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Abstract 

 The rapid growth in communication systems brought an increasing requirement 

for efficient and robust error control coding. The main aim of this thesis is to first review 

some of the available coding and decoding procedures for complex number DFT block 

codes and then, in a second step, make necessary modifications to improve the efficiency 

and error correction capability. A new technique that is designed to achieve better 

bandwidth efficiency by reducing redundancy along with maintaining the error correction 

capability is also proposed and investigated in this thesis.  

The error control coding on complex numbers is investigated, which can 

effectively represent most signals and lend themselves to better implementation of joint 

source channel coding when compared to error correction codes using finite fields.  

The coding and decoding procedures proposed by Redinbo are studied and 

implemented. The design of error control codes is studied by considering a complex 

valued channel model called the Gaussian – Bernoulli Gaussian (GBG) channel model. 

Various decoding algorithms such as the Peterson–Gorenstein–Zierler (PGZ) decoder for 

detecting error locations and values, the Bayes hypothesis tester for locating error 

positions and a Wiener estimator for estimating error values are studied. These methods 

are compared for their error correction capability (symbol error rates) with extensive 

simulations and analysis, and a suitable modification to the decoder is proposed, 

analyzed, and verified for its superior performance when compared to the other studied 

decoding algorithms. 

A new bandwidth-efficient technique called “Masking technique” is developed 

and compared with the existing algorithms for its performance. 
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Chapter I 

Introduction 

 

Communication is the art of conveying information accurately. The process 

involves sending information in some coded form to a receiver that decodes the received 

incoming signal in order to understand it.  

One of the important aspects of communication is to reliably transmit the 

information over an error-prone channel with least possible errors. To achieve this goal, it 

is important to ensure that the channel is completely error free or the communication 

system is designed such that the noise associated with the channel can be detected and 

corrected to the greatest extent possible at the receiver, and an accurate copy of the 

transmitted signal can be reproduced. This field of study associated with modeling the 

signal to detect and correct errors is “error control coding” [4]. 

There have been several advancements in the field of error control coding to 

develop new techniques to achieve better error control codes. This thesis aims at a review 

and analysis of some of these approaches of error control coding which use complex 

numbers. An important focus is laid on implementation of some of the existing complex 

number error control coding schemes and their comparisons. An attempt has also been 

made to improve the error correcting capability of the existing error control codes. 

 

1.1 Error Control Coding in Communication Systems 

A communication system in a broad sense consists of a transmitter – receiver pair 

and a channel through which the data is sent from the transmitter to the receiver. The 

channel is one of the most prominent sources of errors due to which the information 

integrity is not maintained and data is corrupted [4], [16]. Hence, maintaining the 

integrity of information when it is sent over the channel is one of the main issues in the 

design of communication systems. 

By introducing redundancy at the transmitter, the receiver can detect and correct 

transmission errors [4]. According to the Shannon’s source/channel coding theorem, error 
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control coding can be performed separately from source coding or compression, where 

the latter removes redundancy contained in the source data stream, either in a lossy or 

lossless way. Figure 1.1 shows the basic architecture of a communication system. The 

transmitter consists of the information source, the source coding block, the channel 

coding block, and a modulator, which prepares the data stream for the transmission over 

the channel. 

 

 
Figure 2.1: Block diagram of a Communication system with channel [4] 

  

The reverse process takes place at the receiver, with the demodulator detecting the 

coded information and the source and channel decoders decoding the coded information 

to deliver the actual information to the destination. 

  

1.2 Applications  

Error control codes are used in data storage devices and in data communications. 

In data storage devices like computer memory, digital tapes, compact disks, etc., codes 

are used to protect the data against noise in digital circuits and storage device 

malfunctions at certain locations [4]. 

Error control codes also find wide applications in satellites, mobile, and other 

wireless communication systems. Here, the channel noise and distortion corrupts the 
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transmitted symbols. In order to ensure effective data recovery at the receiver, error 

correcting codes are utilized to determine the error introduced. Error control codes are 

also used to detect any loss of information, which is most common in data 

communication through networks, where some packets get lost in the network without 

reaching the destination.  

 

1.3 Research Objective 

Existing error control codes are implemented primarily on finite alphabet symbols 

or on data represented within a finite field domain [2]. An advantage of complex number 

error correction codes when compared to the finite field implementation is the possibility 

of joint source channel coding (JSCC) of a complex valued data stream [5].  

Compared to the tandem source and channel encoding scheme, where 

quantization is done before the channel coding, quantization takes place after the joint 

source channel coding [7], [8]. JSCC scheme has been proved to have less distortion 

when compared to tandem source channel coding scheme when taking practical 

constraints into account such as small latency times that are required in mobile or satellite 

communications as well as time varying channels [13], [14]. Another advantage of JSCC 

is that it allows a better tradeoff in lossy compression, because the channel decoder can 

correct part of the compression errors [8].  

In this thesis, discrete Fourier Transform (DFT) based complex number codes are 

investigated. Because DFT codes are cyclic, they can be implemented in the well known 

Bose Chaudhuri Hocquenghem (BCH) coding format [11]. The redundancy in the 

channel coding is introduced by including parity values to generate a complex BCH code.  

The main aim of this thesis is to study the encoding and decoding techniques on 

complex number DFT block codes presented in [1] and to compare the various 

techniques for their efficiency and robustness to channel errors. A new coding method is 

also introduced that differs from the traditional BCH coding and is aimed at reducing the 

transmission bandwidth.  

 



Texas Tech University, Sandeep Mallela, December 2010 

4 
 

1.4 Outline 

Chapter 2 discusses the existing theories of error control coding on which the 

complex number DFT codes are built. This gives a brief overview of the methods and 

algorithms that have been extended to build complex number codes.  

Chapter 3 presents the encoding complex number codes using DFT and the 

decoding to determine the error locations and error values of impulse errors that occurred 

in the channel during transmission. Chapter 4 described the channel model that has been 

used in this thesis. Chapter 5 describes the inefficiencies of the basic decoding techniques 

presented in chapter 3 and other decoding techniques that are suitable for decoding the 

received signal with the considered channel model. 

Chapter 6 presents the new concept of masking technique. It describes the 

encoding and decoding algorithms developed in this thesis, which are aimed at reducing 

the redundancy of the transmitted signal. 

Simulation results and their comparisons are presented in Chapter 7. Chapter 8 

presents conclusions on the developed and implemented techniques in this thesis, along 

with improvements that can be undertaken to further research this field. 
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Chapter II 

Overview of Existing Technologies for Block Error Control Coding 

  

In block coding, the data stream is divided into blocks, and error control coding is 

performed on each block by adding redundant data to it. The redundant data is used for 

error detection and error correction [4]. 

 

2.1 Linear Block Codes 

The class of linear block codes has been implemented most successfully due to 

their structure and the ability for the encoders and decoders to be implemented 

efficiently. “A linear code is a non-empty set of n tuples in Galois Field, GF(q), called 

the codewords such that the addition of any two codewords generates a codeword and 

the product of any codeword with any element in the field is also a codeword” [4], where 

Galois Field represented by GF(q) is defined as a finite field with limited number of 

elements q, which is always a power of a prime number (pn). Here, GF(p) is known as the 

base field GF(pn) is known as the extension field. In any linear code, the all 0’s vector is 

always a codeword and the arrangement of neighborhood codewords about the all zero 

codeword is similar to the arrangement of neighborhood codewords about any other 

codeword. 

The generation of linear codes can be represented with the help of a matrix. The 

matrix provides the logic to generate a code vector from the given vector of information 

symbols and is called the generator matrix, G. 

Let 𝑖  be the information vector. The code vector 𝑐  of a linear code is given by the relation 

𝑐 = 𝑖  . 𝐺              (2.1) 

 The matrix G has dimensions k x n if the information block is of size k, and the 

code vector is of size n. The code so generated is called an (n, k) code.  

 In order to determine or test for any errors and their locations, a parity check 

matrix H is used at the receiver which is designed such that 
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𝐺 . 𝐻𝑇 = 0              (2.2) 

The received vector is multiplied by the parity check matrix, which determines whether 

any errors are in the received vector. 

𝑠 = 𝑐  . 𝐻𝑇              (2.3) 

If, no error has occurred,  𝑐  . 𝐻𝑇 = 0.  

Let the received vector be 𝑟 , which is the transmitted code vector 𝑐  corrupted with a 

noise 𝑒 . At the receiver, the error is received as 

𝑠 =  𝑐 + 𝑒   𝐻𝑇        

But we know that 𝑐  . 𝐻𝑇 = 0, therefore  

𝑠 = 𝑒  𝐻𝑇              (2.4) 

The above result shows that, when the received vector is multiplied by the parity check 

matrix at the receiver, the result just depends on the error that has occurred in the channel 

and is independent of the code vector that is transmitted. The vector 𝑠  is called the 

syndrome and is used to calculate the location and value of the error which has occurred 

in the channel.  

An important concept concerning linear codes is the concept of minimum 

distance. Minimum distance refers to the minimum number of positions at which a 

codeword differs from any of the other codewords. It can also be defined as the minimum 

number of positions by which any code vector differs from the all zero code vector. The 

description of important linear codes is shown below. 

 

2.1.1 Hamming Code 

 Various forms of linear block codes have been developed, and the simplest of the 

popular linear codes is the Hamming code, which has a minimum distance of three. 

Hence, with one error at any one of the positions, the result can still be mapped to the 

nearest code vector. Therefore, Hamming codes can correct only one error position. 

 Locating a single error for an n bit binary number requires n different and non-

zero binary vectors in the parity check matrix in order to define each error location 

separately. Each such vector is defined by a column of the parity check matrix. 
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Therefore, for a m rowed parity check matrix can have 2𝑚 − 1 different and non zero 

columns. This infers that m parity bits have to be added to the information vector to 

generate the code. Hence a Hamming code can be defined in the (n, k) form as (2𝑚 −

1, 2𝑚 − 1 − 𝑚). 

 Hamming codes can be defined over larger Galois fields, by ensuring that all the 

columns of the parity check matrix are mutually independent and non zero. Then, n 

different mutually independent vectors define n different error locations. Because vectors 

are mutually independent, the multiplication factor with any of the columns of the parity 

check matrix gives a unique value of error.  

 

2.2 Cyclic Codes 

Cyclic codes are a sub class of linear codes obtained by imposing additional 

constraints on the structure of linear codes. The class of cyclic codes has come into 

practical implementation due to its algorithmic nature, and the search for better error 

control codes is more popular in the class of cyclic codes [4].  

A linear code 𝑐 = {𝑐1, 𝑐2, 𝑐3, …𝑐𝑛−1, 𝑐𝑛} can be called cyclic when 𝑐 =

{𝑐𝑛 , 𝑐1, 𝑐2, …𝑐𝑛−2, 𝑐𝑛−1} is also a code vector and similarly, code vectors can be obtained 

by rotating the code to the right until the same code appears again. For the generation of 

cyclic codes, a polynomial is defined in place of a generator matrix, and this polynomial 

is called a generator polynomial. All of the code vectors and the information vectors are 

represented by polynomials. The definition of a cyclic code is similar to that of a linear 

code in the form of (n, k).  

An information block can be represented by the polynomial 𝑖(𝑥) of degree k – 1. 

Similarly a generator polynomial is defined as the polynomial of degree n – k, which 

when multiplied with information polynomial, gives the code vector of degree n – 1. 

Representing the generator polynomial by 𝑔(𝑥) and representing code vector by 

𝑐(𝑥), the equation for 𝑖(𝑥) can be given by 

𝑐 𝑥 = 𝑖 𝑥 . 𝑔(𝑥)             (2.5) 
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We know that 𝑐 𝑥  is a multiple of 𝑔 𝑥  and when divided by 𝑔(𝑥) yields a 

remainder zero, i. e., 

𝑅𝑔(𝑥) 𝑐 𝑥  = 0 ,            (2.6) 

where 𝑅𝑔(𝑥) represents the “remainder obtained when divided by 𝑔(𝑥)”. 

 When an error occurs in the channel, the error can be detected with the help of the 

remainder obtained after dividing the received polynomial by 𝑔(𝑥). Then, similar to the 

case of a linear code, the syndrome polynomial obtained is exclusively a function of the 

error that occurred in the channel and is independent of the data transmitted. The 

following set of equations proves this: 

Let 𝑟(𝑥) be the received vector, which is corrupted with a noise of 𝑒(𝑥) 

𝑟 𝑥 = 𝑐 𝑥 + 𝑒(𝑥)             (2.7) 

At the decoder, we obtain a syndrome polynomial defined by: 

𝑠 𝑥 = 𝑅𝑔(𝑥) 𝑐 𝑥 + 𝑒(𝑥)             (2.8) 

 

𝑠 𝑥 = 𝑅𝑔(𝑥) 𝑐 𝑥 ] + 𝑅𝑔(𝑥)[𝑒(𝑥)            (2.9) 

From (2.6),  

𝑠 𝑥 = 𝑅𝑔(𝑥)[𝑒 𝑥 ]           (2.10) 

shows that the syndrome is only a function of the error and is independent of the 

information transmitted. 

