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ABSTRACT

Two finite element approaches are suggested for the modeling of multi-variant marten-

sitic phase transitions in elastic materials at different length scales. The first one is designed

for the modeling of phase transformation at a large length scale including meso-scale. It

is based on the thermomechanical phenomenological model for phase transformation that

represents strain softening during phase transition. In contrast to the known publications

on phase transformation, which apply the standard elasto-plastic models with strain soft-

ening, our model is related to multi-variant martensitic phase transformation. Rate depen-

dent constitutive equations used in the model facilitate avoidance of the mesh sensitivity

at the numerical implementation of the approach. Due to strain softening a microstructure

containing pure martensitic and austenitic domains with the small transition zones can be

obtained as the solution of the corresponding boundary value problem. A finite element

algorithm for the first approach is developed and implemented into the software ABAQUS.

Several two dimensional problems for martensitic phase transformation in single crystal

and poly crystal elastic materials are solved and analyzed.

The second approach is developed for the description of phase transition at nano-

scale and based on the Ginzburg-Landau theory with a new thermodynamic potential that

captures the main features of macroscopic stress-strain curves. Distributions of different

martensitic variants are the solution of the coupled system of the evolution equations (time

dependent Ginzburg-Landau equation) for the order parameters, which represent differ-

ent phases, and the elasto-dynamics equations. Due to similarity between the evolution

equations and heat transfer equations, numerical simulations of evolving microstructure

during phase transition can be obtained from the solution of the coupled heat transfer and

elasticity equations with the replacement of temperature by different order parameters. In

known approaches based on the Ginzburg-Landau theory, constant stresses are used, or

stresses are calculated by solving elasto-static equations which are a particular case of

elasto-dynamic equations. However, in our model, the general elasto-dynamic equations

are used for the calculation of stresses. A numerical algorithm for the solution of the cou-
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pled system of equations is suggested and implemented into the finite element program

’FEAP’. Several numerical examples of the modeling of evolving microstructure during

multi-variant martensitic phase transition such as phase transition in 2-D single and poly-

crystal, and 3-D single crystal specimens are solved and analyzed. The comparison of

the simulated microstructure calculated with elasto-dynamics and elasto-static equations

shows the importance of inertial forces even for the traditional problem on relaxation of

initial perturbations to stationary microstructure.
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CHAPTER 1

INTRODUCTION

1.1 Martensitic Phase Transformation

Martensitic phase transformation originated from the martensite in steel. The name

martensite is derived from the German scientist Adolf Martens. Martensite was formerly

used for the description of the hard component in quenched steel which holds excellent

material properties in both toughness (> 200MPam1/2 ) and strength (> 3500MPa ).

It is well known that the same type of solid to solid phase transformation can be observed

in many materials other than steel such as various metals, alloys, ceramics, minerals, inor-

ganic compounds, even biological systems. And now, this type of transformation is called

martensitic phase transformation.

Martensitic phase transformation is a solid-state phase transformation which can be

observed in various materials as mentioned above. This transformation is a diffusionless

transformation, i.e. there are no rearrangements of atoms or shuffle displacements. Only

crystal lattice or molecular structure change occurs during the phase transition. Diffusion-

less transformation can be demonstrated by comparing the measured identified composi-

tion of martensite and that of the parent austenite. Martensitic phase transformation is very

fast. The interface propagation rate is close to the wave speed in a solid and it takes about

10−7second to complete the transition in a single grain. This fast transition rate causes the

discontinuity in the lattice parameter-temperature diagram and also difficulties in observing

the propagation process in reality.

During martensitic phase transformation, the high temperature phase, austenite, trans-

forms very quickly to the low temperature phase, martensite, at some temperature which

depends on the materials. As mentioned above, a changing in a crystal lattice structure

occurs during phase transformation. There are many types of martensitic phase transfor-

mation which depend on crystal structure change: cubic to tetragonal, tetragonal to or-

thorhombic, cubic to orthorhombic and cubic to monoclinic as shown in Fig. 1.1. In a

typical transformation, austenite has greater crystallographic symmetry than martensite.
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(a) Cubic - tetragonal (b) Tetragonal - orthorhombic

(c) Cubic - orthorhombic (d) Cubic - monoclinic
 

Figure 1.1: Several types of crystal structure change during martensitic phase transforma-
tion (austenite → martensite).

These transformations or deformations from austenite to martensitic lattice can be ex-

pressed by the Bain matrix or transformation matrix using small deformation approxima-

tion. For example, in cubic to tetragonal transformation (see Fig. 1.2 (a)), we can get a

tetragonal martensite lattice by stretching one of the three cubic axes of austenite. Two

other tetragonal martensite lattices can be obtained by elongation of the other two cubic

axes of austenite. These three different lattices are referred to as variants of martensite.

Considering the symmetry of crystal lattice, only a limited number of variants exists for

the each type of transformation. Figure 1.2 (b) shows another example of the martensitic

transformation, tetragonal-orthorhombic, from austenite to martensitic variants and their

corresponding Bain or transformation matrices. Here α , β and γ depend on the materi-

als and are known from the measuring the lattice parameters of the materials.
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Figure 1.2: Two types of martensitic phase transformation. Each transformation has a
limited number of martensitic variants and can be described by the corresponding transfor-
mation matrices.
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Figure 1.3: Schematic representation of shape memory effect due to martensitic phase
transformation.

The technological application of martensitic phase transformation can be found in the

various fields of science and technology. Strengthening steel is the oldest application of

martensitic phase transformation. The applications of shape memory alloys have been

increased recently in various fields (actuators, sensors and biomedical devices etc).

Shape memory effect is one of unique features of martensitic phase transformation.

The deformed shape accompanying martensitic phase transformation can be restored to

its original shape by reverse transformation. Figure 1.3 shows schematically the shape

memory effect. Under cooling, the crystal of austenite transforms to that of martensitic

variants. The temporal shape deformation of the material in the martensitic phase can be

induced by applying stress (mechanical deformation). When heat is applied and reaches

to transformation temperature, the reverse transformation starts and deformed martensitic

phase returned to its original shape of austenite phase. However, the excessive deformation

(up to 8% deformation recovery can be observed (Lendlein and Kelch, 2002 ) and repeated
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Figure 1.4: Typical martensitic microstructure: Twin domain in martensite (Chu and James,
U of Minnesota).

cycle of deformation can cause the loss of shape memory effect.

The martensitic microstructure, the product of martensitic phase transformation, is the

most characteristic observable feature of martensitic phase transformation (see Fig. 1.4).

The materials, which undergo martensitic phase transformation, form a complex patterns

with martensitic variants at a length scale much smaller than the size of specimen (from

few nanometers to tenth of millimeters, it depends on the factors such as the material, spec-

imen size, grain size and history). The complicated martensitic microstructure is affected

by crystallography, the external and internal stresses and their relaxation mechanisms and

other factors.
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1.2 Known Approaches to the Modeling of Martensitic

Phase Transformation in Elastic Materials

There are many known approaches related to the modeling of martensitic phase trans-

formation in elastic materials. They can be subdivided into following categories.

1.2.1 Phase-field or Ginzburg-Landau Theory

The models based on Ginzburg-Landau theory can describe the complicated marten-

sitic microstructure with austenite and martensitic variants in terms of distribution of order

parameters. In the Ginzburg-Landau theory, free energy is the function of order parame-

ters, and the field equations are derived from the minimization of free energy. The known

approaches based on Ginzburg-Landau theory for the modeling of martensitic phase trans-

formation in elastic materials (see Wang, Y and Khachaturyan, 1997; Artemev et al., 2000,

2001; Seol et al., 2002, 2003; Ichitsubo et al., 2002; Saxena et al., 1993; Shenoy et al.,

1999; Rasmussen et al., 2001; Ahluwalia et al., 2003; Lookman et al., 2003 a, b; Jacobs,

2000; Curnoe and Jacobs, 2001 a, b; Jacobs et al., 2003) differ in their choice of:

a) the order parameters (selected strain components or transformation strain-related vari-

ables) that describe the evolution of each martensitic variant;

b) thermodynamic potentials;

c) the total number of equations (additional kinetic equations for the order parameters are

introduced if the order parameters are the transformation strain-related variables);

d) variables, the rate of which determines the dissipation rate;

e) elasto-static or elasto-dynamic formulations; and,

g) numerical algorithms.

In Wang, Y and Khachaturyan (1997), Artemev et al. (2000, 2001), Seol et al. (2002,

2003) the free energy is expressed in terms of transformation strain-related order parame-

ters. Field equations for the determination of strains are derived using the minimization of

the free energy with respect to strains (that leads to elasto-static equations); field equations

for the order parameters are formulated as evolution equations based on the time depen-

dent Ginzburg-Landau kinetic equations. The time dependent Ginzburg-Landau equations
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include the driving forces for the change of the order parameters. The driving forces are

derived as the corresponding variational derivatives of the free energy. The elasto-static

equations in Wang, Y and Khachaturyan (1997), Artemev et al. (2000, 2001), Seol et al.

(2002, 2003) are solved analytically using the Fourier transform, and the time dependent

Ginzburg-Landau kinetic equations with the periodic boundary conditions are solved nu-

merically using a spectral method.

In Curnoe and Jacobs (2001 a, b) and Jacobs et al. (2003), the free energy depends

on selected strain components and their gradients only. The field equations are derived

from the minimization of the free energy for statics or using the Lagrangian formulation

for dynamics, which includes inertial forces. Also dissipative stresses based on a Rayleigh

dissipative function are introduced for the dynamics formulation in order to get a stationary

solution. The time dependent Ginzburg-Landau equations are not used for the formulation

of the field equations. It is necessary to note that if the strains gradients would be dropped

from the free energy, then these formulations reduce to standard non-linear elasticity equa-

tions for statics or standard non-linear viscoelastic equations (due to the Rayleigh dissipa-

tive function) for dynamics. The inclusion of the strains gradients yield non-local consti-

tutive relationships between stresses and strains (i.e., stresses depend on strains and strain

gradients). Phase transitions in the 2-D case were simulated in Curnoe and Jacobs (2001

a, b) and Jacobs et al. (2003) using these formulations. However, in considered calcula-

tions with the dynamics formulation, the inertial forces were neglected; i.e., a quasi-static

formulation (equilibrium equations) for viscoelastic materials is actually used instead of

dynamics.

In Lookman et al. (2003 a, b), the dynamics formulation with inertial forces suggested

in Curnoe and Jacobs (2001 a, b) and Jacobs et al. (2003) was used for the simulation of

2-D and 3-D microstructures at phase transitions.

Levitas and Preston (2002 a, b) and Levitas et al. (2003) developed an advanced

thermodynamic potential based on the transformation strain-related order parameters that

can describe the typical stress-strain curves observed experimentally, all the temperature-

dependent thermomechanical properties of austenite and martensitic variants, and phase
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transformation between austenite and martensitic variants, as well as between martensitic

variants with arbitrary types of symmetry. We should note that all aforementioned ap-

proaches do not prescribe accurately the stress-strain curves at martensitic phase transitions

as was shown in Levitas and Preston (2002) and Levitas et al. (2003).

1.2.2 Thermomechanical Phenomenological models

Thermomechanical phenomenological models are developed for the modeling of marten-

sitic phase transformation in Thamburaja and Anand (2001), Boyd and Lagoudas (1996a,

b), Buisson et al. (1991), Siredey et al. (1999), Govindjee and Miehe (2001), Hall and

Govindjee (2002), Levitas and Stein (1997), Levitas et al. (1999), Lim and McDowell

(2002), and others. This class of models is based on the introduction of the volume fraction

of austenite and martensitic variants. The models describe the materials with martensitic

phase transformation as composites with varying volume fractions of austenite and marten-

site. Therefore, in contrast to the models based on Ginzburg-Landau theory which can track

all interfaces including austenite-martensite and between martensitic variants, these models

do not explicitly describe the interfaces between austenite and martensite. In Thamburaja

and Anand (2001), Boyd and Lagoudas (1996a, b), Buisson et al. (1991), Siredey et al.

