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CPĴ PTER 1 

INTRODUCTION 

During the past few years, an increasing amiount of 

attention has been paid to large-scale systems. Society 

has been developing more and m.ore system which are becom̂ ing 

m.ore complex and msore dimensional. In describing the prom

inent structural aspects of an organization or the control 

of complex industrial systems and genral economdc problem.s, 

people are talking about large-scale systems. In finding 

the most economic way to dispatch electric power resources 

and v.'ater resources, or in finding the way to control the 

signal lights to miaximize T:he traffic flow rate, people 

are actually trying to find the solution to the optim.ization 

problem, of a large-scale system.. 

Obviously, a com.puter is the best equipment to use to 

control a large-scale system because of its huge capacity 

to store data and its incredibly fast speed to process the 

information. There are m.any m:athemiatical programjr.ing 

m.ethods which have been presented to find the optim̂ ai con

dition for a large system.. Most of them treat the whole 

system as a unit. 

When controlling a large-scale systemt to reach î s 

optimal state, it is imipractical to solve the system as a 

whole. The reason for this is that it takes m.ore calcu-



lations and more effort to solve the optim.ization problem 

and control the system with so many variables simiul-

taneously. In order to simplify the control process, 

hierarchical system theory is introduced. The theory is 

used to decompose the whole system into several levels; 

each level has a numiDer cf subsystems and each subsystem 

has its own goal. In a heirarchical system, a given level 

unit controls or coordinates the units in the level below 

it, and in turn, is controlled by a u.nit in the level above 

It. 

1.1 BASIC TYPE OF HIERARCHICAIi STRUCTURES 

In general, there are three different types of Isvels: 

(i) the level of discription, (ii) the level of decision 

complexity, and (iii) the level of organization. In the 

first case, each level has its own set of terms, concepts 

and principles. The context in which the system is ob

served and used determines which level will be primary, 

and furthermore, which will be used. In moving dov/n the 

hierarchy, one obtains more details of the system, while 

in moving up, one obtains a deeper understanding of the 

over-all system [Figure 1.1), 

In the second case, one defines a family of decision 

problems whose solutions are attempted in a sequential 

order. The solution of any problem in the higher level de-
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termines and fixes some parameters in the subsequent level, 

so that the latter is completely specified. Then, the 

solution of that level can be attempted. In such a way, 

the solution of a complex decision problem is determined 

by the solution of many simpler subproblems. (Figure 1.2) 

Special emphasis will be put on the third case. The 

hierarchical system deals with the system consisting of a 

family of interacting subsystems which are recognized ex

plicitly. In the lower level, the subsystems find their 

temporary optimal situations simultaneously. In the higher 

level, the coordination work is done. It coordinates the 

subsystems approach to the over-all goal according to the 

information fed back from the subsystems. This multi

level system is the subject of this thesis. From now on, 

whenever "hierarchical system." is mentioned it mieans the 

system in levels of organization [l]. 

1.2 A TWO-LEVEL SYSTEM 

The two-level system is the simiplest m.ulti-level sys

tem, and it is also the basic unit of a complicated multi

level system. Therefore, the description of a two-level 

system is necessary. 

A two-level system is diagrammed in Figure 1.4. The 

signal from the infimal control systems to the controlled 

process are control inputs, while the intervention from the 
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supremal level to the infimal control system is termed 

coordination input. Those signals represented by the dash

ed lines are feedback information from the lower levels to 

the higher levels. 

The controlled process has two inputs: the control 

inputs U^ from the infimal control system and the system 

input W. The ith infimal control system has to find the 

control variable from its own point of view. Each infimal 

subsystem C. also has two inputs: X is the coordination in

put from the surpremal level and z. is the feedback infor

mation from the controlled process. These two inputs de

termine the suboptimal problem of C , and C find the best 

control output from these two parameters. The supremal 

control system is also called the coordinator. The coor

dinator receives the feedback information from the infimal 

subsystems to measure the status of the whole system, and 

make the necessary improvement in coordination so as to 

approach the over-all optimal solution of the system. The 

improved coordination output from the coordinator is then 

sent to each subsystem on the infimal level to change the 

parameters of the suboptimal problems so that the system 

approaches the system objective. 

It can be observed that there are two features about 

the interrelationships between the subsystems: one is that 



there is no direct interaction between any two infimal 

subsystems, and the other is that there is no apparent in

terconnection between the supremal level and the control 

process. These are actually the basic decomposition prin

ciples in hierarchical systems, 

1.3 COORDINATION 

How a given infimal unit will communicate with other 

infimal units and what kind of change in the infimal de

cision problem is needed to improve the over-all performance 

determines the coordination mode. These two factors are 

interwoven and depend on the type of problems which the in

fimal units and the whole system are set up to solve. 

The influence between the units on the same level is 

referred to as the interface input. The principal question 

in coordination is how to treat the interface input. In 

this respect, the following coordination modes are avail

able to the supremal level: 

1) Interaction Prediction: The supremal unit speci

fies the interface input and the infimal units proceed to 

solve their local decision problems on the assumption that 

the interface input will be the same as predicted by the 

coordinator. 

2) Interaction Estimation: The supremal unit speci

fies a range of values for the interface inputs, and the 
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infimal units treat the interface inputs as disturbances 

which can assume any value in the given range. 

3) Interaction Decoupling: The interface input will 

be treated as an additional decision variable. The in

fimal units solve their decision problems as if the value 

of the interface input could be chosen at will [l]. 

1.4 COORDINATION PROCEDURES 

Once the supremal decision problem is determined, the 

problem of solving it remains. The coordination mode can 

be selected first, and then the coordination procedure is 

considered. 

Imiprovement of a given coordination input toward the 

solution of the supremal decision problem may be achieved 

under suitable conditions by a joint effort of the decision 

units on both levels. The iterative procedure is repeated 

until the supremal decision problem is solved or the de

sired optimal state is reached. 

In off-line situations, the control input is not 

applied until the coordination input solves the supremal 

decision problem or coordinates the system. In this case, 

the speed of convergence of the iterative procedures to the 

desired state is the critical parameter. 

In on-line situations, the control input must be 



applied at each stage of the iteration, so that there will 

not be some loss of performance because of the delayed 

application of the control inputs. The objective of on

line coordination is to improve the system's performance at 

each stage of the coordination process. 

1.5 APPLYING A MICROPROCESSOR TO ON-LINE CONTROL 

Obviously, a digital computer is the best tool to use 

to do those iterative coordination efforts described in the 

last section. So far, many large-size computers have been 

used in controlling large-scale systems. But it is waste

ful to apply a large com.puter to a single-purpose control. 

In this situation, it is reasonable to find a replacement 

that is cheaper and of smaller size but still is capable of 

handling the decision problem after the decomposition of a 

large-scale system. 

After a large-scale system is hierarchicalized, it 

is straight forward to apply a microprocessor to solving 

the decision problem of each subsystem. In doing so, such 

a microprocessor can do its own work separately while all 

of the microprocessors can work simultaneously. After each 

stage of iteration, the microprocessors in different levels 

can interchange the feedback information and the coordina

tion inputs to prepare for the next stage of iteration. 
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Now, the problem is how to build the softwave system 

so that it can solve the decision problem of a subsystem 

and do the coordination work of the coordinator. These 

will be discussed in the following chapters. 

1.6 OUTLINE 

In Chapter Two, the multi-level optimization tech

niques of a static system will be discussed. From various 

techniques, the one which is the best for implementation 

of microprocessors will be selected. In Chapter Three, 

the effort is in building a softwave system to do the multi

level optimization task. It will cover the basic mathe

matical operations to the multi-level optimization programs. 

The last chapter will discuss the possible application of 

the multi-level system theory to a dynamic system. The 

practical example to be discussed is the oversaturated 

traffic system. It will be shown that it is possible to 

develop an on-line controller of a time-delayed dynamic 

system on the basis of hierarchical theory. 