 Linear and cyclic codes have two essential variations. They are systematic codes 

and non systematic codes. 

The basic difference between the two types of codes is that a systematic code has 

information bits in the beginning of the code vector followed by the parity bits, as shown 

below: 

𝑐 = {𝑖1, 𝑖2, 𝑖3, … , 𝑖𝑘 , 𝑝1, 𝑝2, … , 𝑝𝑛−𝑘}         (2.11) 

The non systematic code does not have a fixed location for information bits and 

the parity bits. The parity bits appear in-between the information bits. An example of non 

systematic code vector is as shown below: 
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𝑐 =  𝑐1, 𝑐2, 𝑐3, …𝑐𝑛            (2.12) 

 The important codes that use the concept of cyclic codes are BCH codes and Reed 

Solomon codes. The importance of these coding techniques is explained in the following 

section. 

 

2.3 BCH (Bose – Chaudhuri – Hocquenghem) and Reed Solomon Codes 

BCH codes are multiple error correcting cyclic codes and are considered to be 

good codes (though not the best) because of the following reasons: 

 First, they have very simple encoding and decoding algorithms that can be 

implemented easily with the digital circuits. 

 Second, an important subcategory of BCH codes, called the Reed Solomon 

codes, have a well understood distance structure and have certain optimality 

properties.  

The important difference between BCH codes and Reed Solomon codes is that, in 

BCH codes, the message and code symbols are in the base field GF (q), but the arithmetic 

of the encoding and decoding process is performed in the extension field GF (qm). The 

Reed Solomon codes, on the other hand, have the information symbols and the code 

symbols in the extension field. A detailed description of encoding and decoding 

techniques of BCH codes and Reed Solomon codes are presented in [4]. 

 For a Reed Solomon code that will correct t errors, only 2t parity symbols are 

required and it satisfies the relation n – k = 2t. In the case of BCH codes, a t error 

correcting code requires 2t or more parity symbols, satisfying the relation n – k ≥ 2t. 

Therefore, to detect t errors (t error locations and t error values), a minimum of 2t 

equations are required.  

 The finite field BCH coding format is extended to complex numbers and is 

presented in the following chapter. 
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Chapter III 

Complex Number DFT Codes 

 

In complex number DFT codes, the DFT is applied to each complex-valued 

source message block to generate the code vector. For a real-valued information source, 

consecutive real numbers can be combined to form a complex number, thereby 

generating complex valued message blocks. The encoding and decoding techniques are 

designed to detect locations and values of errors when the total number of errors in a 

block is below the maximum number of correctable errors of the code. An error is said to 

have occurred at a location at the receiver when its value is different from the numerical 

value of the transmitted code vector at that location. The encoding process is described in 

the following section, which is followed by a decoding section that describes the 

detection and correction of errors in the received vector. 
 

3.1 Generation of Complex Number DFT Codes 

Complex number DFT codes are based on complex BCH codes that are generated 

by performing a DFT on blocks of the message signal and can be considered as an 

extension of BCH codes from finite fields to the complex number domain. For a t-error 

correcting complex BCH code, a minimum of 2t parity samples must be added. To realize 

this, 2t zero-valued message samples are added along with the original message signal of 

k symbols to form an n symbol message signal. This message signal is then transformed 

using the DFT to obtain an n symbol DFT code [5]. 

The block size and the error correctability t are determined based on the 

probability of impulse errors in the channel. Figure 3.1 shows the steps of the DFT 

encoder and decoder. 



Texas Tech University, Sandeep Mallela, December 2010 

11 
 

 
Figure 3.1: Basic steps of DFT encoder and decoder 

 

Let An be an n x n unitary DFT matrix, given by (3.1) 

 

An =
1

 𝑛

 
 
 
 
 
 
 
1               ∅0               ∅0                 …                ∅0                                 

1               ∅−1              ∅−2               …                ∅−(𝑛−1)                      

1               ∅−2              ∅−4               …                ∅−2(𝑛−1)                  
⋮
⋮

1         ∅−(𝑛−1)      ∅−2(𝑛−1)           …                ∅− 𝑛−1 (𝑛−1)           
  

 
 
 
 
 
 

,     (3.1) 

 

where, ∅ =  𝑒𝑗 (
2𝜋

𝑛
). The major part of the encoding process involves determining the 2t 

parity locations where zeros can be inserted when generating the code. In this thesis, 

parity locations are chosen in a fashion similar to the case of finite field BCH codes or 

Reed Solomon codes. The locations of the input vector where zeros are added are chosen 

to be from location 1 to location 2t, assuming that the array index starts from zero. 

Certain advantages derive from for this selection of parity locations. First, the decoding 

process can be simplified when the parity locations are consecutive, as will be discussed 

in the decoding section. Second, with this format, most of the predefined algorithms for 

the decoding process of finite field Reed Solomon codes and the BCH codes can be 

extended to complex number decoding with only small modifications to the algorithms.  
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The message signal after zero stuffing is as shown in Figure 3.2. 

 

 
Figure 3.2: Encoding procedure for complex BCH codes 

 

The encoding process can be summarized as shown in Figure 3.3. 

 

 
Figure 3.3: Block diagram of the complex number DFT encoder 

 

The output of the encoder is a complex valued signal in blocks of n symbols. The 

generation of the size n- complex number DFT code from the size k input block can also 

be represented by a generator matrix, G. G can be formed by eliminating n – k = 2t 

columns, (assuming each message block is a column vector) corresponding to the 

locations where zeros were padded to the message signal block. The generator matrix is 

represented by : 



Texas Tech University, Sandeep Mallela, December 2010 

13 
 

G =
1

 𝑛

 
 
 
 
 
 
 
1                 ∅0(𝑛−𝑘+1)                 ∅0(𝑛−𝑘+2)                …                ∅0                             

1               ∅−1(𝑛−𝑘+1)              ∅−1(𝑛−𝑘+2)               …                ∅−(𝑛−1)                      

1               ∅−2(𝑛−𝑘+1)              ∅−2(𝑛−𝑘+2)               …                ∅−2(𝑛−1)                  

⋮

⋮

1         ∅−(𝑛−1)(𝑛−𝑘+1)      ∅−2(𝑛−1)(𝑛−𝑘+2)           …                ∅− 𝑛−1 (𝑛−1)           

  
 
 
 
 
 
 

 

               (3.2) 

The code vector 𝑐  is then formed using the generator matrix and the k dimensional 

input information block 𝑖  as 

𝑐 = 𝐺𝑖                     (3.3) 

  

3.2 Decoding of Complex Number DFT Code 

3.2.1 General Concepts 

The purpose of the decoder is to recover the original message from the corrupted 

received signal. The redundancy introduced at the transmitter will be utilized by the 

decoder to detect and correct errors. The basic decoding process involves the calculation 

of a syndrome. The syndrome is calculated by taking the inverse DFT of the received 

message and considering the values at positions that were known to be set to zero during 

the encoding process as syndromes. The ideal values for the syndromes are “zeros”, 

which occur when no error has occurred in the code during transmission. An (n – k) x n 

parity check matrix H is used to calculate the syndrome at the decoder. It is designed 

such that it satisfies 

𝐻𝐺 = 0,                                                 (3.4) 

and the syndrome 𝑠  depends exclusively on the error that occurred in the channel and not 

on the code vector, as can be seen from the following derivation.. 

Let the received vector be 𝑟 , when code vector 𝑐  has been transmitted. Received 

vector 𝑟  is assumed to be the combination of code vector 𝑐  and additive error (noise) 𝑒 .  

𝑟 = 𝑐 + 𝑒               (3.5) 
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At the receiver, the received vector is multiplied with parity check matrix H to 

generate the syndrome 𝑠 , which can be represented by  

𝑠 = 𝐻𝑟                          (3.6) 

Decomposing 𝑟  using (3.4) and then rewriting (3.5) yields 

𝑠 = 𝐻 𝑐 + 𝑒                            (3.7) 

Using (3.3) and substituting it into (3.6), we get 

𝑠 = 𝐻𝐺𝑖 + 𝐻𝑒 ,                 (3.8) 

and because  𝐻𝐺 = 0, 𝑠  becomes: 

 𝑠 = 𝐻𝑒              (3.9) 

Hence, the syndrome 𝑠  depends only on the error and does not contain any 

message components. Figure 3.4 shows the syndrome locations and the locations of the 

decoded code vector.  

 

 
Figure 3.4: Decoder showing syndrome and message locations 

 

The following matrix shows the parity check matrix to find the syndromes of the 

received vector. 
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𝐻 =
1

 𝑛

 
 
 
 
 
 
 1               ∅1              ∅2               …                ∅𝑛−1                      

1               ∅2              ∅4               …                ∅2(𝑛−1)                
⋮
⋮

1         ∅
(𝑛−𝑘)      ∅2(𝑛−𝑘)           …                ∅

 𝑛−𝑘 (𝑛−𝑘)           
  

 
 
 
 
 
 

       (3.10) 

 

Figure 3.5 shows an example, where three transmission errors y1, y2 and y3 at 

positions x1, x2 and x3 occur during transmission. 

 

 
Figure 3.5: Errors introduced at three locations during transmission 

 

Assuming that the code has 6 parity values such that it can correct up to 3 errors, 

the syndrome can be calculated as 𝑠  = H𝑟 , resulting in 

 

𝑠1 = 𝑦1 ∗ ∅1(𝑥1) + 𝑦2 ∗ ∅1(𝑥2) + 𝑦3 ∗ ∅1(𝑥3)  

𝑠2 = 𝑦1 ∗ ∅2(𝑥1) + 𝑦2 ∗ ∅2(𝑥2) + 𝑦3 ∗ ∅2(𝑥3)  

𝑠3 = 𝑦1 ∗ ∅3(𝑥1) + 𝑦2 ∗ ∅3(𝑥2) + 𝑦3 ∗ ∅3(𝑥3)  

𝑠4 = 𝑦1 ∗ ∅4(𝑥1) + 𝑦2 ∗ ∅4(𝑥2) + 𝑦3 ∗ ∅4(𝑥3)  

𝑠5 = 𝑦1 ∗ ∅5(𝑥1) + 𝑦2 ∗ ∅5(𝑥2) + 𝑦3 ∗ ∅5(𝑥3)  

𝑠6 = 𝑦1 ∗ ∅6(𝑥1) + 𝑦2 ∗ ∅6(𝑥2) + 𝑦3 ∗ ∅6(𝑥3)       (3.11) 
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It can be seen that, the six equations contain three unknown locations and three 

unknown values. The next step in the decoding process is to determine the locations and 

values of the errors from the syndrome values. This process involves either finding the 

error locations (x1, x2, …) first and then deriving the error values (y1, y2, …) or vice 

versa. From the syndrome equations, it can be seen that all the syndromes have linear 

dependence on the error values and non-linear dependence on the error locations. Hence, 

finding the error locations first would make it easier to find the error values. Figure 3.6 

summarizes the elemental block diagram of the decoding process. 

 

 
Figure 3.6: Block diagram of the receiver 

 

Based on the error locations and values, an error vector is generated and 

subtracted from the received vector. The decoding matrix Dec then decodes the corrected 

vector, and the corrected message is sent to the output. 

 

3.2.2 Modified Peterson-Gorenstein-Zierler (PGZ) Decoding Algorithm 

The Peterson Gorenstein Zierler (PGZ) decoding algorithm [4] was originally 

developed to decode finite field Reed Solomon and BCH codes. This algorithm is 

modified to detect error locations and values for the complex number BCH codes.  

The first step in determining the error vector is to determine the error locations 

from the obtained syndrome. The 2t syndrome equations are defined as 

𝑠𝑚 = 𝑦1 ∗ ∅𝑚(𝑥1) + 𝑦2 ∗ ∅𝑚(𝑥2) + 𝑦3 ∗ ∅𝑚(𝑥3) + ⋯ + yt ∗ ∅𝑚(𝑥𝑡),    (3.12) 
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where, m varies from 1 to 2t corresponding to ∅1 to ∅2𝑡 . Defining transformed 

error locations as 

𝑋1 = ∅ 𝑥1 ,  𝑋2 = ∅ 𝑥2  𝑎𝑛𝑑 … 𝑋𝑡 = ∅ 𝑥𝑡  ,        (3.13) 

the syndrome in (3.12) turns into 

𝑠𝑚 = 𝑦1 ∗ 𝑋1
𝑚 + 𝑦2 ∗ 𝑋2

𝑚 + 𝑦3 ∗ 𝑋3
𝑚 + ⋯ + yt ∗ 𝑋𝑡

𝑚 .      (3.14) 

These sets of 2t equations are nonlinear with 2t unknowns. Therefore, the 

unknowns are determined using intermediate variables. In the first step of detecting the 

unknowns, the error locations are found in the transformed domain. It is assumed that v ≤ 

t errors have occurred during transmission. To determine the error locations; a 

polynomial in x is defined such that the inverses of all error locations are roots of this 

polynomial: 

𝛬 𝑥 =  1 − 𝑥𝑋1  1 − 𝑥𝑋2  1 − 𝑥𝑋3 …  1 − 𝑥𝑋𝑣        (3.15) 

Simplifying these equations with coefficients of powers of x yields 

𝛬 𝑥 = 𝛬𝑣𝑥
𝑣 + 𝛬𝑣−1𝑥

𝑣−1 + ⋯ + 𝛬1𝑥
1 + 1 ,      (3.16) 

which is known as error locator polynomial. The roots of 𝛬 𝑥  describe the error 

locations. To determine the roots of 𝛬 𝑥 , the coefficients of 𝛬 𝑥  must be determined. 

