fô rî  in the recursion equations of the dynamic 

programming model. The goal of the algorithm is to reduce the number 

of evaluations required as compared to the number required when using 

standard dynamic programming techniques. In Example 3, the algorithm 

required 28 evaluations whereas 1,787 evaluations would be needed 

using standard methods. 

Example 3: Consider the data in Table 3. 

TABLE 3 

DATA FOR EXAMPLE 3 

Period 

1 

2 

3 

4 

5 

Demand 

10 

20 

15 

20 

20 

Capaci 

30 

25 

50 

35 

30 

ty 
Setup 
Cost 

100 

150 

100 

250 

200 

Inventory 
Cost 

2 

3 

1 

2 

1 
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The algorithm yields the optimal schedule and costs which are 

presented in Table 4. The details of the work involved are found in 

Appendix A. 

TABLE 4 

OPTIMAL SOLUTION TO EXAMPLE 3 

Peri 

1 

2 

3 

4 

5 

od Production 

10 

25 

50 

0 

0 

Setup 
Cost 

100 

150 

100 

0 

0 

Inventory 
Cost 

0 

15 

40 

40 

0 

Total 85 350 95 

It is interesting to note that the optimal policy does not result 

from considering only those schedules which would be considered in 

using the Wagner-Whitin algorithm. The optimal cost from Table 4 is 

445, whereas the best cost found using only the Wagner-Whitin type 

quantities would be 460. The Wagner-Whitin schedule is shown in 

Table 5. We include the table merely to give an example in which the 

application of the Wagner-Whitin algorithm when capacity constraints 

are present leads to a non-optimal production schedule. 
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TABLE 5 

WAGNER-WHITIN SOLUTION TO EXAMPLE 3 

Perii 

1 

2 

3 

4 

5 

od Production 

30 

0 

35 

0 

20 

Setup 
Cost 

100 

0 

100 

0 

200 

Inventory 
Cost 

40 

0 

20 

0 

0 

Total 85 400 60 

Theorem 2, and thus the preceding algorithm, is not true in gen-

eral for the situation involving two or more products. Example 4 

shows a counterexample to Theorem 2 in the two-product case. 

Example 4: Consider the data in Table 6. The optimal solution 

is not found by applying Theorem 2 to the two products on an individ-

ual basis. 

In order to develop an algorithm for solving the multi-dimensional 

case, it will be necessary to derive a theorem similar to Theorem 2 

which will determine which states and decisions must be considered. 

It can be shown that it will be necessary to consider a third condi-

tion in addition to the two conditions considered in Theorem 2. We 

must also consider the production in each period which is at capacity; 
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TABLE 6 

DATA AND SOLUTIONS FOR EXAMPLE 4 

Inventory Optimal 
Demand Setup Rate Schedule 

Period Capacity 
(A) (B) (A) (B) (A) (B) X(A) X(B) Cost 

1 2 2 7 10 10 1 1 2 5 23 

2 2 2 5 10 100 1 1 5 0 14 

3 2 2 2 100 10 1 1 0 2 12 

4 2 2 2 10 10 1 1 1 1 20 

Total 8 8 16 8 8 69 

however, there will be a restriction on how this capacity will be 

allocated among the various products. 

The remainder of this chapter deals with the multi-product case. 

The principal result of the dissertation, Theorem 4, is presented in 

this section; and an algorithm for solving the multi-product problem 

is given. An example illustrating the algorithm is found in Appen-

dix B. 

Theorem 3: If product A is manufactured in period i and if the 

ending inventory for A does not exactly satisfy the demands for an 

integral number of periods, then in the next period in which A is 

produced, the (total) production will be at capacity. 

Proof: The proof of Theorem 4 will utilize the following defini-

tion. 
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Definition 1: The sets WB. and WE. are defined recursivelv in 

terms of CX.., the cumulative productions. 

(1) CD is in both WB. and WE.. (These are the usual Wagner-
^3 3 3 

Whitin positions). 

(2) Let P be the set of the n. products which are made in peri-

od i. If all beginning positions, CX , are in WB , if 
i-l.j j 

production is at capacity, and if n.-l ending positions. 

C X _ , are in WE . , then all ending positions are in WE . . 
13 3 3 

(3) (Using the notation of (2).) If all ending positions are in 

WE., if production is at capacity, and if n.-l beginning po-

sitions are in WE., then all beginning positions are in WB.. 

Product 1 
(a) Product 2 

Product 3 

i+1 i+2 

Product 1 

(b) Product 2 

Product 3 

i+1 i+2 

Fiqure 7. Illustration of WB. and WE. 
3 3 

Case (1) of the definition represents those positions correspond-

ing to the demand for an integral number of consecutive periods. Case 

(2) is depicted in Figure 7(a). Here all beginning inventories meet 

demand through an integral number of periods, all but one ending 
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inventory positions (of those products made in the period being con-

sidered) meet demand through an integral number of periods, and pro-

duction is at capacity. The remaining ending position, e, is then 

defined to be in WE.. Finally, the third case is illustrated in 

Figure 7 (b). It is similar to case (2) except there is one beginning 

position (instead of ending position) which does not represent demand 

through an integral number of periods. This odd beginning position, 

b, is then defined to be in WB.• 
3 

We will define a production schedule to be a WW type if all be-

ginning and all ending positions are one of the types described in 

the preceding definition. Similarly, we will refer to a beginning 

or ending position as a WW or non-WW type. 

In discussing the results in the remainder of Chapter IV, it will 

be convenient to use notation which is found in network and graph 

theory. We shall let small letters (i, j, ...) denote production pe-

riods, and capital letters (A, B, ...) denote the various products. 

Before proving Theorem 4 we make the following observations. In 

a given period there are four types of production runs possible which 

involve non-WW type production quantities. 

Type 1: All beginning positions are WW (of those items being 

produced in this period), and all ending positions except one are WW-

type. Note that this implies that the total production in this period 

is less than capacity; otherwise, this position would also be WW-type. 

Type 2: All beginning positions of the items in this period are 

WW-type, but there are two or more non-WW ending positions. Note that 

the total production can be less than or equal to capacity. 
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T̂ T:e_l: All beginning positions but one are WW. In this case, 

there must be at least one non-WW ending position. This follows since 

by Theorem 3, production must be at capacity and thus, if all ending 

positions are WW, then this beginning position must also be of the 

WW-type. 

IVpe_£: There are two or more non-tVW beginning positions. In 

this case, we can say nothing about the ending positions. 

The notation now presented will be used in the discussion and 

proof of Theorem 4. 

Figure 8. Network notation. 

In Figure 8 the encircled values, i and j, indicate the i and 

j periods respectively. The arrow indicates that product A is made 

in period i and that the next production run involving A will be in 

period j. Furtheirmore, no arrows are entering node i, which indicates 

that all beginning positions in period i are WW, while the arrow en-

tering node j indicates that there is a non-WW position in period j. 

The broken line leaving node j indicates that there is a lack of in-

formation concerning the production in period j. 

The possible types of production runs involving non-WW Types 1, 

2, 3, and 4 are illustrated in Figure 9 (a), (b), (c), and (d) respec-

tively. If period k involves only WW-type quantities, we may diagram 
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that as an encircled k with no arrows entering or leaving that node. 

We will, in general, omit these nodes from our discussions. Also note 

that we cannot have two arcs leaving a specific node and terminating 

at another specific node. This is proven in Lemma 1. 

(a) 

(b) 0 B 

(c) 

B 

(d) 
B 

Figure 9. Illustration of non-WW type quantities 

Lemma 1: We do not need to consider those situations in which 

two products, A and B, are manufactured in the same period, i, the 

next production run for each product is in period j, and neither the 

beginning inventory for A nor B in period j satisfies demand through 

an integral of periods. 
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Proof: Suppose products A and B are manufactured as in the 

statement of the lemma. Consider the cost of carrying one unit of 

A from period i to period j, C (i,j), and cost of carrying one unit 

of B over the same time, C (i,j). if the first cost is less than or 

B 

equal to the second cost, we can make one more unit of A in period i, 

one less in period j, and just the opposite for product B. The re-

sulting schedule will involve no more setup costs and will have no 

greater inventory costs than the original schedule. If C (i,j) ex-
t \ 

ceeds C (i,j), then we can reverse the roles of A and B in the above 

argument. 

Without loss of generality, suppose it is no more costly to make 

one more unit of A and one less of B in period i. We then increment 

A and decrement B in period i until one ending position (of period 

i's production) satisfies demand through an integral number of peri-

ods. This schedule is no more costly than the original one, thus in-

dicating we do not need to consider those production runs described 

in the statement of Lemma 1. 

Lemma 2. Let G be an undirected graph in which each node has 

degree at least two. Then there exists a cycle in G. 

Proof: Originally let the set of available arcs, A , consist of 

all the arcs in G. Start at node 1, and label that node. Proceed 
along an available arc to an adjacent node, j. Remove this arc from 

A , and label j. Since each node has at least two arcs associated 
0 

2 
with it, leave j on an available arc to an adjacent node, j . Remove 

2 2 
the arc used from A , and label j . If j is already labeled, we have 
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found a cycle. Otherwise, continue the above process. Since the 

planning horizon is finite, there are a finite number of nodes and 

arcs. Thus we must eventually reach a labeled node, which implies 

the existence of a cycle, C , in G. 

The next step is to argue that there is in fact a minimal cycle 

in G; that is, a cycle containing no subcycle. Note that this is 

equivalent to saying that all nodes in the minimal cycle, C„/ will 

have degree equal to two. 