CHAPTER 2 

MULTILEVEL OPTIMIZATION TECHNIQUES FOR STATIC SYSTEM 

The hierarchicalization of a static system is carried 

out in a two-step sequence. First, the integrated problem 

is converted to a two-level or multi-level form with separ

ate and distinct tasks assigned to each level. Second, the 

lower-level task or problem is separated into independent 

partitions without interactions with each other. 

Although there are various ways of transforming a 

given optimization problem into a m.ulti-level problem, they 

actually all are derived from two different approaches 

which are referred to as the Model Coordination Method and 

the Goal Coordination Method. They are also termed as the 

feasible and infeasible method, respectively [1,5]. 

2.1 FEASIBLE AND INFEASIBLE METHOD 

The feasible method converts the integrated optimiiza-

tion problem into a two-level problem by fixing the inter

action variables. This is explained in the following ex

ample. 

Let the coupled system be as diagramjned in Figure 2.1 

where 

11 
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M = input control variables 

y = output variables 

x, = interaction variables from subsystem 

1 to subsystem 2 

x^ = interaction variables from subsystem 

2 to subsystem 1 

All of these parameters can represent a single vari

able or a vector of variables. 

Let the separable objective function to be minimized 

be 

P(M,y,x) = P̂ CM-̂ , y2. x^) + ^2 ^^2' ^2' ^2^ 

The optimization problem can be described as 

Min P (M,y,x) 

subject to G(M,y,x) = 0 

Here, assume that the interaction variable is fixed at 

value z: 

constraint x, = X2 = z 

Under these conditions, the problem may be multilevelized 

as follows: 

Infimal-level problem: 
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Find H^(z) = min P̂ĵ  (M̂. , y^, z.) 
M,y 

subject to G^(M^, y., z.) = 0 i = 1, 2 

Supremal-level problem: 

min H(z) = min (H-(z) + H2(z)) 
z z 

For the feasible method, the system constraints are 

continuously satisfied such that it is possible to use the 

controls calculated at any iteration. Unfortunately, the 

feasible method is only applicable to systems that have the 

number of control variables larger than or equal to the 

number of interconnections. Since very few practical sys

tems satisfy this requirement, this miethod will not be 

pursued further [3]. 

2,2 GOAL COORDINATION METHOD 

The Goal Coordination Method is also known as the in-

feasible method. 

Consider the same example as in the last section. 

Here, assuming that the system has been decoupled as shown 

in Figure 2.2, the z. now acts like arbitrary variables and 

must be selected like M, y, and x by the optimiizing sub

systems. Now, the subsystems have been decoupled complete

ly. Since the objective function is separable, it is clear 
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that there is no interaction in the system at all. 

After cutting the interaction variables, the infimal-

level problem can easily be decentralized or decomposed in

to different independent problems. The supremal level 

attempts to force the subsystemis on the infimal level to 

arrive at solutions for which the interaction-balance 

principle holds. This may be done by adding a penalty term 

which penalizes the performance of the system if the inter

actions do not balance: 

P(M,y,x,z,A) = Pj^(M^,y^,x^) + P2(M2,y2/X2) 

+ X̂ (x̂ -z-j_) + >̂ 2̂ 2̂'"̂ 2̂  ^̂ *-̂ ^ 

where X is the weighting parameter. 

The optimization problemi can now be multilevelized as 

follows: 

Infim.al-level problem: 

Min P^(M^,x^,y^) ^ X^x^ - X2Z2 

^l^l^l 

subject to G,(M^ ,y,,x^ ,z^) = 0 
1'^1"'2 

subsystem 2: 

Min P2{M2,x^,y2)- ^1^1 + ^2^2 
"̂ 2̂ 2̂ 2 
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subject to G2(M2,y2/X2,z,) = 0 

Supremal-level problem: 

Choose X, such that the solution to the infimal-

level problem results in satisfaction of the interaction-

balance principle, that is; 

^1 "̂  ̂ 2' ^2 "̂  ̂ 1 

Improvement of X and the search for the solutions of 

suboptimal problem 1 and 2 will be repeated until the de

sired state is reached. In the case of the infeasible 

method, the system constraints are satisfied only at the 

optimum. Hence, it is not possible to use any of the con

trols generated at an intermediate iteration [3], 

2.3 THE LAGRANGIAN PROBLEM 

This section contains a multi-level optimization tech

nique for a constrained optimization problem. This tech

nique combines the ideas from the infeasible method and the 

Lagrange multiplier. 

Consider a system with an objective function f(x), 

The goal is to 

minimize f(x) 
x 
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subject to g. (x) <_0 i=l,,.,, m 

X e S 

where x is an n-triple vector, S is an arbitrary 

subset of E , anf f and g. are arbitrary real-valued func

tions defined on S, Let the Lagrangian function be de

fined as : 

L(x,X) = f(x) + X g(x) (2.2) 

T where g(x) = [g^(x), ... g (x)] 

X = L ̂  2' • • •' -̂ĵJ 

Now, the search for the optimal x becomes a Lagrangian 

problem: 

Minimize L(x,X) 
x,X 

subject to X e S, with X >_ 0. 

By use of the multiplier X, a constrained optimization 

problem has been converted to an unconstrained one. This 

approach is especially useful when the problem is separable 

Let: 

X — X̂"i t x ^ , ... A. I 

f(X) = i f (x . ) 
i=l ^ ^ 
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and S = S x S ... x S 
1 2 n 

where x. £ S.. Now the Lagrangian function is separable 

and can be minimized by solving the following subproblems 

independently: 

minimize L_(x ,X) 

m 
= minimize {fĵ (Xĵ ) + I A j_gj_ĵ  (x̂ )̂ } 

^R ̂  ̂ R ^=^ 

R = 1, ... , n (2.3) 

If each subproblem involves only a few variables, the 

primal problem may be handled easily. 

The question now is how to decompose this separable 

Lagrangian problem into a two level process to get the 

solution. Before this, it is necessary to mention a theorem 

to show the necessary and sufficient conditions to solve 

the Lagrangian problem. For simplicity, the proof is 

omitted here. 

Theorem 1. (Karlin [13]): 

Let S be a convex subset of E^, f a convex function 

defined on S, and g(x) = [g^(x), g2 (x) , ... g^^Cx)] a vector 

of convex functions defined on S. Assume there exists a 

Doint X e S such that g(x) < 0, If x° is a point at which 
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f(x) assumes its minimum subject to g(x)< 0, x e S, then 

there is a vector of multipliers \^ >_0 such that (X°,A°) is 

a constrained saddle point of L(x,X). Conversely, if 

(x°,X^) is a constrained saddle point of L(x,X), then x° 

minimizes f (x) subject to g(x)<̂  0, x e S, 

The next step is to determine the solution if those 

conditions specified in Theorem 1 are satisfied. 

Let h(X) = min L(x,X) (2.4) 
xeS 

h(A) is called the dual function. 

A primal-dual pair of problems is now defined: 

Primal: minimize f(x) 

subject to g. (x)<_ 0 i=l, ..., m 

X e S 

Dual: maximize h(X) 

subject to X e D 

where D = (X/X >̂  0, min L(x,X) exists} 
xeS 

The mini-max dual problem can be written as 

maximize min L(x,X) 
X £ D xzS 

It can be shown that [6] a saddle point for L(x,X) 
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exists if and only if the optimal values of the primal 

and dual objective are equal. In this case, any X compon

ent of a saddle point solves the dual problem. An inves

tigation of the differentiability of h(X) then leads to a 

two-level decomposition algorithm for solving this kind of 

optimization problems. 

The two-level decomposition can be shown as in Figure 

2.3. 

Minimize 
L^(x^X) 

-̂1 ̂  h 

Improve X 

such that 

h(X) increases 

Minimize 

\<V) 
\ = \ 

Figure 2.3 Two-level Diagram of a Primal-dual 
Problem. 
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The solution process can be described literally as 

follows: 

1) Choose the initial values XO e D and solve the 

Lagrangian problem 

min L(x,X) 
xeS 

In the separable case, this may be done by solving 

the subproblems: 

m 
V min L (x^,X) = {f^(x^) + I X. gi,,(x^_)} 

X, £ S î  iv j__-j_ 

\ K — l . . . , n (2.5; 

Say, the solution is x , 

2) Generate a new multiplier from x , such that the 

dual function h(X) increases. 

