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Abstract 

 

The purpose of this research is to analyze the longitudinal data using a 

linear mixed model with an application to voltage-dependent motility and/ or 

stiffness changes of the hair bundle of outer hair cells (OHCs). I introduce a proc 

MIXED procedure in SAS for the repeated measurement data. In an addition, I 

will give an overview of several procedures in the SAS System for statistical 

modeling. 
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Chapter 1 

Introduction 

 

 Longitudinal data is a set of experimental data such that same quantities 

of experimental units are successively observed and recorded at different time 

points. The experimental units or subjects might be cells, plants, laboratory 

animals or patients.  What we are interested in is the pattern of change over time 

or under different conditions. As we know, longitudinal data are dependent, but 

the experiment units can be assumed to be independent of one another. 

Because observations on the same experiment unit (same subject) tend to be 

correlated. Because of this dependence, we can’t use experiment designs in 

which we assume that observations are sampled from the same general 

population and are independent and identically distributed.  Hence we need to 

find appropriate statistical analyses which must take this correlation into account. 

In the past 40 years, many methods to analysis of longitudinal have been 

introduced. The most famous paper was given by  Diggle, Liang and Zeger 

[1994]. In this paper, the authors described several different methods which are 

commonly used in the analysis of longitudinal data. They use generalized linear 

models to analyze the longitudinal data. Generalized linear model includes 

general linear model which is for normally distributed variable, and a logistics 

model, which is for binary and count data. In addition, numerous books have 
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been published. They provided different insights on statistical methodology for 

the longitudinal data.  

In my approach, I give the theoretical part of the thesis in chapters 2 and 3. 

In chapter 2, the linear mixed model will be presented. I introduce several 

estimation methods. In chapter 3, I provide a summary of traditional and modern 

methods for the analysis of longitudinal data. Chapter 4 gives Likelihood 

inference and test statistics. In chapter 5, we apply the linear mixed model to 

outer hair cells (OHC).  In this experiment, we want to show there is a magnitude 

modulation which will take place under a different voltage polarity. 
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Chapter 2 

Linear Mixed Model 

 

2.1 Introduction 

A linear mixed model is an extension of a linear regression model to 

model longitudinal (correlated) data. The major advantage of this model is the 

ability to accommodate the complexities of typical longitudinal data sets. 

There are several models (proc ANOVA, proc REG, proc GLM, proc 

LOGISTIC, proc GENMOD, proc MIXED, proc GLIMMIX) available in SAS.  Each 

model has a different purpose and assumption, and should be used with different 

types of data. Hence we should choose the model carefully. If the assumptions 

are violated, this means the regression is not appropriate, and then we must 

change the model. Therefore, it is necessary to fit the model to the data-not the 

data to the model.   

The purpose of this paper is to focus on the linear mixed model and to use 

proc MIXED for fitting the linear mixed model to the longitudinal data.  

The linear mixed model is a generalization of the standard linear model; 

this model has fixed effects and random effects. The linear mixed model is widely 

used in the design and analysis of biomedical and agricultural models. 

  3
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2.1.1 The Usual Linear Model 

First I want to talk about the general linear model. Suppose we have a 

vector  which is a '
1 )....( nyyy = 1×n  vector of independent observations. The 

general linear model is 

                                        εβ += Xy ,                                                      (2.1) 

where β  is a  vector of unknown parameters. 1×p X  is an  design model 

matrix, and  is an 

pn×

'
1 )....( nεεε = 1×n  vector of independent errors. ε  is normally 

distributed. The components of ε  are independence with a mean 0 and a 

constant variance .  The unknown parameters 2δ β  are estimated by using 

ordinary least squares. 

Furthermore, the generalized linear model has the same equation as (2.1). 

But we will not assume iε  are independent and has the constant variance .  

We assume that 

2δ

ε  has a mean vector  and an arbitrary covariance matrixn0 Σ . 