Lemma 3: Let G be as in Lemma 2. Then G contains a cycle in 

which each node has degree equal to two. 

Proof: We know (by Lemma 2) that there is a cycle, C , in G. 

If all nodes in C are of degree two, then we are finished. Suppose 

that node n' has degree greater than two. Label n', leave along an 

arc in C to an adjacent node, label that node, etc. Since C is a 

cycle, we will eventually reach a labeled node. The path used will 

constitute a cycle, C. If C is not minimal, we repeat the above 

procedure until a minimal cycle is discovered. Since there are a 

finite number of arcs and since each application of the above proce-

dure results in a cycle involving fewer arcs than the previous cycle, 

a minimal cycle must be eventually be discovered. 

Theorem 4: An optimal schedule exists in which all production 

quantities are WW-types. 

Proof: Consider a schedule involving (some) non-WW production 

runs. We shall prove by contradiction that this schedule can be im-

proved upon, thus it need not be considered. The proof is considered 

in two cases. 
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Case 1: There are nô  Type 1 (refer to Figure 9) situations in 

the production schedule. Now consider the network of arcs (non-WW 

, production runs) and nodes (periods) associated with this schedule. 

This is a non-empty network, otherwise all production quantities 

would be WW. The network is in fact a directed graph, but we also 

want to consider the underlying non-directed graph, G. The first 

step in proving Theorem 4 for Case 1 is to argue that there is a 

(non-directed) cycle in G. 

Since there are no Type 1 situations, we note that each node in 

G has at least two arcs associated with it. (If we include the nodes 

for all periods, there may be some nodes involving no arcs, but we 

will not include these nodes. The important fact is that no node has 

exactly one arc associated with it.) By Lemma 2, there is a minimal 

cycle, C , in G. 

The remainder of Case 1 will consider this minimal cycle, C , in 

the directed graph, G', which overlies G. It is important to realize 

that CQ is a directed cycle in which each node has degree two. There 

are three types of nodes possible in C . The node type is determined 

by the types of arcs associated with it. The three types are depicted 

in Figure 10. We shall refer to 10 (a), 10 (b), and 10 (c) as 00 

(out, out), 10 (in, out), and II (in, in) types of nodes, respec-

tively. 
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; ; 

(b) 

(c) 

Figure 10. Illustration of nodes of degree 2, 

Note that there is at most one node in any given period. Thus, 

there will be a first node and a last node in C , which will be a 

type 00 and a type II node respectively. Now observe the following: 

(a) If the flow in one arc of an 00 type node is increased one 

unit, then the flow in the other node can be decreased a similar 

amount. In effect, we are saying that if production of item A is 

increased one unit, we can decrease item B by one unit, and the total 

production time is unchanged. Then the flows (ending inventories) 

will be increased one unit for A and decreased one unit for B. 

(b) If the flow into an 10 node is increased one unit, then the 

flow out of the node is increased the same amount. In effect we are 

saying that if the beginning inventory is increased one unit and if 

production remains unchanged, then ending inventory is increased one 

unit. 

(c) If the flow into an II type node is increased one unit in 

one of the arcs, then the flow in the other arc can be decreased one 
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unit. Here we are saying that if the beginning inventory for A is in-

creased one unit and if production is decreased one unit for A, then 

ending inventory for A is unchanged. Furthermore, in order to keep 

the ending inventory for B the same, we can produce one more unit of 

B in this period, thus requiring one less unit of beginning inventory. 

Obviously we could interchange the terms "increase" and "decrease" in 

the above discussion and the results would be valid. 

(d) Let n be an 00 type node in C and consider the cycle in the 

nondirected graph, G. Leave n on either existing arc and observe that 

the next node must be either an 10 or II type. If it is an 10 type, 

then again the next node must be an 10 or II type. Eventually, an II 

type node must be encountered. Leaving this II node we observe that 

the next node will either be an 10 or 00 type node. If it is an 10 

node, then the next node must be either an 10 or 00 type node. The 

important realization is that after leaving an 00 type node, we will 

encounter exactly one II node before the next 00 type node. (Simi-

larly, after leaving an II node, we will encounter exactly one 00 

node before the next II node.) 

To finish the proof of Theorem 4 for Case 1, we will argue the 

following points. Given the current feasible schedule which contains 

some non-WW situations (none of Type 1), we will consider a portion 

of that schedule, namely C . Let C$ denote the cost of the current 

schedule. Let n be the first node in C , and suppose A and B are 

those products having arcs exiting n. We will consider two other 
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schedules which we will show are feasible, and one will have a cost no 

greater than C$. Thus, we can ignore the original schedule. 

Suppose we produce one more unit of product A in period n. The 

flow in the corresponding arc leaving node n is increased one, and 

thus the flow into the next II node will be increased one along the 

cycle. Thus, at this II node, one less unit of the product corres-

ponding to this arc is made, and one more unit of the other product 

entering the II node is produced. Hence, the flow into the II node 

in the other arc is decreased. Continuing, the flow from the arc of 

the next 00 type node must have been decreased. If this 00 node is 

n, the cycle is completed and the corresponding schedule is feasible. 

If it is not n, we continue the above process. Eventually node n 

will be encountered, and the arc from which it is encountered will 

require one less unit of production. Hence a feasible schedule is 

generated. An outline of the process is given in Figure 11. We can 

also interchange the terms increase and decrease in the above dis-

cussion and reach a feasible schedule. 

The two schedules we wish to compare with the original schedule 

are (1) the original schedule with C changed as shown in Figure 11, 

and (2) the original schedule with C changed as in Figure 11 except 

the + and - quantities are reversed. 

In (1), let P be the set of arcs with an increased flow, and let 

N be the set of arcs with a decreased flow. Let h! be the cost of 

holding K units of the appropriate product for the time period cor-

responding to arc i in C where K is the maximum number of units that 



46 

10 II 

00 

Figure 11. A sample network. 

can be changed before some previously non-WW position becomes a WW 

type position. Note that the roles of P and N will be reversed in 

(2) above. Let the costs for (1) and (2) be denoted by C$ and C$, 
I . 

respectively. Then, 

and 

C$ = C$ + d 

C$2 = C$ -d 

where d = Z h! - Z. h. 
N 

Thus, if d is greater than zero, the second schedule represents an 

improvement over the original schedule; and if d is negative, the 

first schedule is an improvement. If d is zero, either new schedule 

is as good as the original one. Hence, we can ignore the original 

schedule. 

Case 2: There exist one or more Type 1 non-WW situations. The 

method of proof is veiry similar to the first case, so only the dif-

ferences will be mentioned. Case 2 will be divided into 2a and 2b. 
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Case 2a: There is at least one Type 2 situation in the original 

schedule. In this case select either arc of this node (in the under-

lying non-directed graph) and follow it. If a cycle is developed, we 

may continue as before since there can be no Type 1 situations on the 

cycle. Thus, assume that the path we have been following terminates 

before a cycle is encountered. In this case, the termination must 

occur at a node of degree one, that is, at a Type 1 situation. 

Now follow a second arc leaving the Type 2 situation we were 

considering. Again, if a cycle occurs we can apply the previous re-

sults; and if no cycle is present, the path must terminate in a Type 

1 situation. This is shown in Figure 12. 

Figure 12. A network with a Type 1 situation. 
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The arcs out of j and k can independently be increased or de-

creased. Thus, consider incrementing (decrementing) one arc out of 

node i and decrementing (incrementing) the other one. The arcs leav-

ing j and k are either increased or decreased, depending upon what is 

necessary to maintain feasibility. As before, one of the new schemes 

will be at least as good as the original schedule, thus we do not 

need to consider the original schedule. 

Case 2b: There is one Type 1 situation in the original schedule. 

Start at the first node in the network. (It must be a result of a 

Type 1 situation, thus there is a single path leaving this node.) 

Follow the path leaving this node. Since there are no Type 2 situa-

tions, no cycle can exist. However, there are a finite number of 

nodes, thus the path must terminate. In fact, the path must termi-

nate in another Type 1 situation. Once more, we consider two alter-

nate schedules, one in which we decrease the flow in the original 

arc, and one in which it is increased. As before, we will increase 

or decrease the flow in the final arc in the path, and one of the 

resulting schedules will be as good as the original schedule. 

The logic used in Theorem 4 will now be reviewed. Note that 

there are three cases being considered. They can be summarized as 

follows: Case 1, no Type 1 situations; Case 2a, Type 1 and Type 2 

situations; and Case 2b, Type 1 but no Type 2 situations. The capac-

itated problem is formulated as the network described in the section. 

If there are no arcs in the network, then only WW-type situations 

occur. If there are arcs, check to see if there are any Type 1 
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situations. If there are no Type 1 situations, then Case 1 occurs; 

and the techniques described in Case 1 are used to reduce the network 

by at least one arc. If there are any Type 1 situations, then a check 

for Type 2 situations is made. If there are none, Case 2b applies; 

otherwise, Case 2a occurs. In either case, the techniques described 

in Theorem 4 are used, and the network is reduced by at least one 

arc. This procedure is continued until there are no arcs in the net-

work. 

The algorithm for the multi-item case which is based on Theorem 

4 was applied to the data given in Example 5 (see also Appendix B) 

Example 5: Consider the data in Table 7. 