In order to determine all the coefficients of 𝛬 𝑥 , (3.16) is manipulated such that the 

equation can be reduced to a known form. Here, syndromes are the only values that are 

known and hence (3.16) must be represented in terms of the syndrome so as to calculate 

the values of 𝛬1, 𝛬2, 𝛬3 …𝛬𝑣. Initially, multiplying both sides of (3.16) by y𝑙𝑋𝑙
𝑗 +𝑣 results 

in 

𝛬 𝑥 y𝑙𝑋𝑙
𝑗+𝑣 = y𝑙𝑋𝑙

𝑗 +𝑣(𝛬𝑣𝑥
𝑣 + 𝛬𝑣−1𝑥

𝑣−1 + ⋯ + 𝛬1𝑥
1 + 1 ).    (3.17) 

𝛬 𝑥  is designed to have roots at every inverse of a transformed error locations. 

The left side of the above equation becomes zero when any of 𝑋𝑙
−1, is substituted for x 

(where, 𝑋𝑙
−1 is the inverse of any transformed error location 𝑋𝑙). We thus have 

0 = y𝑙𝑋𝑙
𝑗+𝑣(1 + 𝛬1𝑋𝑙

−1 + 𝛬2𝑋𝑙
−2 + ⋯ + 𝛬𝑣𝑋𝑙

−𝑣)       (3.18) 

which can be modified to 

0 = y𝑙(𝑋𝑙
𝑗 +𝑣 + 𝛬1𝑋𝑙

𝑗 +𝑣−1
+ 𝛬2𝑋𝑙

𝑗 +𝑣−2
+ ⋯ + 𝛬𝑣𝑋𝑙

𝑗 +𝑣−𝑣
)      (3.19) 
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The above equation holds for each l (it is valid for all transformed error locations 

𝑋𝑙) and each j, where j takes values from 1 to v. Hence, taking the sum of these equations 

from l=1 to v, for each j, we get 

 y𝑙
𝑣
𝑙=1  𝑋𝑙

𝑗 +𝑣 + 𝛬1𝑋𝑙
𝑗 +𝑣−1

+ 𝛬2𝑋𝑙
𝑗 +𝑣−2

+ ⋯ + 𝛬𝑣𝑋𝑙
𝑗 +𝑣−𝑣

 = 0 .    (3.20) 

The above equation can also be written as 

 𝑦𝑙
𝑣
𝑙=1 𝑋𝑙

𝑗+𝑣 + Λ1  𝑦𝑙
𝑙=𝑣
𝑙=1 𝑋𝑙

𝑗 +𝑣−1 + Λ2  𝑦𝑙
𝑙=𝑣
𝑙=1 𝑋𝑙

𝑗+𝑣−2 + ⋯ + Λv  𝑦𝑙
𝑙=𝑣
𝑙=1 𝑋𝑙

𝑗 = 0 . 

                (3.21) 

According to (3.14), the syndrome then becomes: 

𝑠𝑗 +𝑣 =  𝑦𝑙
𝑙=𝑣
𝑙=1 𝑋𝑙

𝑗 +𝑣 .          (3.22) 

Therefore, (3.22) can be written as: 

𝑠𝑗 +𝑣 + 𝛬1𝑠𝑗 +𝑣−1 + 𝛬2𝑠𝑗+𝑣−2 + ⋯ + 𝛬𝑣𝑠𝑗 = 0.       (3.23) 

Since,  𝑣 ≤ 𝑡  all the syndrome locations in the above equation are known as 

long as j is in the interval  1 ≤ 𝑗 ≤ 𝑣 . Hence, the following equation can be written for 

j=1 to v 

𝛬1𝑠𝑗+𝑣−1 + 𝛬2𝑠𝑗 +𝑣−2 + ⋯ + 𝛬𝑣𝑠𝑗 = −𝑠𝑗+𝑣        (3.24) 

The set of equations obtained here have a relationship between the coefficients of 

the error locator polynomial and the syndrome values, which are known from the 

received message. 

Representing this set of linear equations in matrix form yields 

 
 
 
 
 
𝑠1          𝑠2         𝑠3          …      𝑠𝑣−1        𝑠𝑣         
𝑠2         𝑠3         𝑠4          …      𝑠𝑣            𝑠𝑣+1    
𝑠3         𝑠4         𝑠5         …      𝑠𝑣+1        𝑠𝑣+2    

⋮
𝑠𝑣        𝑠𝑣+1     𝑠𝑣+2      …      𝑠2𝑣−2     𝑠2𝑣−1

 

 
 
 
 
 

 
 
 
 
 
 
𝛬𝑣     

𝛬𝑣−1

𝛬𝑣−2

⋮
𝛬2      

𝛬1       
 
 
 
 
 

=

 
 
 
 
 
 
−𝑠𝑣+1

−𝑠𝑣+2

−𝑠𝑣+3

⋮
−𝑠2𝑣−1

−𝑠2𝑣  
 
 
 
 
 

.   (3.25) 

Here, the 𝛬 vector is unknown and can be determined as 

 
 
 
 
 
 
𝛬𝑣     

𝛬𝑣−1

𝛬𝑣−2

⋮
𝛬2      

𝛬1       
 
 
 
 
 

=

 
 
 
 
 
𝑠1          𝑠2         𝑠3          …      𝑠𝑣−1        𝑠𝑣         
𝑠2         𝑠3         𝑠4          …      𝑠𝑣            𝑠𝑣+1    
𝑠3         𝑠4         𝑠5         …      𝑠𝑣+1        𝑠𝑣+2    

⋮
𝑠𝑣        𝑠𝑣+1     𝑠𝑣+2      …      𝑠2𝑣−2     𝑠2𝑣−1

 

 
 
 
 
 
−1

 
 
 
 
 
 
−𝑠𝑣+1

−𝑠𝑣+2

−𝑠𝑣+3

⋮
−𝑠2𝑣−1

−𝑠2𝑣  
 
 
 
 
 

.   (3.26) 
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The main difference between the original PGZ algorithm and the modified PGZ 

algorithm lies in determination of error locations. In the PGZ algorithm, Chien search [4] 

with all the symbols of the finite field is used to determine the error locations, whereas in 

case of the modified PGZ algorithm, the following procedure is followed to determine the 

error locations. 

Roots of error locator polynomial can be found from the determined 𝛬 values, 

which gives the values of inverses of transformed error locations. Let the roots (zeros) be 

𝑧1, 𝑧2, … , 𝑧𝑣. By inverting the roots, the actual transformed error locations can be 

obtained. 

𝑋𝑙 = 𝑧𝑙
−1, where l varies from 1 to v. 

After obtaining the values of 𝑋𝑙 , the actual error positions are determined by the relation 

𝑋𝑙 = ∅ 𝑥𝑙 = 𝑒𝑗 𝑥𝑙(
2𝜋

𝑛
).          (3.27) 

The value of 𝑥𝑙  is then found as 

𝑥𝑙 = n
ln 𝑋𝑙 

𝑗2𝜋
 ,          (3.28) 

where 𝑥𝑙  denotes the location of the errors starting from zero, which represents index of 

the first received symbol. The assumption made in the above set of expressions is that the 

syndrome matrix on the left hand side is nonsingular, which would be the case if the 

actual number of errors that occurred is equal to v. If the syndrome matrix is singular, 

then its inverse does not exist, and the above set of equations cannot be solved. Assuming 

that 

𝑀 =

 
 
 
 
 
𝑠1          𝑠2         𝑠3          …      𝑠𝑣−1        𝑠𝑣         
𝑠2         𝑠3         𝑠4          …      𝑠𝑣             𝑠𝑣+1    
𝑠3         𝑠4         𝑠5         …       𝑠𝑣+1        𝑠𝑣+2    

⋮
𝑠𝑣        𝑠𝑣+1     𝑠𝑣+2      …   𝑠2𝑣−2       𝑠2𝑣−1

 

 
 
 
 
 

, 𝑆 =

 
 
 
 
 
 
−𝑠𝑣+1

−𝑠𝑣+2

−𝑠𝑣+3

⋮
−𝑠2𝑣−1

−𝑠2𝑣      
 
 
 
 
 

, and 𝛬 =

 
 
 
 
 
 
𝛬𝑣     

𝛬𝑣−1

𝛬𝑣−2

⋮
𝛬2      

𝛬1       
 
 
 
 
 

,    

(3.29) 

we have 𝑆 = 𝑀𝛬.  

In order to prove that 𝑀−1 exists, it is required to prove that M is nonsingular. 

Assume that M is considered for µ errors such that the matrix of syndromes 
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𝑀 =

 
 
 
 
 
𝑠1          𝑠2         𝑠3          …      𝑠𝜇−1        𝑠𝜇        
𝑠2         𝑠3         𝑠4          …      𝑠𝜇             𝑠𝜇+1    
 𝑠3         𝑠4         𝑠5         …      𝑠𝜇+1        𝑠𝜇+2    

⋮
𝑠𝜇        𝑠𝜇+1     𝑠𝜇+2      …      𝑠2𝜇−2     𝑠2𝜇−1

 

 
 
 
 
 

              (3.30) 

is nonsingular as long as µ is equal to v, where v is the actual number of errors that have 

occurred. The matrix is singular when µ is greater than v. This can be shown by 

expressing M in terms of a Vandermonde matrix, which has the form of 

𝑉 =

 
 
 
 
 
 

1        1       …        1

𝑋1      𝑋2      …      𝑋𝜇

𝑋1
2      𝑋2

2      …      𝑋𝜇
2

⋮

𝑋1
𝜇−1   𝑋2

𝜇−1
 …    𝑋𝜇

𝜇−1
 
 
 
 
 
 

,          (3.31) 

with 𝑉𝑖𝑗 =  𝑋𝑗
𝑖−1. Let B be a diagonal matrix 

𝐵 =

 
 
 
 
 
𝑦1𝑋1       0       …        0
0          𝑦2𝑋2      …      0

⋮
⋮

 0             0   …       𝑦𝜇𝑋𝜇  
 
 
 
 

,         (3.32) 

with elements 𝐵𝑖𝑗 =  𝑦
𝑖
𝑋𝑖𝛿𝑖𝑗 , where 𝛿𝑖𝑗 = 1 if 𝑖 = 𝑗 and 𝛿𝑖𝑗 = 0 otherwise. The matrix 

product 𝑉𝐵𝑉𝑇  can be represented by: 

 𝑉𝐵𝑉𝑇 𝑖𝑗 =  𝑋𝑙
𝑖−1𝜇

𝑙=1  𝑦𝑙𝑋𝑙𝛿𝑙𝑘
𝜇
𝑘=1 𝑋𝑘

𝑗−1
=  𝑋𝑙

𝑖−1𝜇
𝑙=1 𝑦𝑙𝑋𝑙𝑋𝑙

𝑗−1
=  𝑋𝑙

𝑖+𝑗−1𝜇
𝑙=1 𝑦𝑙   

            (3.33) 

This is the ij element of matrix M. Therefore, 

𝑀 = 𝑉𝐵𝑉𝑇             (3.34) 

Hence, the determinant of M can be given by 

𝑑𝑒𝑡 𝑀 = 𝑑𝑒𝑡 𝑉 𝑑𝑒𝑡 𝐵 𝑑𝑒𝑡 𝑉 .  

Thus it can be said that, if µ is greater than v, then det 𝐵 = 0 , hence, det 𝑀 = 0. 

If µ is equal to v, then 𝑑𝑒𝑡 𝐵 ≠ 0 and the Vandermonde matrix V, will have a 

nonzero determinant because the columns are different and nonzero. Therefore, 𝑑𝑒𝑡 𝑀 ≠

0 . 
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In order to determine the exact value of v (the actual number of impulse errors 

that has occurred), the initial v is set to the maximum number of correctable errors of the 

code, i.e. t. Then the determinant of matrix M is computed, and if it is zero, the value of v 

is consecutively reduced by 1 until M becomes regular. The final value of v represents the 

actual number of errors that have occurred.  