The unknown parameters β  are estimated by generalized least squares,  

2.1.2 The Mixed Model 

     The linear Mixed model is  

                                          εγβ ++= ZXy                                              (2.2) 

y  is an  vector of observations, 1×n β  is a 1×p  vector of unknown fixed-effects 

parameters. X  is an  design model matrix, and  is an pn× '
1 )....( nεεε = 1×n  

vector of errors. In addition, Z , a vector of unknown random-effects parameters, 

  4



                                                                              Texas Tech University   Jing Wang   May 2007 

is given  matrix, and qn× γ  is an unobservable random vector of dimensions 

. 1×q

The assumptions are followed: 

• parameters γ  β  and error term ε   are normally distributed. 

• Parameter γ  and ε  are assumed to be uncorrelated 

• ε  are not assumed to be independent but are allowed to have arbitrary 

covariance matrix. 

•  

q

E

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

0
.
.
.
0

)(γ

• ;)( GVar =γ  

•  

n

E

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

0
.
.
.
0

)(ε

 

In the linear mixed model, we can model both the mean of  and the 

variance of , 

y

y

                                        βXyE =)( ,                                                 (2.3) 

                                  .                                     (2.4) RZGZyVarV +== ')(

  5
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If  and , then the mixed model can be reduced to the general 

linear model. 

IR 2δ= 0=Z

We can specify the structure of , and GZ , R to model the data. The model 

matrix of X is an observable condition. We have lots of choices to design the 

matrix Z. One of choices is we can have the same fashion of the model matrix Z 

for the random-effects parameters as that of X, the model matrix for the fixed-

effect parameters. We must select some covariance structures for G and R. 

There are possible covariance structures in the SAS Mixed model such as [5]    

• Variance components 

• Compound symmetry (common covariance plus diagonal) 

• Unstructured (general covariance) 

• Autoregressive 

• Spatial  

• General linear 

• Factor analytic 

After defining the model matrices X, Z, and the covariance structure 

matrices G and R, we can perform numerous mixed model analyses. 

2.2 Parameter Estimation 

2.2.1 Introduction 

The parameter estimation is more difficult in the mixed model than in the 

general linear model.  Since we have no assumption such that there is the 

constant variance, Ordinal Least Squares is no longer the best method to 

  6
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estimateγ  and β . Generalized least squares (GLS) is more appropriate by 

minimizing .We need find some reasonable estimate for V 

into the minimization problem. As we know, . This means 

we need to find a reasonable estimate of G and R. Unfortunately, we have no 

idea about them.  

)()( 1' ββ XyVXy −− −

RZGZyVarV +== ')(

In many situations, under the assumption that γ and ε  are normally 

distributed, a likelihood-based method is the best method. [5] There are two 

likelihood-based methods available, maximum likelihood (ML) and restricted 

maximum likelihood (REML). The favorite property of ML and REML is to allow 

data missing at random. [1] 

 Proc Mixed provides two likelihood-based methods: maximum likelihood 

(ML) or restricted maximum likelihood (REML) to estimate G and R. 

In the past, maximum likelihood (ML) estimation of the fixed effects and 

variance components was not popular because of computational optimization 

problems. Proc Mixed uses a ridge-stabilized Newton-Raphson algorithm to 

minimize -2 times Log-Likelihood functions.  

2.2.2 ML for Variance Parameters 

Maximum likelihood provides unbiased estimators under normal errors. 

The log-likelihood for observed y is 

                ML: )2log(
22

1||log
2
1),( 1' πnmVmVRGl −−−= −                (2.5) 

where  and is the rank of X. yVXXVXXym 1'1' )( −−−−= p

  7
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2.2.3 REML for variance parameters 

Restricted maximum likelihood produces biased estimators. Sometimes 

we call restricted maximum likelihood (REML) residual maximum likelihood.  The 

REML estimation method applies ML estimation techniques to the likelihood 

function. The only difference is the REML estimation method is associated with a 

set of “error contrasts” rather than associated with the original observations. 

Therefore, it will lose degrees of freedom and give less biased estimates of the 

variance components. The bias issue can not be neglected, especially when the 

number of parameters is not small relative to the total number of observations. [2] 

The reason is as followed. 