TABLE 7 

DATA FOR EXAMPLE 5 

Period 

1 

2 

3 

4 

Demand 

(A) 

50 

20 

40 

40 

(B) 

30 

30 

30 

30 

Capaci 

100 

100 

100 

100 

ty 

Setup 
Cost 

(A) 

150 

150 

100 

300 

(B) 

100 

100 

50 

200 

Inventory 
Rate 

(A) (B) 

1 1 

1 1 

1 1 

1 1 

T o t a l 150 140 

T E X A S T E C H L 1 R ; ^ A R V 3 
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The algorithm yields an optimal feasible solution having a cost 

of 670. Also, the example was worked under the assumption of no ca-

pacity constraints, and then with the indicated constraints but con-

sidering only production quantities satisfying demand for an integral 

number of periods. 

The schedule having a minimum cost of 540 is infeasible, whereas 

the minimiim cost schedule involving only Wagner-Whitin type quantities 

results in a cost of 790. The optimal feasible schedule, as found by 

the algorithm, results in a cost of 670. 

The algorithm requires 63 evaluations (see Appendix B) to deter-

mine the optimal feasible schedule. Finding this schedule by using 

standard dynamic programming would require over five million such 

evaluations. The results of the three schedules appear in Table 8. 

Before continuing with the algorithm, however, mention should 

be made of the magnitudes of the costs involved in the examples that 

have been presented in this chapter and in Appendix A and Appendix B. 

In each case, the setup costs have been significantly higher than the 

periodic per unit inventory holding charges. This is not meant to 

indicate that the algorithms are valid only for this type of cost 

structure or that the theorems presented would be invalid if the size 

of the costs were interchanged. The fact is that the validity of the 

theorems and algorithms in no way depends on the costs, as can be seen 

by reviewing the proofs of the appropriate theorems. 
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TABLE 8 

SOLUTIONS TO EXAMPLE 5 

Using the 

algorithm 

No constraints 

Production for 

an integral 

number of 

periods 

Period 

1 

2 

3 

4 

Total 

1 

2 

3 

4 

Total 

1 

2 

3 

4 

Total 

Production 

(A) 

70 

0 

80 

0 

150 

70 

0 

80 

0 

150 

70 

0 

80 

0 

150 

(B) 

30 

90 

20 

0 

140 

60 

0 

80 

0 

140 

30 

60 

0 

50 

140 

Setup 
Cost 

250 

100 

150 

0 

500 

250 

0 

150 

0 

400 

250 

100 

150 

200 

700 

Inventory 
Cost 

20 

60 

90 

0 

170 

50 

0 

90 

0 

140 

20 

30 

40 

0 

90 

Total 
Cost 

270 

160 

240 

0 

670 

300 

0 

240 

0 

540 

270 

130 

190 

200 

790 

The algorithm will now be presented, and a discussion of the algo-

rithm will follow. As previously mentioned, Example 5 is presented in 

detail in Appendix B 
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Step 0: INITIALIZE Set W. = {CD.., ..., CD .} for j=l,2,...,M 
3 13 N3 

WB. = WB'. = (|) for j=l,2,...,M 
3 3 

B = {(0,...,0)} (M-dimensional vector) 

^2 

B: 
1 

B" 
i 

BL. 
1 

• • • 

= 0 

= 0 

= X. 
1 

= ^ M = ^ 
M 

= 0 

f o r i = l , 2 , . . . ,N 

f o r i = l , 2 , . . . , N 

f o r i = l , 2 , . . . , N 

I-l I-l M 
Compute BMAX^ = H C. - J" 21 D.. for 1=1,2,...,N 

I f—, 1 r-, ^^ 13 
1=1 1=1 3=1 

Set ÍQ = 1 

Step 1: If B, T̂  0 select a BeB. - Denote the coordinates of B 
^O ^O 

by B. .. If B. = 0, select B£B! . 
1 3 in 1 

o 0 o 

M 
Step 2: If C ^ XI 0 for I=i +1,...,N, set XM = 0 and go to 3. 

j=l 

Other^ise, let I be the largest value such that 

M 
C < 5" D .. Then for k=l^,i^+l,...,1 compute 
T "^ li 0 0 ^ 

j=l ^^ 

k M k M 
L, 
k 

k M n r -j 

= Z i: îj - r î - 5: Min B ^ D 
i=Í0 j=l ^ i=io+l =̂1 ^ 0^'i=ÍQ^O^J 

Set XM = Max {0,L } 
k 

k=i ,.. . ,1 
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Step 3: If BeB. , go to 4; otherwise go to 5 
^O 

Step 4: Determme all production runs, (X. ,,...,X. ), such 
1^1 i^M 
0 0 

that if P is the set of products made in period i , then 

(A) B. . + X. . > D. . for j=l,2,...,M 
1 3 1 3 — 1 3 J ' I ' 
0-̂  0-̂  0-' 

(B) XM < 5" X. . < C 
P 0-" 0 

and for all j in P, either 

(C) CD. , . + B. . is in W. or is the j coordinate of an 
I0-I.3 V 3 

element in BL. for some iei^. Furthermore, those values 
1 0 

which are not in a W, must come from eloments of the BL.s 
3 1 

such that the k and 1 coordinates differ for all 

k,l>M. Also, for j =1,2,...,M, CD. . + B. . + X. . 

° Vo Vo Vo 
must not exceed the j^ coordinate of any element of BL. 

0 1 
corresponding to those values not in a W.. 

Add (Ew...,E„) to B. ^^ where E . = B . . + X . . - D . ., 
1 M 1Q+1 3 1^3 1^3 1^3 

add (CD. . + E. ,i-) to W., and add (X. ....,X. ) to 
1^3 3 0 3 IQI IQM 

X. (B) . 
"0 

or 
N M 

(D) ^ X. . = C. , 2 - B - . + C . + min c < ^l 21 D. . 
P ^O^ ""O P ^O^ ^O k i^ ^ Í=ÍQ j-1 ^O^ 
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and each CD. . + B. . + X. ., except possibly one, is as 
ô-" ô-" ^O^ 

in part C. Add (E ....,E ) to B! ,, (E. + CD. ,i^) to 
1 M 1^+1 3 i^ 0 

0 ^ 0 
WB., and add (X. ^,,..,X. ) to X. (B). 
^ "o' ^O^ ^o 

Go to step 6. 

M N M 
Step 5: If T B. . + C. . + min C, > J" 5" D. ., go to 6. 

jîl ^O^ ^O^ k l / - ^ i ^ 3̂ 1 ^O^ 

Otherwise, determine all production runs for period i which 

satisfy the conditions A and D in step 4. If 

B = (B. ,...,B. ^,iw...,i,) then add (E. , . . . ,E^,i, , . - . ,i, ,i_) 1 1 1 M 1 k 1 M 1 k 0 

to B! where E. is as in Step 4. Also add (X. ,,...,X. „) to 
^o 3 ^o' ^o" 

X. (B) , and add (E.+CD. .,i, ,...,i^) to WB.. 
^O ^ ^O^ ^ ° ^ 

Step 6: If any unused elements of B. remain, select one and go to 2. 

Otherwise, select an unused element of B: and go to 2. If 
^O 

there are none of these, go to 7. 

Step 7: If i = N-1, go to 9. Otherwise, increment i by one and go 

to step 1. 

Step 8: If this is at least the second time step 9 has been encount-

ered, and if all WB. = WB'. , then go to step 12. Otherwise, 
3 3 

set WB! = WB. for all j, let i^ be the last period such that 
3 3 0 
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N M 
C. < X ^ 0. .. If i = 0, go to 12. Otherwise, set 

0 i=ÍQ j=l 0̂=" ° 

BL: = BL. for all i, and go to 9. 
1 1 ' ^ 

Step 9: Determine all production runs for period i such that: 
0 

(A) B. + X. > D. for all j. 

^o ^ o - ̂ O 

(B) X X. = C, 
P ^O ^O 

M 
(C) 5~ B. . < BMAX. 

^—" 1 1 — 1 
j=l 0-" 0 

(D) For all j in P, CD. , . + B. . + X. . is as in step 4 (C). 

^o-^'^ ^o^ "o^ 

(E) For all but one j in P, CD, ,,j + B. . is the first co-
^Q-^ 'O^ 

ordinate of an element in WB. which has remaining coordi-

nates less than i . However, there cannot be two such 

values having coordinates k and k (both greater than 1) 

equal unless one of the values is also in W.. 

Add the vector (F ,...,F^,p , . . . ) to BL. where 
^O 

F = CD + B. ., and the remaining coordinates are the 
-^ V^ Ô̂  

values of the second, third, ..., coordinates of the WB.s 

which are not also in W.. 
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Add the corresponding (X. ....,X. ..) to X. (B) , and add 
"o^ "O^ ^O 

(B. ,...,B. ) to BV . 

"o' ^O^ ^O 

Step 10: Decrement i by one. If i=l, go to 11; otherwise go to 9. 

Step 11: If all BL! = BL., go to 12; otherwise set i =1, select B in 
1 1 0 

B_. , set all WB'. = WB.. Go to 1. 
0 1- 3 3 

Step 12: (DP solution to the reduced problem) For each stage, i, 

the beginning inventories are found in B., B:, and BV. The 
1 1 1 

corresponding decision variables are found in X.(B). If 
1 

X.(B) is empty for a given B, then the cost function, f.(B), 

is set equal to a large number, M*. 

