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Abstract 

 The financial Success of any business is dependent on the amount of value it can 

deliver to its customers. Before the mid 1900s most organizations had a one dimensional 

focus as they concentrated on cost only. However rapid growth in technology and market 

globalization have led to a different scenario altogether and these days, in order to 

materialize potential financial gains, businesses are required to focus on other dimensions 

of value addition as well. The problem lies with the fact that performance improvement 

with respect to other aspects of value addition like customer service, timely delivery, and 

functional quality tends to increase cost. And increasing cost will more than likely drive 

the customer away. This is exactly why supply chains have assumed a critical role in 

today’s economy, because efficient supply chains lead to lower operating costs, which 

gives management some extra space to invest in improvement initiatives without actually 

increasing the final price of a product or service. This relationship between supply chain 

efficiency, cost, and performance improvement has led to a lot of research in this field 

over the past 15 to 20 years and this is also the primary motivation behind this thesis; 

where we have attempted to develop a framework for improving supply chain efficiency 

with respect to product quality and timely delivery by means of synchronization. 
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Chapter 1  

Introduction 

1.1 Motivation 

Over the years business activity has been evolving at an unimaginable rate. Multi-

billion dollar enterprises and corporations producing countless products and services have 

come into existence from humble beginnings. Due to gradual growth in demand, 

production capability, advancement in technology, increasing business acumen, and 

rising customer expectations, markets continually became more competitive and 

demanding. In a race for both survival and growth, competitors fuel research initiatives 

aimed at development of improvement strategies and management methods which would 

lead to an optimal solution. Although an “Optimal Solution” may never be achieved, this 

race to be better has lead to the development of various management philosophies which 

have certainly helped to improve the way different forms of business have been 

conducted over time. Frederick W. Taylor’s “Scientific Management” to W. Edwards 

Deming’s and Joseph Juran’s philosophies leading to “Total Quality Management” which 

arguably acted as a base for the development of present day improvement and 

management philosophies / methods like Statistical Process Control, Supply Chain 

Management, Six Sigma, and Lean. Although having different names and somewhat 

different apparent applications, all these philosophies / methods are interrelated, since 

their ultimate goal is to make the system more efficient, reduce the cost and enhance the 

quality of both the products and services being delivered. The existence of this 

relationship and the need to achieve optimal performance in this market driven economy 

is the primary motivation behind this thesis.       
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1.2 Importance 

The supply chain is an integral part of any business these days. Be it a 

manufacturing enterprise or a service company, the supply chain plays a critical role in 

efficient information flow, value addition for all the stakeholders and timely delivery. It 

can be defined as a network of organizations that are involved, through upstream and 

downstream linkages, in different processes and activities that produce value in the form 

of products and services in the hand of the ultimate consumer (Christopher 1992 [23]). 

This network obviously has a lot of importance for any corporate entity in this fast-paced 

information technology driven global market, since it directly affects the achievement of 

financial as well as strategic goals. 

 

1.3 Problem Statement 

In simple words a supply chain is a network of diverse processes that add value to a 

product or service. Generally these processes function both in series and parallel to 

deliver the desired results (i.e., promised or expected quality/specifications) in a timely 

manner. This is exactly why a supply chain is sometimes referred to as a Value Chain. 

This makes it very clear that the primary objective of a supply chain network is Value 

Addition for all the stake holders. All other objectives that one could think of can easily 

be categorized under the umbrella of value addition. Before going into further detail, 

delineation of the term ‘value addition’ is necessary. Logically, value addition for all 

stake holders is primarily a derivative of value delivery to the customer. Johansson et al. 

(1993 [24]) express the value delivery of a business in terms of a simple equation: 

Total value = (Quality x Service level) / (Costs x Lead time) 
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This implies that superior quality and service level, and lower costs and delivery time 

lead to better value addition.  

If we consider a constant level of service, quality and lead time improvement efforts 

will be more crucial to value enhancement since such efforts will definitely reduce the 

costs in the long term. Towill ([25]) also advocates that effective engineering of cycle 

time reduction always leads to significant bottom line improvements in manufacturing 

costs and productivity. Keeping this perspective in mind it can be easily deduced that in 

order to improve manufacturing supply chain performance (i.e. deliver the expected 

value) the organization must set eye on two primary goals: 

- Quality Enrichment 

- Timely Delivery  

Achievement of both these objectives is a direct derivative of the manner in which the 

value addition processes, constituting the supply chain network, are being controlled. The 

interesting fact is that neither of these two objectives, if achieved alone, helps achieve the 

desired level of value addition. This necessitates simultaneous achievement of both. 

Hence, in order to achieve superior supply chain performance, we need to develop a 

quality and delivery performance measurement and improvement framework for all the 

processes in the chain.  
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Chapter 2  

Literature Review 

Let us just start with the concepts of quality and supply chains. In simple words 

quality is the level of customer satisfaction achieved from a product or service. Different 

authors give various definitions of quality. All of them are similar and in essence quality 

is a measure of customer satisfaction.  There are different quality improvement strategies 

which date back to early 1900s, with Total Quality Management and Six Sigma being the 

most prominent and latest ones. Supply chain, on the other hand, can be defined as a 

network of organizations that are involved, through upstream and downstream linkages, 

in different processes and activities that produce value in the form of products and 

services in the hand of the ultimate consumer (Christopher [23]). This network obviously 

has a lot of strategic importance for any corporate entity in this fast paced information 

technology driven global market.  

Efficiency of supply chain and quality of products/services are among the major 

factors that directly affect the achievement of financial as well as other strategic goals. 

That is exactly why both these subjects have attracted a lot of research work and 

especially in the past ten to fifteen years researchers have tried to develop / model 

integrated management systems by applying the concepts of Total Quality Management 

and Six Sigma to traditional management systems and business functions like supply 

chain, marketing, finance, human resource etc. The primary goal of such research, in 

most cases, has always been process improvement which leads to higher quality and 

lower cost.  
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2.1 Are Six Sigma Tools Appropriate for Use in a Supply Chain?   

Kanji and Wong [26] have contributed a lot to the subject of supply chain 

management. They developed a business excellence model for supply chains. The actual 

model is primarily based on the principles of Total Quality Management. They explore 

the relationship between TQM and SCM, and in doing so put light on TQM from two 

perspectives. According to them, in any organization the top management, the middle 

management and the operational management work in coherence to satisfy the needs of a 

customer. This is the vertical view or internal partnering. On the other hand that 

organization also has to rely on the performance of the upstream and downstream 

partners in the chain. Hence to meet the customer needs, integration and synchronization 

of all the entities in supply chain is required. This is the view advocated by SCM; 

however this is something that has also been referred to as horizontal view of TQM or 

external partnering by Kanji and Wong.  According to them supply chain is basically an 

organized structure of suppliers and organizations. Suppliers have their employees and 

business segments as internal customers and downstream organizations as their external 

customers. Organizations also have their employees and business segments as their 

internal customers and other organizations and individuals as their external customers. 

Based on this ultra dynamic nature of supply chains, they identified inadequacies in the 

current SCM models. The major ones being: 

- Cooperative and quality culture does not exist or is lagging behind in 

development. 
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- There is no emphasis on non-logistical information sharing and cross functional 

integration. Moreover there is a lack of leadership to drive such integrative 

initiatives. 

- Customers’ cost and quality requirements are not being addressed with 

product/service delivery being the only major agenda.  

In order to address these inadequacies they proposed a new SCM model with the 

following salient features. 

- Leadership committed to address the identified inadequacies in previous SCM 

models. 

- Focus on the customer (where customer means both internal and external 

customers). 

- Integrated process and information management. 

- Continuous improvement. 

According to Kanji [27] this model is coherent with the basic theme of Six Sigma which 

provides us with effective business process measurement tools, a very useful problem 

solving methodology, and an emphasis on continuous improvement. Hence the use of six 

sigma tools for the analysis and improvement of dynamic systems like a supply chain is 

justified, since doing so makes the performance measurement process much more 

objective and simpler.   

 

2.2 Relevant Work  

A very few researchers have explored the applicability of quality tools in supply 

chain. Most of the work done on supply chain performance measurement and 
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improvement has primarily concentrated on a local problem in supply chains and those 

who have explored global applicability have produced research that is very subjective in 

nature. Such work has primarily been based on the use of simulation and survey 

techniques for the development of performance indicators. The problem with this 

approach is that the performance indicators, even if given a numerical value on some 

measurement scale, are basically subjective in nature. As an example let us have a look at 

the work done by Lo and Yeung [28]. For the purpose of analysis they divided supply 

chains into groups of two consecutive entities in the network. In each group one entity 

has been regarded as supplier and the other as buyer / customer. Emphasis has been put 

on the importance of supplier selection, supplier development and supplier integration. 

For describing supplier quality management ten critical factors have been identified 

based on industrial surveys and literature review. Those factors are then clustered into 

three major emphasis groups mentioned earlier. Similarly Seth, et al., [29] developed a 

framework for measuring and improving quality of service in supply chain. The basis of 

their framework is gap analysis. The authors, based on their literature review, surveys and 

interviews, state that big communication gaps exist among all the entities in a supply 

chain; these gaps must be reduced, especially between neighboring entities. The gaps are 

then categorized into forward gaps and reverse gaps. Forward gaps refer to 

miscommunications or errors on the part of upstream entity among a set of two 

neighboring entities, and reverse gaps are vice versa. These gaps cover both inter- and 

intra-organizational transactions in the supply chain. Impact of various factors such as 

economic, politico-legal, technical, socio-cultural, competition, demographics on these 

communication gaps has also been explained. Then the core of the paper presents a 
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methodology for the measurement of gaps using tools such as quality loss function and 

data envelope analysis by developing performance indicators. Though such performance 

indicators are global when it comes to applicability but they are too subjective in nature, 

which means that their applicability is heavily dependent on the interpretation of the user. 

According to Pande and Holpp [1] the primary advantage of the six sigma philosophy is 

that it provides us with an objective measurement scale for a wide variety of processes 

and systems which implies that its applicability is global in nature and independent of 

user’s interpretation.  

We already know that this thesis aims at using six sigma tools for supply chain 

performance measurement and improvement. So we have classified our framework into 

two sections, i.e., performance measurement and performance improvement. 

Performance measurement framework is primarily based on the work done by Harry and 

Schroeder [2] and Breyfogle [3], who are among the pioneers of six sigma theory and 

major proponents of its practice. Graves [4, 5] and Dasgupta [6] extended their work, 

which was actually meant to be used in a manufacturing setting, by translating the 

application of six sigma tools in a supply chain scenario.  Graves is actually the first one 

who suggested the use of a six sigma metric called rolled throughput yield for supply 

chain performance measurement.  

  The performance improvement framework focuses on lead time compression and 

yield reliability enhancement by means of variability reduction and supply chain 

synchronization. Variability reduction has been a topic of huge interest over the past two 

decades and a lot of work has been done on this topic especially in the manufacturing 
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sector. Research work by Hopp et al. [7, 8], and Adler et al. [9] signifies the critical role 

of variability reduction in lead time compression and yield enhancement.    

Since statistical process control and design tolerancing are highly correlated to 

variability reduction. These concepts provide us the foundation for developing the 

performance improvement framework. Juran et al. [13], Kane [14], and Boyles [15] have 

given a thorough explanation of process capability indices. Evans [16, 17, 18] and Graves 

[19] have presented an extensive review of design tolerancing concepts. Harry and 

Stewart [20, 21] have also explained the design tolerancing concepts but from a six sigma 

perspective. Hasiang and Taguchi [22] have given a detailed review of the Taguchi 

methods. Inputs from the aforementioned papers act as building blocks for the 

improvement framework which is primarily an extension of the work done by Narahari et 

al. [10] and Garg et al. [11, 12]. Narahari and Garg take six sigma design tolerancing 

approach by using process capability indices for analyzing the supply chain performance 

and designing synchronized supply chains. However their framework focuses just on 

finding optimal variance of delivery time, that too with some limitations, whereas we 

have extended their work by developing a framework for finding optimal variance and 

mean for both delivery time as well as yield without any limitations present in their 

framework. 
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Chapter 3  

Performance Measurement Framework 

It must have become clear by now that the performance of a supply chain is 

critically dependent on both consistent quality and timely delivery. A defective product 

or service does no good to satisfy the customer even if delivered exactly on time. Same is 

the case for vice versa. Quality in general is defined as a measure of customer satisfaction 

but we will be using a different definition since, in supply chain context timely delivery 

also plays a critical role in achieving the desired level of customer satisfaction.  So in the 

subject scenario, when we use the term quality we are actually referring to the measure of 

functionality of a product. Similarly a defect, in the current scenario, would mean that a 

process (or a network of processes) was unable to either deliver a unit of product within 

the specified delivery window or achieve the desired functionality in a unit of product. 

Keeping the definitions of quality and defect in mind, it is easy to realize that we need a 

suitable metric or performance indicator that can be used to measure the ability of defect 

free delivery or production in a supply chain setting. Although various performance 

metrics are conventionally used to monitor production in a manufacturing environment, 

only one of those, “six sigma rolled throughput yield (RTY)” seems to be appropriate for 

our purpose.          

In general terms, RTY estimates the probability that a unit passes through a process 

defect-free. RTY is recommended by leading Six Sigma proponents Harry and Schroeder 

[2], and Breyfogle [3] because: 

- It seems to be highly correlated with scrap, rework, warranty, and customer 

satisfaction. 
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- It is relatively easy to compute from data easily obtainable in many processes. 

RTY itself provides us with a way to quantify the performance, however in order to 

monitor the performance of the supply chain with respect a quality characteristic, be it 

time or some functional/physical attribute, a benchmark can be set for both the cycle time 

and quality once both the measures have been modeled based on the type of product or 

service. Six sigma rolled throughput yield (RTY) control charts can be employed to do 

so.  

Over the next three sections we will discuss RTY’s relationship with scrap, rework, 

warranty, and customer satisfaction, which acts as a basis for its use in a manufacturing 

supply chain. Some light will also be put on the reasons for RTY’s superiority, as a 

quality measurement metric, over a conventional yield figure. Moreover its suitability 

and effectiveness in a supply chain setting shall be justified. In sections 3.4 the 

computation process for RTY, DPU and corresponding Sigma level has been explained. 

Section 3.5 contains detailed information on constructing RTY and DPU control charts, 

to check if the process is in statistical control. In the last section we demonstrate the 

effectiveness of using RTY control charts by using an example based on real data. 

 

3.1 Relationship with Scrap, Rework, Warranty, and Customer 
Satisfaction 

If RTY is the probability of passing through a process (service or production) 

defect-free, its connection to scrap and rework is quite straight forward. An increase in 

scrap or rework (only rework in case of a service) at any stage in a supply chain implies 

that there is an increase in the percentage of units that encounter problems in production. 
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This obviously leads to a reduction in the probability of a unit completing the process 

defect-free and consequently a decline in RTY. 

The connection of RTY with warranty and customer satisfaction is not very straight 

forward but it definitely exists. For example, an internal Motorola study [2, page 10] 

found that units reworked in production often encountered problems during early use by 

customers, even though the defects identified were corrected during production. This 

suggests a general principle [4] that rework often stresses a unit in nonstandard ways and 

tends, in general, to predispose: 

- A product to early failure and  

- A service to provide a less than satisfactory experience for a customer.  

A similar relation was found in semiconductor manufacturing: Denson [30, page 323] 

reported that the reliability of computer chips “is highly statistically correlated with the 

yield of the die or the fraction of the die that is functional upon manufacture”. This 

observation suggests another general principle [4] that circumstances creating detected 

problems in some units may produce undetected damage on other units. When delivered 

to customers, these weaknesses often contribute to: 

- Early failure and/or  

- A decrease in the value derived by customers from a service. 