After the error locations are determined, the error values are calculated as 

 
 
 
 
 
 
𝑠1

𝑠2

𝑠3

⋮
⋮
𝑠𝑣 

 
 
 
 
 

=

 
 
 
 
 
 
𝑦1

𝑦2

𝑦3

⋮
⋮
𝑦𝑣 

 
 
 
 
 

 

𝑋1      𝑋2      …      𝑋𝑣

𝑋1
2      𝑋2

2      …      𝑋𝑣
2

⋮
𝑋1

𝑣        𝑋2
𝑣      …    𝑋𝑣

𝑣

 .       (3.35) 

The syndromes values are known and so are values of X, inverting X finally yields 

the error values  

 
 
 
 
 
 
𝑦1

𝑦2

𝑦3

⋮
⋮
𝑦𝑣 

 
 
 
 
 

=  

𝑋1      𝑋2      …      𝑋𝑣

𝑋1
2       𝑋2

2      …      𝑋𝑣
2

⋮
𝑋1

𝑣        𝑋2
𝑣      …    𝑋𝑣

𝑣

 

−1

 
 
 
 
 
 
𝑠1

𝑠2

𝑠3

⋮
⋮
𝑠𝑣 

 
 
 
 
 

.                    (3.36)  

The modified PGZ decoder for decoding the complex number block codes is 

summarized in Figure 3.7. 
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Figure 3.7: Flowchart of modified PGZ decoder [4] 
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In order to reduce the computational and numerical complexity of the matrix 

inversions of the modified PGZ algorithm, specialized algorithms such as the Berlekamp 

Massey algorithm [4] can be used to replace the matrix inversion for calculating the error 

locations. Another algorithm known as Forney’s algorithm [4] can be used to simplify the 

matrix inversion to find the error values. These algorithms are defined for the finite fields 

and can be extended to complex numbers by suitably modifying the algorithms. Several 

other algorithms have been developed to further reduce the complexity of calculations 

[4]. 

 

 
Figure 3.8: Block diagram of the decoder with fault detector 

 

If the number of impulse errors in the channel is higher than the error correction 

limit of the code the algorithm determines error locations and error values assuming that 

only three errors have occurred. Therefore, the locations and values of errors are detected 

incorrectly, and even after error correction, the syndrome values do not get reduced to 

zero. This feature is employed by the fault detector to detect the presence of excess errors 

in the received vector. The block diagram of the modified receiver by introducing the 

fault detector is shown in Figure 3.8. 
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Chapter IV 

Channel Model 

 

The encoding and decoding processes can be effectively modeled when the 

channel characteristics are known. This thesis is aimed at the determination of large 

errors that occur in the channel in a few of the code positions in the presence of low 

power noise. The low power noise can be assumed to arise due to quantization of signal 

before transmission and/or due to the electronic components used at the transmitter and 

receiver. A Gaussian-Bernoulli-Gaussian channel model addresses the above noise 

sources and hence is used in this thesis.  

 

4.1 Gaussian Bernoulli-Gaussian (GBG) Channel Model [2] 

A channel can be modeled physically by studying the properties that impact the 

signal being transmitted. Examining the sources of noise for the channel, the model of the 

channel can be derived. Assume that the encoded signal can be represented by the code 

vector 𝑐  that is transmitted (after possible quantization). At the receiver, vector 𝑟  is 

received. If the channel is memoryless, the additive noise introduced by the channel is 

given by the following two components 

𝑒 = 𝑒𝑖𝑚𝑝      + 𝑒𝑛                            (4.1) 

The first component, represented by 𝑒 𝑖𝑚𝑝 , is the impulse noise error that occurs in 

the channel in a few of the vector positions.  This noise can be modeled with a high 

variance Bernoulli-Gaussian noise. The Bernoulli noise represents a random sequence of 

1’s and 0’s with 1’s representing the noise locations occurring with a probability 𝑃𝑖 . The 

Bernoulli-Gaussian noise represents the Bernoulli noise multiplied with a high variance 

Gaussian noise. In this thesis, the positions where the Bernoulli-Gaussian noise is active 

are also called the positions of high activity or simply impulse noise error locations. The 

second term in (4.1) corresponds to the low variance Gaussian noise on all the samples 

and is a result of the cumulative effect of white noise in the channel, quantization at the 
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transmitter, and electronic noise in the transmitter and receiver circuits. It is shown in [2] 

that the Gaussian approximation of this noise component is appropriate for many 

practical channels. Usually the variance of Bernoulli-Gaussian noise is taken many 

magnitudes larger than the variance of the Gaussian noise.  

Representing the noise components mathematically, the Bernoulli-Gaussian noise 

is given by: 

𝑒𝑖𝑚𝑝 (𝑘) = 𝜉 𝑘 𝜂𝑖𝑚𝑝  𝑘                      (4.2) 

where 𝑝 𝜉 𝑘 = 1 = 𝑃𝑖  and 𝜂𝑖𝑚𝑝  𝑘  is Gaussian noise with zero mean and variance 

𝜍𝑖𝑚𝑝 . Gaussian noise can be represented by 𝑒𝑛(𝑘) with mean zero and variance 𝜍𝑛 , where 

𝜍𝑖𝑚𝑝 ≫ 𝜍𝑛 . The probability density function of 𝑒𝑖𝑚𝑝  𝑘  is given by 

𝑝 𝑒𝑖𝑚𝑝  =  1 − 𝑃𝑖 𝛿 𝑦 + 𝑃𝑖(2𝜋𝜍𝑖𝑚𝑝
2)−1/2  exp   −

𝑒𝑖𝑚𝑝
2

2𝜍𝑖𝑚𝑝
2
 .      (4.3) 

The probability density function (pdf) of the total noise 𝑒(𝑘) = 𝑒𝑖𝑚𝑝 (𝑘) +  𝑒𝑛 𝑘  is the 

convolution of Gaussian pdf and 𝑝 𝑒𝑖𝑚𝑝  . This is shown in (4.4). 

𝑝 𝑒 =

 1 − 𝑃𝑖 (2𝜋𝜍𝑛
2)−1/2  exp   −

𝑒2

2𝜍𝑛
2 + 𝑃𝑖(2𝜋(𝜍𝑖𝑚𝑝

2+𝜍𝑛
2))−1/2  exp   −

𝑒2

2(𝜍𝑖𝑚𝑝
2+𝜍𝑛

2)
   

               (4.4) 

Even though this model of the channel is quite rough, it is shown in [2] that this 

model can describe a channel accurately for many practical channels. 

The channel model can be summarized to consist of three parameters: 

i) Noise variance 𝜍𝑛
2, representing the white Gaussian noise. 

ii) Variance of impulse noise 𝜍𝑖𝑚𝑝
2, representing the noise variance of the 

impulse noise errors or the Bernoulli-Gaussian noise. 

iii) Probability of impulse errors 𝑃𝑖  which represents the probability of 

impulse error occurring in a position of the code vector. 

 

The code generated consists of complex numbers, both the Gaussian noise and the 

Bernoulli-Gaussian noise are considered to be complex valued.   
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Chapter V 

Decoding in the Presence of Gaussian Background Noise 

 

In the presence of a channel with white Gaussian noise, the task of detecting error 

locations and error values is even more complex. In this case, the white Gaussian noise 

on every transmitted symbol appears on all the syndrome values, making the syndromes 

dependent on the Gaussian noise on all symbols. The mathematical operations on the 

syndromes to detect the accurate value of error positions and error values become a 

difficult task. Though it is not possible to detect the white Gaussian noise in every 

location of the signal, it is possible to detect the high amplitude impulse noise locations 

and values to a reasonable extent, such that the effect of impulse noise is reduced. The 

aim of the decoder is to limit the amount of noise in the decoded signal.  

The modified PGZ decoding algorithm, which works exclusively on mathematical 

calculations to determine error positions and error values, is found to fail in detecting 

some combinations of impulse errors. In these cases, even though the number of impulse 

errors is below the error correctability limit, the effect of Gaussian noise on the roots of 

the error locator polynomial made determination of error locations inaccurate. Instead, a 

Bayes hypothesis testing procedure is used to determine the error locations, and a Wiener 

estimator is used to detect the error values. 

 

5.1 Activity Detection by Bayes Hypothesis [1] 

Bayes hypothesis testing procedure, extended to detect errors in the complex 

number DFT block codes as proposed in [1], is studied in this section . 

5.1.1 Bayes Hypothesis Testing [20] 

Hypothesis Testing is concerned with testing a hypothesis Z with an alternative 

hypothesis A. The Bayesian approach of selecting a hypothesis is called Bayes 

Hypothesis testing and is described as follows. 
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Suppose that hypothesis testing is done on hypothesis Z:θ=θ0 versus an alternate 

hypothesis A:θ=θ1 where θ0 and θ1 are pre-assigned constants, with Z and A being 

mutually exclusive and exhaustive hypotheses.  

Let 𝑇 ≡ 𝑇(𝐿1, 𝐿2, … , 𝐿𝑁) denote an appropriate test statistic based upon a sample 

of N observations. Then, by Bayes’ theorem, the posterior probability of Z, given the 

observed data T is given by 

𝑝 𝑍 𝑇 =
𝑝 𝑇 𝑍 𝑝 𝑍 

𝑝 𝑇 𝑍 𝑝 𝑍 +𝑝 𝑇 𝐴 𝑝 𝐴 
 ,          (5.1) 

where 𝑝 𝑍  and 𝑝 𝐴  are the probabilities of Z and A. Similarly, for hypothesis A, given 

the observed data T, we have 

 𝑝 𝐴 𝑇 =
𝑝 𝑇 𝐴 𝑝 𝐴 

𝑝 𝑇 𝑍 𝑝 𝑍 +𝑝 𝑇 𝐴 𝑝 𝐴 
,          (5.2) 

knowing that 

𝑝 𝐴 𝑇 + 𝑝 𝑍 𝑇 = 1            (5.3) 

yields, 
𝑝(𝑍|𝑇)

𝑝(𝐴|𝑇)
=  

𝑝 𝑍 

𝑝 𝐴 
  

𝑝(𝑇|𝑍)

𝑝(𝑇|𝐴)
 .            (5.4) 

 

Hypothesis Z is most likely when the value of posterior probability of hypothesis 

Z,  𝑝(𝑍|𝑇) is greater than 𝑝(𝐴|𝑇) and in the other case, hypothesis A is most likely 

instead of hypothesis Z. 

With multiple hypotheses, the above procedure would extent to accept the 

hypothesis with maximum posterior probability. 

 

 5.1.2 Determining Error Positions using Masking[1] 

Extending the concept of Bayes hypothesis testing, the error locations in the 

received vector can be determined. The only known data-independent variables at the 

receiver are the syndromes, hence the syndromes must be processed to select a single 

hypothesis out of the given possible hypotheses. In all the cases of Bayes hypothesis 

testing, a base case Z0 indicates no errors in a block of data, and other cases Zn indicates 
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an error in n
th position. When the hypothesis Z0 is acceptable compared to all other 

hypotheses, then it can be concluded that no error has occurred.  

The following is the procedure for Bayes hypothesis testing in determining error 

locations. 

Initially, a check for existence of errors is made on an n dimensional received 

vector. In this case, hypothesis Z0 is considered as a hypothesis with no errors, and 

hypothesis Z1 is considered as a hypothesis with an error in position 1, Z2 for position 2, 

and so on up to Zn for position n. If the hypothesis Z0 is most likely, then it can be 

concluded that no errors have occurred in the channel. In case, Z0 is not most likely, then 

an error in some position is anticipated. 

In the second step of the hypothesis testing, the first position in the vector is 

masked, and the above procedure is repeated. If Z0 is most likely, then it can be 

concluded that there are no more errors remaining in the received vector after masking. If 

Z0 is not most likely, then the procedure is continued by masking only the second position 

and repeating the procedure. 

The above procedure is repeated by masking each position and testing. Whenever 

Z0 is most likely in this algorithm, the algorithm is stopped, and the masked position is 

saved as the error location. 

After all the Z0’s obtained by masking one position fail, it can be concluded that 

more than one error exists in the received vector. Then two positions are masked 

simultaneously and checked if Z0 is most likely. The procedure is repeated for all 

combinations of 2, 3,…, t, positions, where t is the maximum error correctability of the 

code. The process is halted whenever a Z0 is most likely, and the combination of errors, 

where a Z0 is most likely, is considered as the impulse error locations. 

When all the combinations up to t errors have been exhausted and a Z0 is never 

most likely, then the errors in the code are more than the maximum error correctability, 

and the code fails in correctly locating error positions. 
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It can also be observed that, when the code is designed to correct t errors and 

when t is very large and the block size n is also large, large number of errors take an 

extremely long time to be detected. The procedure has to process the following. 

 

Single positional errors: n combinations 

Two positional errors:  𝑛 !

2∗ 𝑛−2 !
𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛𝑠 

Three positional errors: 𝑛 !

3!∗ 𝑛−3 !
𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛𝑠 

⋮  

t positional errors: 𝑛 !

𝑡!∗ 𝑛−𝑡 !
𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛𝑠 

Hence, even though efficient in determining error locations, this process is 

computationally expensive. 