At step 12, the dynamic capacitated lot size problem has been 

reduced to a dynamic programming problem with significantly fewer 

states and decision variables than the original dynamic programming 

formulation described in the beginning of Chapter IV. At this point, 

the resulting dynamic programming problem can be solved using standard 

techniques. An indication of the reduction in size of the problem 

using techniques described in this section will be presented in the 

next chapter. 

A discussion of the preceding algorithm follows. Basically, the 

purpose of the algorithm is to generate a set of beginning inventories 

(states) that must be considered at each period (stage). These states 
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are developed by applying Theorem 4 which focuses on Wagner-Whitin 

type production quantities along with capacity productions. 

The beginning inventories in period i corresponding to parts 1, 

2, and 3 of Definition 1 will be stored in sets B., B!, and BV, re-
1 1 1 

spectively. Eventually, the WB. sets will contain those values which 
3 

correspond to the point, b, in Figure 7(b). The set, X.(B), will 

consist of those production schedules which correspond to a beginning 

inventory, B, in B., B:, and BV. Finally, BMAX. gives the maximum 

possible total beginning inventory in period i. Note that if any 

BMAX. is negative, then there is no feasible production schedule. 

Steps 1 through 7 describe a period 1 to period N "sweep" in 

which elements of B. and B: are generated. In step 1 we select a pre-

viously unused beginning inventory for the period being considered 

(unused, that is, for this sweep). Setting WB! = WB. will allow a 

check to see if any changes occur during this sweep. 

A check is made in step 2 to see if an inventory buildup is 

needed in order to meet a future demand which exceeds the capacity in 

that future period. If it is not needed, set the minimum production 

level, XM, equal to zero. Otherwise, XM is computed as in step 2. 

Step 3 provides a branch to step 4 or step 5, depending on whe-

ther B (the beginning inventory) is in B. or B:. The purpose of steps 

4 and 5 is to find those production quantities which must be consid-

ered in conjunction with a given beginning inventory. 

Condition A of step 4 guarantees that all current demands will 

be met, and Condition B limits total production. Elements of B. 
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and B|^^ and generated in C and D, respectively. Also, in part D, as 

in Step 5, production will be at capacity as indicated in part 2 of 

Definition 1. In these cases, a check is made to see if beginning in-

ventory plus current capacity plus the minimum future capacity will 

exceed the total remaining demand. If it does, we can omit part D 

and/or step 5. This fact follows by Theorem 3, which requires a ca-

pacity production to follow any period in which a production quantity 

results in an ending inventory not satisfying an integral number of 

demands. If all ending positions are in W., yet this sum exceeds the 

remaining demand, we can also omit considering the production schedule 

since it will be generated in step 9. The production quantities de-

veloped are stored in X.(B) and x:(B). 
1 1 

Step 6 checks for unused beginning inventory positions. If there 

are none, step 7 checks to see if period N-1 has been reached. If not, 

the period index is incremented by 1. Otherwise, we move to the sec-

ond phase of the algorithm starting at step 8. 

Steps 8 through 10 constitute a period N to period 1 "sweep" to 

find elements of BL.. These situations are depicted in Figure 7(b). 

A check is made in step 8 to see if any changes have occurred 

during the period 1 to period N sweep. If none have occurred, and if 

at least one such sweep has been accomplished, then we can begin the 

dynamic programming procedure in step 12. Otherwise, we find the last 

period for which capacity production is insufficient to meet the total 

remaining demand. Set BL: equal to BL. for i=l to N. These will later 

be used to see if the sweep generated anything new. 
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At step 9 the elements of BL. are generated, where i is the 
^O 0 

period being considered. Condition A guarantees current demands are 

met, B sets the production level at capacity, and C limits the avail-

able beginning capacity. Conditions D and E characterize part 3 of 

Definition 1; that is, the elements of BL. . Coordinates M+l,M+2,... 
^O 

are used in steps 4 and 5 to eliminate those situations for which the 

hypotheses of Theorem 3 are not satisfied. 

At step 10 the period index is decremented by 1. If the first 

period has been reached, we branch to step 11. Otherwise, the ele-

ments in BL, for the new period are generated through step 9. 

A check is made at step 11 to see if any changes occurred in the 

last period N to period 1 sweep. If there were none, branch to step 

12 for the dynamic programming solution. Otherwise, return to step 1 

for a new period 1 to period N sweep. 
Upon reaching step 12, backwark dynamic programming is applied 

to the states found in B., B:, and BV. The decision variables are 
1 1 1 

found in X(B). 



CHAPTER V 

EVALUATIONS OF THE RESULTS 

The purpose of this chapter is to provide some methods of compar-

ing the number of evaluations required to find an optimal solution 

using the algorithms presented in Chapter IV and using standard dy-

namic programming. Recall that the term, evaluation, refers to the 

computation of the value, f, (X /B ), for a given beginning inventory 
K. iC JC 

and production quantity. 

The first result, Theorem 5, provides an upper bound on the num-

ber of evaluations required using the single product algorithm. Two 

facts should be recognized with respect to this result: (1) in gen-

eral, the upper bound will be much larger than the number of evalua-

tions actually required, and (2) the number of evaluations using the 

algorithm will not exceed the number required using standard dynamic 

programming. 

Theorem 5: 3 (2 ) is an upper bound on the number of evaluations 

required when the single product algorithm is applied to an N-period 

problem. 

Proof: We consider the possible beginning inventories and cor-

responding production quantities which are generated by the algorithm. 

There are those beginning inventories which provide exactly enough 

items to meet demand through an integral number of periods. We shall 

refer to these as EOM type inventories (end-of-month type inventories). 

There is only one such EOM type beginning inventory to be considered 

60 
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in period 1; however, in each of periods k=2,3,..., there are N-k+2 

such beginning inventories, corresponding to sufficient inventoiry to 

meet demand through periods k-l,k,...,N. That is, there is a maximiim 

of N-k+2 such inventories in period k. 

There may be one non-EOM type beginning inventory (BI) in period 

N, corresponding to D̂ ^ - C„, which must be considered according to 

N N ^ 
Theorem 2. Similarly, there will be at most three non-EOM type be-

ginning inventories in period N-1. These correspond to D + D , -
^ N N-1 

C , 0 - C , and the non-EOM beginning inventory found in period 

N minus Ĉ , ̂ . It can be shown by mathematical induction that there 
N-1 

will be at most (2 - 1) non-EOM beginning inventories for each 

period k=2,3,...M. Note that each non-EOM situation has a single 

corresponding production quantity; namely, production at capacity. 

There is a single BI, zero, in period one. The possible produc-

tion quantities to consider in period one are CD , CD , ..., CD (N 

of these), and the production quantities sufficient to reach the non-

EOM beginning inventories following period one. Thus there is a max-

imum of 

N + ((2^~"'' - 1) + . . . + 3 + 1 

= (1 + 1 + . . . + 1) + ((2^""^" - 1) + . . . + 3 + 1) 

(N t e r m s ) (N-1 t e r m s ) 

= 2 + . . . + 4 + 2 + 1 

= 2 " ^ - 1 
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production quantities to be considered in period one. Similarly, if 

the BI in period k is zero, there will be a maximum of 2̂ ~̂"*"''" produc-

tion amounts to consider. However, for k=2,3,...,N, there may be EOM 

type beginning inventories which are not zero. 

If the beginning inventory in period k>l is exactly the amount 

sufficient to meet demand through period k+k , then the possible pro-

duction quantities are those amounts which would result in an ending 

inventory equal to an ending inventory when considering production in 

period k+k +1 with BI equal to zero along with zero production. There 

are a total of 2 0 of these values. Thus the maximum number 

of evaluations that can occur in period k=2,3,...,N is 

,^N-k+l ,, ^N-k ^N-k-l 
(2 - l ) + 2 + 2 + . . . + 0 

^N-k+l ^N-k 
= 2 + 2 + . . . + 2 - 1 . 

Adding and subtracting two of the above experssions yields 

2N-k+2 _ 3_ 

Therefore, an upper bound on the total number of evaluations is 

<2N . 1, . £ ,2"->̂ 2̂ - 3, 
k=2 

< 2^ + 2^^^ 

3(2^) 

We should observe that no consideration of the capacities and de-

mands were used in Theorem 5. In general, we should expect many of 

the beginning inventories described in the theorem to be infeasible. 

Theorem 6 will provide a lower bound on the number of evaluations 
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required using standard dynamic programming, for a special case. The 

case considered involves constant demands and constant capacities. 

Also, capacity is set to be twice the periodic demand. The theorem 

is proven for a planning horizon consisteing of an even number of 

periods, but a result of similar magnitude will hold in the case of 

an odd.number of periods. Next, Theorem 7 will consider the same case 

as Theorem 6, except that capacity will equal twice demand plus one. 

If demand is exactly half of capacity, a trivial result involving only 

EOM type productions will occur since capacity productions would then 

exactly satisfy two periods' requirements. The purpose of considering 

these two specific cases is to provide some realization of the poten-

tial savings in required evaluations arising from using the algorithm. 

Theorem 6: If (1) the planning horizon consists of an even num-

ber of periods, N; (2) all capacities equal a fixed C; (3) all demands 

equal a fixed D; and (4) C=2D, then the standard dynamic programming 

2 2 
approach will require at least N D /4 evaluations. 

Proof: In period 1 the beginning inventory is zero, and there 

are D+1 production quantities to consider; D, D+1, ..., 2D. For peri-

ods k=2, 3, ..., N/2, the possible beginning inventories, production 

quantities, and number of evaluations to consider are: 

BI Production Quantities Number of Evaluations 

0 D,...,2D D+1 

1 D-1, ...,2D D+2 

D-1 1,...,2D 2D 
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D 0,...,2D 2D+1 

D+1 0,...,2D 2D+1 

* . . 