 

3.2 Suitability of RTY for Performance Measurement in a Supply Chain 

Harry [2] and Breyfogle [3] define RTY as a product of the throughput yields of all 

the steps in a process. 
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                                                             3.1  

Where Yi is the throughput yield of step i. From Eq. 3.1 it is evident that RTY cannot 

always be taken as a proportion of some number of units especially in case of a process 

network having parallel entities. To understand why, consider a product consisting of a 

metallic blade produced in one step that runs in parallel with another that produces a 

wooden grip; the blade  is then assembled with the grip at a third step. To simplify the 

explanation, assume very poor processes with a yield of 30% for the production of 

blades, 40% for the production of grips, and 100% for the assembly step. As per Eq. 3.1, 

RTY for this process is 0.30 x 0.40 = 0.12 or 12%. If all defective units are reworked 

acceptably and if the blades and grips were paired randomly, then only 12% of 

assemblies have not been reworked; the other 88% of units have had either the blade or 

the grip or both reworked. In this case, the RTY of 12% is, indeed, a legitimate 

percentage of the units produced. However if no rework is done and all defective units 

are scrapped, what will be the situation then? To get 100 good assemblies, we will have 

to start with material for 333 blades, because 30% of 333 give us the 100 we need. 

Similarly, we will need material for 250 grips in order to get 100 good ones. The RTY is 

still 12.5%, but what is it a percent of? Graves [5] answers this question by stating that 

even when we have parallel entities, RTY is still a meaningful indicator of process 

quality but in such a scenario it should not be interpreted as a percentage of the actual 

count of defects or defective units.  

Eq. 3.1 also suggests that RTY has a reasonable correlation with warranty and 

customer satisfaction, based on the discussion in the previous section. Moreover, the 
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logic of that discussion suggests that this correlation may hold roughly independent of 

whether the different steps in the process were performed sequentially or in parallel. 

However, Eq. 3.1 cannot be used to give a sharp estimate of direct scrap and rework 

losses unless the process is strictly sequential. Since a supply chain is essentially a 

combination of sequential and parallel structures, the notion of rolled throughput yield is 

extremely relevant in this context. 

 

3.3 Why is RTY Better than Other Commonly Used Yield Figures? 

The RTY considers all losses at all steps in the process. Many managers only focus 

on “final yield,” the percent of units that pass final inspection at the end of a production 

line. However, final yield can often be reduced by tightening in-process inspections and it 

does not give us any idea about the inefficiencies in the upstream steps. Harry and 

Schroeder [2, page 82-83] insist that it is important to include all waste at all steps. For 

example, they describe an injection-molding step with 10 cavities producing 5 good cups 

and 5 defective. The operator tosses the defective cups back into the supply hopper, from 

which they are used to make other cups later. The five good cups are all judged good at a 

subsequent inspection. A traditional yield figure for this step would be 100% (of the units 

inspected later). If the yield for this step is reported as 100%, these injection-molding 

problems disappear into Feigenbaum’s “hidden plant” [31, page 46-47]. According to 

Feigenbaum, sometimes the hidden plant amounts to 15 – 40 % of the capacity and this 

hidden organization exists because of poor quality, i.e., to rework unsatisfactory parts in 

the factory; or to undo errors in invoicing and data flow and customer services; or to 

retrofit rejected products from the field. If serious and well directed effort is put into 
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getting rid of such in process nuisances, practitioners may end up achieving significant 

improvement in plant capacity, quality and cost.  Since RTY makes this hidden plant 

visible, it is a better measure of process quality when compared to a conventional yield 

figure.  

 

3.4 Computation of RTY, DPU and Corresponding Sigma Level 

The Yi in Eq. 3.1 can be calculated from either the count of defects or units 

defective. Graves [5] estimated Yi from count of units defective, calling it “total process 

yield”. Harry and Schroeder [2] and Breyfogle [3], on the other hand, recommend using 

the count of defects for the same purpose. 

 

Using Count of Defects 

If estimating Yi using count of defects, Poisson probability of zero defects will be 

most suitable to model the system, i.e. 

                                                                3.2  

Where Ui is the defects per unit for step i. The above equation can be rearranged to the 

form: 

  ln                                                     (3.3) 

Using Units Defective 

 If we use ‘units defective’ instead of ‘count of defects’, we are indirectly implying 

that for each unit there is only one opportunity for defect. Binomial distribution will be 

most suitable to model such a system. 
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1  

 
                                             3.4  

Moreover the fraction non-conforming or defect per opportunity (DPO) for each step ‘i’ 

in such a case would be: 

  

Since in our case the number of opportunities is equal to the number of units 

 

Since DPO is equal to DPU it will not be a bad approximation to use Equation (3.2) to 

compute Yi. 

 

Computing RTY and Sigma Level 

Once we have the yield figures for all the steps in a process, RTY can be easily 

calculated using Equation (3.1). RTY can then be used to compute the total DPU “UT” 

for the whole process as follows. 

  ln                                                           3.5  

To get a sigma level corresponding to the computed RTY, we simply need to normalize 

the RTY and compute the short term Z value against it as follows.  

                                                           3.6  

Where ‘m’ is the number of process steps. The normalized probability of a defect will 

be 1   . A Z-value corresponding to this figure will give us ZST, and the sigma 

level will be: 

   1.5                                            3.7  



Texas Tech University, Ammar Ahmad, August 2011 
 

17 
 

1.5 is added to   to allow for shifts and drifts in process mean over a long period of 

time. 

     

3.5 Checking the Process for Statistical Control 

In order to check if the process is in statistical control, RTY or DPU figures 

(whichever is easily measureable) for each period can be calculated and a control chart 

for either figure, i.e., RTY or DPU can be created. The choice of period is dependent on 

the nature of process, but in most cases it would either be a day or a shift. The RTY and 

DPU control limits for each period can be calculated as follows. 

 

In case of counting defects 

From Eq. 3.5 

  ln  

  ln ,  

  ln ,  

  ,  

Where Yi,t and Ui,t are the yield and DPU at step i and period t respectively and both of 

these figures are either observed directly or computed using Eq. 3.2 or Eq. 3.3.  

and   are the total DPU and RTY for period t. If the occurrence of defects at different 

steps is statistically independent, then  
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  ,    

  ,  

  ,  

Since the system has been set up using Poisson distribution, the variance for U ,  can be 

calculated just like it is done for u charts, i.e. 

,   ln ,  
,

 

Hence, 

   
,
                                                     3.8  

Where Ui is the estimated long-term (mean or true) defect rate at step i and ni,t is the 

number of units inspected at step i during time period t. From this the control limits for 

DPU chart can be calculated using the following expressions. 

   3                                              3.9                         

   3                                               3.9b  

The limits for RTY can be obtained from the DPU limits as follows. 

                                                           3.10a                         

                                                          3.10  
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In case of counting defective units 

From Equation (3.1) 

  ,  

  ,  . ,  . , .  ……… . ,   

From the above equation it is clear that  is a function of random variables Y1,t, Y2,t, Y3,t, 

..... , Yn,t having long term means Y1, Y2, Y3,...., Yn respectively. We can write the above 

set of random variables and their respective means in vector notation as follows: 

  ,  , ,  , ,  , … , ,  

    ,  ,  , … ,  

Hence we can write   and its long term mean   in the following form respectively:  

  ,  , ,  , ,  , … , ,   ,                        3.11  

   ,  ,  , … ,    

Using first order multivariate Taylor series for expanding Equation (3.11) at Z.  

 
, ,    

, ,  

 
, ,    

 
, ,                                                                                    3.12  

Now we will find the expected value of   as follows: 
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, ,     

     
,

   

                                                                                        3.13  

The variance of    can be computed as follows: 

     

, ,                3.12  

, ,    
, ,    

 
, ,  

 2
, ,  

, ,  

 
, ,    



Texas Tech University, Ammar Ahmad, August 2011 
 

21 
 

 
, ,  

 2
, ,  

, ,  

 
, ,    

, ,    

 

, ,    2
, ,  

, ,  

 
, ,  

 2
, ,  

, ,  

 
, ,    



Texas Tech University, Ammar Ahmad, August 2011 
 

22 
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Since, 

    

,     

Hence, 



Texas Tech University, Ammar Ahmad, August 2011 
 

23 
 

   
, ,   2

, , , , ,   

We are assuming that yields of all the steps are independent of one another which implies 

that covariance of any two step yields will be zero. Hence, 

   
, ,   

  ,   

,   

,                                             3.14  

Since the system has been set up using Binomial distribution, variance of ,  can be 

found just like it’s found in case of p-charts, i.e. 

  ,  
1  

,
 

Where  ,  is the number of samples at step i and period t. Putting this in Eq. 3.14 we get, 

   
1  

,
 

 
1  

,
                                             3.15  

Now that we have the variance of  , we can easily find the upper and lower control 

limits as follows. 
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   3                                             3.16  

   3                                              3.16  

The limits for DPU chart can be obtained from the RTY limits as follows. 

                                                       3.17   

                                                         3.17  

Note that in both cases U and L vary with time, to account for the fact that the number of 

units inspected at each step will likely vary from one time period to the next. 

 

3.6 An Example  

 Let us have a look at some real data collected from a local industry and apply the 

performance measurement framework discussed in preceding sections. We used data for 

a single product line over a period of one year during which some kind of improvement 

initiative was undertaken. The data is based on count of defective units rather than count 

of defects. The supply chain for the product line under discussion had six entities. Two 

suppliers, three process steps, and the last entity is the customer. For a period of one year, 

weekly yields along with the number of samples for each entity are shown in table 3.1. 

The table also show the: 

- RTY for each time period (a week in our case) calculated using Equation (3.1). 

- Mean RTY, which is the average of weekly RTYs. 

- Variance of RTY in each time period, calculated using Equation (3.15) 
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- Upper and lower control limits on RTY for each time period, calculated using 

Equations (3.16a) and (3.16b).  

The resulting control chart is shown in Figure (3.1).  

 

Table 3.1: RTY control chart data

 

 

Step Week 1 2 3 4 5 6

Y1,t 100.0% 97.9% 100.0% 99.3% 100.0% 96.1%

n 20 15 18 23 11 15

Y2,t 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%

n 4 6 8 7 4 6

Y3,t 94.4% 95.8% 98.2% 96.1% 94.6% 100.0%

n 759288 620168 481047 558868 541422 610512

Y4,t 100.0% 100.0% 88.9% 96.3% 100.0% 100.0%

n 524711 275362 261513 614083 600723 443015

Y5,t 97.4% 100.0% 100.0% 99.1% 100.0% 100.0%

n 372932 302742 232552 356056 283924 321991

Y6,t 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%

n 8 5 7 4 3 6

0.919456 0.937882 0.872998 0.911317 0.946 0.961

Mean YRT 0.890 0.890307 0.890307 0.890307 0.890307 0.890307 0.890307

0.002837 0.004159 0.00307 0.004668 0.006668 0.003623

1.05011 1.08378 1.056523 1.095277 1.135278 1.070881

0.730504 0.696835 0.724092 0.685338 0.645337 0.709733

Var (       )

U (Y)

L (Y)

Supplier A

Supplier B

Process Step 1

Process Step 2

Process Step 3

Customer
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Table 3.2: RTY control chart data (continued) 

 

Table 3.3: RTY control chart data (continued) 

 

Step Week 7 8 9 10 11 12

Y1,t 90.9% 95.7% 100.0% 100.0% 90.3% 96.8%

n 14 13 8 10 7 6

Y2,t 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%

n 7 3 2 5 3 6

Y3,t 98.8% 97.8% 93.9% 92.0% 97.1% 94.3%

n 548125 613325 368951 518816 617343 522423

Y4,t 100.0% 100.0% 100.0% 97.0% 92.9% 96.6%

n 769414 319294 379068 452141 284440 281965

Y5,t 98.3% 99.4% 95.8% 88.0% 100.0% 94.6%

n 381972 330654 295816 306358 173317 191770

Y6,t 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%

n 5 4 3 4 2 4

0.882824 0.930318 0.899562 0.785312 0.814559 0.834467

Mean YRT 0.890 0.890307 0.890307 0.890307 0.890307 0.890307 0.890307

0.004192 0.005244 0.007308 0.005386 0.010038 0.006137

1.084544 1.107548 1.146773 1.110483 1.190875 1.12532

0.69607 0.673066 0.633841 0.670132 0.589739 0.655295

Var (       )

U (Y)

L (Y)

Supplier B

Process Step 1

Process Step 2

Process Step 3

Customer

Supplier A

Step Week 13 14 15 16 17 18

Y1,t 100.0% 100.0% 100.0% 100.0% 100.0% 89.1%

n 15 11 14 16 9 10

Y2,t 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%

n 5 9 8 6 8 4

Y3,t 85.1% 100.0% 98.8% 94.6% 100.0% 96.2%

n 497500 369375 241250 452500 1016250 353750

Y4,t 87.0% 93.7% 94.4% 91.7% 100.0% 97.6%

n 1103827 816775 529723 915756 992240 681426

Y5,t 100.0% 97.1% 97.8% 98.3% 98.2% 96.2%

n 269705 184790 99876 125464 145027 71363

Y6,t 100.0% 100.0% 100.0% 100.0% 100.0% 71.4%

n 9 10 15 12 11 7

0.74037 0.909827 0.912153 0.853035 0.982 0.574614

Mean YRT 0.890 0.890307 0.890307 0.890307 0.890307 0.890307 0.890307

0.002762 0.002782 0.002031 0.002234 0.002886 0.003712

1.047961 1.048543 1.025504 1.032106 1.05148 1.073078

0.732654 0.732072 0.755111 0.748509 0.729135 0.707537

Var (       )

U (Y)

L (Y)

Supplier B

Process Step 1

Process Step 2

Process Step 3

Customer

Supplier A
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 Table 3.4: RTY control chart data (continued) 

 
  

Table 3.1: RTY control chart data (continued) 

 

Step Week 19 20 21 22 23 24

Y1,t 89.1% 100.0% 100.0% 100.0% 100.0% 98.0%

n 11 13 10 7 9 12

Y2,t 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%

n 9 7 5 8 3 7

Y3,t 96.2% 98.2% 100.0% 96.3% 100.0% 98.7%

n 525000 402250 212500 335000 441250 460000

Y4,t 97.6% 93.0% 93.4% 93.3% 93.1% 97.6%

n 942749 884983 701850 916132 826649 761980

Y5,t 96.2% 98.6% 98.0% 97.0% 96.2% 96.3%

n 77811 81911 96302 163647 169291 117775

Y6,t 100.0% 90.9% 100.0% 83.3% 88.2% 97.3%

n 3 5 6 9 7 6

0.804781 0.818531 0.91532 0.72598 0.789939 0.88457

Mean YRT 0.890 0.890307 0.890307 0.890307 0.890307 0.890307 0.890307

0.006534 0.004257 0.004046 0.003584 0.003922 0.003796

1.132816 1.086038 1.081142 1.069901 1.078185 1.075138

0.647799 0.694577 0.699472 0.710714 0.70243 0.705477

Var (       )

U (Y)

L (Y)

Supplier B

Process Step 1

Process Step 2

Process Step 3

Customer

Supplier A

Step Week 25 26 27 28 29 30

Y1,t 100.0% 97.7% 100.0% 100.0% 100.0% 98.2%

n 11 9 10 7 15 17

Y2,t 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%

n 11 6 9 10 7 5

Y3,t 99.2% 98.3% 99.0% 100.0% 97.0% 100.0%

n 237850 187099 136349 366155 311792 341850

Y4,t 95.8% 95.9% 99.2% 98.2% 98.5% 97.6%

n 185321 125192 65064 112573 95299 85048

Y5,t 98.5% 97.4% 98.7% 97.6% 96.9% 96.1%

n 145679 139074 98504 178502 201689 143876

Y6,t 81.8% 96.4% 100.0% 100.0% 97.1% 93.9%

n 9 6 5 7 5 11

0.765714 0.864774 0.969313 0.958432 0.898799 0.864869

Mean YRT 0.890 0.890307 0.890307 0.890307 0.890307 0.890307 0.890307

0.002941 0.004145 0.004497 0.00407 0.004136 0.002345

1.053013 1.08345 1.091495 1.081706 1.083252 1.035585

0.727602 0.697165 0.68912 0.698908 0.697363 0.74503

Var (       )

U (Y)

L (Y)

