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ABSTRACT 

 

This research follows a three paper format.  Abstracts of each paper are: 

 

Paper 1: Nonparametric Estimator for the Time of a Step Change in the Trend of Random 

Walk Models with Drift 

 

This is the first out of three concatenated research endeavors in change-point analysis for 

trended observations in a time series following a random walk model with drift (RWWD) 

where the random variable is not restricted to normality and might be heterocedastic over 

time.  In particular, this research proposes a nonparametric change-point estimator based 

on clustering techniques and the median test.  When a time series follows two different 

RWWD schemes, the estimator is used to identify the moment in time were the drift of 

the characteristic function changes.  It employs the p-value function of the median test to 

determine the two partitions that give the most statistical evidence of a difference 

between sets.  Direct application is found in the management of living systems, a model 

is proposed, and a numerical example is presented to demonstrate feasibility. 

 

Paper 2: Nonparametric Estimator for the Time of a Step Change in the Variation of 

Random Walk Models with Drift 

 

This is the second out of three concatenated research endeavors on change-point analysis 

for trended observations in a time series following a random walk model with drift 

(RWWD) where the random variable is not restricted to normality and might be 

heterocedastic over time.  Specifically, this research employs the previously developed 

estimator for changes in median trend to handle changes in the variation of the trend by 

using an artifice employed in the construction of Conover‟s test for variation.  When a 

time series follows two different schemes of RWWD models, the estimator is used to 

identify the moment in time when the variation of the series changes one step away from 

the original scheme.  It converts the problem to estimate changes in variation into a 
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problem to estimate  a change in the median.  It employs the p-value function of the 

median test to separate the time series in two partitions where there exist the most 

statistical evidence of a difference between sets.  A direct application is found in 

volatility analysis of living systems such as macroeconomic or financial systems which 

are known to adjust to RWWD schemes in many cases.  A numerical example is 

presented to demonstrate methodological feasibility. 

 

Paper 3: Performance of Estimators for Change-Point in Median and Variance Based on 

the P-Value Function of the Median Test 

 

This is the third out of three concatenated efforts of research in change-point analysis for 

trended observations in a time series following a random walk model with drift (RWWD) 

where the random variable is not restricted to normality and might be heterocedastic over 

time.  This paper evaluates the performance of the two p-value-based estimators that used 

the maximum evidence of the median test to determine the moment a time series changes 

its median trend and variance.  Previous research developed the corresponding 

procedures for the change-point estimation, however, the bias and variance of those was 

yet to be measured for different scenarios.  To evaluate the effectiveness of the 

estimators, the p-value-based estimators were compared with the maximum likelihood 

estimators for the mean and variance of normal processes.  Shift size, sample size, 

location of the change-point, and the underlying distribution of the observations were the 

factors under study. 
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CHAPTER 1. INTRODUCTION 

 

1.1 History and Background 

The understanding of all interactions and non linear behaviors inside a system is nearly 

impossible, and the presence of trends makes the situation even worst.  Only a non 

deterministic approach can help decision makers to overcome such situation.  Under the 

label of Statistical Process Control (SPC), many procedures and tools have been 

developed to assist managers to handle the resulting uncertainty, and a known approach 

has been the use of control charts.  They are useful tools extensively applied to establish 

if a process is in statistical control, and if not, assist in the detection of special causes of 

variation, which can then be assessed to bring the process back to control.  Knowing the 

moment of a change helps in the search for assignable causes of the process variation.  

However, when sustained changes are involved in time series, control charts are not 

capable of identifying the initial moment of the change.  The study of the problem to 

estimate the exact point of a change is called the change-point analysis.  Nevertheless, 

complexities of living systems ask for an estimator capable of dealing with nonnormal, 

heterocedastic, autocorrelated and trended observations. 

 

“As complexity increases, decision making is governed by a probabilistic interpretation 

of the data with control charts being an ideal tool to aid the decision making process” 

(McGrath & Beruvides, 2009, p. 3).  Shewhart (1922) started to talk about controlling the 

causes of variability of a process (within narrow limits), but it was the publication of 

Shewhart (1931) that gave birth to what is now known as SPC.  There he stressed the 

problems with variability, and how we are limited to do and really understand what we 

want to do, and introduces the concepts of common causes and assignable causes of 

variation.  “It follows, therefore, since we are willing to accept as axiomatic that we 

cannot do what we want to do and cannot hope to understand why we cannot, that we 

must also accept as axiomatic that a controlled quality will not be a constant quality.  

Instead, a controlled quality must be a variable quality.  This is the first characteristic” 

(Shewhart, 1980, p. 6). 
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Shewhart (1931) first described the control charts as a way to determine whether a 

process is in statistical control or if it needs to be examined for quality problems.  If an 

observation falls outside the control limits, it is probably due to special (or assignable) 

causes of variation, otherwise variation is attributed to common causes and no further 

action is required.  Since then, many approaches to control charts have been created, and 

recently, they have become the ideal tool for monitoring complex systems (McGrath & 

Beruvides, 2009). 

 

Control charts were originally created in a manufacturing environment; nevertheless, any 

system that produces a measurable output can be controlled using a control chart, as long 

as the corresponding assumptions are met.  Most control charts assume a normal 

distribution and stationary and independent observations.  However, change, flux, 

bifurcations, transformation, transition are seen as the “normal” situation in complex 

systems (Anderson, Carter, & Lowe, 1999), and as studied by Bertalanffy (1973), in 

living systems they even exhibit behaviors of non-normality and trends of growth or 

decay.  Machiavelli once said that, in human organizations, which are living systems, 

“…all human affairs are ever in a state of flux and cannot stand still, either there will be 

improvement or decline” (Machiavelli, Crick [Editor], & Walker [Translator], 1984, p. 

54).  Nowadays, this situation imposed new challenges in the development of control 

charts. 

 

To deal with the problem of managing complex system, new control charts have been 

created to assess these behaviors.  For instance, Temblador (2009) developed several 

control charts to detect changes in trends when non-normal distributions are involved.  

McGrath and Beruvides (2009) introduced the I-RASR chart (Individuals-Regression 

Analysis Standardized Residual); a chart focused on the study of standardized residuals 

from a regression analysis to address changes in deterministic trends, determined by a 

linear model yi = ati + b + εi.  ti stands for the time of observation i, yi is the measured 

value, and εi is the random error associated with the observation.  When using control 

charts to assess the behavior of a system, whenever a point surpasses the established 
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control limits, it means that it is possible that the system has changed (Shewhart 1931).  

However, this does not indicate the real time of process change, which is necessary to 

identify and remove any assignable cause of variation, and ultimately improve the 

process (Samuel, Pignatiello, & Calvin, 1998a).  The concern to identify the real time of 

a change is known as the change-point estimation problem (Dabye and Kutoyants 2001).  

Knowing this exact time greatly simplifies the search for a cause of variation, and 

inconsequence might boost an improvement process.  According to Zhou, Zou, Zhang, 

and Wang (2009), this approach has been recently gaining interest for localizing changes 

occurring in economics, medicine, and physical sciences; and because of the universality 

of systems, it is expected to see many more applications in fields beyond the ones 

mentioned. 

 

Change-point analysis for deterministic trends initiated with Quandt (1958) by 

developing a test for normally distributed errors.  Nonetheless, in time series the belief 

that observations depend on the time measured might not be always right.  For instance, a 

deterministic trend implies that if a system is shocked, after the elimination of the 

nuisance and some departures from the trend, the variables will return to their expected 

values as if nothing had happened.  Nelson and Plosser (1982) evaluated this situation 

over several economic systems, and proved that a number of macroeconomic aggregates, 

such as the GDP, are better represented by a random walk with drift, or an integrated 

process of order 1 (I(1) process), instead of one with deterministic trend (see Lo and 

MacKinlay, 2001 for similar findings in the stock market). 

 

To illustrate this situation Figure 1 shows the real GDP of Canada taken from UN (2010).  

A trend line was adjusted and a R
2
 = 0.9742 was obtained, indicating a good fit.  

However, a quick look at Figure 2 reveals a problematic behavior of the residuals, 

signifying that observations are not random over time.  Figure 3 presents the first 

difference of the GDP.  First differences seems stationary, suggesting that a random walk 

model yi  =  yi-1 + α + εi  lays within the series.  εi is a random variable located at zero, 

and α is a constant that represent the drift of the data (for more detail on integrated 

processes see Box and Jenkins, 1976).  Figure 4 presents the Canada GDP with an 
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adjusted random walk with drift model.  As expected, estimations are closer to 

observations, hence, giving a better fit. 

 

When controlling a process, two characteristics are the common concern:  the location, 

and the spread.  When dealing with observations with trend, one might be interested 

whether the expected trend has changed, and if so, when did the change started.  Page 

(1955) initiated the development of the Cumulative Sum (CUSUM) chart, capable of 

detecting small and sustained changes, and since then, many authors have developed 

change-point procedures to estimate and test for change-points.  Nevertheless, these 

approaches missed the study of extreme situations when not only trend is involved, but 

also nonnormality, heterocedasticity and autocorrelation exist.  On the other hand, most 

approaches in change-point analysis deal only with changes in location.  However, many 

times the spread of the data is a concern.  Several statistical tools assume homogeneity of 

variances, and as a result, it is indispensable to validate whether the variation of a time 

series has changed, and the control approach is still valid.  Moreover, an analyst might be 

purely interested in studying the variation.  For instance, volatility of stocks is a major 

concern nowadays (Schwert, 1989). 

 

This research proposes the development of a new approach presented by (Beruvides, 

Tercero, Temblador, & Hernández, 2010) where a change-point model is aimed to 

analyze the first differences of a time series with trended behavior where nonnormal, 

heterocedastic and I(1) process exist.  As seen in chapters 3 to 5, this approach was 

inspired by the work of Ghazanfari et al. (2008), and applied the p-value of the Median 

Test (Mood, 1954) to estimate the change-points.  Additionally, the research adapts this 

approach by including a variation of the model developed by Conover and Iman (1978) in 

a way that the change-point in variance for trended data with non-normal behavior can be 

also addressed. 
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Figure 1.  Canada GDP with adjusted linear trend, at constant 1990 prices 
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Figure 2.  Residual analysis after fitting a linear trend to Canada‟s GDP (chart generated 

using Minitab
tm

) 
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Figure 3.  First differences of Canadian GDP (chart generated using Minitab
tm

) 

 

 

 

 

Figure 4.  Canada GDP with adjusted random walk model with drift, at constant 1990 
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1.2 Problem Statement 

A comprehensive analysis of a system involves detection of changes within random 

behavior over time.  Concerning these matters, developments in statistical quality control 

have helped by developing tools to detect significant changes possibly related to special 

causes of variation.  The emphasis has been centered mostly on stationary patterns, 

usually assuming normal behaviors.  Nonetheless, many systems do not always fulfill 

these requirements. 

 

As was defined in the previous section, when a point in SPC surpasses the upper and 

lower control limits, it means that it is possible that the process has changed.  However, 

an out of control signal does not always indicate a true process change, which is essential 

for indentifying and removing assignable causes of variation.  The problem of identifying 

the real time of change is known as the change-point estimation problem; and the 

processes of solving it is called the change-point analysis.  Estimation of change-point 

over time of a system restricts the range of searches for assignable cause(s) that in turn 

foster their identification and facilitates implementation for corrective actions. 

 

On the other hand living systems, which exhibit constant growth patterns and non-normal 

behavior, violate most common assumptions of statistical quality control tools 

(Bertalanffy, 1973).  Moreover, extreme cases not only are not normal, but also are 

heterocedastic and autocorrelated over time.  That is, they exhibit variance changes, and 

future observations depend on previous ones, which complicate analysis even further.  

Therefore, in order to analyze these data, it is necessary to have a tool that is capable of 

dealing with these kinds of situations.  A literature review of the topic has failed to 

provide a solution for this specific case of change-point analysis. 

 

It is to be proved in this research that by applying clustering techniques and statistical 

methods to detect changes in trended data, it is possible to develop a change-point 

procedure capable of detecting changes in non-normal and integrated of first order I(1) 

heterocedastic data.   For instance, non parametric approaches deal with the problem of 

non-normality and have much less assumptions than their parametric counterparts.  One 
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case, Mood‟s Median Test (Mood, 1954), stands out for its simplicity and the fact that 

homocedasticity is not assumed, making it ideal with the analysis of living system with 

extreme behaviors.  Moreover, by adjusting the data as suggested in by Conover‟s Test 

(Conover, 1999a), Mood‟s Median Test can be further used to detect sustained changes in 

variation, making the procedure even more attractive for system analysis. 

 

This research deals with the problem of developing a change-point procedure based on 

clustering techniques and the Median Test to find the point in time where a system 

change its behavior reflected as a change in the trend (drift for a random walk model) or a 

as change in its dispersion.  Additionally, considerations such as the difficulty in living 

systems to sustain common assumptions in statistical control analysis such as 

independence, normality and homocedasticity are taken into account. 

 

1.3 Research Questions 

1. Is it feasible that by applying the Median Test with a clustering analysis to 

develop an estimator ̂  for the change-point in a time series where the unknown 

time τ sets two partitions following random walk with drift models but with 

different drifts? 

2. If previous question has a positive answer, is it feasible that by applying the 

Median Test with a clustering analysis to develop an estimator ̂  for the change-

point in a time series where the unknown time τ sets two partitions following 

random walk with drift models but with different variances in the corresponding 

random variable? 

3. What is the bias and spread of the change-point estimator obtained by using the 

Median Test applied in a clustering analysis to estimate changes in the median 

drift of trended observations whose behavior is not normal, heterocedastic and has 

a fits a Random Walk with Drift model? 

4. What is the bias and spread of the change-point estimator obtained by using the 

Median Test applied in a clustering analysis to detect changes in the variation of 

trended data when its behavior is not normal and has a fits a Random Walk with 

Drift model? 
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1.4 General Hypothesis 

The answer to the research questions are hypothesized in three different researches. 

 Research 1: 

o Hypothesis 1:  By evaluating the p-value function of the Median Test by 

applying a clustering analysis, it is feasible to develop an estimator ̂  for 

the change-point in a time series where the unknown time τ sets two 

partitions following random walk with drift models but with different 

drifts. 

 Research 2: 

o Hypothesis 2:  By doing a cluster analysis that evaluates the p-value 

function of the Median Test applied to the within cluster deviations from 

the corresponding cluster mean, it is feasible to develop an estimator ̂  for 

the change-point in a time series where the unknown time τ sets two 

partitions following random walk with drift models but with different 

variances in the corresponding random variable. 

 Research 3: 

o Hypothesis 3:  It is believed that the bias and spread of the estimator for 

change-point in the median drift are smaller than the corresponding 

parametric procedure when the assumptions of normality and 

homocedasticity are not met.  

o Hypothesis 4:  The bias and spread of the estimator for the change-point in 

the variation of trended data are smaller than the corresponding parametric 

procedure when the assumption of normality is not met. 

 

The bias will be measured as the expected value of the difference between the estimation 

and the true value of the change-point.   The spread will be measured as the variance of 

the difference between the estimation and the true change-point.  It is not expected to 

reject these hypotheses in every possible scenario.  However, these hypotheses will be 

evaluated whenever possible, so an analyst may know when to use one approach or the 

other. 
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1.5 Research Format 

This dissertation follows a three paper dissertation format.  A general introduction and 

literature review is presented, followed by three related papers, and ends with general 

conclusions.  Chapter two defines and frames change-point analysis inside SPC, and 

presents a comprehensive review of major works on the field from the points of view of 

Bayesian, frequentist, and nonparametric approaches.  Chapter three introduces a 

nonparametric change-point estimator for the median of trended data.  Chapter four 

retakes previous estimator to deal with changes in spread.  Finally, Chapter five describes 

a sensitivity analysis on the estimators, comparing results of Monte Carlo 

experimentations with the ones from parametric estimators developed for normal and 

homocedastic observations, to determine the goodness when common assumptions 

cannot be sustained. 

 

1.6 Research Purpose 

The final objective of this research is the development of a procedure capable of reducing 

the time and cost required to estimate the point in time when special and sustained causes 

of variation occurred affecting the trend or variance of the system under study.  The 

procedure developed should be able to (1) deal with changes in trends, when assumptions 

of independence, normality and homogeneity of variance over time cannot be met, 

however observations fit a random walk with drift model; and (2) be capable to estimate 

the moment in time when the variance of trended observations changes as an increase or 

decrease, following a nonnormal behavior and dependence, but fitting a random walk 

model with drift. 

 

1.7 Reseach Objective 

Let us have a series of observations                    , the first τ – 1 observations 

           behave according to the model               , and the last n – τ – 1 

observations like               .  Where    and    are constants that represent the 

drift of the random walk,     and     are random variables located at 0 with 

corresponding variances of   
  and   

  respectively. 
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Objective 1: If      , develop an estimator    for  .     is not restricted to changes in 

variation. 

 

Objective 2: If only   
    

 , develop an estimator    for  . 

 

Objective 3: Estimate the         and           for selected sample sizes, change-

point locations, and distributions, and compare results with the corresponding parametric 

procedure that assumes normality and homocedasticity of observations. 

 

1.8 Delimitations 

The model is focused on trended data fitting a random walk model with drift for Phase II 

of control analysis.  Observations    are restricted to series                     where 

the first     observations follow equation (1.1) with     being independent random 

variables with mean 0 and variance   
 , and observations from   to n following equation 

(1.2) with     being also independent random variables with mean 0 and variance   
 . 

 

                (1.1) 

   

                (1.2) 

 

The time   , is the time of an observation   with          , where   is a constant. 

 

Estimation of         and           will be done via Monte Carlo sampling for a 

study on limited observations.  Exact values will be left aside for future research.  Each 

estimation will be done by generating 10,000 trials of random variates over samples of 

     .  Each trial corresponds to a number of observations defined by the sample size 

under study (i.e., when evaluating the performance under samples of n = 100, 1 million 

random variates will be used).  10,000 observations are an accepted amount of 

replications to evaluate change-point estimators (for instance see Ghazanfari et al. 

(2008)).  Also, since the estimators are thought to be used for individual observations 

where no rational subgroups can be made, and hence no Central Limit Theorem can be 
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used, samples no bigger than 300 should be good enough for analysis.  This sample size 

is bigger than most samples used in most practical nonparametric procedures (see 

Conover, 1999).  However, depending on the computational effort required on the 

experimentation once done, the sample size might be adjusted.  See Chapter 5 for a 

deeper analysis of the experimentation here described. 

 

1.9 Relevance of this Study 

Relevance of this research can be viewed from the point of view of SPC, System Theory 

and management costs.  First, it contributes to the knowledge of change-point analysis in 

SPC.  Second, it finds a direct application on the management of living systems.  Finally, 

the cost and time of managing a system is believe to be reduced if the estimation of a 

change-point is applied to detect assignable causes of variation that are desired to be 

tracked and costs are involved in the search process. 

 

Theoretical contributions are made to the state of the art of change-point analysis, 

specifically in SPC.  It is shown on Chapter 2 that research on trended data with 

nonnormal behavior heterocedastic observation, and autocorrelation hasn‟t being 

assessed in the reviewed literature (which is believed to be comprehensive).  As seems in 

the next chapter, different authors have worked on these problems independently, 

however, a procedure capable of dealing with all at once seems to be missing. 

 

Practical applications of the proposed research are found in the management of living 

systems.  To manage a system the system needs to be under control.  Control charts are 

known way to determine if the system is at least under statistical control.  However, when 

sustained changes are present, control charts by design are not capable to estimate the 

precise moment when a change started.  One way to accomplish that objective is by using 

change-point analysis.  But as mentioned before, living systems present nonstationary 

behavior, nonnormal distributions, and possible problems with autocorrelation and 

heterocedasticity of variance over time.  To assist the management of living systems, this 

research propose a model that is to be proved to be capable of dealing with one type of 

autocorrelation, the integrated model I(1), and nonnormal heterocedastic observations.  
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The ability to work with heterocedastic observations is particularly important since 

changes in location might come with other changes, like changes in the variation, or even 

in the whole distribution function. 