(1999), and Lim and McDowell (2002), the models are based on habit plane variants rather

than Bain strain variants (which are used in a new approach in Chapter II). The habit plane

variant is a combination of two Bain strain variants in a specific fixed proportion inde-

pendent of stress. However, it is known that the ratio c1/c2 varies significantly with the

applied stress (Roitburd, 1993; Bhattacharyya and Kohn, 1996). This fact is neglected in

these models.

Govindjee and Miehe (2001), Hall and Govindjee (2002) solved model problems on

phase transition in 2-D single crystal. Thamburaja and Anand (2001) and Lim and Mc-

Dowell (2002) solved model problems on phase transition in 3-D poly crystal. However

obtained texture which consists of a continuous distribution of volume fraction of marten-

sitic variants do not describe a discrete martensitic microstructure. Note that the thermo-

mechanical model of Kuczma et al. (1997) generates a discrete martensitic microstructure,
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but it is due to variation of the sample cross-section instead of being a consequence of strain

softening during phase transformation.

1.2.3 Elastoplastic models with strain softening

The elasto-plastic models with strain softening are applied to the simulation of marten-

sitic phase transformation in Beissel and Belytschko (1996), and Shaw (2000). The idea of

this approach consists in the fact that the strain softening leads to the formation of domains

with localized strains which resemble microstructure during a martensitic phase transfor-

mation. Beissel and Belytschko (1996) solved several 1-D and 2-D model problems on

microstructure formation in a viscoplastic material. Shaw (2000) solved nucleation and

interface propagation in polycrystalline NiTi. However these elasto-plastic models do not

include the thermomechanics or crystallography of multi-variant martensitic phase trans-

formation and they cannot describe important features of martensitic phase transformation.

1.3 Objectives of the Proposed Study

The proposed study is related to the finite element modeling of evolving microstructures

at martensitic phase transformation in elastic materials and it is based on advanced models

for the description of martensitic phase transformation. Two new models are suggested

at different scales (meso-scale and nano-scale) for the martensitic phase transformation.

A new meso-scale model describes the martensitic microstructures at scales greater than

100nm and without upper bound. This model does not describe the interfaces between

martensitic variants. A new nano-scale model explicitly describes interfaces (∼ 1nm)

between austenite and martensite, and between martensitic variants. The nano-scale model

is practically not applicable to the larger scale analysis of martensitic phase transformation

due to the limitation of computational resources (computation time is prohibitively large).

For the description of thin interfaces, at least two or three computational cells are required

across the interface (Chen and Shen, 1998), thus only single or poly-nanocrystals can be

treated, while the grain sizes in typical engineering materials are 10 − 1000µm. Two

new numerical approaches are suggested and used for the modeling of martensitic phase
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transformation at nano-and meso-scales.

The objectives of proposed study are:

a) the derivation of a new advanced model for the description of martensitic phase trans-

formation at meso-scale. The new thermomechanical phenomenological model includes

the stress-strain diagram with strain softening, and can be applied for the description of

microstructure at scales greater than 100nm and without upper bound. This model de-

scribes interfaces between austenite and martensite (martensite is considered as mixture of

martensitic variants).

b) the derivation of a new advanced model for the description of martensitic phase transfor-

mation at nano-scale. The model is based on the phase-field theory, explicitly describes the

interfaces between austenite and martensite, and between martensitic variants, and takes

into account the inertial forces and the advanced thermodynamic potential which describes

the typical stress-strain curves at martensitic phase transition.

c) the development of a finite element algorithm for the modeling of martensitic phase

transformation at meso-scale. The proposed numerical approach resembles a numerical

technique for the modeling of viscoelastoplastic problems.

d) the development of a finite algorithm for the modeling of martensitic phase transforma-

tion at nano-scale. In contrast to known numerical approaches with phase-field models that

are based on the spectral methods, the finite element approach is flexible in the implemen-

tation of inertial forces and different boundary conditions.

e) the finite element modeling of martensitic phase transformation at different scales, show-

ing the effectiveness and advantages of the new numerical approaches.

1.4 Outline

The outline of this study is as follows. Chapter II includes the finite element modeling

of martensitic phase transformation at meso-scale based on the new thermomechanical

model with strain softening.

The new thermomechanical model for multi-variant martensitic phase transformation

is derived and discussed in Section 2.2. The new model incorporates strain softening and
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corresponding instability during a phase transformation. Physically motivated kinetic equa-

tions for the rate of transformation between each phase also ensure a regularization of the

unstable material response, similar to viscoplastic regularization (Beissel and Belytschko,

1996; Needleman, 1988). The complete formulation of the phase transformation problem

resembles the system of equations for multi-surface viscoplasticity.

In Section 2.3 a finite element algorithm for the modeling of phase transformation in

elastic materials based on the new thermomechanical model is developed. It includes the

numerical scheme for the integration of the constitutive equations for multi-variant phase

transformation and the general Newton-Raphson iteration scheme for the solution of the

global system of nonlinear equations. The algorithm is implemented into the finite element

code ABAQUS (2001).

Numerical simulations of multi-variant martensitic phase transformation in single crys-

tal and polycrystal plates are described in Section 2.4. The morphology and evolution of the

microstructure during the martensitic phase transformation in single crystal and polycrystal

plates under uniaxial-loading are modeled and analyzed.

Chapter III includes the finite element modeling of martensitic phase transformation at

nano-scale based on Ginzburg-Landau theory.

The system of equations for the martensitic phase transformation at nano-scale is de-

scribed in Section 3.2. The system of equations is a coupled elasto-dynamics equations and

the time dependent Ginzburg-Landau equations. The advanced thermodynamic potential

developed in Levitas and Preston (2002 a, b) is used in this study.

In Section 3.3, a finite element algorithm for the solution of the system of equations is

suggested. Because the time dependent Ginzburg-Landau equations for the order parame-

ters are similar to the heat transfer equation, the total system of equations for the modeling

of phase transitions is similar to the system of coupled thermoelasticity and heat transfer

equations. The suggested finite element algorithm is implemented into the finite element

program, FEAP (Zienkiewicz et al., 2000).

Numerical simulations of multi-variant martensitic phase transformation in two- and

three-dimensional single crystal and polycrystal plates are described in Section 3.4. The
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morphology and evolution of the microstructure during martensitic phase transformation

are modeled and analyzed.

12



Texas Tech University, Joon-Yeoun Cho, May 2009

CHAPTER 2

FINITE ELEMENT SIMULATION OF MARTENSITIC PHASE TRANSFORMATION

BASED ON A MESO-SCALE THERMOMECHANICAL MODEL WITH STRAIN

SOFTENING

2.1 Introduction

A distinctive feature of a new meso-scale thermomechanical phenomenological model

is strain softening due to martensitic phase transformation. Figure 2.1 schematically shows

the stress-strain curve with the strain softening part. When the strain is in the strain soft-

ening range, εa − εb (instability), the strain increases with decrease in stress until the slope

changes to a positive value (at the end of the strain softening range). At martensitic phase

transformation, macroscopic stress-strain relationships exhibit strain softening.

The new model describes different phases in terms of the volume fractions of the cor-

responding phases. The volume fraction of the austenite is the order parameter (i.e., the

parameter responsible for instability), while the volume fractions of martensitic variants

are just internal variables. As a consequence of strain softening, the calculated value of

the volume fraction of austenite takes values 0 or 1 over most of the specimen and val-

ues between 0 and 1 in small transition regions. In contrast to known thermomechanical

phenomenological models (Thamburaja and Anand, 2001; Boyd and Lagoudas, 1996a, b;

Buisson et al., 1991; Siredey et al., 1999; Govindjee and Miehe, 2001; Hall and Govindjee,

2002; Levitas and Stein, 1997; Levitas et al., 1999; Lim and McDowell, 2002), which give

only an averaged phase distribution in terms of volume fractions, new model predicts the

discrete martensitic microstructure with two phases: austenite and martensite (martensite

is mixture of martensitic variants). In contrast to the Ginzburg-Landau approach, which in-

cludes a gradient term corresponding to the surface energy (the scale dependent parameter),

the new model includes the surface energy in an averaged sense through the coefficients in

the thermodynamic potential and does not explicitly contain scale dependent material pa-

rameters. This new model is valid for scales greater than 100nm and without upper bound.

Finite element simulations based on the developed model show the formation of marten-
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Figure 2.1: Stress-strain curve including a strain softening part.

sitic microstructure qualitatively similar to that observed experimentally.

2.2 Thermomechanical Model of Martensitic Phase Transformation

In this section, a new phenomenological model for multi-variant martensitic phase

transformation in elastic materials is derived and discussed. A typical martensitic unit

consists of alternating planar slabs of two martensitic variants, often twin-related. Since

the slab thickness is d ' 10nm, it is impractical to model each of the thousands of layers

in a mm-sized sample. We consider a representative volume of size l ' 10d ' 100nm

comprised of austenite and, in general, m martensitic variants. The Helmholtz free energy
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ψ of the mixture of austenite and m martensitic variants is assumed to be of the form

ψ (εεεe, ci, θ) = ψel (εεεe, ci) +
m∑

i=0

ci ψ
θ
i (θ) + ψin(ci) . (2.1)

Here c0 is the volume fraction of austenite (the subscript 0 always denotes austenite), ci

is the volume fraction of the i-th Bain strain martensitic variant, i = 1, 2, ..., m ,

c =
∑m

i=1 ci is the volume fraction of martensite, ψel (εεεe, ci) is the elastic part of the

Helmholtz free energy of the mixture, ψθ
i (θ) , where θ is the temperature, is the thermal

part of the Helmholtz free energy of the i-th phase (ψθ
i = ψθ

j = ψθ
M for i, j > 0 ),

ψin(ci) is the contribution to the free energy of the mixture due to the elastic interactions

between austenite and all martensitic variants (energy of internal stresses and the phase

interface energy), and εεεe is the elastic strain of the mixture.

We assume

ψin(ci) =
m∑

i=0

m∑
j=0

Aij ci cj ≥ 0 , (2.2)

where Aij = Aji are material parameters.We can write Aij = Ae
ij + Ai

ij , where Ae
ij

is due to elastic interactions between phases and Ai
ij is due to interface energy; see Huo

and Mueller (1993). The parameter Ae
ij depend on the elastic properties of the austenite

and the martensitic variants, and on elastic incompatibility across the interfaces. They can

be estimated from known micromechanical models (see, e.g., Kohn, 1991; Siredey et al.,

1999; Govindjee et al., 2002; Hall and Govindjee, 2002; Levitas et al., 1998, 1999). Let us

analyze the coefficients Aij in Eq. (2.2). If only one homogeneous phase is present, then

ψin(ci) = 0 , which results in Aii = 0 . If ck 6= 0 and cl 6= 0 and all other ci = 0 , then the

condition ψin(ci) ≥ 0 results in Akl ≥ 0∀k 6= l. As all martensitic variants are connected

by the symmetry operations of the austenite, their interactions with the austenite are all the
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same, hence A0i = A/2 for i 6= 0. Consequently, the interaction free energy is

ψin(ci) = A c c0 +
m∑

i=1

m∑
j=1

Aij ci cj ≥ 0 ,

A > 0 , Aij ≥ 0 , Aii = 0 . (2.3)

The condition that ψin > 0 for c0 6= 0 and cl 6= 0 (all other ci = 0 ) leads to the inequality

A > 0 .