 

Masking 

Masking is done at the received vector positions to mask the error in that position 

such that the error that occurred in that position is not reflected in the syndrome. The 

original masking procedure is detailed in [1], and for this thesis, a modified masking 

procedure is designed and implemented that is presented in this section. This masking 

technique is mainly designed for masking in the masking technique presented in chapter 

6. This algorithm is also used to mask error positions in Bayes hypothesis tests and is 

explained as follows.  

Initially, it is assumed that one of the positions is masked. Figure 5.1 shows the 

masked position in the received vector. Masking implies that this position has never been 

transmitted and all the remaining samples were transmitted. Hence, this sample is not 

received at the output eliminating any chance of error on that position.  
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Figure 5.1: Transmitted and received vectors, masked at one of the positions 

 

In order to remove one of the positions of the code vector at the receiver, it is 

assumed that one of the rows of the DFT matrix is non-existent and hence that the 

corresponding position of the received vector is assumed to be masked. 

 

 
Figure 5.2: Row masking of DFT matrix to mask corresponding position of the code 

 

Figure 5.2 shows an example of masking the 2nd row of the DFT matrix in order 

to mask the 2nd position of the code vector. 

 An important criterion with decoding using masking is that, when the masked 

code vector is multiplied with the decoder matrix, in case of no errors, it should 
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reproduce the actual data. In such a case, the masked code can be called a sub-code of the 

actual code. 

In order to decode the masked code vector, a sufficient number of equations is 

required to get the original data after decoding. Due to masking of some of the vector 

positions, a complete input signal cannot be retrieved with the remaining data. Assuming 

that m positions are masked, then only n – m of the original message samples can be 

correctly retrieved. But, we know that there are 2t parity components in the input 

message signal that are introduced as zeros. Therefore, the message components other 

than the zeros can be retrieved using any of the k (message components in the block) 

samples of the transmitted data, and the other data components can be masked. From the 

encoder point of view, if m positions are masked, it implies that only n – m elements have 

been transmitted or that we can detect only up to n – m elements with the available 

information. Hence, the initial data vector should also have only n – m elements before it 

is transformed to generate the code. In order to compensate for the masked coded sample, 

some of the parity values must be eliminated. Because they are zeros, eliminating them 

does not influence the data that has been transmitted. Using a similar approach of a 

row/column elimination to compensate for a masked value, a column in the DFT matrix 

must be eliminated for each masked coded sample, as shown in Figure 5.3. 

 

 
Figure 5.3: DFT matrix showing masking of rows and columns 

 

Figure 5.3 shows the masked rows and columns of the DFT matrix corresponding 

to the masked parity positions of the input data vector and the masked positions of the 

output code vector. Here, as an example, position 2 (first parity value) of the input data 
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vector and 2nd position of the output code vector, where an error is assumed, are masked. 

The reduced DFT matrix after eliminating the 2nd row and column is as shown below 

𝐴𝑛 _𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 =  
1

 𝑛

 
 
 
 
 
 
1                      ∅0                 …                ∅0                                 

1                     ∅−4               …                ∅−2 𝑛−1                   
⋮
⋮

1               ∅−2 𝑛−1           …                ∅− 𝑛−1  𝑛−1            
  

 
 
 
 
 

      (5.5) 

The above masking is done to the DFT matrix at the decoder in order to test for an 

erroneous position. In order to decode the sub-code generated by the modified DFT 

matrix, a modified decoder matrix must be generated to decode the coded vector and 

derive the syndromes from them. The modified decoder matrix is taken as the inverse of 

the modified DFT matrix. 

𝐷𝑒𝑐_𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 =  𝐴𝑛_𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 −1                             (5.6) 

The number of parity values required to be eliminated are taken from the first 

parity location for convenience and then the DFT matrix is reduced to the modified DFT 

matrix. The modified parity check matrix can be similarly derived from the modified 

decoder matrix.  

Due to the above modifications, the product of modified DFT matrix and 

modified decoder matrix makes an identity matrix. Therefore, the code that is obtained 

after the masking can be called a sub-code. 

The following equations show the modified syndrome equations after masking. 

Assume that 𝑥2 is one of the error positions and it has been masked. Then, according to 

the masking procedure, since only one of the positions is masked, one of the syndrome 

equations (first syndrome) will also be masked and the syndrome equations start from 𝑠2. 

 

𝑠2 = 𝑦1 ∗ ∅2(𝑥1) + 𝑦2 ∗ ∅2(𝑥3) + ⋯ + 𝑦𝑣 ∗ ∅2(𝑥𝑣)  

𝑠3 = 𝑦1 ∗ ∅3(𝑥1) + 𝑦2 ∗ ∅3(𝑥3) + ⋯ + 𝑦𝑣 ∗ ∅3(𝑥𝑣)  

                                            ⋮                                                              

𝑠2𝑡 = 𝑦1 ∗ ∅2𝑡(𝑥1) + 𝑦2 ∗ ∅2𝑡(𝑥3) + ⋯ + 𝑦𝑣 ∗ ∅2𝑡(𝑥𝑣)        (5.7) 
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 The syndrome equations do not depend on 𝑥2 any longer but depend on the other 

error positions. Assuming that all the impulse error positions have been masked, 

syndromes would depend only on the Gaussian noise [1]. 

 

Algorithm for Bayes Hypothesis Testing 

Let the aggregate noise component (Gaussian noise and Bernoulli-Gaussian 

noise) 𝑒  be a column vector that is described as having zero mean components and 

covariance matrix Q.Vector 𝑟  is the received vector corrupted with noise. 

𝑟 = 𝐴𝑛 𝑖 + 𝑒 ,             (5.8) 

where 𝑖  is the original data vector and 𝐴𝑛  is the DFT matrix. The corresponding data 

independent syndrome is given by 

𝑠 = 𝐻𝑟 ,             (5.9)  

where 𝑠  is the syndrome vector and H is the parity check matrix. Designating the 

variance of Gaussian noise in the channel by 𝜍𝑛
2, covariance matrix 𝑄𝑛  can be given by 

𝑄𝑛 = 𝜍𝑛
2. 𝐼𝑛  .           (5.10) 

However, Q also depends on impulse errors or burst errors at a few locations. 

Therefore, some diagonal elements of Q will have the value 𝜍𝑖𝑚𝑝
2 added to 𝜍𝑛

2, 

corresponding to the positions with large noise excursions, resulting in 

𝑄 = 𝑄𝑛 + 𝑄𝑖𝑚𝑝            (5.11) 

𝑄 = 𝜍𝑛
2. 𝐼𝑛 +  𝜍𝑖𝑚𝑝

2 δ𝑗δ𝑗
𝑇 ,

𝑗=𝜇
𝑗=1  with δ𝑗 =

 
 
 
 
 
 
 
0
⋮
0
1
0
⋮
0 
 
 
 
 
 
 

,    δ𝑗  𝑗, 1 = 1,    𝑗 = 1,2, … , 𝑛.  

            (5.12) 

When µ impulse errors have occurred at locations 𝑖1, 𝑖2, …  , 𝑖𝜇 . Using the above 

relationships for δ𝑗  and 𝑄, Bayes hypothesis testing can be used to determine if any errors 

are in the received vector positions. Hypothesis 𝑍0 is defined as the base hypothesis, 
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where the noise covariance matrix is 𝑄𝑛  and there are no large excursions in any 

positions. 

Because a single error can occur in n different positions, we can define n different 

hypotheses corresponding to an error in each of the n locations. Hence, in this case, only 

one position of 𝑄 has a variance increased by 𝜍𝑖𝑚𝑝
2. These n+1 hypotheses can be 

summarized by conditions on the respective covariance matrices as shown in the 

equations below 

𝐻𝑦𝑝𝑜𝑡𝑒𝑠𝑖𝑠 𝑍0:     𝑄 = 𝜍𝑛
2. 𝐼𝑛 ;   

𝐻𝑦𝑝𝑜𝑡𝑒𝑠𝑖𝑠 𝑍𝑟 :     𝑄 = 𝜍𝑛
2. 𝐼𝑛 + 𝜍𝑖𝑚𝑝

2 δ𝑟δ𝑟
𝑇 ;  

𝑟 = 1,2, … , 𝑛  𝑖𝑚𝑝𝑢𝑙𝑠𝑒 𝑛𝑜𝑖𝑠𝑒 𝑖𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑟        (5.13) 

 

Initially, hypothesis testing is done on the above data, and if hypothesis 𝑍0 is most 

likely, no errors in the received data are detected. In any case 𝑍0 is not most likely, then 

an error is assumed, and a position in the received message is masked, and the same test 

is done again. Now, hypothesis 𝑍0 corresponds to no error in the obtained sub-code, and 

the number of hypotheses will now be n – 1. Similarly, the same technique is applied 

when more positions are masked. In order to determine the hypothesis that is most likely, 

the following method is followed. 

Applying the Bayes technique where Gaussian noise and Bernoulli-Gaussian 

noise are uncorrelated, the log-likelihood ratios compare statistics associated with the n 

hypotheses 𝑍𝑟 , 𝑟 = 1, … , 𝑛, against the base hypothesis 𝑍0. They are determined with the 

help of the covariance matrix and the syndrome vectors 𝑠  under various conditions for 

various hypotheses.  

The log likelihood ratios associated with the hypothesis 𝑍𝑟  compared with 

hypothesis 𝑍0 is given by the following equation: 

𝜑𝑟 = 𝑠 ∗𝐿𝑟𝑠 ,     𝑟 = 1,2, … , 𝑛        (5.14)  

This equation is built from the likelihood matrix 𝐿𝑟  which is defined as the difference of 

two conditional covariance matrices corresponding to hypothesis 𝑍0 and hypothesis 𝑍𝑟 . 

𝐿𝑟 = Γ0
−1 − Γ𝑟

−1,      𝑛 − 𝑘  𝑥  𝑛 − 𝑘           (5.15) 
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where the conditional covariance matrices Γ0 and Γ𝑟  are defined by: 

Γ0 = 𝑐𝑜𝑣  
𝑠 

𝑍0
   and Γ𝑟 = 𝑐𝑜𝑣  

𝑠 

𝑍𝑟
 ;       𝑟 = 1,2, … , 𝑛      (5.16) 

The conditional covariance matrices can be found out with the following equations. 

Γ0 = 𝜍𝑛
2𝐻𝐻∗  and Γ𝑟 = Γ0 + 𝜍𝑖𝑚𝑝

2𝐻 δ𝑟δ𝑟
𝑇 𝐻∗;      𝑟 = 1,2, … , 𝑛    (5.17) 

The low level statistics appear in the likelihood matrix Γ0, and increased level 

parameter 𝜍𝑖𝑚𝑝
2 is visible in likelihood matrix Γ𝑟 . Therefore, n likelihood ratio statistics 

{𝜑𝑟}𝑟=1
𝑟=𝑛  are calculated, and if all the values are below a threshold, then hypothesis 𝑍0 is 

most likely. Otherwise, one or more of the other hypothesis is said to be active. To 

determine the thresholds in the most simplified way, conditional means of the respective 

quadratic variables {𝜑𝑟}𝑟=1
𝑟=𝑛  are determined, which after some manipulations are given by 

[1]. 

𝜇𝑟|𝑍0
= 𝐸 𝜑𝑟  𝑍0 = 𝜍𝑛

2 𝑇𝑟𝑎𝑐𝑒 𝐻∗𝐿𝑟𝐻        (5.18) 

𝜇𝑖|𝑍𝑟
= 𝐸 𝜑𝑖 𝑍𝑟 = 𝜇𝑟|𝑍0

+ 𝜍𝑖𝑚𝑝
2 𝑇𝑟𝑎𝑐𝑒 𝐻∗𝐿𝑟𝐻       (5.19) 

𝑖 = 1, 2, … , 𝑛;      𝑟 = 1, 2, … , 𝑛  

These statistics clearly reflect the increased variance by δ. Thus, a reasonable 

choice for the threshold designated by {𝜂𝑟}𝑟=1
𝑟=𝑛 , can be defined as 2𝜇𝑟|𝑍0

, the low level 

activity conditional mean. 

𝜂𝑟 = 2 𝜇𝑟|𝑍0
;      𝑟 = 1, 2, … , 𝑛        (5.20) 

The quadratic statistics of {𝜑𝑟}𝑟=1
𝑟=𝑛  obey a chi-squared distribution [40], the 

associated statictics are quite complicated, and hence the above procedure is chosen by 

defining 𝜂𝑟 = 2 𝜇𝑟|𝑍0
, with the multiplication factor of 2, which was confirmed from 

simulations, to be useful for the cases handled in this thesis. Employing the procedure 

explained above, the process of Bayes Hypothesis testing can be summarized as follows 

[1]. 