 

Finally, it is expected that the estimation of a change-point might reduce time and cost to 

search for assignable causes of variation.  The use of control charts to determine the time 

of a change might lead to unnecessary search iterations since the expected value of the 

out-of-control signals always has a positive bias (the appearance of a signal follows a 

geometric distribution at a given point starting from the moment of the change).  Also, 

the use of change-point estimators when the assumptions are not met might lead to 

erroneous results, misleading a decision maker and contributing to the cost and time of a 

search for special causes.  

 

1.10 Research Output and Outcomes 

The major output of this research is a tool for systemic analysis to assist decision making 

on the identification of assignable causes of variation in the presence of sustained 

changes, nonnormal behavior, and trended observations following a random walk with 

drift model.  In more detail, this research is expected to have three major outcomes: 

1. A procedure to estimate the change-point in the drift of a random walk of time series 

once detected. 

2. A procedure to estimate the change-point in the variance of the random variable of an 

integrated process I(1) after a change is detected. 

3. An estimation of the bias and variance of both estimates over different shift sizes, 

samples sizes, and several distributions such as Normal, Gamma and Double 

Exponential. 
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CHAPTER 2. LITERATURE REVIEW 

2.1 Introduction 

This section aims to answer how change-point analysis fit in the context of SPC, and 

what the major contributions in past research are.  As show up next, change-point 

analysis can be viewed as a complement of control chart methods.  While the later aims 

to detect individual causes of variation, the other one concerns sustained changes and the 

time they initiated.  The development of change-point analysis is also related with control 

charts, but as seen in this chapter, most research was done as a different field since Page 

(1954) recognized the problem and proposed a chart and a test based on cumulative sums. 

 

2.2 Change-Point Analysis and SPC 

SPCs monitor if a process is out of statistical control, trying to detect special causes of 

variation (D. M Hawkins, Qiu, and Kang 2003).  These special causes are defined as the 

ones that are not common variation in the system under study, or do not affect everyone, 

but arise because of specific circumstances (Nolan and Provost 1996).  A way to address 

the detection of special causes is by using control charts.  There are many kinds of 

control charts.  Koutras, Bersimis, and Maravelakis (2007) classified control charts in 

three main categories: (1) Shewhart control charts, which are closely associated to the 

classical hypothesis testing and developed by Walter Shewhart (Walter A. Shewhart 

1931); (2) Cumulative Sum (CUSUM) charts, first proposed by Page (1954); and (3) 

Exponentially Weighted Moving Average (EWMA), originally developed by Roberts 

(1959).  Nonetheless, the use of these methods to estimate the actual time of process 

change might be inefficient.  The time an out of control point is signaled is not 

necessarily the actual time of a process change, which is usually earlier (at least in Phase 

II of a control study). 

 

Change-point analysis controls the change-wise error rate, while control charts control 

the point-wise error rate, and as a result, each change detected by the first ones is more 

likely to be real (Taylor 2000).  Specifically, because of its design, to detect differences 
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between sets of numbers instead of individual changes, change-point analysis is more 

robust to outliers than control charts, and is more capable of detecting sustained changes 

(Zhou et al. 2009). 

 

For example, Figure 5 shows the output of a process whose behavior is known to be 

normally distributed with    , and    .  The control chart presents several outliers 

starting from observation 35.  This indicates that a special cause of variation might have 

occurred at that moment or before.  A search for such special cause might become tricky 

if the actual change in the process is not restricted to that point and actually initiated 

before. 

 

A change-point analysis is performed and determined that a change had happened 

between observations 24th and 25th (see Figure 6).  The procedure is not concerned with 

the individual outliers found by control chart; its only concerns are the sustained changes.  

New control charts are built after the change-point estimated (stages 2 in the chart), 

showing that after the change, the process was actually under statistical control, but 

within new limits.  The new information saves time used to find special causes of 

variation at wrong moments.  Improvements efforts now can be focused toward the 

moment between observations 24th and 25th, identify the cause, and apply corrections; 

thus making this analysis very useful in time dependent processes.  If the improvement is 

successful enough, a new sustained change will occur and a change-point analysis will be 

able to detect it. 

 

The aim of change-point analysis and control charts is different, but they actually don´t 

contradict each other.  In fact, they complement each other.  If isolated special causes of 

variation are a concern, control charts are the right approach.  On the other hand, if 

sustained changes and the exact moment of the occurrence are the objective, a change-

point analysis should be executed.  Moreover, both can be combined as in the previous 

example to have the best of both worlds. 
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Figure 5.  Example of a Control Chart (chart generated using Minitab

tm
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using Minitab
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2.3 Literature Review of Change-Point Analysis 

The development of the change-point analysis literature has three major branches, 

corresponding to classical statistics, Bayesian statistics, and nonparametrical statistics.  

Most efforts of classical statisticians have been focused on the development of Maximun 

Likelihood Estimators (MLE) and Likelihood Ratio (LR) tests.  Bayesians have been 

more concern on using prior knowledge to enrich a posterior distribution used to estimate 

and make inferences about change-points.  Nonparametrical statisticians have been using 

transformations to accommodate the data to certain known distributions such as 

Binomial, Bernoulli and Poisson.  Table 1 (divided in three pages) presents a 

comprehensive summary of major contributions to the change-point analysis literature.  

Following subsections describes these contributions with further detail. 

 

Table 1.  Summary of literature concerning change-point analysis 

Approach Data References Description 

P
ar

am
et

ri
c 

C
la

ss
ic

al
 

S
ta

ti
o

n
ar

y
 

(Page, 1954) 

(Page, 1955a) 

(Page, 1957) 

Developed CUSUM 

(Hinkley 1970) MLE for Normal distribution and the LR 
statistic. 

(Hinkley 1971) CUSUM and derived asymptotic distribution of 

statistic 

(Samuel, Pignatiello, and 

Calvin 1998b) 
MLE after the Shewhart    chart signal a change. 

(Samuel, Pignatiello, and 

Calvin 1998b) 

MLE for variance of Normal process 

(Samuel and Pignatiello 1998) MLE for Poisson process. 

(Timmer, Pignatiello, & 

Longnecker, 1998) 

CUSUM chart based on the LR test to detect 

changes in a AR(1) process. 

(Dabye & Kutoyants, 2001) MLE for Poisson process with known 

boundaries 

(Pignatiello and Samuel 2001) MLE for parameter p in Binomial distribution 

(Nedumaran, Pignatiello, and 

Calvin 2002) 

MLE for multivariate process mean with 

multiavariate Normal distribution 

(Timmer and Pignatiello 2003) MLE for changes in the parameters of a AR(1) 

process. 

(Hawkins and Zamba 2005) Single diagnose with unknown parameter LR for 

mean and variance in Normal distributed data. 

(Zamba and Hawkins 2006) LR test for unknown parameters in normal 

process 

(Liming, 2008) MLE for AR(1).  The approach was applied to 

abrupt and gradual changes. 

(Batsidis, 2010) LR test for multiple changes in mean in 
Elliptical Contoured distribution. 
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Table 1.  Continued 

Approach Data References Description 

P
ar

am
et

ri
c 

C
la

ss
ic

al
 

(c
o
n
ti

n
u
ed

) 

T
re

n
d
ed

 

(Quandt, 1958) LR test and MLE for normally distributed errors 

in a linear regression system. 

(Kim and Siegmund 1989) LR for intercept, and intercept and slope 

together.  Assumes normality of the residuals. 

(Kim 1994) Compared LR with test based on CUSUM of 

residuals concluding that LR have more power. 

(Zou, Zhang, & Wang, 2006) LR with unknown parameters but historical 

samples available.  Detect shifts in intercept, 

slope, or standard deviation in trended data with 

normal behavior. 

(Perry, Pignatiello, and 

Simpson 2006) 

Compared MLE for linear trends with MLE for 

step changes when a linear trend is present.   

The first one outperformed. 

(Mahmoud, Parker, Woodall, & 

Douglas M. Hawkins, 2007) 

LR test one or more regression parameters.  

Focused on Phase I. Assumed normally 
distributed errors. 

(Zhou et al., 2009) LR with normally distributed errors.  Simulation 

showed that the approach could be used during 

the start-up stages. 

N
o

n
p

ar
am

et
ri

c 

S
ta

ti
o

n
ar

y
 

(Bhattacharyya & Johnson, 

1968) 

Tests for changes in mean when the initial 

process level is known and when it is unknown, 

only assuming symmetry of observations. 

(Pettitt, 1979) Introduces nonparametric techniques using 

Bernoulli, binomial and continuous 

observations. 

(Pettitt, 1980) CUSUM type statistic for zero one observations. 

(Hinkley and Schechtman 

1987) 

Conditional bootstrap methods applied to shifts 

in mean. 

(Ghazanfari et al., 2008) Clustering approach to estimate change-point.  

Uses optimization of the within, between, and 

overall variation. 

(Ghazanfari, Alaeddini, & 

Noghondarian, 2008) 

Clustering approach to estimate change-point 

and at the same time estimate the new 
parameters after the change occurred. 

(Harchaoui, Bach, & Moulines, 

2009) 

Kernel based method for change-point analysis 

and derived limiting distributions under 

hypothesis of no change. 

T
re

n
d
ed

 

(Quandt, 1958) Detecting shifts in the slope of a linear model.  

Only assumes error with mean zero and variance 

known. 

(Muller, 1992) Estimators in nonparametric regression to detect 

discontinuities on derivatives and therefore 

detection of in slopes and higher order 

curvatures. 
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  Table 1.  Continued 

Approach Data References Description 

B
ay

es
ia

n
 

S
ta

ti
o
n
ar

y
 

(Girshick & Rubin, 1952) Bayesian approach that defines some quality 

control rules to trigger corrective action when 

sustained changes occur. 

(Shiryaev, 1963) Search procedure that stops as the posterior 

probability of a change having already occurred 

exceeds a threshold. 

(Chernoff & Zacks, 1964) Bayesian approach to test whether a change has 

occurred in the mean of normally distributed 

random variables. 

(Roberts, 1966) Compares several control charts procedures for 

mean and extend the work done by (Girshick & 

Rubin, 1952). 

(Barry & Hartigan, 1993) Model that assumes data is independent and 

Normal, and the probability of a change is equal 
at any point in time. 

(Chib, 1998) Bayesian approach for multiple change-points 

(Moreno, Casella, & Garcia-

Ferrer, 2005) 

Propose objective intrinsic distributions for the 

unknown model parameters.  Tested with 

Normal and Poisson. 

T
re

n
d

ed
 

(Ferreira, 1975) Estimation using normally distributed error and 

confidence intervals and test based on Student‟s 

t and    distributions.  Assumes a priori 
knowledge of the number of switches. 

(Holbert, 1982) Estimation using normally distributed error for 

unknown parameters in multiple linear 

regression models. 

(Chen, 1998) Simple and multiple linear regression using 

Schwarz Information Criterion.  Assumes 

Normal errors. 

(Western & Kleykamp, 2004) Estimates change-point and uses simulation 

methods to infer about regression coefficients.  

Assumes conditional normal distribution of 

dependent variable. 

 

2.3.1 Classical Analysis 

From the classical approach Page (1954, 1955, 1957)  initiated the concern of detecting 

sustained changes with the development of the CUSUM.  The approach consisted on the 

development of a control chart for quick detection of sustained changes in stationary data.   

It did not estimate the exact moment of a change, but it was capable of telling if a change 

actually did happened.  Later Hinkley (1970) developed the first MLE and LR for 

changes in the mean of stationary observations where their underlying distribution was 

Normal.  He also set the base for the MLE and LR derivations that followed. 
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According to Hinkley (1970) the MLE of a change-point in a series of independent 

observations is obtained by maximizing the following log likelihood function 

 

 

                   

 

   

             

 

     

 

(2.1) 

 

Where           is a sequence of independent continuous random variables where    

has a probability density function of           and          for           and 

           , respectively;  given that       and known.  If    and    are 

unknown, they are replaced by their corresponding MLE. 

 

On the other hand, the LR test is developed using results from the ratio of two likelihood 

functions.  Given          versus         
 , the test is constructed with the ratio 

 

 
     

     
      

          
 

(2.2) 

 

Where the test is rejected if       , where c is determined by the required size of the 

test, and      . 

 

Later Hinkley (1971), obtained the asymptotic distribution of the change-point estimate 

in mean in a sequence of normal random variables obtained from the CUSUM test 

scheme.  Samuel, Pignatiello, and Calvin (1998b) integrated the change-point analysis 

with control charts by using the later one as an indication that a change has occurred, and 

the MLE of a change-point to make the corresponding estimates.  They used Shewhart    

control charts and the MLE for normally distributed observations.  On the same year, 

Samuel, Pignatiello, and Calvin (1998b) derived the MLE for the time of a change in the 

variance of a Normal process; and Samuel and Pignatiello (1998) repeated the analysis 

with Poisson observations.  Dabye and Kutoyants (2001), also worked on Poisson 

process, however, they considered the existence of boundaries for the determination of 

the MLE.  Concurrently, Pignatiello and Samuel (2001) constructed another MLE, this 
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time of binomial observations to estimate the parameter p. Finally, Nedumaran, 

Pignatiello, and Calvin (2002) stepped away from univariate models by developing an 

MLE for the change-point of a multivariate process mean with multivariate Normal 

distribution. 

 

Timmer, Pignatiello, and Longnecker (1998) developed a control chart based on the exact 

LR test for first order autoregressive (AR(1)) processes.  Later, Timmer and Pignatiello 

(2003) created estimators to determine when the parameters of the AR(1) distribution 

changed given a signal of their previous control chart.  Also, Liming (2008) proposed 

tests based on the maximum likelihood to detect changes in a for AR(1).  The approach 

was applied to abrupt and gradual changes. 

 

Hawkins and Zamba (2005) derived a LR test for unknown parameters for mean and 

variance in normally distributed data.  Their work resulted in a test capable of being 

performed at early stages in statistical quality control, the Phase I.  A similar work was 

performed by Zamba and Hawkins (2006), but this time they created an LR test for 

multivariate Normal distributed observations.  Recently, Batsidis (2010) studied the LR 

to test for multiple changes in mean in Elliptical Contoured distribution, a generalized 

multivariate distribution that includes as especial cases the multivariate Normal, 

multivariate t-distribution, Pearson type II and VII and multivariate symmetric Kotz type 

distribution.  Practical applications of his findings reach areas of economics, finance, and 

actuarial science. 

 

For trended data, parametric work have been traced back from Quandt (1958), with the 

development of an estimator and a test using the LR and MLE for normally distributed 

errors in a linear regression system when only one shift have taken place.  Later,   Kim 

and Siegmund (1989) created the LR for intercept, and intercept and slope together of a 

simple linear regression system.  Just like Quandt (1958), their assumptions included the 

normality of the residuals.  Also, since no simple form of the MLE existed, the estimation 

was made by manual evaluation of the estimation function at every possible position.  
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Five years later, Kim (1994) compared LR test for linear models with the one based on 

the CUSUM of residuals concluding that LR had more power. 

 

Again, on the change-point problem in linear trends, Zou, Zhang, & Wang (2006) 

developed a LR test for unknown parameters, but with historical samples available.  They 

were able to detect shifts in intercept, slope, or standard deviation in trended data with 

normal behavior.  Then Perry, Pignatiello, and Simpson (2006) compared the MLE for 

linear trends with MLE for step changes when a linear trend is present, concluding that 

the first one outperformed.  Finally, (Zhou et al., 2009) presented a LR test for linear 

trends with normally distributed errors.  Their simulation showed that the approach could 

be used during the start-up stages. 

 

2.3.2 Nonparametric Analysis 

Nonparametric research in change-point analysis, as the parametric counterpart, can be 

traced back to Page.  Page (1955), while analyzing simple cases of the CUSUM chart, 

proposed a test based on the variable            and binomial test, given that 

observations had an initial symmetrical distribution around a known mean   .  Still, it 

was Bhattacharyya and Johnson (1968) the ones that explicitly started the development of 

nonparametric procedures as they are known now a days.  They worked on tests for 

changes in mean when the initial process level is known and when it is unknown, only 

assuming symmetry of observations.  Their approach used several form of the sign test, 

the Wilcoxon signed rank test and the one sample normal score test. 

 

Pettitt (1979) introduced nonparametric techniques for discrete Bernoulli and Binomial 

data.  For continuous data, approximate tests were developed, but the procedure was not 

recommended for serious departure from normality.  One year later, Pettitt (1980) 

developed a CUSUM type statistic for the change-point in zero-one observations.  His 

results were compared with the LR test. 

 

A different approach was taken by Hinkley and Schechtman (1987).  They constructed a 

procedure based on conditional bootstrap methods applied to shifts in mean.  Their 
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method was applied to the analysis of the classical problem of the Nile River (Cobb, 

1978).  Their resampling method assumed known means and was able to estimate a 

distribution for the change-point.  To estimate the distribution, the only assumption made 

was that the errors were distributed according to the empirical distribution function based 

on residuals taken from the observations. 

 

Ghazanfari, Alaeddini, Niaki, and Aryanezhad (2008) and Ghazanfari, Alaeddini, and 

Noghondarian (2008) approached the change-point estimation with cluster analysis.  

They used optimization of the within, between, and overall variation for their estimators.  

The procedure was robust to departures from normality, however, as most previous 

methods, homocedasticity was required.  Harchaoui, Bach, and Moulines (2009) used a 

kernel based method to derive limiting distributions under hypothesis of no change.  This 

procedure facilitates the use of traditional hypothesis testing without any assumption on 

the underlying distribution of observations. 

 

Finally, for observations with linear trends, Quandt (1958) and Muller (1992) developed 

nonparametric methods to detect shifts and estimate the moment of a shift, respectively.  

The first one only assumed an error with mean zero and known variance.  The second one 

constructed an analysis on derivatives, and therefore detection of changes in slopes and 

higher order curvatures. 

 

2.3.3 Bayesian Analysis 

Bayesian analysis for change-point initiated with Girshick and Rubin (1952).  They 

proposed a Bayesian procedure that defines some quality control rules to trigger 

corrective actions when sustained changes occur.  The proposed procedure considered the 

identification of sustained changes.  However, since no estimations about change-point 

were developed, E. S. Page is considered by many the actual initiator of the field, 

although Girshick and Rubin were first. 

 

Shiryaev (1963) proposed a model that used out of control signals to deduce the time of a 

change.  He assumed that the time at which a process makes a transition from a state of 
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control to out of control has a a priori Exponential Distribution, and the time of a process 

change is given by the posteriori distribution where signals are presented in small delays 

(compared to false alarms).  Chernoff and Zacks (1964) also studied the problem from 

the Bayesian point of view.  They assumed that: the time points of change obeyed an a 

priori probability distribution; the amounts of change in the means are  independent and 

normally distributed random variables, with mean zero and variance   ; and the current 

mean is also a normally distributed random variable.  The estimator was applied for cases 

for at most one change.  A couple of years later, Roberts (1966) extended the work of 

Girshick and Rubin (1952) and compared their chart with the standard    control chart, 

moving average chart, geometric moving average chart and CUSUM chart, proving that 

under the ideal conditions, the chart for Girshick-Rubin test was slightly superior. 

 

Barry and Hartigan (1993) evaluated a sequence of observations ordered in time where 

each observation is independent with a distribution depending on a parameter θi whose 

value may vary from one observation to the next.  Their concern was the unknown 

partition, if existed, between continuous blocks of data.  The assumed that the parameter 

sequence of θi „s formed a Markov chain with a given transition distribution. Given θi, 

θi+1 equals θi with a probability 1 – pi. 