Supplier B

Process Step 1

Process Step 2

Process Step 3

Customer

Supplier A
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Table 3.1: RTY control chart data (continued) 

 
 Table 3.1: RTY control chart data (continued) 

 

Step Week 31 32 33 34 35 36

Y1,t 100.0% 99.2% 100.0% 100.0% 100.0% 100.0%

n 12 14 11 9 8 7

Y2,t 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%

n 8 6 5 7 3 4

Y3,t 100.0% 98.5% 100.0% 97.6% 98.4% 98.8%

n 524275 639971 313299 290475 217300 687725

Y4,t 96.8% 97.6% 97.3% 97.1% 97.8% 97.8%

n 148231 67971 110591 100222 1602942 110211

Y5,t 95.0% 97.0% 90.6% 92.0% 98.5% 99.1%

n 183905 127809 97653 109825 117540 135210

Y6,t 100.0% 97.4% 100.0% 100.0% 100.0% 100.0%

n 8 10 5 7 3 2

0.9196 0.901008 0.881538 0.87188 0.947917 0.957568

Mean YRT 0.890 0.890307 0.890307 0.890307 0.890307 0.890307 0.890307

0.003109 0.002607 0.004476 0.003739 0.007148 0.009958

1.057573 1.043489 1.091015 1.073753 1.143948 1.189676

0.723042 0.737125 0.6896 0.706861 0.636667 0.590939

Var (       )

U (Y)

L (Y)

Supplier B

Process Step 1

Process Step 2

Process Step 3

Customer

Supplier A

Step Week 37 38 39 40 41 42

Y1,t 100.0% 97.6% 100.0% 100.0% 96.8% 100.0%

n 9 7 12 15 17 14

Y2,t 100.0% 100.0% 98.2% 100.0% 100.0% 100.0%

n 8 6 9 5 11 7

Y3,t 97.7% 98.0% 97.7% 97.2% 98.6% 100.0%

n 623228 582796 542364 771495 798638 723503

Y4,t 92.0% 96.8% 100.0% 98.4% 99.1% 99.5%

n 134018 96797 59576 241150 155589 188795

Y5,t 98.0% 96.5% 100.0% 99.1% 98.2% 99.5%

n 127843 140672 134682 113987 95791 142980

Y6,t 98.9% 100.0% 100.0% 100.0% 100.0% 100.0%

n 9 6 4 8 11 16

0.871174 0.893467 0.959414 0.94784 0.928833 0.990025

Mean YRT 0.890 0.890307 0.890307 0.890307 0.890307 0.890307 0.890307

0.003211 0.004517 0.005106 0.002985 0.00224 0.001981

1.060314 1.091943 1.10467 1.054217 1.032296 1.023833

0.720301 0.688672 0.675944 0.726397 0.748318 0.756782

Var (       )

U (Y)

L (Y)

Supplier B

Process Step 1

Process Step 2

Process Step 3

Customer

Supplier A
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Table 3.1: RTY control chart data (continued) 

 
 Table 3.1: RTY control chart data (continued) 

 

Step Week 43 44 45 46 47 48

Y1,t 100.0% 100.0% 97.2% 100.0% 100.0% 96.7%

n 11 12 16 10 9 13

Y2,t 100.0% 100.0% 100.0% 100.0% 100.0% 97.3%

n 4 8 12 7 11 6

Y3,t 100.0% 98.6% 100.0% 99.5% 98.7% 99.5%

n 761248 695999 622330 1065147 535779 570535

Y4,t 100.0% 99.2% 100.0% 100.0% 99.2% 99.5%

n 188626 184358 88187 180778 113371 123732

Y5,t 89.8% 97.3% 92.9% 93.5% 96.4% 95.9%

n 198732 207835 187657 143209 120572 110467

Y6,t 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%

n 13 4 15 8 13 19

0.8980 0.951703 0.902988 0.930325 0.943856 0.893314

Mean YRT 0.890 0.890307 0.890307 0.890307 0.890307 0.890307 0.890307

0.002545 0.005119 0.001886 0.003321 0.002629 0.00191

1.041638 1.104943 1.020595 1.063202 1.044124 1.021411

0.738977 0.675671 0.760019 0.717413 0.736491 0.759203

Var (       )

U (Y)

L (Y)

Supplier B

Process Step 1

Process Step 2

Process Step 3

Customer

Supplier A

Step Week 49 50 51 52

Y1,t 100.0% 97.6% 100.0% 100.0%

n 16 7 13 12

Y2,t 100.0% 100.0% 98.2% 100.0%

n 5 9 7 10

Y3,t 99.5% 98.0% 97.7% 97.2%

n 451973 604329 453968 317946

Y4,t 100.0% 96.8% 100.0% 98.4%

n 153097 128306 97614 120876

Y5,t 98.1% 96.5% 100.0% 99.1%

n 143809 173098 102738 99478

Y6,t 100.0% 100.0% 100.0% 100.0%

n 16 8 6 12

0.976095 0.893467 0.959414 0.94784

Mean YRT 0.890 0.890307 0.890307 0.890307 0.890307

0.001931 0.003794 0.003721 0.002415

1.022144 1.07509 1.073303 1.037727

0.758471 0.705524 0.707312 0.742888

Var (       )

U (Y)

L (Y)

Supplier B

Process Step 1

Process Step 2

Process Step 3

Customer

Supplier A
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Figure 3.1: Rolled throughput yield control chart 

 

It is clear from the control chart that the rolled throughput yield kept on improving 

throughout the year. The process went out of control in the 18th week. Consequently 

some sort of improvement effort was initiated which lead to better performance. The 

impact of the improvement effort can be observed after about 10 weeks, when the 

improvement strategy would have actually taken full effect. That is exactly why one can 

notice a significant difference between the pre and post 28th week performance. It is clear 

from the RTY trend line that RTY is increasing with time. Moreover the control limit 

trend lines are converging towards the mean. This means that RTY is not just improving 

but its variance is also decreasing as the improvement effort becomes more mature. This 
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example shows that rolled throughput yield is a very efficient metric for performance 

measurement. The RTY control chart depicts the system performance and any intentional 

or unintentional changes in a concise, easily digestible, and effective manner. 
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Chapter 4  

Performance Improvement Framework 

A review of the literature shows that process improvement strategy / framework for 

a supply chain can be developed using a blend of Statistical Process Control, Six Sigma, 

and design tolerancing techniques [10, 11, 12]. Reducing process variability can lead to 

cycle time compression and yield enhancement. Process capability indices can be used 

for this purpose, as is done for mechanical design tolerancing by Harry [20].   

 

4.1 Framework Development 

 Our methodology, developed in the following portions of this chapter, is very 

generic and applicable to almost any relevant performance characteristic like quality, 

timely delivery, information flow etc. with minor modifications. Outstanding delivery 

performance, while ensuring high quality, is one of the primary objectives of any supply 

chain and achieving that entails high level of synchronization among all business 

processes, which can be very challenging. Variability reduction is the key to solving this 

problem. We recognize this key role of variability reduction in achieving outstanding 

supply chain performance and explore a connection between design tolerancing and 

supply chains. Using this analogy we propose a framework that can help us improve the 

supply chain performance by means of optimal synchronization.  

In our framework we use process capability indices (PCI) Cp, Cpk and Cpm to 

achieve variability reduction and optimum means. These indices have a natural 

interpretation for quality based yields and delivery times in supply chain. Hence the 

following portions of Section 4.1 show that how can one interpret these indices in the 
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context of the supply chain processes. Then we introduce two suitable performance 

metrics, delivery probability (DP) and delivery sharpness (DS), based on the process 

capability indices, to quantify the delivery performance of a supply chain. 

 In section 4.1.1, we explain the methodology for process characterization using 

process probability distribution and customer specifications. In section 4.1.2 we describe 

three basic PCIs Cp, Cpk, and Cpm by providing appropriate motivation for each one. We 

also provide general implication of each index on the quality of the process. In section 

4.1.3, we discuss some important relationships among PCIs. In Section 4.1.4, we justify 

the use sufficiency of Cp, Cpk and Cpm for process characterization. Finally, in section 

4.1.5, we give the definition of DP and DS for performance quantification. 

 

4.1.1 Process characterization 

Let us consider the situation depicted in Figure 4.1 and 4.2 in order to describe how 

a process, where variability is an inherent effect, can be characterized with respect to 

given customer or internal specifications. The notations used in these figures are listed in 

Table 4.1. 

 

Table 4.1: Notation used for process characterization 

Μ Mean of X T1 Part of tolerance interval between U and τ 

Σ Standard deviation of X T2 Part of tolerance interval between τ and L 

L Lower specification limit for X T Tolerance Interval = T1+T2 = U – L 

U Upper Specification limit for X b Bias |   | 

Τ Target value of X d min |   |, | |  
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Figure 4.1: Process variability and tolerance window 

 

Figure 4.1 is a typical way of representing what is desired and what can be 

achieved. In this representation, variability of the process is characterized by the 

probability density of the quality characteristic X and desired specifications are 

characterized by a specification window which consists of a target value τ and a tolerance 

window ( τ T, U τ T . The target value τ can be any value between L and U. 

Normal distribution is a popular and common choice for X because it is the basis 

for the theory of process capability indices [21, 32]. However the actual distribution is 

most probably going to be: 

- Negatively skewed when cycle time is the quality characteristic because most 

supply chain networks tend to lag behind schedule implying that the probability of 

delivering later than target would be higher than that of vice versa.  
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- Positively skewed when yield, with respect to some physical or functional 

attribute, is the quality characteristic because most systems tend to produce a 

lower yield compared to the stringent target usually set by the management. This 

implies that the probability of achieving a lower yield than target would be higher 

than that of vice versa. 

Moreover most statistical process control tools like control charts and capability indices 

are quite robust to reasonable deviations from normal distribution especially if the sample 

size is large enough [33, 34]. However one must perform skewness and kurtosis tests to 

check for the extent of non-normality and if the deviation from normality is beyond 

acceptable the option of transforming the data is always there.  

Figure 4.2 has all the possible configurations of the probability density curve and 

tolerance window when superimposed on each other. The following table shows the 

properties of each case in Figure 4.2 

 

Table 4.2: Properties of all configurations of probability density curve and tolerance window 

Case 1a μ is closer to L      -     τ is closer to U 

Case 1b μ is closer to U      -     τ is closer to L 

Case 2a 
Both μ and τ are closer to U 
μ < τ 

Case 2b 
Both μ and τ are closer to L 
μ > τ 

Case 3a 
Both μ and τ are closer to L 
μ < τ 

Case 3b 
Both μ and τ are closer to U 
μ > τ 
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Figure 4.2: Process Characterization
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Independent of the case, under the assumptions of normality, there are five 

independent parameters, i.e. σ, μ, U, τ, L, which are necessary and sufficient to 

characterize the process. Hence, in the current context, a process can be characterized if 

enough information about a process, i.e. σ, μ, U, τ, L, is available to plot probability 

density curve and a specification window on top of it as shown in different cases of 

Figure 4.2. Apart from the five independent parameters identified above there are five 

dependent parameters b, d, T1, T2, and T. Hence any suitable combination of five out of 

the ten independent and dependent parameters will be sufficient to characterize the 

process.  

 

4.1.2 The indices Cp, Cpk, and Cpm  

In this section we introduce the relevant capability indices, give a brief explanation 

of each, and in doing so defend the need for their presence to characterize a process. This 

information will actually act as a foundation block for following sections.  

 

4.1.2.1  Index Cp 

Cp measures the potential of a process to meet requirements. It is defined as 

follows: 

6
 

From the above definition it is clear that a high value of Cp is desirable and that it cannot 

be negative. Minimum possible value of Cp is zero. From Table 4.1 we know that T = U – 

L. Therefore Cp can be expressed in the following equivalent form. 
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6
                                                                 4.1  

Implication 

The definition of Cp (given by Eq. 4.1) does not take into account the relative 

position of μ and τ. The mean of the process distribution and specified target could shift 

to any location, but as long as the variability of the distribution σ2, and specification 

tolerance T do not change, the value of Cp would not change. Therefore, it measures only 

the potential of a process to produce acceptable products or service and gives no 

information about the actual yield of the process. This motivates the introduction of Cpk. 

The ‘potential’ and ‘actual yield’ of any process can be defined as follows: 

Actual Yield: The probability of producing a part within specification limits is 

known as the actual yield of the process. 

Potential: The probability of producing a part within specification limits, if process 

distribution is centered at the target value i.e. μ = τ, is known as potential of the process.  

 

 

Figure 4.3: Potential of a process 
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The potential of a process is equal to the area under the probability density function 

taken from X = L to X = U when μ = τ. In such a case there are two possibilities, i.e. 

either τ is closer to U or it is closer to L, as shown in Figure 4.3. In case 1b, 2b, and 3a of 

Figure 4.2 τ is closer to L and in case 1a, 2a and 3b of the same figure τ is closer to U. It 

is possible to express this area, hence potential of the process, explicitly in terms of Cp. 

The derivation for the first possibility is as follows: 

max ,  

min ,  

When τ is closer to L then 

     

This implies that 

     

 Φ
 

 Φ
 

 

Φ
 

  1 Φ  

Φ   1 Φ  

Φ
6
6

Φ
6
6

1 

P Φ 6 Φ 6  1                                 4.2  

Where Φ (.) is the cumulative distribution function of the standard normal distribution. It 

can be easily verified that potential is the same when τ is closer to U. 
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4.1.2.2 Index Cpk 

Cpk is defined as 

 
min |   |, | |

3
 

From the above definition it is clear that a high value of Cpk is desirable and also that Cpk 

cannot be negative. Smallest possible value of Cpk is zero. Cpk can also be expressed in 

the following equivalent form. 

 
3
                                                             4.4  

Implication 

As discussed already, Cp measures the potential of the process which may not be 

equal to the actual yield of the process. Actual yield of the process is the same as the 

potential of the process if μ = τ, but the potential is greater than actual yield if μ ≠ τ. 

Therefore, it can be concluded that: 

Potential of the process   Actual yield of the process                      4.5                         

Although Cpk alone is not enough to measure actual yield of the process yet it can 

be used to measure the lower bound and upper bound on the process yield. So we have 

four different quantities: 

- Potential of the process, which is the area between U and L under the probability 

density curve of quality characteristic X when τ = μ. 

- Actual yield of the process, which is the area between U and L under the 

probability density curve of quality characteristic X.  
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- Upper bound on the yield, which is the area under the probability density curve of 

quality characteristic X in the region   if μ is closer to U or  if μ is 

closer to L. This is shown in Figure 4.5 for Case 1a and 1b.  

- Lower bound on the yield, which is twice the area under the probability density 

curve of quality characteristic X in the region     if μ is closer to U or 

 if μ is closer to L. This is shown in Figure 4.6 for Case 1a and 1b.  

 
Potential 

Recall Equation (4.2) 

P Φ 6 Φ 6  1 

Actual Yield 

It is easy to observe from Figure 4.2 that cases 1b, 2b, and 3b are mirror images of 

1a, 2a, and 3a respectively. Hence the equation of actual yield for a category ‘a’ case will 

be same as that for the respective category ‘b’ case. So we will derive the expression for 

actual yield based on the cases 1a, 2a, and 3a using Figure 4.2. 

Case 1a:    

       

  1    

  1    

  1  
3
3
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6
6

3
3

 
3
3

1 

   6 3 3  1                       

Case 2a:    

       

  1    

3
3

  1    

3
3

  1  

6
6

3
3

 
3
3

1 

   6 3 3  1 
 

Case 3a:    

     

  1    

  1    

6
6

3
3

  1
3
3

 

  6 3 3  1 
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We have got the same equation in each case hence we have a single expression of actual 

yield ‘γ’ in all scenarios, i.e. 

  6 3 3  1                                    4.6  

Upper Bound 

Case 1a 

      1  
 

 

1 1  

1  1  

 
3
3

 

  3  

Case 1b 

     
 

 

 

 
3
3

 

  3  

 

It can be easily verified that we will get the same upper bound on yield for all other cases. 