Let us start the easier case. We consider the estimation of  for the 

general linear model (2.1). The MLE of is  

2σ

2σ

                                
n

XyXy )ˆ()ˆ(~
'

2 ββσ −−
= ,                                  (2.6) 

where . The REML estimate of  is the minimum variance 

unbiased estimator  

yXXX '1' )(ˆ −=β 2σ

                                 
pn

XyXy
−

−−
=

)ˆ()ˆ(ˆ
'

2 ββσ .                                   (2.7) 

The bias of the MLE is  

                                 )()ˆ~( 222

n
pE σσσ −=− ,                                       (2.8) 

As p  increases, bias of the MLE will be is negative and worsens. 
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Let A be an  matrix such that  and , 

where  is the orthogonal projection matrix onto the column 

space of 

)( pnn −× pnIAA −='
Xn PIAA −='

'1' )( XXXXPX
−=

X . We can show  is a vector of yAw '= pn −  linearly independent error 

contrasts. The expected value of  is  w

pnXn XXXPIyAEwE −=−=−== 0)()()( ' βββ  . 

Each element of  is the error contrast. Under the assumed model (2.2), yA '

),(~ VXNy n β , 

where . Then  RZGZV += '

),0(~ 'VAANW pnpn −− . 

The REML approach applies maximum likelihood estimation techniques to 

 rather thanyAw '= y . The log-likelihood functions is 

REML: )2log(
22

1||log
2
1||log

2
1),( 1'1' πpnmVmXVXVRGlR

−
−−−−= −−       (2.9) 

Where  and is the rank of X. yVXXVXXym 1'1' )( −−−−= p

2.3 Estimating β  and γ  in the Mixed Model 

After getting estimates of G and R, which are denoted  and Ĝ R̂  

respectively, and G is nonsingular, we solve mixed model equations [5]: ˆ

                         =                         (2.10) 
⎢
⎢
⎣

⎡
−

−

XRZ

XRX
1'

1'

ˆ

ˆ

⎥
⎥
⎦

⎤

+ −−

−

11'

1'

ˆˆ

ˆ

GZRZ

ZRX
⎥
⎦

⎤
⎢
⎣

⎡

γ
β
ˆ

ˆ

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−

−

yRZ

yRX
1'

1'

ˆ

ˆ
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Then the solution is: 

yVXXVX 1'1' ˆ)ˆ(ˆ −−−=β  

)ˆ(ˆˆˆ 1' βγ XyVZG −= −  

If G  is singular, then the mixed model equations are modified (Henderson 

1984) as follows: 

ˆ

                    =                          (2.11) 
⎢
⎢
⎣

⎡
−

−

XRZL

XRX
1''

1'

ˆˆ

ˆ

⎥
⎥
⎦

⎤

+−

−

ILZRZL

LZRX
ˆˆˆ

ˆˆ
1''

1'

⎥
⎦

⎤
⎢
⎣

⎡

τ
β
ˆ

ˆ

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−

−−

yRZL

yRX
1''

11

ˆˆ

ˆ

where L̂  is the lower-triangular Cholesky root of , satisfying . 

Both 

Ĝ 'ˆˆˆ LLG =

τ̂  and a generalized inverse of the left-hand-side coefficient matrix are then 

transformed using L̂  to determine γ̂ . 
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Chapter 3 

Model Selection 

 

3.1. Model Choice 

There are items that must be considered in a model choice as followed. 

1. Type of outcome variable-whether nominal, ordinal, or continuous 

2. Type of input variable-whether nominal, ordinal, or continuous 

3. Type of input variable-whether fixed or random effect 

4. Choice of covariance matrix format for random effects 

5. Choice of link function for non-normal residuals 

Hence, the more complex the data is, the more complex the model is. In 

Table 3.1, we give some indication as to how the models should be used. 

Table 3.1 Outline of Model Choice 

Model Output 
Variable 

Types of Input  Assumptions 

ANOVA Continuous Categorical, Fixed Effects only Normality 
REG Continuous continuous, Fixed Effects only Normality 
LOGISTIC Binary Categorical, continuous, Fixed 

effects only 
Log-Normal 

GLM Continuous Categorical, continuous, Fixed 
effects only 

Normality 

GENNMOD Categorical 
Continuous 

Categorical, Continuous, Fixed 
Effects only 

Exponential 
Family 

MIXED Continuous Categorical, Continuous, Random 
Effects 

Normality 

GLIMMIX Categorical 
Continuous 

Categorical, Continuous, Random 
Effects 

Exponential 
Family 
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3.2 Model Selection  