3) Repeat the process as in (1) and (2) to find the 

temporary solution x-̂  and the respective new multi-

plier X"' until h(X) is maximized. 

After the theory has been developed to set up a multi

level solution process to solve a constrained optimization 

problem/ it is necessary to find the appropriate numerical 

method for each step in the process which has been described 

above, 
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2,4 GOLDEN SECTION SEARCH [2] 

The Golden Section Search is used to find the minimal 

or maximal points of a one-variable function. For the 

separable Lagrangian function, each subproblem L]̂ (xĵ .,'̂ ) is 

a multi-order function of one variable. The Golden Section 

Search can be applied to solving the subproblem if the re

gion of a saddle point of the Lagrangian function has been 

fixed. 

The algorithm can be described in the following steps: 

1) Select the starting point u and the step size P 

2) Compute f (u + p) and fCu^)- If f(u^ + p) >_ f(u^) 

set A = u , B = u -rp and go to step (4) , else, 

go to the next step. 

3) Set u ' = u + p , U T = U " + P and go to setp (2) 
o o l o 

4) Set T = u.. - u ' . I f T < E go t o s t e p ( 8 ) , e l s e , s e t 

V = u ' +F . , x T , W= u ' + F^ x T and c o n t i n u e s t o o 1 o 2 

t h e nex t s t e p . 

5) Compute f(V) and f(W), if f(V)< f(W), go to the 

next step, otherwise, go to step (7). 

6) Set u = u' u, = W, and go to step (4). 
o o ' 1 

7) Set u" = V, u, = u^, and go to step (4). 

8) Output u' as the minimum point, 

9) End of the algorithm. 
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where F, and F^ are called Fibonacci fractions. They have 

the property that ^2 ^ "'• ~ "̂ 1 ̂ ^^ ^1 ^ (^2)^. 

2.5 STEEPEST ACCENT METHOD [4] 

The key idea of the Steepest Accent Method is that a 

maximum is sought by always proceeding in the direction 

which yields the greatest rate of increase of f(x). 

Assiome there is an initial starting point 

OTT vO r O O O T ' 

X = [x^ , X2 , ... x^ J 

In what direction in the space E^ of xTS from X does f(X) 
^ 1 

tend to increase the most? 

Let the step size (incremental distance) from X = X 

be denoted by t, then 

2 ,. Ov 2 , ,. Ov 2 , , /. Ov 2 £ = (AX, ) + (Ax.̂  ) ^ . . . + (Ax^ ) 1 2 n 

X' = (x^° -I- Ax^°, X2° + AX2°, ..., x^'^ + i-'<̂ °)'̂  

= X° + AX° 

Let the augm̂ ented function be 

n _ 
f̂  = f(x° 4- Ax°) + h I (Ax.°) (2.6) 

j = l 

It can be proved that, in assuming that AX° is very 

small, the necessary condition for a maxim.um of f is 
a 



24 

Hence 

AX° = AT Vf (X°) 

X'= X° + ATVf(x°) (2.7) 

where 

AT ^7'|Vf(x°) 

AT and z are assumed small increments, so that 

Vf(X^ + AX°)2i Vf(X°) 

It can be concluded that the gradient Vf(X°) gives the 

steepest ascent direction. The searching path in the two-

dim.ensional contour diagram is as shown in Figure 2,4, 

X̂  

Figure 2,4 Example of the Steepest Ascent Search 

This method will be used in the supremal level of a 

multi-level system to improve the coordination variables or 

the Lagrange multiplier in the Lagrangian problem.. 
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Remember that: 

L(x,X) = f(x) + Xg(x) 

the gradient of X at the kth stage of iteration would be 

g(x ), so that: 

X^"l = X^ + ag(x^) (2.8) 

Here, a is the stepsize or the incremental distance, 

2,6 A PRACTICAL EXAMPLE 

Consider a system which has two state variables, x, and 

X 2* Its performance function is 

P(x) = h [(x-^)^ + 1/3(X2)^] 

The interrelationship of x.. and x^ is 

x^ + X2 = 1 

The objective is to find x, and x^ such that P(x) 

reaches the minimum. This can be formulated as a constrain

ed minimization problem. 

2 1 '̂  
m.in h [ (x, ) + ^ (x^)^] 

x^+X2=l 

The Lagrangian function becomes 
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L(x,X) = 5̂ x^^ + I X2^ + X (x-ĵ  + X2 -1) 

= ih x.,̂  + Xx^) + (| X2^ + >̂ X2 -X) 

= L^ (x^,X) + L2(X2 fX) 

The Golden Section search can be applied to minimiza

tion of L^(x^,X) and L2(x2,X), with X a given value from the 

supremal level. For the kth stage of iteration, the inter

mediate optimal values of x, and X2 can be denoted as 

X, ^ and x^ ^. Then the steepest ascent direction of X is 
Im 2m 

r^ - X ^ + X ^ -1 ^ " ""im ^ ''2m ^ 

and 

^k+1 ^ ^y^ + ^Q^ = x'^ + Q ^ith a = 1 

A = X + (x.m 

+ x̂ m - 1} 

min L- (x, , X ) 

^1 
mm L̂ (x , X } 

^2 

Figure 2.5 Two-level Diagram of the Example 
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k k This two-level solution iterates until G = x, + Im 
]̂  

x- -1 is less than the tolerance value E = 0.002. 

The result of a simulation program [Appendix A] in 

Fortran IV is shown in Table 2.1. 

Obviously, the two-level algorithm does work for solv

ing the constrained optimization problems and it has a good 

convergence rate. In the following chapter, the software 

system for microprocessor in a multi-level controller is 

going to be designed on the basis of this two-level opti

mization algorithm. 

Table 2.1 

k k k Iteration No. x, x^ X Im 2m 

1 0 0 -1.0 

2 0.166 0.500 -1.334 

3 0.221 0.666 -1.447 

4 0.250 0.721 -1.476 

5 0.250 0.750 -1.476 



CHAPTER 3 

BUILDING A MULTI-LEVEL CONTROLLER WITH MICROPROCESSOR 

The m.ulti-level optimtization algorithm of a static 

system has been discussed in the last chapter. In this 

chapter, the software system for the multi-level optim.iza-

tion algorithm will be developed for the Intel 80 80 Micro

processor. Of course, before developing the software, it 

is necessary to consider the features of the microprocessor 

and to derive some techniques to allow the algorithm to be 

executable for the microprocessor. 

3.1 INTEL 80 80 MICROPROCESSOR 

The Intel 8080 is a popular 8-bit parallel, central 

processor unit (CPU) for use in general purpose digital 

computer systems. It is fabricated in a single LSI chip. 

The 8080 has a 16-bit program counter (PC), a 16-bit stack 

pointer (S?), and six 8-bit general purpose registers 

arranged in pairs, referred to as BC, DE, and HL. It also 

has an 8-bit accumulator A, and a 5-bit flag register which 

includes the status bits for zero, carry, sign, parity, and 

auxiliary carry. The execution tim.e for an instruction is 

within the range 5-20 usee. In connection with the me.T̂ ory. 

interface devices, buffer devices, and seme necessary 

interface circuits, the 80 80 can be an independent processor 
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It receives the analog or digital signal from the controlled 

system, processes it through the program stored in the 

memory, and outputs the solution or control signal in digital 

or analog form. In the following sections, the effort will 

be put on developing the software program for the 80 80 

microprocessor as a local controller and a coordinator in 

a multi-level system. 

3.2 SCALE UP THE SYSTEM 

The example in the last section of Chapter Two will be 

used as the object of this realization work. 