Hence  

        3                                      4.7  
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Figure 4.4: Upper bound on yield 

 

Lower Bound 

Case 1a 

      2 1    0.5  

2 1  1  0.5  

2  0.5  

2
3
3

 1 

2 3  1 

Case 1b 

      2  0.5  

2  0.5  

2
3
3

 1 
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2 3  1 
 

It can be easily verified that we will get the same lower bound on yield for all other cases. 

Hence 

       2 3 1                                  4.8  
 
 

Figure 4.5: Lower bound on yield 

 

The following table summarizes the above relations. 

 

Table 4.3: Formulae for potential, actual yield, upper and lower bound 

Quantity Formula 

Potential Φ 6 Φ 6 1 

Actual Yield 3 6 3 1 

Upper Bound 3  

Lower Bound 2 3 1 

  

From this discussion it is apparent that just like Cp, Cpk too is an incomplete index 

for measuring the capability of a process because it fails to measure effectively the effect 

of process centering on process capability. In fact, it makes no clear distinction between 
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on-target and off-target processes, which means that it does not penalize a process for 

being off target. As long as d = min (U - μ, μ – L) and process spread remain same the 

value of Cpk does not change even if the target value τ keeps on shifting. In other words, 

Cpk alone measures upper bound and lower bound on yield of the process and gives no 

indication of actual yield of the process.  

 

Figure 4.6: Relationship between Cp, Cpk and actual yield of a process 

 

If both Cp and Cpk are given for some process then we can find out the actual yield 

of that process as it is a function of both Cp and Cpk according to Equation 4.6. It is clear 

from the plot of the actual yield curve (Figure 4.8) that for a given (Cp, Cpk) pair, actual 

yield is fixed. However for a given actual yield there exist infinite (Cp, Cpk) pairs. 

Therefore, Cp and Cpk may not characterize the process completely even if used together. 

This motivates the introduction of index Cpm. 
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4.1.2.3 Index Cpm 

When Cp and Cpk both are used together, it is possible to find out actual yield of the 

process. Actual yield of the process is related to the fraction of the total number of 

defective units produced by a process, called fraction defective, i.e. 

Actual yield = 1 – Fraction Defective 

It is common to measure the quality of a process in terms of fraction defective. Although 

this measure of quality commonly used it is often incomplete and misleading when used 

alone. It implies that all the products that meet specifications are equally good, while 

those outside specification are bad. From a customer point of view, the product that 

barely meets the specification is as good or as bad as the product that is barely outside the 

specification. In reality, the product for which the quality characteristic value is exactly 

equal to the target gives the best performance.  

The fallacy here is that precision of the process is being used as the quality measure 

and accuracy is being ignored altogether. Fraction defective is an indicator for the process 

precision and it does not take accuracy of the process into account. Accuracy of the 

process is something which analyzes the pattern in which a quality characteristic X is 

distributed with in tolerance limits. It investigates the proportion of parts having X value 

closer to or far from the target. Accuracy of the process is as important as precision. Both 

are complements to one another. Precision of the process increases if either variance ‘σ’ 

reduces or tolerance ‘T’ increases. However, accuracy of the process increases if bias ‘b’ 

decreases. 

In order to include the notion of accuracy along with precision, Hsiang and Taguchi 

[22] introduced the loss function approach, which focuses on reduction of variation about 
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the target value rather than process mean. In the development of this concept, Hsiang and 

Taguchi noted that any value ‘x’ of a particular product’s quality characteristic X incurs 

some monetary loss denoted by L(x), to the customer and/or society, as it moves away 

from the target value. Typically the loss function is defined as: 

   

Where k is some positive constant. Thus, no loss is incurred when the characteristic is 

perfect, i.e. x = τ, and increasing losses are incurred as the value ‘x’ moves away from the 

target. The old quality control philosophy, where precision is the only measure of quality, 

is sometimes referred to as goalpost mentality. Tribus and Szonyi [35] refer to this as 

square-well loss function. Figure 4.7 illustrates the difference between old quality control 

philosophy and the Taguchi loss function approach where both precision as well as 

accuracy play equally critical role to measure quality of the process. As this figure 

illustrates, the Taguchi loss function models a loss which is a quadratic function of the 

distance from target, as opposed to the old goalpost mentality of zero loss inside the 

specifications and infinite loss outside. In this approach, it is assumed that the loss 

function is proportional to (x-τ)2, hence     is a measure of 

average loss because. 

   

     

(  

Inspired by the features of E(L(x)), Hsiang and Taguchi introduced the index Cpm [22]. 

Later it was defined formally by Chen et al. [36] as follows: 
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6 

 

 
6 √

                                                       4.9  

The value of k can be set to 1 when the user does not intend to use the pure monetary 

approach [36]. Therefore, k is set to 1 in Equation (4.9). 

 

Implication  

From the definition of Cpm, it is easy to see that it will properly model process 

capability under the loss function approach. For example, if the process variance 

increases (decreases), the denominator will increase (decrease) and Cpm will decrease 

(increase). Also, if the process mean moves away from (close to) the target value, the 

denominator will increase (decrease) and Cpm will decrease (increase). Obviously Cpm 

adds an additional penalty for being off-target. 

 

Figure 4.7: Goalpost mentality versus loss function mentality 
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4.1.3 Relationship and dependencies among Cp, Cpk, and Cpm 

 In this section we shall explore some important relationships among the three basic 

PCIs defined so far. These relations will be useful in understanding and application of our 

methodology at latter stages of this thesis. 

 

4.1.3.1 Inequality relations among Cp, Cpk, and Cpm 

From Figure 4.2 it is easy to see that for all cases the following relation holds true. 

2 0                                                            4.10  

It is reasonable to assume that  , because if it is not so then the actual yield of 

the process will be less than 50% which rarely occurs in practice. Hence 

0                                                              4.11  

Using above inequalities it is easy to prove the following inequality relations. 

Cp ≥ Cpk ≥ 0                                                      (4.12) 

Cp ≥ Cpm ≥ 0                                                      (4.13) 

 

4.1.3.2 Dependency between Cp and Cpk 

Once again starting from Figure 4.2 where we have three cases and each case has 

two sub-cases. Let us assume that:   

max ,  

min ,  

Since, 
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Hence, 

0.5,1     0,0.5  

Case 1 

Observe that for case 1 (a and b) 

 

     

  
b

T
 

d

3σ

3σ

2 2⁄
 

  
b

T
 + 
2

 

2                                                4.14  

Case 2 

Observe that for case 2 (a and b) 

 

     

  
d

3σ

3σ

2 2⁄
b

T
  

  
2

b

T
 

2                                               4.15  
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Case 3 

Observe that for case 3 (a and b) 

 

This equation has the same structure as that of the starting equation for case 1. Hence 

2                                             4.16  

 

4.1.3.3 Relationship among Cp, Cpk and Cpm 

The identity relation that we are going to derive now is one of the key relations of 

this methodology along with the one for actual yield. We know from Equation (4.9) that  

 
6 √

 

     
36

 

   
1

36
     

   
1

36
6
6

   

   
1

36
1
6

                                          4.17  

Case 1a and 1b 

From Equation (4.14) 

 
2

 

By putting this in Equation (4.17) we get 
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1

36
1

36
   

2
                                    4.18   

We will call this equation case A Cpm curve from here onwards. 

 

Case 2a and 2b 

From Equation (4.15) 

2
 

By putting this in Equation (4.17) we get 

 
1

36
1

36
 
2

 

Since the last term in above equation is squared, we can write it as follows 

1
36

1
36

 
2

                                       4.19  

We will call this equation case B Cpm curve from here onwards. 

 

Case 3a and 3b 

From Equation (4.16) 

 
2

 

By putting this in Equation (4.17) we get 

 
1

36
1

36
   

2
 

Since the last term in above equation is squared, we can write it as follows 
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1
36

1
36

 
2

                                      4.20  

Notice that this equation is same as Equation (4.19). Hence we will also call this equation 

case B Cpm curve from here onwards. 

 Both case A and B Cpm curves are hyperbolic contours. Figures 4.8, 4.9, 4.10 and 

Figures 4.11, 4.12, 4.13 are respective plots of case A and case B Cpm curves at different 

values of x1 (for case A) and x2 (for case B).  

 

 

Figure 4.8: Plot of case A Cpm curve at x1 = 0.6 
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Figure 4.9: Plot of case A Cpm curve at x1 = 0.75 

 

 

Figure 4.10: Plot of case A Cpm curve at x1 = 0.9 
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Figure 4.12: Plot of case B Cpm curve at x2 = 0.25 

 

Figure 4.11: Plot of case B Cpm curve at x2 = 0.1 
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Figure 4.13: Plot of case B Cpm curve at x2 = 0.4 

From these plots it is easy to notice that as the value of x1 and x2 increases, case A 

and Case B Cpm curves undergo a counter clockwise rotation respectively about the origin 

(0,0) in the Cp - Cpk plane. Following are some general conclusions based on the plots and 

the fact that  0.5,1     0,0.5 .  

- Over the whole range of possible x1 and x2 values, for a given (Cp, Cpk) pair, the 

corresponding Cpm value is fixed irrespective of case A or case B classification. 

However for a given Cpm value there exist infinite (Cp, Cpk) pairs. Hence Cpm 

alone is not enough to characterize a process.  

- When x2 = 0, the line Cpk = 0 (slope = 0) is the major axis of case B hyperbolic 

contours.  
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- When x1 = x2 = 0.5, both case A and Case B Cpm equations result in the same plot, 

and line Cpk = Cp (slope = 1) is the major axis of the hyperbolic contours.  

- When the value of x1 increases from 0.5 the slope of the major axis of case A 

hyperbolic contours also increases from 1.  

 

4.1.4 Are Cp, Cpk and Cpm sufficient to characterize a process? 

In previous sections we explained that actual yield or Cpm, when used alone cannot 

characterize the process. However if both are used together then we can characterize a 

process because there can be a maximum of two points of intersection between a yield 

curve and a Cpm curve for a given value of yield and Cpm. For showing this we will 

superimpose yield plot on Case A and Case B Cpm plots as shown in Figure 4.14 and 

4.15. 

Figure 4.14: Plot of yield and case A Cpm curves on Cp-Cpk plane at x1 = 0.6 
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Figure 4.15: Plot of yield and case B Cpm curves on Cp-Cpk plane at x2 = 0.4 

 

From Figure 4.14 it is easy to observe that in the region of interest, i.e. Cp > Cpk, a 

yield curve and a case A Cpm curve can have a maximum of one point of intersection. 

Hence if two different pairs (Cp1, Cpk1) and (Cp2, Cpk2) lie on the same yield curve then 

they cannot lie on the same case A Cpm curve. Similarly, if two different pairs (Cp1, Cpk1) 

and (Cp2, Cpk2) lie on the same case A Cpm curve then they cannot lie on the same yield 

curve. Hence Cp, Cpk, and Cpm characterize a process completely when the process 

belongs to case 1a or 1b (member processes of Case A Cpm curves) of Figure 4.2. 

From Figure 4.15 it is apparent that in the region of interest, i.e. Cp > Cpk, a yield 

curve and a case B Cpm curve can have a maximum of two points of intersection. Hence if 

three different pairs (Cp1, Cpk1), (Cp2, Cpk2), and (Cp3, Cpk3) lie on the same yield curve 

then they cannot lie on the same case B Cpm curve. Similarly, if three different pairs (Cp1, 
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Cpk1), (Cp2, Cpk2), and (Cp3, Cpk3) lie on the same case B Cpm curve then they cannot lie on 

the same yield curve. If two pairs (Cp1, Cpk1) and (Cp2, Cpk2) lie on the same yield curve 

and case B Cpm curve then that means that two different pairs of (Cp, Cpk) are 

characterizing the same process i.e. they lead to same value of yield and Cpm. However 

among these two pairs, choosing the one that better suits our scenario is easy. The criteria 

for making such a choice shall be explained later. Hence in this case as well we can 

indirectly imply that Cp, Cpk, and Cpm characterize a process completely when the process 

belongs to case 2a, 2b, 3a, or 3b (member processes of Case B Cpm curves) of Figure 4.2. 

This discussion leads to the conclusion that Cp, Cpk, and Cpm are sufficient to characterize 

a process. 

 

4.1.5 Performance quantification  

It has already been discussed that the set (Cp, Cpk, Cpm) is sufficient to measure the 

performance of any business process with respect to a time or functionality based quality 

characteristic in a given supply chain. Because every (Cp, Cpk) pair has a unique actual 

yield, the triplet (Cp, Cpk, Cpm) can be substituted by the pair (Actual Yield, Cpm) to 

measure the performance. For performance quantification we are defining two 

performance indicators: 

- Performance Probability (PP) which is equal to actual yield and a measure of 

process precision.  

- Performance Sharpness (PS) which is equal to Cpm and a measure of process 

accuracy. 
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 In the rest of this thesis we will use these two indices to measure the quality of any 

process in a given supply chain. This gives us a very convenient way of quantifying the 

supply chain performance with respect to actual yield and Cpm for any quality 

characteristic. 

 

4.2 Framework Implementation 

Quantification of supply chain performance leads to easy identification of the weak 

links in the chain, and hence the starting point for the improvement initiative. Moreover 

during the improvement effort, if the quantification method is applied backwards, we can 

easily get appropriate values of Cp and Cpk corresponding to the desired precision and 

accuracy. Once we have the values of Cp and Cpk, an optimization problem, coherent with 

the improvement objectives, can be set up for finding optimum operating conditions to be 

used as primary improvement target during the improvement and system 

synchronization/retrofitting process. 

 
4.2.1 Setting up the problem 

As has been mentioned throughout the thesis, the objective is to achieve high yield 

i.e. higher probability of conformance to customer specification (which in case of product 

quality is given in the form of some physical or functional attribute and in case of timely 

delivery in the form of a delivery window). Any optimization problem in the current 

context is going to have two main players i.e. the supply chain process and the 

specifications. The supply chain process has to be optimized in such a manner that it 

meets the specifications with the required precision and accuracy at minimum cost. 
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Specification includes a tolerance window ‘T’ (i.e. Upper ‘U’ and Lower ‘L’ limits) and a 

target value ‘τ’. The process spread, on the other hand, can be fully characterized by the 

standard deviation and mean of the quality characteristic for each entity in the supply 

chain.  

Now assume a supply chain having ‘n’ sub-processes, each of which contributes to 

the order-to-delivery time of the products. Let Xi be the cycle time of sub-process i. It is 

realistic to assume that each Xi is a continuous random variable with mean μi and σi. The 

order-to-delivery time say ‘G’ is going to be a function of the all the Xi: 

, , … ,  

Similarly let us assume that Yi is the yield of a sub-process i. It is realistic to assume 

that each Yi is a continuous random variable with mean μi and σi. The overall yield, say 

‘YRT’ is going to be a function of the all the Yi: 

, , … ,  

 If we assume that the cost associated with delivering products or maintaining 

quality of the products is dependent on just the first two moments of the cycle times Xi or 

yields Yi respectively then the total cost Z associated with making timely delivery or 

maintaining quality can be given by: 

, , , , …  , ,  

Where ‘f’ is some deterministic function. 

Once we have the specifications, we are required to find the optimal variance and 

mean of the quality characteristic for each sub-process in such a manner that the supply 

chain has at least the desired performance probability   and sharpness   with 

minimum possible cost. Hence the optimization problem can be stated as follows: 
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  , , , , … , ,                                  4.21  

   

   

     

0    

0    

The means and standard deviations of the sub-processes are the decision variables in this 

problem. If means are (or assumed to be) constant or fixed then standard deviations of the 

sub-processes will be the decision variables in this minimization problem and vice versa. 

The constraints ensure a minimum level of performance probability and sharpness, i.e. 

, . 

  

4.2.2 Optimal variability reduction  

Depending on the nature of the objective function and decision variables chosen, 

the design problem introduced in Section 4.2.1 can assume various forms. One such form 

is the variability reduction problem. In this problem we will try to find the optimal value 

of cycle time (or yield) standard deviation for each sub-process in the supply chain 

assuming that the means for the same are fixed and known. 