There are many different ways that we can incorporate into specific 

models. The previous section on the estimation assumes the specification of the 

mixed model in terms of X, Z, G, and R. Even though X and Z have known 

elements, their specific form and construction is flexible, and several possibilities 

may present themselves for a particular data set. Likewise, several different 

covariance structures for G and R might be reasonable.  As we known, the SAS 

procedure proc MIXED allows users to fit the general linear mixed models, with a 

large variety of possible covariance structures. Under the linear mixed model, the 

data vector  for the ith  subject is assumed to be normally distributed with the 

mean vector 

iy

iXβ  and the covariance matrix of the form . Hence, 

fitting linear mixed models implies that an appropriate mean structure as well as 

covariance structure needs to be specified.  As shown in Figure 3.1, they are not 

independent of each other.[4]  

iiii RZGZv += '

  12
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Mean structure Covariance structure 

Estimation of γβ ,  
Covariance matrix of 
γβ ˆ,ˆ  t-tests and F-tests 

Confidence intervals 
Efficiency 
Prediction 

Figure 3.1 Procedure of Model Selection 

3.2.1 Selection of a Mean Structure 

For data from a designed experiment, the treatment labels are the relevant 

explanatory variables. This incorporates a indicate variable, taking values of 0 

and 1,   for the mean response at each time point within each treatment group. 

For example, when two treatment groups had measurements at two fixed time 

points, we would use 422× ==p )(yE X parameters to model . The  matrices 

would equal 

i i
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⎥
⎦

⎤
⎢
⎣

⎡
=

0010
0001

iX         or  ⎥
⎦

⎤
⎢
⎣

⎡
=

1000
0100

iX

Depending on whether the i th individual belongs to the first or second 

treatment group, respectively. 

3.2.2 Selection of Covariance Model 

Usually, we think there are three different sources of random variation. 

 Random effects: When we collected units at random from a population, their 

behavior may show stochastic variation between units. For example, some 

units are more sensitive than the others. 

 Serial correlation: The data profile is a response to time-varying stochastic 

processes operating within the unit. Hence there is a correlation between 

pairs of measurements on the same unit. Typically, the correlation is getting 

weaker and weaker as the time separation increases.  

 Measurement error: When we collect individual measurement within units, it 

is possible to add a component of variation to the data. 

3.2.2.1 Selection of Residual of Covariance Structure 

Since there are many covariance structures available in SAS procedure 

MIXED, we fit linear mixed models with the same mean and different random-

effect structures, and then to use the likelihood-based criteria to compare the 
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different models. Hence, I like to discuss the selection of the residual of 

covariance structure. 

3.2.2.1.1 Correlation Functions 

There are several kinds of correlation functions, but we only consider the 

serial correlation. The most frequently used serial correlation functions are the 

exponential and the Gaussian serial correlation functions. [4] 

We use ijε to denote the element of ε   which corresponds to the j th 

measurement on the i th unit. So that  

                                       )( jj tW=ε                                                    (3.1) 

Then, the covariance matrix of iε  is  

                                                                                     (3.2) HVar 2)( σε =

Now,  is the variance of each2σ jε , and the correlations amongst the jε , 

are determined by the autocorrelation function )(uρ . Specifically,  

                                                                (3.3) |).(|),( 2
kjkj ttCov −= ρσεε

The corresponding variogram is  

                                     .                                       (3.4) )}(1{)( 2 uu ρσγ −=

Thus, 0)0( =γ  and  as 2)( σγ →u ∞→u . Typically, )(uγ  is an increasing 

function of  because the correlation, u )(uρ , decreases with increasing time 

separation, . u

The exponential correlation function )(uρ  is, 
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                                      )exp()( uu φρ −= ,                                           (3.5) 

for some value of 0>φ . 

In many applications, Gaussian correlation function is 

                                                                                (3.6) )exp()( 2uu φρ −=

for some 0>φ . 