 

Chib (1998) developed a technique to assess multiple changes.  Like Barry and Hartigan 

(1993), the proposed model formulates a Markov process.  However, the transition 

probabilities were constrained so that the state variable could stay at the current value or 

jump to the next higher value.  The model is restrained on one direction, but it represents 

more complex models than previous authors. 

 

Finally, for stationary data Moreno, Casella, and Garcia-Ferrer (2005) stated that 

previous Bayesian literature on the change-point problem only assessed samples of fixed 

size.  Also, Bayesians have been mostly concern with the change-point estimation, and 

tests for online detection have been almost omitted.  They proposed a Bayesian 

formulation to generalize previous approaches such as the CUSUM stopping rule.  They 
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also made severe critics to previous subjective methods to select prior distributions, and 

also proposed an objective intrinsic prior distribution for the unknown model parameters. 

 

For trended observations Ferreira (1975) developed a model capable of dealing with the 

broken line regression model.  His approach, is not restricted to time series analysis.  

Time series can be considered a special case when the independent variable is time.  His 

basic assumptions were that residuals were normally distributed, independent, and all 

parameters had prior uniform distribution over the whole real line.  Also, on lineal 

models Holbert (1982) developed a model assuming normality and uniform prior 

distribution over the range of the observations.  He developed applications for simple and 

multiple linear regression models.  On the other hand, Chen (1998) developed a test for a 

change-point on simple and multiple linear regressions using Schwarz Information 

Criterion assuming Normal errors. Finally, Western and Kleykamp (2004) developed 

estimators of change-point and used simulation methods to infer about regression 

coefficients.  They assumed conditional normal distribution of dependent variable. 

 

2.4 General remarks 

As previously seen, change-point analysis literature has been dealing with two main 

issues, stationary and non-stationary observations.  Most works on stationary models 

assumed independence of observations, and only a couple presented a different situation 

with autoregressive data with a lag of one.  On the other hand, for trended observations, 

only models with deterministic trend (ie. yi = βxi + εi) have been considered; where each 

yi given a xi is independent and equally distributed.  Special cases for the different models 

that exist in a time series analysis (see Peña, Tiao and Tsay, 2001 for a review of 

different models) are yet to be considered.  For instance, ARIMA models, seasonal 

models and several non-linear models still need to be explored. 
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CHAPTER 3. RESEARCH 1 

 

Nonparametric Estimator for the Time of a Step Change in the Trend of Random 

Walk Models with Drift 

 

This is the first of three concatenated research endeavors in change-point analysis for 

trended observations in a time series following a random walk model with drift (RWWD) 

where the random variable is not restricted to normality and might be heterocedastic over 

time.  In particular, this research proposes a nonparametric change-point estimator based 

on clustering techniques and the median test.  When a time series follows two different 

RWWD schemes, the estimator is used to identify the moment in time were the drift of 

the characteristic function changes.  It employs the p-value function of the median test to 

determine the two partitions that give the most statistical evidence of a difference 

between sets.  Direct application is found in the management of living systems, a model 

is proposed, and a numerical example is presented to demonstrate feasibility. 

 

This paper was submitted to the Quality and Reliability Engineering International journal 

and is currently under review. 
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Abstract 

Living systems tend to have non-normal behaviors, are autocorrelated, exhibit patterns of 

growth or decrement, and achieve states of dynamic equilibrium, making them hard to 

manage.  One way to manage and improve these complex systems is by identifying 

assignable causes of variation whenever they occur, and control charts are one of most 

known tools for these situations.  However, in the presence of sustained changes, control 

charts are not capable of telling the initial moment of a change.  Using a relatively 

successful approach based on cluster analysis, the median test is used to estimate the time 

of a step change in Shewhart Control Charts, this paper proposes a nonparametric 

estimator capable of dealing with nonnormal observations heterocedastic over time.  

Furthermore, an application is developed to deal with changes on the trend of processes 

fitting a random walk with drift.  Calculations and feasibility of the model are 

demonstrated using a numerical example. 

 

Key Words:  Change-point; estimator; median test; cluster analysis; random walk with 

drift 
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3.1 Introduction 

Von Bertalanffy (1973) in his General Systems Theory states that living systems exhibit a 

constant growing pattern.  Companies, animals, plants, even the universe are constantly 

changing.  There is nothing that is purely a steady state in living systems.  Humans, as 

one of the most basic elements of an organization, show this characteristic.  Even 

Machiavelli understood this basic behavior when he said that “Since… all human affairs 

are ever in a state of flux and cannot stand still, either there will be improvement or 

decline” (Machiavelli et al., 1984, p. 54).  In this context living system needs to be 

managed, which generally involves the necessity to control the system; otherwise it may 

not be improved.  Statistical tools, such as statistical control charts were developed for 

that purpose.  However, most statistical control tools were created under the assumption 

of zero slope behavior over time, meaning that they deal only with steady state, situations 

that do not grow or decline over time.  In addition, most tools assume normally 

distributed data, a reasonable assumption in many cases (mostly because of the goodness 

of the Central Limit Theorem), but far from common in a living system where non-

normal behavior is the norm (Temblador, 2009). 

 

In statistical process control (SPC) when a point surpasses the out of control limits, it 

means that it is possible that the process has changed.  However, control charts do not 

indicate the real time of a process change, which is essential for indentifying and 

removing assignable causes of variation, and ultimately improving the living system.  

Identifying the real time of a change is known as the change-point estimation problem.  

“Knowing the exact time of a change in a process restricts the range of the search for the 

assignable cause which in turn accelerates the assignable cause identification and 

appropriate corrective action implementation” (Ghazanfari et al., 2008, p. 765). 

 

A relatively successful approach developed by Ghazanfari et al. (2008) considered the 

use of cluster analysis to detect the time of a step change in Shewhart Control Charts.  

Consequently, it seems reasonable to apply this technique, with some alterations, to 

observations following a defined trend.  Observations following a deterministic trend fit a 

model of yi = mti + b + εi, where ti is the time of the observation i, εi is a random variable, 
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and m and b are constants.  However, an application to living systems suggest the use of 

an autocorrelated process like the random walk model with drift (RWWD) yi = yi-1 + α + 

εi, where a is the drift of the model and the one that determines the trend of the 

observations.   For instance, in economic systems, which are by nature living system, 

Nelson and Plosser (1982) after evaluating several situations, proved that many economic 

aggregates, such as the GDP, are better represented this way.  Also, Peña, Tiao and Tsay 

(2001) suggested that the random walk model is a good description of many financial 

time series like the stock prices. 

 

Let‟s have a series of observations                    , the first m observations 

           behave according to the model              , and the last n – m + 1 

observations like              .  Where    and    are constants that represent the 

drift of the random walk, and the   ‟s are independent random variables with       

     .  To determine the time   when the model changed its trend from    to   , this 

paper proposes a nonparametric estimator    using a clustering technique and the p-value 

function of the median test (Mood, 1954).  Next section reviews major publications on 

the change-point analysis.  Section 3.3 describes the proposed model.  Section 3.4 

presents a numerical example of the procedure.  Finally, Section 3.5 concludes with some 

implications on system management and future works in the field. 

 

3.2 Change-Point Analysis 

 

3.2.1 Change-Point Analysis in Statistical Process Control 

Change-Point Analysis is a method created to identify thresholds in relationships between 

two variables (Potts, 2003).   It attempts to find a point along a run of points where 

characteristics before and after that point are different.  Used in time series, it is capable 

of detecting subtle changes missed by control charts (Taylor, 2000).  SPC aims to detect 

and diagnose situations where a process has gone out of statistical control (Hawkins, Qiu, 

& Kang, 2003), basically due to special causes of variations.  These special causes are 

defined as those that are not usual part of the system under study, or do not affect 

everyone, but arise because of specific circumstances (Nolan & Provost, 1996).  Control 
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charts where created to detect these special causes of variation.  For instance, Shewhart 

control charts are good tools for detecting special causes that lead to large and isolated 

changes (usually larger than 1.5 standard deviations), but are less effective for the small 

and sustained changes.  Additionally, cumulative sum (CUSUM) and exponentially 

weighted moving average (EWMA) techniques are good for detecting small and 

sustained changes (Hawkins et al., 2003).  However, for sustained changes, none of these 

methods provides the actual time of the process change, which is usually earlier than the 

time the process surpassed the control limits. 

 

Other benefits are that change-point analysis controls the change-wise error rate, while 

control charts control the point-wise error rate, and as a result, each change detected is 

likely to be real.  According to Taylor (2000), change-point analysis is more powerful at 

detecting sustained changes (even more when compared with individual control charts).  

It reduces the number of false detections, and they are generally more robust to outliers 

than Shewhart charts.  Due to their construction and sensitivity to outliers, determining 

the number of the changes using only these control charts is a difficult task.  Moreover, if 

a change is detected, it is necessary to establish new control limits following each change 

in order to be able to detect further changes.  A change-point analysis might reduce the 

difficulty of this process.  For instance, when using the CUSUM technique (Page, 1955), 

a change-point estimation can be made by observing abrupt changes in the slope of the 

cumulative sums instead of the individual values.  

 

On the other hand, if isolated abnormal points are a concern, a change-point analysis, 

such the CUSUM approach developed by Hinkley (1971) and Petit (1980), will fail to 

detect the change.  This is optimized only for sustained shifts (G. E.P Box, Luceño, & 

Paniagua-Quiñones, 2009).  Hence, if both situations need to be addressed, both 

approaches should be used, complementing each other.  Consequently, when we have 

trended time-lapsed processes or systems, using a change-point analysis to estimate the 

time of a change in trend seems to be the right approach. 
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3.2.2 Previous Work on Change-Point Analysis in SPC 

Bhattacharya (1994) explains that the problem of finding the exact change point in time 

of a process and the change-point analysis as a solution was first pointed out in 1952 by 

Girshick & Rubin (1952) using a Bayesian approach, and in Page (1955, 1957), who 

proposed a cumulative sum (CUSUM) technique motivated by the likelihood analysis.  

The Bayesian procedure developed later by Shiryaev (1963) and Roberts (1966) showed 

that Bayes rule stops as soon as the posterior probability of a change having already 

occurred exceeds a threshold (Bhattacharya, 1994).  The CUSUM approach of Page was 

further developed by Hinkley (1971) and Pettitt (1980) by deriving the asymptotic 

distribution of the statistic and constructing a chart for binary observations.  Hinkley and 

Schechtman (1987) developed a conditional bootstrap method applied to shifts in the 

mean. 

 

More recently, in 1998, Samuel, Pignatiello and Calvin (1998b) developed a procedure 

using the maximum likelihood estimator (MLE) for the change point of the mean of a 

normal process when the    chart gives a signal.  They discussed the performance of their 

estimator and later used the same approach to deliver a procedure for the time step of a 

change in the    of a normal process (Samuel, Pignatiello, & Calvin, 1998b), the rate 

parameter on a Poisson process (Samuel & Pignatiello, 1998) and the fraction of 

nonconformity after a p or np chart signals that a special cause is present (Pignatiello & 

Samuel, 2001).  Perry and Simpson (2006) compared the MLE of the process change 

point designed for linear trends to the MLE of the process change point designed for step 

changes when a linear trend disturbance is present.  They concluded that the MLE of the 

process change point designed for linear trends outperforms the MLE designed for step 

changes when a linear trend disturbance exists.  One year later, they presented a 

maximum likelihood estimator for the change point on the assumption that the effect 

present can be characterized as belonging to the set of monotonic effects, following a 

signal from a Poisson CUSUM control chart (Perry, Pignatiello, & Calvin, 2007).  

Nedumaran, Pignatiello and Calvin (2002) proposed an MLE for the time of a step 

change in a multivariate process mean when the observations follow a multivariate 

normal distribution.  Four years later, Zamba and Hawkins (2006) approached the 
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multivariate normal situation proposing an unknown parameter likelihood ratio test for a 

change in mean to be used in Phase I and Phase II of the SPC analysis. 

 

In 2005, Hawkins and Zamba (2005) suggested an alternative to the traditional charting 

methods for mean and variance.  They proposed a single chart using the unknown-

parameter likelihood ratio test for a change in mean and/or variance in normally 

distributed data.  This formulation, using the unknown parameter formulation, gives a 

single diagnostic to detect a shift in mean, in variance, or in both, rather than two separate 

diagnostics.  Zou, Zhang and Wang (2006) inspired by the later work, developed control 

charts based on the change-point model for monitoring linear profiles where nominal 

values of the process parameters are not known but some historical samples are available.  

These charts, based on the likelihood ratio, can detect a shift in either the intercept or the 

slope or the standard deviation in trended data with normal behavior.  They also argued 

that previous studies on the change-point problem associated with the regression model, 

such as Quandt (1958), Holbert (1982), Hawkins (1989), Kim (1994), Chen (1998), and 

Hyune-Ju and Siegmund (1989) presented models with fixed sample sizes, which are 

good for a Phase I analysis, but are not appropriate for a growing Phase II control (2006).  

Also Mahmoud, Parker, Woodall and Hawkins (2007) developed a change point 

approach based on the segmented regression technique for testing the constancy of the 

regression parameters in a linear profile data set.  Here the change point approach was 

based on the likelihood ratio test for a change in one or more regression parameters.  

Nevertheless, they focused on Phase I analysis and indicated that their method could be 

generalized to Phase II (Zou et al., 2006).  Timmer and Pignatiello (2003), and Liming 

(2008) developed procedures based on first order autoregressive models proving good 

results along a series of simulations. 

 

Ghazanfari et al. (2008) proposed different indices using clustering techniques to estimate 

Shewhart control chart change points. The proposed approach does not depend on the 

true values of the parameters and even the distribution of the process variables.  

Accordingly, it is applicable to both Phase-I and Phase-II for normal and non-normal 

processes.   Finally, Zhou, Zhang and Wang (2009) created a nonparametric control chart 
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based on the Mann–Whitney statistic for a change in mean and adapted for repeated 

sequential use.  The simulated results showed that their approach had a good performance 

across the range of possible shifts and it can be used during the start-up stages of a 

process. 

 

For more than 50 years, change-point procedures have evolved in the SPC field.  

Nevertheless, most tools were developed under at least one of the following assumptions: 

data distribution is known and is usually independent, normal, homocedastic, fixed 

sample size, a priori knowledge of the parameters exists, and zero slope behavior.  Hence, 

when dealing with living system, where these assumptions are difficult to be achieved, a 

new approach needs to be taken. 

 

3.3 Change-Point Estimation with the Median Test 

The change-point estimation here proposed applies cluster analysis to a time series using 

the p-value of the median test as a separation criterion.  First the median test is introduced 

and defended as a valid test.  Second, a general cluster analysis procedure is presented.  

And finally, this section describes a model that integrates both approaches to estimate the 

moment in time when a shift in the trend of a random walk changed in a time series. 

 

3.3.1 Median Test 

The median test is designed to examine whether several samples came from populations 

having the same median.  This test was developed by Mood (1954), and can be 

interpreted as a special application of the chi-squared test with fixed marginal totals.  A 

random sample is drawn from each population and a     contingency table is 

constructed.  The two entities in the ith column are the numbers of observations in the ith 

sample ( ) or treatment that are above and below the grand median, which is the median 

of all observations combined.  Table 2 shows the 2 x c contingency table used for this 

test. 
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Table 2: Arrangement for the media test (Conover, 1999b) 

Sample 1 2 . . .  Totals 

                . . .       

                . . .       

Totals       . . .      

 

In this case “ ” equals the total number of observations above the grand median in all 

samples and let   equal the total number of values less than or equal to the grand median.  

Then      , the total number of observations (Conover, 1999b).  Using the Chi-

squared approximation, the null hypothesis (same median in every treatment) vs. the 

alternative (there exist at least one pair of medians with different medians) are tested. 

 

Calculation of an exact p-value for     contingency tables with fixed totals was first 

studied by Fisher (1922), but the exact test was introduced in the landmark book “The 

design of experiments” (Fisher, 1935).  Fisher demonstrated that the only free variable 

followed a Hypergeometric distribution, as shown in equation (3.1). 

 

 

       

 
 
 

 
  

 
 
  

   
   

 

 
 
  

 
                     

                                   

  (3.1) 

 

Where X represents the different values that x could take according to the general 

arrangement presented in Table 3. 

 

Table 3:     contingency table 

Sample 1 2 Totals 

                

                          

Totals         
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According to Mood (1954), the asymptotic relative efficiencies (ARE) of this test 

compare with normal alternatives to the null hypothesis is        .  Under similar 

condition, Mood (1954) proved that a rank test for location have an ARE of        .  

This situation was questioned by Freidlin and Gastwirth (2000), after performing 

extensive simulations to compare the power of different tests (assuming two distributions 

F(x) and G(y) that differ only in their location).  They even claimed that “the low power 

of the median test in conjunction with the existence of sound alternative procedures 

indicates that basic texts and computer packages could relegate it to a footnote in the 

future” (Freidlin & Gastwirth, 2000, p. 163).  Nevertheless, considering the weaker 

assumptions required to perform the median test, one might think differently. 

 

The validity of the method under weaker conditions makes it still attractive for the 

analysis of living systems, where the most common assumptions are hard to meet.  

According to Siegel and Castellan (1988), the median test is the only option when 

outliers exist and the usual assumptions of normality, shape, and equality of variance 

cannot be fulfilled.  The assumptions of this test are (1) each sample is a random sample; 

(2) the samples are independent of each other; (3) the measurement scale is at least 

ordinal; and (4) if all populations have the same median, all populations have the same 

probability p of an observation exceeding the grand median (Conover, 1999b).  A change 

in location might be detected even if the distributions before and after the change-point 

differ in form. 

 

3.3.2 Cluster Analysis 

Rao (1971) defines this analysis as a problem of optimal partitioning of a given set of 

entities into a pre-assigned number of mutually exclusive clusters.  “Each individual of a 

multivariate sample may be represented by a point in a multidimensional Euclidean 

space.  Cluster analysis attempts to group these points into disjoint sets which it is hoped 

will correspond to marked features of the sample” (Gower, 1967, p. 623).  To perform a 

cluster analysis, Hansen and Jaumard (1997) suggested a general scheme for 

dissimilarity-based clustering: 
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1. Select a sample of N entities among which subsets are to be found. 

2. Measure p characteristics of the entities.  This will yield a     matrix called X. 

3. Based on matrix X, Create a     matrix to identify the dissimilarities between 

entities.  This matrix         will usually satisfy      ,      ,        , 

            . 

4. Choose the type of clustering desired.  This might be hierarchy of partitions, 

partitions, subset, packing or covering. 

5. Establish a criterion (or more) to determine homogeneity or separation of the 

subsets to be found. 

6. Choose or design an algorithm to perform the analysis. 

7. Apply the algorithm. 

8. Interpret results. 

  

In a time series, at least two parameters are measured from every observation obtained in 

the system under study, the time of the observation and the actual characteristic of 

interest.  In this particular case, partitions are restricted by the time since observations can 

only be classified as being before or after a moment in time.  Hence, step 3 is modified to 

consider the time constraint. 

3.3.3 Application of the median test in the trend change-point problem 

A RWWD is an autocorrelated process, however, as shown in equation (3.2) the first 

differences (  ) are independent, making them feasible for the median test.  The change-

point estimator uses these differences for the analysis. 