The performance function is 

2 1 2 
p(x^,X2) = h [(x-̂ ) + 3-(x2) ] 

The constraint is x, + X2 = 1. 

The object is to find x, and X2 such that P(x,, X2) has 

its m.inimum value under the given constraint. 

It is observed that most of the mathematical operations 

through the searching process are in floating point form. 

It is more complicated to build a floating point operation 

system than to build an integer operation system from the 

micrcprocessor's point of view. The first step of the work 

is to try to "integerize" the whole system and do all math

ematical operations in integer form. In other words, the 
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whole system should be scaled up before the microprocessor 

deals with it and the solution should be scaled down before 

it is output as the control signal to the controlled pro

cess. It can be diagrammed as in Figure 3,1. 

Input Scale-up 
Converter 

Microprocessor 
in integer 
type 

Scale-down 
Converter -> 

Figure 3.1 Scale up and Scale down a Control System 

How to scale up the system in mathematical model? 

Assumie that there is a function f(x) which has the same 

curve as f(xO except that x' = kx, where k is the scale-up 

factor. f (x)^f (X') 

KS3/KS^ 

X 

X 

Figure 3.2 Curves of f(x) and f(x-) with x- = kx 
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Actually, f(x) can be expressed as 

f (x) = (x - S. ) (x - S^) . . , (x - S ) 
1 ^ n 

= A x"" + A^ ,x''"^ + ,,, + A n n-1 o 

where S^, S2, ... S^ are the solutions of f(x) = 0 

Similarly, 

f (x) = (x - S, ) (x - S^) ... (x - S ) 
1 z n 

= (x - KS,) (x - KS^) ... (x - KS ) 
1 ^ n 

— T\ ̂  ri , _ ^ n-1 = A X + A^ .X + . . , + A n n-1 o 

= f(x^) 

It is easy to show that 

A = A n n 

A , -= k A -, n-1 n-1 

A„ ^'= k A ^ n-2 n-2 

A " i,r ̂  n-r = k A n-r 

A ^ = k^ A 
o o 

It is apparent that if A is multiplied by 1, A bv 
n ~ ^ f ^_Y 2 

^f '-' ^n-r ^y ^ * • • " ^^^ A t)y k , the function f(x) would 
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be the scaled-up description of the system originally de

scribed by f(x) with the same relative relationship between 

any two points x̂  and x^ in f(x), 

Remember that the Lagrangian Function of the problem 

2 1 2 
min h (x^) + j (̂ 2̂  

x^ - X2 = 1 

IS 

2 1 2 
L(x, ,X2) = (̂  x^ + Xx, -A) + (g- X2 + AX2) 

L (x^,X2) = 6L(x^,X2) 

= 3(x^^ + 2XX-L - 2X) + (X2^ + 6XX2) 

= f (x̂ ) + g(x2) 

It can be observed that all the first degree terms are 

determined by the Lagrange Multiplier X, where X comes di

rectly from 

• • * 

^̂  = 4m ̂  4m -1 

x° = 0 + 0 - 1. 

It is easy to imagine that if the constraint constant is 

scaled up by K, the first Lagrange Multiplier would be 

° = 0 -h 0 - K 

and if all consecutive x, , x^ r and X are scaled up by K, 
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so are f(x,) and g(x2). Note that even if the constant of 

2 

f (x^) is just scaled up by K instead of K , if has no in

fluence on the minimal x, that the suboptimization work is 

going to find. 

By changing the constraint into x, + x^ = 1000 and in 

increasing the tolerance value to 5, the result becomes as 

shown in Table. 3-1. 

Table 3.1 Scale-up Example 

Iteration No. X x^ X2 

0 -1000 0 0 

1 -1334 166 500 

2 -1447 221 666 

3 -1476 250 721 

4 -1476 250 750 

Obviously, it is still the same solution as we had be-
3 

fore if we scale down the answer by 10 . 

3.3 TRUNCATE THE INSIGNIFICANT DIGITS 

In scaling up the system large numbers appear. For an 
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8-bit microprocessor, large numbers occupy more memory and 

it takes more process operation time to do the basic math

ematical operations. In a continuous dynamical system, time-

elapse translates into control-period expansion. The fewer 

times V7e repeat the control process the worse result we get. 

Thus, it is necessary to limit numbers to the most signif

icant digits and to truncate all the other insianifleant 

digits. 

In this section, the work determines the precision de

gree and the convergence rate of the same constrained 

optimization problem by varying the number of permitted 

significant digits of the performance value. In doing this, 

we can compare the results in different cases and determine 

hov; to truncate the insignificant digits to save time and 

to keep the errors within the tolerance values. 

Rem.ember that the problem is 

2 1 2 
(Problem 1): Minimize P(x,, x ) = h [(x^) + ^(X2) ] 

under the constraint of x, -f x^ = 1. 

After scaling it up, the problem becomes: 

2 2 
Minimize P(x-, X2) = 3x," + x^ 

under the constraint of x̂  + x^ = 1000. 

The permitted number of significant decimal digits is 

varied from six to two. In the Fortran IV simulation pro-

gram, the performance value is compared with 10 (or 
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10 , 10 , 10^, 10^ respectively). The insignificant digits 

beyond the first five significant digits are neglected. The 

results are shown in Table 3,2 and Figures 3,2 and 3.3. 

Note that before print-out, the result has been scaled down 
3 

by division by 10 . 

250 

/ 

.^L. \ / 

N / 

> I 

Iteration No. 

6 significant digits 

750 

4 significant digi ts 

2 significant digi ts 

F i g u r e 3,3 Convergence Curve of x. 

7"^^^ 
i^:^^!^ A. 

/ 
\ 

A 
V — V 

\ / 
\ y 

1 2 3 4 5 6 7 8 9 10 I t e r a t i o n No, 

'igure 3,4 Convergence Curve of X2 
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From the convergence curves shown in Figures 3,2 and 

3.4, it can be inferred that the result converges to the 

optimal values within tolerance in just five iterations by 

keeping the first six or four most significant digits, while 

the result fluctuates around the optimal value randomly and 

does not converge within the tolerence value by keeping only 

the most significant two digits. 

In order to assure that the method of truncating digits 

also works for other similar constrained optimization pro

blems, it is necessary to check other cases. 

Consider another constrained optimization problem. 

2 2 
(Problem 2) Minimize P(x,, X2) = x^ ''" ^2 

under the constraint of x-, + X2 = 1. 

After scaling it up, the problem becomes: 

2 2 
Minimize p(x,, X2) = x., + x^ 

under t he c o n s t r a i n t of ^i "*" ^2 ~ iOOO. 

The s im.ula t ion r e s u l t i s shown in Table 3 . 3 . 

6 available 
digi ts 

"2 available 
digi ts 

1 2 3 4 5 6 7 8 9 

F igu re 3.5 Convergence Curve fo r Problem 2 
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Apparently, the results also converge to the optimal 

value with a good convergence rate by keeping the most sig

nificant 6, 4 or 3 digits of the performance value. 

From the result shown above, it is easy to assume that 

in this kind of optimization problem we can truncate some 

least significant digits without causing much error in the 

final optimal solution and without taking many iterations. 

3.4 BASIC NUMBER SYSTEMS 

In building the software of an on-line multi-level con

troller, the set-up of the basic form of a number is 

necessary. In the Intel-8080 Microprocessor, the binary 

bit is the basic unit, and eight bits form a byte. Here, 

four bytes are going to be used to express any number. 

Index byte T -, St byte 2nd byte 3rd byte 

Figure 3,6 Basic Form of a Number 

The first byte is an index byte in which the first 

four bits indicates the positivity (0) or negativity (.1) , 

while the next four bits stands for the original byte 
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length of the number before truncation. That means, if it 

is N, then N-3 bytes have been truncated and the first three 

significant bytes are stored in the next three consecutive 

bytes following the index byte. 