We use the additive decomposition of the total strain, εεε, into elastic, εεεe , and transfor-

mation, εεεt , parts; see Eq. (2.26). The transformation strain εεεt is given by Eq. (2.27) where

εεεti is the Bain transformation strain that transforms the crystal lattice of the austenite into

the crystal lattice of martensitic variant i. The list of Bain strains for phase transitions be-

tween various crystal lattices can be found in Bhattacharyya and Kohn (1996) and Pitteri

and Zanzotto (2003).

For the derivation of a phase transition criterion for direct and reverse transformations

between austenite and any martensitic variant and between any pair of martensitic variants

we use the second law of thermodynamics in the form of the Plank inequality

D = σσσ ::: ε̇εε − ψ̇ − s θ̇ ≥ 0 , (2.4)

where D is the dissipation rate, σσσ is the stress tensor, and s is the entropy. Inserting

Eqs. (2.1), (2.3), (26), and c0 = 1 −
∑m

i=1 ci into Eq. (2.4), and assuming that D is

independent of ε̇εεe and θ̇ , we obtain σσσ = ∂ ψ / ∂ εεεe , s = − ∂ ψ / ∂ θ and the dissipation

rate D reduces to

D =
m∑

i=1

Xi ċi (2.5)
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where

Xi = σσσ :::εεεti −
∂ ψel

∂ ci
−
(
ψθ

i − ψθ
0

)
− A (1 − 2 c) − 2

m∑
k=1

Aik ck (2.6)

is the driving force for changes in ċi . Defining ċij as the rate of change of the volume

fraction ci due to a transition from phase j to i, we have the relations

ċi =
m∑

j=0

ċij , ċij = −ċji , ċii = 0 . (2.7)

Then

D =
m∑

i=1

Xi0 ċi0 +
m−1∑
j=1

m∑
i=j+1

Xij ċij , (2.8)

where Xi0 = Xi is the driving force for the austenite to variant i phase transition (if

Xi0 > 0) or for the variant i to austenite phase transition (if Xi0 < 0), and

Xij = Xi − Xj = σσσ ::: (εεεti − εεεtj) −
(
∂ ψel

∂ ci
− ∂ ψel

∂ cj

)

− 2
m∑

k=1

(Aik − Ajk) ck , (2.9)

is the driving force for the variant j → variant i transformation (if Xij > 0) or the

variant i → variant j transformation (if Xij < 0). We consider three models for the

phase transition criterion and the kinetic equations for the ċij .
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2.2.1 Model A: no threshold for the driving forces

In this model the phase transition criterion and the kinetic equations for the ċij are

written as follows:

Xij ≥ 0 and

 0 ≤ ci < 1

0 < cj ≤ 1



Xij ≤ 0 and

 0 < ci ≤ 1

0 ≤ cj < 1


⇒ ċij = λij Xij ,

Xij ≥ 0 and {ci = 1 or cj = 0}

Xij ≤ 0 and {ci = 0 or cj = 1}
⇒ ċij = 0 , (2.10)

where λij are kinetic coefficients. Assuming fulfillment of the Onsager reciprocity rela-

tions, we obtain λij = λji . These relationships describe direct and reverse transformations

between variants i and j ( i, j = 0, 1, 2, ...,m ). Since all martensitic variants are con-

nected by the symmetry operations of the austenite, their kinetic coefficients for transfor-

mations to austenite are all the same, i.e., λ0i = λ0j = λ . Rate-dependent (rather than rate-

independent) kinetics follows from the thermally activated mechanism of martensite growth

and the rate-dependent kinetics equation for interface motion; see Olson and Cohen (1986).

These coefficients λij can be determined by comparing calculations and experiments for

some non-stationary process like the interface propagation under prescribed stresses and

temperature. We chose such λij that the characteristic rate of phase transformations in the

narrow transformation zone significantly exceeds the characteristic rate of external loading.

We found that for chosen λij numerical results (the martensite distribution and the macro-

scopic stress-strain curve) are approximately the same for the macroscopic deformation

rate in the range (0.1− 0.5)× 108 s−1 .

Assuming fulfillment of the Onsager reciprocity relations, we obtain λij = λji . These

relationships describe direct and reverse transformations between variants i and j ( i, j =
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0, 1, 2, ...,m ). Since all martensitic variants are connected by the symmetry operations of

the austenite, their kinetic coefficients for transformations to austenite are all the same, i.e.,

λ0i = λ0j = λ .

We now determine the necessary conditions for which the model describes a microstruc-

ture consisting only of regions of austenite ( c = 0 ) and martensitic variants ( c = 1 ) with-

out mixed regions of austenite and martensite ( 0 < c < 1 ) for phase equilibrium, that is,

when ċi0 = 0 . The analysis is simpler if we introduce the Gibbs potential G := ψ−σσσ :::εεε .

Then it is easy to check that

Xi = Xi0 = − ∂ G

∂ ci
, ċi0 = λXi0 = −λ ∂ G

∂ ci
. (2.11)

Because we admit an equilibrium mixture of martensitic variants, but do not admit an

equilibrium mixture of austenite and martensite, it is convenient to introduce new variables

that characterize variant-variant transformations at fixed c . Consider the m− dimensional

space of volume fractions of martensitic variants and the vector ccc = {ci} . The vector

111 = {1} and the corresponding unit vector nnn = {1}/
√
m are equally inclined to all

coordinate axes. The projection of ccc on nnn is ccc · nnn =
∑m

i=1 ci/
√
m = c/

√
m . We

decompose ccc into (c/
√
m)nnn and c̄cc := ccc − (c/

√
m)nnn ( c̄i = ci − c/m ), which is in the

plane orthogonal to nnn , i.e., c̄cc · 111 =
∑m

i=1 c̄i = 0 . Consequently, a change in c̄i does

not affect the volume fraction of martensite c . Thus, the volume fraction of martensite c

varies along the 111 axis, which we will refer to as the austenite-martensite axis. The plane

orthogonal to axis 111 will be called the variant-variant plane because changes in the c̄i in

this plane represent variant-variant transformations at constant total martensite fraction c .

The austenite-martensite axis and the variant-variant plane are analogous to the hydrostatic

axis and deviatoric stress plane in stress space.

Substituting ci = c̄i+c/m in the expression for G and taking into account ∂ c̄j/∂ ci =

δji − 1/m , Eq. (2.11) gives

ċi0 = −λ ∂ G
∂ ci

= −λ ∂ G
∂ c

− λ
∂ G

∂ c̄i
+
λ

m

m∑
k=1

∂ G

∂ c̄k
. (2.12)
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Summation over i in Eq. (2.12) results in

ċ =
m∑

i=1

ċi0 = −λm∂ G

∂ c
. (2.13)

It follows from Eq. (2.13) that austenite-martensite phase equilibrium corresponds to a

stationary point of the Gibbs potential G in c . Such an equilibrium is stable if G has a

minimum in c .

We now find the conditions for which the Gibbs potential G does not have a minimum

for 0 < c < 1 , i.e., only c = 0 or c = 1 or both are possible minima of the Gibbs potential

G . In contrast to the nanoscale Landau theory (Levitas and Preston, 2002a, b; Levitas et al.,

2003), we do not impose the constraint that each martensitic variant minimizes the Gibbs

potential. Substituting ci = c̄i + c/m in Eq. (2.3) for ψin , we obtain

ψin = A (1− c) c +
c2

m2

m∑
i=1

m∑
j=1

Aij

+ 2
c

m

m∑
i=1

m∑
j=1

Aij c̄i +
m∑

i=1

m∑
j=1

Aij c̄i c̄j ≥ 0 . (2.14)

It follows from (2.14) and Eqs. (2.1), (2.3), (2.26), and (2.27) that the Gibbs potential has

the following form

G = ψ − σσσ:::εεε = Gel (σσσ, c, c̄i, θ)−
c

m
σσσ:::

m∑
i=1

εεεti − σσσ:::
m∑

i=1

εεεti c̄i

+(1− c)ψθ
0 (θ) + cψθ

M (θ) + A(1− c)c

+
c2

m2

m∑
i=1

m∑
j=1

Aij + 2
c

m

m∑
i=1

m∑
j=1

Aij c̄i +
m∑

i=1

m∑
j=1

Aij c̄i c̄j , (2.15)

where Gel := ψel − σσσ:::εεεe is the complementary elastic energy. We assume that the expres-

sion for Gel can be expressed in the form Gel = P0 +P1c+P2c
2 , where the Pi are stress,

temperature, and c̄i dependent parameters determined from the expression for the effective
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elastic compliances. Then

G = B0 +B1c+B2c
2 ,

B0 = P0 − σσσ:::
m∑

i=1

εεεti c̄i + ψθ
0 (θ) +

m∑
i=1

m∑
j=1

Aij c̄ic̄j ,

B1 = P1 −
1

m
σσσ:::

m∑
i=1

εεεti c̄i − ψθ
0 (θ) + ψθ

M (θ) + A+
2

m

m∑
i=1

m∑
j=1

Aij c̄i ,

B2 = P2 − A+
1

m2

m∑
i=1

m∑
j=1

Aij (2.16)

The Gibbs potential will have no minima in the interval 0 ≤ c ≤ 1 other than those at

c = 0 or c = 1 if B2 < 0 . Plots of G(c) for different Bi are shown in Fig. 2.2.

Consequently, the constraint B2 < 0 which express instability of phase equilibrium for

0 < c < 1 , is equivalent to

A > P2 +
1

m2

m∑
i=1

m∑
j=1

Aij. (2.17)

in our model.

2.2.2 Model B: non-zero threshold for the driving forces

In most micro-scale theories of phase transformation, a dissipative threshold is intro-

duced for the driving forces (Buisson et al., 1991; Boyd and Lagoudas, 1996a, b; Lim and

McDowell, 2002; Levitas et al., 1998, 1999; Thamburaja and Anand, 2001; Govindjee

and Miehe, 2001, and others). The physical mechanisms responsible for such a thresh-

old include: the athermal component of the interaction of a moving interface with various
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Figure 2.2: Plot of the Gibbs energy versus c0 for different parameters Bi : a) stable
austenite and metastable martensite; b) stable martensite and unstable austenite; c) stable
austenite and unstable martensite.

22



Texas Tech University, Joon-Yeoun Cho, May 2009

defects, e.g., point defects (solute and impurity atoms, vacancies), dislocations, grain, sub-

grain, and twin boundaries, and precipitates; emission of acoustic waves; and the Peierls

barrier. In a model with a dissipative threshold the phase transformation criterion and the

kinetic equations for the can be written as follows (similar to viscoplastic models in plas-

ticity):

|Xij| > kij ⇒ ċij = λij sign(Xij) (|Xij| − kij ) , (2.18)

|Xij| ≤ kij ⇒ ċij = 0 , (2.19)

where kij (we assume kij = kji ) is the given critical value of the driving force for the

transition from phase j to the phase i . Surface energy can be effectively included in kij

as an alternative or addition to Aij . The model reduces to the previous one for kij = 0 .

Below we will show that the model with nonzero kij can also lead to the formation of

microstructure due to strain softening (as in viscoplastic models with softening, see Beissel

and Belytschko, 1996).

We assume below that the elastic properties of the austenite and the martensite are

identical and isotropic, hence

ψel =
1

2
εεεe :::CCC :::εεεe , (2.20)

where CCC is the fourth-order isotropic elastic tensor. Let martensitic variants i and j be

kinematically compatible, i.e., the interface between them is an invariant plane. This is

true, in particular, for twin-related variants. Such variants do not generate internal stresses,

thus the corresponding Ae
ij is equal to zero. The variant-variant interface energy in this

case is also small, so we assume Ai
ij = 0 as well; hence Aij = Ae

ij + Ai
ij = 0 and Xij =

σσσ ::: (εεεti−εεεtj) . We cannot assume A = Ae +Ai because martensite is usually incompatible

with austenite, thus the austenite-martensite interface energy is larger than the variant-

variant interface energy (i.e. Ai > 0 ). Even if austenite and a habit plane martensitic

variant, consisting of two twin-related variants, are compatible, we cannot assume Ae = 0 ,
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because Ae characterizes the incompatibility between austenite and a single Bain-strain

martensitic variant. A compatible interface between austenite and a habit plane variant

may appear as a solution of the boundary-value problem. Thus the instability condition

(2.17), which reduces to A > 0 , is valid.