  

(a) Detect if any errors are present or not (No masking) 

Initially compute likelihood ratios 𝜑𝑟 = 𝑠 ∗𝐿𝑟𝑠 , 𝑓𝑜𝑟   𝑟 = 1,2, … , 𝑛; check if 

|𝜑𝑟 | ≤ |𝜂𝑟 | for all r = 1, 2, … , n. If it holds true for all n, then select 𝑍0, which implies 
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no errors in the received vector. If the above relation does not hold true for one or more 

values of 𝑟  then errors exist in the received vector. Start with the process of masking the 

bits sequentially, beginning with all combinations of minimum positions.  

 

(b) Detect the error locations (Systematic Masking) 

Masking is performed in a systematic procedure, and a subset of positions is 

taken. Let the subset of positions be ρ. The received vector can be masked with the 

elements of ρ, and a sub-code can be generated. Simplifying all notations with a 

superscript (ρ), for all the variables of this sub-code, the hypothesis testing equations are 

given by: 

𝐻𝑦𝑝𝑜𝑡𝑒𝑠𝑖𝑠 𝑍0
(𝜌):     𝑄(𝜌) = 𝜍𝑛

2𝐼𝑛−|𝜌 |;  

𝐻𝑦𝑝𝑜𝑡𝑒𝑠𝑖𝑠 𝑍𝑟
(𝜌):     𝑄(𝜌) = 𝜍𝑛

2𝐼𝑛−|𝜌 | + 𝜍𝑖𝑚𝑝
2 δ𝑟δ𝑟

𝑇 ;  

𝑟 = 1,2, … , 𝑛 − |𝜌|  𝑖𝑚𝑝𝑢𝑙𝑠𝑒 𝑛𝑜𝑖𝑠𝑒 𝑖𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑟      (5.21) 

representing hypothesis equations with masking. Here, 𝑍0
(𝜌) represents base hypothesis 

for the masked positions and indicates no errors in any other part of the sub-code vector. 

The decision making equations are given by 

𝜑𝑟
(𝜌) = 𝑠 (𝜌)∗𝐿𝑟

(𝜌)𝑠 (𝜌),     𝑟 = 1,2, … , 𝑛 − |𝜌|,     (5.22)  

where 𝑠 (𝜌) is the syndrome for the masked sub-code. The thresholds {𝜂𝑟
(𝜌)}𝑟=1

𝑟=𝑛−|𝜌 | are 

similar to the above case as 2𝜇(𝜌)
𝑟|𝑍0

 . 

As we have seen earlier in this section, when all the positions of impulse errors 

have been masked, the syndrome does not depend any longer on large errors but depends 

only on the Gaussian noise remaining on all other positions. Hence, in this case, 𝑍0 is 

most likely over all other hypotheses. 

The process is halted as soon as 𝑍0 is most likely and the set of masked locations 

when 𝑍0 is most likely is declared as the error locations vector and then this set is sent to 

the Wiener estimator to detect the error values. 

The Bayes hypothesis testing algorithm is summarized in Figure 5.4. 



Texas Tech University, Sandeep Mallela, December 2010 

37 
 

 
Figure 5.4: Flowchart showing the Bayes Hypothesis Testing [1] 
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5.2 Detecting Error Values with Wiener Estimator [1] 

A Wiener estimator can be used to estimate the error values at each error location 

when the error locations and the syndromes are known. The syndrome vector is known 

after receiving a message, and error locations can be calculated from the above 

mentioned procedures. 

The encoded data that appears at the input of the decoder is assumed to be 

corrupted with stochastic noise vector 𝑒  , modeling both white Gaussian noise in the 

channel and the impulse errors occurring in a few positions in the channel. The process of 

error correction essentially involves finding an approximate value of 𝑒 . Hence, the 

process is an estimation process, with estimation of the state stochastic vector 𝑒  . After 

estimating 𝑒   and subtracting it from the received vector  𝑟 , a good estimate of the 

transmitted code vector 𝑐  is obtained. 

A widely used estimation criterion is the minimum mean square error estimation 

휀𝑀𝑆𝐸
2 = 𝐸{|𝑒 − 𝑒  |2}.           (5.23) 

A minimum mean squared error estimate of the stochastic components associated 

with the equations hypothesized is the Wiener estimator.  

As we know, the syndrome vector 𝑠  depends on 𝑒 . The estimate of stochastic 

vector 𝑒   can be derived from 𝑠 . Defining a matrix Γg  and defining 𝑒   as the Wiener 

stochastic estimate, 𝑠  can be given by 

𝑒  = Γg𝑠 .                         (5.24) 

Γg  for a minimum mean square error estimate can be derived as follows. 

We know that 

𝑠 = 𝐻𝑒                           (5.25) 

and 

휀𝑀𝑆𝐸
2 = 𝐸{|𝑒 − 𝑒  |2}.                         (5.26) 

It can also be written as 

𝐸 |𝑒 − 𝑒  |2 = 𝑡𝑟(𝐸  𝑒 − 𝑒   .  𝑒 − 𝑒   ∗   

= 𝑡𝑟(𝐸  𝑒  𝑒 ∗ −  𝑒  𝑒  ∗ −  𝑒   𝑒 ∗ +  𝑒   𝑒  ∗  )  
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= 𝑡𝑟(𝐸  𝑒  𝑒 ∗  − 𝐸  𝑒  𝑒  ∗  − 𝐸  𝑒   𝑒 ∗  + 𝐸  𝑒   𝑒  ∗  )           (5.27) 

Substituting  𝑒   𝑡 = Γg[𝐻𝑒 ] in above equation, we get 

𝐸  𝑒 − 𝑒   2 =  

𝑡𝑟(𝑄 −  𝐸 𝑒   Γg 𝐻𝑒   
∗
 − 𝐸{ Γg 𝐻𝑒  𝑒 ∗} + 𝐸  Γg 𝐻𝑒    Γg 𝐻𝑒   

∗
 )    (5.28) 

𝐸  𝑒 − 𝑒   2 = 𝑡𝑟(𝑄 − 𝑄 𝐻∗Γg
∗  − Γg  𝐻 𝑄 − Γg𝐻𝑄 𝐻∗Γg

∗ )     (5.29) 

To get the minimum value of 휀𝑀𝑆𝐸
2 , we calculate 

𝑑휀𝑀𝑆𝐸
2

𝑑Γg
∗ = 0            (5.30) 

𝜕휀𝑀𝑆𝐸
2

𝜕Γg
∗ =

𝜕

𝜕Γg
∗  𝑄 − 𝑄 𝐻∗Γg

∗ − Γg  𝐻 𝑄 + Γg𝐻𝑄  𝐻∗Γg
∗ =  −𝑄𝐻∗ + Γg𝐻𝑄 𝐻∗ = 0   

            (5.31) 

resulting in 

Γg =  𝑄𝐻∗ [𝐻𝑄 𝐻∗  ]−1                        (5.32) 

and thus  

𝑒  = 𝑄𝐻∗  𝐻𝑄  𝐻∗   −1 𝑠  .                    (5.33) 

 

All the components of Q other than the diagonal elements are zeros because 𝑒 , 

being Gaussian, has zero mean and is uncorrelated. Any large values in the diagonal of Q 

accent their respective components in the estimate of 𝑒  . The positions where there is large 

activity in 𝑟  will give larger variances in the diagonal elements of Q. These selected 

positions in Q may be made quite large with respect to the other values, so that it greatly 

increases the gain for these positions and creates a very high impact of these positions on 

the syndrome.  

Thus, the minimum mean square error gives a proper estimate of the large activity 

given that increased activity positions are known properly. Furthermore, as long as all of 

the increased activity positions are incorporated in Q, and subsequently affect Γg , any 

values improperly indicated as having activity will not result in corrected values in 𝑒 𝑟 . 

This is the well known in the practice of Wiener filtering [1]. Also, the exact values of 

covariance matrices are not very critical to determine a precise estimate of 𝑒  . As long as 
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the variances of impulse noise and white Gaussian noise differ by several orders of 

magnitude, the Wiener estimator will produce an estimation that is within the low level 

noise variance.  

 

5.3 Optimizing Performance of the Algorithms 

In the previous sections, the specific disadvantages of various algorithms for error 

correction were seen. The inherent disadvantage of the modified PGZ decoder is its 

inability to detect some of the error patterns; this can be resolved by the Bayes hypothesis 

tester with the Wiener estimator. From a computational complexity point of view, it 

would be beneficial to utilize the computationally less complex modified PGZ decoder 

for the majority of the cases and use the Bayes Hypothesis tester with the Wiener 

estimator only in cases when the modified PGZ decoder fails. This would greatly reduce 

the computational time of the decoder yet increase the robustness of the decoder for error 

correction. 

This concept is explained with the help of the following block diagram of the 

decoder in Figure 5.5. 

 

 
Figure 5.5: Block diagram of the modified decoder implementing both modified PGZ 

decoder and Bayes – Wiener decoder 
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A reasonable threshold for the syndrome can be chosen in order to make a 

decision such that only failed cases of the PGZ decoder are given to the Bayes hypothesis 

tester, thereby reducing the computational complexity of the decoder at the expense of 

increased hardware. 

A further step towards optimization can be made by reducing the number of 

blocks processed by the decoder. It is possible that some blocks of data may not have an 

impulse error. There may also be some situations in which the impulse errors occurring in 

the channel do not exceed the noise margin after the decoding process and hence do not 

cause any change in the symbols transmitted. In all these cases, computational power and 

time can be saved by not attempting to perform error correction on such data but rather 

sending the data directly to the decoder and decoding it. The most essential part here is to 

detect that the effect of noise is smaller than the noise margin. This can be done with the 

help of syndrome vectors that are calculated as soon as the coded information is received 

by the decoder. Therefore, no additional process must be done to detect the presence of 

noise-free data blocks. The only additional computation that is required here is to make a 

comparison and a decision for every block of data. The decision maker gives the decision 

of whether an error correction is required or not. Hence, for a channel with smaller 

probabilities of impulse noise, this optimization will help in reducing the computational 

time and power of the decoder. 

 The optimization of the receiver is thus computationally less demanding than the 

Bayes hypothesis tester yet maintaining the same robustness for error correction as the 

Bayes hypothesis tester.  
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Chapter VI 

Complex Number DFT Codes using Masking Technique 

 

In the existing literature, the real/complex number codes have been developed 

considering the BCH code. With the BCH coding format, a minimum of 2t parity values 

must be added to enable detection and correction of t errors in a received vector that is 

corrupted with noise. A new concept of masking is investigated in this thesis that reduces 

the amount of redundancy required in a block of code and still maintains the same error 

correction ability. This technique is developed at the expense of reduced algorithmic 

nature of the decoding process. This chapter presents the idea behind the encoding and 

decoding processes using this new technique aimed at reducing redundancy. 
 

6.1 Encoding Scheme for Masking Technique 

A new masking technique is developed and tested in this thesis that is also based 

on the Discrete Fourier Transform of the message signal to generate the coded signal. 

The code is designed such that it uses only t+1 parity values to detect and correct up to t 

errors in the channel. This reduction in redundancy using the masking technique is as 

follows. 

Assuming that a position that has an impulse error is masked, both the error value 

and the error location do not appear in the syndrome, thus reducing two unknown values 

in the syndrome. Hence, only 2t – 2 syndrome equations (parity values) are required to 

determine the remaining t – 1 errors. Similarly, continuing the masking of error positions, 

when all the error positions have been masked, only one syndrome value is required to 

determine whether all the errors have been masked or not. In addition, to detect the 

transmitted values correctly even after masking t positions, a minimum of t redundant 

information values are needed. Therefore, a minimum of t+1 parity values are needed to 

determine the error locations and to correct them.  

The generation of a codevector with the masking technique is similar to the 

generation of codevector for the complex BCH codes, with the only difference being the 
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number of parity values added to the code. The following matrix shows the DFT matrix 

to generate this code. 

An =

 
 
 
 
 
 
 
1               ∅0               ∅0                 …                ∅0                                 

1               ∅−1              ∅−2               …                ∅−(𝑛−1)                      

1               ∅−2              ∅−4               …                ∅−2(𝑛−1)                  
⋮
⋮

1         ∅−(𝑛−1)      ∅−2(𝑛−1)           …                ∅− 𝑛−1 (𝑛−1)           
  

 
 
 
 
 
 

,         (6.1) 

 

where the parity values are chosen to be ∅1 to ∅𝑡+1, and 𝑛 = 𝑘 + 𝑡 + 1.  

The location of zero padding to the input message block is unchanged, i.e., zeros 

are padded from the first location up to t+1 positions, as shown in Figure 6.1. 

 

 
Figure 6.1: Encoding procedure for masking technique 

 

 The concept of masking and detection of error locations by eliminating the error 

locations from the syndrome are presented in the following section. 
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6.2 Decoding Procedure for Masking Technique 

The initial step in decoding is the generation of the syndrome from the received 

vector. The process of generating the syndrome is similar to the syndrome generated in 

the complex BCH case. The parity check matrix for the masking technique is shown in 

(6.2). 

