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ABSTRACT 

A planar model of the human forearm complex is presented. The upper arm 

(humerus) is fixed in a position parallel to the body and the forearm (radius and 

ulna) is free to move in the sagittal plane. Two Hill-type actuators drive the motion 

of the forearm. These actuators represent flexors and extensors of the forearm. A 

stability analysis about a nominal trajectory is performed. A feedback scheme for 

stabilization is developed by using the linear quadratic regulator method. Finally, 

questions are answered concerning the role of muscle feedback during skeletal move

ments by analyzing the feedback gains. 
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CHAPTER I 

INTRODUCTION 

The mathematical modeling of physical systems has long been a problem studied 

by physicists, engineers and mathematicians. In modeling processes of nature by 

computational methods, many collaborations have been formed throughout the years. 

In particular, the relationship between dynamics and mathematics has been of benefit 

for both disciplines. Advances in numerical methods have enabled engineers and the 

like to solve extraordinarily complex problems in minutes as opposed to the days 

and months previously required. Conversely, the ingenuity needed to solve physical 

problems has lead to revelations in the mathematical sciences. In fact, in his 1788 

work, Avertissement for Mechanique Analytique, Joseph Louis de Lagrange, the father 

of analytical mechanics, said. 

No diagrams will be found in this work. The methods that I explain in 
it require neither constructions nor geometrical or mechanical arguments, 
but only the algebraic operations inherent to a regular and uniform process. 
Those who love Analysis will, with joy, see mechanics become a new branch 
of it and will be grateful to me for having extended its field. [6] 

Furthermore, who can doubt that during Newton's attempts to mathematically de

scribe the universe he changed the face of calculus forever? It is evident that dynamics 

and mathematics have had a symbiosis for many centuries. During this century how

ever, aided by the advent of the computer, classical problems in dynamics have taken 

a back seat to those with a more interdisciplinary flavor. 

In recent years, the fleld of biomechanics has been a major topic in engineering 

research. The complicated nature of biomechanical systems requires a great deal of 

mathematical complexity in such broad areas as control theory, differential equations, 

numerical analysis, and functional analysis. More specifically, there are an abundance 

of questions that arise dealing with the structure and control of skeletal muscle. 



1.1 Motivation and Significance of Research 

In order to represent the intricate physiological structure of skeletal muscle and 

its role in locomotion, a great deal of both modeling and computational complexity 

is required. However, once these modeling issues are resolved, the questions one 

can answer about the inherent structure of skeletal muscle and the nervous system's 

control schemes are seemingly endless. This knowledge can certainly be used in a 

very broad range of applications. 

Specifically, the field of robotics shows an immediate need for accurate insight 

into the composition and properties of muscle. In order to produce robots which can 

perform tasks that are deemed too hazardous or inappropriate for humans, one must 

fully understand the recruitment and control of skeletal muscle during prescribed 

movements. Similarly, biomedi' engineers must have a firm grasp of how the brain 

sends signals and receives muscle and tendon feedback in order to design prosthetic 

limbs for the physically challenged. With such knowledge we can evaluate human 

performance and potential in military and athletic situations. 

The human forearm is an important part of our lives which we may often take 

for granted. Consider the number of mathematical operations the nervous systems 

performs when we move to shake someone's hand. We see the person's arm start to 

move toward our body and the nervous system begins to evaluate what controls are 

necessary so as to meet the person with the correct hand position. This is indeed a 

fascinating process. The number of different control strategies that the nervous system 

considers in milliseconds can certainly compare to the world's fastest computers. The 

simulation of such actions is definitely a task worthy of more thought. 

1.2 Review of Literature 

A number of models of the human forearm exist. They range from very simple 

2-dimensional constructions whose joint moments are provided by idealized torque 

generators to very complex 3-D models that incorporate dozens of muscles and sim

ulate accurate movements from neural inputs. Each of these models have attributes 



that require further investigation. 

Work by Ailon et al. [1], describes a planar representation of the upper arm and 

forearm in which control laws for reaching movements are examined. This control-

theoretic model is ideal for generating torque controls for reproducing limb positions 

during given movements. On the other hand, the system provides no way to analyze 

the feedback of muscle lengths, velocities, or forces since the states involved are limb 

momentums and positions. Furthermore, the muscle model used in this configuration 

does not capture the true effects of muscle and tendon. 

In Zheng et al. [20], a two-muscle model is developed which corresponds closely 

to the aim of this study. An agonist and antogonist actuator are attached to a 

simple pendulum and the question of stability is addressed. They show the system is 

unstable, but can be stabilized through the feedback of muscle length and velocity. 

However, the muscle model incorporates a stiff tendon that allows one to essentially 

recover one muscle length from another. Researchers have shown that the tendon is 

a passive structure that indeed stretches and allows for quite a bit of uncertainty in 

muscle length prediction. In this thesis, we will elaborate and extend these results 

with a larger system. (Zheng's model only used 6 states.) 

Nijhof and Kouwenhoven [12] constructed a model which simulates multi-joint 

arm movements with several groups of lumped muscles. Parameters such as muscle 

lengths and muscle forces were estimated by conducting simulations. In this paper, 

the authors considered the tendon to be a nonlinear spring. However, this spring 

was not activated until a certain amount of strain was present. Furthermore, the 

dynamical system structure was not reported and though the model involves a number 

of different muscles, no notions of control are addressed. 

Both Lemay and Crago [9] and Rehbinder [14] developed highly complex 3-D 

models of the forearm. In the former, the tendon was modeled as a linear spring, while 

the latter used stiff tendons. The thesis by Rehbinder [14] included a control theoretic 

model that provides an excellent framework for a stress analysis of bone. However, 

a lack of musculotendon dynamics limits the utility of this model for simulating the 



nervous system's control strategies. In the paper by Lemay and Crago [9], a thorough 

sensitivity analysis was conducted. This model is used for simulating movements with 

arbitrary control signals. 

There are not many models which incorporate an accurate representation of mus

culotendon dynamics. Hence, is a need for a model of the forearm and elbow that 

incorporates such a description of these dynamics with the necessary control theoretic 

properties so as to examine different control strategies possibly used by the human 

nervous system. This is one of the major objectives of this study. Thought the spe

cific limb movement structure here is one of the more simpler of the human body, the 

methods established here have applicability to more complicated human movement 

systems. 

1.3 Outhne of Thesis 

As stated previously, we wish to develop a model of the human forearm and elbow 

joint in order to examine possible control strategies used by the nervous system to 

stabilize this structure about a point. The necessary background material on muscle 

physiology and elbow and forearm anatomy is presented first. A general knowledge 

of the microscopic events that take place during muscle contraction is necessary to 

fully understand the modeling issues that arise later. 

An in depth explanation of musculotendon dynamics is given as well. The pro

cesses of activation dynamics, tendon dynamics, and contraction dynamics require a 

great deal of mathematical and modehng complexity. The kinematics of the forearm 

about the elbow are presented in Chapter IV. The external forces generated by ex

ternal loads, joint effects, and musculotendon actuators are incorporated into these 

dynamics. 

Next, we compare three different musculotendon models. These models basically 

result from different choices of state variables in the dynamical system. Their tra

jectories for several different simulations is compared for each model. Based on the 

simulations and other criteria, the most appropriate model is adopted. 



The selected model is hnearized about a nominal trajectory which is computed 

by solving a nonlinear system of equations. The stability, controllability, and observ

ability of this system is then analyzed in Chapter VII. Finally, the linear quadratic 

regulator problem is formulated. Several control strategies are analyzed and com

pared. The feedback gains from proprioceptive receptors are considered as well. The 

final comparison is made by conducting simulations of the linear system for each 

model. Lastly, we apply the optimal hnear controller to the nonlinear system. 



CHAPTER II 

MUSCLE PHYSIOLOGY AND FUNCTIONAL ANATOMY 

Before we can fully understand and model the way that skeletal muscle is ac

tivated and controlled, we must take a closer look into the intrinsic properties that 

characterize it. The composition of muscle is a complicated matrix of active elements, 

passive structures that include viscous effects, connective tissue, and nerves. In this 

chapter, we examine the makeup of skeletal muscle and how it is activated from a 

microscopic to macroscopic point of view. 

In addition, we will consider the muscles that comprise the complex which moves 

the forearm about the elbow joint. A method of "lumping" the muscles into functional 

groups will also be evaluated. Finally, the bony structures that comprise the link in 

our model will be introduced. 

2.1 Muscle Anatomy and Physiology 

Skeletal muscle, in the simplest sense, can be thought of as a mechanical structure 

that receives a neural signal and contracts accordingly. An implicit rule thus leaps 

forward: muscles can only pull, not push. This is a vital part of modeling the muscu

loskeletal system. Muscles are attached to bones by tendons. When we speak of the 

muscle-tendon pathlength, we mean the distance from the origin of the muscle (point 

of proximal attachment) to the insertion (point of distal attachment). An illustration 

of origin and attachment is given in Figure 2.1. Every skeletal muscle is made of 

a collection of muscle fibers. A illustration of the organization of skeletal muscle is 

given in Figure 2.2. Each of these fibers consists of a single muscle "cell" which is 

made up of the largest functional units of the contractile filament, the myofibrils. 

The diameter of a myofibril is approximately l/xm, thus thousands of myofibrils can 

be included in each muscle fiber [10]. Myofibrils may lie in parallelor intertwine like 

the weave in a rope. More macroscopically, groups of fibers are arranged in bundles 

which are called fascicles. Fascicles are bundled as well, and form the actual skeletal 
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Figure 2.1: Origin and insertion of muscle [16]. 

muscle. 

Myofibrils are comprised of sarcomeres which are the functional unit of muscle 

contraction [10]. The sarcomeres are arranged in series with the myofibrils, thus 

the total shortening distance of the muscle is the total contraction distance of every 

sarcomere in every myofibril. This hierarchal structure continues as sarcomeres are 

comprised of tiny contractile filaments called myofilaments. There are two types of 

these filaments which are large polymers of the proteins, actin and myosin. The 

myosin and actin interact to produce contraction according to the sliding filament 

theory attributed to Huxley [7]. This theory governs the number of cross bridges 

(attachments of actin and myosin) that can form during a muscular event. 

At a certain length, the amount of active force reaches a maximum and any 

additional lengthening of the sarcomeres results in no new cross bridges being formed. 

Hence no additional force is produced by the sarcomere and, in turn, the muscle. On 

the other hand, when a particular sarcomere is stretched beyond a given length it will 

produce no more active force. As we will see later, these features account for the force-

length effect in the muscle model that is modulated by neural excitation. However, 
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Figure 2.2: Organization of skeletal muscle [11]. 

there could be a quite substantial amount of passive elastic force that depends on 

muscle length. 

Sarcomeres also exhibit a reaction to velocity. The rate at which cross bridges 

can be formed and detached has a limit. When muscle contraction exceeds this 

limit, no more cross bridges will be formed, thus halting the force development. This 

observation will be quantified later during the discussion of the force-velocity or Hill's 

effect. 

As reported by Lieber [10], the functional unit of force generation in skeletal 

muscle is the sarcomere, while the functional unit of movement is the motor unit. 
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A motor unit consists of an a-motoneuron and the muscle fibers that it innervates. 

That is, one motoneuron can activate many fibers, but each fiber is activated by 

only one motoneuron. In addition, 7-neurons and /5-neurons are present throughtout 

skeletal muscle. These neurons are the foundation for the notion of proprioception 

and, mathematically, the basis for feedback control). 

2.1.1 Proprioception and Proprioceptive Devices 

The human body has three types of sensory libraries when searching for informa

tion about the position and movement of its extremities. As fisted by He [7] they 

are: 

1. Proprioception: the sense of position, movement, and effort between parts of the 

body relative to one another. Proprioceptors can be found in joints, muscles, and 

connective tissues. 

2. Exproprioception: refers to the sensing of contact made on the body by external 

forces. This information is provided by skin, etc. 

3. Exteroception: senses stimuh in the environment relative to one another. It is 

delivered by the visual, olfactory, and auditory senses. 

We will only consider proprioceptors since our goal is to stabilize a perturbation of 

the human arm via proprioceptive devices and hence gain some insight as to how the 

nervous system interprets this information. 

2.1.1.1 Joint Receptors. There are receptors found in joint capsules and the sur

rounding ligamentous materials which respond to positions, velocities, and accelera

tions that occur at the joint [8]. These receptors are stimulated by pressure changes 

and can sense differences in as little as 2 degrees of change in position. The neurons 

associated with these receptors fire rapidly at extreme joint angles and less in normal 

ranges of motion [7]. Although the receptors are obviously very sensitive to joint 

position. He indicates their role in control of motion is not clear. We will investigate 

their role in the stabilization of the forearm. 
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Figure 2.3: Bones of the forearm and upper arm [16]. 

There is a hinge joint between the trochlea (essentially the head of the humerus, 

the upper arm bone) and the ulna. In addition, there is a gliding joint btween the 

humerus and the radius. 

2.2.1 Muscles Spanning the Elbow Joint 

There are three muscles that flex the forearm. The biceps brachii (Figure 2.4) is a 

long and round muscle that originates on the scapula (shoulder) and inserts on both 

the radius and ulna. The brachialis, shown in Figure 2.5, is the strongest flexor of the 

elbow and hes under the biceps brachii. This muscle directly connects the humerus 

and the ulna. Figure 2.6 shows the brachioradialis, which also flexes the forearm and 

connects the humerus to the radius. 

Only one muscle extends the forearm: the triceps brachii (Figure 2.7). It attaches 

in three places and connects the humerus and scapula to the ulna. In general, it is 
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Figure 2.4: The biceps brachii [16]. 

the strongest muscle spanning the elbow joint. 

2.2.2 Muscle Lumping 

We could certainly incorporate all of the muscles listed above into our muscle 

model. However, for computational efficiency it is better to consider the muscles 

collectively. Since the triceps brachii is the only extensor for the system, we will 

simply call the extensor group the tricep group. 