The formulation of boundary value problems for elastic materials with phase transition

reduces to the system given in Box 2.1 where uuu is the displacement vector, ( ∂ uuu/∂ xxx )s is

the symmetric part of the tensor ∂ uuu/∂ xxx, t̄tt is the traction on the boundary Gσ, nnn is the unit

normal to the boundary Gσ, ūuu is the given displacement on the boundary Gu, t is time, and

c∗i is the initial volume fraction of phase i.

Because of the conditions ċij = −ċji , the total volume fraction
∑m

i=0 ci does not

change in time, which together with
∑m

i=0 c
∗
i = 1 implies

∑m
i=0 ci = 1. Therefore, if

ci ≥ 0 for i = 0, 1, 2, ...m then the inequality ci ≤ 1 is automatically satisfied.

In order to show that this model can describe strain softening during a phase transition

we consider for simplicity a material with a single martensitic variant (m = 1) under one-

dimensional tension with σ11 = σ̄ and σ12 = σ13 = σ22 = σ23 = σ33 = 0. The

initiation of the phase transition and its continuation at an infinitesimal rate correspond to

the condition X10 − k10 = 0, which, according to Eq. (2.6), reduces to

σ̄ ε̄t −
(
ψθ

1 − ψθ
0

)
− A (1 − 2 c) − k10 = 0 , (2.21)

where ε̄t = (εεεt)11 is the normal component of the transformation strain along the tensile

axis. According to Hooke’s law, Eq. (2.29), and Eqs. (2.26) and (2.27) (see Box 2.1) it

follows that

σ̄ = E (ε̄ − c ε̄t) , (2.22)

where ε̄ = ε11 is the normal component of the total strain εεε along the tensile axis and E

is Young’s modulus. Eliminating c from Eq. (2.21) by means of Eq. (2.22) we get

σ̄ (ε̄2
t − 2A/E) + 2A ε̄ − [(ψθ

1 − ψθ
0) + A + k10] ε̄t = 0 . (2.23)
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Eq. (2.23) describes the relationship between the stress σ̄ and total strain ε̄ during the

phase transition. Let us analyze this equation. If the material parameter A satisfies the

inequality

A < Eε̄2
t/2 (2.24)

then Eq. (2.23) describes strain softening during the phase transition (see Fig. 2.1), that is

∂σ̄

∂ε̄
=

− 2A

ε̄2
t − 2A/E

< 0 , (2.25)

and the stress σ̄ decreases with increasing strain ε̄ (the constant A in Eq. (2.3) is always

positive because ψin is positive). In this paper the inequality (2.24) is assumed to hold

for the maximum normal component of the transformation strain εεεti (i = 1, 2, ...,m) in

the three-dimensional case, thus the tangent moduli ∂σσσ/∂εεε are not positive definite, which

corresponds to material instability. This instability leads to strain localization and the for-

mation of a martensitic microstructure.

The upper bound for the parameter A in Eq. (2.24)is the maximum possible elastic

energy density, ∼ Eε2
y/2 , where εy is the elastic strain at plastic yielding. For the SMAs

NiTi and CuZnAl, εy ∼ 0.01 , and εy ∼ 0.001 for steel, while ε̄t ∼ 0.1 for both SMAs

and steel, therefore A� Eε̄2
t/2.

Note that inequality (2.24) is not related to the material instability condition (2.17)

which reduced to A > 0 . If the inequality (2.24) is not fulfilled, the stress-strain curve is

as shown in Fig. 2.3(b). Despite the positive tangent moduli, this model also exhibits an

instability. The reason for the instability is that the driving force for the phase transition,

X10 , grows with increasing volume fraction. Consequently, after satisfying the phase tran-

sition criterion, an accelerated phase transition will occur at constant stress or the stress

must decrease to sustain an equilibrium phase transition (a phase transition with infinites-

imal rates ċi ), which is a phase transition satisfying X10 = k10 . During an equilibrium

phase transition, not only the stress but also the total strain decreases because the reduction
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in elastic strain exceeds the transformation strain.

We note that model A with k = 0 also leads to a stress-strain curve with strain softening

(Fig. 2.3(c)). This follows from (2.23) for k10 = 0 .

In a finite sample the local stresses vary significantly during the transformation process

and both direct and reverse phase transition can occur at different points even under one-

dimensional monotonic loading (see Section 2.4). Because of the stress hysteresis due to

k10 , it is possible that the phase transition will be arrested at some intermediate c , i.e.,

0 < c < 1 .

We did not study the general case Aij 6= 0 , but for Aij = 0 and Xij = σσσ ::: (εεεti − εεεtj) ,

our thermodynamic potential does not have instabilities associated with transitions between

martensitic variants. The martensite at each point can consist of several martensitic variants

with volume fractions determined from the solution of the corresponding boundary-value

problem. Thus, the volume fraction of martensite c is the only order parameter (i.e. param-

eter responsible for instability); the c̄j are just internal variables.

2.2.3 Model C: discontinuous threshold for the driving forces

To avoid regions at some intermediate c we may employ a discontinuous threshold k0i.

Specifically, k0i = ki0 is non-zero if c0 = 0 or ci = 0, and k0i = ki0 = 0 if cic0 6= 0, i.e.,

after satisfying the 0 ↔ i phase transition criteria at c0 = 0 or ci = 0, there is no barrier for

the 0 ↔ i phase transition (Fig. 2.3 (d)). At the same time the threshold kij can be nonzero

for i 6= 0 and j 6= 0. Models A and C are similar in that the phase transition at any point

will not be arrested at some intermediate value of c.

Note that in phase transition models without instabilities (Buisson et al., 1991; Boyd

and Lagoudas, 1996a, b; Lim and McDowell, 2002; Levitas et al., 1998, 1999; Thamburaja

and Anand, 2001; Govindjee and Miehe, 2001), the introduction of the threshold ki0 is

the only way to describe stress hysteresis and dissipation due to austenite-martensite phase

transition. For our models A and C with instability, stress hysteresis is absent as well for

local direct and reverse equilibrium phase transition. However, because of the instability of

homogeneous deformations and phase transition, there is macroscopic stress hysteresis in
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Figure 2.3: Schematic stress-strain curves for direct and reverse phase transformation for
a single variant under one-dimensional tension and slow deformation for different values
of the threshold : (a) k10 6= 0 and inequality (2.24) is satisfied. (b) k10 6= 0 and inequality
(2.24) is not satisfied. (c) k10 = 0. (d) k10.
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a finite specimen for ki0 = 0 . Indeed, an austenite-martensite interface cannot propagate

through a specimen for the direct phase transition at a stress lower than σA , and it cannot

move back for the reverse phase transition at stresses higher than σB ; see Fig. 2.3 (c) and

Truskinovsky (1994). Hence, macroscopic stress hysteresis and the corresponding dissipa-

tion can occur at zero threshold if the phase transition model incorporates an instability.

Box 2.1. PROBLEM FORMULATION

1. Kinematics
Decomposition of the total strain εεε

εεε := (
∂ uuu

∂ xxx
)s = εεεe + εεεt . (2.26)

Transformation strain εεεt

εεεt =
m∑

i=1

εεεti ci . (2.27)

Volume fractions and their rates

c =
m∑

i=1

ci ,
m∑

i=0

ci = c0 + c = 1 ,

ċi =
m∑

j=0

ċij , ċij = −ċji , ci ≥ 0 . (2.28)

2. Constitutive equations

Elastic Hooke’s law σσσ = CCC :::εεεe = K I1(εεεe)III + 2G devεεεe . (2.29)

Phase transition criterion
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For a transition from austenite 0 to martensitic variant i (or the reverse transition)

fi0(σσσ, c, θ) ≡ |Xi0| − ki0

= |σσσ :::εεεti −
(
ψθ

i − ψθ
0

)
− A (1 − 2 c) | − ki0 ≥ 0 , (2.30)

i = 1, 2, ...,m .

For a transition from martensitic variant j to martensitic variant i (or the reverse transi-

tion)

fij(σσσ) ≡ |Xij| − kij = |σσσ ::: (εεεti − εεεtj)| − kij ≥ 0 , (2.31)

j = 1, 2, ...,m− 1, i = j + 1, j + 2, ...,m .

Evolution equations for the ċij

fij(σσσ, c, θ) ≥ 0 =⇒ ċij = λij sign(Xij)(|Xij| − kij) , (2.32)

fij(σσσ, c, θ) < 0 =⇒ ċij = 0 , (2.33)

j = 0, 1, ...,m− 1, i = j + 1, j + 2, ...,m .

ModelA : ki0 = 0 ; ModelB : ki0 6= 0 ; ModelC : ki0 = 0 for cic0 6= 0.

3. Equilibrium equations (with body forces FFF )

∇∇∇···σσσ + FFF = 0 . (2.34)

4. a) Boundary conditions

σσσ · nnn = t̄̄t̄t(t) on Gσ , (2.35)
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uuu = ū̄ūu(t) on Gu . (2.36)

b) Initial conditions

ci = c∗i ,
m∑

i=0

c∗i = 1 . (2.37)

2.3 Finite Element Algorithm

We now describe the finite element algorithm for the solution of the system shown in

Box 2.1. Because the solution of this system is similar to the solution of elastoviscoplastic

problems we present only the main components of the algorithm: the numerical integration

of the constitutive equations for phase transformation and the general Newton-Raphson

iterative scheme (see Simo and Hughes (1998) for elastoviscoplastic problems).

The α - method of time integration (Bathe, 1996) is used for the numerical integration

of the evolution equations (2.34)

∆cij = λij∆t sign(Xij)(|Xij(σσσ
n+α, cn+α, θn+α)| − kij) , (2.38)

where

σσσn+α = σσσn + α∆σσσ = σσσn + αCCC:::∆εεε −
m∑

r=1

m∑
j=0

α∆crjCCC:::εεεtr , (2.39)

cn+α = cn + α∆ c , (2.40)

θn+α = θn + α∆ θ , (2.41)

The constant α varies from 0 to 1: α = 0 for the explicit Euler forward method, α = 0.5

for the implicit trapezoidal rule, and α = 1 for the implicit Euler backward method.

The integration scheme for the constitutive equations (using ’predictor’ and ’corrector’

like in plasticity) is given in Box 2.2. Due to the condition ∆cij = −∆cji , the equality
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∑m
i=0 ci =

∑m
i=0 c

∗
i = 1 is satisfied at all times during the integration procedure. The

tangent moduli ∂∆σσσ/∂∆εεε consistent with this scheme follow from Eqs. (2.47) - (2.49)

∂∆σσσ

∂∆εεε
= CCC −

m∑
r=1

m∑
j=0

∂∆crj

∂∆εεε
CCC:::εεεtr = CCC −

m∑
r=1

m∑
j=0

aaarjCCC:::εεεtr , (2.42)

where aaarj are the matrices of the coefficients in the representation of ∆cij in terms of ∆εεε .

They can be found numerically from the solution of the system of linear algebraic equations

(2.45) and (2.46). The complete finite element algorithm for the solution of phase transition

problems (similar to the solution of elastoviscoplastic problems, see Simo and Hughes,

1998) based on the Newton - Raphson iterative scheme for the solution nonlinear discrete

problem is given in Box 2.3.