The other three bytes are called "magnitude bytes" with 

the first one as the most significant and the third one as 

the le%t significant byte. There are six hexadecimal digits 

in those three magnitude bytes, so that the largest number 

without truncation that can be expressed is 16 , and the 

16 
largest number with truncation that can be expressed is 16 

This basic form of expressing the number will be used 

through all the operational subroutines in the following 

sections, 

3,5 BUILDING THE LOCAL CONTROLLER 

After sensing the feedback information from the con

trolled system and after receiving the subsystem coeffi

cients, the main object of the local controller is to de

termine the suboptimal value of the subsystem variable. 

From Chapter Two, it is known that the Golden Section 

Search has a most important role in solving the one-variable 

optimization problem. After the local controller solves 

the sub-optimization problem, it can feed the sub-optimal 

value backward to the coordinator or feed it forward to the 

controlled system when the over-all optimal situaltion is 
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reached. The relationship between the main program and the 

various subroutines is diagramed in Figure 3,7, 

In this chapter, only the Golden Section Search Main 

Program will be mentioned and all the other subroutines will 

be put in the Appendix. 

3.6 GOLDEN SECTION SEARCH MAIN PROGRAM 

The main program is actually the Golden Section Search 

method for a one variable minimization problem. The whole 

system is scaled up by 1024 by fixing the constraint as 

x̂  + x^ = 1024. The starting point for the search is u = 0 

and the step size of increment is P = 50. After fixing the 

interval in which the minimal point is located, say (AA, BB) 

we can further shrink the searching region by moving the 

two end points inward. The new ending point would be 

AA + T/2 if F (;̂A + T/4) > F (AA + T/2), The new starting 

point would be PJ^. + T/4 if F(AA + T/4} > F (AA + T/2) . Here, 

T ^ BE-AA. When interval T is less than the tolerance 

value E = 2, the starting point will be selected as the 

minimal point. 

Interval T can be shifted right by one bit or two biiis 

to aet T/2 or T/4 respectively. The flow chart is shown in 

Figure 3.3 
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NO 

YES 

Subtraction 

± , 

Normalization 
before 
Addition 

Multi-byte 
Addition 

Golden Section 
Search Program 

? > F Subroutine 

Copy 
Normalization 

before 
Multiplication 

Multi-byte 
Multiplication 

One-byte 
Multiolication 

Figure 3.7 Relationship Between Main Program and Basic Subroutines 



YES 

GSS 

u = 0 
p = 50 

Call F 
?u = F(u) 

ul = u + P 

Call F 
Ful = F(ul) 

NO 

i 
AA = u 

BB = ul 
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NO 

V = AA + T/4 

W = AA + T/2 

44 

YES 

RET "A 

Call F 

FY = F(V) 

Call F 

FW = F(W) 



V = M 

45 

Figure 3.8 Flovz-chart for Golden Section Search 
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3.7 BUILDING THE COORDINATOR 

Coordinator's work is to determine how far the whole 

system is away from the over-all goal, and to improve the 

coordination system in accordance with the direction de

termined from the feedback information. In the first step, 

the coordination system receives the intermediate suboptim.al 

value from various local controllers. This information can 

determine the direction to improve the Lagrange xMultiplier 

and to change the system coefficients for the local con

troller. 

The software consists of two parts: first, the 

Lagrange Multiplier Correction Subroutine, second, the 

Coefficient Correction Subroutine. 

3.8 LAGRANGE MULTIPLIER CORRECTION SUBROUTINE 

Assume that the intermediate suboptimal values have 

been received from the infimal subsystems and have been 

stored in memory locations X , and X ^ before this sub-mi m2 

routine is entered. The expression TK = X , + X ., - 1204 
mi m.2 

indicates the deviation from the system constraint. TK it

self can be used to correct the Lagrange Multiplier \, such 

that the new Lagrange Multipler X" would be X'= .\ + TK . X", 

then will be sent to Coefficient Generation Subroutine to 

produce the intermediate coefficients for the local con-



47 

trollers. 

EE is defined as the tolerance value of deviation from 

the constraint. In other words, the whole system reaches its 

over-all optimization object only if TK is smaller than EE. 

In this example, EE = 15. The flowchart is shown in Figure 

3.9. 

3.9 COEFFICIENT GENERATION SUBROUTINE 

There are two local controllers in this constrained 

optimization example with each one searching for the m.ini

mum point of a one-variable second order function of the 
2 

form F(x) = Ax - Bx + C. In CGS, the intermediate co

efficients for both subsystems are generated partly from 

the new Lagrange Multiplier and partly from the given con

stants . 
In this example, the coefficients are: 

A, = 3 B, = X C2 = A X K 

A2 = 1 B2 = X C2 = 0 

Here, K is the scale-up constant which equals 1024. Since 

the work of CGS is very straightforward, the flowchart is 

omitted here. 

3.10 INTERLEVEL COMMUNICATION 

The Direct Memory Access System is used to do the 
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Call NMAS and 

MAS to get 

XMl + XM2 

E all SUBS, NMAS, 
MAS to get 

TK = XMl + XM2 -

1024 

Go to CGS 

NO 

:all MAS and 
NMAS to get 
A" = X + TK 

Figure 3.9 Lagrange Multiplier Correction Subroutine 
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inter-level communication in this multi-level system. Its 

primary function is to generate, upon a peripheral request, 

a sequential memory address which will allow the peripheral 

to access or deposit data directly from or to the memory. 

It uses the HOLD feature of the Intel 8080 to acquire the 

system bus. It also keeps track of the number of DMA cycles 

for each channel and notifies the peripheral when a pro

grammable terminal count has been reached. The coordination 

will transmit 16 bytes of information to each local con

troller and receives 4 bytes of information in return. 

The sequence of inter-level communication is very im

portant. With a good sequence, the coordinator and local 

controlles can operate in parallel and switch information 

at the right instant without disturbing the sytem. program 

execution. 

In order that the coordination system can be interrupt

ed by different local controllers sequentially, it is 

necessary for the coordinator to have a decoder to decode 

which local controller is going to be interrupted, and a 

priority interrupt control unit to select the proper in

terrupt froTi the subsystem's priority. The sequence flow

chart is diagrammed in Figure 3.10. 

The multi^level optimization of a dynamic system is 

going to be discussed in the next chapter. The emphasis 
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will be put on how to decompose a dynamic system such that 

the software for optimizing the static system can also be 

used in optimizing a dynamic system. 



CHAPTER 4 

A DISCRETE-TIME HIERARCHICAL CONTROL SYSTEM 

This is a survey of the possibilities of applying 

multi-level optimization techniques, which have been dis

cussed in the last two chapters, to large scale inter

connected dynamic systems. If we can use various infeasible 

methods to achieve the optimal control for large inter

connected dynamic systems with separable performance func

tions, multiple processors may be used in on-line control. 

Hence, it is interesting to see some possible v/ays to de

compose the computational requirements of a dynamic system 

to the degree that a microprocessor can handle the inde

pendent subproblemis. 

4.1 TAJ4URA ALGORITHM [7] 

Tamura has developed a discrete time model for some 

special large-scale dynamic systems. He found that it is 

possible to formulate the optimization problem of a serial 

time delay system as a linear quadratic problem along vith 

inequality constraints on the states, controls, and de

layed controls. 

A typical serial time delay system, is shown in Figure 

4,1. Serial processes are quite common in a.n industrial 

society. Production lines, traffic networks, or water re-

52 
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sources, etc. all represent dynamical systems that are to 

some extent serially structured. 

Control 

Figure 4.1 A Serial Tim.e Delay System 

Tamura's algorithm considers discrete-time dynamical 

problems with time delays in the state and control vari

ables which are included in the high-order difference e-

quation systems within a goal-coordination structure. Tra

ditional methods for such problems increased the number of 

state variables for the delay times and convert the origi

nal high-order difference equations to a set cf coupled 

first-order equations. Obviously, this makes the compu

tations m.ore complicated. However, by use of goal- coordin-

ation m^ethods, it is possible to solve the constrained op

timization problem without increasing the dimensionality. 