(k-l)D 0,...,2D 2D+1 

Thus, we must consider a maximum of 

(D+1) + ... + 2D + ((k-2)D +"l) (2D + 1) 

2 

= ^ (3D + D) + (2D + 1) ((k-2)D + 1) 

evaluations in each period k+2,...,N/2. 

In period N the possible beginning inventories are 0,1,...,D, and 

there is one production quantity corresponding to each BI; namely, D 

minus the beginning inventory. Thus there is a total of D+1 evalua-

tions to consider in period N. 

The beginning inventories, production quantities, and number of 

evaluations for each period k=N/2+l,...,N-1 are: 

BI Production Quantities Number of Evaluations 

0 D,...,2D D+1 

1 D-1,...,2D D+2 

D-1 1,...,2D 2D 

D 0,...,2D 2D+1 

D+1 0,...,2D 2D+1 
B 

• • • 
• • • 
• * • 

D(N-k-l)-l 0,...,2D 2D+1 
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c 

D ( N - k - l ) 

D ( N - k - l ) + l 

• 

D(N-k+l ) 

0 , . . . , 2 D 

0 , . . . , 2 D - 1 

• 

0 

2D+1 

2D 

• 

1 

Note that 0 £ BI £ min {D(k-l,D(N-k+l)} since D(k-l) is the max-

imum inventory buildup possible over k-1 periods, and D(N-k+l) is the 

cumulative demand from periods k through N. 

If the beginning inventory falls in group A above, then produc-

tion must be initiated in that period to at least meet the period's 

demand. 

If the inventory position is in group C, then (except for BI = 

D(N-k-l)) production must be below capacity. Finally, if beginning 

inventory is in group B, production can be any value from zero to 

capacity. 

The number of evaluations in group C is (D+1) (2D+1), and a 

group of this type will occur when considering periods N/2+1,...,N-1. 

Thus, this type of group will occur N/2-1 times for a total of 

(N/2-1) (D+1) (2D+1) 

evaluations resulting from considering group C types. 

Group A will occur in periods N/2+1,...,N-2, and each group A 

involves (3D^+D)/2 evaluations. Hence, there will be a total of 

(N/2-2) (3D +D)/2 

evaluations (maximum) arising from considering groups of type A. 

Finally, group B will occur in periods k-N/2+1,...,N-3. In such 

a period, k, there will be (2D+1) (N-k-2) evaluations. Thus, the 
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total number of evaluations required is 

N/2 

k=2 

„ N-3 
(N/2-1) (D+1) (2D+1) + (N/2-2) (3D +D)/2 + ^ (2D+1) (N-k-2) . 

N/2+1 

Letting K=N/2, the above sums to 

[D (2K +6K-8) + D(2K^+7K+4) + (K^-5K+6)] 

which is greater than or equal to 

2 2 
(2K D )/2 

2 2 
= K D 

2 2 
= N D /4. 

Note that we are finding lower bounds for standard dynamic programming 

and upper bounds for the algorithms. By doing this we can compare the 

worst possible result using the algorithm with the best possible re-

sult using standard methods. 

Theorem 7: If (1) the planning horizon consists of an even num-

ber of periods, (2) all capacities equal a fixed C, (3) all demands 

equal a fixed D, (4) C=2D+1, and (5) D is greater than N, then the 

single product algorithm requires no more than 

SNVS + 5N̂ /2 + 2N 

evaluations. 

Proof: There will be at most (N-k)/2 non-EOM beginning inven-

tories in periods k=2,3,...,N. This follows since non-EOM's in an 

even numbered period are a result of a sequence of capacity produc-

tions reaching another even numbered period (similarly for odd). 
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There are N-k periods beyond period k, and at most one half of these 

are even (odd). Recall that if the beginning inventory is not an EOM 

type, then production must be at capacity; thus for each such BI there 

is a single evaluation required. 

Now consider the EOM type beginning inventories in any period. 

If the BI is zero, then at most two EOM positions can be reached by 

producing in that period. If the BI is not zero (i.e., D,2D,3D,...), 

then at most three EOM positions can be reached since zero production 

is now possible. 

It is also possible to reach non-EOM beginning inventories in 

subsequent periods by production in period k. If BI is zero, then 

the non-EOM positions in period k+1 can be reached. It can be shown 

by mathematical induction that there are (N-(k+l))/2 such positions; 

that is, (N-(k+l))/2 production quantities leading to non-EOM posi-

tions must be considered. If the beginning inventory is pD for some 

p=l,2,..., then there could be 

(N - (k+p))/2 + (N - (k+p+l))/2 

< N - (k+p) 

possible production quantities leading to non-EOM positions. 

Finally, for periods k=l,2,...,N-2, the EOM beginning inventor-

ies will be 0,D,2D,...PD, where P is the maximum of (k-1) and (N-

(k-D). This follows since (k-l)D is the maximum EOM inventory that 

could be accumulated through period k-1, and (N+l-k) is the maximum 

EOM inventory that is needed for period k onwards. 
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For periods 1,2,...,N it is possible for the BI to be zero. In 

each of these cases, there will be a maximum of two EOM productions 

to consider and (N-(k+l))/2 non-EOM productions. The total number of 

possible production amounts in this case (BI=0) is 

N-1 
2N + ^ (N - (k+l))/2 

k=l 

= 2N + (N-1) (N-2)/4 

As stated previously, if the beginning inventory is pD (p>0), 

then there will be fewer than 3+N-(k+p) productions to consider. 

Thus, in period k and for p=l,2,...,P, the total number of produc-

tions to consider is less than 

(3 + N - (k+D) + (3 + N - (k+2)) + ... + (3 + N - (k+p) ) . 

The above expression simplifies to 

(N + 3 - k)P + P(P+l)/2 

< (N + 3)N/2 + (N/2)(N/2+l)/2. 

There are N periods, thus an upper bound on the number of production 

quantities to consider when BI is D,2D,..., will be given by multi-

plying the above expression by N. Therefore, an upper bound for the 

total number of evaluations will be 

N 
y (N-k)/2 + 2N + (N-1) (N-2)/4 + N((N+3)(N/2) + (N/2) (N/2+l)/2) 
k+1 

< 5NV8 + 5N̂ /2 + 2N. 

The results of Theorems 5, 6, and 7 are presented with respect 

to several specific examples in Table 9. Column A gives a lower bound 

for the minimum number of evaluations required using standard dynamic 



69 

programming (Theorem 6). Column B gives an upper bound when capacity 

and demand are not considered (Theorem 5), anc column C gives an 

upper bound using the algorithm when capacity and demand are consid-

ered (Theorem 7). Note that C=2D is used in column A, whereas C=2D+1 

is used in column C. 

TABLE 9 

NUMBER OF EVALUATIONS REQUIRED FOR SAMPLE PROBLEMS 

D 

20 

50 

100 

200 

20 

50 

100 

200 

N 

5 

5 

5 

5 

10 

10 

10 

10 

Column A 

2,500 

16,625 

62,500 

250,000 

10,000 

62,500 

250,000 

1,000,000 

Column B 

96 

96 

96 

96 

3,072 

3,072 

3,072 

3,072 

Column C 

150 

150 

150 

150 

895 

895 

895 

895 



CHAPTER VI 

IDEAS FOR FURTHER STUDY IN THIS AREA 

There are several directions for further research based on the 

work in this dissertation and related research. These will be sepa-

rated into two classes. First, there is the relaxing of various as-

sumptions which were present in the model studied herein. Secondly, 

there is the application of the state reduction method or concept to 

a different class of problems. 

A natural type of assumption to consider is the constant (with 

respect to production size) setup, unit production, and unit inventory 

costs. Whereas these costs may be constant (within a given period) 

over some relevant range, we might expect some varying costs for ex-

treme values of the production amounts- Typical factors causing this 

effect are (1) reduced machine efficiency when operating near capac-

ity, (2) possible added costs due to overtime or subcontracting, (3) 

quantity discounts on raw materials, (4) higher inventory costs after 

a primary storage area is full, and (5) increased maintenance costs 

if production is heavy or if long idle times between machine usage 

arises. 

A reasonable first approach to studying the above factors would 

be to consider concave or convex cost functions. This is the approach 

that was followed in the first works extending the original paper of 

Wagner and Whitin. 
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Another extension of the basic model presented in this paper is 

the inclusion of a setup time factor along with the setup cost factor. 

A first investigation could assign a setup time, ST., to each of the 

M products. The effect on the dynamic programming model would be to 

change the constraints which are of the form 

M 

3 = 1 

to constraints of the form 

M 
T X < C, - ô, .ST.. 
^ ^ k: - k k3 3 

This factor can easily be incorporated into the single product 

dynamic lot size case. Subtract the setup time for this product from 

the total time available in each period. The remaining time available 

will then be the production time capacity. It appears that a similar 

change to the multiple product case will also be valid. It will be 

necessary to change the constraints which are of the form 

21 X. < C. 
1 — i 

J£P 0 0 

to constraints of the form 

5" X, < C. - 2L ST.. 
^ * 1 — 1 1 
jeP 0 0 3eP -̂  

It appears that Theorem 4 is still valid under the introduction 

of these setup times; and if this is indeed the case, then the algo-

rithm using setup times will follow. 
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Continuing along this line, it may prove fruitful to also con-

sider the sequencing aspect of the production schedule. This factor 

could become important if the setup times and/or setup costs for a 

particular product depend on the preceding items being produced. 