I like to introduce a pth order Markov model. This model is to assume a 

clear dependence of the current jε  on a limited number of its predecessors, 

11 , εε L−j  . The simplest example is the first-order autoregressive process. In this 

model,  

                                        jjj Z+= −1αεε ,                                          (3.7) 

where the  are a sequence of mutually independent  random 

variables. 

jZ ),0( 2σN

3.2.2.1.2 Likelihood-based Criteria 

There are two criterions, AIC and BIC. We can use one of them to 

compare the models with the same fixed effects but different variance structures. 

AIC is Akaike’s Information Criterion (AIC).  The formula is  

                                       pLLAIC 22 +−=                                               (3.8) 

where   is the maximized log likelihood or the residual log likelihood, an p is 

the effective number of covariance parameters. Similarly, the Schwarz’s 

Bayesian Criterion (BIC) is defined as  

LL
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                                      )log(2 npLLBIC +−=                                        (3.9) 

where n is the number of observations .The smallest AIC is, the best model is, so 

BIC is.  

3.3 Statistical Properties 

If we know G and R,  is the best linear unbiased estimator (BLUE) of β̂ β , 

and γ̂  is the best linear unbiased predictor(BLUP) of γ [5]. The covariance matrix 

of  is  )ˆ,ˆ( γγββ −−

                                                            (3.10) 
⎢
⎢
⎣

⎡
=

−

−

XRZ
XRX

C
1'

1' −

−−

−

⎥
⎥
⎦

⎤

+ 11'

1'

GZRZ
ZRX

where  denotes a generalized inverse[5]. −

However, G and R are usually unknown and are estimated by one of the 

aforementioned methods. We substitute estimates, G  andˆ R̂ , into the preceding 

expression to obtain 

                                                            (3.11) 
⎢
⎢
⎣

⎡
=

−

−

XRZ

XRX
C

1'

1'

ˆ

ˆ
ˆ

−

−−

−

⎥
⎥
⎦

⎤

+ 11'

1'

ˆˆ

ˆ

GZRZ

ZRX

as the approximate variance-covariance matrix of . McLean and 

Sanders show that  can be written as  

)ˆ,ˆ( γγββ −−

Ĉ

                                                                                 (3.12) 
⎢
⎢
⎣

⎡
=

21

11

ˆ

ˆ
ˆ

C

C
C

−

⎥
⎥
⎦

⎤

22

12

ˆ

ˆ

C

C

where 
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  −−= )ˆ(ˆ 1'
11 XVXC

11
1'

21
ˆˆˆˆ CXVZGC −−=  

GZVXCGZRZC ˆˆˆ)ˆˆ(ˆ 1'
21

111'
22

−−−− −+=  

Note that  is the familiar estimated generalized least-square formula for 

the variance-covariance matrix of [5] 

11Ĉ

β̂
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Chapter 4 

Likelihood Inference and Test Statistics 

 

In this chapter, I will introduce a definition of likelihood function for θ  and 

several test statistics. 

4.1 Likelihood Inference 

Likelihood inference is based on a specification of the probability or 

probability density for the observed data, y . Then, the likelihood function for θ  is 

the function 

                                       );()|( θθ yfyL =                                          (4.1) 

θ̂  Is the maximum likelihood estimate ofθ [1]. 

This expression );( θyf  involves a vector of unknown parametersθ .  Once 

the data are observed, the only quantities in )(•f  that are unknown to the 

investigators areθ .  

4.2 Test Statistics 

4.2.1 Wald Z  

One common likelihood-based statistic is Wald Z , It is only valid for large 

samples or a normal distribution.  Wald Z  is computed as the parameter estimate 

divided by its asymptotic standard error. The asymptotic covariance matrix is 

given by a expression 

                                  1
2

2
)}log({ −

∂
∂−= θ

LEV                                    (4.2) 
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4.2.2 Chi-square ( 2χ )  

A better alternative is the likelihood ratio 2χ . This statistics compares a 

series of sub-models which are nested. This means that each sub-model in the 

sequence is the special case of the previous one. Statistic is  

2χ = (  from null model) - (LL2− LL2− from the fitted mode),                  (4.3) 

This statistic has asymptotic 2χ -distribution with 1−p  degrees of freedom, 

where p is the effective number of covariance parameters. 

