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CHAPTER 1 

INTRODUCTION 

 

 Signal integrity is very important to all digital systems.  Whether communicating 

between parts in a system or from a transmitter to a receiver, accurate data 

communication is essential.  Ideally, transition edges from clock signals and data streams 

arrive at known times.  A clock signal should have transitions that are constant and 

repetitive, and a synchronous system requires the data to be available at a specific time 

determined by the clock.  In real systems, these transitions do not always take place at the 

ideal or specified time.  This deviation in time from the ideal timing of the event is 

known as jitter.  An example of a signal with jittered transition edges is shown in Figure 

1.1. 

 

Figure 1.1:  Signal with Jittered Edges [1] 

Figure 1.1 shows one unit interval or one period of a clock signal.  The left edge, 

the beginning of the period, is the reference edge and the other two transitions are the 

jittered edges.  With jitter present, the edges appear before or after the ideal location.  
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With increasingly faster signals in today’s high-speed systems, the unit interval or period 

has become progressively smaller, making jitter a more significant problem. 

The common objective of jitter measurement and analysis is to determine if jitter 

will cause a system or device to meet or exceed a given bit error rate (BER).  This is 

essential in testing the performance of a device or system.  The testing equipment 

required to measure jitter is usually very expensive due to the high clock speeds 

necessary to make precise measurements.  There are four types of test equipment using 

different approaches to measure jitter:  spectrum analyzers, automatic test equipment 

(ATE), oscilloscopes, and dedicated jitter-measurement instruments.  The dedicated 

jitter-measurement instruments take two different approaches, either time-interval-

analyzer (TIA) technology or counter-timer technology [2].  Additionally, most dedicated 

jitter-measurement instruments have jitter analysis software, which can separate jitter 

components to aid in the detection of underlying causes.  Determining the particular 

cause, or causes, of jitter is very important to improve the performance of the device or 

system.  This thesis examines a method of measuring jitter and separating the random and 

deterministic components without the use of overly expensive jitter measurement or 

analysis equipment.  Relatively inexpensive, on-hand equipment is used to achieve this 

objective.  The details of the procedure and theory are explained in the following 

chapters.             

The next chapter explains jitter in further detail including random jitter, 

deterministic jitter and all the subcomponents of jitter.  Jitter measurement devices and 

techniques are also described, and the particular method modeled is thoroughly 
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discussed.  The equipment used for data collection and the procedure, along with the jitter 

measurement and separation algorithm, are described in Chapter 3.  In Chapter 4, the 

results for this method of jitter measurement and separation are described.  Chapter 5 

expresses the conclusion of this thesis.  
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CHAPTER 2 

JITTER COMPONENTS, MEASUREMENT AND ANALYSIS 

 

2.1 Jitter 

  The data stream or clock pulses in devices or systems are affected by many 

factors.  One effect is the deviation in time of a transition edge from the ideal or desired 

position.  This can be introduced by every circuit element in a system that generates, 

conveys or receives signals [3].  If jitter is larger than the tolerance allowed by the 

receiver of the signal, then bit errors can occur. 

 The jitter of a signal can be measured or characterized in three ways: period jitter, 

cycle-to-cycle jitter, or time interval error (TIE).  Period jitter measures the time of each 

period, while cycle-to-cycle jitter measures the change in the period between adjacent 

cycles.  Alternatively, TIE is the deviation of a jittered signal edge from the 

corresponding edge of a reference ideal signal [4].            

Total jitter (TJ) can be separated into two main categories, deterministic jitter 

(DJ) and random jitter (RJ).  Deterministic jitter can then be broken down even further 

into periodic jitter (PJ) or sinusoidal jitter (SJ), data-dependent jitter (DDJ), which 

includes duty cycle distortion (DCD) and inter-symbol interference (ISI), and bounded 

uncorrelated jitter (BUJ). 
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2.1.1 Random Jitter 

Random jitter is considered unbounded and is Gaussian in nature.  Figure 2.1 is a 

normal Gaussian probability density function (PDF), which can be quantified by a mean 

(µ) and a standard deviation (σ).     

 

Figure 2.1:  Gaussian PDF [5] 

 Because a Gaussian PDF, statistically speaking, has a peak-to-peak value 

approaching infinity, the standard deviation is used to predict the peak-to-peak value for 

RJ.  Random jitter is usually caused by thermal noise, flicker noise, shot noise, or other 

random noise effects [6].  Transistors and resistors are the main sources of random noise.  

The transfer of energy between free electrons and ions in a conductor generate thermal 

noise.  The temperature controls the amount of energy transfer, directly related to the 

amount of noise.  Flicker and shot noise develop in active devices.  Flicker noise is a low 

frequency phenomenon with a spectral distribution proportional to 1/fα, where the value 

of α is close to unity and f is the frequency.  Fluctuations in the carrier density, as 

electrons are randomly captured and emitted from oxide interface traps, create this noise.  
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Shot noise is white noise produced by electrons and holes moving in a semiconductor.  

The amplitude of the noise is a function of the average current flow, and the current 

fluctuations give rise to the noise.  The randomness of the density of electrons and holes 

in a semiconductor give rise to this issue [18].     

 

2.1.2 Deterministic Jitter 

 Unlike random jitter, determinist jitter is bounded peak-to-peak and does not have 

a Gaussian distribution.  DJ has a specific cause and can be placed in one of many 

subcategories.  Figure 2.2 illustrates the many components in the breakdown of DJ.   

 

Figure 2.2:  Components of Jitter [7] 

  Figure 2.2 also shows the distinction between jitter that is correlated to the data 

and jitter that is uncorrelated to the data.  Data dependent jitter includes all jitter 

correlated to the data stream or signal.  
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One type of DDJ is inter-symbol interference, which is caused by time variations 

required by the signal to reach the receiver threshold due to different starting positions in 

the signal.  An example of ISI is when the bit stream goes from a clock like pattern of 1, 

0, 1, 0… to a slower changing pattern, for instance 1, 1, 1, 1, 0, 0, 0, 0, 1, 1, 1, 1….  The 

slower bit pattern generates a greater amplitude, and therefore more time is required for 

the signal to reach the threshold voltage during a transition [5].  Other bit patterns create 

similar effects and are all classified as ISI.   

 Duty cycle distortion is another type of DDJ.  It is also known as pulse width 

distortion and pulse skew.  DCD is the deviation from the ideal value of the duty cycle.  

DCD is present when there is a difference between the pulse width of a one and the pulse 

width of a zero.  DCD is usually caused by differences in the rise and fall times for the 

waveform.  Figure 2.3 below, shows DCD causing the low voltage, zero, to have a 

shorter pulse-width than the high voltage, one.   

 

Figure 2.3:  Eye Diagram with Duty Cycle Distortion [19] 
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 Duty cycle distortion is considered data correlated since the signal properties are 

causing the DJ.  On the other hand, unlike ISI, DCD data patterns do not cause significant 

change in the DJ.  There are other types of DDJ that are not subcategorized, caused by 

reflections, ground bounce, transfer functions of coupling circuits and other mechanisms 

[8].   

Sinusoidal jitter, also know as periodic jitter, repeats in a cyclic fashion and is 

caused by electromagnetic interference (EMI) or other external deterministic noise 

sources.  Causes could include noise from a switching power supply or an unstable clock-

recovery phase locked loop (PLL).  SJ or PJ is deterministic since the jitter is bounded by 

a maximum and minimum limit of the sinusoidal function.   

Bounded and uncorrelated jitter includes in essence any deterministic jitter that 

does not fit into one of the other categories.  The most common causes for this type of 

jitter are power supply noise or crosstalk.  In Figure 2.2, BUJ is shown as just crosstalk. 

 

2.1.3 Peak-to-Peak and RMS Jitter 

TJ, RJ and DJ are sometimes indicated as a peak-to-peak or a root mean square 

(RMS) value.  The peak-to-peak value is the difference between the absolute minimum 

and maximum jitter measured at a particular time.  Since RJ has a Gaussian distribution, 

it can increase with the number of samples taken.  Therefore, for a peak-to-peak jitter 

measurement to be meaningful, the sample size or test conditions must be given [9].  DJ 

should not change after the number of samples taken is sufficient.  The RMS value is 

used for TJ and RJ as another way of quantifying the jitter.  The standard deviation of the 
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RJ distribution is the RJ RMS value [8].  The sum of this value with the DJ gives the TJ 

RMS value.  RJ RMS is typically a more useful measurement and is often used in 

additional analysis of jitter in the signal. 

 

2.2 Jitter Measurement Equipment 

 As mentioned in the introduction, there are four ways of measuring jitter, and 

there are advantages and disadvantages to all of them.  Due to the high prices of 

specialized testers, engineers often use equipment that is readily available.  An engineer 

may have access to an oscilloscope or spectrum analyzer but not a dedicated jitter-

measurement instrument.  Another option is ATE, but the limitations of these may be a 

problem.  In some companies, jitter is measured and analyzed on more than one 

instrument or a hybrid instrument like the Wavecrest SIA-3000 series.  These products 

combine a sampling oscilloscope, TIA, jitter analyzer and bit error rate tester (BERT) all 

in one.  There are various options, but again the cost is typically the issue when choosing 

which instrument or instruments to use.  

 

2.2.1 Spectrum Analyzers  

Although jitter is a deviation of time, it can also be measured in the frequency 

domain.  A spectrum analyzer measures the jitter of a signal in the frequency domain in 

terms of phase noise.  This technique does not work on any arbitrary data pattern, it only 

works on a clock-like signal pattern.  By looking at the frequency content on the 

spectrum analyzer, the imperfections of the clock are revealed.  The phase noise spectrum 
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is calculated and converted to jitter [10].  An ideal clock would have a single spike at the 

exact frequency of the signal, while a jittered clock will have frequency content that 

deviates from the single spike.  Figure 2.4 shows a spectrum analyzer display of a clock 

signal with jitter.  The jitter is seen as phase noise or, frequency content above and below 

the ideal frequency.   

 

Figure 2.4:  Spectrum Analyzer Display - Signal with Jitter [20] 

 This method of calculating jitter from phase noise has advantages and 

disadvantages.  First, spectrum analyzers are common and can reach high frequencies.  

The cost of a spectrum analyzer is primarily determined by the frequency range, the 

resolution bandwidth and frequency stability.  Prices start around $2,000 to $8,000, for 

the 1 to 3 GHz range, to as much as $80,000, for frequencies up to 50 GHz.  Another 

advantage is that the spectrum analyzer is independent of any particular noise model.  

Because there is not an assumption of a Gaussian noise source, and all phase noise will 

be detected.  Separation of noise and the actual frequency come into question and can be 
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an accuracy problem, but the main disadvantage is the lack of more informative jitter 

information. 

 

2.2.2 Oscilloscopes 

Oscilloscopes are popular and are very useful in measuring jitter, and both 

sampling and digitizing oscilloscopes can be used.  In general, eye diagrams or jitter 

analysis software is used for measuring.  The jitter analysis software is an additional 

package that runs on the scope or a connected computer.  The price of oscilloscopes 

depends on the bandwidth, the sampling rate and the memory depth, along with other 

features.   

Measuring jitter on high frequency signals requires a high bandwidth oscilloscope 

and prices go up quickly.  A 13 GHz Agilent Technologies real-time sampling 

oscilloscope was priced around $120,000.  Depending on the jitter measurement 

application, lower bandwidth oscilloscopes can be used.  2 GHz real-time sampling 

oscilloscopes cost around $25,000, plus the price of the additional jitter analysis and 

measurement package.   

Another type of oscilloscope that is useful in measuring jitter on multi-gigabit 

data streams is the sequential-equivalent-time sampling scope.  These scopes are also 

known as digital-communications analyzers (by Agilent) and communications-signal 

analyzers (by Tektronix).  Sequential-equivalent-time sampling scopes translate high-

frequency waveforms into much lower frequency signals.  This allows the scope to 

sample at hundreds of billions to trillions of samples per second, while the actual 
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sampling rate rarely exceeds 200k samples per second.  To obtain their large bandwidth, 

these scopes acquire waveforms relatively slow, by taking one sample after each trigger 

and progressively advancing the sampling point [11].  Like the real-time scopes, 

sequential-equivalent-time scopes also have jitter analysis software packages that 

frequently add to the cost.  Sequential-equivalent-time scopes, with bandwidth as high as 

100 GHz, are priced around $30,000 to $50,000 with jitter analysis and measurement 

software. 

The eye diagram is the most common technique used to measure jitter.  An eye 

diagram displays the signal versus time, using the data clock to trigger multiple sweeps, 

which are overlaid on the display.  In most cases, the data is a pseudo-random bit 

sequence used to produce numerous data combinations.  The oscilloscope must be set to 

infinite persistence so that every triggered event is displayed.  As the waveforms are 

overlaid, a process know as color grading is often used to assign different colors to 

indicate the number of occurrences at a particular location.  Figure 2.5 below shows a 

typical eye diagram with color grading.     

 

Figure 2.5: Oscilloscope Eye Diagram [12] 
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The darker black and blue areas have the greatest concentration of occurrences, 

while the lighter blue, green, yellow and pink colors represent lower numbers of 

occurrences.  The presence of the open area in the middle of the diagram, or eye, 

indicates low relative jitter.  The larger the eye opening, the lower the chance of bit errors 

caused by jitter.  A faster signal would have transitions that are closer together, making 

the eye smaller, and with more jitter, this effect would increase. 

Eye diagrams are widely used and effective for visual assurance of signal 

integrity.  Basic jitter measurements, including peak-to-peak jitter, can be made from eye 

diagrams, but jitter analysis software is needed to separate jitter components.  Figure 2.6 

shows a display of an oscilloscope measuring peak-to-peak jitter.    

 

Figure 2.6: Peak-to-Peak Jitter Measurement [13] 

 The markers display the measurement’s left and right maximum peak-to-peak 

points.  The difference of these points is the peak-to-peak jitter.  More informative jitter 

measurement, for example DJ and RJ, can be made if the oscilloscope has the additional 
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jitter analysis software.  This software often creates a histogram of the signal’s threshold 

crossing time, which can be used for separating DJ and RJ.  This method will be 

discussed in a later section.      

 

2.2.3 Semiconductor Automatic Test Equipment 

 Automatic test equipment is another option when measuring jitter, although this 

method is usually reserved for engineers who already have the equipment available.  

Semiconductor ATE refers to test equipment used by integrated circuit developers and 

manufacturers to test printed circuit boards (PCB), integrated circuits (IC) or any other 

related electronic components or modules.  ATE is too expensive for purchasing for the 

sole purpose of jitter analysis, ranging from $100,000 to millions of dollars.  The tester 

consists of a test head, where the device under test (DUT) is connected, a computer, and a 

user interface module.  Using the user interface specific test programs can be written, 

making ATE very versatile.  With the device connected to the test head, test signals are 

set by the test program and signals from the DUT can be read back.  Direct time 

measurement using the counter-timer method is often used to measure jitter.  Some larger 

companies that make ATEs are Teradyne, Agilent and Credence Systems - NPTest.  