Consider a linear discrete dynamical system with time 

delay in the control variables: 
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X(k + 1) = A^ X(k) + B^ U(k) + B^ U(k-l) + ... 

+ B U(k-m) m 

k = 0, 1, ... K - 1. (4.1) 

Where 

A is an n X n matrices 

X is a 1 X n vector 

U is a 1 X r vector 

B. (i = 1, 2, ... m) are n x r matrices 

and 

X(0) = X o 

X(k) = 0 U(k) = 0 for k < 0 

X min < X(k) < X max k = 0,1,2, ... K (4.2) 

U min < U(k) < U max k = 0,1,2, ... K-1 (4.3) 

Let the performance function be 

K —1 
I = ^ [| !x(k)2| , _, ||y,,^j I |2ĵ -j ^,^^^ 

k=0 ^ 

where Q and R are diagonal positive definite weighting 

matrices, 

The objective is to minimize I subject to system e-

quation (4,1) and inequality constraints (4.2) and (4,3). 

The basis of the Tamura algorithm is to formulate the 

above problem as a dual problem which maximizes the dual 
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function of, the original problem. According to the 

Î inimax Theorem, the dual function and the primal function 

have the same optimal values at the saddle point. 

The Langrangian function can be defined as 

k-1 ^ . 
L(X,U,P) = I {| |X(k) I r ^ + I |u(k) I |R^ 

r=0 ^ 

- P(k) '̂ [X(k+1) - A X(k) - B U(k) 

- B^ U(k-l) 

,,, B^ U(k-m) - D(k)]} (4,5) 

where P(k) is the Lagrange Multiplier vector which is of the 

same dimension as the state vector X(k), and D(k) is the 

vector of imputs which come from outside the system. 

The dual function can be written in terms of the La

grange function L(X,U,P) as 

(j) (P)= min L(X,P,U) (4,6) 
X,U 

subject to X min <_ X(k) <_ X max k=0, ,.. K 

U min <_ U(k) <_ U max k=0, ... K-1 

The maximization of the dual function (j) (P) with respect to 

P will yeild the over-all optimal result. 

Because Q and R are diagonal and the Lagrange function 

is separable, we can decompose the minimization problem in-
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to many independent ones, while each one can be solved for 

each state and control variable. 

The Lagrangian function can be rearranged as follows: 

L = (X,U,P) = L^ (X(0), U(o), P(o)) 

where 

K 
+ y L, (X(k), U(k), P(k-l), P(k)) 
k=l ^ 

LQ = I |X(o) I Î Q + P(o)[AX(o)] + I |U(o) I \^^ 

- B U(o) - BT U(o) ,., -B_ U(o). o 1 m 

L^ = I |X(1) I Î Q + P(1)[AX(1)] + P(o) X(l) 

+ l|U(l)||^^-B^U(l) ,.. -B^U(l). 
rs. o m 

K = l|X(K)||^n "̂  P(k)[AX(K)] - P(K-l) X (K) 

+ I|U(K) il\ - B^ U(K) 

Then, the Lagrangian problem becomes 

K 
Min L(X,U,P) = Min I Lk 
X,U X,U k=o 

Each Lk can also be decomposed into n components: 

n 
Lk = I L, . (Xj(k), Uj(k), Pj(k-l), Pj(k)) 

j = l ^^ 
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The, the Lagrangian problem can be further expanded as: 

K n 
min L(X,U,P) = min I 7 L, . (Xj (k) , Uj (k) , 
X,U X,U k=0 j = l '^^ 

Pj(k-l) , Pj(k)) 

while the general form of L, . is 
k3 

L . (X (k), U. (k), P. (k-1), P. (k) 
^ J J J J J 

= (q.-x.(k)^ + P.(k) a..x.(k) = P. (k-1) x.(k)) 
33 3 D 3D 3 3 3 

P m r 
+ (r. .U (k)^ + I I P (k) b . U (k)) 

JJ J t=o s=l ^ ^^ ^ 

= L,^.^(x.(k))+ L^.^(Uj(k)) (4.7) 

where A, q, r, b are the elements of A, Q, R, B , re-

spectively, 

It can be observed that the Lagrangian problem has been 

decomposed into many independent one-variable minimization 

problems. 

The gradient of the dual function with respect to the 

Lagrange multiplier P at the kth period is given by: 

7(!) (P(k)) = -X(k4-1) + AX(k) + BoU(k) + B;̂ U(k-l) 

+ , , , + B^U(k-m) + D(k) 
ill 

4 S(k) (4.8) 
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The gradient E(k) actually is the error in the system 

equation, 

4,2 THE TWO LEVEL STRUCTURE 

Using the same theory which has been used in the op

timization of static systems, the optimization of this 

discrete time delay system can also be decomposed into two 

levels. This two level algorithm was developed by 

Tamura [7] and can be described as follows: 

Supremal level: 

initial work: choose the initial trajectory of the 

Lagrange multiplier 

pO = (P°(o) ... P°(k-1) 

and send it to the infimal level, 

general work: P"̂  trajectory is improved by Gradient 

Method or the Steepest Ascent Method, 

such that: 

pi+l = P^ - aE^ 

while a is the step size and E" can be 

derived from Equation (4.8). 

Infimal level: Use the Golden Section search method 

or the other minimization algorithm to 

solve the minimization of the Lagrang

ian function with the Lagrange multi-
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pliers fixed at the values 

given by the supremal level 

Min L (X,U,P) 
X,U 

K 
= Min I L k 
X,U k=0 

K n 
= Min I I L (X (k)) + 

k=0 j=l ^^^ ^ 

^ m 
Min I I L, . [U(k)] (4.9) 

k=0 j = l ^^"^ 

Each L(X.(k))and L, . (U.(k)) can be minimized separtely. 3 kju 3 c J 

From another point of view, since each Lk is in the 

linear quadratic form, the analytical solutions are avail

able at the infimal level: 

X^(k+1) = -(-Q'-^[-P^(k) + A*̂  P^(k+1)] 

U^(k+1) = (-R"-̂  y 3 P^(k+j)) (4.10) 
j = 0 ^ 

for k = 0,1,2, ... , K-1. 

Obviously, X^(k+1) = X max if X^ (k+1) >̂  X max 

X^(k+1) = X min if X^ (k+1) <_ X min 

Similarly, U""" (k+1) = Umax or Umin if U > Umax or < Umin 

respectively. This two level algorithm can be diagrammed 

as in Figure 4.2. 
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4 . 3 APPLICATION TO TRAFFIC SYSTEMS 

A traffic system is a typical discrete time delay 

system. This section will discuss how the Tamura two-level 

algorithm can be applied to optimizing the traffic systems. 

^2'^2 

^I'^l 

t 

S, 

Figure 4,3 A Traffic Intersection 

Figure 4.3 shows a one-way no-turn intersection. 

Let the following denotations be made. 

q. ,.>.' Arrival rates of vehicles in the direction 

o : Saturation flow rate of vehicles in the 

direction i. 

g./. X : Average departure rate. 

u.,, V : Percentage of green light in the direction i. 

x̂ ,̂ v : Instantaneous quene length in the direction i 

From one cycle to the next, the state variable 

X i(k+l) ^^^ '̂ ^ described by 
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^ i (k+i ) = ^ick) ^ ^ i (k ) - ^i^^) 

= ̂ i(k) ̂  ̂ i(k) - Vi(k) (4.11) 

Since queues actually exist on interconnecting roads, 

there must be an inequality constraint on x. 
'i(k) • 

0 <_ x^ (k) <̂  X. , ma X 

The controls U^ must also be subject to inequality con

straints 

U^, min <_ U. (k) <_ U. , max 

In saturation, only the macro-behavior of junctions 

is important. It is adequate to consider the interconnect

ing roads as pure delay elements. Let a basic inter

connecting traffic system be shown in Figure 4.4. 

x-1 >S-j 

X2,g2 

(I) 
•^ X- , g-

H^h 

(II) 

Figure 4.4 A Basic Interconnecting Road 
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It is easy to get the relation: 

^3(k) " ^1^1(k-m) 

where U^ is the control for junction (z), S is the satur

ation flow junction (z), and m is the number of unit delays 

between the two junctions. 