To compute it, you must run proc Mixed twice, once for each of them. Proc 

Mixed provides ‘Null model likelihood ratio test’, where the null model is the one 

with only the fixed effects listed in the model statement and .  IR 2σ=

4.3 Fixed- and Random-Effects Parameters Test Statistics 

Since there are fixed- and random-effects parameters ( γβ , ) in the mixed 

model, the likelihood function is  

                                                                         (4.4) );()|( ⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
γ
β

γ
β

yfyL

Hypothesis 

                                          .                                         (4.5) 0: =⎥
⎦

⎤
⎢
⎣

⎡
γ
β

LH

The general t-statistic is  

                                               
'ˆ

ˆ

ˆ

LCL

L
t

⎥
⎦
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Under the assumption that γ  and ε  are normality, t is only approximately 

t-distributed, and its degrees of freedom must be estimated. 

When the rank of L is greater than 1, proc mixed provides the following 

general F-statistic: 
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                                       (4.7) 

F has an approximate F-distribution with rank(L) numerator degrees of 

freedom and υ̂  denominator degrees of freedom. 
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Chapter 5 

Applications 

 

In the previous chapter, we introduced the linear mixed model for 

longitudinal data. We also derived the hypotheses and test statistics for the linear 

mixed model. In this chapter, we will see an application of the procedure about 

the linear mixed model. 

5.1 Introduction 

In real life, millions people have hearing problems. The most common 

reason that causes hearing problems is a degeneration of cochlear sensory (hair) 

cells. The research finds lots of reasons can cause the degeneration of cochlear 

sensory (hair) cells, such as ototoxic drugs, infections, autoimmune disease or 

aging. However, the degeneration of cochlear sensory (hair) cells is irreversible 

because we can not replace lost hair cells currently. Hearing problems seriously 

affect the quality of life. For this reason, scientists are interested in the basic 

organ function of hair cells, and then find out how to repair and replenish these 

cells. 

A auditory sensation has three procedures. First of all, the external ear 

collects the sound energy. Second, Sounds travels to the ear drum and cause 

vibration. Third, the cells in the cochlea convert a mechanical energy to a neural 

signal. Therefore, we can hear the sounds. There are two types of the hair cells 

in the cochlea, the inner hear cells (IHC) and the outer hair cells (OHC).  Current 
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theories assume that outer hair cells (OHC) are responsible for amplifying 

sounds whereas inner hair cells (IHC) are responsible for transmitting information 

to the central nervous system. However, we don’t know the mechanical 

properties of the hair bundles of OHCs and IHCs, and how the outer hair cells 

(OHC) and inner hair cells (IHC) work? Look at this Figure 5.1. [6] 

 

Figure 5.1 Structure of ear 

Actually, the stereociliary bundles of the OHCs are contacted with a 

tectorial membrane in Figure 5.1. When the tectorial membrane oscillates 

responding the sounds, the OHCs change their length, then the sounds can be 

detected by  the IHCs and send to the brain.  

Research shows the mechanical properties of outer hair cells are 

important for the normal hearing. In other words, if the cell is damaged, the 

hearing sensitivity will be reduced. Many experiments about stiffness 

measurements of mammalian cochlear hair bundles have been made recently.  
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5.2 Experiment 

In our study, 41 Outer hair cells (OHCs) are sampled from a 

homogeneous group. In the experiment, we had voltage commands to the cells. 

The cells were stimulated electrically and their stiffness were determined by 

optoelectronically measuring with a driven-fiber method.[7]  We measured the 

stiffness under  positive and negative voltage conditions on the same cell, 

consequently. We are interested in examining a magnitude modulation under 

different voltage commands.  

The general hypothesis for this study is that there is no magnitude 

modulation under different voltage levels.  

5.3 Data Analysis 

The experiment includes four periods, namely free-fiber motions, loaded-

fiber motions under negative voltage, loaded-fiber motions under positive voltage, 

and then free-fiber motions, consequently. Here is a representative example, 

shown in Figure 5.2, where s1 represents ‘baseline’ (free-fiber motions); s2 

represents ‘negative’ (loaded-fiber motions under negative voltage); s3 

represents ‘positive voltage’ (loaded-fiber motions under positive voltage); and s4 

represents ‘end’ (free-fiber motions).  