When available, this method of measurement saves on development costs, but the 

weaknesses of ATEs are the resolution, accuracy and jitter of the test equipment.  

Consequently, system and IC designers and manufacturers are incorporating built in self-

test (BIST) technologies to improve ATE based jitter measurement performance.  The 
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BIST essentially places the measurement circuitry in device [2].  The ATE is then used to 

initialize, run and read the results of the BIST.          

 

2.2.4 Dedicated Jitter-Measurement Instruments 

Unlike the previous instruments discussed, which were general-purpose 

equipment being used to measure jitter, these instruments are designed especially for 

measuring jitter.  In addition, this method detects the signal’s edges and measures time 

using two main approaches, TIA technology and counter-timer technology.  Dedicated 

jitter-measurement instruments acquire timing data and run algorithms that generate 

histograms, frequency plots and other visual images of the data for analysis.  This is 

similar to the jitter analysis software available for oscilloscopes.  Other jitter-

measurement instruments that can be placed in this category are BERTs and hybrid 

equipment.  Jitter is the major cause of bit errors, and the BERT is a signal integrity 

instrument that measures the bit error rate.  Modern BERTs produce more than just a 

simple numerical bit error rate (BER).  These testers also include enhanced jitter-

measurement capabilities [11].  Dedicated jitter-measurement equipment is a good choice 

for determining the underlying cause, or causes, of jitter, but again this means possibly 

having to buy new equipment.       

Time interval analysis can be thought of as the inverse to oscilloscope 

measurement.  This method attempts to measure the timing of trigger events directly.  

The position and time of every edge is measured and used to produce statistical data, 

histograms and other charts, which are used to analyze jitter.  At higher frequencies, TIAs 
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only measure a small percentage of the total cycles of the signal.  This is due to the time 

needed for interpolation for the required resolution.  To avoid interpolation, TIAs need 

internal clock speeds two to three orders of magnitude greater than the frequency of the 

test signal.  At this time, 6 Gb/s is the fastest bit rate that can be tested by this method.      

The counter-timer method also directly measures intervals.  It “stretches” the time 

for a higher resolution and accuracy, also using a direct time measurement.  Just like the 

TIA, the counter-timer method begins with the initial trigger event and ends with the next 

trigger event.  The measurement starts by ramping an integrator up between the trigger 

events.  The time it takes to ramp an integrator back down to zero is then used to 

calculate the actual time.  The ramp down time is relatively low speed compared to the 

actual time [2].  This method is slower than the technique used in the TIA but more cost 

effective for lower frequency testing (less than 100 MHz). 

BER is important to test for designers and manufactures to ensure that products 

comply with standards.  BER is generally caused by jitter, but more information is 

needed than just this single number.  The next step typically involves jitter analysis using 

one of the methods described on a separate piece of equipment.  Some BERTs today 

incorporate these jitter analysis techniques and display eye diagrams in the tester [11].  

BERTs work by sending a pseudorandom bit sequence through a system or device under 

test.  The tester then samples each bit and checks it against the expected sequence.  Any 

incorrect bits are considered errors.  BERTs use a technique, known as “BERT scan”, 

that reduces the actual number of bits that need to be tested.  The number of bits is 

decreased by the use of probability theory, statistics, and pseudo random bit streams, 

 16



which greatly reduces the time needed to run a test.  In high-speed serial data 

communications systems, a BER of 10-12 is widely used as standard.  This denotes one bit 

error for every 1012 bits.  Testing 1012 bits can take hours with other devices, but a BERT 

using the “BERT scan” technique reduces the time to minutes.  BERTs are very useful in 

determining signal integrity, but further jitter analysis is often needed to isolate the causes 

of the errors.   

Manufacturers of test equipment are now utilizing multiple methods in test 

equipment and developing hybrid instruments.  Hybrid test equipment is able to perform 

more complete jitter analysis by combining a sampling oscilloscope, a BERT and a TIA.  

The LeCroy Corporation and Wavecrest Corporation both sell hybrid high-speed serial 

data analysis instruments.  The top instruments from both companies sell for 

approximately $100,000 and can an analyze signals up to 6 Gb/s.  They are two of the 

fastest and most complete jitter analysis instruments available.  Jitter analysis with this 

type of equipment goes beyond all previously discussed methods.  Jitter separation of 

random and deterministic components and the breakdown of DJ components are all 

possible.  Other important features include eye diagrams and BER. 

 

2.3 Jitter Analysis 

 Jitter analysis, including the separation of DJ and RJ, is important in determining 

the underlying source of the jitter.  Further decomposition of DJ can provide additional 

insight into the suspected sources of jitter.  The methods of separating DJ and RJ stem 

from the multiple viewpoints for visualizing signal integrity, which are derived from 
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measurement techniques discussed in the previous section.  The viewpoints consist of eye 

diagrams, histograms, Fast Fourier Transform (FFT) spectrums, time trends and bathtub 

curves.  Dedicated jitter measurement equipment can have the capability to analyze jitter 

using any one of these viewpoints, depending on the tester.  General use equipment, such 

as oscilloscopes, can analyze jitter using a particular method.  Some oscilloscopes and 

most dedicated jitter measurement equipment can create eye diagrams.  In turn, this aids 

in the creation of histograms, but the additional jitter analysis software might be required 

for the oscilloscope.  Along with dedicated jitter measurement equipment, some BERTs 

can create bathtub curves.     

 

2.3.1 Bathtub Curves   

BERTs create bathtub curves to graph BER versus sampling time throughout the 

unit interval.  A bathtub curve, which can be seen in Figure 2.7, resembles a cross section 

of a bathtub with its steep curves on either side. 

 

Figure 2.7: Bathtub Curve [4] 
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 The bathtub curve illustrates the narrowing of the sampling window similar to the 

closing of an eye diagram.  Random jitter is proportional to the BER, so as the BER 

increases the window becomes narrower.  The distance between the curves, at a particular 

BER, represents the time available for sampling without a bit error.  The horizontal 

portion on the left and right side of the plot represents the DJ, while the steep sloped 

portion represents the RJ.  Since RJ is assumed to have a Gaussian distribution, both 

histograms and bathtub curves can be fit with Gaussian curves to quantize the RJ.  When 

fitted with Gaussian curves, the standard deviations are then directly used to calculate the 

RJ value at a particular BER.  The two standard deviations, one from each side of the 

bathtub curve, are averaged and the single value is used to calculate the peak-to-peak RJ.  

The multiplier for RJ as a function of BER can be found in Table 2.1. 
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Table 2.1:  Peak-to-Peak RJ Multiplier at BER [4,6,20] 

BER RJ Value
1.3 x 10-3 6 x σ

1 x 10-4 7.438 x σ
3.17 x 10-5 8 x σ

1 x 10-6 9.507 x σ
2.87 x 10-7 10 x σ

1 x 10-7 10.399 x σ
1 x 10-9 11.996 x σ

9.87 x 10-9 12 x σ
1 x 10-10 12.723 x σ
1 x 10-11 13.412 x σ

1.28 x 10-12 14 x σ
1 x 10-12 14.069 x σ
1 x 10-13 14.698 x σ
1 x 10-14 15.301 x σ
1 x 10-15 15.883 x σ
1 x 10-16 16.444 x σ  

 The table shows a list of many BERs in the left column and the corresponding 

standard deviation, or sigma, multiplier in the right column.  The BER of 10-12 is a 

common requirement of many modern standards, and the sigma multiplier of 14 is often 

used for estimation.  The BER of 10-12 is one bit error for every 1012 bits received. 

Gaussian fitting will be discussed in further detail in the histogram section. 

  This chart is derived by the complementary error function, or erfc.  The error 

function is for Gaussian distributions and represents the number of samples between 

sigma limits.  For example, 99.7% of the samples are between +/- 3 sigma.  The 

complementary error function is the percent left beyond these limits, or one minus the 

error function.  Equation 2.1 expresses the complementary error function. 

∫
∞

−=
x

t dtexerfc
22)(

π
             (2.1) 
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 In Equation 2.1, the variable x is the sigma limits (3 for +/- 3).  Using this 

function, the BER can be calculated for a RJ sigma multiplier constant.  Equation 2.1 

shows the relationship between the BER and the RJ multiplier, or α [20].  

  BERerfc =⎟
⎠
⎞

⎜
⎝
⎛

× 222
1 α            (2.2) 

 Using this equation, with α equal to 14.069, the BER rate calculated is 

9.99884x10-13, very close to 1x10-12. 

 

2.3.2 Fast Fourier Transform Spectrum and Time Trends  

   The FFT spectrum is used to reveal the frequency content of the signal’s jitter.  

This often provides great insight to the source of the jitter.  The FFT is often performed 

on the TIE signal versus time.  TIE is often useful when plotted versus time alone, which 

can be seen in Figure 2.8, waveform C.  Figure 2.8 also shows the clock signal being 

tested, waveform A, the TIE histogram, waveform B, and the FFT spectrum of the TIE, 

waveform D.    
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Figure 2.8: TIA Analysis [4] 

 Waveform C, TIE versus time, shows positive and negative errors.  This would be 

shown as a straight line if the TIE were zero or constant.  When analyzing a data signal, 

as opposed to a clock signal, DDJ is often distinguishable.  The FFT spectrum, waveform 

D, is also very intuitive.  The example shows a spike at a certain frequency, which in this 

case represents a subharmonic in the clock circuit at that frequency.  The single 

subharmonic represents the frequency causing periodic jitter in the signal.  To the far left 

is a small hump, which appears to be lower frequency random noise causing RJ [4]. 

 A time trend is a compilation of various waveform parameters displayed versus 

time.  This is very similar to the example shown in Figure 2.9.  Parameters such as rise 

time, fall time, duty cycle, TIE, period jitter, cycle-to-cycle jitter, and delay jitter can all 

be compared.  When analyzing these parameters against the actual data or clock signal, 

the particular causes of the jitter can possibly be determined [14]. 
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2.3.3 Histograms 

 Histograms provide another valuable jitter measurement viewpoint.  They are 

used to view the distribution of a signal.  Separating random and deterministic 

components of jitter and measuring jitter is also a major attribute.  A histogram can be 

defined as a bar graph that shows frequency of data occurance.  In this case, specific jitter 

measurements are plotted versus their frequency.  Two types of histograms often used to 

analyze jitter are period and TIE.  Other waveform parameters such as rise time, fall time 

and duty cycle data are occasionally used for histograms, although not for jitter 

measurement.  The period histogram uses the measurement of each period as data, while 

the TIE histogram data is collected from transition occurrences at a certain threshold. 

 The data used for a TIE histogram is collected from a time-interval analyzer, an 

oscilloscope or a hybrid instrument.  In Figure 2.9, one transition crossing of an eye 

diagram is shown with the voltage threshold and TIE histogram. 

 

Figure 2.9: TIE Histogram [14] 

 The horizontal rectangle in the middle of the transition indicates the voltage 

threshold where the data is collected for the histogram.  The histogram is shown with an 
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approximation of RMS and peak-to-peak jitter indicated.  The RMS jitter measurement 

combines the DJ and one standard deviation, or 1σ, of the RJ.  The peak-to-peak jitter 

measurement spans from the minimum and maximum point collected.  Unlike a pure 

Gaussian distribution with one mean, this is a bimodal distribution with two distinct 

means.  This distribution expresses the presence of deterministic jitter.  The presence of 

RJ is also noticeable because the histogram does not seem to be bounded.  Figure 2.10 is 

an example of a pure RJ TIE histogram. 

 

Figure 2.10: Pure RJ TIE Histogram [9] 

 This histogram is a single Gaussian distribution. Without DJ, the correlation of RJ 

and Gaussian noise is more noticeable.  RJ is assumed to have a Gaussian distribution 

[7].  The next example, Figure 2.11, is a histogram of a signal with what appears to be a 

relatively large amount of DJ.  Even though the two peaks are more spread apart than the 

previous example with DJ (Figure 2.9), DJ will not increase with the number of samples 

taken.  On the other hand, RJ will increase with the number of samples taken. 
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Figure 2.11:  TIE Histogram with DJ [9] 

    While the standard deviation of the RJ might look small, Gaussian distributions 

approach infinity in peak-to-peak width.  With digital signals and clocks, however, the 

standard deviation multiplier for RJ as a function of BER is used.  The same table used 

for the bathtub curve, Table 2.1, shows the standard deviation multiplier corresponding to 

the appropriate BER.  Therefore, if a BER of 10-12 is used, the multiplier would be 

14.069.  As shown in theses last two figures, the jitter distribution is more insightful 

when analyzing jitter than just knowing the TJ peak-to-peak value.        

Histograms clearly show the distribution of the jitter, making it possible for an 

engineer to address issues.  Period histograms, created by period measurements, are very 

similar, and both can be analyzed in the same manner.  However, period histograms are 

generally for clock signals, since taking direct period measurements of a data signal 

would not work, due to the changing data pattern.  An example of a multimodal period 

histogram is shown in Figure 2.12.     
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Figure 2.12:  Multimodal Period Histogram 

This histogram has a multimodal distribution, which also indicates the presence of 

DJ and RJ.  Three distinct means are present in this example, but any number greater than 

two constitutes a sure sign of DJ.  RJ, if present, always relates to the outer tail region 

beyond the bounded DJ.  Another example that illustrates the analysis of jitter in 

histograms can be seen in Figure 2.13.   

 

Figure 2.13:  Histogram Jitter Analysis [6] 

 This figure shows a histogram with bimodal distribution, and the DJ is measured 

between the peaks or Gaussian means.  It also shows that the DJ does not increase with 

the number of samples taken, because the darker area, representing additional samples 
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taken, shows the same DJ.  The TJ does increase in the RJ region outside the bounded 

limits.  The standard deviations of the tails are important, because they can be used to 

calculate the peak-to-peak RJ.  Visual estimates of deterministic and random jitter are 

useful, but calculating a more exact number requires fitting the histogram tails with actual 

Gaussian curves.        

 

2.4 Histogram Tail Fitting 

 With a TIE or period histogram created with dedicated jitter measurement 

equipment, such as the Wavecrest SIA 3000 series, the equipment attempts to fit 

Gaussian curves to the tail regions.  The standard deviations, or sigma values, of the two 

fits are then used for the calculation of RJ.  The difference of the means for the two 

Gaussian curves is the measurement of DJ.  The Wavecrest Corporation has a patented 

algorithm, “TailFit”, which determines the best fit for each tail of the histogram and 

calculates RJ, DJ and TJ [6].  This thesis attempts to separate and measure jitter in a 

similar manner by creating and tail-fitting histograms of period measurements. 