 

                  (3.2) 

 

Using equation (1), a separation criteria is constructed: 

 

     iii xXPxXPp  ,min2  (3.3) 
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Note that    corresponds to the p-value of a two-tailed median test.  Where the value xi is 

taken from Table 2, and represents the number of observations above the overall median 

before observation i.  Estimation of the change-point for the drift on the observations is 

made by performing a cluster analysis over                   using equation (3.3) for 

       .  When a change exists, it is expected that equation (3.3), although discrete, 

has a similar form of a convex function where the global minimum is close to the change-

point (just like the MLE of a change-point, due to the randomness of the process several 

local minimum are expected).  Hence, the estimator    is defined as: 

 

  )(minˆ
i

i
p  (3.4) 

 

A change-point model focuses on finding the point in time where the underlying model 

generating a series of observations has changed from scheme (Montgomery, 2004).  In 

the trended time-lapsed problem, the object of interest is the change in the trend or drift 

in the RWWD.  As Ghazanfari et al. (2008) proposed, a change-point estimator can be 

integrated with a control chart.  In this situation, the estimator in equation (3.4) can be 

integrated with control charts for    to perform a full change-point analysis.  In the 

presence of sustained changes, an out-of-control point indicates the occurrence of a 

change, and equation (3.4) can be used to estimate the moment in time when the special 

cause of variation started.  Figure 1 illustrates this idea. 

 

As seen in Figure 1, the change-point analysis starts with a control chart for   .  Starting 

with i = 1 every sample i is evaluated and classified as being in or out of control.  When 

the sample is in control, the sample is assigned to the in-control cluster (ICC).  When the 

i sample is out of control, it is defined as t, and all samples after t are grouped in the out-

of-control cluster (OCC).  Since we are looking for sustained changes, an out-of-control 

point indicates that the shift in the trend α1 has happened, and all the points after t belong 

to the new scheme with α2.     is calculated using equation (3.4) for        .  To 

improve the system, a search for a special cause of variation starts at   , corrective actions 

are taken after the special cause is found, and the process starts over. 
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Figure 7:  Change-point analysis using statistical evidence as a search metric 

 

Since this procedure does not depend on the knowledge of any population parameters, it 

can be performed in both phases I and II of the control analysis once it is known that a 

change has happened.  However, for a Phase I, the search for the change-point should not 

be restricted to observations before an outlier is detected. 

 

3.4 Validation of Feasibility 

To validate feasibility, a designed exercise is presented to illustrate how the proposed 

change-point analysis can be performed and the estimator is calculated.  The described 

change-point analysis uses a nonparametric approach, hence, assumptions on the 

underlying distribution of observations is actually not necessary.  Nevertheless, for 

convenience data used in this example for εi was generated from normal deviances.  Let 

51 , for 500 ,..., yy  1000 y  and  α1 = 1.  For 10051,..., yy  α2 = 2.5.   1,0~ Ni  for 

every i = 1,…, 100.  Figure 8 shows the generated data that is to be analyzed.  This 

example assumes known initial parameters α1 and   ; but   and α2 remain unknown. 
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Figure 8 – Example of data with defined trend where a change in the drift occurred 

 

Following the procedure in Figure 7, using the known initial parameters a control chart 

for    is generated  using a Shewhart‟s X chart.  As can be seen in Figure 9, points 56 and 

72 are found to be out of control.  Therefore, the OCC is determined as      

                  , and the ICC is defined as the complement           

         .  Since   is defined as the starting point of the OCC,      for this example. 

 

 

Figure 9 – X Chart for first differences. 
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Equation (5) is evaluated for i = (1,…, t = 56) and pi values are plotted in Figure 10.  pi is 

minimized with 0.0028 at     .  Consequently, the change-point is estimated to have 

occurred between observations 48 and 49,      .  The estimation is a little different 

from the actual change-point     , however, is seems to be close enough, mostly 

considering that the change in   was only 0.5 standard deviations in size. 

 

 

Figure 10 –        (abscissa) with their corresponding   (ordinate) 

 

Using the estimated change point, we draw a new set of control intervals starting from 

    .  As can be seen in Figure 11, the new control limits shows a process under 

control, discharging the previous out-of-control points at times 56 and 72. 

 

As was seen, change-point analysis is never exact (errors due to randomness are 

inevitable), but the present example was precise enough to reduce the amount of work 

needed to look for special causes of variation and avoid false alarms by estimating a 

moment where new control limits had to be calculated.  The example presented used 

normal deviances, nevertheless this situation is not necessary.  Due to the nature of the 

procedure neither normality nor homocedasticity are necessary assumptions, making the 

model applicable to a wider range of situations. 
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Figure 11 – New control limits are drawn starting from the change-point 

 

3.5 Conclusions and Future Work 

The trended time-lapsed process or system problem was presented and the change-point 

approach was analyzed as a solution for sustained changes in the shift of the RWWD 

model.   Moreover, the median test was proposed as valid option for performing the 

change-point search via cluster analysis using the p-value to estimate the time of a step 

change.  One of the advantages of this approach is the few assumptions required, a very 

desirable situation in living systems when knowledge about the process is very limited 

but inferences about it need to be performed.  Future research will address (i) 

measurements of the bias and spread of the estimator in different scenarios for Phases I 

and II of SPC; and (ii) evaluation of the performance of other p-value-based statistics by 

applying different parametric and nonparametric statistics to be used as a separation 

criterion in the cluster analysis. 
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CHAPTER 4. RESEARCH 2 

 

Nonparametric Estimator for the Time of a Step Change in the Variation of Random 

Walk Models with Drift 

 

This is the second out of three concatenated research endeavors on change-point analysis 

for trended observations in a time series following a random walk model with drift 

(RWWD) where the random variable is not restricted to normality and might be 

heterocedastic over time.  Specifically, this research employs the previously developed 

estimator for changes in median trend to handle changes in the variation of the trend by 

using an artifice employed in the construction of Conover‟s test for variation.  When a 

time series follows two different schemes of RWWD models, the estimator is used to 

identify the moment in time when the variation of the series changes one step away from 

the original scheme.  It converts the problem to estimate changes in variation into a 

problem to estimate  a change in the median.  It employs the p-value function of the 

median test to separate the time series in two partitions where there exist the most 

statistical evidence of a difference between sets.  A direct application is found in 

volatility analysis of living systems such as macroeconomic or financial systems which 

are known to adjust to RWWD schemes in many cases.  A numerical example is 

presented to demonstrate methodological feasibility. 

 

This paper will be submitted to the Quality and Reliability Engineering International 

journal. 
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Abstract 

Non-normal behavior, autocorrelation, and trends of growth or decrement are frequent 

scenarios in living systems, but traditional statistical tools not always consider these 

situations.  Regardless of this, systems exhibiting this type of behavior still need to be 

managed.  Control charts are a known tool used for this type of situation in statistical 

control analysis.  However they can be inefficient and not always effective at estimating 

the point in time when a sustained change occurs in a time series.  An approach such as 

change-point analysis is designed to deal with this type of situation.  This paper proposes 

a clustering technique that uses the median test to estimate the moment in time when the 

variation of a system with defined trend that follows a random walk with drift and non-

normal behavior.  This research applied an artifice used in Conover‟s squared ranks for 

variances test to assess for variation with the median test.  A statistical model is presented 

and illustrated with a comprehensive example. 

 

Key Words:  Trend; change-point; estimation; variation; median test; cluster 
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4.1 Introduction 

In living systems, observations with trends and non normal behavior are seen as common 

situations (Bertalanffy, 1973), but they are not usually addressed in statistical process 

control (SPC).  Living systems are found in economics, medicine, biology, industry, and 

in every human organization; and many of them need to be managed one way or another.  

Control charts are a known way in statistical process control (SPC) to assist the 

management of a system.  In the presence of sustained changes, a point out of control 

means that it is possible that the system has changed (Shewhart, 1931), but it does not 

indicate the initial moment of the process/system change.  To keep the system under 

control it is necessary to identify and remove any assignable cause of variation, and 

ultimately improve the process (Samuel et al., 1998a).  The concern to identify the real 

time of a change is known as the change-point estimation problem (Dabye & Kutoyants, 

2001).  Knowing this exact time greatly simplifies the search for a cause of variation, and 

inconsequence might boost an improvement process.  This paper is concerned with is one 

type of sustained change, the change in variation.  Specifically, the change-point 

estimator for the median trend of a random walk with drift (RWWD) model is adapted to 

assess changes in the variance of time series. 

 

The type of change-point analysis model described in this paper, nonparametric, 

according to Zhou, Zou, Zhang, and Wang (2009), has recently been gaining interest for 

localizing changes occurring in economics, medicine, and physical sciences.  This 

situation complicates the management of a system, which generally involves a necessity 

to control, otherwise it cannot be improved.  Statistical tools, such as statistical control 

charts were developed for that purpose.  However, most statistical control tools were 

created under the assumption of zero slope behavior over time, meaning that they deal 

only with steady states, situations without growth or decline over time.  In addition, most 

tools assume normally distributed data, a reasonable assumption in many cases (mostly 

because of the goodness of the Central Limit Theorem), but not that common in complex 

system (Anderson et al., 1999).  SPC hasn‟t been focused on dealing with the type of 

problems/situations of what Bertalanffy (1973) calls “dynamic equilibrium”. 
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Change-point analysis for deterministic trends initiated with Quandt (1958) with the 

development of a test for normally distributed errors.  Most existing models to estimate 

the change-point assess changes in the slope of trended data.  However, sometimes the 

spread of the observations is of concern.  For instance, many statistical tools assume 

homocedasticity, equality of variances, and consequently, it is necessary to validate 

whether the spread of the time series has changed or not, so a right approach can be 

selected.  Furthermore, an analyst might be purely interested in studying the variation.  

For example, stock volatility is a major concern, mostly in times of crisis (Schwert 1989). 

 

Linear schemes with deterministic trends are commonly used to characterize trended 

behavior.  Determined by a linear model yi = ati + b + εi; where ti stands for the time of 

observation i, yi is the measured value, and εi is the independent random error associated 

with the observation. Nevertheless, economic systems, which are living systems, don‟t 

usually have independent observations.  Nelson and Plosser (1982) proved that many 

times the GNP is better characterized with a RWWD model yi = yi-1 + α + εi, where α is 

the drift of the model and the one that determines the trend of the observations.  Lo and 

MacKinlay (2001) had similar findings in the stock market, and  Durlauf and Phillips 

(1988) discussed the problems of assuming a deterministic trend when observations 

actually came from a RWWD process. 

 

Given a series of observations                    , the first m observations 

           behave according to the model              , and the last n – m + 1 

observations like              .  Where    and    are constants that represent the 

drift of the random walk, and the   ‟s are independent random variables with          

and               .  Beruvides et al. (2010) presented a nonparametric estimator    to 

determine the time   when the model changed its trend from    to   .  Inspired by 

Ghazanfari et al. (2008), their approach used a clustering technique and the p-value 

function of the median test (Mood, 1954) to create the estimator.  This research applies 

an artifice used by Conover and Iman (1978) to assess for variation and adapt the later 

model in a way that the change-point in the variance of trended observations following a 

RWWD model can be estimated. 
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4.2 Change-Point Analysis 

Change-Point Analysis is a method that attempts to find a point along a set of points that 

divides the set under study in two groups, so that the sequence of points before and after 

the identified one share different characteristic between them, but similar ones within 

them (Taylor 2000).  Similarly, Potts (2003) defines Change-Point Analysis as a method 

created to identify thresholds in relationship between two variables.  Recently, this 

methodology has been used in SPC to identify sustained changes not easily detected by 

common control charts. 

 

4.2.1 Change-Point Analysis in Statistical Process Control 

SPC aims to detect special causes of variation to record if a process has gone out of 

statistical control (Hawkins, Qiu, & Kang, 2003).  These special causes are defined as the 

ones that are not common variation in the system under study, or do not affect everyone, 

but arise because of specific circumstances (Nolan & Provost, 1996).  A way to detect 

these special causes is using control charts.  According to Koutras, Bersimis, and 

Maravelakis (2007), from the statistical basis of a control charting procedure, control 

charts can be classified in three main categories: (1) Shewhart, charts closely associated 

to the classical hypothesis testing and developed by Walter Shewhart (Shewhart, 1931); 

(2) Cumulative Sum (CUSUM), first proposed by Page (1954); and (3) Exponentially 

Weighted Moving Average (EWMA), created by Roberts (1959).  However, none of 

these methods gives the actual time of the process change, which is usually earlier than 

the time the process surpassed the out of control limits (at least in Phase II of a control 

study). 

 

Taylor (2000) differentiated change-point analysis as the one that controls the change-

wise error rate, while control charts control the point-wise error rate, and as a result, each 

change detected is more likely to be real.  Change-point analysis is more capable of 

detecting sustained changes than control charts.  Because of its design, it reduces the 

number of false detections.  Also, since the aim is to detect differences between sets of 

numbers, it is robust to outliers (and even more if a nonparametric approach is used, see 

Zhou et al., 2009). 
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For instance, Figure 12 presents the outcome of a process that produced several outliers 

after a control chart for Shewhart chart for individuals and moving range was built.  In 

the upper chart observation 27, 31, 36 and 42 were beyond the control limits, indicating 

that a special cause of variation might have occurred at that moment.  However a quick 

look at the moving range part shows a change in variance. Consequently, the chart for 

individuals cannot be trusted, and the variance needs to be analyzed first and put under 

control.  A search for a special cause might become tricky if the actual change in the 

process is not isolated to the out-of-control points. 

 

 

Figure 12.  Example of a Control Chart (chart generated using Minitab
tm

) 

 

A change-point analysis of the same data used in Figure 12 concludes that the variation 

of the system in fact changed between observations 25 and 26.  Figure 13 shows the new 

control limits constructed after the change-point, revealing that all signals from the 

original chart for individuals were only false alarms caused by one sustained change in 

variation.  After the change, the process was actually under statistical control, but within 

new limits.  Change-point analysis is not concerned with the individual outlier found by 

control charts; its only concerns are the sustained changes.  To improve the system and 

apply corrective measures, an analyst might direct a search for special causes of variation 
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starting at the change-point.  If the improvement is successful a new sustained change 

will occur and a change-point analysis will be able to spot it. 

 

Change-point analysis and control charts have different objectives, but they complement 

each other.  If individual and isolated special causes are a concern, control charts are the 

right tool to use.  However, if sustained changes and the exact moment of the occurrence 

are the aim, a change-point analysis should be performed.  A combination of both tools is 

also feasible, as was shown in the previous example. 

 

 

Figure 13.  New control limits are built after change-point is detected (chart generated 

using Minitab
tm

) 

 

4.2.2 Previous Work on Change-Point Analysis in SPC 

The problem of finding the exact change point in time of a process and the change-point 

analysis as a solution was first pointed in 1952 by Girshick & Rubin (1952) with a 

Bayesian approach, and Page (1955, 1957) proposed a cumulative sum (CUSUM) 

technique motivated by the likelihood analysis.  The Bayesian procedure developed later 

by Shiryaev (1963) and Roberts (1966) showed that Bayes rule stops as soon as the 

posterior probability of a change having already occurred exceeds a threshold 

(Bhattacharya, 1994).  The CUSUM approach of Page was further developed by Hinkley 

464136312621161161

5.0

2.5

0.0

-2.5

-5.0

Observation

I
n

d
iv

id
u

a
l 

V
a

lu
e

_
X=0.25

UC L=6.50

LC L=-6.00

1 2

464136312621161161

8

6

4

2

0

Observation

M
o

v
in

g
 R

a
n

g
e

__
MR=2.350

UC L=7.677

LC L=0

1 2

I-MR Chart of Slope by Stage



Texas Tech University, Víctor G. Tercero-Gómez, May 2011 

 

54 

(1971) and Pettitt (1980) by deriving the asymptotic distribution of the statistic and 

constructing a chart for binary observations.  Hinkley and Schechtman (1987) developed 

a conditional bootstrap method applied to shifts in the mean. 

 

More recently, in 1998, Samuel, Pignatiello and Calvin (1998b) developed a procedure 

using the maximum likelihood estimator (MLE) for the change point of the mean of a 

normal process when the    chart gives a signal.  They discussed the performance of their 

estimator and later used the same approach to deliver a procedure for the time step of a 

change in the    of a normal process (Samuel, Pignatiello, & Calvin, 1998b), the rate 

parameter on a Poisson process (Samuel & Pignatiello, 1998) and the fraction of 

nonconformity after a p or np chart signals that a special cause is present (Pignatiello & 

Samuel, 2001).  Perry and Simpson (2006) compared the MLE of the process change 

point designed for linear trends to the MLE of the process change point designed for step 

changes when a linear trend disturbance is present.  They concluded that the MLE of the 

process change point designed for linear trends outperforms the MLE designed for step 

changes when a linear trend disturbance exists.  One year later, they presented a 

maximum likelihood estimator for the change point on the assumption that the effect 

present can be characterized as belonging to the set of monotonic effects, following a 

signal from a Poisson CUSUM control chart (Perry, Pignatiello, & Calvin, 2007).  

Nedumaran, Pignatiello and Calvin (2002) proposed an MLE for the time of a step 

change in a multivariate process mean when the observations follow a multivariate 

normal distribution.  Four years later, Zamba and Hawkins (2006) approached the 

multivariate normal situation proposing an unknown parameter likelihood ratio test for a 

change in mean to be used in Phase I and Phase II of the SPC analysis. 

 

In 2005, Hawkins and Zamba (2005) suggested an alternative to the traditional charting 

methods for mean and variance.  They proposed a single chart using the unknown-

parameter likelihood ratio test for a change in mean and/or variance in normally 

distributed data.  This formulation, using the unknown parameter formulation, gives a 

single diagnostic to detect a shift in mean, in variance, or in both, rather than two separate 

diagnostics.  Zou, Zhang and Wang (2006) inspired by the later work, developed control 
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charts based on the change-point model for monitoring linear profiles where nominal 

values of the process parameters are not known but some historical samples are available.  

These charts, based on the likelihood ratio, can detect a shift in either the intercept or the 

slope or the standard deviation in trended data with normal behavior.  They also argued 

that previous studies on the change-point problem associated with the regression model, 

such as Quandt (1958), Holbert (1982), Hawkins (1989), Kim (1994), Chen (1998), and 

Hyune-Ju and Siegmund (1989) presented models with fixed sample sizes, which are 

good for a Phase I analysis, but are not appropriate for a growing Phase II control (2006).  

Also Mahmoud, Parker, Woodall and Hawkins (2007) developed a change point 

approach based on the segmented regression technique for testing the constancy of the 

regression parameters in a linear profile data set.  Here the change point approach was 

based on the likelihood ratio test for a change in one or more regression parameters.  

Nevertheless, they focused on Phase I analysis and indicated that their method could be 

generalized to Phase II (Zou et al., 2006).  Timmer and Pignatiello (2003), and Liming 

(2008) developed procedures based on first order autoregressive models proving good 

results along a series of simulations. 

 

Ghazanfari et al. (2008) proposed different indices using clustering techniques to estimate 

Shewhart control chart change points. The proposed approach does not depend on the 

true values of the parameters or even the distribution of the process variables.  

Accordingly, it is applicable to both Phase-I and Phase-II for normal and non-normal 

processes.   Finally, Zhou, Zhang and Wang (2009) created a nonparametric control chart 

based on the Mann–Whitney statistic for a change in mean and adapted for repeated 

sequential use.  The simulated results showed that their approach had a good performance 

across the range of possible shifts and it can be used during the start-up stages of a 

process. 

 

For more than 50 years, change-point procedures have evolved in the SPC field.  

Nevertheless, most tools were developed under at least one of the following assumptions: 

data is independent, distribution is known (usually Normal), homocedastic, fixed sample 

size, a priori knowledge of the parameters exists, and stationary behavior over time.  
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However, when dealing with living system, where these assumptions are difficult to be 

achieved, new approaches need to be taken. 