The finite element software ABAQUS (2001) is used. This software allows a user to

encode special constitutive equations (e.g., the phase transition model in Box 2.1) in a user

material subroutine UMAT.

Box 2.2. Integration of the constitutive equations

Given: σσσn, cni , ∆εεε = ε̇εε∆t and θn+1 = θn + ∆ θ

Find: σσσn+1, cn+1
i

1. Compute the trial stress σσσ∗

σσσ∗ = σσσn + CCC:::∆εεε . (2.43)

2. Check phase transition criteria (Eqs. (2.32), (2.32) )

If fij(σσσ
∗, cn, θn+1) ≤ 0 then ∆cij = 0 and go to 4.
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3. For active phase transformations find ∆cij

If fij(σσσ
∗, cn, θn+1) > 0 and


Xij(σσσ

∗, cn, θn+1) > 0 , ci < 1

or

Xij(σσσ
∗, cn, θn+1) < 0 , ci > 0

 then : (2.44)

for a transition from austenite 0 to martensitic variant i (or the reverse transition)

∆ci0 = λi0∆t sign(Xi0){|εεεti:::σσσ
n + αεεεti:::CCC:::∆εεε −

m∑
r=1

m∑
j=0

α∆crj εεεti:::CCC:::εεεtr

−
(
ψθ

i − ψθ
0

)
− A + 2A

(
cn + α

m∑
r=0

m∑
p=1

∆crp

)
| − ki0} , (2.45)

i = 1, 2, ...,m ;

for a transition from martensitic variant j to martensitic variant i (or the reverse transi-

tion)

∆cij = λij∆t sign(Xij){|(εεεti − εεεtj) :::σσσn + α(εεεti − εεεtj) :::CCC:::∆εεε

−
m∑

r=1

m∑
s=0

α∆crs (εεεti − εεεtj) :::CCC:::εεεtr| − ki0} , (2.46)

j = 1, 2, ...,m− 1 , i = j + 1, j + 2, ...,m .

or Eqs. (2.45) and (2.46) can be expressed as

∆cij = aaaij:::∆εεε + bif , j = 0, 1, ...,m− 1 , i = j + 1, j + 2, ...,m (2.47)
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(aaaij and bij are the corresponding matrices and coefficients).

4. Compute cn+1, σσσn+1

cn+1
i = cni + ∆ci = cni +

m∑
j=0

∆cij , (2.48)

σσσn+1 = σσσn + ∆σσσ = σσσn + CCC:::(∆εεε −
m∑

i=1

εεεti ∆ci) (2.49)

Box 2.3. FINITE ELEMENT SOLUTION ALGORITHM

1. Initialization at tn. Data structure:

Variables at quadrature points {σσσ , ci }n

Initial conditions for displacement vector at nodal points {u}n+1 = 0

Current values of boundary conditions at time tn+1

2. Let {u}n+1
k be the solution at the k-iteration and time step n+ 1.

2.1 Compute {σσσ , ci }n+1
k at quadrature points (see Box 2.2)

2.2 Compute the consistent tangents at quadrature points (Eq. (2.42))

2.3 Compute residuals of the finite element equilibrium equation {R}n+1
k

{R}n+1
k = {f}n+1

k −
∫
Ω

([B]t)n+1
k {σ}n+1

k dΩ
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( {f}n+1
k is the standard finite element load vector, [B]n+1

k is the standard B-matrix )

IF || {R}n+1
k || < TOL GO TO 4 (TOL is prescribed)

3. Solve system

[K] {∆u}n+1
k = {R}n+1

k ,

where [K] = −
∫
Ω

([B]t)n+1
k

∂∆σσσ
∂∆εεε [B]n+1

k dΩ is the consistent tangent stiffness matrix.

Update: {u}n+1
k+1 = {u}n+1

k + {∆u}n+1
k

Set k = k + 1 and GO TO 2

4. Update data structure

{σσσ , ci }n+1 = {σσσ , ci }n+1
k

2.4 Numerical Modeling

All calculations were carried out for 2-D problems using six-node quadratic triangular

finite elements with a quadratic approximation for the displacements.

We simulated the formation of martensitic microstructure due to a cubic-tetragonal

phase transition in a plane-strained specimen under uniaxial tension. Two models were

used: model B with nonzero thresholds for the driving forces and model C for which the

thresholds for the driving forces are discontinuous. Our numerical results for these two

models do not differ significantly.

It is assumed that the temperature is homogeneously distributed and does not change

during the phase transition. The cubic-tetragonal phase transition was constrained to two of
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Figure 2.4: Cross-section of an austenitic plate with a small initial martensitic nucleus in
the middle.

its three variants. The transformation strains εεεt1 and εεεt2 have the following components

(εεεt1)11 = 0.1 , (εεεt1)22 = − 0.1 , (εεεt1)21 = 0 , (2.50)

(εεεt2)11 = − 0.1 , (εεεt2)22 = 0.1 , (εεεt2)21 = 0 ; (2.51)

all other components are zero. The following material parameters were used: E = 2 ··· 105

MPa (Young’s modulus), ν = 0.3 (Poisson ratio), A = 0.1 MPa, λ10 = λ20 = λ21 =

10 MPa−1 s−1 , k10 = k20 = 0.2 MPa, k21 = 0 , and ψθ
i = ψθ

0 ( i = 1, 2, ...,m ).

2.4.1 Martensitic transformations in a single crystal rectangular plate under tension

We first calculated phase transformations in a rectangle austenite plate, Fig. 2.4. The

boundary conditions on the plate were as follows: un = uτ = 0 along boundary AB ;

un = v∗ t , uτ = 0 ( v∗ is the prescribed normal velocity, t is time and the macro-strain

rate ε̇ = v∗/AD = 0.5× 10−8s−1 ) along boundary CD ; and σ = τ = 0 (free surface)
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(a)

(b)
 

Figure 2.5: Distribution of the volume fraction c1 of the first martensitic variant at time
t = 1 using two different finite element meshes: a) with 3321 nodes and 1596 six node
elements; b) with 13487 nodes and 6614 six node elements.

along boundaries AD and BC . Here un and uτ are the normal and tangential displace-

ments, and τ and σ are the tangential and normal stresses. The martensitic microstructure

evolution was calculated to to the macro-strain ε = v∗t/AD = 0.1% , which was subdi-

vided into 300 time steps. The plate initially consisted of austenite (c = 0) with a single

martensitic nucleus (one finite element with c1 = 1) in the center of the plate (see Fig. 2.4).

Such a nucleus models heterogeneous nucleation at a strong pre-existing defect. Studies of

real nucleation must be done at smaller length scales with Landau-Ginzburg models.

The mesh sensitivity of the numerical solution was investigated by using two different

finite-element meshes: 3321 nodes (1596 elements) and 13487nodes (6614 elements). Fig.

2.5 shows the distribution of the volume fraction c1 for variant 1 at time ε = v∗t/AD =

0.1% for both meshes. The numerical results are practically mesh independent. Note

that the presence of the hardening branch in the stress-strain curve (Figs. 2.1 and 2.3)
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after the softening branch significantly reduces the mesh sensitivity of the solution relative

to the case without large-strain hardening, which is used for shear band modeling. For

shear banding, the entire shear band region is an instability zone, the width of which is

mesh-size sensitive, but for phase transformation, strain localization is followed by strain

delocalization in the hardening branch (similar to that reported in the paper by Beissel and

Belytschko (1996) on viscoplastic materials with strain softening). When a martensitic

plate is formed, its interior corresponds to the stable hardening branch while the narrow

diffuse interface corresponds to the unstable portion of the stress-strain curve. The widths

of all diffuse interfaces are controlled by our rate-type regularization rather than by the

material parameters. When the loading rate goes to zero and a solution tends to a stationary

solution, the rate-type regularization breaks down (as does viscoplastic regularization in

plasticity). A stationary solution corresponds to a sharp interface between austenite and

martensite. In a numerical solution, however, the minimal interface width is that of a

single finite element. During the decrease in the loading rate the interface widths steadily

decrease but the change in the thicknesses and orientations of martensitic plates is small,

so the numerical results can be considered mesh insensitive. The mesh independence in

our phase transformation model is analogous to that for viscoplastic materials with the

stress-strain curve shown in Fig. 2.1.

We now analyze the morphology and evolution of the microstructure; see Fig. 2.6. Note

first that the second martensitic variant essentially does not appear (c2 ≈ 0) during the

loading, hence we analyze only the distribution of martensitic variant 1 (Fig. 2.6). Marten-

site first appears near the small initial nucleus (due to the favored stress distribution) in the

form of two thin orthogonal bands (Fig.2.6 (a)-(c)). Then due to the interaction between

these bands one band gradually disappears while the other continues to grow. The second

band gradually disappears. Thus a reverse phase transition occurs in some regions under

monotonic loading. This phenomenon is quite unexpected and is not predicted by other
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 2.6: Evolution of the distribution of the volume fraction c1 of the first martensitic
variant at different time: a) t = 0.0075, b) t = 0.03, c) t = 0.0375, d) t = 0.045, e)
t = 0.075, f) t = 1.
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Figure 2.7: The ’displacement-force’ diagram for the right side CD of the plate.
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martensitic microstructure-free micromechanical models (Boyd and Lagoudas, 1996a, b;

Hall and Govindjee, 2002; Levitas et al., 1999; Lim and McDowell, 2002). The growth

of the initial plate is accompanied by the formation of two new martensitic plates at the

corners of the specimen due to stress concentration. Along with the dominant growth of

the main plate, new well-spaced plates appear and grow from the free surface (Fig. 2.6 (f)).

All plates are parallel to the invariant plane for εεεt1, which is inclined 45o to the tension axis.

The displacement-force diagram, Fig. 2.7, which is similar to the macroscopic stress-

strain curve of the specimen, exhibits a significant drop in macroscopic stress after the onset

of the phase transition. Several additional oscillations in this curve with much smaller mag-

nitudes are caused by the appearance of new plates. Knowledge of such oscillations, which

are observed experimentally (Saburi et al., 1986; Krishnan and Brown, 1973), may be im-

portant for the design of control systems incorporating shape memory alloys. After some

critical strain, the force is nearly constant during further deformation. An increasing σ-ε

macroscopic curve, which is observed experimentally, can be modeled by a heterogeneous

distribution of k10 or A or both. Then the phase transition starts at the point with the min-

imal k10 or A; the stress must grow in order for the phase transition to occur at the points

with greater values of k10 or A. The parameters k10 and A can be determined by comparing

experimental and theoretical σ-ε curves under cyclic loading.

The macroscopic properties of materials, in particular, the elastic properties and the

macroscopic stress-strain curve, depend on the geometry of the phases. In particular, for

significant differences between the elastic properties of the phases (for example, Young’s

moduli of martensite and austenite in NiTi differ by a factor of 3-4 (Shaw, 2000)) the lower

and upper bounds on the effective Young’s modulus are quite different. Consequently, our

approach gives much more accurate results for the elastic properties and the macroscopic

tensor of tangent moduli than those that do not determine the martensitic microstructure

(Thamburaja and Anand, 2001; Boyd and Lagoudas, 1996a, b; Buisson et al., 1991; Govin-
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(a)

(b)
 

Figure 2.8: Distribution of the volume fraction c1 of the first martensitic variant at time
t = 1 for the same problem as in Fig.2 but with several initial nuclei distributed randomly
in the austenitic plate.

djee and Miehe, 2001; Hall and Govindjee, 2002; Levitas and Stein, 1997; Levitas et al.,

1999; Lim and McDowell, 2002).