 Finding an exact fit in most cases is impossible, so Wavecrest uses the chi-

squared statistic to gauge the quality of the fit.  First, the algorithm identifies the tail 

regions of the histogram.  Then, by adjusting the standard deviation, the mean, and the 

magnitude of the Gaussian curve, the best chi-squared fit is found.  Figure 2.14 shows an 

example of Gaussian curves being adjusted to fit the left tail of a histogram.     
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Figure 2.14:  Fitting the Histogram with Gaussian Curves [6] 

 The two tails are fitted separately and in general have different values of sigma 

and magnitude [8].  As previously mentioned, the left and right sigma values are 

averaged for the RJ calculation, using Table 2.1, as a function of BER.  Figure 2.15 

below, shows the outline of a histogram with a Gaussian fit on both tails.     

 

Figure 2.15:  Histogram Tail Fit [5] 

 In this figure, the Gaussian curves match the outline of the histogram very well.  

Only half of each Gaussian curve is shown, because the other half is not used in the fit of 

the histogram.  Also observable in the figure is the fact that the left and right tail fit 

obviously have different magnitudes and standard deviations.  Although some signals 
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create symmetrical histograms more often than not, real data and clock signals create 

histograms like this.      
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  CHAPTER 3 

PERIOD HISTOGRAM JITTER ANALYSIS 

 

3.1 Analysis Setup 

 The method of histogram tail fitting for measuring and separating jitter was 

discussed in section 2.4.  The process of implementing this method, the instruments used 

and the algorithm for the analysis will be described in detail in this chapter of the thesis.  

To construct a period histogram for jitter analysis, period measurements must be 

collected.  This task requires an instrument that can measure and record periods from a 

voltage signal.  The measurement instrument chosen was an Agilent Infiniium digital 

sampling oscilloscope, model 54845A, with a bandwidth of 1.5 GHz.  This oscilloscope 

is capable of accurately measuring periods, but it alone cannot record the measurements 

for post processing analysis.  To solve the problem, the oscilloscope is connected to a PC 

running Agilent IntuiLink connectivity software, which can retrieve measurements from 

the oscilloscope.  Another application uses the saved measurements to create and analyze 

the histogram.  The Agilent Infiniium oscilloscope and the PC software are described in 

sections 3.2.1 and 3.2.2, respectively.   

 With the period measurements saved, a MATLAB algorithm completes the jitter 

analysis.  MATLAB is a high-level technical computing language, which is very suitable 

for algorithm development.  The period measurements are imported into MATLAB, 

where the algorithm creates a histogram, fits the tails of the histogram with Gaussian 
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curves, and calculates RJ, DJ and TJ.  Section 3.3 completely describes this MATLAB 

algorithm for Jitter Measurement and Separation. 

 The last component of the setup is the digital signal source.  For the source, a 

Hewlett Packard (HP) 8006A digital word generator is connected directly to the 

oscilloscope.  Although a word generator is used, only clock patterns were created.  This 

particular HP word generator chosen produces obvious deterministic and random jitter 

well suited for separation and measurement.  For the maximum clock frequency, around 

5 MHz, the generator produces less than 2% of total jitter.  For most applications, this 

word generator would work fine, and at slower bit rates, the percent of jitter is 

progressively lower.  It is important to note that jitter in general is not typically an issue 

until frequencies are in the upper tens of MHz or higher.  The measurement of jitter 

produced by this word generator does not have significance by itself; it is only used as 

example for a source with jitter.                       

 

3.2 Data Acquisition 

3.2.1 Agilent Infiniium Oscilloscope 

 The oscilloscope directly interfaces with the voltage signal being tested.  The 

requirement for this equipment is the capability to measure the period of the signal.  The 

signal under test is a clock signal produced by the HP digital word generator, with a 

maximum frequency just above 5 MHz.  The Agilent Infiniium oscilloscope used has a 

bandwidth of 1.5 GHz and a sampling rate of up to 8 GSa/s, making it more than 

adequate to sample the signal.   
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 This oscilloscope also has some jitter measurement capabilities by itself.  It is 

limited to eye diagram analysis and cycle-to-cycle jitter measurement.  Agilent 

Technologies offers a jitter analysis software package called EZJIT Plus, but it is not 

compatible with this model.  This is an example of the software previously mentioned, 

which offers jitter separation and measurement, along with time trend, histogram and 

spectrum analysis.  The 54845A, the model used for this thesis, is the fastest, most 

feature rich digital sampling oscilloscope available on hand.  The price of this equipment 

is much lower then the price of the other oscilloscopes described or the Agilent models 

that can take advantage of the EZJIT Plus software. 

The Agilent Infiniium oscilloscope used can measure the period of the signal and 

run statistics of the measured data.  The problem is that the data is not stored or cannot be 

accessed for external use.  Therefore, to collect a sufficient number of period 

measurements to create a histogram, the oscilloscope has to be connected to a PC via the 

General Purpose Instrument Bus (GPIB).  This interface allows samples to be 

continuously collected on the PC, using an Agilent Technologies software package called 

Intuilink.  This software package, along with the changes made to the program, will be 

described in Section 3.2.2. 

   Before collecting samples on the PC, the waveform first must be adjusted to 

insure maximum accuracy.  This process entails maximizing the first period after the 

trigger on the oscilloscope display, because period measurement accuracy increases as 

the time scale per division is lowered.  The measured signal is triggered from a second 

clock signal from the word generator.  The trigger signal is on input channel three of the 
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oscilloscope and the measured signal is on input channel one.  To achieve the maximum 

sampling rate of 8 GSa/s, only these two inputs are available.  Figure 3.1 shows an 

example of the waveform setup on the oscilloscope.      

  

  

Figure 3.1:  Oscilloscope Period Measurements 

   The waveform in the setup example has the first period after the trigger stretched 

horizontally across the majority of the display.  The vertical lines at the rising edges 

indicate the beginning and the end of the period measurements, at the 50% threshold 

voltage.  When the measurements are taken on the oscilloscope, the beginning edge is 

motionless while the second rising edge is not.  The figure shows that the color grade 

feature and infinite persistence are enabled.  As each period measurement is overlaid, 

using the same 13.4 V rising edge trigger point, shorter and longer periods make the 
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following edges appear wider.  The distribution and colors for these edges cannot be seen 

very well during the measurement setup.  Figure 3.2 shows a closer view of the period-

ending edge.    

 

Figure 3.2:  Second Edge with Shorter Time Scale 

 At 200 ps/div it can be seen that there are two distinct periods being measured in 

this clock signal.  This is indicative of DJ and is an anomaly of this word generator.  Also 

shown is a histogram for the distribution of the signal at a certain threshold.  The 

horizontal line near the 50% point indicates the threshold.  This is a TIE histogram, but 

the distribution is the same as a period histogram when analyzing a clock signal.  A data 

signal, on the other hand creates an eye diagram that would have rising and falling edges 

at the same transition period.   

 After the oscilloscope is correctly configured, the PC can now acquire accurate 

period measurements.  While the PC is capturing the measurements, infinite persistence 

need be enabled.  Infinite persistence does not effect the measurements either way, 
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because it is just a display setting.  The period markers on the other hand, must be present 

during the collection of the measurements.  These are automatically turned on when 

period measurements are requested from the IntuiLink software.  

 

3.2.2 IntuiLink Connectivity Software 

 Agilent Technologies offers IntuiLink connectivity software at no cost to all 

Agilent costumers.  This software allows many of the functions of the equipment to be 

available from a PC environment.  There are IntuiLink versions for most of Agilent’s 

equipment including:  power supplies, multimeters, frequency counters and generators, 

network and spectrum analyzers as well as oscilloscopes.  For the 54845A oscilloscope 

used in this thesis, the software allows the user to collect waveform data and 

measurement and to save screen images and information about the oscilloscope. 

 The software installs example programs for several programming languages 

including Visual Basic, Visual C and LabVIEW.  In addition, there is a Microsoft Excel 

add-in toolbar application, programmed in Visual Basic, which adds connectivity and 

data collection.  The examples provided include only a portion of the commands 

available for use.  The Agilent user can further implement additional commands and 

functions [17].   

 To collect the measurements needed for this thesis, the “Measurement Example” 

virtual instrument (VI) for LabVIEW was modified.  This VI initially gives the user 

options to take numerous types of measurements from any of the four input channels on 

the oscilloscope.  For example, with the waveform setup on the oscilloscope as describe 

 35



previously, a single period measurement could be taken.  This was the basis of what was 

needed. 

 To collect multiple samples, modifications had to be made to the LabVIEW 

example program.  Thousands of samples had to be taken and saved for post processing.  

Originally, the code requests a single period measurement and then displays that 

measurement.  The ability to write the data into a text file was added, and the number of 

significant digits was increased.  The number of digits after the decimal point was 

formatted to fourteen digits.  For period measurements made on signals around 5 MHz, 

this included seven significant digits, and the least significant digit is always zero.  This 

confirms that all significant digits measured are recorded.  The modified front panel of 

the VI can be seen in Figure 3.3. 

 

Figure 3.3:  Modified Measurement Front Panel 

 The display for the period measurement has been enlarged to accommodate more 

digits, and a text box was added to enter the number of required acquisitions.  The period 
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measurement displayed on the front panel is in scientific notation, while a fixed-point 

number with fourteen decimal places is written to the text file.  When the “Measure” 

button is pressed, a “Save File” window pops up, requesting the text file name and 

location. 

The modified program works by running the retrieve measurement portion of the 

original program in a while loop, controlled by the number of acquisitions.  Each loop 

takes one measurement at a time.  The period measurement is the period at the time the 

oscilloscope receives the request.  Using IntuiLink to communicate with the oscilloscope 

there is not a way to collect multiple measurements during one request.  The LabVIEW 

block diagram view, in Figure 3.4, shows these modifications. 
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Figure 3.4:  Modified Measurement Block Diagram 

   The modifications include everything on the right half of the figure and the 

outlining while loop box.  The raw period data is the orange line connecting the “period 

request” box on the left and the “data to string format” box on the right.  The data is 

formatted to a fixed-point text number, which outputs to a “text concatenation” box.  This 

box concatenates the text number with an end of line constant, so there is only one period 

measurement per line in the saved text file.  The string is then connected to a “write to 

file” box, which is connected to a “create and open file” box outside the loop, on the top.  
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It is also connected to a “close file” box outside the loop, on the right.  Also seen in the 

block diagram view is the while loop syntax.  The number of acquisitions can be seen at 

the bottom connected to a “decrement by one” box before entering the while loop.  The 

number is then compared to zero, with a “greater than or equal to” box, and when false 

the while loop is ended.  The number is decremented by one every time the contents of 

the while loop are processed.  The while loop also ends if an error occurs when writing to 

the file.   

 The period measurement data, the orange line, comes from the “request 

measurement” sub VI.  This sends the command to the oscilloscope and returns the 

period data.  The configurations for the GPIB address, channel, and type of measurement 

are set in this VI.  The block diagram can be seen in Figure 3.5.                   

 

Figure 3.5:  Request Measurement Block Diagram 

 The two blue inputs, channel and parameter, come from the measurement front 

panel.  The parameter is the type of measurement (for example parameter eight indicates 

period).  The pink line is a common error line connected to most components, which 

informs other components of errors.  The teal input line contains specific Agilent 
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Infiniium settings for this model oscilloscope, and the green input line is the action 

control. 

 With the modifications, the VI collects and saves the data needed to create the 

period histogram.  All the real data sets used contain ten thousand samples.  While this 

method of data collection worked, it only collected approximately thirty-nine sample per 

second.  At this rate, it took four minutes and fifteen seconds to capture all ten thousand 

samples.              

 

3.3 MATLAB Jitter Measurement and Separation Algorithm 

 An algorithm created in MATLAB is used to post process the period 

measurements.  This algorithm takes the place of the jitter analysis software used on 

oscilloscopes to measure and separate jitter components.  MATLAB has a great ability to 

manipulate and display data, and it has built in functions to create histograms and 

Gaussian curves.  Utilizing these features, the jitter measurement and separation 

algorithm fits Gaussian curves to a histogram. 

The histogram that is fit is not created directly from the original period 

measurements.  Many steps are taken first to improve the accuracy and robustness.  These 

steps include removing the data trend, standardizing the data, removing histogram 

outliers, linearly interpolating the empty bins, normalizing the histogram, and smoothing 

the histogram.  The tail fit takes place on the histogram after the data has been prepared.  

The result is translated back to the original histogram for measurement and visual 

assurance.  An overall flowchart of the algorithm can be seen in Figure 3.6. 
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Figure 3.6:  Overall Histogram Tail Fitting Flowchart 

After completing the smoothing of the histogram with the moving average filter, 

the algorithm begins larger routines.  These routines are the colored boxes and have 
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detailed flowcharts.  The first is the blue box, which defines the tail portions of the 

histogram.  Once defined, an initial guess for Gaussian curves is calculated in the green 

box.  The next three boxes represent the three phases of the fitting algorithm.  Starting 

with the initial guess, the first phase finds a rough fit, and the next phase uses those 

values to find a better fit.  Finally, from these values, the third phase attempts to converge 

on the best answer.  By using three phases, the overall time required is reduced.  After the 

fit, the standardized calculations are translated back to the original data, and the 

measurements are calculated.  The fit is then plotted on top of the original histogram. 

 

3.3.1 Preparing the Data     

The algorithm starts by loading the period measurements.  This is in the form of a 

MATLAB .MAT file.  LabVIEW saved the measurements in a text file, which had to be 

imported into MATLAB prior to running the algorithm.  All of the period measurement 

data sets were imported into MATLAB and saved as a corresponding .MAT file.  When 

executing the algorithm the .MAT file must be in the same working directory as the 

algorithm, or else the path of the file must be specified. 

With the data loaded, the next step removes the trend of the data.  All the real data 

analyzed in this thesis came from the HP 8006A word generator, which did not have a 

very stable clock.  The frequency usually would drift at a constant rate over the sample 

acquisition, but the “detrend” function in MATLAB can remove that trend from the 

measurements.  Another result of the “detrend” function is that the mean of the data was 

also removed.  To resolve this issue, the mean of the data was first calculated and then 
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added back to the data after the trend was removed.  By removing the trend, the Gaussian 

nature of the tail became more apparent.  Figure 3.7 shows a plot of the period 

measurements before and after the trend was removed. 

 

Figure 3.7:  Period Measurement Comparison – With and Without Trend 

Both plots show ten thousand samples of period measurements, with the original 

measurements with the data trend on the top and modified data with the data trend 

removed on the bottom.  The data trend is very evident as seen from the constant negative 

slope.  The “detrend” function in MATLAB completely removes this slope.  After the 

trend was removed, the mean of the data was also added back to the data for this 

comparison.  Another noticeable characteristic of these plots is the variation in the length 
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of the periods.  The measurements clearly range from almost 199.2 ns to 200 ns, which is 

evidence of jitter.  The effects of the trend on the histogram can be seen in Figure 3.8. 