 

4.2.3 Change-Point Estimation with the Median Test 

Based on the idea first proposed by Beruvides et al. (2010) and later developed by 

Tercero et al. (2010), a nonparametric estimator ̂  for the time of a change in the median 

of a time series was created.  Given a series of independent observations 

nXXXX ,...,,,..., 11   , where the first set of observations  1,...,1|   iXD i

c  share 

median 1M , and the second set  niXD i ,...,|    have a median 2M , where 

21 MM   and unknown together with  .  A procedure to estimate   was constructed: 

1. Divide observations in partitions D and D
c
, where  ntiXD it ,...,|   and 

nt 2 . 

2. Transform observations ix  into tz , where tz  is the number of observations above 

the overall median and before the moment t. 

3. Obtain the values presented in Table 4 where  2/na  . 

 

Table 4.  Median test contingency table 

Sample 1 2 Totals 

        
tz  tza   a  

        
tzt 1  tztan  1  an   

Totals 1t  1 tn  n  

 

4. Obtain tp  using equation (2) and (3). 

 

     ttt zZPzZPp  ,min2  (4.1) 
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5. Obtain ̂  from equation (4.2). 

 

   ntpt
t

 2,min̂  (4.3) 

 

This procedure uses a combination of Mood‟s Median Test and cluster analysis, where 

each possible partition is analyzed using the p-value of the test.  Since the fist differences 

of observations following a RWWD model, as shown in equation (4.4), are independent, 

the procedure was be applied by Tercero et al. (2010) to estimate the moment of a change 

in the drift of the trended observations. 

 

                  (4.4) 

 

Using an artifice taken from Conover‟s Squared Ranks Test for Variances the previous 

procedure is adjusted to assess for step changes in the variance of observations. 

 

4.3 Change-Point Estimator for Variation 

Conover‟s squared ranks for variances is presented next.  By transforming the original 

observations into squared deviances from their corresponding means, the test is capable 

of testing for variations with a procedure on location.  This artifice is later used to make 

estimations of a change-point in variance using the statistical evidence from the median 

test. 
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4.3.1 Conover‟s Squared Ranks for Variances 

Conover‟s Squared Ranks Test for Variances uses a transformation to apply existent tests 

for location to test whether two or more populations have equal variances (Conover & 

Iman, 1978).  The test evaluates whether                              is 

rejected or not.  The procedure uses the squared differences of each observation to 

calculate the test statistic.  As a result, a scale problem is transformed into a location 

problem. 

 

Conover and Iman (1978) instead of using the ranks of the square differences, they used 

the ranks of absolute values, which are easier to calculate and give the same results of the 

first approach.  The statistic used was      
  

   , and significance is evaluated using 

tables.  This test proved to have an A.R.E. of               when compare with the F 

test for normal populations.  However, for double exponential distribution the A.R.E. is 

1.08, and for uniform distribution is 1.00 (Conover 1999). 

 

A variation of this test is the application of Mood (1954)‟s approach.  Instead of using the 

squared ranks of          and         , these squared differences can be tabulated in 

a contingency table such a Table 4, where values are classified according their position 

above and below the grand median.  This new data become a contingency table with 

fixed columns and row totals, hence the hypergeometric function can be used to 

determine a p-value, in the same manner as the Median test.  The advantages of using 

Mood‟s Median test lies in the fact that the analysis is not restricted to special tables 

required to evaluate the procedure; and the use of the hypergeometric distribution 

facilitates the implementation of the approach into a programming language.  In addition, 

because of its design, the Median test is less sensible to outliers, a significant concern in 

SPC analysis, mostly if the study is performed in phase I. 

 

4.4 Change-Point Estimator for Variation 

The change-point estimator here proposed modifies the model done by Tercero et al. 

(2010a) by transforming the original observations into squared differences from their 
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mean, in a way the original analysis can be applied over all feasible partitions of the data 

and the variation can be assessed.  Knowing exact time of a change in variation in a time 

series accelerates the search for special causes, which in turn assist any improvement 

effort.   Figure 14 illustrate the proposed procedure applied in the control of systems 

following RWWD.  The analysis is applied to the first differences di‟s from equation 

(4.4). 

 

 

Figure 14.  Procedure to estimate the change-point in variance 

 

First, a control chart for variance (such as the moving average chart) is run over the set of 

first differences (di‟s) to check if a significant change has occurred (point outside the 

control limits).  If an out of control point is detected at time t, in-control cluster (ICC) and 

out-of-control cluster (OCC) are defined.  The ICC is defined as the set of points to the 

left of the first out of control point, and the OCC contains all point to the right of the first 

observation out of control (including this observation).  Under sustained changes, and 

out-of-control points indicates that the process has changes, hence, all following 

observations are said to be from the new scheme.  Now the analysis starts by using the 

median test to evaluate whether                                      is 

rejected or not, where     and     are the corresponding observations for the ICC and 

OCC.  To perform this test, data from each cluster is transformed using             and 

         
 
 .  The transformed data is the classified according to Table 4 and equation 

(4.1) is computed.  Observation     is then assigned to the OCC and subtracted from 

the ICC.  The process repeats computing equation (4.1) for all possible partitions, until 

tth

Sample
out-of-

Control?

Assign 
sample to 

ICC

Define OCC 
cluster starting 

on t

Transform 
to squared 
differences

Control 
chart for 
variance

Find t that 
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corrective 

action

No
Yes
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Move t – 1  
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No
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the size of the ICC is less than 2.  Equation (4.3) is then used to estimate the time of the 

change-point. 

 

4.5 Validation 

Let the change-point      and observations Yi‟s follow a RWWD model yi = yi-1 + αj + 

εji.  For                  and           .  For                       .  α1 = α2 = 1 

for every i = 1,…, 100.  shows the generated data that is to be analyzed.  This exercise 

assumes known initial parameters α1 and    ; but  , α2 and     remain unknown.  Figure 

15 shows a graph of the generated data. 

 

 

Figure 15.  Example of data with defined trend 

 

Following the procedure in Figure 14, using the known parameters a control chart for di‟s 

is generated.  A moving range control chart is plotted and shown in Figure 16.  A quick 

look the chart indicates a change in the spread of the data, many points are out of control 

starting from t = 54.  Therefore, the OCC is determined as                     , 

and the ICC is defined as the complement                    .  Since   is defined 

as the starting point of the OCC,      for this example. 
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Figure 16.  Moving Range Chart for first differences (chart generated using Minitab
tm

) 

 

Figure 17.  pt evaluated over all points (chart generated using Matlab
tm

) 

Subsequently, calculations to compare clusters start.              and          
 
  are 

calculate and the values are used to perform the Median Test between clusters.  Equation 

(6) is calculated, and the process is repeated for all possible clusters for 3 ≤ t ≤ 54.  

Results for the different values of pt are plotted in Figure 17 where the minimum is found 

at t = 53.  In consequence,      . 

 

Minimun pt found at t = 53 

ICC 

OCC 
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Using the estimated change point, we draw a new set of control intervals starting from 

    .  As can be seen in Figure 18, the new control limits shows a process under 

control, discharging the previous out-of-control points from observation 54. 
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Figure 18.  New control limits are drawn starting from the estimated change-point (chart 

generated using Minitab
tm

) 

 

As was seen, change-point analysis is never exact (errors due to randomness are 

inevitable), but the present example show the capacity of the model to assist a search for 

assignable cause of variation by providing a starting point in the time series and avoid 

excessive false alarms by estimating a moment where new control limits had to be 

calculated.  The example presented used normal deviances; nevertheless this situation is 

not necessary.  No assumption is made about the underlying distributions of the 

observations, making the model applicable to a wider range of situations. 

4.6 Conclusions 

If a change is detected by the control charts, the proposed model implies the use of a 

multiple comparison procedure, which also implies a distortion of the level of 

significance.  Conover (1999) suggested that the repeated use of a test is for one‟s 

personal satisfaction or as an objective rule to separate populations.  Future research will 

need to address this issue with a sensitivity analysis to evaluate the confidence of the 
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method in different scenarios and conclude over the proper use on phases I and II in a 

SPC application. 

 

Certainly, the procedure mentioned requires computational power; it was not conceived 

to be performed by hand.  The main objectives are to prove the concept of using the 

minimum p-value as the change-point estimator, and evaluate the feasibility of the model.  

Once feasibility is demonstrated, future works will involve the development of heuristic 

procedure to increase the speed of the search, in case the computational time turns to be 

impractical. 

 

4.7 References 

Anderson, R. E., Carter, I. E., & Lowe, G. (1999). Human behavior in the social 

environment. Transaction Publishers. 

Bertalanffy, L. V. (1973). General system theory. G. Braziller. 

Bhattacharya, P. K. (1994). Some Aspects of Change-Point Analysis. Lecture Notes-

Monograph Series, 23, 28-56. 

Chen, J. (1998). Testing for a change point in linear regression models. Communications 

in Statistics - Theory and Methods, 27(10), 2481-2493. 

doi:10.1080/03610929808832238 

Conover, W. J., & Iman, R. L. (1978). Some exact tables for the squared ranks test. 

Communications in Statistics - Simulation and Computation, 7(5), 491. 

doi:10.1080/03610917808812093 

Dabye, A. S., & Kutoyants, Y. A. (2001). Misspecified Change-Point Estimation 

Problem for a Poisson Process. Journal of Applied Probability, 38, 122-130. 

Durlauf, S. N., & Phillips, P. C. B. (1988). Trends versus Random Walks in Time Series 

Analysis. Econometrica, 56(6), 1333-1354. 



Texas Tech University, Víctor G. Tercero-Gómez, May 2011 

 

64 

Ghazanfari, M., Alaeddini, A., Niaki, S. T., & Aryanezhad, M. B. (2008). A clustering 

approach to identify the time of a step change in Shewhart control charts. Quality 

and Reliability Engineering International, 24(7), 765–778. 

Girshick, M. A., & Rubin, H. (1952). A Bayes approach to a quality control model. The 

Annals of mathematical statistics, 114–125. 

Hawkins, D. L. (1989). A u-i approach to retrospective testing for shifting parameters in a 

linear model. Communications in Statistics - Theory and Methods, 18(8), 3117. 

doi:10.1080/03610928908830081 

Hawkins, D. M., Qiu, P., & Kang, C. W. (2003). The changepoint model for statistical 

process control. Journal of Quality Technology, 35(4), 355–366. 

Hawkins, D. M., & Zamba, K. D. (2005). Statistical Process Control for Shifts in Mean 

or Variance Using a Changepoint Formulation. Technometrics, 47(2), 164-173. 

doi:10.1198/004017004000000644 

Hinkley, D. V. (1971). Inference about the Change-Point from Cumulative Sum Tests. 

Biometrika, 58(3), 509-523. 

Hinkley, D. V., & Schechtman, E. (1987). Conditional bootstrap methods in the mean-

shift model. Biometrika, 74(1), 85–93. 

Holbert, D. (1982). A Bayesian analysis of a switching linear model. Journal of 

Econometrics, 19(1), 77-87. doi:10.1016/0304-4076(82)90051-3 

Kim, H. J. (1994). Likelihood Ratio and Cumulative Sum Tests for a Change-Point in 

Linear Regression. Journal of Multivariate Analysis, 51(1), 54-70. 

doi:10.1006/jmva.1994.1049 

Kim, H., & Siegmund, D. (1989). The Likelihood Ratio Test for a Change-Point in 



Texas Tech University, Víctor G. Tercero-Gómez, May 2011 

 

65 

Simple Linear Regression. Biometrika, 76(3), 409-423. 

Koutras, M., Bersimis, S., & Maravelakis, P. (2007). Statistical Process Control using 

Shewhart Control Charts with Supplementary Runs Rules. Methodology and 

Computing in Applied Probability, 9(2), 207-224. doi:10.1007/s11009-007-9016-

8 

Liming, W. (2008). Testing for Change-Point of the First-Order Autoregressive Time 

Series Models. 应用概率统计, 24(1). 

Lo, A. W., & MacKinlay, A. C. (2001). A Non-Random Walk Down Wall Street. 

Princeton University Press. 

Machiavelli, N., Crick (Editor), B., & Walker (Translator), L. J. (1984). The discourses. 

Penguin Classics. 

Mahmoud, M. A., Parker, P. A., Woodall, W. H., & Hawkins, D. M. (2007). A change 

point method for linear profile data. Quality and Reliability Engineering 

International, 23(2), 247-268. doi:10.1002/qre.788 

Mood, A. M. (1954). On the Asymptotic Efficiency of Certain Nonparametric Two-

Sample Tests. The Annals of Mathematical Statistics, 25(3), 514-522. 

Nedumaran, G., Pignatiello, J. J., & Calvin, J. A. (2002). Identifying the Time of a Step-

Change with chi^ 2 Control Charts. QUALITY CONTROL AND APPLIED 

STATISTICS, 47(2), 125–126. 

Nelson, C. R., & Plosser, C. R. (1982). Trends and random walks in macroeconmic time 

series : Some evidence and implications. Journal of Monetary Economics, 10(2), 

139-162. doi:10.1016/0304-3932(82)90012-5 

Nolan, T. W., & Provost, L. P. (1996). Understanding variation. IEEE Engineering 



Texas Tech University, Víctor G. Tercero-Gómez, May 2011 

 

66 

Management Review, 24, 65–74. 

Page, E. S. (1954). Continuous Inspection Schemes. Biometrika, 41(1/2), 100-115. 

Page, E. S. (1955). A test for a change in a parameter occurring at an unknown point. 

Biometrika, 42(3-4), 523-527. doi:10.1093/biomet/42.3-4.523 

Page, E. S. (1957). On problems in which a change in a parameter occurs at an unknown 

point. Biometrika, 44(1-2), 248-252. doi:10.1093/biomet/44.1-2.248 

Perry, M., Pignatiello, J., & Calvin, J. A. (2007). Change point estimation for 

monotonically changing Poisson rates in SPC. International Journal of 

Production Research, 45, 1791-1813. doi:10.1080/00207540600622449 

Perry, M. B., Pignatiello, J. J., & Simpson, J. R. (2006). Estimating the Change Point of a 

Poisson Rate Parameter with a Linear Trend Disturbance. Quality and Reliability 

Engineering International, 22(4), 371-384. doi:10.1002/qre.715 

Pettitt, A. N. (1980). A simple cumulative sum type statistic for the change-point problem 

with zero-one observations. Biometrika, 67(1), 79-84. doi:10.1093/biomet/67.1.79 

Pignatiello, J. J., & Samuel, T. R. (2001). Identifying the Time of a Step Change in the 

Process Fraction Nonconforming. Quality Engineering, 13(3). 

Quandt, R. E. (1958). The Estimation of the Parameters of a Linear Regression System 

Obeying Two Separate Regimes. Journal of the American Statistical Association, 

53(284), 873-880. 

Roberts, S. W. (1959). Control Chart Tests Based on Geometric Moving Averages. 

Technometrics, 1, 239-250. 

Roberts, S. W. (1966). A Comparison of Some Control Chart Procedures. Technometrics, 

8(3), 411-430. 



Texas Tech University, Víctor G. Tercero-Gómez, May 2011 

 

67 

Samuel, T. R., & Pignatiello, J. J. (1998). Identifying the Time of a Change in a Poisson 

Rate Parameter. Quality Engineering, 10(4), 673. 

doi:10.1080/08982119808919185 

Samuel, T. R., Pignatiello, J. J., & Calvin, J. A. (1998a). Identifying the Time of a Step 

Change with Control Charts. Quality Engineering, 10(3), 521. 

doi:10.1080/08982119808919166 

Samuel, T. R., Pignatiello, J. J., & Calvin, J. A. (1998b). Identifying the Time of a Step 

Change in a Normal Process Variance. Quality Engineering, 10(3), 529. 

doi:10.1080/08982119808919167 

Shewhart, W. A. (1931). Economic control of quality of manufactured product. D. Van 

Nostrand Company, Inc. 

Shiryaev, A. N. (1963). On Optimum Methods in Quickest Detection Problems. Theory 

of Probability and its Applications, 8(1), 22-46. doi:10.1137/1108002 

Timmer, D. H., & Pignatiello, J. J. (2003). Change Point Estimates for the Parameters of 

an AR(1) Process. Quality and Reliability Engineering International, 19(4), 355-

369. doi:10.1002/qre.589 

Zamba, K. D., & Hawkins, D. M. (2006). A multivariate change-point model for 

statistical process control. Technometrics, 48(4), 539–549. 

Zhou, C., Zou, C., Zhang, Y., & Wang, Z. (2009). Nonparametric control chart based on 

change-point model. Statistical Papers, 50(1), 13–28. 

Zou, C., Zhang, Y., & Wang, Z. (2006). A control chart based on a change-point model 

for monitoring linear profiles. IIE Transactions, 38(12), 1093–1103. 

 

 



Texas Tech University, Víctor G. Tercero-Gómez, May 2011 

 

68 

CHAPTER 5. Research 3 

 

Performance of Estimators for Change-Point in Median and Variance Based on the 

P-Value Function of the Median Test 

 

This is the third out of three concatenated efforts of research in change-point analysis for 

trended observations in a time series following a random walk model with drift (RWWD) 

where the random variable is not restricted to normality and might be heterocedastic over 

time.  This paper evaluates the performance of the two p-value-based estimators that used 

the maximum evidence of the median test to determine the moment a time series changes 

its median trend and variance.  Previous research developed the corresponding 

procedures for the change-point estimation, however, the bias and variance of those was 

yet to be measured for different scenarios.  To evaluate the effectiveness of the estimator, 

the p-value-based estimators were compared with the maximum likelihood estimators for 

the mean and variance of normal processes.  Shift size, sample size, location of the 

change-point, and the underlying distribution of the observations were the factors under 

study. 

 

This paper will be submitted to the Quality and Reliability Engineering International 

journal. 
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Abstract 

Change-point analysis deals with the problem of identifying the initial moment of a 

change when a sustained change happened in a series of observations.  Two 

nonparametric change-point estimators for step changes in the median and the variance 

were developed using the p-value of the median test.  The procedures use cluster analysis 

to identify a partition in a time series that gave the most statistical evidence of a 

difference between clusters.  Using extensive simulation, performance of the 

nonparametric estimators was measured and compared with the equivalent parametric 

ones for normal distributions.  Results show that, for shifts in location, the use of the 

nonparametric approach gives estimation with smaller bias and spread when normality 

and homocedasticity is not achieved.  However, for changes in variation, no significant 

improvement was detected.  Based on the results, the paper encourages the use of the 

nonparametric estimator for shift in location, and suggests opportunities to develop a 

nonparametric alternative for spread changes. 

 

Key Words:  Change-point; estimation; performance; variation; median; median test  
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5.1 Introduction 

Change-Point Analysis is a method that attempts to find a point along a set of points that 

divides the set under study in two groups, so that the sequence of points before and after 

the identified one share different characteristic between them, but similar ones within 

them (Taylor 2000).  Similarly, Potts (2003) defines Change-Point Analysis as a method 

created to identify thresholds in relationship between two variables.  Recently, this 

methodology has been used in SPC to identify sustained changes not easily detected by 

common control charts.  Knowing this exact time greatly simplifies the search for a cause 

of variation, and in consequence, might boost an improvement process. 

 

Given a series of independent observations nXXXX ,...,,,..., 11   , the first m observations 

11,..., XX  have median 1M  and variance 2

1 , and last mn   have 2M  and 2

2  where 

 is called the change-point.  Based on the median test (Mood, 1954), Tercero, 

Temblador-Perez, Beruvides, and Hernández-Luna (2010a) developed a clustering 

procedure to estimate   when 21 MM  .  Soon after Tercero, Temblador, Hernández-

Luna, and Beruvides (2010b) applied an artifice used in Conover and Iman (1978) to 

assess for variation.  They used a modification of the original procedure where the p-

value function of the median test was applied to the squared deviations of observations 

from their corresponding cluster mean.  These procedures were proposed as an option for 

cases where the usual assumption of normality and homocedasticity could not be met.  