  24



                                                                              Texas Tech University   Jing Wang   May 2007 

 
S1 S2 S3 S4 

-200000

-150000

-100000

-50000

0

50000

100000

150000

200000

1 151 301 451 601 751 901 1051 1201 1351 1501 1651 1801

time

re
sp

on
d

Series1

 

Figure 5.2 Responses obtained during whole-cell voltage-clamp experiment. 

Each period has approximate 20 cycles. Each cycle has approximate 20 

observations. We want to examine a mean of magnitudes under different 

voltages. The magnitude of each cycle is units from the peak to the trough. For 

example, in Figure 5.3,  160000)50000(110000 =−−=−= troughpeakmagnitude  
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Figure 5.3 The magnitude for one cycle 

I use MATLAB to find the magnitude of each cycle.  Figure 5.4 is one of 

the representatives. The Label on the horizontal line is cycle. 
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S2

Figure 5.4 Magnitudes under different voltages 
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Since magnitudes on the cell are sequentially collected in time, we can 

see a correlation between a current and previous magnitude of the cell, also 

called a serial correlation or an autocorrelation. Hence this data is longitudinal 

data. It is clear that measures on the same cell close in time tend to be more 

highly correlated than measures far apart in time. 

Therefore, we define a structure of error covariance. I use a first-order 

autoregressive structure. The Covariance structure for AR(1) in the proc Mixed 

model is  

⎥
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We still have several structures of error covariance available in the proc 

Mixed procedure.  

5.4 Statistical Analysis 

5.4.1 Statistical Model 

In our experiment, the magnitude is a dependent variable and continuous. 

The voltage is an expected variable and categorical; the voltage has four levels, 

s1, representing baseline, s2, representing negative voltage, s3, representing 

positive voltage and s4, representing end.   
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 The linear Mixed model is  

                                          εγβ ++= ZXy                                              

where a vector y represents the magnitude,  X is a (3200*4) design matrix, 
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4321 βββββ = )  is an unknown parametric vector of the fixed effect, 

estimating the mean response for each level of the fixed effect.   

γ  is an unknown parametric vector of the random effect. Since 41 cells 

are from a homogeneous group, there is no different response to the voltage 

between the cells. The design matrix Z  is 0. 

The error termε , I use the first-order autoregressive structure. The 

covariance structure for AR(1) in the proc Mixed model is  
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Finally, the model is reduced to  

εβ += Xy  
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5.4.2 Boxplots 

It is always a good idea to examine experimental data graphically. The 

boxplots for outer hair cells (OHCs) under the different voltage are shown in 

figure 5.5.  

 Figure 5.5 Boxplot of magnitude under different voltages.  

In Figure 5.5, we compare magnitudes under the different voltage. By 

connecting the medians of the four boxplots, we can see there is a small 

increase from ‘negative voltage’ to ‘positive voltage’, so from baseline to end. 

Before we examine whether there is a significant different change among 

‘negative voltage’ and ‘positive voltage’, we need to check whether or not there 
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are outliers among observations, magnitudes. Normality test for the magnitude 

under the different voltage is shown in Figure 5.6.  

 

 

Figure 5.6 normality test of logarithm of the magnitude  

In Figure 5.6, we find outliers under the positive voltage. Therefore we go 

back to the original data,  

When the polarity of voltage is changed, the magnitude is decreased, 

shown in Figure 5.7. We get rid of outlier. We perform normality test again. The 

normality test is shown in Figure 5.8. In Figure 5.8 there is no outlier. We can see 

observations, magnitudes, are approximately normally distributed. We perform 

the boxplots again. The boxplots is shown in Figure 5.9.  
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Figure 5.7 magnitude of cell 38. 

 

Figure 5.8 normality test without outliers
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Figure 5.9 boxplots of magnitude without outliers 

5.4.3 Hypothesis and Results 

We are interested in testing the equality of the 4 treatment means, such 

that whether the magnitude of the cell is changed under the different voltage.  

What’s more, we need to examine whether the voltage, the fixed effect, 

has the significant effect on the magnitude of the cell, firstly. In this case, the 

hypothesis is  

 

                                         43210 : ββββ ===H

                                 jiH ji ≠≠ ,:1 ββ    4,3,2,1, =ji                                           (5.1) 

Finally, the fixed effects are tested using Type III estimable functions. The result 

is shown in Table 5.1. From Table 5.1, if we choose 05.0=α , then p-values for 
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the fixed effect is small enough to reject the hypothesis. In other words, the 

voltage affects the magnitude of the cell. 