Let’s assume that there is a single product n-stage linear supply chain process and 

let: 

- The cycle time (or yield) at each stage be a continuous random variable. 

- The mean time (or mean yield) for each stage is known. 
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 As an immediate consequence of first assumption, the total lead time (or yield) is also a 

continuous random variable. The objective here is to find out the optimal value of cycle 

time variance (or yield variance) for each stage in such a manner that the specified levels 

of PP and PS are attained for minimum possible cost. 

 

4.2.2.1 Assumptions 

The aforementioned problem shall be solved based on the following assumptions. 

- The cycle time Xi (or yield Yi) of each stage, i = 1…n, is normally distributed 

with mean μi and standard deviation σi. 

- The cycle times Xi (or yields Yi) are mutually independent. 

- The target (τ) and specification window (T), performance probability (PP) and 

performance sharpness (PS), cycle time mean (μi) for each sub-process, and 

processing cost per unit at each stage (Ci) are known. 

- The processing cost for a stage (Ci), in our case, refers to that part of the actual 

processing cost which is associated with cycle time (or yield) of that stage. In 

most practical situations this cost is a function of both mean and standard 

deviation of Xi (or Yi). Since means ‘μi’ will be fixed in our case, this cost is a 

function of standard deviation σi only for a given value of mean i.e. 

         

If the function  is known, cost  can be approximated using second order 

Taylor series expansion, which will make the cost function look like the 

following: 

                                          4.22  
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Where ki0, ki1, ki2 are constants. 

 

Cost function in case of analyzing delivery time 

For illustration purposes we have formulated representative function for unit 

processing cost at each sub-process based on the assumptions that:  

- The unit processing cost will decrease as μi increases and vice versa. 

- For a given μi the unit processing cost will decrease as σi increases.  

These trends are also observed in reality and usually the function is exponential [32]. 

Hence the following representative cost function is realistic.  

1⁄  

Where Si and μi are the scaling factor and mean for sub-process ‘i’ respectively. Both of 

these terms are known. We can approximate this function using second order taylor series 

expansion about , which is the long term mean standard deviation of sub-process i. 

Upon rearranging the approximated function we get the following: 

1 0.5 0.5  

Where, 

  ⁄  

Hence the coefficients of Equation 4.24, i.e. ki0, ki1, and ki2, are 

1 0.5                                   4.23  

                                                    4.23  

0.5                                                                    4.23  
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Cost function in case of analyzing yield 

For illustration purposes we have formulated representative function for unit 

processing cost at each sub-process based on the assumptions that  

- The unit processing cost will decrease as μi decreases and vice versa. 

- For a given μi the unit processing cost will decrease as σi increases.  

These trends are also observed in reality and usually the function is exponential [32]. 

Hence the following representative cost function is realistic. 

1⁄  

Where Si and μi are the scaling factor and mean for sub-process ‘i’ respectively. Both of 

these terms are known. We can approximate this function using second order taylor series 

expansion about , which is the long term mean standard deviation of sub-process i. 

Upon rearranging the approximated function we get the following: 

1 0.5
1 0.5

 

Where, 

⁄  

Hence the coefficients of Equation 4.22, i.e. ki0, ki1, and ki2, are 

1 0.5                                        4.24  

1
                                                      4.24  

0.5
                                                                     4.24  
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4.2.2.2 Optimal variance of delivery time   

Let us assume that there is no time elapsed between the end of one stage to the start 

of next stage. Any such interface time can be added to the cycle time of the stage 

immediately preceding or following the interface. Based on this assumption, the total 

cycle time of the supply chain will be equal to the cycle times of the sub-processes. 

 

Where G, just like Xi, is normally distributed with mean   ∑  and   ∑ . 

In the current scenario the generic objective function defined by Equation (4.21) takes the 

form: 

                               4.25  

   

   

     

0    

This problem can be solved using the following steps. 

 

Step 1: Constraint Modification 

 The constraints are not in the form of decision variables and in order to solve the 

problem they need to be in the form of decision variables i.e. σi. This issue can be solved 

using the following technique. The variance of the supply chain delivery time ‘G’ can be 

given by: 
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From the definition of Cp and Cpk σ
2 can also be expressed in terms of Cp and Cpk of the 

supply chain cycle time as follows: 

 
36

 
9

 

Hence, 

     
36

 
9

                                   4.26  

Where both T and d are known quantities.  

Now the values of Cp and Cpk need to be chosen in such a manner that the PS and 

PP constraints and Equation (4.26) are satisfied. Once the appropriate values of Cp and 

Cpk (a design point) have been identified, they should be plugged into Equation (4.26). 

That will lead to a new constraint, in terms of decision variables, that captures both of the 

original constraints.  

 

Step 2: Checking Problem Feasibility 

To be selected as a design point ‘D’ a (Cp, Cpk) pair, must satisfy the following 

three conditions: 

- The pair must satisfy Equation (4.26), which means that the desired pair must lie 

on the line  

 
2

                                                     4.26  
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- The pair must satisfy the PS constraint, i.e. Equation 4.18 or 4.19, which means 

that the desired pair must lie on or above the case A or case B Cpm curve in the 

Cp-Cpk plane. 

- The pair must satisfy the PP constraint, i.e. Equation 4.6, which means that the 

desired pair must lie on or above the yield curve in the Cp-Cpk plane. 

There may be instances where there will be no (Cp, Cpk) pair satisfying both the 

constraints and Equation 4.26. In such a case the problem will be infeasible. A point to 

note here is that a feasible solution will only exist if the line       (Let us call it 

OP) intersects both the Cpm and yield curves. It easy to notice from Figures 4.14 and 4.15 

that the yield curves are almost horizontal. Hence if the line OP intersects a Cpm curve, 

which is always inclined upwards, then it would definitely intersect the yield curve as 

well. The line OP will only intersect the Cpm curve if its slope   is:  

- Greater than or equal to the slope of the lower asymptote of the Cpm curve.  

- Smaller than or equal to the slope of the upper asymptote of the Cpm curve.  

It can be easily shown that the slopes of the lower and upper asymptotes of the Cpm curve 

are  2  and  2  respectively when we have case 1a or 1b of Figure 

4.2. And they are 2  and  2  respectively when we have case 2a, 

2b, 3a or 3b of Figure 4.2. So for a given set of process parameters, there is an upper 

bound  on the desired value of Cpm, which can be found by equating the slope of line 

OP with the slope of either the lower or upper asymptote which gives us the following 

expression. 
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6 | |

                                                   4.27  

Where x can be either be x1 or x2 depending on the case. Hence the problem will have a 

feasible solution if and only if the following condition is true:  

     

 

Step 3: Identifying Feasible Region and its Geometry   

The three conditions, explained in last step for choosing a (Cp,Cpk) pair, lead us to a 

feasible region. Feasible region’s geometry is dependent on the type of case (A or B) we 

encounter. Figure (4.16) shows all the possible geometries of a feasible region. For the 

purpose of analysis we have classified the possible geometries into different cases based 

on the number of points where yield and Cpm curves intersect each other. In each case the 

feasible region will be that part of line OP, which intersects the shaded region. 

 

Step 4: Solve the problem without constraints 

Once we know that the problem is feasible and the feasible region has been 

identified, the next step is choosing appropriate values of Cp and Cpk. This is not very 

straight forward. Depending on the known process parameters, specifications, and the 

desired PP and PS there may be two (Cp, Cpk) pairs satisfying the constraints as explained 

in section 4.1.4. In such a case we will have to choose the best one. The best one, called 

design point D ′ , ′ , is a point that will lead to minimum cost among all other points 

in the feasible region. We don’t yet have a clue that which point in the feasible region 

will lead to minimum cost. Rather than employing a complicated method to find the  
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Figure 4.16: Possible configurations of feasible region 



Texas Tech University, Ammar Ahmad, August 2011 
 

72 
 

minimum cost point, we will try a simpler approach first. Solve the optimization problem 

without any constraint and get the optimal variance for the total cycle time.It will result in 

global minimum cost. Find the (Cp,Cpk) pair corresponding to the optimal variance found 

by solving the unconstrained problem. If this pair is a point in the feasible region, then we 

will not need to solve the problem any further.  

Let us assume that point , , … ,  belonging to set , , . . ,

   is a stationary point of the cost function, i.e. Equation (4.25). Since point O is a 

stationary point, gradient vector of the cost function at point O will be equal to zero as 

follows: 

 2
 2

………………………………
 2

0
0
…
…
0

 

This implies that  

2
                                                                4.28  

Using Equation (4.28) we can get the values of all the elements (i.e.  , , … , ) 

defining the position of point O. Now to verify if point O is a local minimum, we will 

check if the hessian matrix of the cost function at point O is positive definitive. The 

hessian matrix is as follows: 

2
0
0
…
…

 

0
2
0
…
…

 

0
0

2
…
…

 

…

 

2

 

If you observe Equation (4.24c) you will notice that ‘ki2’ can never be negative. Since a 

diagonal matrix with positive entries is always positive definitive the hessian matrix of 
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the cost function at point O is positive definitive. Hence point O is a local minimum. To 

check if point O is a global minimum we have to prove that the hessian matrix is positive 

definitive at all points belonging to the set  . Point O is also a member of set S and it is 

easy to observe that the hessian matrix (found at point O) is actually independent of point 

O. This implies that any other point belonging to set S would have resulted in the same 

matrix. Hence the hessian matrix will be positive definite at all points belonging to set S. 

Hence the cost function is convex and the local minimum found is also a global 

minimum.  

Now we know the optimal sub-process standard deviations, i.e.  , , … , , for the 

unconstrained problem. These values when plugged into Equation (4.26) will lead to the 

location of the point (Cp, Cpk). The corresponding values of PP and PS can be found by 

plugging the value of Cp and Cpk into the equations for actual yield and relevant Cpm 

curve respectively. If these values of PP and PS satisfy the constraints then we have 

found our solution and don’t need to proceed any further.  

 

Step 5: Fixing the values of Cp and Cpk 

If the (Cp,Cpk) pair found in last step is not in the feasible region then the point 

where line OP intersects the shaded region should be chosen as the design 

point  ′ , ′ . This point corresponds to minimum possible values of PP and PS in the 

feasible region. If any other point in feasible region is chosen as a design point, the 

corresponding values of PP and PS shall be higher compared to those for point D. Higher 

PP and PS values imply higher cost, hence point D is the minimum cost point in the 

feasible region. In order to find the location of point D, we should solve the equations for 
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Cpm curve and yield curve simultaneously to find out the number of real points at which 

these curves intersect. If the number of real points of intersection is 0, 1, or 2 the 

associated case will be 1, 2, or 3 respectively. Once the geometry of feasible region is 

known following guidelines should be used for each case. 

Case 1: In this case there is no point of intersection between Cpm curve and yield 

curve. In such a case the design point ‘D’ will either be the point of intersection of line 

OP and yield curve (if yield curve lies above Cpm curve) or the point of intersection of 

line OP and Cpm (if Cpm curve lies above yield curve). For this we need to compare the 

desired value of DS i.e.  ′  with the value of Cpm at the point where yield curve 

intersects the line    . If  ′  is greater than that value of Cpm then the Cpm curve 

lies above σ curve and vice versa. 

Case 2: In this case there will be one point of intersection between the Cpm curve 

and the yield curve. Let us call this point  , . There are three possibilities: 

- If     , then point D will be the point of intersection of line OP and Cpm 

curve. 

- If     , then point D is the same as point Q. 

- If   , then follow the same steps that we used in case 1. The only 

difference is that the region of interest is limited to the interval 0,  in 

this case. 
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Case 3: In this case there are two points of intersection between the Cpm curve and 

the yield curve. Let us call these points  ,     , ,

  . There are five possibilities. 

- If     , then point D will be the point of intersection of line OP and Cpm 

curve. 

- If     , then point D is the same as point Q2. 

- If   , then point D will be the point of intersection of line OP and 

yield curve. 

- If     , then point D is the same as point Q1. 

- If     , then point D will be the point of intersection of line OP and Cpm 

curve. 

 

Step 6: Problem Solution  

Once we have the design point  , , the objective function and constraints 

stated earlier take the form: 

                     

               
9

 
9

 

0    
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This is a non-linear optimization problem with an equality constraint. If the problem is 

convex it can be easily solved using the method of Lagrange multipliers [37]. The 

Lagrange function will be: 

, , … , ,      

Where  

9
 
9

 

Let us assume that point , , … , ,  belonging to set , , … , ,

   is a stationary point of the Lagrange function found by equating each element 

of its gradient vector to zero as follows: 

L

 2 2
 2 2

……………………………………………………
 2 2

,  

0

0

 

This implies that  

2
                                                        4.29  

2
                                               4.30  

Using Equation (4.29) and (4.30) we can get a stationary point. Now to verify if 

point O satisfies the sufficiency conditions we can check if the hessian matrix of the 

Lagrange function at point O is positive definite or semi-positive definite. The hessian 

matrix is as follows: 
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2 0 0 0 2
0 2 0 2
0 0 2 2

0 2 2
2 2 2 2 0

 

If all the eigen values of the hessian matrix are non-negative or positive then that means 

that the matrix is semi-positive definite or positive definite respectively. This can be 

easily checked using software like Matlab or Mathematica.   

If the sufficiency conditions are not satisfied that means that the problem is non-

convex. In such a case some method for solving non-linear non-convex optimization 

problems can be used. Interior point optimization [38] is one such method. Explanation 

of this method is out of the scope of this thesis. We will use interior point optimizer 

(Ipopt) [39], which is an open source software coded in C++ for solving large scale 

continuous non linear optimization problems. It is a part of computational infrastructure 

for operations research project (COIN-OR). It is usually used with a modeling or 

programming platform. It can generate a:  

- Library that can be linked to one's own C++, C, or Fortran code. 

- A solver executable file for the AMPL (A Mathematical Programming Language) 

[40, 41], which is an algebraic modeling language for linear and nonlinear 

optimization problems. It was developed at Bell laboratories. 

- An interface to Matlab.    

We will use AMPL for solving problems using Ipopt because AMPL is much easier to 

use compared to other programming or modeling platforms as its syntax is similar to 

conventional mathematical notation for optimization problems. 
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4.2.2.3 Optimal variance of yield  

The basic goal here is to minimize the variation in quality. Since yield is a measure 

of quality, controlling the variation in yield will actually lead to better quality reliability. 

Let us assume that yield of one stage is independent of the yield of next stage. Based on 

this assumption, the rolled throughput yield of the supply chain will be equal to the 

product of the sub-process yields as explained in Chapter 3. 

 

Where  , just like Yi, is normally distributed with mean   ∏ . The expression 

for overall mean is same as that for the case of delivery time. However the expression for 

variance can be estimated as follows. 

 

   

Since we have assumed that Yi’s are mutually independent.  

   

                                        4.31  

In the current scenario the generic objective function defined by Equation (4.21) takes the 

form: 
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0    

This problem can be solved using the same steps that we suggested for the case of 

delivery time. Step one is the only exception, which has to be modified a little because of 

the fact that rolled throughput yield, in contrast to total cycle time, is a product of sub-

process yields rather than a summation.      

 

Step 1: Constraint Modification 

 The constraints are not in the form of decision variables and in order to solve the 

problem they need to be in the form of decision variables i.e. σi. This issue can be solved 

using the following technique. If the variance of the supply chain rolled throughput yield 

‘YRT’ is σ2 then, from Equation (4.31): 

   

From the definition of Cp and Cpk σ
2 can also be expressed in terms of Cp and Cpk of 

the supply chain rolled throughput yield as follows: 

 
36

 
9

 

Hence, 
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36

 
9

                              4.32  

Where both T and d are known quantities.  

Now the values of Cp and Cpk need to be chosen in such a manner that the PS and 

PP constraints and Equation (4.32) are satisfied. Once the appropriate values of Cp and 

Cpk have been identified, they should be plugged into Equation (4.32). That will lead to a 

new constraint, in terms of decision variables, that captures both of the original 

constraints. All the remaining steps are same as those used for the case of delivery time. 