There are three flexors in the system. It was stated that the brachialis is the 

strongest flexor. However, due to the better availability of data (and the more familiar 

name), we will choose the bleep group for the second group of muscles. The muscle 

data for this group, with the exception of the maximum isometric force, will come 

directly from the biceps brachii. The maximum isometric force will be a sum of the 

flexors. 

12 
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Figure 2.5: The brachialis [16]. 

Now that we have a better idea of how the musculoskeletal system works as a 

whole, we can begin to examine some of the physiological properties of muscle that 

we will analyze mathematically. 
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CHAPTER III 

MUSCULOTENDON DYNAMICS 

A complete planar model of the human forearm complex entails a good deal of 

complexity, especially in the musculotendon actuators. Previous models of the struc

ture have not incorporated an accurate representation of the functional properties of 

both muscle and tendon. Specifically, in the model developed by Lemay and Crago 

[9] (1996) the tendons for all muscles involved were considered as linear springs. Fur

thermore, in the work by Rehbinder [14] (1997), the tendons were considered stiff. 

Neither of these assumptions capture the true effects of musculotendon dynamics. In 

this thesis, a musculotendon model is incorporated that represents in vivo muscle as 

accurately as possible. 

3.1 Muscle Properties 

The two actuators that produce the active linear forces acting on forearm are 

referred to as Hill-type models. These models represent both the muscle and tendon 

as idealized mechanical objects which capture the physical properties associated with 

normal human locomotion. A schematic description of the Hill-type musculotendon 

is given in Figure 3.1. 

The model consists of a muscle in series with a series passive element (tendon) 

which is set at a pennation angle a. In this study the pennation angle is neglected 

since it was shown by Zajac (1989) that the angle has a neghgible effect if it is less 

that 20 degrees, which is the case for all the muscles used here [9]. The pathlength of 

the muscle and tendon is denoted by Itm and consists of the sum of the muscle length 

Im and the tendon length If. 

Each muscle used in this system consists of a passive component in parallel with 

an active contractile component. The passive component has two parallel sections: 

the elastic element Fpg. which simulates the passive elasticity of the muscle, and 

the damping element Bm, referred to as the passive muscle viscosity. The active 
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Figure 3.1: Hill-Type Musculotendon. 

contractile element is described as the product of three quantities: a force-length 

relation fi, a force-velocity relation fy, and the level of muscle activation a{t). 

The curves that describe the force-length and force-velocity relations are con

structed for a generic muscle, then scaled with the appropriate parameters for each 

muscle. The parameters that are necessary to perform this scaling are the maximum 

isometric muscle force, denoted by Fo, the optimal muscle length, lo, maximum speed 

of muscle contraction, Vmax, and the tendon slack length. The optimal muscle length 

corresponds to the length at which the muscle can produce the greatest amount of 

active force. The tendon slack length, Its, corresponds to the zero-force length of 

the tendon. The model is nondimensionalized by scaling the forces and lengths as 

follows: normalized force is given by F = F/Fo, normahzed length is Im = Im/lo 

and for muscle velocities, the normalized quantity is Vrn = Im/vmax-

The passive muscle elasticity mentioned above has quite an impact on muscle 

force. Heuristically, this property deals with the resistive force produced to counteract 

lengthening of the muscle. The curve Fpe{lm) quantifies the force that attempts to 

restore the muscle length to Ims, the muscle slack length, or the zero-force length of 

the muscle. If a muscle is activated, the resulting force-lenth curve is the sum of both 

the active and passive effects. Thus the difference in the curves results in the active 

17 



force-length relation fi{lm)- This concept is illustrated in Figure 3.2. Pull activation 

is present in the first graph, while the right graph illustrates how active force scales 

with activation and passive force is unaffected. Both the active and passive force-lenth 

curves are constructed by ad hoc methods so that the physical effect is captured. The 

Figure 3.2: Isometric force-length relation for muscle (adapted from [19]). 

force developed in muscle during activation is equally dependent on muscle velocity, 

Im- It is a known fact that when muscle shortens due to activation it produces less 

force than during isometric activation. A.V. Hill formulated this observation in the 

equation that bears his name. Hill's equation is given by 

Jv\^rn) ^o 
'^rnax ^m 

V. max 
•j- cv. 

(3.1) 
m 

where Vm corresponds to Im and c is a given constant. This is a hyperbohc curve in 

which Vm > 0 denotes muscle shortening (contraction). This relationship is scaled by 

activation. That is, for different levels of muscle innervation, the curve translates up 

or down on the y-axis accordingly. This effect is displayed in Figure 3.3. Once again, 

the left graph corresponds to full activation, and the right shows how the curve is 

scaled by activation. The curve used for this relation is also constructed for a generic 

muscle using the same methods mentioned earlier for the Fpe and // curves. 

In this study, we apply the convention described by Zajac [19] that the total active 

force is given by the product of the force-lenth and force-velocity dependences as well 

18 
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Figure 3.3: Force-velocity relation for muscles. 

as the activation. Thus we have 

Fact = OL{t)Fofl{lm)fv{Vm) (3.2) 

where a{t) is the muscle activation level as a function of time. The force-length and 

force-velocity effects are nondimensionalized for a generic muscle. They take on values 

between 0 and 1 so that they scale the active force. The active contractile element 

will be analyzed in more detail later. 

The process of activation dynamics relates muscle activation to the neural input 

u{t). The transformation deals with the diffusion of calcium and has been shown to 

obey the differential equation 

da{t) 
dt 

+ 
'^act 

.(/3+ (!-/?)«(*)) a(t) = —u(t) 
'act 

(3.3) 

In this first-order equation, the ratio of the activation and deactivation time constants, 

/?, satisfies 0 < /? < 1 and the activation time constant Tact is different for slow and 

fast muscles [5]. This equation will be examined in more detail later. First, we will 

elaborate on the passive structures in the musculotendon model. 
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3.2 The Musculotendon Passive Structures 

During muscle activity there are several passive forces that develop in resistance 

to both the motion of tendon and the motion of muscle. In modeling these forces, one 

must consider which are most important in capturing the true effects of musculoten

don dynamics, yet retain a model which is computationally efficient. A description of 

the physiological and mathematical representation of the passive effects in out model 

is now given. 

3.2.1 Tendon Dynamics 

In Figure 3.1, we see that there is an elastic element in series with the muscle 

complex. This element represents the muscle tendon and is modeled mechanically 

as a piecewise, nonlinear spring. This is due to experimental results which show 

that when the tendon is minimally stretched, it behaves nonlinearly. After being 

stretched beyond a critical length the tendon acts as a linear spring with a particular 

spring constant. Zajac proposed a model in which the stress in the tendon, at, has a 

nonlinear dependence when tendon strain is less than two percent. Also, it is known 

from data that at = ato = 32 Mpa when £t = 0.033. In the linear region of the 

curve, the slope is 1200 Mpa [19]. This is illustrated in Figure 3.4. 

32 Mpa Slope = 1200 Mpa 

o 

^ 

16.4 Mpa 

0.02 0.033 

Percent Strain 

Figure 3.4: Stress-strain curve for tendon. 

The approach used by He [7] is used here. We incorporate the effects mentioned 
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above into an exponential model given by 

a{e^'' - 1) st< 0.02 

^t = <; (3.4) 

jet + 6 et> 0.02 

where at denotes tendon stress or force per unit area, and St is the tendon strain given 

by 

St = ~ ^ ^ (3.5) 

Fitting this curve to the data, we find that S = - 7 .6 , 7 = 1200. Prom the continuity 

of at and -—, we solve for a and 6. Then we have 
det 

dat 
a[5e^'' Et < 0.02 

dst 
" 7 £t> 0.02. 

(3.6) 

In particular, for the continuity of at we get 

^(g/3(.02) _ 1) ^ 1200(.02) - 7.6 (3.7) 

and we have for the continuity of 
dat 

d£t 

^^g/3(.02) ^ -^200. (3.8) 

If we solve this system of equations for a and P, we obtain 

a = 12.9815 

P = 40.8421. 

(3.9) 

We have obtained the following equation for tendon stress as a function of tendon 

strain 

' 12.9815(e'̂ °-^^2079.t _ 1) ^̂  < o.02 

(7t = { (3.10) 

1200£f - 7.6 €t > 0.02. 
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Now,we consider that at = ato when Ft = Fo, where Ft denotes tendon force. Thus, 

^t $ Ft 
dt = — = f- = -^ = Ft. (3.11) 

c^to ^ F, A o 

That is, if we divide (3.4) by ato, we obtain 

d{e^'' - 1) €t< 0.02 
(Jt==Ft={ (3.12) 

7£t -\-S st> 0.02. 

If we multiply (3.12) by Fo, we have an expression for Ft 

a{e^'' - 1) et< 0.02 
Ft = Fo{ (3.13) 

7£t + S St> 0.02. 

Now, computing a, 7, and ^ we have 

0.405671 (e4̂ -̂ 4209e, _ ;L) £, < 0.02 

Ft = Fo{ (3.14) 

37.5£t - 0.248 Et > 0.02. 

The tendon dynamics can be formulated by 

Ft = Kt{Ft)it (3.15) 

where Kt denotes the piecewise spring force coefficient. Then immediately 

UFt) = f. (3.16) 

Using the chain rule, we obtain 

'^ '^ " iFt dst dlt 

Then consider (3.5) and note that 

_ T? Ft dst 

dst _ 1 

dlt Its 
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After differentiating Ft with respect to St we arrive at the tendon spring force coeffi

cient, Kt{Ft), given by 

' aPe^'' £t < 0.02 
(3.19) 

7 £t> 0.02. 

In subsequent work, it will be advantageous to derive an expression for Kt expficitly 

in terms of Ft. To do this, consider (3.13) to see that 

Ft + a = ae^^' (3.20) 

for £t < 0.02. Substituting into (3.19) we have 

^ X f /3 ( F , + d ) F, < 0.5124Fo 
^ ^ ( ^ 0 = ( f l (3.21) 

* 7 F, >0.5124F„ 

^ X f 40.84209 (Pt -h 0.40567l) Ft < 0.5124Fo 

or 

Kt{Ft)={-^j^ (3.22) 

37.5 Ft > 0.5124F^. 

We then have the tendon dynamics for the musculotendons in our model. 

3.2.2 The Passive Muscle Effects 

As mentioned previously, the Fpe term in Fig. 3.1 coincides with the parallel 

elastic element in the musculotendon model. This force reflects the resistance to 

muscle displacement brought on by connective tissues and sheaths that lie parallel 

with muscle fibers [15]. He [7] reported that this element ehibits the same type of 

exponential to linear behavior that we see in the tendon. However this material is 

much more compliant. 

The equation we choose to model this effect is given by 

' a(e^(''--^) - 1) 1 < L < L4 

FpeiL) = { llm + ^ lm> L4 (3.23) 

0 otherwise 
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where /„ is the normalized muscle length of the form 

L = Y^^ (3.24) 
Lr ''ms 

With data reported by Delp [4]. we perform a curve fit so that our passive muscle 

force curve is 

0.00291621(ei2-ii23(z-^-i) - 1) 1 < L < 1.4 

Fpe{lm) = \ 7.25lm - 9.6 Im > 1-4. (3.25) 

0 otherwise 

In this study, we assume that Ims = k, the muscle's optimal length. In actuality, these 

lengths may not coincide biologically. However, Zajac believes that previous models 

assuming the contrary were inaccurate and that these lengths are indeed the same. 

Moreover, another assumption we make is that these structures offer no resistance to 

compression. This phenomena is not universally accepted. 

The dashpot seen in Fig. 3.1 represents the parallel damping element in our muscle 

model. The reason for the inclusion of this effect in the model is that the medium 

in which muscle contracts is very liquid [15]. Therefore there are significant viscous 

properties that cannot be ignored. In modelling this effect, we choose a linear viscous 

damper Bmlrn where Bm is the damping constant. As will be mentioned later, when 

considering musculotendon dynamics in the absence of muscle mass, the damping 

constant Bm must be a piecewise function of Im in order to account for Hill's effect. 

3.3 Contraction Dynamics 

Prom the schematic muscle diagram in Figure 3.1, we can see that muscle force is 

the result of the sum of the active and passive length effects and the passive velocity 

effect. That is 

•t'Tn ^ -^pe I -Tact • ^m''m 
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where F ^ is the muscle force. This force acts against the force in the tendon. From 

Newton's Second Law, we have the equation of motion for the muscle mass 

MmL = Ft- [Fpe + BmL + F^ct] (3.26) 

where Fact was defined in (3.2). 

If we recafl the activation dynamics in (3.3), 

da{t) 
dt "̂  

^ .{P + {I - P)u{t)) a{t) = u(t), 
'Tact 

we see that the activation time constant. Tact, and the ratio of the activation and 

deactivation time constants, /?, have a significant impact on the development (and 

subsequent decay) of muscle activation. In essence, muscle activation dynamics give 

a description of the interaction between neural input and the mechanical activation of 

muscle. Biologically, it was stated by He [7] that the process within the muscle involves 

the release, diffusion, and uptake of the calcium ions that affect the development of 

sliding forces between muscular filaments. 

The values used for Tact and p are very important because they allow the dynam

ics to follow certain biological and modeling guidelines. The muscle activation must 

always take on a value between 0 and 1. In addition, the choice of these parameters 

varies with slow and fastly contracting muscles. Also, the general form of (3.3) indi

cates that the resulting activation function is a smooth function, ideal for feedback 

control analysis. 
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CHAPTER IV 

KINEMATICS OF THE ELBOW AND FOREARM 

The musculoskeletal structure made up of the elbow joint and forearm has the 

general form of a rigid rod articulating about a single joint (Figure 4.1). 

6=0 

(XJ) 

x-axis 

Figure 4.1: Proposed mechanical model of the elbow and forearm 

Since we neglect three-dimensional effects here, we can model the complex as the 
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planar simple pendulum. Note that the coordinates chosen allow for bleep contrac

tion to create a negative moment. Although the pendulum is classically an unstable 

system except for small perturbations about its only equilibrium point, the two mus

culotendon actuators and the passive moments cause the pendulum to behave in a 

predictable manner. 