Table 5.1 Fixed effect 

                                     Type 3 Tests of Fixed Effects                         
                                                                               
                  Num     Den                                                     
   Effect       DF      DF    Chi-Square    F Value      Pr > ChiSq    Pr > F  
                                                                               
   Voltage       4      119        1896.61    474.15          <.0001    <.0001  
 

After this, we suspect the negative voltage does not have the same effect 

as the positive voltage, and the baseline has the same effect as the end, implying 

this we would like to test the hypothesis  

                                                 
321
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                                                                                                               (5.2) 
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There is CONTRAST statement in SAS to reproduce the F-test for the 

fixed effect, Voltage. The result is shown in Table 5.2.  

Table 5.2 Analyses for effects under different voltages. 

 
                                   Contrasts 
 
                                   Num     Den 
    Label                         DF      DF    F Value    Pr > F 
 
                   

Negative & Positive voltage     1      119       1.27    0.2618 
   Baseline & end                      1      119       0.11    0.7448 
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In Table 5.2, p-value is 0.2618, which is bigger than 0.05.  We can not 

reject the null hypothesis, so we think there is no difference of magnitudes 

between under positive voltage and negative voltage. 

We also can not reject the null hypothesis, and conclude that there is no 

difference between baseline’s magnitudes and end’s magnitudes, since p-value 

is 0.7448. 

5.5 Assumption Test 

5.5.1 Null Model Likelihood Ratio 

The proc Mixed procedure provides the null model likelihood ratio test to 

determine whether it is necessary to model the covariance structure of the data 

or not. The result is in Table 5.3  

Table 5.3 Null model likelihood ratio test 

                                                           
                              The Mixed Procedure                                
                                                                                 
                        Null Model Likelihood Ratio Test                         
                                                                                 
                          DF    Chi-Square      Pr > ChiSq                       
                                                                                 
                           1       1945.46          <.0001                       
                             

Chi-Square value indicates that the first auto-regressive structure 

covariance matrix is preferred to the diagonal one of the ordinal least-squares 

null model.  
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5.5.2 Normality Test 

Before we accept the results, it is very important to test whether the data 

is normality or not. An extremely useful procedure is to construct a normal 

probability plot of residuals, shown in Figure 5.10. The general impression from 

examining this display is that the error distribution is slightly skewed. The 

tendency of the normal probability plot to go up on the left side implies that left 

tail of the error distribution is thicker than would be expected in the normal 

distribution. However, this plot is not grossly nonnormal. And F test is only 

slightly affected by the mild departure from the normality.  

 

 

Figure 5.10 QQplot of residuals 
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Appendix  

SAS Code 

 

options nodate pageno=1 linesize=80 pagesize=60; 
 
proc import datafile="C:\Documents and 

Settings\wei\Desktop\change\modifiedcelldata.xls" out=cell 
replace; 

getnames=no; 
sheet="cello"; 
run; 
/*------------checking data--------------------------* 
proc print data=cell; 
run; 
/*--------------------------------------------------*/ 
data cell1 (keep=cell length segment time ); 
set cell; 
array 165} F1-F165;  cella{
do i=0 to 40; 
j=4*i+1; 
k=j+1; 
l=k+1; 
m=l+1; 
cell=cella{j}; 
magnitude=cella{k}; 
voltage=cella{l}; 
time=cella{m}; 
force=cella{165}; 
if cell=. then delete; 
output; 
end; 
run; 
 
/*-----------------------check data-------------------

-------* 
proc print data=cell1; 
run; 
------------------------------------------------------

-------*/ 
 
proc mixed data=cell1 method=ml;   
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  38

class cell voltage   time ; 
model magnitude=voltage/noint s outpred=new ; 
repeated voltage*time/type=ar(1) subject=cell; 
run; 
 
proc univariate data=new normal; 
qqplot resid/normal(mu=est sigma=est); 
 
title 'nomality test'; 
run; 
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