 

Figure 3.8:  Histogram Comparison - With and Without Trend 

 These histograms are of the data with and without the trend.  The bottom plot 

shows the distribution of the period measurements, after the linear slope has been 

removed.  The difference is very dramatic, and fitting these two histograms would lead to 

greatly different answers.  The distribution with the trend removed is how the data would 

look if the frequency of the word generator were more stable.  To make the jitter 

measurement and separation algorithm more robust and accurate, the trend is removed 

from all data sets.  Period measurements that do not have a trend will not be affected by 

this function. 
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 The next step is to standardize the data set.  Since the data is on a very small scale 

and sigma values for the fit have to be even smaller, standardization translates the data to 

a more practical scale.  The equation for data standardization can be seen in Equation 3.1.  
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For each period measurement i, the mean of the data, x , is subtracted, and then 

the difference is divided by the standard deviation.  The mean of the data was already 

calculated when the trend was removed, but the standard deviation still must be 

calculated.  The equation for standard deviation can be seen in Equation 3.2. 
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 In this equation, N is the number of period measurements in the data set, and x is 

the mean of the data.  With the data standardized, the mean is zero and the values usually 

range between -2 and 2.  Calculation in MATLAB can now be made without using 

extremely small numbers, which could affect accuracy.  Figure 3.9 is an example of a 

bimodal distribution before and after the standardization.          
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Figure 3.9:  Histogram Before and After Standardization 

 The data in the histograms have the same distribution.  The only difference is the 

x-axis scale.  Before the standardization, the scale is on the order of 10-7 for the upper 

histogram, while the lower histogram ranges from about -2 to 2.  All the calculations for 

the fitting are done on the standardized data.  After the best fit is found, the Gaussian 

parameters are translated back to the original scale.  

  

3.3.2 Preparing the Histogram 

 All the histograms have four hundred bins.  This provides an adequate number of 

bins when fitting the tails.  The next four steps are carried out on the standardized 

histogram itself.  These steps, removing the outliers, linearly interpolating empty bins, 
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normalizing, and applying a moving average filter, prepare the histogram for the 

Gaussian tail fitting.  The first step tests the histogram bins to find outliers.  The test runs 

for both sides looking for a bin with at least one period that is more than five bins away 

from the next occupied bin.  If such a bin is found, the bin count is reduced to zero.  The 

fitting does not always consider the bins at the extreme edge of the tail, but it is best to 

discard these because they could adversely affect the fitting accuracy.  Outliers can 

generally be defined as values outside the three sigma range.  For a Gaussian distribution, 

99.7% of the data lie within positive and negative three standard deviations.  In most 

cases, the signal will have some DJ and the histogram will not be a pure Gaussian 

distribution.  Consequently, defining outliers by an overall sigma range will not work for 

the period histogram. 

 The second step is to linearly interpolate all the empty bins.  If the period data 

does not have enough significant digits, the histogram created can have empty bins 

spaced throughout.  For example, if the period measurements range from 1.99991*10-7 

to 2.0019*10-7 with only five significant digits, there is a maximum of two hundred bins.  

If a four hundred bin histogram in MATLAB is created, then every other bin is empty.  

Most of the data collect has seven significant digits, but the first set of period 

measurements collected only has six.  For this particular data set, empty bins are present, 

so this step is included.  Removing a data trend can also help alleviate this issue.     

 Next, the histogram’s bins are normalized to one.  This ensures that the Gaussian 

PDF is to the same vertical scale as the histogram tail.  The Gaussian PDF that is being fit 

to the histogram is also normalized to one.  With both the histogram and the Gaussian 
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PDF normalized to one, transferring the tail magnitude to the PDF is straightforward, 

because both are multiplied by the same number.  To normalize the histogram, the Y 

values are divided by the maximum Y value.  The maximum value is now one, and the 

rest of the values are less than one.        

  The last step for preparing the histogram is a moving average filter.  This filter 

smoothes the histogram, taking out dramatic changes from bin to bin.  The result more 

clearly resembles a Gaussian curve.  For the 400-bin histogram, an eleven bin moving 

average filter is applied to each bin.  Eleven bins provided adequate smoothing without 

distorting the histogram.  The histogram is padded by five zero bins on either side to 

accommodate the filter.  The Y value of each bin is added to the Y values of the five bins 

on both sides.  The equation for this filter, for each bin i, can be seen in Equation 3.3. 
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          (3.3) 

 The filter starts with i equal to six, or the sixth bin, which was the original first 

bin before the padding, and ends with i equal to four hundred and five.  Therefore, every 

bin is averaged with the five bins to the left and the five bins to the right.  By using this 

filter, averaging the bin on both sides, there is not a shift in the distribution.  The outcome 

is a noticeably improved Gaussian tail, providing a better, lower chi-squared, fit.  The 

previous standardized histogram, from Figure 3.9, is shown in Figure 3.10 normalized to 

one, before and after the filter. 
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Figure 3.10:  Histogram Before and After Filter 

 The lower histogram, after the moving average filter, illustrates the improvement 

in the smoothness of the distribution.  The histogram is now ready to be fit with the 

Gaussian curves. 

 

3.3.3 Defining the Histogram Tails 

 Before the histogram tails can be fit, they must be defined.  Defining the tails aids 

in the initial guesses for the Gaussian curves.  The tail is the final Gaussian descent on 

either end of the histogram.  The algorithm crops each half down to smaller portions of 

the histogram.  The cropping does not define the exact location of where the final descent 
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starts; the actual tail fit is needed to accomplish this.  The following flowchart, Figure 

3.11, details how the left tail is defined.  

 

Figure 3.11:  Left Tail Portion Flowchart 

 The algorithm starts by dividing the histogram into two halves.  This flowchart is 

for the left half, bins one through two hundred.  The variable i is used as an index for the 

bin numbers and is initially set to one.  The algorithm runs a “while” loop for i less than 

two hundred, the end of the left half.  In the “while” loop is an “if” statement, which tests 
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the Y values of each bin i.  The test is to see if the Y value of bin i is greater than the Y 

values of each of the next twenty bins.  This algorithm is essentially searching for the 

peak bin of the left half, going from left to right.  The peak bin is one that has a greater Y 

value than the next twenty bins.  By searching for a peak with the following twenty bins 

less than its value, eliminates finding less predominate peaks.  Since the data is smooth, 

this is usually the absolute peak, but this does not have to be the case.  The deterministic 

jitter does not have a set distribution model. 

 When the test is satisfied, the first peak is found.  The algorithm then sets the bins 

i plus twenty-one to two hundred equal to zero.  The twenty bins following the peak bin 

are kept as part of the left tail portion.  This aids in the initial guess calculations for the 

Gaussian curves, providing an adequate amount of bins on either side of the peak.  The 

right tail portion is defined in the same exact manner except for starting from the right 

and working to the left, so the bin numbers start at four hundred and are decremented.  

Figure 3.12 shows an example of the cropped tail portions.  
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Figure 3.12:  Defining Histogram Tail Portions 

 Both the left and right halves are shown in this figure, and the cropped portions 

are the two lower plots.  It can be seen that the peak bin was detected for each half and 

the following twenty bins remain, and the twenty first bin through the end of the half are 

now zero.  

 

3.3.4 Initial Guess Calculations 

 After cropping the histogram, leaving the tail portions, the initial Gaussian curve 

parameters can be calculated.  This segment of the algorithm calculates the mean, 

standard deviation and the magnitude for both tails of the histogram.  These values will 
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be used as a starting point for the first phase of the fitting.  The following flowchart, 

Figure 3.13, shows how these calculations are performed.  

 

Figure 3.13:  Initial Guess Flowchart 

 The flow chart starts with a “for” loop, first for the left tail, followed by the right 

tail.  A second “for” loop is nested inside, used to collect twenty sets of samples.  Each 

sample set contains the magnitude and bin number of the bin with maximum Y value.  

The maximum bins are found one at a time and then reduced to zero, so the next 

maximum can be found.  The actual X value of the histogram bin is then calculated, 

before finding the next maximum.  This loop is repeated twenty times, finding the twenty 

tallest bins.  Twenty bins is equal to five percent of the four hundred bins in the 

histogram, providing an effective number for the averaging calculations.  The first being 
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the magnitude, which is simply the average magnitude of the twenty bins.  The mean, like 

the magnitude, is the average of the X values for each bin.  Finally, the initial standard 

deviation calculation is the standard deviation of the X values for all the bins from the 

calculated mean bin to the last bin at the bottom of the tail.  For example, the mean bin 

for the left tail might be the 75th bin in the histogram.  The standard deviation for the X 

values from bin one to bin seventy-five is calculated and is the initial sigma for the left 

tail.  The range of values from the mean to the end of the tail are equally spaced X values 

of the histogram.  The standard deviation simply estimates the sigma value needed for the 

Gaussian curve to reach the end of the histogram tail.  The same steps are then repeated 

for the right tail.  With the calculations complete, the algorithm moves on to the first 

phase of the fitting. 

      

3.3.5 Phases One and Two of the Fitting 

Both phases one and two use the same general procedure.  They both start by 

setting up a range of values for the standard deviation and the mean for each tail.  These 

two variables for each Gaussian curve are varied from the minimum limit to the 

maximum limit by a set step value.  Every standard deviation value throughout the range 

is used with every mean value, and the Gaussian curve for each is compared to the 

histogram tail.  The magnitude does not change throughout the entire fit.  These limits 

and the step values are different for the two phases.   

The first phase of the histogram tail fitting uses the calculated initial guess to 

establish the variable limits.  The limits for the standard deviation in this phase are plus 
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and minus forty percent of the initial standard deviation.  The limits for the mean are plus 

and minus fifty percent of the initial mean.  These limits provide sufficient range for all 

of the data sets, and additional for range for overall robustness of the algorithm.  They 

also account for initial guess issues that arise.  The step values for both of these are four 

percent of the corresponding initial guess.  Four percent reduces the number of iterations 

for this phase, over a wide range, while making a rough approximation.  All the limits 

and step values are calculated for both the right and left tail.  After the setup, the 

algorithm proceeds to find the best fit for these values.  Figure 3.14, shows a flowchart 

for both phases one and two of the fitting. 
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Figure 3.14:  Phase One and Two of Fitting Flowchart 

Starting at the top of the figure, the flowchart starts by setting up the limits for the 

variables and the step value.  Next, there is a “for” loop for the left and right tail.  Starting 

with the left tail, the standard deviations, or sigma value, and the mean are set to the 

minimum limits.  From there, the algorithm inters the first “while” loop.  This loop runs 
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while the mean is less than the maximum mean.  Nested inside this loop is another 

“while” loop that runs while the sigma value is less than the maximum sigma.  Inside the 

second “while” loop is the chi-squared test subroutine.   

Each sigma and mean is run through the chi-squared test subroutine to determine 

its chi-squared value.  In addition, the test keeps track of the overall lowest chi-squared 

value for each tail.  The chi-squared test determines the degree of the fit between a set of 

observed points and an expected distribution.  In this case, the Y value of each histogram 

bin is the observed points, and the Gaussian curve being compared is the expected 

distribution.  The lower the chi-squared value, the better the fit.  Equation 3.3 below is 

the equation for calculating the chi-squared value. 
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In this equation, xi is the histogram’s Y value for bin i, and Ei is the Gaussian 

curve’s Y value at the same location on the x-axis.  The Gaussian curve is created using 

the same x-axis data as the histogram, allowing exact one to one comparison of the 

values.   

In the flowchart, Figure 3.14, the chi-squared test is outlined in brown because it 

is a separate subroutine.  This subroutine first takes the sigma, mean and magnitude 

values and creates a Gaussian curve.  This curve, like the histogram, is normalized to one 

for proper comparison.  The flowchart for this subroutine can be seen in Figure 3.15.   
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Figure 3.15:  Chi-Squared Test Sub-Routine Flow Chart 

After the normalizing the curve to one, tail limits are defined based on the sigma 

value.  The fit only takes place on the outer side of the Gaussian curve for each tail.  For 

the left tail, the test is preformed on a portion of the left side of the Gaussian curve.  This 

range is specified by the standard deviation.  Negative one sigma to negative three sigma 

is used for the left tail, and positive one to three is used for the right tail, so the length of 

the comparison varies with the standard deviation value.  The upper limit of the tail is one 

sigma so that only the slope of the histogram is fit, not the Gaussian portion near the 
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mean.  The lower limit of three sigma is usually very close to where the histogram data 

ends.  By limiting the histogram to this boundary, minute tail ending oddities are 

neglected.  Using this range, the corresponding histogram bins are found.  Next, the chi-

squared calculation is carried out between these limits. 

After the chi-squared value is calculated, it is divided by the number of bins used 

in the calculation.  Since sigma is varied between its limits, the number of bins used can 

change.  Chi-squared over the number of bins yields a proportional number that can be 

used for universal comparison.  The next step of the flow chart is an “if” statement.  This 

is used to save the best chi-squared value, along with the parameters that produced it.  If 

the current value of chi-squared divided by the number of bins used is less than the all of 

the previous values, all the relevant parameters are saved, (the standard deviation, the 

mean and the new best chi-squared divided by the number of bins used).  If the current 

value is not less than the previous best then the subroutine just exits.   

When the chi-squared test subroutine is complete, the sigma value is incremented 

by the step value and the chi-squared test is repeated.  This process continues until the 

sigma value becomes greater than the maximum sigma value.  At this time, the sigma 

value is set back to the minimum value and the mean is incremented.  Again, this 

continues until the mean becomes greater than the maximum mean value.  With the left 

tail complete, the algorithm repeats the process for the right tail. 

After completing both tails, the first phase of the histogram tail fitting is 

complete.  The best values found for both tails are then used in the second phase.  These 

values are used in the same way the initial guess values were used for the first phase.  For 
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the second phase, the limits are narrower and the step is smaller.  This is the purpose of 

the first two phases.  The first phase takes the initial guess to a rough estimate, and the 

second phase uses the estimate to find a more precise answer.  A step value of 0.5 percent 

is used for the second phase.  The same result would come from using this step and the 

limits from the first phase.  However, it would take 32,000 iterations for each tail.  The 

limits for phase two are plus and minus twelve percent for the sigma value and plus and 

minus six percent for the mean.  Again, the percentages are of the best values found in 

phase one.  Using these limits and the step value of 0.5 percent, phase two only takes 

1152 iterations for each tail.  This, combined with the 500 iterations needed for each tail 

in the first phase, brings the total to 1652.  This method reduces the number of total 

iterations needed to about five percent of the 32,000 that a single phase approach would 

require.        