4.1 The Passive Joint Effects 

Consider the flexion of the elbow. How far can one's elbow bend while activating 

their forearm flexors? Furthermore, how far can the same structure extend in the 

other direction? The answer is simple: there are ligamentous and skeletal constraints 

that restrict motion of the forearm past given angles. Ideally, we would like to model 

these effects as a hard constraint so that as the angle increases (or decreases) toward 

the specified extreme, the dynamics for the limb system would force the motion to stop 

at that extreme. However, computing the dynamics for this structure with hard con

straints at the boundary of the state space is a formidable task. We would encounter 

nonholonomic inequality constraints that require a great deal of computational effi

ciency and ingenuity. An alternative is to connsider a continuous external force that 

serves as a passive moment about the joint. Such a curve can be constructed so that 

this moment blows up exponentially in a positive or negative direction depending on 

which boundary of the state space the angle approaches. As long as the angle is not 

near the extreme values, the effects of the moment are negligible. Also formulated 

in this passive moment is a joint damping effect that resists increased velocity of the 

limb. 

Here we take the approach of De Woody et al. [5] and consider a passive moment 

of the form 

Mp{e, 9) = / C i € - ^ 2 ( ^ - ^ n ^ i n ) _ ^^^-k,{ema.-e) _ ^Q ^^ ^^ 

where 9 denotes the limb angle in radians and 9 is the Hmb velocity given in radians 

per second. Also, we consider 9min ^ ^ ^ ^max so that 9min and 9mxix serve as 
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the boundaries of the Hmb dynamics state space. The parameters /ci, k2, kz, k^, 

and c determine the shape of the curve and the amount of damping required for 

smooth movement. These parameters we chosen so that the curve gets very large 

near 9 = ^ ^ and very small near 9 = ^. The damping term c was determined in 

simuations so that the forearm fell at an appropriate rate from rest. Figure 4.2 shows 

the shape of the curve when ^ = 0. We will need to consider this passive moment 

0 20 40 

Angle (deg) 
100 

Figure 4.2: Joint Passive Moment when ^ = 0 

when we derive the limb dynamics. 

4.2 Muscle Effective Moment Arms 

In our musculoskeletal model, the way that the limb dynamics are coupled with 

the musculotendon dynamics is through the tendon forces for each muscle. However, 

these forces do not act along straight lines. In order to produce reahstic movements 

as a result of the musculotendon dynamics, we must the role of the moment arms 

through which the tendon forces produce active torque on the limb. 
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A property that comphcates this notion is the fact that the moment arms are not 

constant. We will employ the muscle moment arm functions produced by Pigeon et 

al. [13] modified shghtly to correspond to our coordinate system. For the bleep group 

(group 1), we have 

• l 8 0 ( ^ - ^ ) \ ' (lS0r--9Y' 
ri{9) = -2.9883 x 10"^ ( ^ L + 1.8047 x 10"^ ^ L 

, 180 r- - 9 
+4.5322 X 10"^ ^ '- I -h 0.014660. (4.2) 

TT 

Also, for the tricep group we have 

r2{9) = -3.5171 X 10"^^ \z 1_ ^ ^^^^n x 10 
180r^-^)V /180(^-^) 

\2i L\ ^ 1Q 077 x/ in -10 V2 / 
TT / I TT 

180 g - e) 
-19.092 X 10"* I ^ ^ I -F 12.886 x 10"^ 

TT 

/ 1 8 0 ( ^ - ^ 
-3.0284 X 10""̂  ^ I - 0.023287. (4.3) 

These moment arms will be crucial in determining the proper torques about the 

joint. Also, curves were taken from Pigeon et al. that correspond to the muscle 

tendon pathlength Itm- These can be seen in appendix. 

4.3 Derivation of the Limb Dynamics 

Consider the mechanical system shown in Figure 4.1. Here, x and y are the 

cartesian coordinates of the center of mass of the forearm in the global reference 

frame (x, y), and c is the distance from the distal end of the forearm to the center of 

mass. We define I as the length of the forearm. In the local reference frame, we have 

the generahzed coordinate 9. Note that the quantity H represents the height of the 

subject at the elbow. 
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Prom the diagram we can see that we have the following representations for the 

center of mass. 

X = {l-c)cos{9) (4.4) 

y = H-{l-c)sm{9). (4.5) 

Similarly, the velocities of the centers of mass are given by 

X = -{l-c)9sm{9) (4.6) 

y = -{l-c)9cos(9). (4.7) 

Now, it is well known that the linear velocity of a rod's center of mass is given by 

the sum of the squares of the cartesian coordinates' time derivatives. Thus for the 

forearm 

x^ + f = {l- c)^0\ (4.8) 

Now we consider the Euler-Lagrange equations of motion for the limb system. 

Recall that the total kinetic energy (T) of a dynamics system is given by the sum of 

its linear and rotational kinetic energies. The linear and rotational kinetic energies 

of a rigid rod are given by 

KEun = -mv'^ (4.9) liiC 

1 
KErot = ^/u;2 (4.10) 

respectively, where m is the mass of the rod, / is the moment of inertia of the rod, v 

is linear velocity, and CJ is the angular velocity. The potential energy is simply that 

due to gravity and is denoted by 

V = mgh (4.11) 

where g represents gravitational acceleration, and h is the height of the center of mass 

in meters. We define the Lagrangian of the system as the difference in its kinetic and 
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potential energies. That is 

L = T-V. (4.12) 

For a system with n degrees of freedom, the Euler-Lagrange equations have the 

form 

d_ /dL\ _ ^ _ ^ . _ , 2 
dt \dqij dqi dqi' 

where W is the external work done on the system and the ^i's and ^i's are the 

generalized coordinates and the generalized velocities, respectively. The only external 

work done on this mechanical system is that done by the musculotendon actuators, 

the external weight, and the passive moments. The Lagrangian of this system is 

L = U^[m{l-cy + l]-mgH + mg{l-c)sm(9). (4.14) 

Since there is only one generalized coordinate, there is one equation of motion. 

Then 
d_ fdL 
dt 

and 

( I ) = (m(/ - cf + /) 9 

— = mg{l-c)cos{9). 

The external work done on the system by external forces must also be known. A 

torque is exerted on the limb by the net effect of both muscle groups. Since the 

muscles are attached to the bone at the tendon, the forces acting on the bone are the 

tendon forces Ftl and Ft2- Let T = [Ti T2Y be the vector of torque due to tendon 

forces. Ft = [Ft\ Ft2Y be the vector of tendon forces, and Ltm = [kmi ltm2Y be the 

vector of muscle tendon pathlengths. Then from the principle of virtual work 

This equahty is forced to hold for all 9, so 

59. 

T = ( ^ V F . 
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However, we have effective moment arms through which the tendon forces act. There

fore, 

T = r^Ft 

where r = [ri{9) r2{9)Y. Work is positive if it produces an increase in the generalized 

coordinate, and negative if it produces a decrease. Thus the torque produced by the 

bleep group is negative and the torque made by the tricep group is positive. Since 

the moment arm for the tricep is negative, we negate this torque so that it is positive. 

In addition, many simulations will be conducted in which the limb has a weight 

attached to the distal end. If we denote the mass of the weight by M^, then the 

principle of virtual work yields 

SW = M^glcos{9)S9 

where g is the gravitational acceleration constant. Once again, this inequality must 

be true for all 9, thus 

W = M^glcos{9). 

Then, combining the above expressions in the Euler-Lagrange equations we have 

•• m{l - c)^cos(^) + MJgcos(9) - r,{9)Fti - T2{9)Ft2 + Mp{9,9) . ^ . 
U= "2 (4.15) 

m{l -cy + 1 

for the limb dynamics. 
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CHAPTER V 

MODELING THE ELBOW AND FOREARM 

Now that we have identified and analyzed the individual parts of our muscu

lotendon and musculoskeletal models, we develop several different control-theoretic 

dynamical systems that represent the forearm and elbow complex. We will analyze 

how choosing different components of the model as states affects the performance of 

the system. 

The limb dynamics and contraction dynamics indicate that we have a second order 

system. We must convert it to a first-order system. The state vector for this 2-muscle 

system is given by 

r . . . -iT 

X{t) = 9 9 Ftl Ft2 /ml lm2 Iml Irnl al a2 . (5.1) 

If we let this state vector be denoted by x(t) = [xi, X2,Xs, X4, X5, XQ^ Xj, Xs, xg, xioY, 

we obtain a ten-dimensional nonlinear dynamical system of the form 

x = f (x) (5.2) 
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where 

f(x) 

Xi 

(5.3) 

J (N(xi) - ri{xi)x3 - r2{xi)x4 + Mp{xi, X2)) 

Kt{X2,) [Itml - 2:7) 

Kt{XA) (ltm2 -Xsj 

Xi 

X8 

•irr-- [Xs - (Fact l(X9, X5, X7) + Fpe{X5) + BmlXj)] 
-'*^Tnl 

jj— [T4 - {Fact2{Xio,Xe,X8) + Fpe(x6) + B ^ 2 ^ 8 ) ] 

-^{Pl + {l-Pl)Ui)xg-\-^Ui 

- ^ (/^2 + (1 - P2)U2) 3̂ 10 + ^ ^ 2 

In general, the dynamics for a multi-muscle, n-link segmental model have the form 

9 = J(9)-' \M{9, 9) + A^(% - r{9fFt + Mp{9,9) 

Ft = Kt{Ft) Hm '"m 

(5.4) 

(5.5) 

^rn 
M 771 

F t - [Fact{a{t),lm,im) + Fpe{lm) ^ Bm{im)y\ (5 .6 ) 

d{t) = --{p ^ {1 - P)u{t)) a{t) +-u{t) 
T T 

(5.7) 

where J is the nxn moment of inertia matrix, M is the matrix of velocity interaction 

torques which include centripetal and Coriolus forces, and N is the coefficient matrix 

of gravitational torque. We denote by r the vector containing effective moment arms 

for each muscle, Ft is the vector of tendon forces for each muscle, and Mp is a vector 

containing joint passive effects. Note that since we have only one link, the M matrix 

is zero due to the lack of translational effects from multiple links. 
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We would Hke to integrate the different models forward in time in order to see 

how accurate they reflect the actual physical system. Thus we need correct parameter 

values. The values used in these simulations are reported in Table 5.1. 

Table 5.1: Parameter Values for Musculotendon Dynamics 

Parameter 

Mml 

Mm2 

m 

1 
t 

c 

I 

9 

^01 

^01 

ksl 

lts2 

'^maxl 

^'raax2 

Bml 

Bm2 

Foi 

Fo2 

Value 

.432 kg 

.357 kg 

1.43 kg 

.333 m 

.165 m 

.0575 kgm'^ 

9.81 m/s^ 

.15 m 

.102 m 

.198 m 

.1793 m 

7/oi m 

7lo2 rn 

150 kg/s 

150 kg/s 

1950 Â  

2200 Â  

Description 

muscle mass of bleep 

muscle mass of tricep 

mass of forearm 

length of forearm 

distance from com to distal end 

moment of inertia of forearm 

gravitational constant 

optimal muscle length for bleep 

optimal muscle length for tricep 

tendon slack length for bleep 

tendon slack length for tricep 

maximum speed of bleep contraction 

maximum speed of tricep contraction 

viscous damping coefficient for bleep 

viscous damping coefficient for tricep 

maximal isometric force for bleep 

maximal isometric force for tricep 

Reference 

Veeger [17] 

Veeger [17] 

Nijhof [12] 

Nijhof [12] 

Nijhof [12] 

Nijhof [12] 

Lemay/Crago [9] 

Lemay/Crago [9] 

see appendix 

see appendix 

Lemay/Crago [9] 

Lemay/Crago [9] 

approximation 

approximation 

Veeger [17] 

Veeger [17] 

5.1 The Three-State Musculotendon Model 

In this model, we consider (in addition to muscle activation) three states for the 

musculotendon dynamics: Im, Ft, and L- We then have the dynamical system given 
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above. 

The initial conditions are an important part of the simulation process. This system 

is very sensitive to the initial value of the muscle lengths, Imi and lm2- Consider a 

passive simulation (no muscle activation, i.e, no input to the system) beginning in 

the horizontal position oi 9 = 0. First we use the initial condition that Xi = 0 except 

for X5 = 0.1248828696 and XQ = 0.110530630185. This corresponds to having both 

tendons at slack lengths, thus warranting the zero initial values for Fn and Ft2. The 

values for Imi and lm2 are found by evaluating the muscle-tendon pathlength equations 

at ^ = 0 and subtracting off the respective tendon slack lengths. The reults for this 

simulation can be viewed in Figure 5.1. 

100 
Angle 

200 

" t 100 

$ 0 
Q. 

H r\n 

r 1 

Angle Velocity 

~x 

1 2 3 
time (s) 

Bleep Tendon Force 

0 1 2 
time (s) 

Tricep Tendon Force 

0 1 2 
time (s) 

1 2 
time (s) 

Figure 5.1: Simulation with Accurate IC's 

These results indicate smooth motion and tendon forces. The smaH bleep force 

is expected due to tendon lengthening as the forearm falls. Now consider the initial 
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condition vector 

x(0) = [ 0 0 0 0 0.12 0.11 0 0 0 0 ] " ^ (5.8) 

If we integrate the system with these initial values, the results look much the same 

(Figure 5.2) except for the eratic behavior of the tricep tendon force. The force drops 

Angle 

1 2 3 
time (s) 

Bleep Tendon Force 

1 2 
time (s) 

Angle Velocity 
200 

1 2 
time (s) 

Tricep Tendon Force 

0) 
o 
o u. 