𝐻 =
1

 𝑛

 
 
 
 
 
 
 1               ∅1              ∅2               …                ∅𝑛−1                      

1               ∅2              ∅4               …                ∅2(𝑛−1)                
⋮
⋮

1         ∅
(𝑛−𝑘)      ∅2(𝑛−𝑘)           …                ∅

 𝑛−𝑘 (𝑛−𝑘)           
  

 
 
 
 
 
 

       (6.2) 

The only difference between the parity check matrix for the complex BCH codes and 

masking technique is the value of n – k. Here, 𝑛 − 𝑘 = 𝑡 + 1. 

The main aim of the decoding procedure is to determine the error locations from 

the syndrome values. As we have seen in the previous sections, at least 2t equations are 

required to determine the 2t unknown values, and no direct procedure can determine the 

2t unknown values accurately with only t+1 syndrome values. Hence, masking all of the 

error positions is required to eliminate the dependence of the syndrome on the impulse 

error values. The concept and algorithm to eliminate the effect of an error on the 

syndrome is explained in the masking section of Bayes hypothesis testing. 

Assuming that t errors are in the received vector and that all the t errors have been 

masked, the modified code vector (subcode) contains k+1 samples. During the decoding, 

an exact copy of the original message can be recovered by multiplying the modified code 

vector with the modified decoder matrix.  

Taking the example shown in Figure 5.3 and assuming that c2 is the only symbol 

to be affected by the channel impulse noise, then by eliminating c2 and modifying the 

DFT and decoder matrices correspondingly, exact values of m1 to mk can be obtained.  

This is the main principle that is used in the masking technique. Determination of 

error locations precisely is the main task in the decoding algorithm to determine the 

original message signal. 
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The detection of error locations would be an extremely easy task when there is no 

Gaussian noise present on the transmitted samples. In this case, all possible combinations 

of error locations are considered, and each combination is taken sequentially starting 

from the least number of errors. Each combination of error pattern is masked. After 

masking, the syndrome is analyzed. When all the high activity positions are masked, the 

remaining syndrome values become zero, confirming the elimination of all positions with 

high activity. The remaining code vector can be used to decode the original message 

signal.  

In the presence of Gaussian noise, the following procedure is followed in order to 

detect if the combination masks all the errors present in the received vector. 

i. The code vector corresponding to the masking combination is generated 

by masking the received vector samples. 

ii. The obtained modified vector is multiplied with the corresponding 

modified parity check matrix to obtain the syndrome values. 

iii. The syndrome with a maximum value is taken and is compared with 

𝑛 x 𝜍𝑛
2. 

iv. If the syndrome with maximum value is smaller than 𝑛 x 𝜍𝑛
2, the 

combination of masked positions is taken as the locations of impulse 

errors. Due to the design of the code, even when t positions are masked, 

there exists at least one syndrome value that can be used for the 

comparison. 

v. In cases when none of the combinations yields a successful result, then 

excess errors in the channel are detected. 

The above approach, even though computationally expensive, is found to detect 

any combination of errors successfully. This approach can be further modified to test 

only the individual positions and detect for an error in that position. This task is not 

undertaken in this thesis and is left for future research.  

 

  



Texas Tech University, Sandeep Mallela, December 2010 

46 
 

Chapter VII 

Simulation Results 

 

The algorithms that have been presented in the previous chapter were tested for 

their performances under different sets of conditions. The various parameters that are 

considered for the simulation are: 

 

a. Probability of error, Pi 

The probability of impulse noise errors in the channel is important in deciding 

on how many parity values will be added. In most of the cases tested in this 

thesis, a probability of error of 0.1 is considered. Pi of 0.01 and 0.05 are also 

considered.  

 

b. Noise variances of Gaussian noise 𝜍𝑛
2 and Bernoulli-Gaussian noise 𝜍𝑖𝑚𝑝

2  

Different values for Gaussian noise variance 𝜍𝑛
2 and Bernoulli-Gaussian noise 

variances 𝜍𝑖𝑚𝑝
2  are considered for the simulation. The minimum ratio of 

𝜍𝑖𝑚𝑝
2 /𝜍𝑛

2 for which the algorithms work efficiently is also determined. 

 

c. Block size n 

Different block sizes are chosen to test the error correction capability of 

algorithms. Block sizes of exponents of 2 are chosen to obtain computational 

efficiency while performing DFT. In these simulations, block sizes of 16, 32 

and 64 are considered. 

 

d. Data types of the inputs 

In order to recover data effectively in the presence of Gaussian noise, it is 

important to know the type of data which is fed to the encoder, such that the 

maximum tolerable noise on the data can be determined. In this thesis, 
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complex integers are considered as data inputs. Therefore, a noise magnitude 

of 0.5 each on real part and imaginary part can be tolerated on each of the data 

samples to recover the original data accurately. 

 

It is known that the algorithms fail to detect the error locations and values 

correctly when the impulse errors in the received signal are beyond the maximum 

impulse errors for which the code is designed to correct. The probability of occurrence of 

excess errors in a block of size n with error correctability t at a probability of impulse 

errors Pi is given by 

𝑃𝑒𝑥 =   1 − 𝑃𝑖 
𝑛−𝑥  (𝑃𝑖)

𝑥   𝐶(𝑛, 𝑥)𝑛
𝑥=𝑡+1            (7.1) 

Error correctability, t is considered as follows. 

𝑡 = 3 
𝑛

16
  for 𝑃𝑖 = 0.1 

𝑡 = 2 
𝑛

16
  for 𝑃𝑖 = 0.05 

𝑡 = 1 
𝑛

16
  for 𝑃𝑖 = 0.01 

 
Figure 7.1: Plot showing probability of excess errors in a block 
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 Figure 7.1 shows the plot of probability of excess errors for block sizes 16, 32 and 

64. For each block, the probability of impulse errors of 0.1, 0.05 and 0.01 are considered. 

The aim here is to determine the best algorithm for a given set of conditions and 

to determine the best block length. The characteristics considered for evaluating the 

performances of the algorithms are: Symbol Error Rate (SER), which gives number of 

symbols which have been decoded incorrectly, and the approximate computational time 

to detect errors. 

 

7.1 Performance Analysis of Algorithms without Gaussian Noise 

In the absence of Gaussian noise, all the algorithms have shown ideal 

performance in determining errors. It was found that whenever the number of impulse 

errors in the block is within the correctability limit of the code, all algorithms have 

detected all combinations of errors effectively. 

Failures in the algorithms were observed to have occurred on those message 

blocks where the total number of impulse errors exceeded the error correctability of the 

code. These results show the effectiveness of the algorithm designed. Because in most 

real world cases the Gaussian background noise cannot be neglected, simulation results 

with the Gaussian noise are more significant. The performance analysis of each algorithm 

in the presence of noise and its comparison with the simulations without Gaussian noise 

is presented in the following section. Performance analysis of different algorithms in the 

presence of Gaussian noise is also compared and is presented in next section. 

 

7.2 Performance Analysis in Presence of Gaussian Noise 

Each of the algorithms presented in Chapters 5 and 6 is tested for its performance 

and possible limitations are analyzed in this section. A comparison of different 

algorithms for different channel conditions and block lengths is provided in the next 

section. 
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7.2.1 Performance Analysis of PGZ Decoder 

Extensive simulations have been performed on the PGZ decoding algorithm to 

determine error locations and error values. The results obtained with PGZ decoder with 

parameters 

𝜍𝑖𝑚𝑝
2 = 10  

𝜍𝑛
2 = 0.001  

𝑃𝑖 = 0.1  

are shown in Figure 7.2 along with results obtained in the absence of Gaussian noise.  

 

 
Figure 7.2: Plot showing SER vs. block size for PGZ decoder with and without Gaussian 

noise 

 

The following observations were seen in the simulations on the PGZ decoder:  

i. The algorithm failed to decode a complete block correctly when the 

number of errors exceeded the error correction limit of the code, which is 
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ii. The PGZ algorithm failed to detect the error locations correctly when the 

errors are present in consecutive locations. 

iii. The algorithm, even though it detected the error positions correctly, failed 

to detect the error values correctly when errors are in alternating positions, 

thereby creating a fault in the fault indicator.  

iv. In the larger block lengths, the algorithm failed to detect the exact error 

position. Due to the noise effects, some error locations deviated with an 

offset of one, giving rise to a failure, evident from Figure 7.2, which 

shows greater SER for larger block sizes. 

v. In the absence of Gaussian noise, the SER is less than the probability of 

occurrence of excess errors, which is due to the ability of the algorithm to 

correct a single excess error which has a small magnitude. Also, an 

attempt to correct excess errors is undertaken by the algorithm. Therefore, 

a few errors may get detected correctly reducing the noise on each symbol. 

Due to the presence of a noise margin on each symbol, all symbols do not 

get corrupted thereby decreasing SER.  

 

7.2.2 Performance Analysis of PGZ Decoder for Detecting Error Positions and Wiener 

Estimator for Detecting Error Values 

Simulations performed on the PGZ decoder with Wiener estimator with the same 

parameters as used for the PGZ decoder resulted in the plot shown in Figure 7.3: 

The following observations were seen in the simulations on the PGZ decoder with 

Wiener estimator:  

i. The algorithm failed to decode the message block correctly whenever the 

PGZ algorithm failed to detect the error locations correctly. Therefore, the 

algorithm failed in situations with excess errors and in situations when the 

errors are located in consecutive positions. 

ii. The algorithm however succeeded in detecting the error values correctly for some 

combinations of alternating errors for which the PGZ decoder determined the 
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error locations correctly but failed to detect the error values correctly. Therefore, 

the difference between the SER with and without the Gaussian noise is smaller 

when compared to the PGZ algorithm. 

 

 
Figure 7.3: Plot showing SER vs. block size for PGZ decoder with Wiener estimator with 

and without Gaussian noise 

 

iii. It was found that, as long as the error locations given to the Wiener 

estimator were accurate, the algorithm has been successful, which shows 

that the Wiener estimator is robust in detecting error values. 

iv. Due to the MMSE approximation principle of the Wiener estimator, the 

syndrome values after the decoding are reduced to 𝜍𝑛
2. Therefore, the 

mechanism for detecting faults that analyzes the syndrome to detect a fault 

is disabled. This is a major drawback of the Wiener estimator.  
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v. In the absence of Gaussian noise, the PGZ decoder with Wiener estimator 

behaves similar to the PGZ decoder, and hence, SER is similar to the SER 

of PGZ decoder.  

 

7.2.3 Performance Analysis of Bayes Hypothesis Tester for Error Detection and 

Wiener Estimator for Error Correction 

The Wiener estimator can be successfully used when it is implemented with a 

decoder that can determine the error locations correctly and that also has a fault detection 

procedure such that any incorrect decision about the locations can be found by the 

algorithm. For this purpose, Bayes hypothesis testing is used. Simulations on the Bayes 

hypothesis tester with the Wiener estimator resulted in the plot shown in Figure 7.4, and 

the following observations can be made: 

 

 

Figure 7.4: Plot showing SER vs. block size for Bayes hypothesis tester with and without 
Gaussian noise 
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i. Bayes hypothesis tester has resulted in accurate determination of error 

pattern for all the different combinations of errors presented to it. The 

consecutive error patterns for which the PGZ decoder failed have also 

been detected correctly by the Bayes hypothesis tester. This is the reason 

why the plots corresponding to the simulations with Gaussian noise and 

without Gaussian noise overlap. 

ii. The algorithm is also found to be effective in determining the presence of 

excess errors in the received vector, thus enabling the decoder in detecting 

faults arising due to excess errors. 

iii. The main limitation of this algorithm is its computational time. The 

excessively large number of combinations that the algorithm tests make it 

impractical for implementation for block lengths above 16. Even for a 

block length of 16, the computational time is about 10 times more than the 

computational time of the PGZ algorithm. 

iv. In the absence of Gaussian noise, the SER is little smaller than the 

probability of excess errors. This is mainly because of detection of t most 

significant impulse errors when the excess errors are present and the 

amplitude of the excess error(s) is few magnitudes less than the variance 

of impulse errors. Also, the Bayes hypothesis tester fails to attempt error 

correction when excess errors are detected by the algorithm. Therefore, all 

symbols will have high noise content and hence SER is observed to be 

higher in this case when compared to the PGZ decoder. 

 

7.2.4 Performance Analysis of Masking Technique 

Simulations on the masking technique resulted in following observations. Figure 

7.5 shows the plot of the results obtained with the same parameters as that of other 

algorithms: 
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Figure 7.5: Plot showing SER vs. block size for masking technique with and without 

Gaussian noise 

 

i. The masking technique was found to detect all the combinations of 

impulse errors including consecutive patterns. Therefore, plots 

corresponding to simulations with Gaussian noise and without Gaussian 

noise overlap. 

ii. The determination of excess errors is also found to be effective with the 

masking technique, thus enabling fault detection. 

iii. An advantage observed with the masking technique is that, even in case of 

excess errors (> t), t errors can be located, and hence the decoded output 

contains less noise than other techniques. Therefore, the overall SER 

corresponding to each block length in the masking technique is smaller 

than the SER of the Bayes hypothesis tester. 
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makes it inconvenient to be implemented practically for block sizes above 

16.  