 

4.2.3 Optimal allocation of means  

Depending on the nature of the objective function and decision variables chosen, 

the design problem introduced in Section 4.2.1 can assume various forms. One such form 

is the optical allocation of mean problem. In this problem we will try to find the optimal 

value of cycle time (or yield) mean for each sub-processes in a supply chain assuming 

that their respective standard deviations are fixed and known. 

Let us assume that there is a single product n-stage linear supply chain process and 

let: 

- The cycle time (or yield) at each stage be a continuous random variable. 

- The standard deviation of cycle time (or yield) for each stage is known. 

 As an immediate consequence of first assumption, the total lead time (or rolled 

throughput yield) is also a continuous random variable. The objective here is to find out 

the optimal value of cycle time mean (or mean yield) for each stage such that the 

specified levels of PP and PS are attained for minimum possible cost. 
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4.2.3.1 Assumptions 

The aforementioned problem shall be solved based on the following assumptions. 

- The cycle time Xi (or yield Yi) of each stage, i = 1…n, is normally distributed 

with mean μi and standard deviation σi. 

- The cycle times Xi (or yields Yi) are mutually independent. 

- The target (τ) and specification window (T), performance probability (PP) and 

performance sharpness (PS), standard deviation of cycle time or yield (σi) for 

each sub-process, and processing cost per unit at each stage (Ci) are known. 

- The processing cost for a stage (Ci), in our case, refers to that part of the actual 

processing cost which is associated with cycle time (or yield) of that stage. In 

most practical situations this cost is a function of both mean and standard 

deviation of Xi or Yi. Since standard deviations ‘σi’ will be fixed in our case, this 

cost is a function of means μi only i.e. 

         

If the function  is known, cost  can be approximated using second order 

Taylor series expansion, which will make the cost function look like the 

following: 

                                                 4.33  

Where ki0, ki1, ki2 are constants. 

 

Cost function in case of analyzing delivery time 

For illustration purposes we have formulated representative function for unit 

processing cost at each sub-process based on the assumptions that:  
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- The unit processing cost will decrease as σi increases and vice versa. 

- For a given σi the unit processing cost will decrease as μi increases and vice versa.  

- These trends are also observed in reality and usually the function is exponential 

[32]. 

Hence the following representative cost function is realistic. 

1⁄  

Where Si and σi are the scaling factor and standard deviation for sub-process ‘i’ 

respectively. Both of these terms are known. We can approximate this function using 

second order Taylor series expansion about  , which is the long term mean of sub-

process i. Upon rearranging the approximated function we get the following: 

1 0.5 0.5  

Where, 

  ⁄  

Hence the coefficients of Equation 4.33, i.e. ki0, ki1, and ki2, are 

1 0.5                                   4.34  

                                                    4.34  

0.5                                                                    4.34  

 
Cost function in case of analyzing yield 

For illustration purposes we have formulated representative function for unit 

processing cost at each sub-process based on the assumptions that: 

- The unit processing cost will decrease as σi of yield increases and vice versa. 

- For a given σi the unit processing cost will decrease as μi decreases.  
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- These trends are also observed in reality and usually the function is exponential 

[32]. 

Hence the following representative cost function is realistic. 

1⁄  

Where Si and σi are the scaling factor and standard deviation for sub-process ‘i’ 

respectively. Both of these terms are known. We can approximate this function using 

second order Taylor series expansion about  , which is the long term mean of sub-

process i. Upon rearranging the approximated function we get the following: 

1 0.5
1 0.5

 

Where, 

⁄  

 

Hence the coefficients of Equation 4.33, i.e. ki0, ki1, and ki2, are 

1 0.5                                           4.35  

1
                                                         4.35  

0.5
                                                                        4.35  
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4.2.3.2 Optimal mean for Delivery Time  

Let us assume that there is no time elapsed between the end of one stage to the start 

of next stage. Any such interface time can be added into the cycle time of the stage 

immediately preceding or following the interface. Based on this assumption, the total 

cycle time of the supply chain will be equal to the cycle times of the sub-processes. 

 

Where G, just like Xi, is normally distributed with mean   ∑  and    ∑ . 

In the current scenario the generic objective function defined by Equation (4.21) takes the 

form: 

                                          4.36  

   

   

     

0    

This problem can be solved using the following steps. 

 

Step 1: Constraint Modification 

 The constraints are not in the form of decision variables and in order to solve the 

problem they need to be in the form of decision variables i.e. μi. This issue can be solved 

using the following technique. The mean of the supply chain delivery time ‘G’ is: 
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From the definition of Cpk ‘μ’ can also be expressed in terms of Cpk of the supply chain 

cycle time as follows: 

3    

, 3    

This implies that, 

3     3  

Hence, 

      3     3                       4.37  

Where U, L, and σ are known quantities. The value of Cp can be easily found using the 

following relation: 

 
6
                                                               4.38  

Now the value of Cpk needs to be chosen in such a manner that the PS and PP 

constraints and Equation (4.37) are satisfied. Once the appropriate value of Cpk has been 

identified, it should be plugged into Equation (4.37). That will lead to a new constraint, in 

terms of decision variables, that captures both the original constraints. Actually we will 

get two constraints; one for the case where d = μ – L and other for the case where d = U – 

μ. We will solve the problem using both and use the solution from the one that leads to 

lower cost.  

 

Step 2: Checking Problem Feasibility 

To be selected as a design point ‘D’ a (Cp, Cpk) pair, must satisfy the following 

three conditions: 
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- The pair must satisfy Equation (4.38), which means that the desired pair must lie 

on the line    in the Cp-Cpk plane. 

- The pair must satisfy the PS constraint, i.e. Equation 4.18 or 4.19, which means 

that the desired pair must lie on or above the case A or case B Cpm curve in the 

Cp-Cpk plane. 

- The pair must satisfy the PP constraint, i.e. Equation 4.6, which means that the 

desired pair must lie on or above the yield curve in the Cp-Cpk plane. 

There may be instances where there will be no (Cp, Cpk) pair satisfying both the 

constraints and Equation 4.38. In such a case the problem will be infeasible. A point to 

note here is that a feasible solution will only exist if the line     (Let us call it OP) 

intersects both the Cpm and yield curves.  

From Figure 4.14 it is easy to conclude that, when we have Case A Cpm curves, line 

OP will intersect both the Cpm and yield curve if the value of Cpm and γ at the point 

,  is greater than or equal to their desired values, i.e.     . Hence the 

problem will be feasible if and only if: 

- @ ,       

-  @ ,  

From Figure 4.15 one can conclude that, when we have Case B Cpm curves, line OP 

will intersect: 

- The Cpm curve if the target  is less than or equal to Cp.  

- The yield curve if the target yield   is less than or equal to the yield value   at the 

point(s) of intersection of line OP and Cpm curve. If the first condition is satisfied 
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then line OP and Cpm curve can either have one or two points of intersection. If 

there are two points of intersection we will find   at that point where Cpk is 

higher.  

Hence the problem will be feasible if and only if:      

-    

-    @                   

 

Step 3: Selecting Feasible Region and its Geometry   

The three conditions, explained in last step for choosing a (Cp,Cpk) pair, lead us to a 

feasible region. Feasible region’s geometry is dependent on the type of case (A or B) we 

encounter. Figure (4.17) shows the possible feasible region configurations with respect to 

the number of points of intersection between the yield curve and Cpm curve. For the 

purpose of analysis, we have classified the possible geometries into different cases, based 

on the number of points where yield and Cpm curves intersect each other. In each case the 

feasible region will be that part of line OP, which intersects the shaded region. 

 

Step 4: Solve the problem without constraints 

Once we know that the problem is feasible and the feasible region has been 

identified, the next step is choosing appropriate value of Cpk. This is not very 

straightforward. Depending on the known process parameters, specifications, and the 

desired DP and DS there may be more than one (Cp, Cpk) pairs satisfying the constraints 

as explained in section 4.1.4. In such a case we will have to choose the best one. The best  
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Figure 4.17: Possible configurations of feasible region 
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one, called design point D ′ , ′ , is a point that will lead to minimum cost among all 

other points in the feasible region. We don’t yet have a clue that which point in the 

feasible region will lead to minimum cost.  

Rather than employing a complicated method to find the minimum cost point, we 

will try a simpler approach first. Solve the optimization problem without any constraint 

and get the optimal mean of delivery time. It will result in global minimum cost. Find the 

(Cp,Cpk) pair corresponding to the optimal mean. If this pair is a point in the feasible 

region, then we will not need to solve the problem any further. 

To find the global minimum let us find the gradient vector and hessian matrix of the 

cost function i.e. Equation 4.36. Let us assume that point , , … ,  belonging to 

set , , . . ,    is a stationary point of the cost function. Since point 

O is a stationary point, gradient vector of the cost function at point O will be equal to 

zero as follows: 

 2
 2

………………………………
 2

0
0
…
…
0

 

This implies that  

2
                                                        4.39  

Using Equation (4.39) we can get the values of all the elements (i.e.  , , . . , ) 

defining the position of point O. Now to verify if point O is a local minimum, we will 

check if the hessian matrix of the cost function at point O is positive definitive. The 

hessian matrix is as follows: 
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2
0
0
…
…

 

0
2
0
…
…

 

0
0

2
…
…

 

…

 

2

 

If you observe Equation (4.34c) you will notice that ‘ki2’ can never be negative. Since a 

diagonal matrix with positive entries is always positive definitive the hessian matrix of 

the cost function at point O is positive definitive. Hence point O is a local minimum. To 

check if point O is a global minimum we have to prove that the hessian matrix is positive 

definitive at all points belonging to the set  . Point O is also a member of set S and it is 

easy to observe that the hessian matrix (found at point O) is actually independent of point 

O. This implies that any other point belonging to set S would have resulted in the same 

matrix. Hence the hessian matrix will be positive definite at all points belonging to set S. 

Hence the cost function is convex and the local minimum found is also a global 

minimum.  

Now we know the optimal sub-process means, i.e.  , , . . , , for the 

unconstrained problem. These values when plugged into Equation (4.37) will lead to 

value of Cpk. Value of Cp is already known from Equation (4.38). The corresponding 

values of PP and PS can be found by plugging the value of Cp and Cpk into the equations 

for actual yield and relevant Cpm curve respectively. If these values of PP and PS satisfy 

the constraints then we have found our solution and don’t need to proceed any further.  

 

Step 5: Fixing the value of Cpk 

If the (Cp,Cpk) pair found in last step is not in the feasible region then the point 

where line OP intersects the shaded region should be chosen as the design 
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point  ′ , ′ . This point corresponds to minimum possible values of PP and PS in the 

feasible region. If any other point in feasible region is chosen as a design point, the 

corresponding values of PP and PS shall be higher compared to those for point D. Higher 

PP and PS values imply higher cost, hence point D is the minimum cost point in the 

feasible region. In order to find the location of point D, we should solve the equations for 

Cpm curve and yield curve simultaneously to find out the number of real points at which 

these curves intersect. If the number of real points of intersection is 0, 1, or 2 the 

associated case will be 1, 2, or 3 respectively. Once the geometry of feasible region is 

known following guidelines should be used for each case. 

 

Case 1: In this case there is no point of intersection between Cpm curve and yield 

curve. In such a case the design point ‘D’ will either be the point of intersection of line 

OP and yield curve (if yield curve lies above Cpm curve) or the point of intersection of 

line OP and Cpm (if Cpm curve lies above yield curve). For this we need to compare the 

desired value of PS i.e.  ′  with the value of Cpm on that point where yield curve 

intersects the line    . If  ′  is greater than that value of Cpm then the Cpm curve 

lies above yield curve and vice versa.  

Case 2: In this case there will be one point of intersection between the Cpm curve 

and the yield curve. Let us call this point  , . There are three possibilities: 

- If    , then point D will be the point of intersection of line OP and Cpm 

curve. 

- If   , then point D is the same as point Q. 
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- If   , then follow the same steps that we used in case 1. The only 

difference is that the region of interest is limited to the interval 0,  in 

this case. 

Case 3: In this case there are two points of intersection between the Cpm curve and 

the yield curve. Let us call these points  ,     , ,

  . There are five possibilities. 

- If   , then point D will be the point of intersection of line OP and Cpm 

curve. 

- If   , then point D is the same as point Q2. 

- If   , then point D will be the point of intersection of line OP and 

yield curve. 

- If   , then point D is the same as point Q1. 

- If   , then point D will be the point of intersection of line OP and Cpm 

curve. 

 

Step 6: Problem Solution  

Once we have the value of  , the objective function and constraints stated earlier 

take the form: 

                     

                3     3  
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0    

This is a non-linear optimization problem with an equality constraint. It can be easily 

solved using the method of Lagrange multipliers [37] if the problem is convex. The 

Lagrange function will be: 

, , … , ,      

Where  3     3 . Let us assume that point , , … , ,  

belonging to set , , … , ,    is a stationary point of the 

Lagrange function found by equating each element of its gradient vector to zero as 

follows: 

L

 2
 2

……………………………………………………
 2

 

0

0

 

This implies that  

2
                                                     4.40  

                                                                  4.41  

Using Equation (4.40) and (4.41) we can get the stationary point. Now to verify if 

point O satisfies the sufficiency conditions we can check if the hessian matrix of the 

Lagrange function at point O is positive definite or semi-positive definite. The hessian 

matrix is as follows: 
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2 0 0 0 1
0 2 0 1
0 0 2 1

0 2 1
1 1 1 1 0

 

If all the eigen values of the hessian matrix are non-negative or positive then that means 

that the matrix is semi-positive definite or positive definite respectively. This can be 

easily checked using software like Matlab or Mathematica. If the sufficiency conditions 

are not satisfied that means that the problem is non-convex. In such a case it can be 

solved using AMPL with Ipopt solver as explained in step 6 of section 4.2.2.2. 

 

4.2.3.3 Optimal mean for yield  

The basic goal here is to find optimal mean for quality level. Since yield is a 

measure of quality, controlling the yield will actually lead to better quality reliability. Let 

us assume that yield of one stage is independent of the yield of next stage. Based on this 

assumption, the rolled throughput yield of the supply chain will be equal to the product of 

the sub-process yields as explained in Chapter 3. 

 

Where  , just like Yi, is normally distributed with mean   ∏ . The expression 

for variance can be estimated by equation (4.31), i.e. 

   

In the current scenario the generic objective function defined by Equation (4.21) takes the 

form: 
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0    

This problem can be solved using the same steps that we suggested for the case of 

delivery time. Step one is the only exception, which has to be modified a little because of 

the fact that rolled throughput yield, in contrast to total cycle time, is a product of sub-

process yields rather than a summation.      

 

Step 1: Constraint Modification 

 The constraints are not in the form of decision variables and in order to solve the 

problem they need to be in the form of decision variables i.e. μi. This issue can be solved 

using the following technique. If the mean of the supply chain rolled throughput yield 

‘YRT’ is μ then the new constraint, defined by Equation (4.37) for the case of delivery 

time, takes the form  

  3     3                              4.42  

Where U, L, and σ are known quantities.  

Now the value Cpk needs to be chosen in such a manner that the PS and PP 

constraints and Equation (4.42) are satisfied. Once the appropriate value of Cpk has been 

identified, values of Cp and Cpk should be plugged into Equation (4.42). That will lead to 
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a new constraint, in terms of decision variables, that captures both the original 

constraints. Actually we will get two constraints; one for the case where d = μ – L and 

other for the case where d = U – μ. We will solve the problem using both and use the 

solution from the one that leads to lower cost. All the remaining steps are same as those 

used for the case of delivery time. 
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Chapter 5  

Examples and Discussion 

In this chapter we will demonstrate and discuss the application of the methodology 

developed in Chapter 4 using examples.  

 

5.1 Finding Sub-process Optimal Variance for Delivery Time 

Let us consider a five step linear supply chain and apply the aforementioned method 

to find out the optimal values of standard deviation for each of the five sub-processes. Let 

the five sub processes be procurement, inbound logistics, manufacturing, assembly, and 

outbound logistics. Let all the sub-processes follow the assumptions stated in section 

4.2.2.1. The problem here is to determine the optimal standard deviation σi of the cycle 

time Xi for each sub process (i = 1, 2, 3, 4, 5) such that the delivery probability is at least 

99% and delivery sharpness is at least 0.6.  