Also, if a product is to be manufactured in two or more consecutive 

periods, then it may be desirable to sequence that product last in 

one period and first in the next period thus eliminating a setup time 

and/or a setup cost. However, if there are several products which 

are to be made in two specific consecutive periods, the problem be-

comes complex. 

Another aspect of the constraints we may wish to relax is the 

deterministic nature of the variables. It is reasonable to expect, 

in many situations, the demand to be stochastic instead of deter-

ministic. Also, production times and even costs may themselves be 

of a stochastic nature. Introducing stochastic variables will lead 

to the consideration of other factors such as safety stock, stockout 

costs, backorder times, etc. 

A final change we may want to introduce into the model is a 

larger or different set of capacity-type constraints. This paper 

considered only a single time related capacity constraint occurring 

in each period; namely, the production time. However, there may be 

space constraints (storage room, for example), more than one time 

capacitated resource (different times available on various machines), 

etc. 
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The primary results of the dissertation are Theorem 4 and (to a 

lesser extent) Theorem 2. It is through these theorems that a state 

reduction for the dynamic programming problem is possible. The al-

gorithms presented are obviously limited in that they are special 

purpose algorithms intended to solve a very limited class of problems 

Perhaps the techniques of state reduction presented herein, or a re-

lated technique, may prove useful in some completely different en-

vironment, or may themselves lead to some more general theoretical 

results. 
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APPENDIX A: SINGLE PRODUCT 

The algorithm is now applied to an example containing 5 periods 

in its planning horizon. The data is presented in Table 10. 

TABLE 10 

DATA FOR SINGLE PRODUCT EXAMPLE 

Period 

1 

2 

3 

4 

5 

Demand 

10 

20 

15 

20 

20 

Capaci 

30 

25 

50 

35 

30 

ty 
Setup 
Cost 

100 

150 

100 

250 

200 

Inventory 
Cost 

V 2 
r 

3 

1 

2 

1 

Cumulative 

Demand 

10 

30 

45 

65 

85 

Capacity 

30 

55 

105 

140 

170 

Step 0: The cumulative demands and capacities are shown above. Then 

W and Q = {10,30,45,65,85}, and \ = 0 fo^ ^ = 2,3,4,5. 

Step 1: The largest element in Q is 85 = g, and cumulative demand 

reaches g in period k = 5. 

Step 2: p^ = g - C^ = 85 - 30 = 55. 
5 5 

Step 3: p^ is less than CD , thus condition 1 holds, 
5 4 

Step 5: k = 4. 

Step 2: p = g - C = 85 - 35 = 50. 

Step 3: none of the conditions at step 3 hold. 

Step 4: Q = {10,30,45,50,65,85} and E^ = {50}, 

Step 5: k = 3. 
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Step 2: p^ = g - C^ = 85 - 50 = 35. 

Step 3: none of the conditions at step 3 hold. 

Step 4: Q = {10,30,35,45,50,65,85} and E = {35} 

Step 5: k = 2. 

Step 2: p^ = g - C^ = 85 - 25 = 60, 

Step 3: CC^ = 55 which is less than g = 85, thus condition 2 holds, 

Step 5: k = 1. Go to step 6. 

Step 6: Q = {10,30,35,45,50,65}. Go to step 1. 

Step 1: g = 65, k = 4. 

Step 2: p, = g - C = 65 - 35 =̂  30. 
4 4 

Step 3: p, = 30 is less than CD^ = 45, thus condition 1 holds. 
4 3 

Step 5: k = 3. 

Step 2: p = g - C = 65 - 50 = 15. 

Step 3: p = 15 is less than CD = 30, thus condition 2 holds 

Step 5: k = 2. 

Step 2: p = g - C = 65 - 25 = 40 

Step 3: CC =>: 55 is less than g = 65, thus condition 2 holds. 
2 

Step 5: k = 1. Go to step 6. 

Step 6: Q = {10,30,35,45,50}. 

Step 1: g = 50, k = 4. 

Step 2: p^ = G - C = 50 - 35 = 15. 

Step 3: p = 15 is less than CD = 45, thus condition 1 holds 
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Step 5: k = 3. 

Step 2: p = g - C = 50 - 50 = 0. 

Step 3î p = 0 is less than CD = 10, thus condition 1 holds 

Step 5: k = 2. 

Step 2: p = g - C = 50 - 25 = 25. 

Step 3: no conditions hold. 

Step 4: Q = {10,25,39,35,45,50} and E {25}. 

Step 5: k = 1. Go to step 6. 

Step 6: Q = {10,25,30,35,45}. 

Step 1: g = 45, k = 3. 

Step 2: p = g - C^ = 45 - 50 = -5. 

Step 3: p = -5 is less than CD = 10, thus condition 1 holds. 

Step 5: k = 2. 

Step 2: p^ = g - C^ = 45 - 25 = 20. 

Step 3: no conditions are violated. 

Step 4: Q = {10,20,25,30,35,40} and E^ = {20,25}. 

Step 5: k = 1. Go to step 6. 

Step 6: Q = {10,20,25,30,35}. 

Step 1: g = 35, k = 3. 

Step 2: p = g - c = 35 - 50 = -15. 

Step 3: p = -15 is less.than CD = 10, thus condition 1 holds. 

Step 5: k = 2. 
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Step 2: p^ = g - C^ = 35 - 25 = 10, and g and p^ are in W. 

Step 5: k = 1. Go to step 6. 

Step 6: Q = {10,20,25,30}. 

Step 1: g = 30, k = 2. 

Step 2: p^ = g - C^ = 30 - 25 = 5. 

Step 3: p^ = 5 is less than CD^ = 10, thus condition 1 holds. 

Step 5: k = 1. Go to step 6. 

Step 6: Q = {10,20,25}. 

Step 1: g = 25, k = 2. 

Step 2: p = g - C = 25 - 25 = 0 

Step 3: p = 0 is less than CD = 10, thus condition 1 holds, 

Step 5: k = 1. Go to step 6. 

Step 6: Q = {10,20}. Go to step 1. 

Step 1: g = 20, k = 2-

Step 2: p = g - C^ = 20 - 25 = -5 

Step 3: p = -5 is less than CD = 10, thus condition 1 holds 

Step 5: k = 1. Go to step 6. 

Step 6: Q = {10} = {D }, thus go to step 7. 

At this point we have determined the values illustrated in Figure 13. 
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Demand 

P 2 = 2 0 

^ 2 = 2 5 , p ^ = 50 

P 3 = 3 5 

10 20 

P2=20 

15 

0^=25 

P2=25 

20 20 

P4 = 50 

P3= 35 S 

=4 = 

= 50 

35 

F i g u r e 1 3 . An i l l u s t r a t i o n o f a s i n g l e p r o d u c t a l g o r i t h m . 

S t e p 7 : W = { 1 0 , 3 0 , 4 5 , 6 5 , 8 5 } . 

E = { 2 0 , 2 5 } , E^ = { 3 5 } , E^ = { 5 0 } , and E = { 2 0 , 2 5 , 3 5 , 5 0 } . 

k = 1 

B = { 0 } , and X (0) = { 1 0 , 2 0 , 2 5 , 3 0 } . 

S t e p 8 : k = 2 

f o r b = 0 , b_ + CD = 0 + 10 = l O e W, t h u s X (0) 
2 2 1 •̂  

f o r b = 1 0 , b ^ + CD = 10 + 10 = 20 e E , t h u s 
2 2 1 •̂  

X (10) = {25} 

f o r b = 1 5 , b ^ + CD = 15 + 10 = 25 e E , t h u s 
2 2 1 ^ 

x ^ d ^ ) = {25} 

for b = 20, b + CD = 10 + 20 = 30 e W, thus 
2 ' 2 1 

X (20) = {0,5,15,20}. 

= {20,25} 

Step 9: k = 2 T̂  5. Go to step 8. 
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Step 8: B^ = {0,5,15,20} 

for b^ = 0, b3 + CD^ = 0 + 30 = 30 s w, thus 

^3(0) = {15,20,35} 

for b^ = 5, b3 + CD^ = 30 + 5 = 35 s E^, thus 

^3(5) = {50} 

for b-, = 15, b + CD = 1 ^ ^. in AC 

3 3 ^ 2 •'-̂  + 30 = 45 G w, thus 

X^dS) = {0,5,20,40} 

for b3 = 20, b^ + CD^ = 20 + 30=50 e E^, thus 

^3(20) = {0}. 

Step 9: k = 3 ̂  5. Go to step 8. 

Step 8: k = 4. 

B^ = {0,5,20,40} 

for b^ = 0, b^ + CD3 = 0 + 45 = 45 s w, thus 

X^(0) = {20} 

for b^ = 5, b^ + CD3 = 5 + 45 = 50 e E^, thus 

X^ÍS) = {35} 

for b^ = 20, b^ + CD3 = 20 + 45 = 65 e w, thus 

^4(20) = {0,20} 

for b^ = 40, b^ + CD3 = 40 + 45 = 85 £ W, thus 

^^(40) = {0} 

Step 9: k = 4 7Í 5. Go to step 8. 

Step 8: k = 5. 

B^ = {0,20} 
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for b_ = 0, b_ + CD. = 0 + 65 = 65 e W, thus 
5 5 4 

X (0) = {20} 
D 

for b = 20, b_ + CD^ = 20 + 65 = 85 e W, thus 
5 5 4 

X^(20) = {0}. 