Applying these ideas, it is easy to describe an over-

saturated traffic network by the following linear vector 

difference equations: 

X(k+1) = AX(k) + B U(k) + B,U(k-l) ... 
o 1 

+ B^D(k-m) + D(k) (̂ _̂ 2) 

where A is an n x n identity matrix for a network with n 

states, B. are control weighting matrices, and D is the 

vector of inputs which come from outside network. 

Equation (4.12) is just like the discrete time delay 

systems we have discussed in the last section. Hence, the 

Tamura two-level algorithm can be used to control the over-

saturated traffic network. 

4,4 A PRACTICAL EXAMPLE [9] 

There is an actual traffic network in London as shown 

in Figure 4.5. This system has three control variables U, , 
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Figure 4.5 An Actual Traffic Network 
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U2, and U^, which represent the green light fractions 

associated with the junctions, I,II, and II respectively. 

The cycle time for all the junctions is 1 minute. The time 

delay between I and II is 2 minutes, and the delay between 

II and III is 1 minute. Based on saturation flows, the de

sired values for the green light fractions are 

U^* = 0.45 U2* = 0.3 U3* = 0.5 

The state difference equations could be written as 

X(k+1) = I,^X(k) + B AU(k) -f B, AU (k-1) 
iz o 1 

whe 

+ B^ AU (k-2) + D (k) 

re I,p is the twelfth-order identity matrix, and. 

AU = 

U 

U 

U 

1 - 0.45 

2 - 0.3 

3 - 0.5 

The boundary values of U and X as well as the co

efficient matrices 3. and D were selected according to the 

measurements made at the peak period. 

The performance function of this system was chosen to 

be 

I = I [i|x(k)|r^ + 200 AU(k) 
k=0 
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here, 

K = 4 

The multi-level controller can be built with the co

ordinator and local controllers doing the following work: 

1) Coordinator makes the initial guess of Lagrange 

Multipliers P(k), k = 1,2,3 and sends them to the 

local controllers. 

2) Local controllers find the intermediate optimal 

values of U(k) and X(k) (k = 1,2,3,4) and feed 

them back to the coordinator. 

3) Coordinator makes imiprovement in Lagrange Multi

pliers from the intermediate optimal values of U 

and X. 

Step (2) and (3) will be repeated until the gradient 

values E (k) (Equation (4.8)) approaches zero. The control 

variables at this intersection can be taken as the optimal 

control values during the first four periods. The two-level 

controller can be diagrammed as in Figure 4.6. 

4.5 BUILDING THE CONTROLLER WITH THE INTEL 8080 MICRO

PROCESSOR 

How many microprocessors are needed to act as local 

controllers depends on the compromise between speed, di-

m.ensionality and expense. Remember that the sub-optimal 
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Coordinator 
improve P(k) 

k = 0,1,2,3 
Coordinator 

min X(k) 
k = 1,2,3,4 

X(o) i s given 

min U(k) 

k = 1,2,3 
Local 

Controller 

Controlled 
System 

F i g u r e 4 .6 T w o - l e v e l S t r u c t u r e 
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problems to be solved are L^.^{x.^^,) and L,̂ ĵ , (Uj (k, ) 

(Equation 4.7). For the example in 4.4, a 8080 Micro

processor can be used to minimize L, . (x.,,.), k = 1,2,3,4, 
K3 X 3 (K) 

j = 1 to 6, another can be used to minimize L, . (x.,,x) 
K3X 3 \̂ / 

k = 1,2,3,4, j = 7 to 12, and a third can be used to mdni-

mize ^kju^^'jCk)^ ^ "̂  0,1,2,3, j = 1 to 3. It is also 

necessary to use one 8080 as the coordinator. In this con

figuration, each microprocessor needs 1,2 k bytes of 

miemory. It takes about 4 seconds for the local controllers 

to calculate the intermediate optimal values, and it takes 

1 second for the coordination to generate a vector of new 

Lagrange multipliers. How fast the controller works depends 

on the convergence rate of the algorithm. If it takes 6 

iterations for the algorithm to reach the optimal control 

values, it mieans 30 seconds time-elaspse between receiving 

the present status and transmitting the optimal control 

signal to the controlled system. 



CHAPTER 5 

CONCLUSIONS 

The number of large-scale systems is increasing fast 

m this society and the control of large-scale systems be

comes more and more important. It is very wasteful to apply 

a large computer to on-line control of a large-scale sys

tem because of wasting its versatility for a single-purpose 

objective. Hence, it is necessary to find the possibility 

of decomposing the large-scale system into many subsystems 

of smtaller size so that we can control each subsystem with 

an independent microprocessor and coordinate all the sub-

controllers to the over-all goal with a coordinating micro

processor . 

In this thesis, hierarchical control theory has been 

introduced and then applied to multi-level system. In order 

to apply the Intel 8080 Microprocessors to hierarchical 

systems, the multi-level optimization algorithra was de

veloped and then the software for this algorithm was se-

up for both the coordinator and the local controller. 

The software for the multi^level optimization of an 

example static system in Section 2.6 has been set up in 

Zilog-80 assembly language. For each iteration, the local 

controller takes h second to find the inte.rmediate sub-

O'otimal value? and the coordinator takes 1/8 second co im-

6̂  



prove the Lagrange Multipliers. The necessary memory 

capacity for the software system in both coordinator and 

local controller are IK bytes, respectively. 

The inter-level communication between microprocessors 

on the different levels need further research. The outline 

of the information-switching sequence v;as given in Section 

3,10. The information can be interchanged between two 

levels in two types: serial input/output and parallel in

put/output. Which type is going to be selected depends on 

the compromise of the speed and distance between the coor

dinator and the local controllers. Of course, the develop

ment of communication interface devices in the near future 

matters most of all. 

For many industrial systems, the relationship among 

the subsystem.s change once in a while. In this case, the 

information of the new constraint: can be put into the micro

processor working as the coordinator, while keeping all 

the other microprocessors working as local controllers, 

Som.etim.es, the subsystems may also have some change. In 

this case, the coefficients for suboptimal problems must be 

renevzed. This renewal can be done just by changing the 

Coefficient Generation Subroutine in the coordinator. This 

is a very important feature of the hierarchical controller. 

In dealing with system change, only the coordinator need 

http://Som.etim.es
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to be modified while all the local controllers remain un

changed. 

In Chapter Four, it was found that the same tech

niques used in the static system can also be applied to dy

namic systems. The serial time-delay dynamic system can be 

decomposed into many static systems for each discrete time 

interval. After optimizing all of the static systems during 

the control period, the optimal control signal can be out

put to the controller system. 
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APPENDIX 

A-1 ONE BYTE MULTIPLICATION SUBROUTINE (MPS) 

In this section, a one-byte multiplicand is multiplied 

by a one-byte multiplier to obtain a two-byte product. Be

fore multiplication, the multiplier is stored in the A regiS' 

ter or accumulator and the multiplicand is stored in the E 

register. During and after multiplication the partial pro

duct is in the HL register pair. 

This subroutine will be used many times by multi-

byte Multiplication Subroutine, 

In every iteration, the right most bit of the multi

plier is checked to determine whether to add the multipli

cand to the partial product or just to shift right the par

tial product by one bit. After each iteration, the accum

ulator is moved right by one bit to be ready for the next 

iteration, while the original right miost bit is lost. The 

block diagram is shown in Figure A-1. 

A-2 SUBTRACTION SUBROUTINE 

The main purpose of this subroutine is to change the 

sign bit of the subtrahend and then check whether the sign 

bit of the subtrahend and minuend are different. If there 

is a difference between two sign bits, the number with the 

positive one will be moved to AR, and the negative one will 
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be stored in BR for the coming normalization and addition 

work. If they are different, they remain v/here they are. 