 

Available Data 

- 0.6 and 0.99. 

- Mean μi for i = 1, 2, 3, 4, 5 be 8, 4, 30, 13, and 4 days respectively. 

-   ∑ 8 4 30 13 4 59. 

- The target τ for the whole supply chain is 60 days.  

- Tolerance T is 4 days. 

- Upper Limit U is 61 days, hence T1 = 1. 

- Lower Limit L is 57 days, hence T2 = 3. 
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-   , 61 59, 59 57 2,2 2. 

The processing costs of one unit of product at all the sub-processes are a function of 

respective means μi and standard deviations σi. These representative functions are given 

in Table 5.1. Let us assume that the long term standard deviations of the sub-processes 

based on past trend are  0.75, 0.25, 3, 1, 0.25. The coefficients of the Taylor series 

approximated cost functions, which can be found using Equations 4.23 a, b, and c, are 

given in Table 5.2.    

 

Table 5.1: Representative cost functions for delivery time 

Sub Process Unit Cost Function 

Procurement 80 1⁄  

Inbound Logistics 15 1⁄  

Manufacturing 10 1⁄  

Assembly 25 1⁄  

Outbound Logistics 15 1⁄  

 

Table 5.2: Coefficients of cost function 

Sub-process (i) ki0 ki1 ki2 
1 4.96 -11.10 6.35 
2 13.80 -44.15 44.15 
3 3.39E-35 -2.24E-35 3.69E-36 
4 0.01 -0.01 4.77E-03 
5 13.80 -44.15 44.15 

 

Now the optimization problem can be written as: 
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  0.99 

   0.6 

0    

Step 1 

The PP and PS constraints can be written in the form of decision variables by using 

equation (4.26) i.e. 

 
16

36
 
2

9
                                                 5.1  

Step 2 

Let us check the feasibility of the problem by using Equation (4.27). We have Case 

1a which is a sub-case of Case A with x1 equal to: 

max ,  

max
1
4
,
3
4

 

0.75 

Hence Equation (4.27) takes the form 

 
6 | |

 

 
4

6 |0.75 4 2|  
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4

6 1  
 

 0.66 

Since ′ 0.6   0.66, hence the problem is feasible. 

Step 3 

The geometry of feasible region is shown in the following figure. 

 

Figure 5.1: Feasible region geometry 

Step 4 

Now we will find the optimal sub-process standard deviations for the unconstrained 

problem. These can be calculated using Equation (4.28), i.e. 

2
 

These values come out to be 0.88, 0.50, 3.03, 1.08, 0.50 for i = 1, 2, 3, 4, and 5 

respectively. The total variance (equal to 11.63 in this case) can be found by squaring and 

adding the sub-process standard deviations. This value when plugged into Equation (5.1) 
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will lead to the location of the point (Cp, Cpk) which comes out to be (0.2, 0.2). The 

corresponding values of PP and PS can be found by plugging the value of Cp and Cpk in to 

Equations (4.6) and (4.18) respectively. They come out to be 0.44 and 0.19. These values 

do not satisfy the constraints. Hence the global optimal solution for the unconstrained 

problem will not work in this situation and we need to proceed further. 

 

Step 5 

From Figure (5.1) it is clear that there is no point of intersection between the yield 

curve and Cpm Case A curve in the region  . However there is one point of 

intersection between yield and Cpm curve in the region  . This point is (0.883, 

0.965) but it is irrelevant. This means that we can find the design point by simultaneously 

solving the equations for Case A Cpm curve and line OP, i.e., Equations (4.18) and 

(4.26a). The design point that we get by doing so is  , 1.376,1.376 .  

 

Step 6 

Now that we have the design point ‘D’ the problem can be written as: 

                     

   

 0.235 

0    
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Let us first use the Lagrange Multipliers Method to solve this problem. The solution can 

be found using Equations (4.29) and (4.30), i.e, 

2
11.10

2 6.35
 

2
44.15

2 44.15
 

2
2.24 10

2 3.69 10
 

2
0.01

2 4.77 10
 

2
44.15

2 44.15
 

 0.235 

Upon simultaneously solving these equations we get the stationary point P(0.18, 0.32, 

4.47x10-37, 2.05x10-4, 0.32). However it can be easily verified that all the eigen values of 

the hessian matrix at P are not non-negative. Hence the function is not convex. So we 

solve the problem in AMPL using Ipopt solver. The resulting optimal solution is point 

O(0.177, 0.319, 1.207 x 10-5, 2.00 x 10-4, 0.319). Now that we have the optimal standard 

deviations for each entity in the supply chain we actually have an improvement target in 

terms of the maximum variation for each sub-process in the supply chain. This will 

actually give us a very good idea about the magnitude of improvement needed for each 

sub-process in order to maintain the desired precision and accuracy.    
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5.2 Finding Sub-process Optimal Variance for Yield 

Let us consider a three step linear supply chain and apply the aforementioned 

method to find out the optimal values of standard deviation for each of the three sub-

processes. Let the five sub processes be material supply, manufacturing, and assembly. 

Let all the sub-processes follow the assumptions stated in section 4.2.2.1. The problem 

here is to determine the optimal standard deviation σi of the yield Yi for each sub process 

(i = 1, 2, 3) such that the performance probability is at least 98% and performance 

sharpness is at least 1.2.  

 

Available Data 

- 1.2 and 0.98. 

- Mean μi for i = 0.94, 0.98, and 0.96 respectively. 

- ∏ .94 .98 .96 0.8844 

- The target yield τ for the whole supply chain is 0.97, which in terms of RTY is 

0.9127 

- Upper Limit U is 1. Which in terms of RTY is 1, hence T1 = 0.0873. 

- Lower Limit L is 0.90. Which in terms of RTY is 0.7290, hence T2 = 0.1837. 

- Tolerance T is 0.2710. 

-   , 1 0.8844,0.8844 0.7290  

- 0.1156,0.1554 0.1156 

The processing costs of one unit of product at all the sub-processes are a function of 

respective means μi and standard deviations σi. These representative functions are given 

in Table 5.3. Let us assume that the long term standard deviations of the sub-processes 
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based on past trend are  0.75, 1.5,  1. The coefficients of the Taylor series 

approximated cost functions, which can be found using Equations 4.24 a, b, and c, are 

given in Table 5.4.    

 

Table 5.3: Representative cost functions for yield 

Sub Process Unit Cost Function 

Material Supply 40 1 ⁄⁄  

Manufacturing 10 1 ⁄⁄  

Assembly 25 1 ⁄⁄  

  

Table 5.4: Coefficients of Cost Function 

Sub-process (i) ki0 ki1 ki2 
1 38.12 -34.45 10.19 
2 8.01 -5.59 1.13 
3 22.80 -18.76 4.79 

  

Now the optimization problem can be written as: 

                     

   

  0.98 

   1.2 

0    

Step 1 

The PP and PS constraints can be written in the form of decision variables by using 

equation (4.32) i.e. 
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0.2710
36

 
0.1156
9

 

This equation can also be written in the form 

0.94 0.98 0.96 0.7821
0.2710
36

 
0.1156
9

      5.2  

Step 2 

Let us check the feasibility of the problem by using Equation (4.27). We have Case 

2a which is a sub-case of Case B with x2 equal to:  

min ,  

min
0.0873
0.2710

,
0.1837
0.2710

 

0.322 

Hence Equation (4.27) takes the form 

 
6 | |

 

 
0.2710

6 |0.322 0.2710 0.1156|  
 

 1.59 

Since ′ 1.2   1.59, hence the problem is feasible. 

Step 3 

The feasible region is shown in the following plot. 
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Figure 5.2: Feasible region geometry 

Step 4 

Now we will find the optimal sub-process standard deviations for the unconstrained 

problem. These can be calculated using Equation (4.28), i.e. 

2
 

These values come out to be 1.69, 2.48, and 1.96 for i = 1, 2, and 3 respectively. The total 

variance (equal to 125.88 in this case) can be found by plugging appropriate values into 

the left hand side of Equation (5.2). This value will lead to the location of the point (Cp, 

Cpk) which comes out to be (0.004, 0.003). The corresponding values of PP and PS can be 

found by plugging the value of Cp and Cpk in to Equations (4.6) and (4.18) respectively. 

They come out to be 0.010 and 0.004. These values do not satisfy the constraints. Hence 

the global optimal solution for the unconstrained problem will not work in this situation 

and we need to proceed further. 
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Step 5 

From Figure (5.2) it is clear that there is no point of intersection between the yield 

curve and Cpm Case B curve in the region  . This means that we can find the 

design point by simultaneously solving the equations for Case B Cpm curve and line OP, 

i.e., Equations (4.20) and (4.26a). The design point that we get by doing so 

is  , 1.827,1.560 .  

Step 6 

Now that we have the design point the problem can be written as: 

                                     

   

0.94 0.98 0.96  0.7827 

0    

Let us first solve the problem using the Lagrange Multipliers Method. The Lagrange 

function is  

  0.94 0.98 0.96 0.7827  

When we equate each element of the gradient vector of the Lagrange function to zero we 

get:  

2 0.98 0.96 0.96 0.98 0 

2 0.94 0.96 0.96 0.94 0 

2 0.94 0.98 0.98 0.94 0 

0.94 0.98 0.96 0.7827 0 
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Upon simultaneously solving these equations we get the stationary point P(0.0143, 

0.0208, 0.0139). However it can be easily verified that all the eigen values of the hessian 

matrix at P are not non-negative. Hence the function is not convex. So we solve the 

problem in AMPL using Ipopt solver. The resulting optimal solution is point O(0.0227, 

0.0040, 0.0130). Now that we have the optimal standard deviation of yield for each entity 

of the supply chain, we actually have an improvement target in terms of the maximum 

variation in yield for each sub-process. This will actually give us a very good idea about 

the magnitude of improvement needed for each sub-process in order to maintain or 

achieve the desired precision and accuracy. 

 

5.3 Finding Sub-process Optimal Mean for Delivery Time 

Let us consider a five step linear supply chain and apply the aforementioned method 

to find out the optimal value of mean for each of the five sub-processes. Let the five sub 

processes be procurement, inbound logistics, manufacturing, assembly, and outbound 

logistics. Let all the sub-processes follow the assumptions stated in section 4.2.3.1. The 

problem here is to determine the optimal mean μi of the cycle time Xi for each sub 

process (i = 1, 2, 3, 4, 5) such that the performance probability is at least 99.99% and 

performance sharpness is at least 0.6.  

 

Available Data 

- 0.6 and  0.9999. 

- Standard deviation σi for i = 1, 2, 3, 4, 5 is 0.2, 0.3, 0.04, 0.02, and 0.3 

respectively. 
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- ∑
.

0.4712. 

- Let the long term means   be 8, 4, 30, 13, and 4 days. 

- The target τ for the whole supply chain is 60 days.  

- Tolerance T is 6 days. 

- Upper Limit U is 64 days, hence T1 = 4. 

- Lower Limit L is 58 days, hence T2 = 2. 

The processing costs of one unit of product at all the sub-processes are a function of 

respective means μi and standard deviations σi. These representative functions are given 

in Table 5.5. The coefficients of the Taylor series approximated cost functions, which can 

be found using Equations 4.34 a, b, and c, are given in Table 5.6. 

    

Table 5.5: Representative cost functions for delivery time 

Sub Process Unit Cost Function 

Procurement 80 1⁄  

Inbound Logistics 15 1⁄  

Manufacturing 10 1⁄  

Assembly 25 1⁄  

Outbound Logistics 15 1⁄  

 

 

Table 5.6: Coefficients of Cost Function 

Sub-process (i) ki0 ki1 ki2 
1 62.67 -8.40 0.32 
2 13.19 -2.98 0.20 
3 8.79 -0.27 2.41E-03 
4 24.81 -0.71 7.62E-03 
5 13.19 -2.98 0.20 
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Now the optimization problem can be written as: 

                     

   

  0.9999 

   0.6 

0    

Step 1 

The PP and PS constraints can be written in the form of decision variables by using 

equation (4.37) i.e. 

      58 1.4136     64 1.4136                      5.3  

From Equation (4.38) 

 
6

6 0.4712
2.12 

Step 2 

Let us check the feasibility of the problem by using the conditions stated in step 2 

of Section 4.2.3.2.  

max ,  

max
4
6
,
2
6

 

0.66 

0.33 
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The values of Cpm and yield ‘γ’ at point (2.12, 2.12) are 0.9 and 1 respectively which are 

greater than their desired values, i.e. 0.6    0.9999. Moreover    

and  is less than yield value at the point of intersection of line OP and Cpm case B 

curve. Hence the problem is feasible.  

 

Step 3 

From Equation (5.3) it is clear that there are two possibilities, i.e.  

-              

-         

The following plots show the geometry of feasible region for both cases.  

 

 

Figure 5.3: Feasible region geometry (Case A) 
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Now we will find the optimal sub-process means for the unconstrained problem. These 

can be calculated using Equation (4.39), i.e. 

2
 

These values come out to be 13, 7.33, 55, 46.33, 7.33 for i = 1, 2, 3, 4, and 5 respectively. 

The total supply chain mean (equal to 129 in this case) can be found by adding the sub-

process means. This value is outside the desired range hence our constraints shall never 

be satisfied. Hence the global optimal solution for the unconstrained problem will not 

work in this situation and we need to proceed further. 

 

Step 5 

From Figure (5.3a) it is clear that for Case A there is one point of intersection 

between the yield curve and Cpm Case A curve in the region  . This point is 

(1.5051, 1.2397). Since  2.12 1.5051, hence we can find the design point 

Figure 5.4: Feasible region geometry (Case B) 
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by simultaneously solving the equations for Case B Cpm curve and line OP, i.e., 

Equations (4.20) and (4.38). The design point that we get by doing so is  ,

2.12,1.70 .  

From Figure (5.3b) it is clear that for Case B there will one point of intersection 

between the yield curve and Cpm Case B curve in the region  . This point is 

(11.0824, 1.2397). Since  2.12 11.0824, hence we have to find the value 

of Cpm at that point where yield curve intersects the line    . Yield curve intersects 

the line    at point (1.2969, 1.2969). At this point the value of Cpm is 0.7919 

which is greater than 0.6, hence the design point can be found by simultaneously 

solving the equations for yield curve and line OP, i.e., Equations (4.6) and (4.38). The 

design point that we get by doing so is  , 2.12,1.24 .  

 

Step 6 

Now that we have the design point(s) the problem can be written as: 

                     

   

 64 1.4136 1.70 61.597                   

Or 

 58 1.4136 1.24 59.753                   
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0    

Let us first use the Lagrange Multipliers Method to solve this problem. The solution can 

be found using Equations (4.40) and (4.41), i.e, 

2
8.40
2 0.32

 

2
2.98
2 0.20

 

2
0.27

2 0.00241
 

2
0.71

2 0.00762
 

2
2.98
2 0.20

 

 61.597                  

Or 

 59.753                  

Upon simultaneously solving these equations we get the stationary points PA(12.63, 6.74, 

4.98, 30.51, 6.74) for Case A and PB(12.62, 6.72, 3.61, 30.08, 6.72) for Case B. It can be 

easily verified that all the eigen values of the hessian matrix, at both points, are non-

negative. Hence the matrix is semi-positive definite and the function is convex. So the 

stationary points are local minima. The unit cost for case A will be $30.69 and that for 

Case B will be $31.14. Hence we should choose the solution for Case A. Now that we 

have the value of optimal mean for each entity of the supply chain we actually have an 
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improvement target. This will actually give us a very good idea about the room for 

improvement available in each sub-process for a given precision and accuracy. 

 

5.4 Finding Sub-process Optimal Mean for Yield 

Let us consider a three step linear supply chain and apply the aforementioned 

method to find out the optimal values of mean for each of the three sub-processes. Let the 

three sub processes be material Supply, manufacturing, and assembly. Let all the sub-

processes follow the assumptions stated in section 4.2.3.1. The problem here is to 

determine the optimal means μi of the yield Yi for each sub process (i = 1, 2, 3) such that 

the performance probability is at least 99.8% and performance sharpness is at least 0.65.  