Step 9: k = 5 = N. Go to step 10. 

In steps 7 through 9, we have found the states and decisions 

that we must consider. To summarize, they are: 

B^ = {0} 

X (0) = {10,20,25,30} 

B = {0,10,15,20} 
2 

X^^O) = {20,25} 

X^dO) = {25} 

X (15) = {25} 
2 

X^^^O) = {0,5,15,20} 

B3 = {0,5,15,20} 

X^^O) = {15,20,35} 

X (5) = {50} 
3 

X^d^) = {0,5,20,40} 

X^^^O) = {0} 

B = {0,5,20,40} 

X^(0) = {20} 

X (5) = {35} 
4 

X^(20) = {0,20} 

X Í40) = {0} 
4 



B^ = { 0 , 2 0 } 

X^^O) = {20} 

^5(20) = {0} 
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S t e p 1 0 : The dynamic p rog ramming e v a l u a t i o n s a r e : 

f o r p e r i o d 5 : 

* 

f^ íO) = f ^ ( 2 0 , 0 ) = 200 

^5^20) = f ^ ( 0 , 2 0 ) = 0 

f o r p e r i o d 4 : 

* 

^ 4 ^ ° ^ = ^ 4 ( 2 0 , 0 ) = 250 + 0 + 200 
* 

^4^5^ = ^ ^ ( 3 5 , 5 ) = 2 5 0 + 4 0 + 0 

0 + 0 + 200 ' * / f . ( 0 , 2 0 ) 
f (20) = min ' ^ 

' f^ ( 2 0 , 2 0 ) 
= min 

I250 + 40 + 0 

= 450 

= 290 

= 200 = 

* 

^ 4 ^ ^ ° ^ = ^ 4 ( 4 0 , 0 ) = 0 + 4 0 + 0 

/ 

^ 4 ( 0 , 2 0 ) 

= 40 

f o r p e r i o d 3 

^ 3 ( 1 5 , 0 ) 

f ^ ( 0 ) = min f _ ( 2 0 , 0 ) 

^ 3 ( 3 5 , 0 ) / 

= mm 

/ 1 0 0 + 0 + 450 1 

100 + 5 + 290 

\ 1 0 0 + 15 + 200 

= 315 = ^ 3 ( 3 5 , 0 ) 

f ^ ( 5 ) = f ^ ( 5 0 , 5 ) = 100 + 40 + 40 = 180 

f ^ d S ) = min = m m 

f ! ( 2 0 ) 

' ^ 3 ( 0 , 1 5 ) 

^ 3 ( 5 , 1 5 ) 

f̂  ( 2 0 , 1 5 ) 

\ f 3 ( 4 0 , 1 5 ) j 

= f ^ ( 0 , 2 0 ) = 0 + 5 + 2 9 0 

/ 0 + 0 + 450 

100 + 5 + 290 

100 + 20 + 200 

llOO + 40 + 40 

180 = ^ 3 ( 4 0 , 1 5 ) 

= 295 
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for period 2 

\ 

* / f (20,0) 
f^^O) = min ( 2 , 

^^(25,0) / 

150 + 0 + 315 
= m m 

150 + 15 + 180 

f^dO) = f̂  (25,10) = 150 + 45 + 180 

= 345 = ^3(25,0) 

= 375 

^2^15) = f (25,15) = 150 + 60 + 295 = 505 

f*(20) = m m 

^^(0,20) 

^2(5,20) 

f̂  (15,20) 

f̂  (20,20)^ 

= m m 

0 + 0 + 3 1 5 

150 + 15 + 180 

150 + 45 + 85 

150 + 50 + 295] 

= 315 = ^^(0,20) 

for period 1 

f*(0) = m m 

f^^dO^O) 

fĵ (20,0) 

fĵ (25,0) 

f^(30,0) 

= m m 

/ 100 + 0 + 345\ 

100 + 20 + 375 

100 + 30 + 505 

100 + 40 + 315, 

= 445 = f^(10,0) 

Thus, the optimal schedule is to produce 10, 25, 50, 0, and 0 

units in periods 1, 2, 3, 4, and 5, respectively. 
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APPENDIX B: MULTIPLE PRODUCTS 

The algorithm is now applied to a multiple product example. The 

data is presented in Table 11. 

TABLE 11 

DATA FOR MULTIPLE PRODUCT EXAMPLE 

Period 

1 

2 

3 

4 

Demand 

(A) 

50 

20 

40 

40 

(B) 

30 

30 

30 

50 

Capaci 

100 

100 

100 

100 

ty 

Setup 
Cost 

(A) 

150 

150 

100 

300 

(B) 

100 

100 

50 

200 

Inventory 
Cost 

(A) (B) 

1 1 

1 1 

1 1 

1 1 

Step 0: W = {50,70,110,150} 

W = {30,60,90,140} 

B^ = {(0,0)} 

BMAX = 0, BMAX = 20, BMAX = 70, BMAX = 100 
A. '^ '^ 

All other sets are empty. 

Step 1: B = (0,0), WB^ = WB^ = 0 

Step 2: C^ ̂  80, C^ ̂  50, C^ ̂  70, C^ >_ 90. 

Thus, XM = 0. 
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Step 3: (0,0) is in B 

Step 4: (A) X >_ 50, X > 30 

(B) ° 1 ^ii "̂  ̂ 12 - -'-°° 

(C) (50,30) and (70,30) are added to X ((0,0) ) 

(0,0) and (20,0) are added to B 

(50,1) and (70,1) are added to WB 

(30,1) is added to WB . 

(d) X + X = 100, and 0 + 100 + 100 < 290 

(50,50) is added to X ((0,0)) 

(0,20) is added to B' 
2 

(50,1) is added to WB 
2 

Step 6: All elements in B and B' have been used. 

Step 7: Set i = 2. B. = {(0,0), (20,0)}, 
O 2 

B^ = {(0,20)} 

Step 1: B = (0,0) 

Step 2: XM = 0 

Step 3: (0,0) is in B 
2 

Step 4: (A) X^^ ̂  20, X^^ 1 30 

(B) 0 1 X^^ + ^22 1 100 
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(C) (20,30), (20,60), and (60,30) are added to X^ ((0,0)) 

(0,0), (0,30), and (40,0) are added to B 
3 

(70,2) and (110,2) are added to WB, 

(60,2) and (90,2) are added to WB, 

1 

'2 

(D) X^j^ + x^^ - 100, and 0 + 100 + 100 < 210 

(20,80), (60,40), (70,30), and (40,60) are added to 

^2^(0,0)) 

(0,50), (40,10), (50,0), and (20,30) areaddedtoB' 
3 

(120,2) and (90,2) are added to WB 
1 

(110,2) and (70,2) are added to WB 

Step 6: B = (20,0) 

Step 2: XM = 0 

Step 3: (20,0) e B 
2 

Step 4: (A) 20 + X >_ 20 or X_ > 0, X > 30 
Ĵ- 21 — 22 — 

(B) 0 £ X^j^ + X^^ 1 100 

(C) (0,30), (0,60), (40,30), and (40,60) are added to 

X^ ((20,0)) 

(̂^ ^21 "̂  ̂ 22 " ^' ^^^ ^° •*" ̂ OO + 100 > 210 

Step 6: B = (0,20) 

Step 2: XM = 0 
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Step 3: B is in B' 

Step 5: 20 + 100 + 100 > 210 

Step 6: All elements in B and B' have been used. 

Step 7: Set Í Q = 3 B^ = {(0,0), (0,30), (40,0), (40,30)} 

B'={(50,0), (0,50), (20,30), (40,10)} 

Step 1: B = (0,0) 

Step 2: XM = 0 

Step 3: (0,0) e B^ 

Step 4: (A) X^^ >_ 40, X^^ >_ 30 

(B) 0 1 X^^ + X32 1 100 

(C) (40,30) is added to X^ ((0,0)) 

(0,0) is added to B 

(110,3) is added to WB^ 

(90,3) is added to WB^ 

(D) 0 + 100 + 100 l_ 160 

Step 6: B = (0,30) 

Step 2: XM = 0 

Step 3: B is in B 
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Step 4: (A) X^^ ̂ 4 0 , X^^ ̂  0 

(B) 0 £ X^^ + X32 £ 100 

(C) (40,0), (80,0), and (40,50) are added to X^ ((0,30)) 

(40,0) and (0,50) are added to B 
4 

(150,3) is added to WB 

(140,3) is added to WB 
2 

Step 6: B = (40,0) 

Step 2: XM = 0 

Step 3: B is in B 
3 

Step 4: (A) X^^ £ 0, X^^ ^ 30 

(B) 0 < X^^ + X32 < 100 

(C) (0,30), (0,80), and (40,30) are added to X ((40,0) 

Step 6: B = (40,30) 

Step 2: XM = 0 

Step 3: B is in B 
3 

Step 4: (A) X^^ >• 0, X32 >_ 0 

(B) 0 £ X^j^ + X32 £ 100 

(C) (0,0), (40,0), (0,50), and (40,50) are added to X 
3 

((40,30)) 

(40,50) is added to B 
4 
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Step 6: B = (50,0) 

Step 2: XM = 0 

Step 3: B is in B' 

Step 5: 50 + 100 + 100 > 160 

Step 6: At this point, we note that all of the remainging elements 

in B' will be as in step 5 above. Thus, we go to step 7. 

Step 7: i = 3. Go to step 8. 