  

3.3.6 Phase Three of the Fitting 

 The final phase takes a different approach in attempting to converge on the best 

chi-squared values for each tail.  During this phase, the previous best fit from phase two 

is used as the starting point.  Starting with the left tail a one percent step is used for both 

the sigma and mean values.  The algorithm reduces this step value, making small 

increments in the correct direction.  This phase also uses the same chi-squared test 

subroutine to test the fit.  Figure 3.16 shows the flowchart for phase three of the 

histogram tail fitting algorithm.   
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Figure 3.16:  Phase 3 of Fitting Flowchart 

 After the initial chi-squared test, the algorithm enters a “while” loop.  The loop 

runs while the step is greater than 0.001 percent.  Initially given a step value of one 

percent, the previous best sigma is incremented by one step, while the mean does not 

change.  This is followed by a chi-squared test.  One percent is slightly above the initial 

step size in phase two, which was 0.5 percent.  Since the step values for this phase are 
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calculated from final values of phase two, better fits could be found in this overlapping 

step range.  The test only saves the values if they provide a better fit.  Next, the previous 

best sigma, again from phase two, is decremented by one step.  Both the incremented and 

decremented sigma values are derived from the best values at the beginning of each loop, 

until they have both been tested.  The flowchart then shows that the last best sigma value 

is then equal to the best found by the chi-squared test.  If neither of the first two had a 

better fit, the number would stay the same.  The current sigma value also becomes this 

value, which is used when adjusting the mean. 

The mean is adjusted in the same manner, starting with the one percent step, 

incremented and decremented.  Again, the new best mean value becomes the best mean 

from the chi-squared test, which is the absolute best value so far.  The current mean is 

changed to this value as well.  At the end of each loop, the step value is divided by 1.1, 

and the loop continues.  As the step values get smaller, fine adjustments are made to fit, 

converging on the best fit.  Step sizes smaller than 0.001 percent did not produce 

significant changes in the fit.  When the “while” loop ends, the third phase starts with the 

right tail.  At the conclusion of this phase, the best fit for the histogram tail has been 

found.       

 

3.3.7 Translating the Fitting to the Original Data 

 After finding the best fit for the tails, the actual standard deviation and mean still 

must be calculated.  These values will be used in calculating the amount of RJ, DJ and 

TJ.  The values found by the algorithm correspond to the histogram of the standardized 

 62



data.  Therefore, the values for the Gaussian curves that fit the actual data are required.  

These values can be found using the mean of the original data, the standard deviation of 

the data after the trend was removed, and the final values of the Gaussian curves for the 

best fit.  The equations for the actual mean and standard deviation can be seen in 

equations 3.4 and 3.5. 

FinalDataActual σσσ ×=                          (3.4) 

DataDataFinalActual µσµµ +×= )(           (3.5) 

Equation 3.4 is for the actual standard deviation, found by multiplying the final 

sigma from the fit by the sigma from the original data.  Equation 3.5 is for the actual 

mean, found again by multiplying the final mean by the sigma from the original data and 

then adding the original data mean.  These calculations are made using the Gaussian 

variables of the best fit for both tails. 

 

3.3.8 DJ, RJ and TJ Calculations 

 With the Gaussian variables for the actual data found, DJ, RJ and TJ can now be 

calculated.  The peak-to-peak value of deterministic jitter is always the difference 

between the two means of the histogram tail fit.  Equation 3.6 is the equation for 

calculating DJ. 

LTRTDJ µµ −=                            (3.6) 

 In contrast, the peak-to-peak values of RJ and TJ they are calculated with respect 

to a certain BER.  Table 2.1, previously shown, relates BERs to corresponding standard 

deviation multipliers.  When calculating random jitter for a BER of 10-12 the multiplier is 
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14.069.  Therefore, to calculate the RJ at this BER, the average standard deviation is 

multiplied by 14.069.  This calculation is shown in Equation 3.7. 

BERRTLTBERPkPk MultiplierRJ @@ )(
2
1

×+×=− σσ        (3.7) 

The average standard deviation alone is often referred to as the RMS value.  Since 

RJ is a component of TJ, the peak-to-peak value of total jitter is also expressed in relation 

to a certain BER.  Total jitter is simply the sum of the DJ value and RJPk-PK@BER.  This 

calculation is shown in Equation 3.8. 

BERPkPkBERPkPk RJDJTJ @@ −− +=              (3.8) 

After completing these calculations, they are displayed with the original 

histogram with the fitted Gaussian curves overlaid.  This provides visual assurance with 

the measurements. 
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CHAPTER 4 

JITTER MEASUREMENT AND SEPARATION RESULTS 

 

 The results of the MATLAB algorithm for tail fitting the histogram, separating 

jitter components and measurement are detailed in this chapter.  These results comprise 

of ten sets of real data, along with one set of simulated period measurements.  The sets of 

period measurements were collected and saved, as described in Chapter three.  The focus 

of this chapter will be on the overall effectiveness of the algorithm as well as the 

efficiency when compared to a reference test. 

 

4.1 Period Measurement Data Sets 

 The period measurements collected from the oscilloscope were all from the same 

HP digital word generator.  A repeating clock waveform was used for each sample.  The 

word digits, the length of the word and the frequency were all variable.  The samples 

were taken with the word generator set at a frequency of approximately 1 MHz to 5 MHz.  

Most of the samples were taken close to the maximum frequency of 5 MHz, with period 

measurements in the 200 ns range. 

 While the word digits always stayed the same for the clock-like signal, the length 

of the word was altered.  Seven data sets were collected while the word generator 

produced a four-bit word.  For comparison, a period measurement data set from a six-bit 

word was collected, as were two two-bit word data sets.  Table 4.1 shows the frequency 

of each of these data sets.  
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Table 4.1:  Period Measurement Data Sets 

Description Frequency
4-Bit Data 1 4.985 MHz
4-Bit Data 2 4.987 MHz
4-Bit Data 3 5.010 MHz
4-Bit Data 4 5.289 MHz
4-Bit Data 5 1.997 MHz
4-Bit Data 6 5.000 MHz
4-Bit Data 7 0.928 MHz
2-Bit Data 1 4.982 MHz
2-Bit Data 2 1.003 MHz
6-Bit Data 4.988 MHz
Sim. Data 1 5.000 MHz
Sim. Data 2 5.001 MHz
Sim. Data 3 5.000 MHz  

 The simulated data has a bimodal distribution produced from specified values.  

These data sets were created in MATLAB and have 15,000 to 11,500 samples.  Random 

Gaussian data was generated at two means, and between the means, bounded random 

data was distributed.  The distance between the two means, or DJ, was varied for these 

three sets.  This simulation was designed to test the algorithm, because the means and 

standard deviations of the histogram tails were known. 

 

4.2 Real Data Results 

 The ten sets of real data from the word generator have several different 

distribution patterns, which change based on the frequency and number of bits used for 

the repeating word.  For this thesis, the reasons behind the jitter from this particular HP 

word generator are not of importance.  These results will show most of the distributions 

along with data from all the chi-squared fits.  Final histogram fits not shown in this 
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chapter can be seen in Appendix A.  All the results of the algorithm, including the 

simulated data results, are repeatable.  All the calculated values from the algorithm, for 

each data set, are exactly the same after every run.    

 

4.2.1 Four-Bit Data #1 Results 

This data set, as most, has a four-bit repeating word (1010).  These data sets have 

frequencies that range from 0.928 MHz to 5.289 MHz.  The average frequency of the 

signal for this data set is 4.985 MHz.  Figure 4.1 shows a plot of the outline of the 

histogram for this data set with the Gaussian curves for the initial guess.    

 

Figure 4.1:  Initial Guess for 4-Bit Data #1 

 Most of the distributions are similar to this one, with two or more distinct peaks 

and few samples between.  The initial guess calculations approximate a starting point for 

the fitting.  The moving average filter removes the large spikes of the histogram making 

this approximation reasonably accurate.  Other distributions with less prominent tails or 
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starting points did not prove as accurate.  After this calculation, the algorithm continued 

with phase one of the fitting.  Figure 4.2 shows the best fitting after phase one, plotted 

with the outline of the histogram.   

 

Figure 4.2:  Best Fit After Phase One for 4-Bit Data #1 

     This figure along with the fitted Gaussian curves shows dashed lines for the 

standard deviation limits.  This curve represents the best fit after determining all the chi-

squared errors between the sigma limits for all the values in phase one.  The improvement 

between the initial guess and the first phase is usually the most evident.  Phase two 

improves upon this fit, finding a lower chi-squared value.  Figure 4.3 shows the next step 

for this fit. 
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Figure 4.3:  Best Fit After Phase Two for 4-Bit Data #1 

   Although only a slight visual improvement, the chi-squared values for both tails 

were greatly reduced.  After phase one, the left tail’s chi-squared value was 0.001713, 

and it is now 0.0012659.  The right tail’s value also improved from .00021833 to 

.00015136, which is an average reduction of 28%.  The final phase uses slight variations 

of this fit to decrease the chi-squared value even more.  Figure 4.4 shows a plot of the 

final fit and another plot for the fit of the actual data histogram. 
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Figure 4.4:  Final Fit and Fit on Actual Data for 4-Bit Data #1 

 The Gaussian curve for the right tail fit between the sigma limits in this figure is 

almost identical to the standardized filtered data.  The best fit for the left tail is not as 

exact.  There is a small deviation from the Gaussian curve about halfway between the 

limits.  This slight deviation is not as apparent when the values are translated back to the 

actual data.  In the lower plot, the curve aligns well with the average of the jagged 

histogram outline.  The final plot for the algorithm is the actual histogram with the tail fit 

plotted over top.  Figure 4.5 shows this histogram and jitter calculations for four-bit data 

#1.     
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Figure 4.5:  Final Fit and Jitter Calculations for 4-Bit Data #1 

 This histogram is of the actual data after the trend is removed and normalized to 

one, and provides visual assurance for the quality of the fit.  The measurements from the 

jitter calculations are also given.  The calculations are for peak-to-peak values at a BER 

of 10-12.  The deterministic jitter is 278 ps, meaning there are 278 ps between the two 

means.  The sigma average multiplied by 14.069 is 415 ps, the random jitter.  The total 

jitter is 693 ps, the sum of these two. 

 This algorithm uses three separate phases to reduce the time it takes to make the 

best fit.  These results are compared to a reference fit using the same maximum window 

as phase one, but reducing the step size to 0.1%.  This would not work for actual 

measurement of jitter due to the extensive amount of time required.  Using this step size 

the algorithm requires over 800,000 iterations for each tail, taking roughly five to ten 

minutes.  The reference chi-squared values are used to calculate the chi-squared percent 

error.  Table 4.2 shows the errors for all three phases of this algorithm. 
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Table 4.2:  Chi-Squared Error and Time for 4-Bit Data #1 

Lt Rt Lt Rt Time (s)
4-Bit Data #1 0.10% 0.00124050 0.00014980 0.00% 0.00% 500
4.985 MHz 1.00% 0.00131120 0.00016646 5.39% 10.01% 15

Phase 1 0.00171300 0.00021833 27.58% 31.39% 0.64
Phase 2 0.00126590 0.00015136 2.01% 1.03% 0.45
Phase 3 0.00124100 0.00014967 0.04% -0.09% 0.50

1.59

Chi-Squared Value

Total Time

Chi-Squared % Error

 

 This table shows chi-squared values of the left and right tail for the reference test, 

phases 1 through 3, and a 1% test for comparison.  The 1% test is the same as the 0.1% 

test except that the step size is increased to 1%.  The chi-squared percent error for the 

reference test is zero, since it is used as the reference.  The time for this test is 

approximately 500 seconds.  For this data set, the 1% test takes on average about 15 

seconds and produces an error of 5.39% and 10.01% for the left and right tail, 

respectively.  The error after phase one of the algorithm is larger, but the time it takes is 

just over half a second on average.  All times refer to the same Intel Pentium 4 3 GHz 

PC.  Starting from this fit, phase two reduces the error for a better fit than the 1% test.  

The combined time for these two phases only takes on average 1.09 seconds.  The final 

phase reduces the error for the left tail to just over the reference value, while the right tail 

error is actually better than the reference.  The total time for this algorithm to run, for this 

data set, takes an average of 1.59 seconds.               

 

4.2.2 Four-Bit Data #3 Results 

 The third set of four-bit data has an average frequency of 5.010 MHz.  The 

distribution for this set of period measurements has four distinct peaks.  Defining the tail 
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portion and cropping the histogram is essential for the initial guess calculations in these 

situations.  Figure 4.6 shows the histogram before and after the halves have been 

cropped.   

  

Figure 4.6:  Defining Tail Portions for 4-Bit Data #3 

 The top two plots in this figure show the right and left halves of the histogram.  

The bottom two plots show the remaining data after the tail portions have been defined.  

Without cropping, the initial guesses would be between the two peaks for each side.  

Figure 4.7 shows the initial guess plots with the outline of the entire histogram.      
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Figure 4.7:  Initial Guess for 4-Bit Data #3 

 This figure shows the initial Gaussian curves in the correct location.  From here, 

the algorithm can more accurately fit the tails.  Another point of interest is the smaller 

standard deviation of the Gaussian curves.  All histograms are comprised of 400 bins.  

This allows at least 10 bins to be considered in all chi-squared calculations.  The final fit 

for this set of data uses 14 bins for the left tail and 25 bins for the right tail.  The Gaussian 

curves for this fit can be seen with the actual histogram in Figure 4.8.       
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Figure 4.8:  Final Fit and Jitter Calculations for 4-Bit Data #3 

 A noticeable change in this fit is the lower magnitude of the Gaussian curves.  

With the magnitude permanently fixed from the initial calculations, narrower peaks 

produce lower magnitudes.  As explained in Chapter 3, the magnitude is the average of 

the twenty tallest bins after the tail portion has been defined.  Another factor for the 

magnitude is the moving average filter.  The magnitude can affect the outcome of the 

separation.  This issue will be discussed further in Chapter 5. 

 The jitter measurement results can be seen at the top of the figure.  This data set 

has a large amount of DJ, 682 ps, compared to the RJ, 276 ps.  Again, the random and 

total jitter values are at a BER of 10-12.    

The histogram peaks are usually asymmetric, and Figure 4.8 provides an example.  

The Gaussian curves still fit the tails of the histogram well, and the left tail is actually 

better than the 0.1% reference test by 0.2%.  The right tail is slightly above the reference 
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test, by 1.72%.  The complete algorithm for the data set on average took 1.45 seconds.  

This data can be seen in Table 4.3. 

Table 4.3:  Chi-Squared Error and Time for 4-Bit Data #3 

Lt Rt Lt Rt Time (s)
4-Bit Data #3 0.10% 0.00014530 0.00034127 0.00% 0.00%
5.010 MHz 1.00% 0.00017488 0.00038342 16.91% 10.99% 10.5

Phase 1 0.00017656 0.00058678 17.71% 41.84% 0.63
Phase 2 0.00014552 0.00037966 0.15% 10.11% 0.45
Phase 3 0.00014501 0.00034723 -0.20% 1.72% 0.37

1.45Total Time

Chi-Squared Value Chi-Squared % Error

 

 The algorithm beat the 1% test by a large margin, again in a much shorter amount 

of time.  The time for the 0.1% test was not specified, because the limits for Gaussian 

variables were adjusted to shorten the test time.  The full test takes from five to ten 

minutes. 