-0.5 
1 2 
time (s) 

Figure 5.2: Simulation with Inaccurate IC's 

below zero, which is physically meaningless. In addition, the computation time for the 

first set of IC's is 11.2 seconds, while the time for the second set is 45.1 seconds. This 

small example gives a great deal of insight into how sensitive the three-state model 

is to its initial conditions. Often, it is very difficult to determine the initial muscle 

lengths as there was no data found for muscle lengths corresponding to various limb 

positions or tendon forces. Thus, this sensitivity is a huge disadvantage associated 

with this model. 
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Another disadvantage of this approach is that it introduces an element of redun

dancy. We can integrate the tendon dynamics in order to find a representation of Ft 

in terms of k (thus Im, since k = km - Im)- Doing this, we can lose one state in the 

musculotendon model, thus reducing the system dimension by 2. Another possibility 

is to derive an equation for k in terms of Ft. We can then recover the muscle length as 

a function of tendon force. Once again, we remove one state from the musculotendon 

model and reduce the system dimension by 2. 

FinaUy, as is popular in the majority of biomechanical research, the strategy of 

a one-state musculotendon model could be used. To do this, we let the muscle mass 

(Mm) go to zero in the contraction dynamics. Then it is clear than tendon force equals 

muscle force. Using this force balance equation, we can invert the force-velocity effect, 

fv{vm), to get an expression for Im in terms of the state variables Ft and a. We then 

would have a one-state musculotenon model. 

The advantage of taking on such an endeavor was originally thought to decrease 

computational requirements as a consequence of reduced system dimension. How

ever, since the force-velocity curve is scaled by activation, the inversion of the this 

curve when a is small introduces potential numerical complications [7]. Prom a con

trol theoretic standpoint, controllability is altered when using this reduced muscle 

model. He [7] also showed that those "coefficients corresponding to neural inputs of 

passive muscles will disappear from the input matrix" (p. 48). Thus, if a muscle 

initially has no activation, it will remain passive because the dynamical system has 

no way of coupling its input into the overall dynamics. Therefore the input to that 

muscle remains static and zero. We can assume that the system would in no way be 

controllable. Since controUability and observability is our ultimate goal in this study, 

we will not consider the single state massless representation. 

The redundancy issue does not come into play when considering passive or active 

simulations with no notion of biological control. On the other hand, when we speak 

of controUability or observability of the linearized system (Chapter VII) we see that 

the knowledge of too many states in the dynamical system can cause problems. We 
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now look more closely at alternate methods used to construct the system. 

5.2 The Two-State Musculotendon Models 

As mentioned above, there are possibly several disadvantages to using the three-

state model. With a two-state model, we lose the redundancy dilemma. Moreover, 

the system dimension is decreased, thus reducing the numerical of integrating the 

dynamics. First we consider the model in which tendon force is eliminated. 

5.2.1 The Muscle Length-Velocity Model 

Recall the equation for tendon dynamics that was derived in Chapter III 

Ft = Kt{Ft)k-

The tendon spring coefficient Kt was defined as a piecewise-linear function of Ft-

Thus the tendon dynamics equation is a linear ODE which can be solved quite easily 

to get an expression for Ft- We have 

dFt = Kt{Ft)dk (5.9) 

Integrating and solving for constants of integration we arrive at 

k ~ ks \ 

) - 1 .405671 
Ft = Fo{ 

40.842079 
/ ts U < 1.021 ts 

37,5 
ks 
p (/, - 1.02/,,) k > 1.02/,,. 

Note that since 

H — ''tTn '"m 

(5.10) 

and that km = km{0), we can express Ft explicitly as a function of 9 and Im-

Now we have formed an eight-dimensional, nonhnear dynamical system 

X = f (x) 
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where 

f(x) = 

and 

X2 

^ {N{xi) - ri(xi)F,i(xi, 0:3) - r2{xi)Ft2(xi,X4) + Mp(xi, X2)) 

X5 

xe 

^^[F, i(a: i ,X3) - {Facti{x7,xs,xs) -\- Fpc{xs)-\-BmlXs)] 

JJ-^ [Ft2(Xi,X4) - {Fact2{X8,X4,X6) + Fpe(a;4) + Bm2X6)] 

- : ^ ( A + (l-/?i)wi)a:7 + :^wi 

-^{P^-^{l-p^)u2)xs-h^U2 

(5.11) 

x(t) 9 9 Iml lm2 Iml Iml ^1 a2 (5.12) 

Although the redundancy problem is solved, we continue to encounter difficulties 

arising from the initial conditions for the muscle lengths. However, the dimension of 

the system has been reduced, thus allowing for better computational speed. Next we 

consider removing muscle length as a state. 

5.2.2 The Tendon Force-Muscle Velocity Model 

Previously, we considered integrating the tendon dynamics to obtain tendon force 

as a function of tendon length. Now, we need only solve an algebraic equation to find 

a representation of the tendon length in terms of tendon force. Recafl equation (5.10) 

k ~ ks 

.405671 e \ ks J - i 
Ft = Foi 

37.5 
ks 
p (/, - 1.02/,,) 
it'i 

k < L02/„ 

k > l-02ks-
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We can solve this equation for /, to obtain 

1 + 
k = l 

W i35I^^( 
ts 

^ + .4056^'lSJ'J ^«<-5124F<, 

1 + ̂ "W^ <̂ ^ •5124F. 

(5.13) 

Now that we have this representation, the muscle can be reconstructed from the 

muscle tendon pathlength and the tendon length. Thus there is no need to include 

im as a state variable. 

Now we have another eighth-order, nonlinear dynamical system with state vector 

x(t) 9 9 Ftl Ff2 Iml Iml a l CL2 (5.14) 

Once again we have 

where 

X = f (x) 

X2 

f(x) = (5.15) 

7 (^(^i) - ri{xi)x3 - r2{xi)x4 + Mp(xi, xs)) 

KtiXz) (itml - Xsj 

Kt{X4) \jtm2 - XQ\ 

jj— [X3 - {Factl{x7,Xi.X2,X5) + Fpe(a:i,X3) + BmlXs)] 

-Tj— [X4 - (Fac,2(^8, Xi, X4, Xe) + Fpe(Xi, X4) -\- Bm2X6)] 
•'•*•'•'m.2 

-±{P,.i.{l-P,)Ui)x7^^^Ui 

- : ^ ( / ? 2 + ( l - /32)W2)a ;8 + :^U2 

Again, the redundancy is resolved and we have reduced problem of estimating initial 

conditions since we will usually begin our simulations from static positions where 

muscle velocities are identically zero and tendon forces can be easily estimated. 
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In addition to these advantages. He [7] mentions that the selection of these states 

correlates better with feedback from physiological sensors. This will definitely be an 

issue when we consider feedback control of the elbow and forearm in Chapter VIII. 

Attempting to feed back tendon force into the dynamical system without having it 

as a state variable would be a real challenge. We will now conduct simulations of all 

three models in order to check their performance. 

5.3 Comparison of the System Models 

In this section we examine simulations of each model and compare its performance 

to the others. Presently we compare different trajectories of state variables for each 

model derived above. Then we will look at how tenon strain differs between the 

models in each simulation. 

5.3.1 Comparison of State Variable Trajectories 

First we consider a simulation that begins with the forearm at the horizontal 

position, that is ^ = 0. Without the presence of muscle activation, the forearm should 

drop with increasing speed (hence increased joint damping) until it nears the critical 

angle at which the passive joint effect stops it. Figure 5.3 compares the trajectories 

of the different models for this simulation. We see that the trajectories are very 

simHar. Note that the graphs for the Pull State Model and the Tendon Force-Muscle 

Velocity model overlay one another. Also, it is possible to observe other quantities 

such as muscle length, velocity and activation. However, these trajectories are even 

less distinguishable. We can conclude that for passive movements without an external 

load, that the models are virtually indistinguishable. 

Now we again conduct a simulation in which the forearm begins with ^ = 0 without 

muscle activation. However, we place a bkg (approx. 11/6.) weight at the end of the 

forearm (in the subject's hand). The arm is released from rest and a comparison of 

the trajectories of the models is provided in Figure 5.4. Once again, the trajectories 

are essentially indistinguishable, even moreso than the first passive simulation. We 
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Figure 5.3: Trajectories for Passive Simulation with no weight 

can now assume that for most passive simulations the models differ very little. 

The better test of the modelsis provided when we incorporate muscle inputs to the 

systems. The following simulation begins with the forearm hanging down vertically 

{9 = | ) . We give the bleep group actuator a step input of height 1 for 0.1 seconds. 

Essentially, we should see the forearm move toward the horizontal with high velocity 

initially. Then the link should reach a maximum and come back to rest similar to the 

passive simulation. In this first active simulation, there is no weight in the subject's 

hand. 

The trajectories for the weightless active simulation are given in Figure 5.5. These 

curves show greater variability than those in the passive simulation. On the other 

hand, the trajectories are still very close to one another. The difference in the An

gular Velocity of the Pull-State Model and the Tendon Force-Muscle Velocity Model 

43 



Angle Angle Velocity 

1 2 3 

time (s) 
Full Model 
Lenglh-Velocily Model 
Force-Velocity Model 

100 
Bleep Tendon Force 

1 2 3 

time (s) 

Tricep Tendon Force 

1 2 

time (s) 
1 2 

time (s) 

Figure 5.4: Trajectories for Passive Simulation with weight 

compared to the Muscle Length-Muscle Velocity Model is due to the fact that the 

former two generated enough force to propel the link up to its maximum (~54°), thus 

encountering the large (and positive) passive moment that pushes the forearm back 

in the positive direction. In the latter model, the bleep group does not generate as 

much force. 

Aside from some minor deviations, this simulation reinforces our hypothesis that 

the models perform equally weH for each situation. The final simulation is similar to 

the first active simulation, except we add the same 5kg weight to the subject's hand. 

We would assume that the link is not raised quite as high and that a similar amount of 

tendon force develops in the bleep group. Our assumptions are corroborated in Figure 

5.6. The trajectories here are all very similar, except for some small deviations. We 

conclude that on the basis of comparing link angle, link angular velocity, and tendon 

force that each model is, for the most part, indistinguishable from the others. We 
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Figure 5.5: Trajectories for Active Simulation with no weight 

now consider simulations comparing tendon strain for each model. 

5.3.2 Comparison of Tendon Strain 

Zajac [19] showed that if tendon strain £, reaches 10%, the tendon will likely 

rupture. Since we are merely letting the forearm drop to rest, or in the extreme case, 

lifting a bkg mass, we would not expect tendon strains in either musculotendon to 

reach this critical value. Another way to examine the validity and feasiblHty of the 

models we have created is to monitor the tendon strain for each musculotendon. Any 

unacceptable values for tendon strain will certainly be obvious. 

Again we consider the four simulations outlined previously. Figure 5.7 indicates 

the strain values for the passive simulation with no external weight. We see that for 

the bleep group, the strain values are aU below the 10% crtical level. However, the 

Pull-State and Muscle Length-Velocity Models show serious problems with the tendon 
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Figure 5.6: Trajectories for Active Simulation with weight 

strain for the tricep group. It is not clear whether the problem is a fundamental 

modeling difficulty or a numerical artifact. At any rate, the Tendon Force-Muscle 

Velocity model is preferable here. 

Now we consider the passive simulation where the bkg weight has been attached. 

These values are presented in Figure 5.8. The same dilemma seems to persist as 

all three models perform fine with the bicep group, but the Full-State and Muscle 

Length-Velocity Models fail with the tricep strain. Perhaps the active simulations 

can give some more insight into the problem. 

The first active simulation involves no weight and a small step input to the bicep 

group. Figure 5.9 displays the results. In the bicep group strain, we see a large burst 

of strain in the Full-State Model. RecalHng the previous discussion on state variable 

trajectories, this huge change in tendon length (hence muscle length) is not exhibited 

in the output of the system. These results suggest that we could conclude that the 
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Figure 5.7: Tendon Strains for Passive Simulation with no Weight 
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Figure 5.8: Tendon Strains for Passive Simulation with Weight 

Pull-State model is fiawed in producing realistic predictions of tendon strain. On the 

other hand, if we consider the tricep strain, we notice that for the Muscle Length-

Velocity Model the numerical solver encountered difficulties in computing the tendon 

strain after about 2 seconds. This gives evidence that the extreme strain values could 

be the result of numerical difficulties encountered by the ODE solver. 

The final active simulation includes the bkg weight placed in the subject's hand. 

Theoretically, we should see smaller strain values in the bicep since the added weight 

will not allow the forearm to raise as high. Consequently, the tendon wiU not be 

stretched as much. Figure 5.10 shows that the models do indeed give smaller strain 

values than the other active simulation. However, we still see the large strain values 

in every model except the Tendon Force-Muscle Velocity Model. Even if the extreme 
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Figure 5.9: Tendon Strains for Active Simulation with no Weight 
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Figure 5.10: Tendon Strains for Active Simulation with Weight 

strain values in the other models are the result of numerical instabilities, the fact 

still remains that their simulations do not compare with those of the Force-Velocity 

Model. Finally, we consider the last method of comparison, the computation time. 

5.3.3 Comparison of Computation Time 

The time it takes for the software package to integrate the dynamical system is 

an important issue. For the size of a system considered here, the speed is somewhat 

unimportant. When dealing with larger systems, however, the need for efficient solvers 

becomes of utmost importance. Every simulation ran in this study was conducted in 

Matlab v. 5.2 on a Macintosh G3 personal computer. The equations were integrated 

by Matlab's 4*^-5*^-order Runga-Kutta solver, ode45. The computational times for 
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each simulation is shown in Figure 5.11. 

Length-Velocity Model 
Full Model 
Force-Velocity Model 

Simulation 

Figure 5.11: Computational Time Needed for Each Model 

In this figure, simulation 1 corresponds to the passive simulation with no weight, 

2 denotes the passive simulation with weight, 3 describes the active simulation with 

no weight, and 4 is the active simulation with weight. 