Fig. 2.8 (a) shows the martensitic microstructure for the same problem but with several

initial nuclei. Again, one family of parallel martensitic plates suppresses the completely

formed (c ' 1) plates orthogonal to it; here, three plates survive (Fig. 2.8 (b)). Under

further loading (not shown in Fig. 2.8), the growth of the plate through the corner C (up-

per right) of the sample is suppressed, while the other two plates grow intensively. When

the middle plate approaches the plate passing through C, their interaction causes a slight

deviation of the middle plate interface from the invariant plane. It is interesting that simula-

tions resulting in only one family of parallel bands were reported in Beissel and Belytschko

(1996) for a 2D plane strain problem with a viscoplastic model.

We next study the effect of varying the relative orientations of the tension axes and
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(a)

(b)

Figure 2.9: Distribution of martensitic variants for different orientations of the transforma-
tion strains with respect to the tension axis: a) martensitic variant I at t = 1 for β = 30o;
b) martensitic variant II at t = 1 for β = 60o.

the crystal axes of the austenite. In our approach this is equivalent to varying the relative

orientations of the tension axes and the transformation strains εεεt1 and εεεt2. The rotation of

the crystal lattice through an angle β about the x3 axis transforms the components of εεεt1

and εεεt2 in the global cartesian coordinate system

[εnew
ti ] = [β]t [εti] [β] . (2.52)

Here [β] is the rotation matrix about the x3 axis and [εti] (i = 1, 2) are given by Eqs.

(2.50)and (2.51). We will consider β = 30o and β = 60o.

Fig. 2.9 shows the distribution of martensitic variants for different orientations of the

transformation strains. As in previous simulations, one martensitic variant prevails during

the tensile loading: martensitic variant 1 for the rotation angle β = 30o (Fig. 2.9 (a)) and

martensitic variant 2 for the rotation angle β = 60o (Fig. 2.9 (b)). The new martensite
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appears in bands near corners of the plate. In both cases the stress concentrations near the

corners are more favorable for the formation of new martensite than the region around the

small initial nucleus in the center of the plate.

Our 2-D calculations show that martensitic plates are formed parallel to the invariant

planes, in agreement with (3-D) experiments. Other 2-D results, namely nucleation in re-

gions of stress concentration or at free surfaces, oscillations in the stress-strain curve, and

a strong dependence of microstructure on crystal orientation are similar to the correspond-

ing aspects of the microstructure observed in numerous experiments (Saburi et al., 1986;

Krishnan and Brown, 1973; Shield, 1995; Abeyaratne et al., 1996), but detailed compar-

isons to experiments require the solution of 3-D problems and the introduction of specific

heterogeneities (e.g., see Fig. 2.8).

2.4.2 Martensitic transformations in a polycrystalline rectangular plate under tension

Consider an untextured (random grain orientations) polycrystalline rectangular plate of

austenite, Fig. 2.10. As previously, the phase transition is consrained to only two marten-

sitic variants. The boundary conditions on the plate were as follows: un = uτ = 0

along boundary AB ; un = v∗ t , uτ = 0 (with the macrostrain rate ε̇ = v∗/AD =

0.5 × 10−8s−1 ) along boundary CD ; and σ = τ = 0 (free surface) along boundaries

AD and BC . The total macrostrain ε = 0.1% , was subdivided into 300 time increments.

The plate initially consists of austenite (c = 0) with small two nuclei of variant 1 (Fig. 2.9

(a)). The finite element mesh consisting of 5091 nodes and 2478 six node finite elements

is shown in Fig. 2.10 (b).

The distribution of austenite and two martensitic variants in the plate during tensile

loading is given in Fig. 2.11. During the initial stages of the phase transition, the grow-

ing martensitic plates propagate from one grain to another. Three plates are formed that

cross at least half of the specimen, and all are oriented ' 45◦ to the tension axis except
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in one grain where the plate is nearly orthogonal to the load. When the advancing plates

cross grain boundaries the martensite can change from one variant to the other depending

on the relative grain orientations and internal stress distribution, thus most of the plates

consist of both variants. Essentially none of the plates formed during the initial stages of

the phase transition are present in the final calculated state (Fig. 2.11 (d)). The calculated

martensitic microstructure in Fig. 2.11 is in qualitative agreement with experimentally ob-

served martensitic microstructures in polycrystals (e.g. see Nishiyama, 1978; McDougall

and Wayman, 2003): the martensitic microstructure is comprised of straight, curved, and

irregular austenite-martensite interfaces, small regions of residual austenite locked between

martensitic regions, and most of the martensitic regions consist of both variants. The com-

plex coupled evolution of the σσσ and ci fields results in a complex martensitic microstruc-

ture that is neither a global nor a local minimum of the energy because of the dissipative

thresholds kij .
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Figure 2.10: a) Cross-section of an polycrystal austenitic plate consisting of single crystal
grains with two small initial martensitic nucleus; b) finite element mesh with 5091 nodes
and 2478 six node finite elements.
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(a) austenite (d) austenite

(b) martensite (variant 1) (e) martensite (variant 1)

(c) martensite (variant 2) (f) martensite (variant 2)
 

Figure 2.11: Distribution of the volume fraction of austenite (red) and martensite
(blue)(a,d), the first(b,e) and second (c,f) martensitic variants in the plate at t = 0.01 (a,b,c)
and t = 1 (d,e,f).
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2.5 Concluding Remarks

A new model for the description of multivariant martensitic microstructure formation

in elastic materials during temperature- and stress-induced phase transformation was pre-

sented. It describes phase transformation in steels and shape memory alloy.

In contrast to Ginzburg-Landau models (Artemev et al., 2000, 2001; Saxena et al.,

1997; Rasmussen et al., 2001; Wangand Khachaturyan, 1997; Chen and Shen, 1998), this

microscale model:

(a) is based on a much larger representative volume element and tracks only the in-

terfaces between austenite and mixtures of the martensitic variants but does not track in-

terfaces between the martensitic variants. The martensite at each point may consist of a

mixture of martensitic variants. This is achieved by constructing a microscale Gibbs po-

tential that has minima for pure austenite and martensite but no minima for the individual

martensitic variants.

(b) is scale-independent. Nano-scale potentials in known phase-field models include

a gradient energy term that introduces a length scale, namely, the width of austenite-

martensite and martensite-martensite interfaces, which is of order 1 nm. Since there are no

interfaces with widths greater than or of order the size of our representative volume, i.e.,

∼ 100nm ; our microscale model does not include a gradient energy term; the interface en-

ergy is taken into account in an averaged sense through the coefficients Ai
ij . Consequently,

our model has no intrinsic length scale. It can be applied at all scales greater than 100 nm.

The kinetic equations for the ci in our approach are local and much simpler.

(c) accounts for the experimentally observed features of martensitic phase transforma-

tion in shape memory alloy and steels, specifically, constant (stress-independent) trans-

formation strain tensor and stress hysteresis, and transformation at non-zero elastic mod-

uli. The model can incorporate all temperature-dependent thermomechanical properties of

austenite and martensite. As shown in Levitas and Preston (2002a, b), Levitas et al. (2003)
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and in the following chapter III, the known nano-scale potentials in Artemev et al. (2000,

2001), Saxena et al. (1997), Rasmussen et al. (2001), Wang and Khachaturyan (1997),

and Chen and Shen (1998) do not decribe the above mentioned experimentally observed

features of martensitic phase transformation.

Unlike the known microscopic thermomechanical models (Govindjee and Miehe, 2001;

Govindjee et al., 2002; Hall and Govindjee, 2002), the suggested micro-scale model

(a) describes a discrete martensitic microstructure rather than a smeared distribution

of austenite and martensite. This is a consequence of A > 0 , Aij small or zero, and

removal of the dissipative threshold k0i immediately after ”nucleation” of either austen-

ite or a martensitic variant. Due to internal stresses and the interface energy, the local

(microscopic) stress-strain curve (Fig. 2.1) contains a decreasing unstable branch (strain

softening) instead of only strain hardening.

(b) allows a much more accurate determination of the macroscopic mechanical prop-

erties of single crystals and polycrystals, in particular, the macroscopic stress-strain curve,

since they are sensitive to the microstructure.

In contrast to the thermomechanical models of Thamburaja and Anand (2001), Boyd

and Lagoudas (1996 a, b), Buisson et al. (1991), Siredey et al. (1999), and Lim and

McDowell (2002), our model (in addition to items (a) and (b) above):

(c) is based on Bain strain variants rather than habit plane variants. The habit plane vari-

ant is a combination of two Bain strain variants in a specific fixed proportion independent

of stress. It is known, however, that the ratio c1/c2 varies significantly with the applied

stress (Roitburd, 1993; Bhattacharyya and Kohn, 1996). This is neglected in the papers

by Thamburaja and Anand (2001), Boyd and Lagoudas (1996a, b), Buisson et al. (1991),

Siredey et al. (1999), and Lim and McDowell (2002) but is taken into account in our ap-

proach. Also, the number of variants is drastically reduced in our approach, e.g., from 96

habit plane variants to 6 Bain strain variants for the cubic-orthorhombic phase transforma-
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tion, of which only 2 variants are present at each point; there are 192 habit plane variants

for the cubic-monoclinic phase transformation.

(d) is applicable at spatial scales down to 100 nm rather than 1− 10µm because the

size of the representative volume element for Bain strain variants is smaller than that for

habit plane variants.

In contrast to ersatz models with strain softening ( Beissel and Belytschko, 1996; Shaw,

2000), our model is based on the thermomechanics of multivariant martensitic phase trans-

formation. Note that the thermomechanical model of Kuczma et al. (1997) generates a

discrete martensitic microstructure, but instead of being a consequence of strain softening

it is due to variation of the sample cross-section.

It has been shown that the proposed model can describe the formation of a nontriv-

ial martensitic microstructure during phase transformation. In particular, under monotonic

uniaxial loading, some martensitic plates that appear during the initial stages of the phase

transformation later disappear, i.e., direct and reverse phase transformations occur simul-

taneously. This behavior cannot be obtained in models that neglect the discrete martensitic

microstructure. Although intersecting bands of martensite appear during the initial stages

of the phase transformation in the single crystal plates, one of the bands invariably disap-

pears, i.e., intersecting martensitic plates are not present in the later stages of the martensitic

microstructure evolution. The calculated martensitic microstructure is in qualitative agree-

ment with known experimental martensitic microstructure by Abeyaratne et al. (1996),

Shield (1995), Nishiyama (1978), McDougall and Wayman (2003).

From an algorithmic perspective, phase transformation problems in our model are sim-

ilar to shear band formation problems in viscoplastic material models with strain softening.

Rate-dependent constitutive equations suppress mesh sensitivity in the finite element sim-

ulations.

We would like to mention that there is nothing wrong with A < 0 (or A = 0 ) in the
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papers by Thamburaja and Anand (2001), Boyd and Lagoudas (1996a, b), Buisson et al.

(1991), Siredey et al. (1999), Lim and McDowell (2002), Govindjee and Miehe (2001),

Govindjee et al. (2002), and Hall and Govindjee (2002) because that is precisely what is

needed to describe experimental stress-strain curves with hardening, provided one is not

interested in microstructure. For A > 0 , the local stress-strain curve cannot be fitted to

experiment; hence the change in sign is not trivial.

Our current model with A > 0 and the corresponding softening branch in the local

stress-strain curve does not contradict the experimental result that macroscopic stresses

grow or remain constant – the local and macroscopic stress-strain curves are completely

different for a material that exhibits strain localization. For fixed values of A and k0i , the

macroscopic stress is nearly constant above some critical strain; see Fig. 2.7. An increas-

ing σ − ε curve, which is observed experimentally, can be realized for a heterogeneous

distribution of ki0 or A or both. The ki0 and A distributions can be obtained by fitting to

the measured macroscopic stress-strain curve.