 

4.2.3 Four-Bit Data #6 Results 

 The sixth data set in the four-bit category has an average frequency of 5.00 MHz, 

and again has four separate peaks.  This data set has the narrowest peaks of all the period 

sets.  Only a small number of the 400 bins actually make up the peaks and fewer on the 

tails.  There are still 10 or more bins in the calculation for chi-squared.  The final tail fit 

can be seen in Figure 4.9.    
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Figure 4.9:  Final Fit and Jitter Calculations for 4-Bit Data #6 

 In this figure, the fit shortened magnitude is evident again with the narrow peaks, 

and a small noticeable gap exists between the histogram and the Gaussian curve.  The 

jitter calculations for the separation are displayed at the top of this figure.  The DJ again, 

represents the majority of the TJ.  Because of the limited bins on each tail, the fit for this 

histogram is the farthest from the 0.1% reference test.  Table 4.4 show the chi-squared 

error and time data. 

Table 4.4:  Chi-Squared Error and Time for 4-Bit Data #6 

Lt Rt Lt Rt Time (s)
4-Bit Data #6 0.10% 0.00006965 0.00002732 0.00% 0.00%
5.000 MHz 1.00% 0.00047795 0.00033723 85.43% 91.90% 9.7

Phase 1 0.00070908 0.00168820 90.18% 98.38% 0.62
Phase 2 0.00014545 0.00015563 52.12% 82.45% 0.53
Phase 3 0.00012667 0.00012282 45.02% 77.76% 0.43

1.58

Chi-Squared Value Chi-Squared % Error

Total Time  
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 After phase three, the chi-squared percent error is still about 45% and 78% greater 

than the reference test.  By increasing the number of bins in the overall histogram, this 

problem may be alleviated.  This is still lower than the 1% test, making it a sufficient tail 

fit.        

 

4.2.4 Four-Bit Data #7 Results 

Data #7 in the four-bit category has a unique distribution.  This data set was the 

lowest frequency sample, at 0.928 MHz.  Unlike the higher frequency data, this 

distribution has data throughout the histogram, not just multiple peaks.  Another 

difference is that the tails for this histogram are not as pronounced.  Figure 4.10 shows 

the outline of this histogram with the final fit and the fit on the actual data histogram. 
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Figure 4.10:  Final Fit and Fit on Actual Data for 4-Bit Data #7 

 The Gaussian curves fit well on the filtered data between the standard deviation 

limits.  The algorithm seems to find the Gaussian tail portion, separating it from the 

determinist jitter portion.  When the values are translated to the actual data, the curves 

again seem to fit that portion well.  Figure 4.11 shows the histogram along with the final 

tail fit and the jitter calculations. 
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Figure 4.11:  Final Fit and Jitter Calculations for 4-Bit Data #7 

  The separation calculations for DJ and RJ are almost exactly equal for this data 

set.  At the BER of 10-12, both values are about 1.16 µs.  The chi-squared error percentage 

for both tails is slightly higher than the reference test.  Table 4.5 shows chi-squared 

values for each fit and the time data.      

Table 4.5:  Chi-Squared Error and Time for 4-Bit Data #7 

Lt Rt Lt Rt Time (s)
4-Bit Data #7 0.10% 0.00040941 0.00071553 0.00% 0.00%
0.928 MHz 1.00% 0.00041234 0.00075474 0.71% 5.20% 14

Phase 1 0.00052013 0.00123900 21.29% 42.25% 0.70
Phase 2 0.00041417 0.00072598 1.15% 1.44% 0.41
Phase 3 0.00040994 0.00071761 0.13% 0.29% 0.43

1.54

Chi-Squared Value Chi-Squared % Error

Total Time  

 The final fit of the algorithm against the reference test is 0.13% greater for the left 

tail and 0.29% greater for the right tail.  These are again lower than the 1% test and take 

far less time, 1.54 seconds on average.   
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  4.2.5 Six-Bit Data Results 

 One set of data was collected with the word generator producing a six-bit word 

(101010).  The distribution displayed was slightly different from previous data sets.  

There is twice as much data on the left half of the histogram as on the right half.  The 

algorithm had no problem defining the tails and finding the best fit.  Figure 4.12 shows 

this histogram with the final fit and the jitter calculations.  

 

Figure 4.12:  Final Fit and Jitter Calculations for 6-Bit Data 

 This histogram does not have many spikes along the tails.  This allows the 

Gaussian curves to make a nice fit, when plotted on the actual data.  In addition, both tails 

seem to have appropriate magnitudes for this fit.  The chi-squared values do not quite 

make it to the reference test values, but they are superior to the 1% test.  Table 4.6 shows 

the chi-squared values and the time data for this data set. 
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Table 4.6:  Chi-Squared Error and Time for 6-Bit Data 

Lt Rt Lt Rt Time (s)
6-Bit Data 0.10% 0.00025141 0.00013575 0.00% 0.00%
4.988 MHz 1.00% 0.00030888 0.00018836 18.61% 27.93% 12

Phase 1 0.00130430 0.00196360 80.72% 93.09% 0.58
Phase 2 0.00026926 0.00017460 6.63% 22.25% 0.45
Phase 3 0.00026868 0.00016349 6.43% 16.97% 0.44

1.47

Chi-Squared Value Chi-Squared % Error

Total Time  

 The chi-squared percent error after phase one is almost 100% away from the 

reference, but after phase three the fit is much closer.  The left tail is only 6.43% above, 

while the right tail is 16.97% above.   

 

4.2.6 Two-Bit Data #1 Results   

 Two data sets were collect with the word length set to two bits (10).  The first set, 

with a frequency of 4.982 MHz, is the only set with a very low amount of deterministic 

jitter.  The algorithm only calculates 15 ps of DJ.  A perfect Gaussian distribution would 

have zero DJ, the left and right tail fit curves would overlap.  This distribution is very 

close to that.  Figure 4.14 shows this histogram with the final fit and the jitter 

calculations.     

 82



 

Figure 4.13:  Final Fit and Jitter Calculations for 2-Bit Data #1 

 The Gaussian curves seem to fit the average of the bins well.  There is more data 

to the end of the right tail than in most of the histograms.  Also in this distribution, there 

seems to be a faint divide at the location where the two curves intersect.  If this division 

were more prominent, the data could be clearly classified as bimodal. 

 The chi-squared error is very low with respect to the reference test.  The percent 

error after the final stage is just 0.02% and 0.03% for the right and left tail respectively.  

Due to the larger sigma value placing more bins between the standard deviation limits, 

each iteration takes slightly longer when calculating the chi-squared value.  With this data 

set, the algorithm took on average 1.90 seconds.  These values along with the time data 

can be seen in Table 4.7.            

 83



Table 4.7:  Chi-Squared Error and Time for 2-Bit Data #1 

Lt Rt Lt Rt Time (s)
2-Bit Data #1 0.10% 0.00069854 0.00116870 0.00% 0.00%
4.982 MHz 1.00% 0.00069954 0.00116940 0.14% 0.06% 28

Phase 1 0.00071316 0.00117270 2.05% 0.34% 0.61
Phase 2 0.00069886 0.00116930 0.05% 0.05% 0.48
Phase 3 0.00069865 0.00116910 0.02% 0.03% 0.81

1.90

Chi-Squared Value Chi-Squared % Error

Total Time  

  The 1% test also had a very low chi-squared error with respect to the 0.1% test, 

but the three phase algorithm still managed to find a better fit.  The difference in times 

between the 1% test and total time of the algorithm is much greater in this example.   

 

4.2.7 Two-Bit Data #2 Results   

 The second set of two-bit data collected was at 1.003 MHz.  This distribution is 

more like the low frequency four-bit data rather than the other two-bit data set.  The 

histogram again has data spread throughout the entire distribution.  Figure 4.14 shows 

this histogram with the final fit and the jitter calculations. 
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Figure 4.14:  Final Fit and Jitter Calculations for 2-Bit Data #2 

 In this figure, the resemblance to the other low frequency data set can be seen.  

The tails in this histogram are more distinct.  This distribution is the model for the 

simulated data that was created to test the algorithm.  This model considered bimodal 

distribution separated by uniform bounded data.  The Gaussian curves found and fit the 

tail relatively well.  The chi-squared error percentages and time data are shown in Table 

4.8        

Table 4.8:  Chi-Squared Error and Time for 2-Bit Data #2 

Lt Rt Lt Rt Time (s)
2-Bit Data #2 0.10% 0.00040478 0.00058736 0.00% 0.00%
1.003 MHz 1.00% 0.00048084 0.00067980 15.82% 13.60% 11

Phase 1 0.00082126 0.00087218 50.71% 32.66% 0.72
Phase 2 0.00041859 0.00058754 3.30% 0.03% 0.47
Phase 3 0.00041178 0.00058715 1.70% -0.04% 0.39

1.58

Chi-Squared Value Chi-Squared % Error

Total Time  
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 The table shows that the right tail fit after the third phase again is better than the 

reference test.  The chi-squared value for the left tail was not as low, but only 1.70% 

above the reference value.  The algorithm again beat the 1% test with a better fit and a 

lower time.  

 

4.3 Simulated Data Results 

 The simulated results can be compared to the specified values used in creating the 

data, which offer advantages over real data.  Simulations can help determine if the 

histogram tail fitting algorithm’s results are accurate.  In MATLAB, three data sets were 

created using random Gaussian data for the peaks and bounded random data in between.   

For the first simulated data set, the random Gaussian data that created the tails for the 

histogram had means at 1.998x10-7 and 2.002x10-7.  The standard deviations for these 

tails are 3.25x10-11 and 2.76x10-11 for the left and right, respectively.  An accurate tail fit 

for this histogram should determine similar approximate values.  The bounded simulated 

deterministic jitter data between the means should not affect the tail fit.  The histogram 

with the final fit and the jitter calculations can be seen in Figure 4.15.           
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Figure 4.15:  Final Fit and Jitter Calculations for Simulated Data #1 

 The figure shows this simulated distribution with very prominent tails.  In contrast 

to the real data, the simulated tails are symmetrical.  This is seen by the Gaussian curves 

fitting the inside of the tails as well.  The algorithm finds the distinct peaks and makes a 

seemingly accurate fit.   

The calculated deterministic jitter, shown at the top of the figure, is 389 ps.  This 

correlates with the actual difference between the two means, which is 400 ps.  The fit is 

11 ps smaller or an error of -2.75% from the actual.  The calculated means in the 

algorithm are 1.99805x10-7 and 2.00194x10-7.  These are both very close to the actual 

value, but slightly towards the middle of the histogram. 

The random jitter calculation for this data set is 460 ps.  The average standard 

deviation for the actual data is 3.005x10-11.  If this number is multiplied by 14.069, as in 

the algorithm for the BER of 10-12, the actual value of the RJ should be 423 ps.  This is 37 

ps below the algorithm’s calculated value.  The measured RJ value is 8.75% from the 
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actual value.  The two standard deviation values found are 3.4766x10-11 and     

3.0672x10-11, compared to the 3.25x10-11 and 2.76x10-11 from the generated data.  Both 

tail fits have larger sigma values, causing the small error.  

The fit of the Gaussian curves to the tails of the histogram is almost the same as 

the reference test.  The chi-squared errors average about 0.25% above the test, and the 

algorithm is complete in 2.33 seconds on average.  These results can be seen in Table 4.9.   

Table 4.9:  Chi-Squared Error and Time for the Simulated Data 

Lt Rt Lt Rt Time (s)
SimData 0.10% 0.00062618 0.00019296 0.00% 0.00%
5.000 MHz 1.00% 0.00064886 0.00021431 3.50% 9.96% 8.9

Phase 1 0.00076250 0.00060916 17.88% 68.32% 1.35
Phase 2 0.00063193 0.00019666 0.91% 1.88% 0.45
Phase 3 0.00062716 0.00019363 0.16% 0.35% 0.53

2.33

Chi-Squared Value Chi-Squared % Error

Total Time  

 This data set always takes more time to run due to 15,000 samples compared to 

the 10,000 of all the real data.  The increase in sample count has a direct proportional 

relationship to the amount of time it takes.  With 50% more samples the algorithm took 

approximately 50% more time.  After the data is in the histogram bins, there should be no 

difference.  Most of the extra time is spent before the actual fit takes place. 

Normally the first step of the algorithm is removing the trend from the data.  For 

all the simulated data sets, the algorithm does not remove the data trend, because the data 

was created artificially, from three segments.    The left tail, right tail and bounded data 

were pieced together for these data sets.  For this first simulated data set, three 5,000 

period sets were concatenated to form 15,000 periods.  If MATLAB attempts to remove 

the trend from data created in this manner, the entire data set becomes distorted.  The 
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effects of attempting to remove the trend for the first set of simulated data are shown in 

Figure 4.16.   

 

Figure 4.16:  Simulated Data #1 with the Data Trend Removed 

The change in the bottom plot is the after effect of the MATLAB “detrend” 

function.  The function identifies a trend and attempts to removes it from the data.  In this 

case, with the data in three segments, the function actually adds a linear trend to the data. 

If the algorithm is performed on this distorted data the Gaussian variable cannot be 

compared. 

The second set of simulated data has similar sigma values for the Gaussian tail, 

but the separation between the means was doubled.  The algorithm should calculate about 

the same amount of RJ and twice as much DJ.  This set of data also contains 15,000 

samples, in three 5,000 sample segments.  The sigma values are not exactly the same as 

 89



the first data set, because the data was created randomly.  The standard deviation and 

mean for the random Gaussian data were calculated after it was created.  These actual 

data values are used to calculate the actual jitter.  For this second set of simulated data, 

the left tail’s mean is at 199.6 ns, with a standard deviation of 3.2123x10-11, and the right 

tail’s mean is at 200.4 ns, with a standard deviation of 2.7910x10-11.  The means are 800 

ps apart, so the DJ determined by the algorithm should be 800 ps.  The RJ for this data 

set, calculated from the actual sigma average, should be 422 ps.  The sum of these two 

values, or the TJ, is 1222 ps.  The histogram produced by the algorithm, the best fit 

Gaussian curves, and the jitter calculations are shown if Figure 4.17. 