 

Available Data 

- 0.45 and  0.998. 

- Standard deviation σi for i = 1, 2, 3 is 0.01, 0.017, and 0.013 respectively. 

- Let the long term means   be 0.97, 0.99 and 0.98.  

- ∏ ∏
.

0.0226. 

- The target τ for the whole supply chain is 0.99, which in terms of RTY is 0.9703.   

- Upper Limit U is 1, which in terms of RTY is 1. Hence T1 = 0.0297 

- Lower Limit L 0.95, which in terms of RTY is 0.8574. Hence T2 = 0.1129  

- Tolerance T is 0.1426. 

- The processing costs of one unit of product at all the sub-processes are a function 

of respective means μi and standard deviations σi. These representative functions 
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are given in Table 5.5. The coefficients of the Taylor series approximated cost 

functions, which can be found using Equations 4.35 a, b, and c, are given in Table 

5.6.    

 

Table 5.7: Representative cost functions for delivery time 

Sub Process Unit Cost Function 

Material Supply 40 1 ⁄⁄  

Manufacturing 10 1 2 2⁄⁄  

Assembly 25 1 3 3⁄⁄  

 

Table 5.8: Coefficients of cost function 

Sub-process (i) ki0 ki1 ki2 
1 190129.8 -387979.52 197948.74 
2 17250.32 -34251.06 17006.49 
3 71983.87 -144957.77 72989.81 

 

Now the optimization problem can be written as: 

                     

   

  0.998 

   0.45 

0    

Step 1 

The PP and PS constraints can be written in the form of decision variables by using 

equation (4.42) i.e. 
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  0.8574 0.0678     1 0.0678                        5.4  

From Equation (4.38) 

 
0.1426

6 0.0226
1.052 

 

Step 2 

Let us check the feasibility of the problem by using the conditions stated in step 2 

of Section 4.2.3.2.  

max ,  

max
0.0297
0.1426

,
0.1129
0.1426

 

0.8043 

0.1957 

The values of Cpm and yield ‘γ’ at point (1.052, 1.052) are 0.486 and 0.9984 respectively 

which are greater than their desired values, i.e.  0.45    0.998. Moreover 

   and  is less than yield value at the point of intersection of line OP and Cpm 

case B curve. Hence the problem is feasible. 

  

Step 3 

From Equation (5.4) it is clear that there are two possibilities, i.e.  

-        

-         
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The following plots show the geometry of feasible region for both cases 

  

 

Figure 5.5: Feasible region geometry (Case A) 

 

Figure 5.6: Feasible region geometry (Case B) 
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Step 4 

Now we will find the optimal sub-process means for the unconstrained problem. 

These can be calculated using Equation (4.39), i.e. 

2
 

These values come out to be 0.98, 1.007, and 0.993 for i = 1, 2, 3 respectively. A yield 

value of 1.007 is not possible. Hence the global optimal solution for the unconstrained 

problem will not work in this situation and we need to proceed further. 

 

Step 5 

From Figure (5.4a) it is clear that for Case A there is one point of intersection 

between the yield curve and Cpm Case A curve in the region  . This point is 

(1.0478, 0.9845). Since  1.052 1.0478, hence we can find the design point 

by simultaneously solving the equations for Case A Cpm curve and line OP, i.e., 

Equations (4.20) and (4.38). The design point that we get by doing so is  ,

1.0520,0.9879 .  

From Figure (5.3b) it is clear that for Case B there is no point of intersection 

between the yield curve and Cpm Case B curve in the region  . So we have to find 

the value of Cpm at that point where yield curve intersects the line    . Yield curve 

intersects the line    at point (1.03, 1.03). At this point the value of Cpm is 0.48 

which is greater than  0.45, hence the yield curve is above the Cpm curve and 

design point can be found by simultaneously solving the equations for yield curve and 
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line OP, i.e., Equations (4.6) and (4.38). The design point that we get by doing so 

is  , 1.052,1.052 .  

 

Step 6 

Hence the problem can be written as: 

                     

   

 1 0.0678 0.9879 0.9330                   

Or 

 0.8574 0.0678 1.052 0.9287           

0    

Let us first use the Lagrange Multipliers Method to solve this problem. The Lagrange 

function will be: 

  0.9330                         

Or 

  0.9287                         

When we equate each element of the gradient vector of the Lagrange function to zero we 

get:  

2 0 

2 0 
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2 0 

0.9330 0                        

Or 

0.9287 0                        

Upon simultaneously solving these equations we get the stationary points PA(0.977, 

0.970, 0.985) for Case A and PB(0.977, 0.967, 0.984). It can be easily verified that all the 

eigen values of the hessian matrix, at both points, are non-negative. Hence the matrix is 

semi-positive definite and the function is convex. So the stationary points are local 

minima. The unit cost for case A will be $63.9 and that for Case B will be $69.7. Hence 

we should choose the values that we got for Case A. Now that we have the value of 

optimal mean for each entity of the supply chain we actually have an improvement target. 

This will give us a very good idea about the available room for improvement in each sub-

process for a given supply chain yield precision and accuracy. 

 

5.5 Discussion 

The results of the four problems are summarized in the following tables. 

 

Table 5.9: Results for optimal variance of delivery time problem 

Sub Process 
‘i’ 

Cost Scaling Factor 
‘Si’ 

Long Term St.  Dev. 
‘ ’ 

Optimal St. Dev. 
‘ ′ ’ 

1 80 0.75 0.177 
2 15 0.25 0.319 
3 10 3 1.207 x 10-5 
4 25 1 2.00 x 10-4 
5 15 0.25 0.319 
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Table 5.10: Results for optimal variance of yield problem 

Sub Process 
‘i’ 

Cost Scaling Factor 
‘Si’ 

Long Term St.  Dev. 
‘ ’ 

Optimal St. Dev. 
‘ ’ 

1 40 0.75 0.0227 
2 10 1.5 0.0040 
3 25 1 0.0130 

 

Table 5.11: Results for optimal mean of delivery time problem 

Sub Process 
‘i’ 

Cost Scaling Factor 
‘Si’ 

Long Term Mean 
‘ ’ 

Optimal Mean 
‘ ’ 

1 80 8 12.63 
2 15 4 6.74 
3 10 30 4.98 
4 25 13 30.51 
5 15 4 6.74 

 

Table 5.12: Results for optimal mean of yield problem 

Sub Process 
‘i’ 

Cost Scaling Factor 
‘Si’ 

Long Term Mean 
‘ ’ 

Optimal Mean 
‘ ’ 

1 40 0.97 0.977 
2 10 0.99 0.970 
3 25 0.98 0.985 

 

Before discussing the results let me reiterate that in case of yield problems: 

- Increasing mean will increase cost and vice versa. 

- Increasing variance will decrease cost and vice versa. 

- By improvement we mean that either the variance has decreased or mean has 

increased. 

Whereas in case of delivery time problems: 

- Increasing mean will decrease cost and vice versa. 
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- Increasing variance will decrease cost and vice versa. 

- By improvement we mean that either the variance has decreased or mean has 

decreased.  

From the tables it is clear that in most cases the sub process whose cost impact is 

least sensitive to a change undergoes the highest amount of improvement. In the second 

problem (Table 5.10) all results follow this rule. However this is not a generic rule and in 

some instances this is not happening. For example in the first problem (Table 5.9) sub-

process 3 undergoes the highest amount of improvement which is in accordance with the 

expected trend. However sub processes 2 and 5 should have been next in line to undergo 

the highest amount of improvement but that has happened to sub process 4 instead. 

Similarly in the fourth problem (Table 5.12) sub-process 2 should have under gone the 

highest amount of improvement. However the opposite has happened since the mean has 

decreased from the long term value. But a point to notice here is that even now sub-

process 2 is undergoing the highest amount of change but in opposite direction. And the 

decrease in mean of sub-process 2 will actually compensate for the respective increase in 

means of sub processes 1 and 3. From this discussion it can be easily implied that the 

results are not just dependent on cost sensitivity of the sub-processes and other 

parameters like  Cpm, γ, μ, τ, T1, and T2 also have an impact on the optimal values of 

means or standard deviations. One thing can be said with certainty that whatever the 

result, the combination of optimal values will lead to the lowest possible cost required to 

bring about the desired change.         

The question that comes to mind now is that what happens next? If we have the 

optimal values of means or standard deviations for a given system, what can we do with 
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them? Before answering these questions let me go back to the results of the third problem 

(Table 5.11). Notice that the mean of the third sub process has undergone a decrease from 

a long term value of 30 days to 4.98 days, whereas the means of all other processes have 

increased. Rationally thinking such a big change in the third sub process may not be 

possible, and without such a big change we will not be able to get the desired results. In 

such a case sub-process 3 should be improved as much as possible. Once a limiting point 

has been reached, the same problem can be solved again by fixing mean of sub-process 3 

at the limiting value. This will actually result in an extra constraint. From the new 

optimal values we will be able to identify the sub-process undergoing the highest amount 

of improvement. That sub-process should be improved until no further improvement is 

possible. And then the problem should be solved with one more additional constraint. 

Continue this process until a mean or variance value for all the sub-processes has been 

fixed.  

This scheme is actually coherent with Goldratt’s[42] theory of constraints. 

According to him it is always better to analyze the system before its entities. Improving 

the entities in isolation from the system will not help the overall cause. By analyzing the 

system first, one can identify the weakest link in the chain or network. Once the weakest 

link (in our case we can say the link with the highest room for improvement under the 

given conditions) has been identified, improvement efforts should be initiated and 

continued on that link until the point of stagnation. Analyze the system again and repeat 

the same cycle until the system becomes optimally synchronized. This means that it is an 

iterative improvement process. However if these steps are not followed, even then the 

optimal values give us direction for decision making. We actually get a target mean or 
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standard deviation value for each sub process in the chain. Even if those target values are 

unachievable they can help us identify the right alternatives (if available) for different sub 

processes in the supply chain. For example one can choose suppliers and/or third party 

logistics service providers based on these optimal values. Whichever supplier and/or third 

party logistics service provider has the closest variance and mean to the respective 

optimal values for the corresponding entity in the chain should be preferred over the 

others.      
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Chapter 6  

Conclusion and Future Work 

In this chapter we will highlight the main features of the framework developed and 

discuss avenues for future research.  

 

6.1 Summary    

In this thesis our objective was to use six sigma tools for supply chain performance 

measurement and improvement. Most of the research conducted in the past for exploring 

supply chain performance measurement and improvement avenues has either been very 

subjective or local in nature.  On the other had our framework is objective in nature as it 

is based on six sigma tools which are quantitative in nature. Moreover six sigma provides 

us with a common measurement scale for a wide variety of processes and industries, 

because of which our framework is pretty much globally applicable. For performance 

measurement we suggested the use of rolled throughput yield as a metric. The crux of the 

performance measurement framework can be put into words as follows: 

- Rolled throughput yield has a strong relation with scrap, rework, warranty, and 

customer satisfaction, which makes it a very good quality indicator in a 

manufacturing setting. 

- Even though RTY does not actually give us a literal yield figure, it is a better 

performance indicator than actual yield because it makes the “hidden factory” 

visible. 

- We are not interested in the actual yield of the process when using RTY. The way 

we interpret RTY is more critical, which is exactly why it is equally effective in a 
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sequential as well as a parallel process. Since supply chain is essentially a 

network of sequential and parallel steps, using RTY as a quality performance 

metric in such a setting is well justified. 

- RTY and DPU calculations can be based on either count of defects or units 

defective. If both can be obtained with approximately equal ease, then its best to 

start by looking at count of defects and trying to control defect rates relative to 

statistical control limits assuming Poisson distribution. However, if count of 

defects is more difficult to get than count of units defective, then we suggest using 

the count of units defective because only rarely will substantial information be 

lost in this way. However, if a statistical control chart based on defect counts 

indicates a lack of statistical control and no removable causes can be found, then 

one could evaluate process control using count of defective units instead. If the 

data are still outside the limits, it indicates the presence of assignable causes. 

- RTY and DPU control charts are very effective tools to check if the process is in 

control quality-wise. These charts, if showing consistent abnormal variation, act 

as a base for mitigation initiatives, which may include a lot of steps starting from 

problem identification to its solution and control using different six sigma tools 

and experimental design techniques.  

 

In the improvement framework we concentrated on improving the performance 

with respect to delivery and functional quality by trying to reduce variation and enhance 

yield reliability. For doing so we used design tolerancing techniques to set a generic 
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optimization problem. Then we solved two sub-cases of that problem. The crux of the 

improvement framework can be put into words as follows. 

- By interpreting three basic process capability indices Cp, Cpk, and Cpm in the 

supply chain context, one can quantify performance of a supply chain quality 

characteristic in terms of two performance metrics. 

- The first metric, performance probability (PP), is a traditional metric which is the 

probability that a typical customer order is delivered within the customer 

specified delivery window or the quality yield is within the acceptable range. PP 

is dependent on indices Cp and Cpk. 

- The second metric, performance sharpness (PS), is a measure of how close the 

achieved value of quality characteristic is to the target. Taguchi capability index 

Cpm is the primary motivation behind this metric. 

- PP captures precision of quality characteristic and PS indicates the level of 

accuracy of quality characteristic. Thus the two metrics, when used together, 

completely characterize the performance of a process / supply chain. 

- Using these two metrics as constraints and a cost function as objective function 

one can formulate a generic optimization problem that can be molded into 

different forms based on scenario. 

- We solved two sub-cases of the generic optimization problem i.e. optimal 

allocation of variance and optimal allocation of means. Solving these sub-cases 

leads to optimal variance and mean, with respect to delivery time as well as yield, 

for each entity in the supply chain setting for a desired level of PP and PS. 
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- These optimal values can help us improve the system using Goldratt’s iterative 

technique (Theory of constraints) for improving a chain or network of processes. 

Moreover these values can aid the management in supply chain decision making 

process.   

 

6.2 Future Work 

Some suitable avenues for future work are as follows: 

- Our methodology does not take into account the demand and lead time 

uncertainty. Such uncertainties are common in supply chains, and they are highly 

relevant when we talk about inventory systems. Our design problem can be 

modified to incorporate these factors into the framework so that our methodology 

can be used for analyzing and improving inventory systems as well. 

- One of the limitations of our methodology is the assumption of normal 

distribution. A supply chain process in not likely to follow normal distribution. 

We had no other option because our framework is based on the theory of 

capability indices which are only defined for normal distribution.  There are no 

universally accepted capability indices for non-normal distribution and research in 

this field is still at a nascent stage. Development of capability indices for non-

normal distributions more suitable for analyzing a supply chain is a path for future 

research. 

- In our methodology we have just solved the problems for linear supply chains. 

However in reality that may not be the case. Some generic structures can be those 

of converging, diverging, and mixed supply chains. The methodology can be 
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modified to incorporate some of these generic possibilities as far as supply chain 

structure is concerned. 

- In our methodology we have just focused on delivery time and functional quality. 

There is no doubt that these are the most critical factors affecting customer 

satisfaction, but other characteristics like after sales service, availability, 

information sharing in some cases, and cost competitiveness etc. also have an 

impact on customer satisfaction. Our work can be further enriched by devising a 

method to include these characteristic into the improvement framework. 

- We have tried to synchronize the supply chain with respect to delivery time and 

quality by solving some optimization problems. However solving optimization 

problems on paper alone does not improve the system. The solution just gives us 

targets for improvement. The on-ground improvement effort may vary in nature 

depending on the industry and problem, but one thing that is universal for 

improvement via performance synchronization is effective communication among 

all the entities in the system. Keeping this in context, effectiveness of different 

communication mechanisms and information systems can be explored from a 

supply chain improvement perspective. 

- We solved two sub-cases of the generic optimization problem i.e. optimal 

allocation of variance and optimal allocation of means. Another sub-case is 

finding the optimal target values for each sub-process. Solving such a problem 

can help supplier decide the delivery date or functional quality that they can 

promise the customer. Solving this problem is another avenue for future research. 
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