Nevertheless, the performance of the proposed procedure was yet to be measured. 

 

To evaluate the performance of these two procedures, this paper evaluated, with 

extensive simulation, different scenarios where the size of the shift, sample size, change-

point position, and the underlying distribution were modified to measure the sensitivity of 

the estimators.  Also, to compare results, the parametric counterpart, the MLE of step 

changes in mean and variance of normal observations, was measured.  The following 

section describes the previous work done in change-point analysis until Tercero et al., 

(2010a) and Tercero et al. (2010b).  Section 5.4 describes the experimental design that 

uses Monte Carlo techniques to measure the performance of the estimators and presents 
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the corresponding results.  Finally, some general conclusions and opportunities for future 

research are mentioned. 

 

5.2 Previous Work on Change-Point Analysis 

The concerns of detecting the occurrence of a change-point in a time series initiated with 

Girshick and Rubin (1952).  Using a Bayesian approach, they defined a quality control 

rule to trigger corrective actions when a change in a random process was detected.  

Followed by Page (1954, 1955, 1957), from a frequentist point of view, he development 

the cumulative sum (CUSUM) chart to be able to detect, faster than traditional 

Shewhart's (1931) control charts, the presence of sustained changes. 

 

For many authors, Hinkley (1970) sets the bases to develop MLEs and LR tests to detect 

changes in series of independent random observations, applying the technique to 

normally distributed data.  Since then, Samuel, Pignatiello, and Calvin (1998b), Samuel, 

Pignatiello, and Calvin (1998c), Samuel and Pignatiello (1998), Dabye and Kutoyants 

(2001), Pignatiello and Samuel (2001), Nedumaran, Pignatiello, and Calvin (2002), 

Timmer and Pignatiello (2003) and Liming (2008) worked on MLEs for series of 

observations with different underlying distributions.  On the other hand, Timmer, 

Pignatiello, and Longnecker (1998) worked on a LR test based on the CUSUM chart to 

detect changes in the parameter of a AR(1) process.  Hawkins and Zamba (2005), and 

Zamba and Hawkins (2006) and Batsidis (2010) worked on several LR test to detect 

whether a change has occurred in individual stationary observations.  Aside from the 

MLE, Ghazanfari et al. (2008) proposed a clustering approach based on the probability of 

the data of belonging to one of the two partitions of the series. 

 

For nonstationary observations, Quandt (1958) initiated the work by constructing a MLE 

and LR test for observations following two different regimes in a regression line with 

normally distributed errors.  Later, several LR tests were developed by Kim and 

Siegmund (1989), Zou, Zhang, and Wang, (2006), Perry, Pignatiello, and Simpson 

(2006), Mahmoud, Parker, Woodall, and Hawkins, (2007) and Zhou, Zou, Zhang, and 
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Wang (2009).  All of these tests assumed normally distributed errors and were designed 

to detect changes in the intercept and the slope of trended observations. 

Bayesian statisticians continued the work initiated by Girshick and Rubin (1952).  For 

stationary observations, one could find propositions on Shiryaev (1963), Chernoff and 

Zacks (1964), Barry and Hartigan (1993), Chib (1998) and Moreno, Casella, and Garcia-

Ferrer (2005).  For non-stationary observations, Ferreira (1975) developed a change-point 

estimator and confidence intervals for trended observations with normally distributed 

errors.  Holbert (1982) and Chen (1998) did some development for change-points on 

multiple linear regression models.  Finally, Western and Kleykamp (2004) constructed an 

estimator for the regression coefficients using simulation methods. 

 

Classical nonparametric techniques in change-point analysis initiated with Page (1955) 

with the application of the CUSUM technique for the sign of the difference between 

observations in a time series and a specification.  However, it was Bhattacharyya and 

Johnson (1968) who first constructed a nonparametric test with the explicit idea of doing 

a nonparametric procedure.  Pettitt (1979) introduced nonparametric techniques using 

Bernoulli, binomial and continuous observations.  A year later, Pettitt (1980) proposed a 

CUSUM for zero-one observations, similar to the one proposed in Page (1955).  On the 

other hand, Hinkley and Schechtman (1987) applied the resampling technique, the 

bootstrap to estimate the moment of a shift in the mean. 

 

Also under the nonparametric approach, Ghazanfari et al. (2008) proposed a clustering 

technique to estimate the change point by using search for partitions that optimize the 

within, between, and overall variation of observations.  Inspired by this technique 

Tercero et al. (2010a) developed a procedure that used the median test to divide a series 

of observations into two clusters that presented the most statistical evidence of a 

difference in medians.  Soon after, Tercero et al. (2010b) modified their previous 

approach to assess for variation.  Their approach provided a tool to assess series with 

severe outliers and heterocedasticity, like the Bernoulli approach from Pettitt (1979), but 

without the inconvenience of having to define rules to transform observations into a 

dichotomy (which is a subjective task in many cases).  Nevertheless, the performance of 
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the estimators in both Tercero et al. (2010a) and Tercero et al. (2010b) is yet to be 

measured. 

 

5.3 P-Value-Based Estimators 

The estimator proposed by Tercero et al. (2010a) consisted in the utilization of the p-

value function of the median test to determine the partitions that gave the most statistical 

evidence of a difference between clusters.  This model was developed with the sole 

intention of being robust to outliers, serious departure from normality, and it is believed 

to work with time series where homocedasticity cannot be assumed.  Given a series of

nXXXX ,...,,,..., 11    independent observations with the first m observations ( 11,..., XX

) with median 1M  and variance 2

1 , and the last mn   wit median 2M  and 2

2 , 

assuming that 21 MM  , the procedure to estimate the change-point   consisted in the 

following steps: 

1. Define nct 2 . 

2. Calculate the overall median  . 

3. Define tz  = {number of observations where    xi  and  ti  }. 

4. Define  2/na  . 

5. Obtain tp  for every ct 2  using equation (5.1). 

 

     ttt zZPzZPp  ,min2  

(5.1) 
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6. Obtain the estimate ̂  from equation (5.2). 
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   ctpt
t

 2,argmin̂  (5.2) 

 

Using an artifice taken from Conover‟s Squared Ranks Test for Variances the previous 

procedure is adjusted to assess for step changes in the variance of observations (Tercero 

et al., 2010b).  Hence, given the same circumstances as in the previous procedure, but 

assuming that 2

2

2

1   , the procedure to estimate the change-point   consisted in the 

following steps: 

1. Define nct 2 . 

2. Define partitions  tiX it ,...,1IC
X  and  ntiX it ,...,1OC

X . 

3. Define 
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4. Calculate the overall median  for id ‟s. 

5. Define tz  = {number of observations where    d i  and  ti  }. 

6. Define  2/na  . 

7. Obtain tp   using equation (5.1). 

8. If 2t
 
move observation t  to C

X
O

t
 and define new 1 tt  

9. Repeat steps 2-8 for evety ct 2 . 

10. Obtain the estimate ̂  from equation (5.2). 

 

If the procedure is used for a Phase I analysis, the search is performed over all possible 

partitions ( nc   for changes in location and 1 nc  for changes in spread).  However, 

as Tercero et al. (2010a) and Tercero et al. (2010b) stated, when using control charts and 

assuming no false alarm, when sustained changes are a concern, all points after the first a 

point out of control signal can be considered observations from the new scheme.  In this 

later case, the search can be bounded to c
 
= {first out-of-control point}. 
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5.4 Maximum Likelihood Estimators 

Information without a reference is no knowledge.  Nonparametric procedures are usually 

compared to their corresponding parametric procedure which assumes normally 

distributed data (Conover, 1999b).  To provide a point of comparison for each procedure 

under evaluation, it is suggested to replicate the experimentation for the corresponding 

MLE as defined by Hinkley (1970). 

The MLE to estimate the change-point in a time series, when a parameter of the 

underlying distribution shifts, was first developed by Hinkley (1970).  He proposed the 

evaluation of equation (5.3) over all possible moments t so that the t that maximize the 

function would be the change-point estimator ̂ .  If a parameter is unknown, then it will 

be substituted in the likelihood function by the corresponding MLE that provides a global 

maximum (Bhattacharya, 1994).  All change-point estimators developed later, use 

equation (5.3) as a base. 

 

 
     




T

ti

i

t

i

i xfxftL
1

1

1

0 ,,   (5.3) 

 

To fairly compare this estimator with the ones proposed by Tercero et al. (2010a) and 

(2010b), it is necessary to assume unknown parameters.  As a result, equation parameters 

in equation (5.3) will be substituted by the corresponding MLE of the mean and standard 

deviation of a normal process. 

 

5.5 Experimental Design and Results 

Monte Carlo experimentation was used to evaluate the performance of the estimators 

proposed by Tercero et al. (2010a) and (2010b).  Results of this experimentation were 

compared with the parametric counterpart for normal distributions (see Appendix 1 for 

the MLEs derivation process).  The first part of this section summarizes the proposed 

methodology.  Subsection 5.4.2 presents the results of the experimentation.  At the end, 

Section 5.5 provides some general remarks of the analysis performed and suggest some 

leads for future research 
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5.5.1 Experimentation Procedure 

To perform the sensitivity analysis, the following steps were followed for each scenario 

under evaluation: 

1. Select the scenario to be evaluated with a change-point  . 

2. Generate n random variates according to the scenario selected. 

3. Estimate the change-point ̂ . 

4. Calculate the estimation error  ˆ . 

5. Repeat step 2 to step 4 10,000 times. 

6. Calculate the mean and variance of the error. 

7. Return to step 1 and select another scenario. 

 

This procedure was used to measure the performance of each proposed nonparametric 

methodology and the parametric counterpart for normal distributions, so a comparison 

could be established.  The sensitivity analysis was done by determining the effects that 

changes in the factors used to construct each scenario have on the bias (mean error) and 

the variance of the procedures under evaluation.  For convenience, Matlab
TM

 was used 

for the corresponding calculations (see Appendix 2 for Matlab scripts).  Next subsection 

presents the results of the analysis. 

 

5.5.2 Factors Under Study 

To measure the performance of the estimators, it was necessary to make a sensitivity 

analysis over different scenarios represented by factors such as the shift size, the sample 

size, the change-point position, and the underlying distributions of the observations.  

Table 5 summarizes these factors and the corresponding levels that will be considered 

during experimentation. 

 

For the size of the shift in the mean, it is desired to evaluate the effect that different shifts 

from the mean in term of standard deviations, have over different distributions.  An 

improvement is expected as the size of the shift increases.  Different authors such as 

Ghazanfari et al. (2008) and Hawkins and Zamba (2005) have achieved the desired 
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analysis by measuring shifts no bigger than 3σ.  On the other hand, for the shifts in the 

variance, Samuel et al. (1998b) suggested the use of increments that go from 1.1 to 2.  

Since other distributions besides normal are also going to be studied, a shift of 3 times the 

variance was used to make sure a tendency is detected in the results. 

 

Table 5.  Factor to measure the performance of change-point estimators 

Factors Levels 

Shift in the mean 0.5σ, σ, 1.5σ, 2σ, 3σ 

Shift in the variance 1.1, 1.3, 1.5, 2, 3 

Sample size 20, 30, 50, 100, 300 

Change-point position 
5.04.03.02.01.0 ,,,, ttttt  

Distributions Normal, Double Exponential, Gamma 

 

It seemed reasonable to evaluate the estimator over time series of different sample sizes 

(this research differentiates “trial” from “sample size” since each trial is defined by the 

sample size under study).  Ghazanfari et al. (2008) evaluated the performance of their 

estimator over samples of size 20.  This is suggested as the starting point.  Sample sizes 

of 30, 50, 100 and 300 were also used to look for possible trends.  

 

The position of the change-point was believed to affect the results.  It was necessary to 

know how much information before or after the change-point is needed to have a precise 

estimation.  For different sample sizes, and using the time of the observation as a 

reference, temporal quantiles 0.1, 0,2, 0,3, 0,4, 0.5 are suggested to be evaluated for the 

different sample size under study.  Due to symmetry, quantiles 0.6, 0.7, 0.8 and 0.9 seem 

unnecessary. 

 

There are many possible distributions to perform the evaluation of this research.  Conover 

(1999) said that the Asymptotic Relative Efficiency (A.R.E.) of the median test relative to 

the one-way analysis of variance depended on the form of the population distribution.  

For instance, for normal distributions it was shown that the A.R.E was %642  , and 

for double exponential distribution it was 200%.  Using this precedent, it seems to be 
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convenient to include in the analysis at least these two distributions plus a Gamma 

distribution with shape parameter equal 0.5 (just to check the behavior over a skewed 

distribution with a heavy tail). 

 

The fact that the estimation procedures under evaluation are computationally intensive 

creates two related constraints to perform the experimentation: the number of 

combinations to be evaluated, and the computational resources available.  The first one 

has to do with the fact that there are two estimators for change point in mean that are 

going to be evaluated with 3 factors of 5 levels and 1 factor with 3 levels, giving a total of 

7502353   combinations.  The same situation is found in the analysis of the 

nonpametric and the parametric estimation procedures for changes in variance, which 

gives a total of 1,500 combinations to be analyzed.  To reduce the amount of work, only a 

subset is of scenarios was analyzed.  This subset and the reasoning behind it are described 

in the next subsection. 

 

5.5.3 Construction of Scenarios 

Change-point estimation is known to be a computationally intensive procedure (maybe 

this is why the majority of publications found were from 10 to 15 years old).  The main 

reason might be the fact that all procedures require an evaluation of all observations in 

the sample.  Hence, the combinations of factors to be analyzed will have to be prioritized. 

 

The effect of the shift size has to be evaluated together with several distributions for all 4 

methods.  In this case, sample size can be set to 100 with a true change-point temporally 

located at the 0.5 quantile.  The sample size of 100 is selected due to the facility of this 

number to locate the selected quantiles.  The temporal quantile 0.5 is selected as the 

change-point because it gives a balance case scenario where a change-point is equally 

supported by observations before and after.  This subset of scenarios gives 60435   

combinations. 

 

Also, shift size and change-point position seems to be necessary to evaluate if there is a 

loss of precision as the true change-point value is located at different quantiles of the 
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timeline.  This can be evaluated only with the distribution that is known to give better 

results in the first group of scenarios.  The analysis can be also restricted for a fixed 

sample size of 100 for the same reasons as the previous set of scenarios.  The number 100 

facilitate the location of the selected quantiles for the change-point.  This gives 

80455   more combinations. 

 

Finally, for the sample size, different sizes have to be evaluated with different shift sizes, 

and again, with a fixed change-point position at the 0.5 quantile of the timeline, the 

balanced case.  The analysis can be also restricted to the best distribution found in the 

first set of scenarios.  This adds 80455   more combinations for a total of 

220808060   combinations to be evaluated. 

 

5.5.4 Determination of the Number of Trials 

Experiments performed by Perry, Pignatiello, & Calvin, (2007) used 100,000 samples, 

Chernoff and Zacks (1964) 100 samples, Pignatiello and Samuel, (2001), Ghazanfari et 

al. (2008), Harchaoui, Bach, and Moulines (2009), Samuel & Pignatiello, (1998), Timmer 

and Pignatiello (2003), and Zamba & Hawkins (2006), all used 10,000 experimental 

trials.   In conclusion, 10,000 trials seems to be the median used in literature, and this is 

the number of trials used to measure the performance of the change-point estimator of 

Tercero et al. (2010a) and (2010b).  Since there seem to be no reason for an exact 

number, 10,000 trials give a relatively good reference about the performance of the 

models.  In consequence, each estimation used and amount of random variates equivalent 

to 10,000 times the sample size under study (i.e. for time series with sample size of 100, 

each estimation will use 1 million random variates). 

 

5.5.5 Unrestricted Estimation 

Tercero et al. (2010a) and (2010b) proposed the search space of t to be limited by 

nct 2 , where c is a constant.  When the estimator is integrated with a control 

chart in Phase II of control analysis, under sustained changes, and assuming no false 

alarm, the search for the change-point is reduced by defining c as the moment of the first 
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out-of-control point.  However, if the assumption of no out-of-control points before the 

actual change cannot be supported, or if the control analysis is on Phase I, 1 nc , and 

the search for the change-point is performed over the whole time space of the 

observations.  To evaluate the performance of the change-point estimators, c will be set 

as 1 nc .  Estimators are measured by themselves. All observations are considered, 

and no assumptions about the false alarms is done. 

 

5.5.6 Experimentation Results 

Table 6 shows the results of the first set of scenarios evaluated.  Part (a) compares the 

nonparametric estimator for location changes with the corresponding MLE, and part (b) 

repeat the evaluation for shifts in spread.  Results from each table are two folded.  

Numbers without parenthesis represent the average bias   ˆ  found after 10,000 

experiments of the corresponding scenario studied.  Numbers between parentheses 

represent the standard error of the bias.  For instance, in Table 6 (a), the cell below the 

Shift size in mean 0.5  has two results, -0.2815, and 21.4089.  The first one, -0.2815, corresponds 

to the average bias taken from 10,000 experiments of time series with initial distribution 

Normal(0,1) that suffered a mean change of 0.5σ at time 50 (as described by the quantile 5.0t  in a 

sample of n = 100).  The second value, 21.4089, showed between parentheses on the table, is the 

corresponding the standard deviation of the biases obtained previously. 

 

As can be seen in Table 6 (a), the MLE is unexpectedly robust to nonnormal distributions 

Double Exponential and Gamma(0.5,1).  This result might be due to the fact that, as the 

Normal distribution, these nonnormal distributions are part of the same family of 

distributions, the exponential family.  When the underlying distribution is Normal, both 

MLE and the nonparametric estimator (NPE) for location have similar results (for 

convenience, whenever an NPE or MLE are mentioned without further specification, they 

will be assumed to be the change-point estimators  mentioned in section 5.3 and 5.4).  

The NPE give smaller bias for shifts smaller than 1.5σ, however, the variation is bigger in 

every case.  With Double Exponential distribution, there is a clear advantage of the NPE 
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for shifts smaller than 1.5σ, but although small, the MLE have a smaller bias and 

variations on the other cases. 

 

Table 6.  ˆ  and standard deviation (parenthesis) when n = 100 and 5.0t . 

(a) Changes in Location 

  Shift size in mean 

Estimator Initial Distribution 0.5σ σ 1.5σ 2σ 3σ 

MLE 
for mean 

Normal(0,1) -0.2815 -0.0697 -0.0049 0.0071 0.0054 

(21.4089) (6.568) (2.4566) (1.3644) (0.5101) 

Double Exponential -0.1895 0.0776 -0.0084 -0.0105 -0.0109 

(22.2530) (6.8864) (2.4724) (1.3526) (0.6007) 

Gamma(0.5,1) -1.2169 -0.6075 -0.7337 -0.4186 -0.1851 

(22.6094) (9.1924) (3.4014) (1.7882) (0.6946) 

NPE 
Location 

 

Normal(0,1) -0.2256 -0.0434 -0.0362 0.0137 -0.007 

(21.6221) (9.7513) (4.3466) (2.4014) (0.9948) 

Double Exponential -0.0031 0.0007 0.0261 -0.0186 -0.0122 

(14.7226) (5.4084) (2.7135) (1.7431) (0.9269) 

Gamma(0.5,1) -0.0959 0.0248 0.008 -0.0128 -0.0024 

(13.3846) (4.4627) (2.1614) (1.3288) (0.7317) 

 

 

 (b) Changes in Spread 

  Ratio of change in the variance 

Estimator Initial Distribution 1.1 1.3 1.5 2 3 

MLE Normal(0,1) 0.0959 1.5399 1.4162 1.2789 0.8096 

for variance (39.0302) (33.9186) (26.5761) (10.5749) (2.7690) 

  Double Exponential -0.3833 0.9617 1.1719 2.1376 1.3725 

  (36.0823) (32.6458) (27.6263) (16.0447) (6.6112) 

  Gamma(0.5,1) 0.332 1.0321 1.5548 2.4895 2.7073 

  (34.1332) (32.1174) (29.4121) (22.0616) (12.7095) 

NPE Normal(0,1) -0.831 -0.751 -1.2181 -0.4937 0.1328 

Spread (32.1725) (28.9216) (24.9429) (16.5142) (8.8036) 

  Double Exponential 0.7398 1.7917 2.3827 2.5862 1.7179 

  (32.6689) (30.2861) (27.5876) (20.1528) (12.352) 

  Gamma(0.5,1) -1.6005 -3.0481 -4.6267 -4.9202 -2.944 

  (22.7584) (20.9528) (18.2266) (12.0504) (6.4618) 
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Figure 19 compares results within Table 6 (a).  Part (a) of the figure represents the 

difference between absolute values of the biases from the MLE for location changes 

minus the NPE for changes in mean.  Due to its construction, bars above zero indicate 

smaller bias (hence better performance) of the NPE, otherwise, the MLE is smaller.  Part 

(b) of the figure compares standard error between MLE minus NPEE.  As the bias, bars 

above zero indicate better performance of the NPE, since it means that the standard error 

is smaller.  All following figures can be interpreted in the same manner. 