We see that the Muscle Length-Velocity Model integrates much faster than the 

other two models. In addition, the Full-State and Force-Velocity models show practi

cally the same computational speed. The notion of integration speed would definitely 

be more of an issue with increased system size. However, we wish to incorporate 

the most accurate and physically sound model possible into this study. In light of 

the numerical problems with the tendon strain shown previously, we must pick the 

Tendon Force-Muscle Velocity Model as our system of choice for our main goal: the 

optimal control of the human forearm and elbow about a nominal trajectory. 
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CHAPTER VI 

LINEARIZATION OF THE FOREARM SYSTEM 

Having compared the attributes and advantages of the various musculotendon 

models, we may now turn our attention to issues of control. We will address this 

problem by utilizing the eighth-order system derived in Chapter V. The stability, 

controllability, and observability of the dynamical system is deduced by computing 

the linearization of the system about a nominal trajectory. 

6.1 Linearization of the System About a Nominal Trajectory 

Consider the limb and musculotendon dynamics of our system written in the 

following way for convenience 

9 = fo{9) (6.1) 

9 = fi{9j,Ft) (6.2) 

Ft = f2{9,9,Ft,im) (6.3) 

Im = f3{9,Ft,im,a) (6.4) 

d{t) = f4{a,u) (6.5) 

where Ft, Im, and a are 2 x 1 vectors containing the appropriate states relating to 

each muscle. Define 

xi = 9, X2 = xi, xz = Ft, X4 = Im, X5 = a 

so that 

and 

X = [Xi X2 Xs X4 X5] 

u = [Ui U2] 
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Consider a perturbation (z(i),v(t)) from a nominal trajectory (xn(^),Un(^)) defined 

by 

z(t) = x ( t ) - x „ ( t ) 

v(t) = u (<) -u„ ( t ) . 

(6.6) 

(6.7) 

We have 

x(t) = ±n{t) + z{t) 
(6.8) 

df af 
- f (X„, U„) + ^ | . = X „ , U = U „ Z ( 0 + ^ |x=Xn,U=UnV(t) + 0(Z, V) . 

However, on the nominal trajectory we define 

f(Xn,Un) = 0 . 

Thus, for small z and v we can write 

z{t) = A{t)z{t) + B{t)u{t). 

The matrices A{t) and B{t) are defined by 

0 1 0 0 0 

A{t) = 

Aoi A22 A23 0 0 

A31 A32 A33 ^34 0 

A41 0 A43 Au A 45 

0 0 0 0 A 55 

and 
0 

0 

(6.9) 

B{t) = 0 

0 

[tJ 
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The individual elements in A are given by 

A.. - d f r - i [^Tr^ \^ 
21 - ^ t ' ^ [^n^i)9 

^22 = •£;{Mp{^u^2)) 

A23 = r{xiy 

^- = t -̂ ^ t 
«̂ = t -̂ = n 
-̂ = t-

i - r(^j;i 

A33 = 

A44 = 

) X3 + 1 

0x3 

- df3 
dx4 

Vlp[Xi,X2, 

A34 = 

A45 = 

Uf 

df2 
8x4 

8x5 

We now give the actual expressions for these terms. 

6.2 The Linearized System 

We present the derivation of A and B in two parts: the linearization of the limb 

dynamics, and the linearization of the musculotendon dynamics. The implicit nature 

of many of the parameters used in the model becomes evident in this linearization. 

For instance, we must calculate the partial derivatives of the force length effect with 

respect to both 9 and Ft. Because Im is not a state, it must be found by subtracting 

km, a function of 9, and k, a function of Ft. This property makes the linearization 

very tedious. 
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6.2.1 Linearization of Limb Dynamics 

To compute the partial derivatives of the limb dynamics equation with respect to 

the state variables, we calculate 

dfo 
d9 

dfo 
89 

dh 
89 

= 0, 

= 1, 

(6.10) 

(6.11) 

J 89 
mg{l - c)cos{9) + M^glcos{9) - ri{9)Fti - r2{9)Ft2 + Mp{9,9) 

1 
J 

N . /m .r . - r.\ r. 8ri{9) ^ 8r2{9) 8Mp{9,9) 
•mg(l - c) sm{9) - M^glsm{9) - F , i — ^ - F t 2 - ^ + "^^ ^ 

89 89 89 

(6.12) 

8fi 1 8Mp{9,9) 

de 

dFt 

dh 
dim 

dh 

J de 

= r^^)' 
= 0, 

- n 
8a 

(6.13) 

(6.14) 

(6.15) 

(6.16) 

For the parameter values in our model, the individual partial derivatives are given by 

^ ^ i ^ = -8.9649 X 10-^^2 ^ 3 6094 x 10"^^ + 4.5322 x 10-^ 

^ S i ^ = -1.75855 X lO-^^ '̂̂  + 5.3108 x 10"^^^ - 5.7276 x 10"'^^ 
o9 

-h2.5772 X 10"^^ - 3.0284 x 10-^ 

8Mp{9j) _2b{9 + —) -2b{l-9) 
•250e ^ 10^ -25e ^2 

8Mp{9,9) = -0.7. 
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This completes the linearization of the limb dynamics. Now we proceed to Hnearize 

the musculotendon dynamics. 

6.2.2 Linearization of Musculotendon Dynamics 

The partial derivatives of the musculotendon dynamics with respect to the state 

variables are given by 

8f2 _ jy. ,j-y .{ 8km 8lm 
89 89 89 

(6.17) 

8f2 
89 

dh 
8Ft 

df2_ 

8im 

8f2 
8a 

df3 
89 

dh 
dFt 

= Kt{Ft) 
81 tm 

89 

8Kt{Ft) 
8Ft 

-Kt{Ft). 

lif.m. " trn '-m ; , 

= 0, 

M 771 

^^^^(^•^'UaF„/.(L)^^^^^ 
89 89 

M m 

l-^^-i!-^-^-aFo/.(L)^^-^^-^-) 
8Ft 8Ft 

(6.18) 

(6.19) 

(6.20) 

(6.21) 

(6.22) 

(6.23) 

8lm 

dh, 
dim 

dh 
da 

M, 
arofi{lm)—— \- nm I , 

rn 81 m 

Fofl{lm)fv{lm) 

M, 771 

- i ( /? -h( l - /3)w) , 
r 

(6.24) 

(6.25) 

(6.26) 
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where 

f 40.84209(Ft -h .405671Fo) F, < .5124F„ 

I 37.5Fo Ft > .bl24Fo 

1 + 
k = I 

W 
ts 

and 

Im = kmyj) ~ k-

The specific expressions for the individual partial derivatives are 

f ^ = i ^ ( . 0 0 2 9 1 6 2 1 ) e x p 

(9F„e 13.1123, 
^̂  - -(.00291621) exp 

13.1123 ' 

aF, lo 

8lt ks 

lo 

. ifm — if 

13.1123 ' 

81 trn 

I 

89 ' 

8k 
8 Ft' 

8Ft 40.8421 \Ft + .405671Foy ' 

8fl{lm) ^ 8 (km-k \ â fm 

a/K/m) ^ 8 / / tm-^ t \ 8k 
8Ft lo\ lo ) 8Ft' 

df,{im) l.bbUVr 'max 

8im ^Lx + 1-5574L" 

With the linearization process complete, we now determine the nominal trajectory. 

6.3 The Nominal Trajectory 

We win determine a nominal trajectory, (xn, Un), so as to investigate a control law 

that stabilizes the arm when ^ = 0. Thus, we seek an operating point corresponding 

to this stationary trajectory. 
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There are some assumptions that we must make about the system's behavior at 

this operating point in order to solve for the unknown states. First, we assume that 

the tricep group is not active at this point (02 = 0). That is, the bicep group wiU 

hold the weight of the forearm while the tricep group is relaxed. Note that this does 

not imply that there is no force in the tricep group. Force could indeed result from 

the passive elastic element, depending on the length of the muscle at this point. Since 

the activation is zero, we can assume that the input to the tricep group is also zero 

{u2 = 0). Furthermore, an obvious assumption is that 

9 = iml = im2 = 0. (6.27) 

This makes both muscles and the limb stationary on this trajectory. Since 

Xn = f (Xn, U„) = 0, (6.28) 

we have the following system of equations: 

mg{l-c) + M^g-ri{0)Fti-r2{0)Ft2 = 0 

F^^ _ Fpe ^W(Q)-^^ i (^^ i ) ) - Foif^ ^l^rniiO)-JtiiFti)^^ ^^ ^ , 

{Pi + {1 - Pi)ui) ai - ui = 0 
(6.29) 

Solving this nonlinear system, we find that 

Xn = [0 0 48.81338308 .005795078 0 0 .02827771 0]^ (6.30) 

and 

Un = [0.00578644 0]^. (6.31) 

Having determined the nominal trajector. we can now address the analysis of the 

stability and control theoretic properties of the system Hnearized about the operating 

point. 
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CHAPTER VII 

STABILITY, CONTROLLABILITY, AND OBSERVABILITY 

Notions of system stabiHty, controllability, and observability will be examined for 

this musculoskeletal system. We expect the system to be unstable since the pendulum 

only has one stable equilibrium and we are not near it. In addition, instabilities could 

arise from the musculotendon actuators. In fact. He [7] showed that the musculoten

don actuator could be unstable if the unit is very compliant or there is a high level 

of activation. 

In He's dissertation, it was shown that the musculoskeletal system of a cat hindlimb 

was controllable and completely observable using only muscle receptors. We expect 

the same result for the smaller system we consider here that does not include biar-

ticulate muscles. 

7.1 System Stability 

To examine the stability of this dynamical system about our nominal trajectory, 

we must find the eigenvalues of A. If we evaluate ^ = ^ (xn,Un), we obtain the 

following matrix 
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0 1 0 0 

730.61 -7.153 -.4934 .1942 

0 6888.09 0 0 

0 -2112.68 0 0 
A = 

1305.93 0 2.4911 0 

-1461.59 0 0 3.493 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

r3242.99 

0 

514.82 

0 

0 

0 

0 

-203274.94 

0 

-420.17 

0 

0 

0 

0 

-3995.87 

0 

-20.463 

0 

0 

0 

0 

5990.77 

0 

-20 

(7.1) 
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T h e eigenvalues of th i s ma t r ix are 

Al - 27.305833945171 

A2 = -39 .049990376535 

A3 = - 2 0 9 . 9 3 8 1 3 4 5 8 9 4 2 8 - h 816.289551012281Z 

A4 = -209 .938134589428-816 .2895510122812 

A5 = -255.259918027473-h 606.5414149906712 

As = -255 .259918027473-606 .5414149906712 

A7 = -20.462915557642 

As = - 2 0 . 

Since Ai > 0, t he system is uns table . 

One of t h e disadvantages of using a linearized sys tem is t h a t t h e nonlinear sys

t e m may very well be s table due to the stabilizing effects of higher order t e rms t h a t 

we neglect in t he linearized system. Consider a s imulat ion where we begin on the 

nominal trajectory. If the system were stable, a perturbation from the nominal tra

jectory would cause the sytstem to at most oscillate in some neighborhood about the 

trajectory. If the system were asymptotically stable, the system would return to the 

nominal trajectory in finite time after some initial perturbation. 

Figure 7.1 indicates the trajectory of the linear system after beginning the sim

ulation on the nominal trajectory. Clearly, the system is very unstable. Almost 

immediately, many of the states grow without bound. On the other hand, consider 

what happens when we perform the same simulation with the nonlinear system. If we 

graphically analyze the trajectories of the nonlinear system given in Figure 7.2, we 

can see that although probably not asymptotically stable, it could be stable. Though 

one could attempt to construct a Lyapunov function for the nonhnear system so as 
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Figure 7.1: Trajectory of unstable linear system. 

to analyze its stability, that approach will not be pursued here. Instead, we will show 

that the nonlinear system can be stabilized with state feedback. The matrix of state 

feedback gains will be derived using the Linear Quadratic Regulator method. 

7.2 System Controllability 

In order to formulate the Linear Quadratic Regulator problem for this system, we 

must first verify that the system is controllable. Consider an n-dimensional system 

X = A{t)x -H B{t)u. (7.2) 

Recall the following definitions. 

Definition 7.2.1. A state XQ is controllable at time to if for some finite ti > to there 

exists an input u{t), t € [to, ti] that transfers the state x{t) from Xo at to to the origin 

at time ti [2]. 

60 



X 1 0 ' Angle 

time (s) 

xlO 3 Angle Velocity 

2 4 6 

time (s) 
10 

<D 
O 

o u_ 

A9. 9.^A 

488135 

48.813 

48.8125 

48.812 

Bicep Tendon Force 
• 

^ 

' / 
/ 

^ 

time (s) 
8 10 

00283 

C 0.0283 
O 

03 0.0283 

O 
* ^ 0.0283 

0.0283 

Bicep Activation 

2 4 6 

time (s) 
10 

Figure 7.2: Trajectory of possibly stable nonlinear nystem. 

That is, there is an input that can take the state from x{to) = Xo to x{ti) = 0. 

Definition 7.2.2. The system (7.2) is controllable at to if every state xo in its state-

space is controllable. Moreover, we say the pair (A{t).iB{t)) is controllable at to [2]. 

For Linear Time Invariant Systems (LTI), the notion of the controllability matrix 

is at our disposal. The controllability matrix for the system x = Ax -(- Bu is an 

n X mn matrix where n is the dimension of the system and m refers to the number 

of inputs. This matrix, C, has the form 

C=[B AB A^B . . . A^'-^B] . (7.3) 

We now present (without proof) the following important theorem from control theory. 

Theorem 7.2.1. The system ± = Ax-\- Bu is completely controllable if and only if 

rank{C) = n. (7.4) 
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Consider the input matrix defined here as 

B = 

0 

0 

0 

0 

0 

0 

100 
0 

0 

0 

0 

0 

0 

0 

0 

100 J 

(7.5) 

Since our nominal trajectory is a fixed point in R^, we have a LTI system. Therefore 

we can examine controllability using the 8 x 16 (8 x 8 • 2, for 8 states and 2 inputs) 

controllability matrix. 

It is clear that B offers two linearly independent columns. When we append this 

with AB. the rank increases to 4 since in the physiological range of muscle, 

^ oJl\''m) Jv\'"m) 

M, 
?^0 

TTl 

for either of our actuators. Continuing, as we compute A^B we must consider terms 

of the form 

Fofl{lm)fv{lm) I aFofl{lm)^^^ + Bm , 
dim } ^Fofl(lm)fv{lm){P+{l-P)u) 

M, •m 
Mrr.-T '771 

Considering the normal range of muscle and tendon, these entries will not be zero. 