Step 8: if̂  = 3 since 100 >̂  40 + 50 

but 100 < 160. 

BL = BL' = <\> 

BL = BL' = «í> 

WB ={(50,1), (70,1), (70,2), (90,2), (100,2), (110,3), 

(150,3)} 

WB ={(30,1), (50,1), (60,2), (70,2), (90,2), (90,3), 

(110,2), (140,3)} 

Step 9: (A) B^^ + X^^ >_ 40, B^^ + X^^ ̂  30 

(B) X + X^^ = 100 

(C) B3^ + B32 £ 70 

Steps D and E yield the following elements of B": 

(0,60), (20,40), (40,20), (50,10), (60,0), (30,30), 

(10,50), (0,10), (10,0), (0,20), (20,0), and (10,10) 
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The corresponding elements of X (B) are: 

(80,20), (60,40), (40,60), (30,70), (20,80), (50,50), 

(70,30), (80,20), (70,30), (40,60), (20,80), and (30,70) 

The corresponding elements of BL are: 
3 

(70,120), (90,100,2), (110,80), (120,70,2), (130,60), 

(100,90), (80,110,2), (70,70), (80,60), (70,80), (90,60), 

and (80,70,2) 

Step 10: i^ = 2 
^ 0 

Step 9: (A) B^^ + X^^ >_ 20, B^^ + X^^ 1 30 

(B) X2^ + X22 = 100 

(̂^ ^21 ^ ^22 ̂  2° 

Steps D and E yield the following elements of B" 

(20,0) and (0,20) 

The corresponding elements of X (B) are: 

(40,60) and (60,40) 

The corresponding elements of BL are: 

(70,30) and (50,50) 

Step 10: Í Q ̂  ''• 

Step 11: Go to step 1 

Step 1: B = (0,0) 

Step 2: XM = 0 
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Step 3: B e B 

Step 4: No new values are generated. 

Step 6: Go to step 7. 

Step 7: i = 2 

Step 1: B = (0,0) 

Step 2: XM = 0 

Step 3: B e B 

Step 4: New values of X ((0,0)) are: 

(20,40), (30,30), (20,50), (40,30), and (30,40) 

Step 6: Select B = (20,0) 

Step 2: XM = 0 

Step 3: B e B 

2 

Step 4: New values of X ((20,0)) are: 

(0,90), (20,70), (40,50), (60,30), (30,60), (10,80), 

(50,40), (20,40), (30,30), (20,50), (40,30), and 

(30,40) 

Step 6: Select B = (0,20) 

Step 2: XM = 0 

Step 3: B e B^ 
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Step 5: No new values of X ((0,20)) are generated, 

Step 6: Go to step 7. 

Step 7: i^ = 3 
^ 0 

Step 1: We observe that no new X (B) values will be generated for 

and B in B^ or in B'. 
3 3 

Step 8: WB. = WB'. for all j 
3 3 

Step 12: The dynamic programming solution is now found. 

The following states and decision variables will be used. 

Period 4: 

Period 3: 

Beginning Inventory 

(0,0) 

(40,0) 

(0,50) 

(40,50) 

(0,0) 

(0,30) 

(40,0) 

(50,0), 

(40,10), 

(0,60) 

(20,40) 

(40,20) 

(50,10) 

(60,0) 

(30,30) 

(0,50) 

(20,30) 

(40,50) 

(0,50) 

(40,50) 

(0,0) 

(40,30) 

(40,0), 

(0,30), 

0 

0 
(80,20) 

(60,40) 

(40,60) 

(30,70) 

(20,80) 

(50,50) 

X. (B) 
1 

(80,0), (40,50) 

(0,80), (40,30) 
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Beginning Inventory X^(B) 

(10,50) (70,30) 

(0,10) (80,20) 

(10,0) (70,30) 

(0,20) (40,60) 

(20,0) (20,80) 

(10,10) (30,70) 

Period 2: (0,0) (20,30), (60,30), (20,60), (20,80) 

(60,40), (70,30), (40,60), (20,40) 

(30,30), (20,50), (40,30), (30,40) 

(20,0) (0,30), (0,60), (40,30), (40,60) 

(0,90), (20,70), (40,50), (50,40) 

(60,30), (30,60), (10,80), (20,40) 

(30,30), (20,50), (40,30), (30,40) 

(0,20) 0 

Period 1: (0,0) (50,30), (70,30), (50,50) 

Period 4: 

B = (0,0): f*(B) = f̂  (B, (40,50)) = 500 

B = (40,0): f*(B) = f (B,(0,50)) = 200 

B = (0,50): f*(B) = f (B,(0,40)) = 300 

B = (40,50): f*(B) = f̂  (B,(0,0)) = 0 

Period 3: 

B = (0,0): f*(B) = f (B, (40,30) = 150 + 0 + 500 = 650 
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B = (0,30): 

f*(B) = min/f^íB, (40,60) )\ 

f^^B,(80,0)) 

^^3(8, (40,50) )y 

min /100 + 0 + 500 

100 + 40 + 300 

150 + 50 + 200/ = 

f^íB,(40,50)) 

B = (40,0) 

f*iB) = min f,(B,(0,30)) 

^3(^,(0,80)) 

>f3(B,(40,30)). 

- min ^ 50 + 0 + 50o\ = f^(B,(0,80)) 

50 + 50 + 200 

il50 + 40 + 300/ 

B = (40,30) 

f3*(B) min/f^^B, (0,0)) 

f^^B, (40,0)) 

^3(^,(0,50)) 

^f^^B, (40,50)) , 

= min / 0 + 0 + 500\ 

100 + 40 + 300 

50 + 50 + 200 

150 + 90 + 0 

f^^B, (40,50)) 

B = (50,0), (0,50), (40,10), (20,30) yields f*(B) = M* 

B = (0,60): f*(B) = f_(B,(80,20)) = 150 + 90 + 0 = 240 

B = (20,40): f*(B) = f.(B, (60,40)) = 150 + 90 + 0 = 240 

B = (40,20): f*(B) = f3 (B, (40,60)) = 150 + 90 + 0 = 240 

B = (50,10): f*(B) = f^íB,(30,70)) = 150 + 90 + 0 = 240 

B = (60,0): f*(B) = f(B, (20,80)) = 150 + 90 + 0 = 240 

B = (30,30): f*(B) = f.(B, (50,50)) = 150 + 90 + 0 = 240 
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B = (10,50): f^ (B) = f(B,(70,30))= 150 + 90 + 0 = 240 

B - (0,10): f* (B) = f^^B,(80,20)) = 150 + 40 + 300 = 490 

B = (10,0): f* (B) = f^^B, (70,30)) = 150 + 40 + 300 = 490 

B = (0,20): f* (B) = f(B, (40,60)) =150 + 50 + 300 = 500 

B = (20,0): f* (B) = f(B,(20,80)) =150 + 50 + 300 = 500 

B = (10,10): f* (B) = fíB, (30,70)) = 150 + 50 + 300 = 500 

Period 2: 

B = (0,0): 

f2*(B) min /f^íB, (20,30))^ 

f^^B,(60,30)) 

f^^B, (20,60)) 

f^^B, (20,80)) 

f^^B, (60,40)) 

f^íB, (70,30)) 

f^^B, (40,60)) 

f^íB, (20,40)) 

f (B, (30,30)) 
2 

f^íB, (20,50)) 

f^íB, (40,30)) 

f^^B, (30,40)) 

min /250 + 0 + 650 
/ 

250 + 40 + 300 
i 

250 + 30 + 400 

250 + 50 + M* 

250 + 50 + M* 

250 + 50 + M* 

250 + 50 + M* 

250 + 10 + 490 

250 + 10 + 490 

250 + 20 + 500 

250 + 20 + 500 i 

= f^iB, (60,30)) 

\ 250 + 20 + 500/ 
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B = (20,0) 

f^MB) min /f^iB,(0,30)) 

f^(B, (0,60)) 

f^^B, (40,30)) 

f^^B,(40,60)) 

f2(B,(0,90)) 

f (B, (20,70)) 

f^^B,(40,50)) 

f^^B,(50,40)) I 

f^^B,(60,30)) ' 

f^^B,(30,60)) 

f(B,(10,80)) í 

^ I 
• I 

f_(B,(0,40)) í 

' I 
f_(B, (10,30)) I 

^^(^,(0,50)) 

f^^B, (20,30)) 

f^^B, (10,40))/ 

= min /100 + 0 + 650', = f^^B,(0,90)) 

100 + 30 + 400 

250 + 40 + 300 

250 + 70 + 240 

100 + 60 + 240 

250 + 60 + 240 

250 + 60 + 240 

250 + 60 + 240 

250 + 60 + 240 

250 + 60 + 240 

250 + 60 + 240 

250 + 30 + 490 I 

250 + 30 + 490 1 

i 
250 + 40 + 500 

250 + 40 + 500 

250 + 40 + 500/' 

B = (0,20) f*2 (B) = M* 

Period 1 

B = (0,0: 

f*(B) = min / f^(B, (50,30)) 

f^(B, (70,30)) 

[f^iB,{S0,50))j 

= min /250 + 0 + 590, = f^(B,(70,30)) 

250 + 20 + 400 

\250 + 20 + M* 
J 



Thus, the optimal production schedule is found to be 

Product 

A 

B 

1 

70 

30 

Pe 
2 

0 

90 

iriod 
3 

80 

20 

4 

0 

0 

resulting in a total cost of 670. 
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