 

Figure 19, when comparing biases, shows a clear trend.  As the shift size increases, the 

difference between estimators diminishes.  The NPE gave better results for small 

changes.  Also, part (b) shows an expected result.  Although the bias was smaller for the 

NPE in every case, the error variance tends to be smaller only when using the MLE, 

developed for normal distributions, when observations are normally distributed.  The 

Gamma distribution presents the NPE as the clear winner, with the smallest bias and 

spread in almost every situation. 

 

Part b of Table 6 compares the MLE and NPE for variance changes.   The standard error 

of NPE is smaller than the MLE for ratios of change smaller than 1.5.  Only the Gamma 

distribution gives consistently smaller standard errors in every case, however the 

estimation shows the bigger bias.  These results are better illustrated in Figure 20. 

 

Table 7 (a) and (b) indicate that both estimators are sensitive to the position of the 

change-point.  The closer the change-point is to the border of the series the bigger are the 

bias and the spread of the estimation.  Compared to the MLE, the NPE have a poor 

performance for change-points located in the 0.1 quantile.  Only after the 0.2 quantile 

results gets to be similar.  The NPE presents smaller standard errors for changes smaller 

than 1.5σ, and bigger bias in almost every situation.  Part (b) of Table 7 shows that both 

estimators are also very sensitive to the position of the change.  The NPE has a consistently 

smaller variation in every case.  The bias, on the other hand, is better on the NPE for shifts of 1.3 

or less for change-points in quantiles 0.4 and less.  NPE has a smaller bias for the 0.4 quantiles 
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independently of the ratio of change.  For the 0.5 quantile the MLE has smaller bias; and for the 

rest, the bias is similar with a slight advantage for the MLE. 

 

 

 

Figure 19. Comparison of first set of scenarios - Difference between estimator for 

location changes 

 

Figure 20. Comparison of first set of scenarios - Difference between estimators for spread 

changes 
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Table 7.  Second set of scenarios where n = 100 and Gamma(0.5,1) 

(a) Changes in mean 

  Shift size in mean 

Estimator Position 0.5    1.5  2  3  

MLE 
1.0t  

22.4554 7.3005 1.6298 0.0779 -0.1121 

for mean (33.1713) (22.3917) (12.8774) (6.2509) (2.0617) 

  
2.0t  

11.4959 2.0239 -0.1892 -0.3567 -0.1671 

  (27.5529) (14.1444) (6.2499) (2.5622) (0.604) 

  
3.0t  

6.6555 0.5724 -0.5636 -0.4374 -0.1778 

  (24.8772) (10.9396) (4.1525) (1.6717) (0.6263) 

  
4.0t  

2.0574 -0.2765 -0.705 -0.4407 -0.1853 

  (23.1693) (9.2718) (3.113) (1.3052) (0.6704) 

  
5.0t  

-1.2169 -0.6075 -0.7337 -0.4186 -0.1851 

  (22.6094) (9.1924) (3.4014) (1.7882) (0.6946) 

NPE 
1.0t  

26.8344 15.1634 9.9231 6.5093 4.174 

Location (30.5853) (24.924) (20.2264) (15.4621) (10.969) 

  
2.0t  

13.647 4.7489 2.4058 1.5353 1.1099 

  (24.6196) (13.9024) (8.3088) (5.5612) (3.1627) 

  
3.0t  

6.4776 1.622 0.837 0.6421 0.5303 

  (19.2433) (8.648) (4.6389) (3.2192) (2.0253) 

  
4.0t  

2.1637 0.445 0.2359 0.2426 0.2371 

  (15.7041) (6.1486) (3.1708) (2.0219) (1.2635) 

  
5.0t  

-0.0959 0.0248 0.008 -0.0128 -0.0024 

  (13.3846) (4.4627) (2.1614) (1.3288) (0.7317) 
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Table 7.  Continued 

(b) Changes in variance 

  Ratio of change in the variance 

Estimator Position 1.1 1.3 1.5 2 3 

MLE 

1.0t  
39.3728 37.0824 34.5856 27.6256 18.6471 

for spread (34.1013) (33.9804) (33.3672) (31.678) (27.5298) 

  

2.0t  
30.1478 27.5212 24.2826 17.7906 8.9749 

  (33.7361) (32.8943) (31.3738) (27.3888) (19.1681) 

  

3.0t  
19.4096 18.2146 16.0211 10.7647 5.6534 

  (33.8242) (32.2483) (29.9006) (23.764) (14.8587) 

  

4.0t  
10.1912 9.2074 8.798 6.3032 3.846 

  (34.0192) (31.8907) (29.0452) (21.9358) (13.2389) 

  
5.0t  

0.332 1.0321 1.5548 2.4895 2.7073 

  (34.1332) (32.1174) (29.4121) (22.0616) (12.7095) 

NPE 

1.0t  
39.0775 36.6248 34.8572 31.6402 28.3014 

for spread (23.2056) (22.7575) (22.3027) (21.0683) (19.3066) 

  

2.0t  
28.5985 24.6924 21.928 17.8365 15.7446 

  (22.7132) (21.7147) (19.9651) (15.8429) (12.0288) 

  

3.0t  
18.397 14.5719 12.2879 9.1855 8.943 

  (22.6868) (20.4493) (17.9163) (11.8328) (7.5229) 

  

4.0t  
8.5281 5.838 3.6228 2.3837 3.5258 

  (22.7691) (20.309) (17.5013) (10.8039) (5.795) 

  
5.0t  

-1.6005 -3.0481 -4.6267 -4.9202 -2.944 

  (22.7584) (20.9528) (18.2266) (12.0504) (6.4618) 

 

Figure 21 shows that NPE for location changes has a clear disadvantage when the 

changes point is located in quantiles smaller than 0.3.  However, the variation of this NPE 

is smaller for small changes.  Figure 22 the NPE and MLE for spread changes.  Results of 

the bias show that, as the NPE for location changes, the performance of the NPE is better 

for small changes.  This repeated situation gives a practical advantage to the NPE, since 

big changes are not always a problem.  If the changes are big enough, even the naked eye 

can detect them. 
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Figure 21. Comparison of second set of scenarios - Difference between estimators for 

location changes 

 

 

Figure 22. Comparison of second set of scenarios - Difference between estimators for 

spread changes 

 

Table 8 (a) and (b) evaluate the performance over different sample sizes.  Part (a) shows the 

behaviors of the change-point estimators when dealing with location changes.  Surprisingly, the 

evaluation indicates that the NPE has a consistent smaller bias that then MLE in every single 
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case.  This case is almost repeated when looking at the size of the error.  The NPE has the smaller 

error in most cases but two, when samples are 100 and 300, and the shift size is 3 .  Even in those 

two cases, the different is relatively trivial.  Part (b) of Table 8 present good result for the bias 

and the spread of the NPE in almost every single case.  In most cases, the NPE has smaller bias 

and smaller standard error than the MLE when estimating variance changes. 

 

Figure 23 shows previous results.  For location changes, the NPE has smaller bias and variance 

than the MLE.  As the sample size increases, the difference starts to diminish.  However, it is for 

small changes where the NPE perform much better.  For changes in spread, Figure 24, the 

absolute bias of the NPE was similar to the MLE up to samples of size 50, after that point, the 

MLE was more accurate.  The difference of estimation error between estimators favored the NPE 

as the sample size increased, but diminished as the change in variance was bigger. 

 

Table 8. Third set of scenarios with 5.0t  

(a) Changes in mean 

  Shift size in mean 

Estimator Sample 0.5σ σ 1.5σ 2σ 3σ 

MLE
 

20 -0.5754 -0.4231 -0.3828 -0.3578 -0.181 

For mean
 

(5.2894) (3.9868) (2.7712) (1.7969) (0.8042) 

  30 -0.7429 -0.4257 -0.4137 -0.3769 -0.1836 

  (8.0152) (5.5559) (3.4103) (1.9299) (0.7838) 

  50 -1.1236 -0.3907 -0.5879 -0.4547 -0.184 

  (13.0009) (7.5653) (3.7202) (1.7647) (0.7115) 

  100 -1.2169 -0.6075 -0.7337 -0.4186 -0.1851 

  (22.6094) (9.1924) (3.4014) (1.7882) (0.6946) 

  300 -0.4436 -1.0639 -0.8174 -0.4694 -0.1831 

  (37.7173) (7.4241) (2.2821) (1.3738) (0.6726) 

NPE
 

20 0.0038 0.0266 0.0264 0.0384 0.0207 

For location
 

(3.8563) (2.5094) (1.6971) (1.1427) (0.6535) 

  30 -0.0734 -0.0446 -0.0043 0.0037 0.0054 

  (5.6667) (3.3059) (1.9703) (1.3277) (0.7168) 

  50 -0.1804 -0.0994 -0.0122 -0.0356 -0.0113 

  (8.7751) (4.1145) (2.2666) (1.3710) (0.7197) 

  100 -0.0959 0.0248 0.008 -0.0128 -0.0024 

  (13.3846) (4.4627) (2.1614) (1.3288) (0.7317) 

  300 -0.2102 0.0383 0.0402 0.0091 -0.0065 

  (15.6883) (4.0046) (2.1025) (1.3279) (0.7197) 
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Table 8. Continued 

(b) Changes in variance 

  Ratio of change in the variance 

Estimator Sample 1.1 1.3 1.5 2 3 

MLE
 

20 0.2099 0.3168 0.4515 0.4848 0.7346 

For variance
 

(5.8304) (5.7537) (5.5681) (5.2798) (4.6195) 

  30 0.0494 0.3276 0.6053 0.8959 1.0356 

  (9.2669) (9.1084) (8.8356) (8.0221) (6.6158) 

  50 0.2319 0.5087 1.0242 1.3807 1.5506 

  (16.3874) (15.8273) (15.1438) (12.805) (9.4639) 

  100 0.332 1.0321 1.5548 2.4895 2.7073 

  (34.1332) (32.1174) (29.4121) (22.0616) (12.7095) 

  300 -0.9469 3.2836 4.1899 5.9763 3.4688 

  (105.5853) (90.2707) (70.8578) (36.1281) (14.2617) 

NPE
 

20 0.0573 0.0066 0.011 -0.0406 -0.1138 

For spread
 

(3.4393) (3.3382) (3.2936) (3.0316) (2.5670) 

  30 -0.1007 -0.2436 -0.283 -0.4401 -0.511 
  (5.5607) (5.3960) (5.2370) (4.5330) (3.5204) 

  50 -0.2923 -0.6114 -0.8501 -1.1311 -1.3277 

  (9.9268) (9.5325) (8.9027) (7.1541) (4.8184) 

  100 -1.6005 -3.0481 -4.6267 -4.9202 -2.944 

  (22.7584) (20.9528) (18.2266) (12.0504) (6.4618) 

  300 -12.5237 -28.2103 -31.0885 -22.9548 -6.7358 

  (85.0083) (67.3373) (48.0533) (21.8221) (10.2077) 

 

The Median Test is known for its robustness to heterocedasticity.  To check if this desired 

behavior was extended by the NPE estimator for location changes, 10,000 trials were evaluated at 

each combination of Table 9.  Each sample of 100 had two change-point, one change in location 

at the quantile 0.3, and one change in variance at the 0.7 quantile to represent the heterocedastic 

behavior.  As seen in the table, only the NPE stood consistent with the estimation of the change-

point.  The MLE was good for a small change in the variance, but as the change increased, the 

bias got seriously damaged. This situation is illustrated in Figure 25.  
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Figure 23. Comparison of third set of scenarios - Difference between estimators for 

location changes 

 

 

Figure 24. Comparison of third set of scenarios - Difference between estimators for 

spread changes 
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Table 9.  Fourth set of scenarios with a change in mean in 3.0t  and a change in 

spread in '

7.0t  and n = 100 

  Ratio of change in the variance 

Estimator 1.1 1.3 1.5 2 3 5 

MLE 1.1128 2.1221 3.8057 12.1693 32.6483 53.1341 

For mean (8.9487) (11.4765) (15.1608) (24.5200) (30.0799) (19.315) 

NPCP 2.2605 1.9741 1.7383 1.5321 1.4284 1.6766 

For location (11.4024) (11.4878) (11.3097) (11.7218) (12.4928) (13.5221) 

 

 

Figure 25. Fourth set of scenarios - Difference between estimators for location changes 

when heterocedasticity exist. 

 

5.6 Conclusion and Future Work 

Overall, both NPE estimators presented a better performance than the MLE estimators 

when assumptions of normality and homocedasticity were not met.  The NPE for location 

changes gave the best result of all, and based on the analysis, whenever the assumption of 

normality cannot be met, this estimator is recommended over the MLE.  The MLE for 

location changes seemed to have good robustness to normality departures, as long as the 

distribution is symmetrical.  However, for skewed distributions, the MLE fail behind the 

NPE.  Additionally, the NPE is quite robust in heterocetastic situations, even if the 

changes in variance as big as the one presented in Table 9. 
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The NPE for variance changes gave better results with the skewed distribution.  

However, one can conclude by the scenarios studied, that such analysis requires much 

more data (this is usually expected when comparing variance analysis and location 

analysis).  When the performance is compared with the estimator for location changes, 

and based on standard error reduction, time series with 100 observations barely start 

giving descent results when the change-point in located close to the middle.  

Nevertheless, any estimation of change-point for variance shifts, when dealing with 

seriously skewed distribution and no more assumption can be made about the underlying 

distribution, is better performed with the NPE than with the MLE. 

 

Future work should focus mainly on three things: 

1. The surprising behavior of the MLE for normal distributions when departures 

from normality are not so large (when the distribution is at least symmetrical) 

suggest that the MLE could be used as a nonparametric estimator, for both 

location and variation changes. 

2. Evaluate the performance of the NPE for variance changes for bigger samples 

(>100). 

3. Evaluate the performance of other p-value-based estimators.  The good results 

presented in this paper, even thou a low power test such as the median test, 

suggest that opportunity might exist to other more powerful tests.  The cluster 

analysis here evaluated opens the opportunity to applications with the t-test, F 

test, or Mann Whitney test, just to mention a few, as potential candidates for 

better change point estimation (considering some added assumptions). 
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5.8 APPENDIX 1. Derivation of the MLE for of  . 

This derivation was done with the assistance of Dr. Cordero as part of an unpublished 

research proposal presented at the Universidad Autónoma de Nuevo León. 

 

For a series of independent observations                     where the first   

elements follow a          distribution and the remaining a         , the likelihood 

function is defined by the general form: 
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5.8.1 Let       and       be unknown 

The MLE for the unknown means is given by: 
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Independently of  ,   ,    and    , if                  
  

             
  

    .  Also, 

for                
  

               
  

      for all values of  ,   ,    and    .  In 

consequence, equation (5.6) finds its maximum with        and       . 

 

Using these estimators on equation (5.6), and by taking out the constants of the equation, 

the MLE of    is found using (5.9).  
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This can be restated as: 
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Notice that    is independent of    and    when      , therefore no estimation of this 

parameter is required. 

 

5.8.2 Let       and       be unknown 

The MLEs for the unknown parameters besides   are: 
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 (5.15) 

 

For all  ,   ,    and    , if                  
  

             
  

    .  Also, for 

               
  

               
  

      for all  ,   ,    and    .  As a result, the 

loglikelihood function given in equation (5.6) finds its maximum with        and 

      .  A five parameters problem is reduced to a three parameters maximization 

problem. 

 

By obtaining the Hessian matrix H of the parameters   
   and   

 , and evaluating with 

  
     

  and   
     

  as shown in equation (5.16), the minors are      and     , 

proving that the H matrix is defined negative at those points for any value of  , 

establishing    
  and    

  as maximum likelihood estimators, and further reducing the 

problem to a search for  . 

 

 

   
 

     
 

    
   

 
     

 

     
   

 

 
         

 

    
   

 
         

 

     
   

 
  (5.16) 

 

MLEs of equations (5.12-5.15) replace the parameters of the likelihood function (5.6). 
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By taking out the constants,   is found by finding the argument that maximize: 
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5.8.3 Let         and       unknown parameters 

The loglikelihood function becomes 
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By defining      
  y      

 , the partial derivatives of the loglikelihood function are: 
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Equating the partial derivatives to 0, the estimators for the variances becomes: 

  

 
    

         
   

 
 (5.22) 

 

 
    

         
     

   
 (5.23) 

 

Since the Hessian matrix is similar to (5.16) at those points, and the matrix is defined 

negative for all values of   and  ,     and     are proved again to be the MLEs of the 

unknown variances. 

 

On the other hand, to obtain the MLE of  , equation (5.24) has to be solved and proved to 

give a maximum for every value of    ,     and  . 

 

             

             

 

   
       

 

     
           

 

   
 

        

 

   
   

 

     
      

 
 

     

          
 

 

   
      

 

   
   

 
 

     

         
 

 

   
   

 

     
   

(5.24) 

 

This is a far from trivial task that still needs to be done.  If the MLE can be obtained, it 

will be used in equation (5.25), which is similar to equation (5.17) but with different 

estimation for  .  The value of   that maximize the function will be considered its MLE. 

 

           
       

   
   

     (5.25) 

 

Since the estimation of   is still missing the later MLE was not used for the paper 

experimentation.  However, the assumptions of the MLE presented in section 5.8.2 have 
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more accordance with the nonparametric estimator for changes in spread presented in the 

paper. 
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5.9 APPENDIX 2.  Matlab Scripts 

The following scripts were the ones used to perform the experimentation in this paper. 