Martensitic microstructures can be realized in the models of Govindjee and Miehe

(2001), Hall and Govindjee (2002) by changing the sign of A and removing k. A marten-

sitic microstructure can also be obtained from any model (Thamburaja and Anand, 2001;

Boyd and Lagoudas, 1996a, b; Buisson et al., 1991; Levitas and Stein, 1997; Levitas et

al., 1999; Lim and McDowell, 2002) if strain softening is included. This makes it possible

to model martensitic microstructure at larger spatial scales at the expense of accuracy. If

we tolerate the independence of invariant plane strain on the applied stress or take such a

dependence into account (for example, as in Levitas and Stein, 1997), our algorithm can be

used with habit plane strain instead of Bain strain. However, strain softening can change

the type of the system of differential equations, thus the solution is completely different

(discrete microstructure vs. smeared distribution of volume fraction), and a number of

instability-related computational problems arise.
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There are essential differences between martensitic phase transformation in 2-D and

3-D. For example, austenite is geometrically compatible with a single martensitic variant

along a specific straight line in 2-D, but austenite is practically never compatible with a

single variant in 3-D. This is the main reason for the formation of twinned martensitic

microstructure. Also, it is impossible to determine material parameters or quantitatively

describe experiments without going to 3-D. However, for complex and non-homogeneous

stress fields, as in polycrystals, a single martensitic variant is incompatible with austenite,

even in 2-D. The interface is not a straight line (plane); see Fig. 2.11. As a result, most

of the martensitic plates consist of two variants. Also, some martensitic plate boundaries

significantly deviate from the invariant plane because of internal stresses and because the

ratio c1/c2 depends on stress, in contrast to the invariant-plane variant derived in crys-

tallographic theory and used in micromechanical modeling; see Thamburaja and Anand

(2001), Boyd and Lagoudas (1996a, b), Buisson et al. (1991), Siredey et al. (1999), and

Lim and McDowell (2002). Thus, some typical 3-D features are present in our 2-D sim-

ulations. Two-dimensional numerical simulations, which yield a discrete microstructure

qualitatively similar to those observed experimentally, are sufficient to demonstrate the

utility of our strain softening model for calculating martensitic microstructure evolution.

This is not trivial because condition (2.25) is only a necessary condition for strain localiza-

tion; sufficiency of this condition is problem specific and can be proved numerically only.

In the future we plan to extend our approach to the solution of 3-D problems. There are

no significant obstacles to this generalization, but the computation time increases signif-

icantly. Because of instabilities, the computation time will be greater than that required

for a smeared description (Thamburaja and Anand, 2001; Boyd and Lagoudas, 1996 a, b;

Bhattacharya et al., 1997 a, b; Buisson et al., 1991; Siredey et al., 1999; Govindjee and

Miehe, 2001; Hall and Govindjee, 2002; Levitas and Stein, 1997; Levitas et al., 1999; Lim

and McDowell, 2002).
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Our model can be extended to encompass plastic materials by including single crystal

viscoplastic constitutive equations. Note that a stress-strain curve of the type shown in Fig.

2.1 leads to plastic strain localization in macroscopic polycrystalline plasticity theory (Beis-

sel and Belytschko, 1996; Shaw, 2000). Incorporation of such a curve for single crystals

into our approach would enable us to describe the interaction between plastic and trans-

formational instabilities, in particular phase transformation in shear bands and shear-band

intersections, and to determine the conditions for slip or twinning as an accommodation

mechanism. The use of such a curve in our macroscopic polycrystalline model for phase

transformation (Levitas et al., 1999) would allow us to describe the martensitic microstruc-

ture at larger scales, as is observed in experiments on polycrystals (Shaw, 2000).
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CHAPTER 3

FINITE ELEMENT SIMULATION OF MARTENSITIC PHASE TRANSFORMATION

BASED ON A NANO-SCALE GINZBURG - LANDAU ( PHASE - FIELD ) THEORY

3.1 Introduction

In the phase-field theory, the field equations include a gradient term with scale depen-

dent parameter which corresponds to the surface energy, and describe the thin interfaces

(∼ 1nm) between austenite and martensite and between martensitic variants. A new nu-

merical approach is based on the Phase-field theory for the martensitic phase transformation

and has the following features:

• The advanced expression for free energy suggested in Levitas and Preston (2002) and

Levitas et al. (2003) is used, that in contrast to known approaches Wang, Y and Khachatu-

ryan (1997), Artemev et al. (2000, 2001), Seol et al. (2002, 2003), Ichitsubo et al. (2002),

Saxena et al. (1993), Shenoy et al. (1999), Rasmussen et al. (2001), Ahluwalia et al.

(2003), Lookman et al. (2003 a, b), Jacobs (2000), Curnoe and Jacobs (2001 a, b) and

Jacobs et al. (2003), correctly describes the main experimental features of stress-induced

phase transformation.

• The elasto-dynamics equations (with inertial forces) are used which has not been done

before for theories based on transformation strain-related order parameters. For the case of

elasto-static formulations (neglecting the inertial forces), the structure of the field equations

for the new model is similar to that in Wang, Y and Khachaturyan (1997), Artemev et al.

(2000, 2001), Seol et al. (2002, 2003).

• Dissipation rate is determined by the rate of the order parameters, which results in the

time-dependent Ginzburg-Landau equations; and, viscous stresses are not introduced as in

Lookman et al. (2003 a, b), Jacobs (2000), Curnoe and Jacobs (2001 a, b) and Jacobs et al.

(2003).
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• A new finite element approach to the solution of the coupled elasto-dynamics and time-

dependent Ginzburg-Landau equations is developed. Since the time-dependent Ginzburg-

Landau equations for the order parameters are similar to the heat transfer equation, the total

system of equations for the modeling of phase transformation is similar to the system of

coupled thermoelasticity and heat transfer equations. Despite the fact that the finite element

method is a very popular tool for the solution of elasticity and heat transfer equations, we

have not seen in the literature the application of the finite element method to the solution

of the phase-field equations for martensitic phase transitions.

3.2 Phase-Field Model of Martensitic Phase Transformaion

Multi-variant martensitic microstructure may consist of austenite and n martensitic

variants and can be represented in terms of the distribution of n order parameters ηk ,

( k = 1, 2, ..., n ). The order parameters ηk vary from zero to unity, where ηk = 1

corresponds to the k -th martensitic variant, ηk = 0 corresponds to austenite or other

martensitic variants and 0 < ηk < 1 represents transitional regions or interfaces. Let us

consider the derivation of a system of equations for the modeling of phase transitions at

nanoscale. For simplicity, the isothermal case is considered. In Ginzburg-Landau theory

for martensitic phase transitions the free energy density ψ (εij, ηi, ηi,j) is assumed to be

a function of the strain components εij , the order parameters ηi and the gradients of the

order parameters ηi,j . The free energy ψ̄ can be expressed as

ψ̄ =

∫
D

ψ (εij, ηi, ηi,j)dV , (3.1)

where D is the volume. Then, treating inertial forces as body forces and minimizing the

free energy with respect to strains (or, equivalently, using the Lagrange dynamics), the
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standard equations of motion of an elastic body can be derived

σij,i = ρüj (3.2)

in domain D where, according to thermodynamics, stresses σij can be expresses as fol-

lows

σij =
∂ ψ

∂ εji

. (3.3)

Because Eq. (3.2) contains displacements, the standard kinematical equations express-

ing strains in terms of displacements will be needed

εij = 0.5 (ui,j + uj,i) . (3.4)

For the order parameters ηk , the time dependent Ginzburg-Landau kinetic equations

will be used

∂ηk

∂t
= −

n∑
p=1

Lkp
δψ̄

δηp

+ ξk , k = 1, 2, ..., n . (3.5)

where Lkp are positive definite kinetic coefficients, δψ̄ / δηp is the variational derivative

that determines the local transformation driving force, and ξk is the noise due to thermal

fluctuations which satisfies the dissipation-fluctuation theorem, see Wang, Y and Khachatu-

ryan (1997) and Artemev et al. (2000, 2001). Eqs. (3.2) - (3.5) with corresponding bound-

ary and initial conditions form a system of partial differential equations for the modeling

of martensitic phase transitions (the determination of order parameters ηk , displacements

ui , strains εij and stresses σij ). Next, we will present an explicit expression for the free

energy density function ψ suggested in Levitas and Preston (2002) and simplify Eqs. (3.3)
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- (3.5). Let us assume that the free energy density function ψ can be represented as follows

ψ = ψ (εij , ηi , ηi,j) = ψ1 (εij , ηi ) + ψ2 ( ηi,j) (3.6)

with

ψ1 (εij , ηi ) = −G (σij, θ, ηi ) + σij εij (3.7)

and

ψ2 ( ηi,j ) =
1

2
βi

mn ηm,i ηn,i . (3.8)

Here ψ1 (εij , ηi ) is the part of the total energy that includes the elastic and the local

specific free energies (see Wang, Y and Khachaturyan, 1997) and can be expressed in

terms of the thermodynamic potential G (σij , θ , ηi ) suggested in Levitas and Preston

(2002 a, b), ψ2 ( ηi,j ) is the part of the free energy that depends on the gradient of the

order parameters ηm,i and accounts for the interface surface energy, βi
mn are components

of positive second-rank tensors βi , ( i = 1 , 2 , ..., n ) describing material properties.

One of the critical points of this theory is the choice of the thermodynamic potential G .

As shown in Levitas and Preston (2002 a, b) and Levitas et al. (2003), different existing

expressions for this potential do not allow us to describe known experiments. We will use

the potential suggested in Levitas and Preston (2002 a, b) and Levitas et al. (2003) that

capture the main features of macroscopic stress-strain curves and meets the experimental

data. A specific expression for G (σij , θ , ηi ) derived in Levitas and Preston (2002 a, b)
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and Levitas et al. (2003) is given below

G = −σij C
−1
ijmn σmn − σmn ε̄

k
mn [ a η2

k + (4− 2a) η3
k + (a− 3) η4

k ] (3.9)

+
n∑

k=1

[Aη2
k + (4 ∆Gθ − 2A) η3

k + (A − 3∆Gθ) η4
k ]

+F (η1 , η2 , ...., ηn) ,

εt
mn = (εti)mn [ aη2

i + ( 4 − 2a ) η3
i + ( a − 3 ) η4

i ] (3.10)

+
n−1∑
i=1

n∑
j=i+1

η2
i η

2
j [ 3 ( ηi (εti)mn + ηj ( εtj)mn )

+ ( a − 3 ) ( ηi ( εtj )mn + ηj ( εti)mn )] ,

where

∆Gθ = A0 ( θ − θe ) / 3 , (3.11)

A = A0 ( θ − θc ) , (3.12)

F ( η1 , η2 , ...., ηn ) =
n−1∑
i=1

n∑
j=i+1

Fij ( ηi , ηj ) , (3.13)
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Fij ( ηi , ηj ) = ηi ηj ( 1 − ηi − ηj ) {B [ ( ηj − ηj )2 − ηi − ηj ] (3.14)

+Dηi ηj } + η2
i η

2
j ( ηi Zij + ηj Zji ) ,

Zij = Ā − A + σmn [ ( a − 3 ) ( εtj)mn + 3 ( εti)mn ] . (3.15)

Here θe , θc , a , A0 , Ā , B , D are material parameters, Cijmn is the elasticity tensor,

θ is the temperature, and ( εtj)mn , ( i = 1 , 2 , ..., n ) is the transformation strain tensor

for the i -th martensitic variant (known from crystallography). In the current approach, the

temperature is considered as a parameter (i.e., the isothermal case is considered). However,

the technique can be easily extended to a non-isothermal case. Using Eqs. (3.6) - (3.15)

and assuming isotropy of material tensors βi
mn = βi δmn and Lmn = L δmn ( δ is the

Kronecker delta), the system Eqs. (3.2) - (3.5) can be written in the following form

εij = 0.5 (ui,j + uj,i ) = εe
ij ε

t
ij , (3.16)

σij = Cijmn ε
e
mn = Cijmn ( εmn − εt

mn ) , (3.17)

σij,i = ρ üj , (3.18)

∂ ηk

∂ t
= Lβk (

∂2 ηk

∂ x2
1

+
∂2 ηk

∂ x2
2

+
∂2 ηk

∂ x2
3

) − L
∂ G

∂ ηk

+ ξk , (3.19)

k = 1 , 2 , ...., n
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where εe
ij is the elastic strain and εt

ij ( ηk ) is the transformation strain (see Eq. (3.10)).