Thus we now have 6 linearly independent columns. Finally, in A^B. and A'^B terms 

that are of the form 
r{9)Kt{Ft)Fofi{lm)fv{im) 

MmJ 

appear in the first two rows of the controUability matrix. Since these entries are zero 

in the previous six columns of C. we assume that C is at least of rank 8. For our 
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specific nominal trajectory (x„, Un), the first 10 columns of C are 

0 

0 

0 

0 

0 

0 

1 
TOO 

0 

1 

0 

0 

0 

0 

0 

0 

0 

1 
_ TOO . 

^ 

0 

0 

0 

0 

-399586.6 

0 

-2046.3 

0 

0 

0 

0 

0 

0 

-599077.0 

0 

-2000.0 

0 

0 

6.922 X 10^° 

0 

2.139 X 10^ 

0 

41873.0 

. 0 . 

0 

2.365 X 10^° 

0 

-5 .36 X 10^2 

0 

3.143 X 10^1 

0 

8.0 X 10^ 

0 

0 

0 

1.218 X 10^1 

0 

2.637 X 10^ 

0 

, 

40000.0 

, 

-3.416 X 10^° 

1.853 X lO^^ 

-1.100 X 10^6 

7.216 X 10^^ 

-1.243 X 10^^ 

0 

1.753 X 10^ 

0 

0 

-3.416 X 10^° 

-3.706 X 10^2 

0 

6.216 X 10^° 

0 

8.568 X 10^ 

0 

5 

5 

2.365 X 10^0 

-1.058 X 10^3 

1.629 X 10^4 

-6.394 X 10^^ 

0 

-3.193 X 10^^ 

0 

1.60 X 10^ 

Clearly, eight of these columns are linearly independent. We can conclude that the 

musculoskelet al system is con tro] lable. 
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7.3 System Observability 

Although it is not required for LQR problem, we would like to have an observable 

system. This is because after we compute the feedback law from the LQR formula

tion, we would like to address the feedback controllability of the nonhnear system. 

Theorems concerning the existence and uniqeness of solutions of the algebraic Riccatti 

matrix equation rely on detectabihty of the system which is implied by observabiHty. 

We must first define what is meant by observability. 

Definition 7.3.1. The linear system (7.2) is said to be observable in a time interval 

[to,ti] if and only if, for an initial state x{to), knowing two functions u{t), and y{t) 

(the system output) over the same interval is sufficient information to uniquely solve 

for x{to). If this property holds regardless of the initial time to or the initial state 

x{to). the system is said to be completely observable [3]. 

Similar to controllability, for LTI systems we have a test based on the construction 

of a special observability matrix. We consider a system of the form 

X = Ax -h Bu 

y = Cx 

where y denotes the system output and C represents the coefficient matrLx that 

reports the observed states or parameters. 

Theorem 7.3.1. An n-dimensional LTI system is observable if and only if the matrix 

0=[C CA CA^ ... CA^'-^Y 

has rank n [18]. 

Since the role of joint receptors in feedback control is not clear [7], we will assume 

that we can observe feedback from only Golgi tendon organs (GTO's) and muscle 

spindles. Muscle length is not a state in our model, thus rendering it difficult to 

feed this parameter back into the system. However, for small movements about the 
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nominal trajectory we can assume that Kt{Ft) is nearly constant, thus allowing us to 

solve for the tenon length from 

Ft = Ktk-

Thus we can feed back the product of the muscle moment arm and the joint angle 

to obtain an approximation to the muscle-tendon pathlength from which the approx

imated tendon length is subtracted. This gives us an estimated value of the muscle 

length at each time step. 

Recall that the neural signal sent to each muscle by the nervous system took a 

value between 0 and 1. Thus we expect feedback from the motoneurons to have the 

same range. Thus we scale each entry in C by dividing by the maximum value of 

that particular parameter. We define C as 

C = 

0 

0 

9 

9 

0 

0 

0 

0 

1 
Ftl 

0 

1 

0 

Ft2 

0 

0 

0 0 0 

0 0 0 

Kt{Fti)Fti 

0 

I 
'"m.l 

0 ^ 0 0 0 

1 0 ^ 0 0 
^7712 

(7.6) 

Kt{Ft2)Ft2 

where the barred quantities denote the maximum value of the particular state. Clearly, 

C has rank 4. Thus we need 4 more linearly independent rows from C • A, or firom 

the matrices to follow. The first row oi C • A'ls 

Kt(Fti) ditml 
F ti d9 

^ ' ( ^ " ) / ^ ' - \ o , 0, ^ p i l , 0. 0. 0 
F tl d9 Ft tl 

and the second row is similar, given by 

Kt(Ft2) ( dkm2\ Kt{Ft2) (ditm2\ ^ ^ ^ Kt{Ft2) ^ ^ 

Ft t2 89 F t2 89 Ft t2 

Within the physical range of our system, none of these entries are zero. Then we have 

an additional 2 linearly independent rows, thus bringing the total to 6. 
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We see that the third row of C • A is 

n n ^'tJFti) f8itmi\ ^ 1 /^Fpei ^ ^ . 8fii\ ^ f̂  -. 
Kt{Fti)Fti \ 89 j Mmilmi \ 89 89 J 

and the fourth, once again similar, is 

n n n ^^(^,2) f8itm2\ ^ I (8Fpc2 , ^ ^ , % \ . . 
^ ' ^ ' ^ ' ~ 7.̂  / F \ F ~ Q Z ~ ' 0 ' T T T " - ^ + Cl2Fo2fv2-^ , 0, U 

Kt[Ft2)Ft2 \ 89 J Mm2lm2 \ 89 89 J 

In the physical range of muscle, these two rows are linearly independent. Therefore, 

the rank of the observability matrix is 8 and the system is completely observable with 

only GTO's and muscle spindles. 

Now that we have examined many of the control theoretic properties of the system, 

we may begin to derive the optimal controller for the linear system. 
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CHAPTER VIII 

STABILIZATION VIA OPTIMAL FEEDBACK CONTROL 

One of the most fundamental studies in control and systems theory is that of the 

stabilization of a system through feedback control. Using the approach outlined by 

He [7], our goal is to accomplish three things: (1) formulate an optimal controller that 

stabilizes the musculoskeletal system about the nominal trajectory, (2) gain insight 

into how muscle, tendon, and joint feedback should be modeled, and (3) attempt to 

determine what type of control strategy the nervous system utiHzes to hold one's arm 

in a constant position. Finally, we consider some of the results of nonhnear control 

theory and examine how the nonhnear system reacts to the linear optimal controUer. 

8.1 The Linear Quadratic Regulator Problem 

Consider an n-dimensional, m-input LTI system 

± = Ax-\-Bu, X(0) = X O G R (8.1) 

where A is an n x n matrix and B is n x m. We would like to find a static state 

feedback law 

u = Kx (8.2) 

such that the cost functional 

1 f°° 
J(x, u) = - / [x{t)'^Qx(t) + u{tyRu{t)] dt (8.3) 

^ Jo 

is minimized. The first of the two terms under the integral is constructed to penalize 

deviations from desired system states. The second term serves to restrict the amount 

of "control effort," or (less precisely) energy that can be applied by the system. It is 

imperative that Q is positive semidefinite and R is positive definite. From (8.2), we 

can create the closed-loop system 

x={A + BK)x. (8.4) 
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Then (8.3) takes the form 

1 r°° 
-^(x) = - / [x{tyQx{t) -f x{tyK''RKx{t)] dt. (8.5) 

JO 

We want not only want a control law that stabilizes the system, we want the optimal 

control given by 

u = Kx= -R-^B^Fx (8.6) 

where P is the solution to the algebraic Riccati matrix equation 

A'^ + FA-hQ- FBR-^B^F = 0. (8.7) 

This equation corresponds to the steady state form of the differential Ricatti matrix 

equation which corresponds to Linear Time Varying systems. 

The question arises as to when a solution to (8.7) exists. We have the following 

theorem. 

Theorem 8.1.1. Consider system (8.1). If the pair (A,B) is stabilizable, then equation 

(8.7) has at least one solution [18]. 

RecaU that in Chapter VII, we showed that our system was completely controUable. 

Thus, for our musculoskeletal system, at least one one solution exists to (8.7). 

8.2 Control Strategy 

There are several strategies for selecting Q and R which were presented by He [7]. 

In theory, Q and R are arbitrary parameters with no special meaning. However, for 

this study there are physiological guidelines to consider when choosing these matrices. 

We must check several possibilies so that the best choice of states to be examined can 

be selected. 

As mentioned above, R dictates how much control effort the system expends. 

The design of our system indicates that the only coupHng between muscles occurs 

in the contraction dynamics. That is, the activation dynamics for each muscle are 
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independent of any other muscle. Consequently, R can be assumed to be diagonal, 

to express the lack of correlation between different muscle activations. 

The weighting factors in R assigned to specific muscles can (and should) be chosen 

according to their function for a given task [7]. Those which will be used minimally 

or not at all should be assigned a larger weighting factor so as to restrict the amount 

of neural effortexerted by the nervous system. Also, the assumption is made that for 

each given task, R can be written 

R = rR 

where r represents a parameter specific to the task and R being the weighting matrix 

for muscles in general. The parameter r is selected based on the desired amount 

of control effort expected for the model. Larger magnitudes of r indicate a less 

"controllable" (or loosely controllable) system. The selection of Q depends solely on 

the particular control strategy we wish to apply. 

8.2.1 Joint Position Control 

One obvious strategy' that can be employed to stabilize the system about the 

nominal trajectory is that of simply controlling the joint position. Essentially, with 

no regard to the other states, we aim to drive the joint angle back to zero from an 

initial perturbation. Consider the term 

x{tyQx{t) 

in (8.3). This expression can be expanded for our system to obtain 

8 

/ ^ qijXiXj. 

i,j=l 

For the joint position strategy, we want no correlation with the regulation of any state 

other than the Hmb angle 9. Therefore we select 

1 
1̂1 = J 
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where the division by the maximum angle corresponds to the scaling factor discussed 

earlier. 

The cost functional for the joint position strategy is 

1 1°° 
- • ^̂  + rw? + rul 
9 

dt. 

Note that the choice of notation, 9, indicates the distance from the nominal angle as 

defined in chapter VI. That is, we want to drive the dynamics of the "error" system, so 

to speak, to the origin. Thus we drive the physical system to the nominal trajectory. 

The feedback from the joint receptors, muscle spindles, and tendon organs to the 

bicep and tricep motoneurons are displayed in Figures 8.1, 8.2, and 8.3, respectively. 

The gains are plotted for varying r. We see that the gains (or feedback) change 

Feedback to Bicep motoneurons Feedback to Tricep motoneurons 

0 0.2 0.4 0 6 0 

Figure 8.1: Feedback from joint receptors to motoneurons for joint strategy. 

abruptly for small r, then, as r increases, they tend to remain constant. This due 

to the fact that large r represents a loosely controlled system. The gains must be 

larger in magnitude for the system with small r to be controlled effectively. Also, we 

note that homonymous feedback (feedback from a muscle's own receptors to its own 

motoneurons) to Golgi tendon organs is negative which is consistent with previous 

results [7]. Conversely, heteronymous feedback (correlation between different muscles) 

for GTO's is positive. The results for the remaining strategies wiH be compared to 

these gains. 
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Bicep spindles to Bicep motoneurons 
0.085 

Bicep spindles to Tricep motoneurons 
0.085 

Tricep spindles to Bicep motoneurons Tricep spindles to Tricep motoneurons 
-D.O 

O 
• ^ -6.5 
X^ 

C -7 

0-7.5 

-8 
C 
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1 
) 0.2 0 4 0,6 

r 
0,8 1 

-0,0 

O 

" " - 6 , 5 

C -7 

0-7.5 

-8 
0 0,2 0.4 0.6 0.8 1 

Figure 8.2: Feedback from muscle spindles to motoneurons for joint strategy. 
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Bicep GTOs to Bicep motoneurons Bicep GTOs to Tricep motoneurons 

0 0.2 0.4 0.6 0,1 

0.75 

0 0.2 0,4 0.6 0.8 1 

r 

Tricep GTOs to Bicep motoneurons 
5 

Tricep GTOs to Tricep motoneurons 

0 0,2 0,4 0,6 0 

Figure 8.3: Feedback from Golgi tendon organs to motoneurons for joint strategy. 

8.2.2 Muscle Length Control 

The next strategy that we consider is that of regulating muscle lengths for the 

system. It is true that there is a correlation between muscle length and limb angles in 

this arrangement. Although there is not a direct relationship, since there are various 

passive properties of muscle and tendon, we can still sense small changes in the muscle 

length and attribute them to changes in the limb angle. Thus, this strategy is very 

similar to the joint position regulation strategy. 

The cost functional for this strategy is 

1 r°° 

corresponding to 

u u 

qii = \{ri{9f^-r2{9f) 

dt 
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Feedback to Bicep motoneurons 
1,22 

C 

O 

1.2 

1.18 

1.16 

Feedback to Tricep motoneurons 
-0.335 

C 
-0.34 

-0.345 

0 02 0,4 06 08 1 -0,35 
0 0,2 0,4 0,6 0,8 1 

Figure 8.4: Feedback from joint receptors to motoneurons for length strategy. 