 

Figure 4.17:  Final Fit and Jitter Calculations for Simulated Data #2 

  In this figure, the effects of the doubled DJ can be seen, resembling some of the 

real data sets with narrower peaks.  The fits for all the simulated data sets are better than 

the 1% test and very close to the reference test.  For the second data set, the jitter 

calculated by the algorithm can be seen at the top of Figure 4.17.  The DJ is 810 ps, just 
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above the 800 ps actually in the data set.  This is an error of only 1.25%.  The RJ is 409 

ps, which is slightly below the 422 ps of RJ this data should actually have at a BER of  

10-12.  Both of the sigma values from the algorithm are below the actual data values.  The 

error for the RJ is 3.1% below the actual calculation.  Because the RJ is below and the DJ 

is above the actual values, the TJ is very close at 1219 ps, which is just 3 ps, or 0.25%, 

below the actual TJ value.  The jitter separation errors for this set of data are all below the 

first set’s errors, and unlike the first set, the TJ is very close. 

 The last set of simulated data again has a very similar distribution, but the means 

are closer together.  The DJ for this data set is only 200 ps, which is half the value of the 

first data set’s DJ.  The RJ calculated, after determining the actual sigma values, is 425 ps 

at a BER of 10-12.  Because of the shorter distance between the two means, the bounded 

random samples were reduced to 1500, making this data set only 11,500 samples.  The 

jitter determined by the algorithm and the best fitting Gaussian curves on the actual 

histogram can be seen in Figure 4.18. 
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Figure 4.18:  Final Fit and Jitter Calculations for Simulated Data #3 

 After finding the best fit, the algorithm calculated 198 ps of DJ, 440 ps of RJ, and 

638 ps of TJ, at a BER of 10-12.  These values can be seen at the top of Figure 4.18.  The 

DJ again is very close, just 2 ps below the 200 ps of actual DJ.  This is an error of 1%.  

The RJ, like the first simulated set of data, is above the actual value.  The algorithm’s 

best fit has both sigma values slightly above the actual values.  The RJ determined by the 

algorithm is 440 ps, 15 ps above the actual value of 425 ps.  This makes the RJ error 

3.5%.  Therefore, the TJ at 638 ps is also slightly above the actual value of 625 ps.  This 

is an error of 2.1% above the actual calculated value. 

 The largest error for all three of these simulation data sets was in the RJ.  The 

average absolute RJ error was 5.12%, while the DJ error was only 1.67%, and the TJ was 

1.82%.  Not all the sigma values determined by the algorithm were greater than the actual 

values.  In the second simulated data set with increase DJ and the narrower peaks, the 

sigma values calculated for both Gaussian curves were lower than the actual values.      
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4.4 Overall Analysis 

 After analyzing the results of individual data sets, the overall analysis is just as 

important.  The average time for the algorithm and the average chi-squared percent error 

from the reference shows the efficiency.  The jitter separation calculations for each data 

set will also be shown.  A few data sets were not shown in this Chapter of the thesis, 

because their distributions and tail fits were not very different from the ones that were 

shown.  Their final Gaussian fitting and jitter calculations can be seen in Appendix A.  

The chi-squared error and time data are shown in Table 4.10. 

Table 4.10:  Chi-Squared Error and Time for the Remaining Data Sets 

Lt Rt Lt Rt Time (s)
4-Bit Data #2 0.10% 0.00036869 0.00056741 0.00% 0.00%
4.987 MHz 1.00% 0.00039137 0.00057100 5.80% 0.63% 15

Phase 1 0.00042605 0.00089673 13.46% 36.72% 0.35
Phase 2 0.00037759 0.00057102 2.36% 0.63% 0.80
Phase 3 0.00037304 0.00056649 1.17% -0.16% 0.15

1.30
4-Bit Data #4 0.10% 0.00004147 0.00012254 0.00% 0.00% 300
5.289 MHz 1.00% 0.00030524 0.00044712 86.41% 72.59% 9.5

Phase 1 0.00040620 0.00114410 89.79% 89.29% 0.56
Phase 2 0.00007473 0.00013954 44.51% 12.18% 0.44
Phase 3 0.00006713 0.00013453 38.22% 8.91% 0.34

1.34
4-Bit Data #5 0.10% 0.00080502 0.00045860 0.00% 0.00%
1.997 MHz 1.00% 0.00088356 0.00049432 8.89% 7.23% 11

Phase 1 0.00226690 0.00143340 64.49% 68.01% 0.62
Phase 2 0.00086068 0.00047712 6.47% 3.88% 0.47
Phase 3 0.00083117 0.00046558 3.15% 1.50% 0.44

1.53Total Time

Chi-Squared Value Chi-Squared % Error

Total Time

Total Time

 

 The fits for these three four-bit data sets have chi-squared errors in the same range 

as the ones previously shown.  The frequencies for these data sets are from 1.997 MHz to 
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5.289 MHz.  Four-bit data #4 has the overall highest frequency of all the data sets.  The 

average time the algorithm requires is 1.6 seconds.  This is for all the real data sets and 

the first 15,000 sample simulated data set.  This is much faster than the 1% test, at 13.1 

seconds.  The algorithm also finds a better fit for all the data sets than the 1% test.  The 

average error for both tails in the 1% test is 22.6% above the reference test.  This is over 

twice the average error for both tails using the algorithm, with an error of only 9.3% over 

the reference. 

 The jitter separation calculations for each data set are shown if Table 4.9.  There 

does not seem to be much correlation between the frequency and the amounts of DJ and 

RJ, although some sets have similar values.            

Table 4.11:  Jitter Measurement and Separation Results 

Description Frequency DJ (ps) RJ (ps) TJ (ps)
4-Bit Data 1 4.985 MHz 278 415 693
4-Bit Data 2 4.987 MHz 286 414 700
4-Bit Data 3 5.010 MHz 682 276 958
4-Bit Data 4 5.289 MHz 1013 235 1248
4-Bit Data 5 1.997 MHz 2180 1117 3297
4-Bit Data 6 5.000 MHz 1278 252 1530
4-Bit Data 7 0.928 MHz 1161 1156 2317
2-Bit Data 1 4.982 MHz 15 333 348
2-Bit Data 2 1.003 MHz 1496 838 2334
6-Bit Data 4.988 MHz 708 398 1106
Sim. Data 1 5.000 MHz 389 460 849
Sim. Data 2 5.001 MHz 810 409 1219
Sim. Data 3 5.000 MHz 198 440 638  

 The first two four-bit samples are very similar in both frequency and jitter 

calculations.  The two data sets have almost the same frequency and period distribution.  

There is not another set with jitter calculations this close.  The fourth and six sets of the 
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four-bit data have comparable frequencies and have about the same amount of RJ.  The 

DJ values for these two are also comparable at 1013 ps and 1278 ps.  The period 

distribution for these again is similar.  This particular HP word generator has 

idiosyncrasies that affect the period distribution, apparently related to more than just the 

frequency and the length of the word.                
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CHAPTER 5 

CONCLUSION 

 

 In this thesis, a methodology for measuring and separating random and 

deterministic jitter was developed.  This technique involved collecting period 

measurement from an Agilent Infiniium oscilloscope connected to a PC, then creating 

and tail-fitting a histogram to calculate the amount of jitter from the periods.  The 

efficiency of the MATLAB algorithm was shown, in relation to the fit and time.  The 

accuracy of the actual jitter calculations is not as clear.  This final Chapter provides 

concluding remarks discussing the effectiveness and issues regarding this method.       

 The technique proved to be an effective, low-cost alternative for measuring and 

separating jitter.  Using a relatively inexpensive oscilloscope, a PC and computer 

software, jitter separation was accomplished.  The time required for the algorithm to run a 

set of period samples is 1.6 seconds.  This time depends mostly on the performance of the 

PC running the algorithm.  The chi-squared subroutine also has an effect on this time.  If 

MATLAB has to call a separate file for the subroutine for each iteration, the time 

increases.  The MATLAB code shown in Appendix B has the subroutine separate, but 

when taking the algorithm time measurements, the chi-squared subroutine was actually in 

the main code.  The subroutine was separated to improve the readability of the code. 

The simulated data results show that the calculations are not exact, merely a good 

approximation.  Verifying the accuracy of the jitter measurements would require actual 

jitter measurement equipment.  With this equipment, the tail-fitting algorithm could be 
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calibrated to improve accuracy.  The main area that could be adjusted to improve 

accuracy is the magnitude of the Gaussian curves.  With the averaging filter lowering the 

maximum magnitude for each tail, followed by the averaging initial magnitude 

calculation, the magnitude is noticeably short in some fits.  By changing the number of 

bins used in the averaging to set the magnitude, or allowing the magnitude to adjust 

throughout the fitting, could help.  Changes in the magnitude can affect both the standard 

deviation and the mean when fitting the tails.  Without verifying these results with jitter 

separation results from other measurement equipment, the overall accuracy is 

unattainable.  Conversely, the simulated data results show the accuracy for all the jitter 

calculations in these data sets are better than 90% accurate. 

One small change that could be made to the algorithm is replacing the 

standardization step with an up scaling factor.  The standardization step brings the data to 

a more suitable range.  Most of the period measurements are around 2x10-7 or 200 ns.  

The values could all be divided by 1x10-9, putting them in the 200 range.  The algorithm 

could proceed knowing that the values are in nanoseconds.  This would also improve the 

readability of the plots, while accomplishing the same task as the standardization step. 

The moving average filter is another issue that causes some inaccuracies.  The 

filter averages each bin with the five bins on either side.  The result is a smoother 

histogram, but this also translates to a uniform spreading of the distribution.  The original 

400-bin histogram is padded by five zeros on both sides.  The filter starts with bin six of 

the padded histogram, averaging the five leading zeros, bin six, and the next five bins.  

This average is the new first bin of the filtered histogram.  The filter function ends with 
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bin 405, at the right side of the histogram, averaging in the padded zeros in the same 

manner.  Although the resulting histogram is still 400 bins, the histogram has been 

stretched by ten bins.  If the filter was applied to the five zeros on either side of the 

histogram, and there were additional padded zeros, the resulting bins would be nonzero 

positive values.  The filter function in the algorithm essentially crops the histogram so it 

remains 400 bins.  When the filtered histogram is fit by the algorithm, and the values are 

translated back to the actual data, the means of the Gaussian curves are not as affected as 

the sigma values.  This could very well be the cause of the greater errors in the RJ 

calculations.   

The issue with the filter could also be described in the frequency domain.  The 

moving average filter used in this algorithm is a rect( ) function or a low pass filter.  The 

Fourier transform of a rect( ) function is a sinc( ) function.  The tails of the histogram are 

Gaussian, and the Fourier transform of a Gaussian curve is a Gaussian curve.  As in the 

Fourier domain multiplication of a Gaussian and a sinc( ) function the, the result is no 

longer a Gaussian curve.  The sinc( ) function distorts the Gaussian.  The extent of the 

distortion is directly related to the rect( ) function, or in this case the number of bins used 

in the moving average filter.    

One last issue pertains to histograms where low amounts of DJ are calculated.  

The Gaussian curves that fit these histograms have a great deal of overlap.  The 

assumption in this thesis is that while the source for the RJ affecting both tails might be 

the same, the effects are independent.  The combined effects of the two Gaussian curves 
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are neglected.  In order to change this, the sum of the two Gaussian curves could be used 

to fit the tails.                    
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APPENDIX A 

ADDITIONAL HISTOGRAM FITS AND JITTER  

CALCULATIONS 

 

Four-Bit Data #2 

 

Figure A.1:  Final Fit and Jitter Calculations for 4-Bit Data #2 
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Four-Bit Data #4 

 

Figure A.2:  Final Fit and Jitter Calculations for 4-Bit Data #4 

Four-Bit Data #5

 

Figure A.3:  Final Fit and Jitter Calculations for 4-Bit Data #5 
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APPENDIX B 

MATLAB JITTER MEASUREMENT  

AND SEPARATION CODE 

 

Main Algorithm Code 

clear 
t = cputime; 
load 4BitData1.mat  % Loads Period data into "data" 
  
Data_Mean = mean(data);  % Mean of data 
data = detrend(data);    % Removes data trend 
data = data + Data_Mean; % Add original mean back to the data 
AvgFreq = 1/Data_Mean    % Calculates average frequency 
  
nBins = 400; % Number of bins in the histogram 
Data_Std_Dev = std(data);  % Standard deviation of the data 
  
for i = 1:length(data)         % Standardizing the data 
    std_data(i) = (data(i) - Data_Mean)/ Data_Std_Dev; 
end 
  
[Yhist_Orig,Xhist_Orig] = hist(data,nBins); % X & Y values for original histogram 
[Yhist,Xhist] = hist(std_data,nBins); % X & Y values of standardized data histogram 
  
Outliers = 0;   % Counts & removes outliers from the histogram 
for i = 1:nBins*.05                 % Left side 
    if (Yhist(i) > 0 & Yhist(i+1:i+5) == 0) 
        Outliers = Outliers + 1; 
        Yhist(1:i) = 0;           
    end 
end 
for i = nBins*.95:nBins             % Right side 
    if (Yhist(i) > 0 & Yhist(i-5:i-1) == 0) 
        Outliers = Outliers + 1; 
        Yhist(i:nBins) = 0;           
    end 
end 
  
Yhist_NoZeros = Yhist;  % Linearly interpolate empty bins 
zero_count = 0; 
for i = 2:nBins-1   
    if Yhist_NoZeros(i) == 0       
        Yhist_NoZeros(i) = (Yhist_NoZeros(i-1)+Yhist_NoZeros(i+1))/2; 
        zero_count = zero_count + 1; 
    end 
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end 
  
DeltaX = Xhist(2)-Xhist(1);  % Calculates the change in X from bin to bin 
Norm_Yhist = Yhist_NoZeros / max(Yhist_NoZeros);  % Normalize histogram to 1 
  
nf(1:5)=0; % Padding data for filtering 
nf(6:nBins+5) = Norm_Yhist; 
nf(nBins+6:nBins+10) = 0;        
for n=6:nBins+5             % 11 bin moving average filter  
    f(n) = (nf(n-5)+nf(n-4)+nf(n-3)+nf(n-2)+nf(n-1)+nf(n)+nf(n+1)+nf(n+2)+nf(n+3)+nf(n+4)+nf(n+5))/11; 
end 
  
Norm_Yhist(1:nBins) = f(6:length(f));  
  
% Creates tail portions for both right and left tail starting with half  
Tail_Portion(:,1) = Norm_Yhist(1:round(nBins/2));  % Left Tail 
Tail_Portion(:,2) = Norm_Yhist(round(nBins/2)+1:nBins); % Right Tail 
  
% The left tail is cropped by finding the left most local maximum bin  
i = 1;          % Then taking an additional 20 bins 
while  i < round(nBins/2)     % Crops left tail  
    if Norm_Yhist(i) > Norm_Yhist(i+(1:round(nBins/20))) 
        Tail_Portion(i+round(.05*nBins)+1:round(nBins/2)) = 0; 
        i = round(nBins/2);  
    end 
    i = i + 1; 
end 
     % The right tail is done in the same manner coming from the right side 
i = nBins;      % Crops right tail 
while  i > round(nBins/2) 
    if Norm_Yhist(i) > Norm_Yhist(i-(1:round(nBins/20))) 
        Tail_Portion(1:round(i-nBins/2-.05*nBins)-1,2) = 0; 
        i = round(nBins/2);  
    end 
    i = i - 1; 
end 
  