 

7.3 Performance Comparison of Decoding Algorithms  

The main parameters that impact the performance of decoding algorithms are: 

probability of impulse errors (Pi), variance of Gaussian noise 𝜍𝑛
2, variance of impulse 

errors 𝜍𝑖𝑚𝑝
2 , and block size. The algorithms are analyzed by varying these parameters and 

verifying the symbol error rate (SER). 

 

7.3.1 Dependence on Block Size 

The block sizes of 16, 32 and 64 have been tested for performance analysis. The 

other parameters which are maintained constant are 

𝜍𝑖𝑚𝑝
2 = 10  

𝜍𝑛
2 = 0.001. 

 

All the algorithms were given the same input sequence, and the symbol error rate 

(percentage of symbols detected incorrectly) is analyzed. 

Figure 7.6 shows the plot of SER vs. block size for 𝑃𝑖 = 0.1. It can be observed 

that, due to the incorrect estimation of error locations and error values for the PGZ 

decoder, the SER is higher compared to other algorithms. The PGZ decoder with Wiener 

estimator is comparatively better due to the elimination of errors that occur while 

detecting error values. Bayes hypothesis is observed to be better compared to both the 

algorithms, as the algorithm detects all possible combinations of errors. The disadvantage 

with the Bayes hypothesis tester is that it cannot detect any of the excess errors. This 

disadvantage is overcome with the masking technique, where some of the errors are 

determined correctly in case of excess errors, along with detection of all errors correctly 

as long as the number of errors is less than the error correction limit of the code. 
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Figure 7.6: Plot of SER vs. block size for 𝑃𝑖 = 0.1 

 

As the block size increases, the probability of occurrence of excess errors 

decreases. Therefore, SER decreases with increasing block size for masking technique 

and for Bayes hypothesis tester. However, for the PGZ decoder, as block size increases, 

the Fourier transform coefficients will get closer and a small error due to Gaussian noise 

offsets the error location by a small amount, which results in more errors. Also, even in 

the presence of consecutive errors, a larger block of data failed, thereby increasing the 

SER. 
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Figure 7.7 (a): Plot of SER vs. block size for 𝑃𝑖 = 0.05 

 

 
Figure 7.7 (b): Plot of SER vs. block size for 𝑃𝑖 = 0.01 
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Figure 7.7 (a) shows the plot of SER vs. the block size for a probability of 

impulse error 𝑃𝑖 = 0.05 with an error correctability of 2. Figure 7.7 (b) shows the plot of 

SER vs. the block size for 𝑃𝑖 = 0.01 with an error correctability of 1. The remaining 

parameters are same as that considered for 𝑃𝑖 = 0.1. In both these cases, the results are 

similar to the results obtained with 𝑃𝑖 = 0.1.  

It can be inferred that the computationally complex algorithms of Bayes 

hypothesis and masking technique performed better in correcting errors compared to the 

PGZ algorithms. The PGZ decoder with a Wiener estimator performed better in 

determining error values compared to the PGZ decoder that determined both error 

location and value. Keeping the computational complexity and SER in view, smaller 

block sizes are preferred compared to the larger block sizes for all the tested algorithms. 

 

7.3.2 Dependence of SER on Impulse Error Probability (𝑷𝒊) 

In the presence of Gaussian noise, SER is observed to decrease when the 

probability of error decreases from the above plots. Figure 7.8 shows the plot of SER vs. 

𝑃𝑖 , with 𝑃𝑖  values of 0.1, 0.05 and 0.01 for block sizes of 16, 32 and 64.  

The other parameters considered for the plots are: 

𝜍𝑖𝑚𝑝
2 = 10  

𝜍𝑛
2 = 0.001  

It can be observed that, as the probability of error decreases, the SER also 

decreases. This is due to the decrease in the probability of occurrence of excess errors in 

a block of data. The decrease in the SER is more significant for the PGZ decoder and the 

PGZ Wiener decoder compared to the Bayes hypothesis tester and the masking 

technique, due to the decrease in the probability of occurrence of consecutive errors.  

For smaller block lengths and small probability of impulse error, SER is almost 

the same for any of the techniques. Therefore, for these cases, the computationally faster 

PGZ decoder with the Wiener estimator is most likely compared to the Bayes hypothesis 

tester and the masking technique. 
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(c) 

Figure 7.8: Plot showing SER vs. probability of impulse error for block size (a)16 (b)32 
and (c)64 

 

At higher probability of impulse errors (𝑃𝑖 = 0.1), for all the algorithms, block 

size of 16 is most most likely when both ability to correct errors and computational time 

are considered. At lower probability of impulse errors (𝑃𝑖 = 0.01), block size of 16 is most 

likely for the modified PGZ decoder and modified PGZ decoder with Wiener estimator. 

However, for Bayes hypothesis tester with Wiener estimator and masking technique, block size of 

64 ensures better SER with only a modest increase in the computational time. If the 

computational time is not very critical, then the Bayes hypothesis tester and masking 

technique favor a block size of 64 to block sizes of 32 and 16. 
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7.3.3 Dependence of SER on 
𝝈𝒊𝒎𝒑

𝟐

𝝈𝒏
𝟐  with Varying 𝝈𝒏

𝟐  

The dependence of SER with change in the ratio of variance of impulse error to 

variance of Gaussian noise is analyzed in this section. The analysis is carried out at the 

following parameters: 

𝜍𝑖𝑚𝑝
2 = 10  

𝑃𝑖 = 0.1  

𝑀𝑒𝑠𝑠𝑎𝑔𝑒 𝐵𝑙𝑜𝑐𝑘 𝑆𝑖𝑧𝑒 = 16  

𝐸𝑟𝑟𝑜𝑟 𝐶𝑜𝑟𝑟𝑒𝑐𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 = 3  

Ratios for (
𝜍𝑖𝑚𝑝

2

𝜍𝑛
2 ) of 102, 103 and 104 are considered with corresponding values for 

𝜍𝑛
2 of 0.1, 0.01 and 0.001. The effect of quantization and electronic noise on error 

correction can be determined from this analysis. 

 
Figure 7.9: Plot showing SER vs. variance of Gaussian noise 
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Figure 7.9 shows the plot of SER vs. variance of Gaussian noise, observe that as 

the Gaussian noise increases, the error correcting ability of the algorithms decrease. The 

decrease is more intense for the PGZ decoder and moderate for the PGZ Wiener decoder, 

which could correct errors resulting from detection of error values. Bayes hypothesis 

tester worked efficiently for variances of 0.001 and 0.01 but showed a decreased ability 

to distinguish impulse error locations at a Gaussian noise variance of 0.1. Masking 

technique performed ineffectively for variances 0.01 and 0.1, resulting in SER greater 

than the ones for the Bayes hypothesis tester.  

It can be inferred that the ability to distinguish impulse noise errors from the 

Gaussian noise decreases as the variance of Gaussian noise increases, and this effect is 

less intense for the Bayes hypothesis tester, making it more ideal in cases of high 

Gaussian noise. 

 

7.3.4 Dependence of SER on 
𝝈𝒊𝒎𝒑

𝟐

𝝈𝒏
𝟐  with Varying 𝝈𝒊𝒎𝒑

𝟐  

The dependence of SER with change in the ratio of variance of impulse error to 

variance of Gaussian noise with varying impulse noise variance is analyzed in this 

section. The analysis is carried out with the following parameters: 

𝜍𝑛
2 = 0.001  

𝑃𝑖 = 0.1  

𝑀𝑒𝑠𝑠𝑎𝑔𝑒 𝐵𝑙𝑜𝑐𝑘 𝑆𝑖𝑧𝑒 = 16  

𝐸𝑟𝑟𝑜𝑟 𝐶𝑜𝑟𝑟𝑒𝑐𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦 = 3  

Ratio (
𝜍𝑖𝑚𝑝

2

𝜍𝑛
2 ) of 103, 104 and 105 are considered with corresponding 𝜍𝑖𝑚𝑝

2  values of 

1, 10 and 100. The results are plotted in Figure 7.10. 

It can be observed that, when the impulse noise variance is 1, even though error 

correction has not been perfect for all the cases, the noise effect did not exceed a value of 

0.5. Therefore, even in the presence of a little noise appearing due to excess errors or 

consecutive errors, the value of errors after error correction is low enough to retain the 



Texas Tech University, Sandeep Mallela, December 2010 

63 
 

symbol without corrupting it. Hence, all the algorithms have shown improved 

performance. 

 

 
Figure 7.10: Plot showing SER vs. variance of impulse noise 

 

For higher variances of impulse noise errors, the results show that the SER has 

increased, which is due to the incorrect estimation of errors when excess errors are 

present. When the variance of impulse noise is 100, the SER has further increased, 

attributed to the increased number of failed samples in a block of data in which excess 

errors have occurred. In these cases, even if some errors are detected correctly, the 

remaining errors have high enough values to corrupt most of the samples in the block of 

data. Even for higher variance of impulse noise, the Bayes hypothesis tester and masking 

technique has improved performance compared to the other algorithms. 
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7.3.5 Dependence of Mean Square Error (MSE) on 𝑷𝒊 

The dependence of MSE becomes an important factor of analysis when the 

information symbols used are complex numbers instead of complex integers. The 

analysis is carried out with complex numbers as the information source with the 

following parameters: 

𝜍𝑛
2 = 0.001  

𝜍𝑖𝑚𝑝
2 = 10  

𝑀𝑒𝑠𝑠𝑎𝑔𝑒 𝐵𝑙𝑜𝑐𝑘 𝑆𝑖𝑧𝑒 = 16  

The dependence of MSE at different probabilities of impulse errors for different 

algorithms is shown in Figure 7.11. 

 

 
Figure 7.11: Plot showing MSE vs. probability of impulse error 
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MSE due to incorrect estimation of error values with the failed blocks. Masking 

technique is observed to have the least MSE of all the algorithms which is due to the 

masking of some of the errors when excess errors occur in a block. 

Thus, the masking technique, even though computationally expensive, is robust in 

detecting errors and has better MSE performance with an advantage of having lesser 

redundancy.  
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Chapter VIII 

Conclusions and Future Work 

 

8.1 Conclusions 

The BCH encoding extended to complex numbers was studied and implemented 

successfully. Implemented decoding algorithms were a modified PGZ decoder for 

detecting error locations and values, a Bayes hypothesis tester for determining error 

positions and a Wiener estimator for detecting error values. 

The different approaches for decoding were simulated and analyzed. The Bayes 

hypothesis tester was determined to be extremely robust to different combinations of 

channel errors, but being computationally expensive it was impractical for larger block 

sizes.  

The modified PGZ decoder was ineffective in detecting errors occurring in 

consecutive locations. It was also observed that the modified PGZ decoder fails to 

determine the error locations accurately when the block size is very large and thus 

deteriorated in performance at larger block lengths. The Wiener estimator was robust in 

detecting error values as long as the information of error locations is fed to it correctly. 

The Wiener estimator suffers from a disadvantage of not being able to detect a fault after 

error correction. A modified approach combining the different algorithms with some 

performance optimization was found to add the advantage of the different approaches 

for decoding. 

An effective fault detector was also studied and implemented for the algorithms 

and was found to be effective in determining the faults that occur during the decoding 

process. 

A bandwidth effective masking technique different from the BCH scheme of 

encoding was designed and implemented successfully and was determined to be 

effective in reducing the redundant information needed for error correction. The new 

masking technique was demonstrated to be robust in detecting error locations. This 
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algorithm was also detected to be effective to some extent with excess errors. The 

computational complexity was determined to be the main limitation of this algorithm, 

which restricts the use of this algorithm for larger block sizes. 

In effect, all the algorithms were well suited for smaller block sizes compared to 

larger block sizes. The Bayes hypothesis tester with Wiener estimator and masking 

technique were observed to be more robust in detecting errors compared to the modified 

PGZ decoder. Also, the Bayes hypothesis tester with Wiener estimator was found to be 

more robust to varying channel conditions compared to the PGZ decoder and masking 

technique. 

 

8.2 Future Work 

The algorithms have been implemented to detect errors when the errors are within 

the error correctability limit t. Some modifications to the Bayes hypothesis tester can be 

performed to enable it to detect atleast t errors when the number of errors in the channel 

is more than t. 

An attempt to reduce the computational complexity of the Bayes hypothesis can 

be explored by reducing the number of combinations which the code has to test. 

A new masking technique has been implemented with a simple concept of value 

comparison. Further mathematical operations can be explored such that each location is 

tested only once to detect the presence of an error. With this approach, the 

computational complexity can be greatly reduced. Also, the redundancy can be further 

reduced, because masking only one position at a time requires masking only one of the 

syndrome positions. Thus t syndrome values are required to test the presence of an error 

in that location, thereby reducing the redundant information needed for error correction. 
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