Bicep spindles to Bicep motoneurons Bicep spindles to Tricep motoneurons 

0 0,2 0.4 0.6 0,8 1 0 0,2 0,4 0,6 0,8 1 

Tricep spindles to Bicep motoneurons Tricep spindles to Tricep motoneurons 
-5.7 I • • • • 1 -5,7 

O 

0.2 0.4 0.6 0.8 1 

Figure 8.5: Feedback from muscle spindles to motoneurons for length strategy. 
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Bicep GTOs to Bicep motoneurons 
-1.8 

" ^ - 1 . 8 2 

.^-1.84 

Q-1.86 

-1.88 
0,2 0,4 0,6 0,i 

r 

Bicep GTOs to Tricep motoneurons 
0.545 

C 0.53 
'ct3 
O 0.525 

Tricep GTOs to Bicep motoneurons Tricep GTOs to Tricep motoneurons 
3,8 -1.04 

Figure 8.6: Feedback from Golgi tendon organs to motoneurons for length strategy. 

and all other entries of Q zero. The reason that we multiply the muscle moment arm 

by the angle is that this approximates changes in the muscle-tendon pathlength for 

small angles. This corresponds to small changes in muscle length. The feedback from 

each type of receptor to the muscles is given in Figures 8.4, 8.5, and 8.6. Again, 

we see the rapid change in gain for small r. Also, the feedback for the Golgi tendon 

organs are consistent with experimental data. 

8.2.3 Full State Control Strategy 

The last strategy that we consider deals with regulating the output of the system 

rather than the states. The output, y, of the system is defined as 

U i IF. 
e e F, ' 

1 
'"m I T ^r 

n T 

a 
"rn "771 

(8.8) 
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That is, we regulate every state's output. This may seem merely theoretical, but 

there is evidence to suggest that Renshaw cells measure muscle activation [7]. These 

structures branch out from the motoneurons' axons before leading into the neuromus

cular junction. This could provide a method of feedback for those two states. Since 

the system was completely observable with only muscle receptors, it is certainly ob

servable if we can observe every state. Since we have complete full-state observability, 

the output regulator is equivalent to the state regulator [7]. 

Recall that 

y = Cx 

where x is the state vector. We now define C to correspond to the observation of 

every state, including the approximation for muscle length. In particular 

C = 

1 
9 

0 

0 

0 

ri(0) 
9 

r2{9) 
9 

0 

0 

0 

1 
9 

0 

0 

0 

0 

0 

0 

0 

0 

1 
Ftl 

0 

1 
Kt{Fti)Fti 

0 

0 

0 

0 

0 

0 

Ft2 

0 

1 
Kt{Ft2)Ft2 

0 

0 

0 

0 

0 

0 

1 

''ml 

0 

0 

0 

0 

0 

0 

0 

0 

1 

lm2 

0 

0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

1 0 

0 1 

The cost functional is given by 

1 C^ 
J(x, u) = - / [y'^y + ru\ + ru^] 

^ Jo 
dt 

1 /"CXJ 

= - I [x^C'^Cx -f ru\ + rii^] 
2 Jo 

dt (8.9) 

(8.10) 
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since Q - C^C. The feedback associated with this strategy is presented in Figures 

8.7, 8.8, 8.9, and 8.10. 

Feedback to Bicep motoneurons 
3.5 

Feedback to Tricep motoneurons 
-0.2 

Figure 8.7: Feedback from joint receptors to motoneurons for full state strategy. 

Bicep spindles to Bicep motoneurons 
0,18 

Bleep spindles to Tricep motoneurons 
0,18 

0.2 0.4 0.6 0.8 

Tricep spindles to Bicep motoneurons Tricep spindles to Tricep motoneurons 
-5 -0 

^Q-10 

^ - 1 5 

1 - 2 0 

-25 
C 

/ 

I 
( 

1 
) 02 

———"" ' ' 

• 

• 

• 

0,4 0.6 0,8 1 

r 

Figure 8.8: Feedback from muscle spindles to motoneurons for fuH state strategy. 
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Bicep GTOs to Bicep motoneurons Bicep GTOs to Tricep motoneurons 
2,5 

0.2 0,4 0.6 0,8 1 

Tricep GTOs to Bicep motoneurons 
15 

Tricep GTOs to Tricep motoneurons 

0.2 0,4 0,6 0.8 1 

Figure 8.9: Feedback from Golgi tendon organs to motoneurons for full state strategy. 

Other than the relative size differences of the different feedback gains for varying 

r, there is no real difference in the strategies. The shape of each curve in the plots 

look essentially identical. The real test of the different strategies will be when we 

compare simulations of the system with an initial perturbation. 

8.3 Comparison of Strategy Simulations 

Since the feedback gains are essentially identical to one another (aside from the 

relative magnitudes) from strategy to strategy, we will consider the trajectories of the 

linear system for each strategy. We consider a simple perturbation of approximately 

11 degrees from the nominal angle. In addition, we consider that the initial forces in 

each tendon are 30 N above the nominal values. Finally, the bicep activation is thirty 

percent higher initially. 
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Bicep R. cells to Bicep motoneurons Bicep R. cells to Tricep motoneurons 
Ol ^ • • ' . 0 4 

0 0.2 0.4 0.6 0.8 1 

Tricep R. cells to Bicep motoneurons 
0.24 

Tricep R. cells to Tricep motoneurons 

Figure 8.10: Feedback from Renshaw cells to motoneurons for full state strategy. 

The results for those states of interest are given in Figure 8.11. We see that there 

is a slight overshoot for the joint position strategy in every plot. Also, the muscle 

length strategy does not stabilize the system as fast as the full state strategy and the 

joint position strategy. It is clear from the figure that none of the strategies bring the 

system back to exactly the nominal trajectory. 

Next, we would like to consider the muscle length and tendon strain for the bicep 

group. Figure 8.12 shows that the strategies are virtually identical except for the 

small overshoot seen in the joint position strategy. The tendon strain seems to be in 

a very safe range. 

The simulations indicate that none of the strategies considered here are obviously 

superior to another. The fuH state strategy seems preferable, since it eliminates 

overshoot and it stabilizes the system as quickly as the other strategies. 
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Figure 8.11: Trajectory results for the strategies. 

8.4 StabiHzing the Nonlinear System 

We begin this section with a theorem concerning the algebraic Riccati matrix 

equation. 

Theorem 8.4.1. IfQ = C^C and the pair (A, C) is detectable then equation (8.7) has 

at most one solution, and if P is the solution then the matrix A — BR~^B'^P is stable 

[18]. 

Recall that Theorem 8.1.1 gave us the existence of a solution to (8.7). Also, a well-

known result from control theory states that observability implies detectabihty. Fi

nally, we defined K as 

K = -R-^B^P. 

Therefore, from Theorem 8.2.1 we can say that F is a unique solution to (8.7) and 

that the matrix A -h BK is stable. 

79 



Bicep Length 
0,135 

1=k 013 

c 

0.125 

03 

CO 

1 2 

time (s) 

0.012 

0.01 

0 0 0 8 

0,006 

0,004 

0,002 ^ 

0 

Bleep Tendon Strain 

0 
Joint Slraregy 
Musde Length Slralegy 
Full State Slralegy 

1 2 

time (s) 

Figure 8.12: Bicep length and tendon strain for the strategies. 

Now, consider the system 

x = f(x,u), x(0) = xo 

where x is the n x 1 state vector for the system. For the linearization 

x = Ax-\- Bu 

where 

(8.11) 

(8.12) 

A = fx(0,0) 

B = fu(0,0), 

we have the following result. 

Theorem 8.4.2. If the pair (A, B) is stabilizable and for a matrix K the matrix A+BK 

is stable, then the linear feedback u = Kx stabilizes (8.11) exponentially [18]. 

Thus, we can conclude that the control law we found for the full state strategy will 

stabilize the nonlinear system. We conduct the same simulation as used in the last 

section for the nonlinear model. Figure 8.13 shows the stabilizing trajectories for the 

nonlinear system under the full state control strategy. The system is stablized rather 

quickly. In Figure 8.14 we see that both the bicep muscle length and tendon strain 
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Figure 8.13: Trajectories for nonlinear system. 

predictions are well within physiologically reasonable ranges. In summary, we see 

from the simulations that the controller developed for the linear system works quite 

nicely for the linear system. This is a result that can certainly be exploited in future 

research in the area of posture control of human movement systems. 
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Figure 8.14: Bicep muscle length and tendon strain for nonlinear system. 
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CHAPTER IX 

CONCLUSIONS AND CONTINUED RESEARCH 

We can draw several conclusions from the results presented. The different models 

constructed for the musculotendons showed very similar results in some respects, yet 

very different results in others. The overwhelming reason for the choice of the Tendon 

Force-Muscle Velocity model Hes in the tendon strain values. The Muscle Length-

Muscle Velocity model and the Full State model produced extremely high strain 

values due to the lack of control of these quantities in the numerical algorithym. The 

Tendon Force-Muscle Velocity model resulted in strain values that were in physicaUy 

acceptable ranges. 

The computational speed for the different models varied as well. The Muscle 

Length-Muscle Velocity model could be integrated most quickly. The other two mod

els were very similar in their computational speeds. We investigated a small system. 

If one were to consider several muscles or a multi-link model, the issue of compu

tational efficiency would definitely come into greater prominence. However, we con

cluded that for this particular system, the Tendon Force-Muscle Velocity model was 

the best choice. 

The abundance of muscles and sensors in the body supports intuition regarding 

the controllability and observability of the system. We control and observe skeletal 

movements of our bodies on a daily basis. We have shown mathematically that this 

is indeed the case. 

The three control strategies that were considered for the Hnear quadratic regulator 

formulation produced very similar results. The most realistic strateg>^ muscle length 

regulation, compared favorably with the full state regulation strategy. This could 

possibly indicate that the nervous system only needs to know one or two states to 

effectively stabiHze one's arm. We observed that the Golgi tendon organs respond 

with negative homonymous feedback and positive heteronymous feedback, consistent 

with physiology. We should emphasize that this is an advantage of modeling this 
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system as a multi-input multi-output (MIMO) system. We can see the patterns of 

correlation between the different states in light of proprioceptive feedback. Although, 

the analysis does not provide a conclusive answer as to how the nervous system 

regulates the stabilization of a limb system, it does give some insight as to how this 

could be achieved. 

9.1 Future Directions 

There are several possibilities for further research in this area. The most obvious is 

that additional muscles can be added rather easily. As the progress in computational 

efficiency is aided by new algorithms and especiaUy faster computers, the approach 

taken by Rehbinder [14] could be pursued. That is, the entire forearm muscle system 

with three-dimensional effects can be analyzed using the appropriate musculotendon 

model. 

Also, the notion of dynamic optimization can be incorporated into this model. 

We merely stabilized the limb about a nominal trajectory or operating point. The 

task of gain scheduling could be performed so as to optimize the controller at many 

points along the entire path of the forearm. Once this model is constructed, controls 

could be devised for certain movements and a careful analysis of this system would 

definitely shed more light on the nervous system's inherent control strategies. 

Another direction which would certainly prove rewarding would be that of con

sidering the shoulder joint in addition to the elbow joint. The feedback gains for 

biarticular muscles such as the biceps brachii could be analyzed and compared to 

experimental data. The feedback from joint receptors to muscles that do not result 

in movement about that joint is an interesting concept. 

FinaUy, a stress analysis of the forearm and/or upper arm bones is an important 

problem. The process in which stress fractures occur due to muscle loading is a 

notion that is in need of further investigation. A thorough mathematical model of 

bone stresses related directly to muscle activations is an extremely important problem 
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that could be addressed within the framework that has been established in this thesis. 
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APPENDIX A 

FUNCTIONS AND PARAMETERS USED IN THE MODEL 

Some of the functions and parameters used in this study were not reported in the 

text. A brief discussion of these items follows. 

A.1 Force-Length and Force-Velocity Curves 

The force-length effect is modeled as a piecewise defined parabola. We have the 

following equation 

0 Im < 0.5 

{ / / ( U = 1 + 4 ( L - 1 ) ' 0 . 5 < L < 1 . 5 (A.1) 

0 Im. > 1.5 

where Im denotes normalized muscle length. Figure A.1 shows the shape of this 

function. 

Force-length Effect for Muscle 

0,2 0,4 0 6 0 8 1 12 

Normalized Length 
14 1,6 1 

Figure A.1: Force-Length effect. 
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Previously, the author had used a cubic curve to model the force-celocity effect. 

However, this posed a problem during this study due to the fact that the linearization 

called for a derivative of this effect evaluated at zero. This caused a singularity. We 

then developed the following equation. 

fv(vm) = 1 + t a n \l.bb74vm) (A.2) 

Here, Vm represents normalized muscle velocity. This curve is shown in Figure A.1. 

-1,5 

Force-velocity Effect for Muscle 

•0 5 0 0 5 

Normalized Velocity 

Figure A.2: Force-Velocity effect. 

A.2 Muscle-Tendon Pathlength and Tendon Slack Length 

Similar to the muscle effective moment arms reported in Chapter IV, general 

functions were taken from Pigeon et al. [13]. For the bice group we have 

Lm^ = 0.378 4- 5.2156 x 10 -.,Hh^ - 3.1498 X 10" 
TT 

-7.9101 X 10' 
ISO (5 - e) 

- 2.5587 X 10' 
TT TT 

. (A.3) 
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For the tricep group 

180 
km2 = 0.260 -h 6.1385 x 10"^^ I ^ ^ I - 2.3174 x 10"^^ ^ 2 /_ 1 o QT7A ^ m - l i I \ 2 / 

TT / \ n 

\2 L I o OACio ^ i n - 9 I V2 / 3.3321 X 10̂ ^ ^ ^ - 2.2492 x 10" 
TT \ TT 

TT 2 

+5.2856 X 10"^ ^ ^ + 4.0644 x 10"^ ^ ^ . (A.4) 

Note that these curves were altered to fit the coordinate system used in this study. 