MPS 

A = Accumulacor 
MN = Multiplicand 
MP = Multiplier 
PR = Product 

B = B r e g i s t e r 

NO 

1 

Shift 
right by 

PR 
one 
hit 

I 

Set loop index 
B = 8 

S h i f t 

RET 

A^ -> Carry 

YES 

PR + MN 

B - 1 ^ B 

NO 

Figure A,l One Byte Multiplication Subroutine (MPS) 
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Before entering this subroutine, the minuend has been 

stored in AR and subtrahend in BR, The flowchart is shown 

in Figure A,2, 

NO 

JLES-

SUBS 

±. 
(BR) 

Reverse t h e 
s i g n 

YES 

Go to NMAS 

Go to NMAS 

F i g u r e A , 2 S u b t r a c t i o n S u b r o u t i n e (SUBS) 
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A,3 MULTI-BYTE MULTIPLICATION SUBROUTINE (MBMP) 

This subroutine is going to deal with the operation in 

which a three-byte multiplicand (MN) is multiplied by a 

three-byte multiplier (MP), It has already been mentioned 

that the basic number form just accomodate the first three 

significant bytes. Hence, the three least significant bytes 

of the six-byte product must be crossed out. In this sub

routine, the truncation work has been done before the multi

plication but not after it. 

Before describing the content of this subroutine, the 

following notions need to be introduced: 

MN: The index byte of multiplicand, MN + 1 is the 

most significant byte, MN + 2 is the next sig

nificant byte, etc. 

MP: The index byte of multiplier, MP + 1 is the most 

significant byte, and MP + 2 is txhe next sig

nificant byte, etc, 

KMN: Index number of m.ultiplicand, 

KMP: Index number of multiplier, 

PR: The index byte of product, the magnitude bytes 

are presented by PR + 1, PR + 2, and PR + 3, 

Th.e multiplication can be shown as: 



NM+1 

MP+1 

MN+2 

MP+2 

1 
1 
1 
^ 

MN+3 

MP+3 
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u 
Because only the most three significant bytes of the 

product are permitted, only four partial products from 

(MN + 1) X (MP + 1) , (MN + 2) X (MP + 1) , (MP + 2) x 

(MN + 1), (MP + 2) X (MN + 2) are needed to form the re-

suit. The biggest possible error is 1/16 = 1/256, 

Before entering MBMP, K m has been stored in A, KMP 

in H, Multiplicand in the memory from MN to MN + 3, and 

multiplier in the memory from MP to M P + 3 , After multi

plication, the product will be stored in the m.emory from 

PR to PR - 3, The flowchart is shown in Figure A,3, 

^ ^ ^̂ ôMAT.T̂ ATTON SUBROUTINE BEFORE ADDITION (NMAS) 

sometimes, two numbers with different indexes will be 

added together. In this case, it is necessary to make the 

two index numbers equal before addition. The way to make 

them equal is called the normalization procedure. 
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Call MPS to do 
(Mp+l)x(MN+l, 

MN+2) 

Store the re
sult in PR+1, 
C and TEM 

Call MPS to do 

(MP+2) x (MN+1) 

TEM ->- B 

B.C+H.L -> H.L 

Store result in 

PR+2 and TEM 

T 
i 
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Call MPS to do 

(MP+2) X (MP+2) 

TEM -^ B 

H + B - PR + 3 

Add carry to 

PR+2 

RET 

Figure A,3 Multi-byte Multiplication Subroutine (MBMP) 

NMAS will keep the number with the bigger index fixed 

and change the other one into a number with the same index. 

The first step of normalization is to determine the differ

ence of index, say K, Then, shift the smaller number to the 

right by K bytes. The flow chart of the whole work is shown 

in Figure A,4, 



NMAS 
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AR + 3 -> PE 
BR + 3 -- HL 

c RET 

YES 

(AR) -> A 

(BR) ̂  B 

YES 

B - A ̂  B 

Shift BR right 

by one byte 

B - 1 -- B 

NO 

NO 

AI - 31 -> B 

Switch 
AR and BR 

F i g u r e A. 4 Normialization b e f o r e Add i t ion Sub rou t i ne (N24AS) 



82 

Before NMAS, the addend and angend have been stored 

in AR and BR respectively. After the subroutine, the 

address of the bytes to be added will be stored in HL and 

DE to prepare for addition. 

A.5 NORMALIZATION SUBROUTINE BEFORE MULTIPLICATION (LOAD) 

If either multiplier or multiplicand has continuous 

zeroes in the first few significant bytes, the first non

zero byte should be moved to the most significant location. 

In doing so, the index should be decreased by the number of 

bytes which have been shifted left. 

Before this subroutine, the multiplicand is in the 

memory from T'̂  to MN + 3, the multiplier is in memory 

location MP to MP + 3. After normalization, the index of 

the multiplicand is loaded into the H register, while the 

index of the multiplier is loaded into the accumulator so 

that the subroutine can be continued with MBMP. The flow

chart is shown in Figure A,5, 

A.6 COPY SUBROUTINES 

This subroutine is used to copy the number in a vari

able location into another variable location in the memory. 

Its function can actually be described as the mathematical 

expression: 

A = B 
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A -> H 

(MN) -> A 

Go to MBMP 

Shift left by 
one bvte 

(MP) - 1 ^ (MP) 

S h i f t MN l e f t 
one b y t e 

Figure A.5 Normialization Subroutine before 
M u l t i p l i c a t i o n (LOAD) 
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NO 

I n d e x C=4 

(HL) -̂  (DE) 

HL + 1 -> HL 

DE + 1 -> DE 

C - 1 -> C 

YES 

RET 

F i g u r e A.6 Copy S u b r o u t i n e (COPY) 
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where A is the copy and B is the number to be copied. 

There are four bytes of data for each number to be copied; 

the first is the index byte, while the other three bytes 

contain the number itself. 

Before this subroutine, the starting address of the 

number to be copied is stored in HL, and the starting 

address of the copy is stored in DE, The copy procedure 

will go on one byte by one byte. The flowchart is shown in 

Figure A,6, 

A, 7 MULTI-BYTE ADDITION SUBROUTINE (MAS) 

This subroutine will perform multi-byte addition. Be

fore entering MAS, DE register pair has been loaded with the 

address of the last byte of addend (AR + 3), while HL 

register pair is loaded with the starting address of augend 

(BR). After addition, the sum (or difference) will be 

stored in the memory where addend was originally located. 

MAS begins by checking the sign of both addend and 

augend. It will be continued with the simple addition of 

indexes if they are both positive or negative. Otherwise, 

MAS will actually do subtraction by means of adding the 2's 

complement of the subtrahend to the minuend. The result of 

2's complement additon should be checked again to see 

whether the result is negative or positive. If it is nega

tive, it is necessary to take 2's com.plement of the result 
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to get the real answer. If it is positive, the sum would 

be the final answer. The whole process can be illustrated 

by the flowchart in Figure A.7. 

A.8 FUNCTION SUBROUTINE (F) 

Function subroutine takes combinational use of all 

those basic operation subroutines that have been mentioned 

before to calculate the function value 

F(x) = Ax^ - Bx + C 

A.B.C are the Function Coefficients which should have 

been received from the coordinator and stored in the memory 

before the subroutine starts. The variable of this function 

is X and its value is determined by the calling program. 

F subroutine will be called frequently by the main program 

GSS, The flowchart of calculation work is very straight

forward and will be omitted here. 
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Take 2's 
complement of 
Augend ->- AR 

Addend + 
Augent ->• 

Addend 

Take 2's 

Complement 

Augend \ . NO 
is negative^ 

YES 

Set t h e 

n e g a t i v e s i g n 

Add t h e 
magn i tude b y t e 

S t o r e t h e 
r e s u l t 

RET 

Set t h e 
p o s i t i v e s i g n 

F i g u r e A , 7 M u l t i - b y t e A d d i t i o n S u b r o u t i n e 