% Calculates Average Maximum Magnitude & Mean for initial guess 
for n = 1:2   %% n = 1 for left tail and n = 2 for right tail 
    for m = 1:round(nBins/20) 
        [Max_Mag(m,n),Max_Bin(m,n)] = max(Tail_Portion(:,n)); 
        Tail_Portion(Max_Bin(m,n),n) = 0; 
        if n == 1 
            Bin_X(m,1) = Xhist(Max_Bin(m,1)); 
        end 
        if n == 2 
            Bin_X(m,2) = Xhist(round(nBins/2)+(Max_Bin(m,2))); 
        end 
    end 
end 
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for n = 1:2  %% n = 1 for left tail and n = 2 for right tail 
    Magnitude(n) = mean(Max_Mag(:,n)); 
    Mean(n) = mean(Bin_X(:,n)); 
end 
   % Sigma initial guess is the standard deviation of the tail  
   % from the mean down to the end of the tail 
Sigma(1) = std(Xhist(1:round(mean(Max_Bin(:,1))))); 
Sigma(2) = std(Xhist(round(nBins/2+mean(Max_Bin(:,2))):nBins)); 
for n = 1:2      % n = 1 for left tail and n = 2 for right tail 
    Gaussian_Y(:,n) = normpdf(Xhist,Mean(n),Sigma(n));   % Y = normpdf(X,MU,SIGMA) 
    Gaussian_Y_Std(:,n) = Magnitude(n)*Gaussian_Y(:,n)/max(Gaussian_Y(:,n)); 
end 
  
% Creates limits for min & max values for phase one 
% n = 1 & 2 for left and right tail 
for n = 1:2                                          
    Sigma_Limits(1,n) = Sigma(n) - .4*Sigma(n);      
    Sigma_Limits(2,n) = Sigma(n) + .4*Sigma(n);      
    Mean_Limits(1,n) = Mean (n) - abs(.5*Mean(n));    
    Mean_Limits(2,n) = Mean(n) + abs(.5*Mean(n));    
  
    Sigma_Step(n) = Sigma(n) * .04;  % Step values 
    Mean_Step(n) = abs(Mean(n) * .04); 
    Mean_I(n) = Mean(n); % Sets original initial values 
    Sigma_I(n) = Sigma(n); 
  
    FinalValues(n,:) =[1 Sigma(n) Mean(n)];  
    Sigma(n) = Sigma_Limits(1,n);   % Sets starting values 
    Mean(n) = Mean_Limits(1,n); 
end 
  
fcount(1:2) = 0; % initializes iteration count 
% Phase one of chi-squared fit 
for n = 1:2  %% n = 1 for left tail and n = 2 for right tail 
    G_Range = [-3 1; -1 3]; 
    while Mean(n) <= Mean_Limits(2,n) 
        while (Sigma(n) <= Sigma_Limits(2,n) )      % Runs chi-squared test 
           [fcount,FinalValues] = 
ChiSqd(Xhist,Mean,Sigma,Magnitude,Norm_Yhist,fcount,FinalValues,n,G_Range,nBins); 
           Sigma(n) = Sigma(n) + Sigma_Step(n); 
        end 
        Sigma(n) = Sigma_Limits(1,n); 
        Mean(n) = Mean(n) + Mean_Step(n); 
    end 
end 
  
Step1Time = cputime - t % Phase one time calculation 
Iterations(:,1) = fcount; 
fcount(1:2) = 0; 
Sigma = FinalValues(:,2); % Sets next phase starting values to best found 
Mean = FinalValues(:,3); 
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% Second Phase, setting up new limits 
for n = 1:2                                           
    Sigma_Limits(1,n) = Sigma(n) - .12*Sigma(n);      
    Sigma_Limits(2,n) = Sigma(n) + .12*Sigma(n);      
    Mean_Limits(1,n) = Mean(n) - abs(.06*Mean(n));    
    Mean_Limits(2,n) = Mean(n) + abs(.06*Mean(n));    
  
    Sigma_Step(n) = Sigma(n) * .005;  % New step values 
    Mean_Step(n) = abs(Mean(n) * .005); 
    Mean_I(n) = Mean(n); 
    Sigma_I(n) = Sigma(n); 
  
    FinalValues(n,2:3) =[Sigma(n) Mean(n)]; 
    Sigma(n) = Sigma_Limits(1,n); 
    Mean(n) = Mean_Limits(1,n); 
end 
  
% Phase two of Chi-Square fit 
for n = 1:2  % n = 1 for left tail and n = 2 for right tail 
    G_Range = [-3 1; -1 3]; 
    Iterations(n,2) = 0; 
    while Mean(n) <= Mean_Limits(2,n) 
        while (Sigma(n) <= Sigma_Limits(2,n) )      % Runs chi-squared test 
            [fcount,FinalValues] = 
ChiSqd(Xhist,Mean,Sigma,Magnitude,Norm_Yhist,fcount,FinalValues,n,G_Range,nBins); 
            Sigma(n) = Sigma(n) + Sigma_Step(n); 
        end 
        Sigma(n) = Sigma_Limits(1,n); 
        Mean(n) = Mean(n) + Mean_Step(n); 
    end 
end 
  
Step2Time = cputime - t - Step1Time % Time calculation for phase two 
Iterations(:,2) = fcount; 
fcount(1:2) = 0; 
Mean = FinalValues(:,3); % Sets next phase starting values to best found 
Sigma = FinalValues(:,2); 
  
% Phase three of chi-squared fit 
for n = 1:2 % n = 1 for left tail and n = 2 for right tail 
    Mean_I(n,:) = ones(1,2)*FinalValues(n,3);  % Sets initial values to previous best 
    Sigma_I(n,:) = ones(1,2)*FinalValues(n,2); 
    % Runs chi-squared test 
    [fcount,FinalValues] = 
ChiSqd(Xhist,Mean,Sigma,Magnitude,Norm_Yhist,fcount,FinalValues,n,G_Range,nBins); 
  
    Step = .01; % Starting step value 
    while Step >= .00001  % Ending step value 
        Sigma(n) = Sigma_I(n,2) + Step * Sigma_I(n,1);  % Sigma incremented  
        [fcount,FinalValues] = 
ChiSqd(Xhist,Mean,Sigma,Magnitude,Norm_Yhist,fcount,FinalValues,n,G_Range,nBins); 
        Sigma(n) = Sigma_I(n,2) - Step * Sigma_I(n,1);  % Sigma decremented 
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        [fcount,FinalValues] = 
ChiSqd(Xhist,Mean,Sigma,Magnitude,Norm_Yhist,fcount,FinalValues,n,G_Range,nBins); 
  
        Sigma_I(n,2) = FinalValues(n,2);    % Resets initial value to previous best 
        Sigma(n) = Sigma_I(n,2);            % Sets new sigma to the same value 
         
        Mean(n) = Mean_I(n,2) + Step * Mean_I(n,1); % Mean incremented 
        [fcount,FinalValues] = 
ChiSqd(Xhist,Mean,Sigma,Magnitude,Norm_Yhist,fcount,FinalValues,n,G_Range,nBins); 
        Mean(n) = Mean_I(n,2) - Step * Mean_I(n,1); % Mean decremented 
        [fcount,FinalValues] = 
ChiSqd(Xhist,Mean,Sigma,Magnitude,Norm_Yhist,fcount,FinalValues,n,G_Range,nBins); 
  
        Mean_I(n,2) = FinalValues(n,3);  % Resets initial value to previous best 
        Mean(n) = Mean_I(n,2);           % Sets new mean to the same value 
        Step = Step / 1.1;               % Divides the step value by 1.1 
    end 
     
    % The number of bins used in the final chi-squared calculation 
    FinalValues(n,6) = [(Sigma_I(n,1)-FinalValues(n,2))/Sigma_I(n,1)*100]; 
    FinalValues(n,7) = [(Mean_I(n,1)-FinalValues(n,3))/Mean_I(n,1)*100]; 
  
    Final_Sigma(n) = FinalValues(n,2); % Renames final values 
    Final_Mean(n) = FinalValues(n,3); 
     
    % Calculates best-fit Gaussian curves 
    Best_Y(:,n) = normpdf(Xhist,Final_Mean(n),Final_Sigma(n)); 
    Final_Y(:,n) = Magnitude(n)*(Best_Y(:,n)/max(Best_Y(:,n))); 
    % Calculates vertical sigma limit lines 
    Y_line = linspace(0,1,10); 
    X_Line(:,1,n) = ones(10,1)* G_Range(1,n)*Final_Sigma(n)+Final_Mean(n); 
    X_Line(:,2,n) = ones(10,1)* G_Range(2,n)*Final_Sigma(n)+Final_Mean(n); 
  
    % Calculates actual values, actual curves, and actual sigma limits 
    Actual_Sigma(n) = Data_Std_Dev * Final_Sigma(n); 
    Actual_Mean(n) = Final_Mean(n) * Data_Std_Dev + Data_Mean; 
    Gaus_Y_Orig(:,n) = normpdf(Xhist_Orig,Actual_Mean(n),Actual_Sigma(n)); 
    Gaus_Y_Std_Orig(:,n) = Magnitude(n)*Gaus_Y_Orig(:,n)/max(Gaus_Y_Orig(:,n)); 
    X_LineA(:,1,n) = ones(10,1)* G_Range(1,n)*Actual_Sigma(n)+Actual_Mean(n); 
    X_LineA(:,2,n) = ones(10,1)* G_Range(2,n)*Actual_Sigma(n)+Actual_Mean(n); 
end 
  
Iterations(:,3) = fcount; % Iteration count for phase three 
DJ = Actual_Mean(2) - Actual_Mean(1);  % Jitter calculations 
RJ = 14.069 * (Actual_Sigma(1)+Actual_Sigma(2))/2; 
TJ = DJ+RJ; 
DJ_ps = round(DJ/1e-12);  % Formats measurements 
RJ_ps = round(RJ/1e-12); 
TJ_ps = round(TJ/1e-12); 
  
figure(1)  % Plots the best-fit Gaussians on the standardized data  
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clf 
subplot(2,1,1) 
plot(Xhist,Norm_Yhist,Xhist,Final_Y(:,:),X_Line(:,:,1),Y_line,:,X_Line(:,:,2),Y_line,:) 
title('Best Fit After Phase Three for Both Tails on the Standardized Data') 
xlabel('Standardized Length of Period') 
ylabel('Normalized Number of Periods') 
  
% Plots the best-fit Gaussians on the actual data  
subplot(2,1,2) 
plot(Xhist_Orig,Yhist_Orig/max(Yhist_Orig),Xhist_Orig,Gaus_Y_Std_Orig(:,:),X_LineA(:,:,1),Y_line,:,X
_LineA(:,:,2),Y_line,:) 
title('Best Fit After Phase Three for Both Tails on the Actual Data') 
xlabel('Actual Length of Period') 
ylabel('Normalized Number of Periods') 
  
  
figure(2)  % Plots the best fit over the histogram 
clf 
bar(Xhist_Orig,Yhist_Orig/max(Yhist_Orig),'hist') 
title({'Best Fit Values Scaled to Fit Actual Data';['DJ = ' num2str(DJ_ps) 'ps' '   RJ = ' num2str(RJ_ps) 
'ps'];['TJ = ' num2str(TJ_ps) 'ps']}) 
h1 = gca; 
h2 = axes('Position',get(h1,'Position')); 
plot(Xhist_Orig,Gaus_Y_Std_Orig(:,:),'LineWidth',2,'color',[1 0 0]) 
set(gca,'YLim',[0 1],'Layer','top') 
set(h2,'YAxisLocation','right','Color','none','XTickLabel',[]) 
set(h2,'XLim',get(h1,'XLim'),'Layer','top') 
  
  
TotalTime = cputime - t  % Final time calculation 

 

Chi-Squared Test Code 

function [fcount,FinalValues] = 
ChiSqd(Xhist,Mean,Sigma,Magnitude,Norm_Yhist,fcount,FinalValues,n,G_Range,nBins) 
  
fcount(n) = fcount(n) + 1; % Iteration count 
  
% Creates Gaussian curves for comparison 
Gaussian_Y(:,n) = normpdf(Xhist,Mean(n),Sigma(n)); % Y = normpdf(X,MU,SIGMA) 
  
% Normalizes the histogram to one if maximum greater than zero 
if max(Gaussian_Y(:,n)) > 0 
    Gaussian_Y_Std(:,n) = Magnitude(n)*Gaussian_Y(:,n)/max(Gaussian_Y(:,n)); 
else 
    Gaussian_Y_Std(:,n) = Magnitude(n)*Gaussian_Y(:,n); 
end 
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if n == 1  % Left Tail 
    Tail_Limits(1:2,n) = 1;  % Calculates the tail range as a function of sigma 
    for s = 1:2 
        while Xhist(Tail_Limits(s,n)) < G_Range(s,n)*Sigma(n)+Mean(n) 
            Tail_Limits(s,n) = Tail_Limits(s,n) + 1; 
        end 
    end 
else       % Right Tail 
    Tail_Limits(1:2,n) = nBins;  % Calculates the tail range as a function of sigma 
    for s = 1:2 
        while Xhist(Tail_Limits(s,n)) > G_Range(s,n)*Sigma(n)+Mean(n) 
            Tail_Limits(s,n) = Tail_Limits(s,n) - 1; 
        end 
    end 
end 
  
ChiSqr(n) = 0;      % Calculates chi-squared between the tail range 
for i = Tail_Limits(1,n):Tail_Limits(2,n) 
    ChiSqr_i(n,i) = (Norm_Yhist(i)-Gaussian_Y_Std(i,n))^2/Gaussian_Y_Std(i,n); 
    ChiSqr(n) = ChiSqr(n) + ChiSqr_i(n,i); 
end 
    % Divides the chi-squared value by the number of bin 
R_ChiSqr(n) = ChiSqr(n)/(Tail_Limits(2,n)-Tail_Limits(1,n)+1); 
  
if R_ChiSqr(n) < FinalValues(n,1)   % If fit is better than any previous 
    FinalValues(n,1) = R_ChiSqr(n); % the values are all saved 
    FinalValues(n,2) = Sigma(n); 
    FinalValues(n,3) = Mean(n); 
    FinalValues(n,4) = Magnitude(n); 
    FinalValues(n,5) = Tail_Limits(2,n)-Tail_Limits(1,n)+1; 
    FinalValues(3,n)= Tail_Limits(1,n); 
    FinalValues(4,n)= Tail_Limits(2,n); 
end 
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