The tendon slack length was computed using the method described by Lemay and 

Crago [9]. That is, the tendon slack length was set so that the muscle was at 1.2/o 

when the relaxed muscle-tendon unit was at its maximum physiological range. We 

then have that 

/,,i = 0.198 (A.5) 

/,,2 = 0.1793. (A.6) 
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APPENDIX B 

MATLAB CODE 

This chapter gives the Matlab files used for the simulations. 

data.m - provides data values for parameters in the model 

global Mm I m g r rd Lopt vmax Fmax Ftc numspikes sep dur amp Bm t a c t 

global beta T 1 Mw y u Lts c thetamin thetamax 

% DATA FOR LIMB DYNAMICS 

I 

m 

g 

c 

1 

Mw 

= 

= 

= 

= 

= 

^ 

0.0575; 

1.43; 

9 . 8 1 ; 

.165; 

.333; 

0 . 0 ; 

% Moment of I n e r t i a of limb 

Vo Mass of limb 

7o Gravitational Constant 

y. Center of mass of limb (From Dist. End) 

% Limb Lengths 

y. Mass of External Weight 

y. DATA FOR MUSCULOTENDON DYNAMICS 

L o p t ( l ) = 

Lopt(2) = 

vmax(l) = 

vmax(2) = 

0 . 1 5 ; 

0 .102; 

1.05; 

0 .714; 

y. Optimal Muscle Lengths 

y. Maximum Velocities of Shortening 
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Fmax(l) = 

Fmax(2) = 

Ftc(l) = 

Ftc(2) = 

Bm(l) 

Bm(2) 

Lts(l) = 

Lts(2) = 

Lms(l) = 

Lms(2) = 

Mm(l) 

Mm(2) 

1950; 

2200; 

999.375; 

1127.5; 

150; 

150; 

0.198; 

0.1793; 

Lopt(l); 

Lopt(2); 

0.432; 

0.357; 

y. Maximum Isometric Forces (N) 

y« Critical Force For Tendon Length 

% Passive Muscle Viscosity 

y. Tendon Slack Length 

% Muscle Slack Length 

y« Muscle Mass 

y. DATA FOR ACTIVATION DYNAMICS 

tact(l) = 

tact(2) = 

beta(l) = 

beta(2) = 

numspikes(1) 

numspikes(2) 

amp(l) 

amp(2) 

dur(l) = 

dur(2) = 

sep(l) = 

sep(2) = 

0.01; 

0.01; 

0.2; 

0.2; 

= 0; 

= 0; 

1-0; 

1.0; 

0.1; 

0.1; 

0.0227; 

0.025; 

y. Activation Time Constants 

% Ratio of Activation to Deactivation Constants 

y. Number of Square Wave Inputs to Actuators 

y, Heigth of Inputs 

% Duration of input 

y. Separation of Inputs 
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asys.m - function file for dynamical system 

function xdot=asys( t ,x ) ; 

global Mm I m g rl r2 rdl rd2 Lopt vmax Fmax Ftc numspikes sep dur 

global amp Bm tact 

global beta T 1 Mw y u Lts c thetamin thetamax Mt et Ltl Lt2 Ltdotl 

global Ltdot2 

global A B C D K 

y. Renaming state vector values 

theta 

thetadot 

Ftl 

Ft 2 

Lmdotl 

Lmdot2 

al 

a2 

= x(l) 

= x(2) 

= x(3) 

= x(4) 

= x(5) 

= x(6) 

= x(7) 

= x(8) 

• ^ ^ a-J, J, ̂-.fc * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * % 
y ^ j c * * * * * * * * * * * * * * * * ^ 
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% Neural Input and Activation Dynamics 

^****3|C:jC**3|c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * % 

nl = neuralinput(t,l); 

u2 = neuralinput(t,2); 

adotl = -l/tactCl) * (beta(l) + (1 - beta(l)) * ul) * al +... 

l/tact(l) * ul; 

adot2 = -l/tact(2) * (beta(2) + (1 - beta(2)) * u2) * a2 +... 

l/tact(2) * u2; 

%*********************************************************************** 

y, Musculotendon Dynamics 

"ŷ* ********************************************************* ************* 

y. Muscle Moment Arms and Derivatives 

rl = MAI(theta); 

r2 = MA2(theta); 

Lml = MLl(theta)-L_t(Ft1,1); 

Lm2 = ML2(theta)-L_t(Ft2,2); 

Ltdotl = dMLl(theta,thetadot)-Lmdotl 
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Ltdot2 = dML2(theta,thetadot)-Lmdot2; 

if (L_t(Ftl,l) < Lts(l) & Ltdotl < 0) % Prevents Ft's from being neg 

Ftdotl=0; 

else 

Ftdotl = Kt(Ftl,l)*(Ltdotl); 

end 

if (L_t(Ft2,2) < Lts(2) & Ltdot2 < 0) 

Ftdot2=0; 

else 

Ftdot2 = Kt(Ft2,2)*(Ltdot2); 

end 

Factl = Fmax(l) .*flen(Lml/Lopt(l)) .*fvell(Lmdotl/vmax(l)) .*al; 

Fact2 = Fmax(2).*flen(Lm2/Lopt(2)).*fvell(Lmdot2/vmax(2)).*a2; 

Fml = fpe(Lml/Lopt(l)) + Bm(l)*Lmdotl + Factl; 

Fm2 = fpe(Lm2/Lopt(2)) + Bm(2)*Lmdot2 + Fact2; 

% Moments Due to Forces in Tendon 

Mtl = Ftl*rl; 

Mt2 = Ft2*r2; 
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7o General Passive Moment Due To Ligamentous Constraints 

Mpf =(10*exp(-25*(theta+3*pi/10))-l*exp(-25*(pi/2-theta))) 

.7*thetadot; 

y. External Force Due to Weight 

F = Mw*g; 

%*:f: * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

y. Limb Dynamics 

thetaddot=(m*g*(l-c)*cos (theta)-(Mtl + Mt2) +Mpf +... 

F*l*cos(theta))/(m*(l-c)~2+I); 

xdot(l)=x(2); 

xdot(2)=thetaddot; 

xdot(3)=Ftdotl; 

xdot(4)=Ftdot2; 

xdot(5) = (l/Mm(l))*(Ftl-Fml); 

xdot(6)=(l/Mm(2))*(Ft2-Fm2); 

xdot(7)=adotl; 
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xdot(8)=adot2; 

y. New State Vector 

xdot=xdot'; 
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simulation.m - driver file for asys.m 

g l o b a l A B C D r K 

A=ze ros (8 ,8 ) ; 

data; % Calling data file 

% Defining Nominal Trajectory 

theta=0; 

thetadot=0; 

Ft1=48.81338308368773; 

Ft2=.00579507754982; 

Lmdot1=0; 

Lmdot2=0; 

al=-0282777126953; 

a2=0; 

ul=.0057864447052; 

u2=0; 

y. Def in ing A, B, C, D, Q, R fo r s imula t ions 

J=m*( l -c )^2+I ; 
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lml=MLl(0)-L_t(Ftl , l ) ; 

lm2=ML2(0)-L_t(Ft2,2); 

A( l ,2 )= l ; 

A(2,l)=(-1.463e-8-dMAl(0,l)*Ftl-dMA2(0,l)*Ft2)/J; 

A(2 ,2)=(-0 .7) / J ; 

A(2,3)=-MA1(0)/J; 

A(2,4)=-MA2(0)/J; 

A(3,2)=Kt(Ftl , l )*dMLl(0, l) ; 

A(3 ,5 )=-Kt (F t l , l ) ; 

A(4,2)=Kt(Ft2,2)*dML2(0,l); 

A(4,6)=-Kt(Ft2,2); 

A(5,l)=(l/Mm(l))*((13.1123/Lopt(l))*(.00291621)*exp(13.1123*(MLl(0)+. 

-L_t (F t l , l ) ) /Lopt ( l ) )*dMLl(0 , l )+a l*Fmax( l )*( ( -8 /Lopt ( l ) )* . . . 

( (MLl(0) -L_t (F t l , l ) ) /Lopt ( l ) - l ) )*dMLl(0 , l ) ) ; 

A(5,3)=(l/Mm(l))*(l+(13.1123/Lopt(!))*(-00291621)*exp(13.1123*(MLl(0) 

-L_ t (F t l , l ) ) /Lop t ( l ) )* (L t s ( l ) / 40 .8421)* ( l / (F t l+Fmax( l )* . . . 

.4056718))+al*Fmax(l)*((8/Lopt( l ) )*((MLl(0)-L_t(Ft l , l ) ) /Lopt( l ) - . . 

1)*((Lts(1)740.8421)*(l/(Ftl+Fmax(l)*.4056718))))); 
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A(5,5) = (l/Mm(l))*(-Bm(l)-al*Fmax(l)*flen(lml/Lopt(l))*(1.5574/vmax(l))); 

A(5,7)=-(l/Mm(l))*(Fmax(l)*flen(lml/Lopt(l))); 

A(6,l)=(l/Mm(2))*((13.1123/Lopt(2))*(.00291621)*exp(13.1123*(ML2(0)+... 

-L_t(Ft2,l))/Lopt(2))*dML2(0,l)+a2*Fmax(2)*((-8/Lopt(2))*((ML2(0) + .. 

-L_t(Ft2,l))/Lopt(2)-l))*dML2(0,l)); 

A(6,4) = (1/Mm(2))*(l+(13.1123/Lopt (2) )*(. 00291621) *exp(13.1123*(ML2(0) + .. 

-L_t(Ft2,l))/Lopt(2))*(Lts(2)/40.8421)*(l/(Ft2+Fmax(2)*.4056718)) + .. 

a2*Fmax(2)*((8/Lopt(2))*((ML2(0)-L_t(Ft2,l))/Lopt(2)-l)*. . . 

((Lts(2)/40.8421)*(l/(Ft2+Fmax(2)*.4056718))))); 

A(6,6) = (l/Mm(2))*(-Bm(2)-a2*Fmax(2)*flen(lm2/Lopt(2))*(1.5574/vmax(2))); 

A(6,8)=-(l/Mm(2))*(Fmax(2)*flen(lm2/Lopt(2))); 

A(7,7)=-(beta(l) + (l-beta(l))*ul)/tact(l); 

A(8,8)=-(beta(2)+(l-beta(2))*u2)/tact(2); 

B=zeros(8,2); 

B(7,l)=l/tact(l); 

B(8,2)=l/tact(2); 

100 



/o C for observabi l i ty 

% C=zeros(4,8); 

y. 

y. C( 1,3) =1/6000; 

1 

I C(2,4)=l/6000; 

y. 

y. C(3,l)=MAl(0)/pi; 

y. 

y, C(3,3)=-1/Kt(6000,l) ; 

% 

% C(3,5)=l/10; 

y. 

% C(4,l)=MA2(0)/pi; 

% 

% C(4,4)=-1/Kt(6000,2); 

% 

% C(4,6)=l/10; 

% C for f u l l s t a t e LQR 

C=zeros(8,8); 

C ( l , l ) = l / p i ; 

C(2,2)=l /10; 
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C(3 ,3 )= l /6000 ; 

C(4 ,4 )= l /6000 ; 

C(5 , l )=MAl(0 ) /p i ; 

C ( 5 , 3 ) = - 1 / K t ( 6 0 0 0 , l ) ; 

C ( 5 , 5 ) = l / 1 0 ; 

C(6, l )=MA2(0) /p i ; 

C (6 ,4 )= -1 /K t (6000 ,2 ) ; 

C ( 6 , 6 ) = l / 1 0 ; 

C ( 7 , 7 ) = l ; 

C ( 8 , 8 ) = l ; 

D=0; 

% Q f o r f u l l s t a t e LQR 

Q=C'*C; 

% Q f o r j o i n t S t r a t e g y 

% Q=zeros (8 .8 ) ; 
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% Q ( l , l ) = l / ( p i ) ; 

% Q fo r l e n g t h S t r a t egy 

y, Q=zeros (8 ,8 ) ; 

y, 

% Q(l , l )=(MAl(0) )^2/ .2+(MA2(0))^2/ .2 ; 

R=ze ros (2 ,2 ) ; 

R ( l , l ) = 1 0 0 ; 

R(2,2)=150; 

r = . 0 1 ; 

R=r*R; 
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linasys - function file for linear system 

function zdot=linasys(t,z); 

global Mm I m g rl r2 rdl rd2 Lopt vmax Fmax Ftc numspikes sep dur 

global amp Bm tact 

global beta T 1 Mw y u Lts c thetamin thetamax Mt et Ltl Lt2 Ltdotl 

global Ltdot2 A B K 

y. Nominal Trajectory 

xn= [0; 0; 48.81338308368773; . 00579507754982; 0; 0; . 02827771269553; 0]; 

un=[.0057864447052;0]; 

y.theta 

y.thetadot 

y. Ftl 

y. Ft2 

y. Lmdotl 

% Lmdot2 

% al 

y. a2 

- xn(l) 

- xn(2) 

- xn(3) 

- xn(4) 

- xn(5) 

- xn(6) 

- xn(7) 

- xn(8) 

= z(l) 

= z(2) 

= z(3) 

= z(4) 

= z(5) 

= z(6) 

= z(7) 

= z(8) 

•/*****************************************************************'/• 

% Neural Input 

V j^^^^,^c;^******************************************************y, 
/ 3|C ̂  ^ ^ ^ *T' *T* 
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U=-K*z; 

u l = U ( l ) ; 

u2=U(2); 

v ( l ) = u l - u n ( l ) ; 

v(2)=u2 - u n ( 2 ) ; 

zdot=A*(z)+B*v'; 
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linsimulation.m - linear system driver file 

c lear a l l 

global Mm I m g r rd Lopt vmax Fmax Ftc numspikes sep dur amp Bm tac t 

global beta T 1 Mw y u Lts c thetamin thetamax e t l et2 Mt Ltdotl 

global Ltdot2 A B K r 

data; 

y. nominal trajectory 

xn= [0; 0; 48.81338308368773;.00579507754982;0;0;.02827771269553;0]; 

un=[.0057864447052;0]; 

Alinear; % Defining Matrices 

y. Using Matlab's Iqr algorithm to formulate gain matrix K 

[K,S,e]=lqr(A,B,Q,R); 

options=odeset('RelTol\.05,'AbsTol\.001); 1 Options for alternate solver 

tspan=[0:.01:3]; 
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[ t , y ] = o d e 4 5 ( ' l i n a s y s ^ t s p a n , [ . 2 , 0 , 3 0 , 3 0 , 0 , 0 , . 2 , 0 ] ) ; 
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