 

5.9.1 NPE when there is a drift in the location. 

function [tauhat] = NPCP_location(y) 

 

n = numel(y);  %count the number of elements in array y 

M = median(y); %overall median of array y 

 

z = 0 * ones(1,n); %initialize z vector 

c = 0; %initialize counter of obs above M 

ctemp = 0; %initialize temporal counter of obs above M 

for i = 1:n %get number of elemts before t-1 and above M 

    if y(i) > M 

        ctemp = c + 1; 

        z(i) = c + 1; 

    else 

        z(i) = c; 

    end 

    c = ctemp; 

end 

pmin = 100; 

for i = 1:n-1 %get the p-values 

    if z(i) < 1 

        p(i)=min(hygecdf(z(i),n,c,i),1-0); 

    else 

        p(i)=min(hygecdf(z(i),n,c,i),1-hygecdf(z(i)-1,n,c,i)); 

    end 

    if p(i) < pmin %get the point that minimizes p 

        pmin = p(i); 

        tautemp = i; 

    end 

end 

tauhat = tautemp; 

 

5.9.2 NPE when there is a drift in the spread. 

function [tauhat] = NPCP_spread(y) 

 

n = numel(y);  %count the number of elements in array y 

 

pmin=100; %minimum p-value to be used at the end for comparison 
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for t=2:n-2 

    mean_ICC = mean(y(1:t)); %in-control cluster mean 

    mean_OCC = mean(y(t+1:n)); %out-of-control cluster mean 

    for i = 1:t %squared diff ICC cluster 

      diff(i)=y(i)-mean_ICC; 

    end 

    for i = t+1:n %squared diff OCC cluster 

        diff(i)=y(i)-mean_OCC; 

    end 

    d=diff.^2;  %squared diff of values from corresponding cluster mean 

    median_d = median(d); 

    c=0; 

    ctemp=0; 

    for i = 1:t %number of obs above grand median before t and at time t 

        if d(i)>median_d 

            ctemp=c+1; 

        end 

        c=ctemp; 

    end 

    K=c; 

    Ktemp=c; 

    for i = t+1:n %total number of obs above grand median 

        if d(i)>median_d 

            Ktemp=K+1; 

        end 

        K=Ktemp; 

    end 

    if c < 1 

        p(t)=min(hygecdf(c,n,K,t),1-0); %p-value calculation 

    else 

        p(t)=min(hygecdf(c,n,K,t),1-hygecdf(c-1,n,K,t)); %p-value calculation 

    end 

    if p(t)<pmin %search for the minimum p-value 

        tautemp=t; 

        pmin=p(t); 

    end 

end 

tauhat = tautemp; 

 

5.9.3 MLE when there is a drift in location. 

function [tauhat] = MLE_location(y) 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%%%%Change-Point Estimation using the MLE approach%%%% 
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

 

%tauhat = argmax {sum(y[i],1,t)^2 / t + sum(y[i],t+1,n)^2 / (n-t) , t} 

 

n = numel(y);  %count the number of elements in array y 

 

restemp = -realmax; %set to the smallest posible value in matlab 

for t = 1:n-1 

    SS1 = sum(y(1:t))^2; 

    SS2 = sum(y(t+1:n))^2; 

    res = SS1/t + SS2/(n-t); 

    if res > restemp 

        restemp = res; 

        tautemp = t; 

    end 

end 

tauhat = tautemp; 

 

5.9.4 MLE of the change-point when there is a drift in spread. 

function [tauhat] = MLE_spread_ui_sd(y) 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%%%%Change-Point Estimation using the MLE approach%%%% 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

 

n = numel(y);  %count the number of elements in array y 

 

Ltemp = realmax; %set to the biggest posible value in matlab 

 

for t = 2:n-2 

%     u1 = sum(y(1:t))/t; 

%     u2 = sum(y(t+1:n))/(n-t); 

%  

%     ysqr = y.^2; 

%     s1 = sum(ysqr(1:t)); 

%     s2 = sum(ysqr(t+1:n)); 

%      

%     L = (s1-t*u1^2)^t * (s2-(n-t)*u2^2)^(n-t); 

     

    L = ((var(y(1:t))*(t-1)/t)^(t/2))*((var(y(t+1:n))*(n-t-1)/(n-t))^((n-t)/2)); 

      

    if L < Ltemp 

        tautemp = t; 

        Ltemp = L; 
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    end 

end 

tauhat = tautemp; 

 

5.9.5 Instance generator for normal and one change-point 

function [y]=CPinsnormal(n,tau,u1st,s1st,deltaM,deltaS) 

 

% n = sample size 

% tau = change-point position {x[1], ..., x[tau], x[tau+1], ..., x[n] 

% u1st = mean initial value 

% s1st = standard deviation initial value 

% deltaM = amount of change in the mean (in standard deviations): 0 for no 

% change 

% deltaS = ratio of change in the starndar deviation (times): 1 for no 

% change 

 

%%%%%%%%%%%%%%%%%%%%%%%% 

%%%%% Generates Normal variates %%%%% 

%%%%%%%%%%%%%%%%%%%%%%%% 

 

% Vector of parameters 

 

u2nd = u1st + deltaM; %value of the mean after the change 

u1 = u1st * ones(1,tau); %me tan values for each variate before change 

u2 = u2nd * ones(1,n-tau); %mean values for each variate after change 

u = [u1 u2]; %vector of all mean values 

 

s2nd = s1st * deltaS; %value of the stardard deviation after the change 

s1 = s1st * ones(1,tau); %standard deviation values before the change 

s2 = s2nd * ones(1,n-tau); %standard deviation values after the change 

s = [s1 s2]; %vector of all standard deviation values 

 

% Random numbers generation 

 

y = normrnd(u,s,1,n); %creates a vector size n of normal random variates 

 

5.9.6 Instance generator for normal and  two changes 

function [y]=MCPinsnormal(n,tauM,tauS,u1st,s1st,deltaM,deltaS) 

 

% n = sample size 

% tauM = change-point for mean {x[1], ..., x[tau], x[tau+1], ..., x[n] 

% tauS = change-point for std dev {x[1], ..., x[tau], x[tau+1], ..., x[n] 
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% u1st = mean initial value 

% s1st = standard deviation initial value 

% deltaM = amount of change in the mean (in standard deviations): 0 for no 

% change 

% deltaS = ratio of change in the starndar deviation (times): 1 for no 

% change 

 

%%%%%%%%%%%%%%%%%%%%%%%% 

%%%%% Generates Normal variates %%%%% 

%%%%%%%%%%%%%%%%%%%%%%%% 

 

% Vector of parameters 

 

u2nd = u1st + deltaM; %value of the mean after the change 

u1 = u1st * ones(1,tauM); %me tan values for each variate before change 

u2 = u2nd * ones(1,n-tauM); %mean values for each variate after change 

u = [u1 u2]; %vector of all mean values 

 

s2nd = s1st * deltaS; %value of the stardard deviation after the change 

s1 = s1st * ones(1,tauS); %standard deviation values before the change 

s2 = s2nd * ones(1,n-tauS); %standard deviation values after the change 

s = [s1 s2]; %vector of all standard deviation values 

 

% Random numbers generation 

 

y = normrnd(u,s,1,n); %creates a vector size n of normal random variates 

 

5.9.7 Instance generator for Gamma with two changes 

function [y]=CPinsgamma(n,tau,u1st,k1st,s1st,deltaM,deltaS) 

 

%%%%%%%%%%%%%%%%%%%%%%%% 

%%%%% Generates Gamma variates %%%%% 

%%%%%%%%%%%%%%%%%%%%%%%% 

 

% % Parameters 

%  

% n = tamaño de la muestra 

% tau = change-point 

%  

% u1st = initial location parameter 

% k1st = initial shape parameter 

% s1st = initial scale parameter 

%  

% deltaM = size of the change in standard deviations (write 0 for no change) 
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% deltaS = ratio of change in the standard deviation (write 1 for no change) 

%  

% % Calculation of parameters after the change-point 

 

gammaVAR = k1st * s1st^2; %Gamma Distribution variance 

gammaSTD = gammaVAR^(1/2); %Gamma Distribution standard deviation 

 

u2nd = u1st + deltaM*gammaSTD; %value of the location parameter after the change 

s2nd = s1st * deltaS; %value of the shape parameter after the change (std grows 

proportionally) 

 

u1 = u1st * ones(1,tau); %me tan values for each variate beforehe change 

u2 = u2nd * ones(1,n-tau); %mean values for each variate after the change 

u = [u1 u2]; %vector of all mean values 

 

s1 = s1st * ones(1,tau); %scale values before the change 

s2 = s2nd * ones(1,n-tau); %scale values after the change 

s = [s1 s2]; %vector of all scale values 

 

k1 = k1st * ones(1,tau); %scale values before the change 

k2 = k1st * ones(1,n-tau); %scale values after the change 

k = [k1 k2]; %vector of all scale values 

 

% % Random numbers generation 

 

y = u + gamrnd(k,s,1,n); %creates a vector of n random numbers Gamma distributed 

 

5.9.8 Instance generator for Double Exponential with two changes 

function [y]=CPinslaplace(n,tau,u1st,b1st,deltaM,deltaS) 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%%%%% Generates Double Exponential (Laplace) variates %%%%% 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

 

% n = tamaño de la muestra 

% tau = change-point 

%  

% u1st = initial location parameter (Before the change) 

% b1st = initial scale parameter (before the change) 

%  

% deltaM = size of the change in standard deviations (write 0 for no change) 

% deltaS = ratio of change in the standard deviation (write 1 for no change) 

 

% Calculation of parameters after the change-point 
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laplaceVAR = 2*b1st^2;  %Laplace distribution variance 

laplaceSTD = laplaceVAR^(1/2);  %Laplace distribution starndard deviation 

 

u2nd = u1st + deltaM * laplaceSTD; %value of the location parameter after the change 

b2nd = b1st * deltaS;  %value of the shape parameter after the change (std grows 

proportionally) 

 

u1 = u1st * ones(1,tau); %me tan values for each variate beforehe change 

u2 = u2nd * ones(1,n-tau); %mean values for each variate after the change 

u = [u1 u2]; %vector of all mean values 

  

b1 = b1st * ones(1,tau); %scale values before the change 

b2 = b2nd * ones(1,n-tau); %scale values after the change 

b = [b1 b2]; %vector of all scale values 

 

% Random numbers generation 

 

lbound = -1/2; %parameter of a uniform distribution 

ubound = 1/2;  %parameter of a uniform distribution 

r = lbound + (ubound - lbound) * rand(1,n); %generates uniform random variates 

between lbound and ubound 

y = u - b .* sign(r) .* log(1-2*abs(r)); %creates a vector of n random numbers Laplace 

distributed 

 

 

 



Texas Tech University, Víctor G. Tercero-Gómez, May 2011 

 

110 

CHAPTER 6. General Conclusions and Future Work 

 

6.1 Features of this Research 

This research started from the problem of managing living systems.  For a system to be 

managed, it needs to be controlled, and control charts are a known way to assist in this 

activity.  Nevertheless, the facts that control charts are not capable of telling the initial 

moment of a sustained change makes the identification of assignable causes of variation a 

difficult task, mostly if living systems, as stated by Bertalanfy (1973), exhibit non normal 

behavior and trends.  Dealing with the identification of sustained changes in series of data 

and the estimation of the initial moment of a change is known as the change-point 

problem.  A literature review revealed that several approaches exist to estimate a change-

point, but an estimator capable of dealing with random walks with drift models (such as 

the ones found in economic systems), with nonnormal and heterocedastic behavior was 

yet to be developed. 

 

To address the problem under consideration, and given a time series following a random 

walk with drift model, this research was divided in three smaller concatenated ones: (1) 

development of a change-point estimator for changes in the drift, (2) development of a 

change-point estimator for changes in the variance of the random walk, and (3) 

evaluation of the performance of both models against their corresponding parametric 

equivalent.  The first two were done to prove feasibility, and the last one to prove the 

performance against a parametric counterpart. 

 

The first change-point estimator combined the method of cluster analysis proposed by 

Ghazanfari et al. (2008), and the median test proposed by Mood (1954) to create an 

estimator robust to serious departures of normality and heterocedastic variance in a way 

not yet seen in literature reviewed.  The procedure consisted in the evaluation of all 

possible partitions in a time series where each pair was evaluated using the Mood‟s 

(1954) median test.  The moment in time that gave the minimum p-value after a median 

test applied to the corresponding pair of partitions was considered to be the estimator of 

the change-point.  To prove feasibility of this approach, a validation exercise was 
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presented with some generated data and a previously known change-point.  Additionally, 

when looking for sustained changes in a Phase II control chart, if a no false alarm can be 

assumed, the search procedure could be reduced by initiating the search from the first 

out-of-control point. 

 

The second change-point estimator used an artifice proposed by Conover & Iman (1978) 

where a test for variance was transformed into a test for location.  As a result, the later 

methodology was used to estimate the moment in time when the variance changed.  The 

process consisted in evaluating all possible partitions.  However, before applying the 

median test, the corresponding partition mean was obtained and used to transform the 

data into squared differences of each value and the corresponding mean.  When the 

transformation was completed, the median test was applied.  The change-point estimator 

was the moment in the time series that minimizes the p-value when partitions were 

evaluated.  As the later estimator, feasibility was proved by the application of a numerical 

exercise with generated data and controlled change-point. 

 

To evaluate the effectiveness of the proposed estimators, a comparison was made with 

the MLE estimator.  The MLE theory for a change-point was developed by Hinkley 

(1970), and its methodology was used as a point of comparison.  Section 5.8 gives a 

detailed view of the calculation used in the derivation of the corresponding MLEs for 

mean and variance changes.  Using extensive simulation, the analysis evaluated all 

estimators with different distributions (Normal, Gamma and Double Exponential), 

change-point locations (at quantiles 0.1, 0.2, 0.3, 0.4 and 0.5), shifts in location (0.5σ, σ, 

1.5σ, 2σ and 3σ), shifts in the variance (1.1, 1.3, 1.5, 2 and 3), and sample size (20, 30, 

50, 100, 300).  Results suggested that, although there is a noticeable robustness of the 

MLE from departures of normality, the nonparametric estimators had smaller error and 

variation during the estimations, mostly when hetorocedasticity exist. 

 

Overall, the research provides two novel approaches for change-point estimation capable 

of dealing with situations where normality and homocedasticity cannot be achieved.  The 
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features of the developed estimators are considered to have practical importance in the 

analysis of living systems where the common assumptions are not always met. 

 

6.2 Findings from this Research 

Based on the four hypotheses exposed in the first chapter in this dissertation, the 

following conclusions were obtained: 

 Conclusion of Hypothesis 1: During research 1, the p-value function of the 

Median Test used with a clustering analysis resulting is a feasible estimator ̂  for 

the change-point in a time series where the unknown time τ sets two partitions 

following random walk with drift models but with different drifts.  

 Conclusion of Hypothesis 2: The cluster analysis was used together with the p-

value function of the median test applied to the within cluster squared deviations 

(each value minus the corresponding cluster mean).  It was proved to be a feasible 

estimator ̂  for the change-point in a time series where the unknown time τ sets 

two partitions following random walk with drift models but with different 

variances in the corresponding random variable. 

 Conclusion of Hypothesis 3: The bias and spread of the nonparametric change-

point estimator developed for shift in location (or drift if a RWWD model) are 

smaller than the corresponding MLE when the assumptions of normality and 

homocedasticity are not met. 

 Conclusion of Hypothesis 4: The results are mix.  The proposed nonparametric 

estimator for the change-point when there is a difference in spread gave better 

results than the parametric estimator developed for normal distributions.  

However, the bias and spread of the nonparametric change-point estimator are 

smaller than the parametric one only when the distribution was skewed and the 

number of observations in the series was smaller or equal than 50.  Results of 

Chapter 5 showed smaller variance in every case, but the bias tends to grow with 

samples bigger than 50. 

 

Three out of 4 hypotheses were fully rejected.  The nonparametric estimator for shifts in 

location proved to be feasible and have a good performance.  On the other hand, the 
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nonparametric estimator for shifts in variance proved to be feasible, but had performance 

problems when dealing certain scenarios. 

 

When performance was measured, results were compared with two change-point MLEs 

for observations following a normal distribution, one for changes in location, and the 

other for changes in spread.  In Chapter 5, the MLE used for location changes had a 

relative small bias when the Double Exponential distribution was used, but poor 

performance for Gamma.  For Double Exponential, a symmetric distribution, results were 

similar to the NPE under evaluation.  The variance of the error was bigger than the NPE 

for small changes, but for one standard deviation and more, the behaviors were similar.  

These results were not expected, and suggest that maybe, this MLE that assumes 

normality might be used as a NPE when observations had at least symmetrical 

distributions. 

 

Performance results also indicate that the NPE for location changes had smaller standard 

errors than the MLE studied for location changes when dealing with small changes 

(smaller than one standard deviation).  Practical application of these estimators becomes 

critical when changes are small, not easily perceived empirically by an analyst. 

 

The NPE for spread changes did not performed as well as the NPE for location changes.  

The former, has larger variance and bias.  However, when the Gamma distribution was 

used, a comparison with the corresponding MLE for normal observations showed that the 

NPE has smaller variability in every case and smaller bias for samples of 50 or less. 

 

Additionally, at the beginning of the research, it was not only proved that the median test 

can be used to estimate the time of step changes in time series, it provided evidence that 

the p-value of a test can be used as an estimator, opening a new field of research for other 

p-value-based estimators.  Also, the fact that the MLE for location changes assuming 

normally distributed observations was quite robust to non normal data suggests a need for 

a future study where the MLE is a candidate for nonparametric estimation. 
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6.3 Future Research Needs 

According with the results presented in this dissertation, opportunities for future research 

can be summarized as: 

1. Application of other tests to estimate the time of a change in time series.  This 

dissertation explored the use of the median test.  It proved to be feasible and 

capable of giving good results besides the low power of the test.  Other more 

powerful tests such as the t-test, F-test, and several other nonparametric 

procedures could be used in the same manner (adding their corresponding 

assumptions) and might give better results due to their bigger power. 

2. The use of other tests for location to estimate the time of a change when a drift in 

variance occurred in a time series.  The development of the second estimator 

proved that location techniques can be implemented to assess for variance 

changes.  Nevertheless, because of the mixed results obtained with the median 

test, it is reasonable to use other test for locations that might give better results.  

Most nonparametric tests depend on samples sizes evaluated in tables used to 

calculate p-values.  To avoid this problem, rank transformation could be evaluated 

together with a t-test, so the sample size of time series is not restricted. 

3. Evaluation of the MLEs as nonparametric estimators.  Nonparametric statistics is 

not bounded to variable transformations.  It is perfectly feasible to use existing 

parametric test to evaluate non normal data, as long as the performance is 

acceptable.  The MLEs evaluated in this dissertation proved to be quite robust to 

non normal data.  Hence, they seem to be good candidates to be nonparametric 

estimator as well.  An exhaustive evaluation is still needed. 

4. Evaluate the use of smoothing techniques to improve the estimation procedure.  It 

might be possible that if the p-value function can be smoothed, an analyst does 

not need to test every point.  This is especially useful when dealing with censored 

data.  Additionally, it is desired to see if the smoothed p-value function reduces 

the time it takes to make estimation or if it increases the accuracy of estimations. 

5. Evaluate if the application of utility functions assists the detection of practical 

significant changes instead of only statistical significant ones.  When analyzing 

data, it is useful to distinguish from practical significance, and statistical 
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significance.  Statistical significance is easily evaluated with the p-value.  

However, practical significance is restricted to the knowledge of utility of the 

decision maker.  If this knowledge could be mapped and used in a study, practical 

impact might be analyzed as well. 

6. Construction of estimators for multiple change-points.  Parameters in time series 

might change not only once, as assumed in this research, but twice or more.  If the 

number of changes is known, an extension of the proposed models to situations 

where multiple changes occur might be done by determining the clusters that give 

the most statistical evidence of a difference between clusters, and p-value 

functions can be used as the separation criterion for such analysis.  If the number 

of changes is not known, a nested cluster analysis for one change-point can be 

used.  After a change-point is estimated, the analysis can be repeated within each 

new partition.  Estimation might be combined with tests to evaluate significance, 

and a procedure should be developed to avoid, or at least minimize, the masking 

effect (where the presence of one change misleads the estimation of another one 

during the nesting process). 
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GLOSSARY 

 

CUSUM: Cumulative Sum 

GDP: Gross Domestic Product 

ICC: In-Control Cluster 

ITESM: Instituto Tecnológico y de Estudios Superiores de Monterrey 

LR: Likelihood Ratio 

MLE: Maximum Likelihood Estimator 

NPE: Nonparametric Estimator 

OCC: Out-of-Control Cluster 

SPC: Statistical Process Control 

TTU: Texas Tech University 

UANL: Universidad Autónoma de Nuevo León 