Let us analyze a system of Eqs. (3.16) - (3.19). The first three equations (3.16) - (3.18)

represent the standard elastodynamics equations with the transformation strain εt
mn that

can be treated as the thermal strain for a numerical solution. The last equations (3.19) are

similar to non-stationary heat transfer equations as follows

ρ c
∂ θ

∂ t
= k (

∂2 θ

∂ x2
1

+
∂2 θ

∂ x2
2

+
∂2 θ

∂ x2
3

) + Q . (3.20)

If k = n = 1 in Eq. (3.19), we have a standard system of coupled heat transfer and

elastodynamics equations. If n > 1 , we have a system of coupled n heat transfer equa-

tions and elastodynamics equations. Coupling follows from the fact that the transformation

strain εt
mn in the elastodynamics equations depends on the order parameters ηk and the

term ∂ G/ ∂ ηk in Eq. (3.19) depends on the stress σmn .

It is necessary to note in case of neglecting inertial forces (i.e., ρ üj = 0 ), Eq. (3.18)

reduces to the mechanical equilibrium equation. Phase-field equations with the static equa-

tion were considered in Wang, Y and Khachaturyan (1997), Artemev et al. (2000, 2001),

Seol et al. (2002, 2003), Ichitsubo et al. (2002), Saxena et al. (1993), Shenoy et al. (1999),

Rasmussen et al. (2001), Ahluwalia et al. (2003), Lookman et al. (2003 a, b), Jacobs

(2000), Curnoe and Jacobs (2001 a, b) and Jacobs et al. (2003) and were solved semiana-

lytically using the Fourier transformation.

In contrast to approaches presented in Curnoe and Jacobs (2001 a, b), Lookman et al.

(2003 a, b) and Jacobs et al. (2003) we do not need to introduce Rayleigh dissipation

for elastic bodies. The corresponding dissipation mechanism in our approach is naturally

introduced by the time dependent Ginzburg-Landu equation (3.19).
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3.3 Finite Element Algorithm

To solve the coupled time dependent system of equations (3.16) - (3.19) the following

finite element algorithm can be suggested.

For the integration of the system of equations in time, the total observation time is

subdivided into N time steps with the small time increments ∆T . Then in order to find

unknown parameters at the end of each time step, we assume that:

a) for the k -th equation (3.19) all order parameters ηk , ( k = 1, 2, ..., n ) and stresses are

fixed and known from the previous time step.

b) for equations (3.16) - (3.18) all order parameters are fixed and known from the previous

solution of n equations (3.19).

These assumptions correspond to an explicit time integration scheme and allow decou-

pling the system (3.16) - (3.19) at any small time step; i.e., any the k -th equation (3.19)

and system (3.16) - (3.18) can be solved separately. For the solution to the k -th equation

(3.19) and system (3.16) - (3.18) at any time step, the finite element algorithms with im-

plicit time integration method for heat transfer problems and elasticity problems will be

applied respectively.

The finite element algorithm for the solution of equations (3.16) - (3.19) at any time

step is given in Box 3.1. The algorithm is implemented into the finite element program

’FEAP’ (Zienkiewicz et al., 2000) for the 2-D case and it will extend to 3-D case.

The main advantages of the application of the finite element method to the solution

of the considered problem consist in the fact that the method is well developed for elas-

ticity and heat transfer equations and can be easily applied to complicated geometry and

boundary conditions.
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Box 3.1. FINITE ELEMENT SOLUTION ALGORITHM

Given: Initial values for stresses and order parameters at time T .

{σ }T , { ηk }T , ( k = 1 , 2 , ..., n ) .

Find: Stresses and order parameters at T + ∆T .

{σ }T + ∆ T , { ηk }T + ∆ T , ( k = 1 , 2 , ..., n ) .

1. Solve ’n’ heat transfer equations (3.19) separately in order to calculate the order

parameters { ηk }T +∆ T at time T + ∆T .

[C] { d ηk

d t
} + [Kc ] { ηk } = {Qk ( η1 , η2 , ...., ηn , {σ }T ) } , (3.21)

( k = 1 , 2 , ...., n )

where [C] is the capacitance matrix,

[Kc] is the conductance matrix,

[Qk] is the heat load vector due to heat generation.

2. Evaluate the total transformation strain at T + ∆T (see Eq. (3.10))

{ εt }T+∆ T = { εt ( ηT+∆ T
1 , ηT+∆ T

2 , ..., ηT+∆ T
n ) } . (3.22)
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3. Solve the elastic problem equations (3.16) - (3.18)

[M ]
d2{U }
d t2

+ [K] {U } = {R ( ηT+∆ T
1 , ηT+∆ T

2 , ..., ηT+∆ T
n ) } . (3.23)

where [M ] is the mass matrix,

[K] is the stiffness matrix,

{U} is the displacement vector,

{R} is the load vector.

Updade stresses at T + ∆T

{σ }T+∆ T = [D] ( [B] {U }T+∆ T − { εt }T+∆ T ) + {σin } , (3.24)

where [D] is the elastic modulus matrix,

[B] is the standard finite element B-matrix.

3.3.1 A test problem with the homogeneous solution

For the verification of the code developed for the modeling of martensitic phase trans-

formation, the following two-dimensional test problem at plane strain is considered. We

assume homogeneous distribution of the order parameters, strains, and stresses over the

two-dimensional plate shown in Fig. 3.1 for the solution of a phase transformation prob-

lem. Then, for the homogeneous solution, Eqs. (3.16) - (3.19) can be simplified as follows.
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Figure 3.1: Cross-section of the plate.

The equation (3.19) reduces to

∂ η

∂ t
= −L ∂ G ( η , σ )

∂ η
, (3.25)

and equations (3.16) - (3.18) can be solved analytically. We will select the following ho-

mogeneous initial conditions: η0
1 = 0.3 , u0

i = v0
i = 0 where u0

i and v0
i are the

initial displacements and velocities. The homogeneous boundary conditions are given as

∂ η1 / ∂ n = 0 for the whole boundary; un = τ = 0 along the boundaries AB, BC, and

CD; σn = 0 along the boundary AD where n is the outward normal to the boundary, un

is normal displacement, σn and τ are normal and shear stress.

It is easy to show that at these boundary conditions, the following homogeneous stresses

and strains can be found: ε11 = 0 , σ22 = 0 , σ12 = 0 . It also follows that ε33 =

σ13 = σ23 = 0 from the plane strain state. Then, using Hook’s law, two remaining stress
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Figure 3.2: The time variation of order parameter.

components can be found from the following equations.

ε11 =
1

E
(σ11 − ν σ33 ) + εt

11 = 0 , ε33 =
1

E
(σ33 − ν σ11 ) = 0 . (3.26)

Therefore,

σ11 = − E εt
11

1 − ν2
, σ33 = − ν E εt

11

1 − ν2
. (3.27)

where εt
11 is a component of transformation strain (see Eq.(3.10)).

Summary: for the given homogeneous boundary and initial conditions, the solution of

equations (3.16) - (3.19) reduces to the solution of the evolution Eq. (3.25) with two non-

zero stress components given by Eq (3.27). The integration of Eq. (3.25) yields the final

homogeneous solution.
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We have solved this test problem at two different temperatures using the code developed

and the ”Mathematica” code. Comparing the solutions of the problem calculated with

these different codes (they are practically the same for each temperature, see Fig. 3.2),

we verified the accuracy of our code regarding the use of a complicated expression for the

thermodynamic potential, Eqs. (3.10) - (3.15).

It is necessary to mention that the code ’FEAP’ was also verified for the solution of

non-homogeneous heat-transfer and elasticity problems. Therefore, we can expect that our

code solves correctly Eqs. (3.16) - (3.19) for non-homogeneous solutions as well.

3.4 Numerical Modeling

We consider the following model problems for the multi-variant martensitic phase

transformation in a two and three-dimensional specimen in corresponding sections.

i) Modeling of the evolution of a thin, single-variant martensitic nucleus (the problem is

used to study the effect of the variation of E and β on the evolution of the nucleus).

ii) Modeling of multi-variant martensitic phase transformation in a 2D single crystalline

specimen.

ii.1) Evolution of the initial martensitic embryo.

ii.2) Evolution of the initial randomly distributed order parameters.

iii) Martensitic phase transformation in a 2D polycrystalline specimen.

iv) Martensitic phase transformation in a 3D single crystalline specimen.

v) Martensitic phase transformation in a 2D single and polycrystalline specimens under

impact loading.

The following material parameters for NiAl alloy (cubic to tetragonal phase transforma-

tion) are used for all problems (see Levitas and Preston (2002) and Levitas et al. (2002)):

a = 2.98 ; Ā = 5320MPa ; θe = 215K ; θc = −183K ; A0 = 4.4MPa/K ;

B = 0 ; D = 5000MPa ; β = 2.33× 1011N ; L = 2596.5m2 /Ns ;
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εt1 = { 0.215;−0.078;−0.078; 0; 0; 0 } ; εt2 = {−0.078; 0.215;−0.078; 0; 0; 0 } ;

E = 198, 300MPa ; ν = 0.33 ; ρ = 5850 kg /m3 . Here a , Ā , θe , θc , A0 , B

and D are material parameters in Eqs. (3.10) - (3.15); β and L are material parameters

in Eq. (3.19). εt1 and εt2 are the transformation strains of martensitic variant 1 and 2,

respectively (known from crystallography). E is the Young’s modulus, ν is the Poisson’s

ratio (the elastic modulus tensor C is assumed to be isotropic) and ρ is the mass density.

We assume that the temperature θ is uniformly distributed through the specimen and does

not change during phase transformation (the isothermal case).

3.4.1 Modeling of the evolution of a thin, single-variant martensitic nucleus

Let us consider the evolution of one thin single-variant martensitic nucleus in an austenitic

2-D plate shown in Fig. 3.3. The dimensions of the plate are 50nm × 50nm . An initial

thin single-variant martensitic nucleus ( 10.0nm × 0.75nm ) is located at the center of the

plate. A single-variant martensitic phase transformation ( k = n = 1 in Eq. (3.19)) is

considered in this problem. We assume that the angle between the orientation of one axis

of the crystal lattice (with respect to the transformation strain is determined) and the x-axis

of the Cartesian coordinate system is 45◦ , so the transformation strain in the Cartesian

coordinate system can be given as follows: εt1 = {0.0685; 0.0685; 0; 0.293; 0; 0} . We

solve the problem for several different values of E (193800, 96900, 38760MPa) and

β (2.33 × 10−10, 2.33 × 10−11) for the analysis of their effect on the evolution of the

nucleus. The dynamic and static formulations are considered.

The following initial and boundary conditions are applied for the solution of equations

(3.16)-(3.19). The initial conditions for equations (3.16)-(3.19) are as follows: a) zero order

parameter η1 = 0 (which corresponds to austenite) for the whole specimen except the thin

nucleus located where η1 = 1 is given; b) initial displacement and velocity (prescribed for

the dynamic case only) are zero for the whole specimen. The boundary conditions for Eq.
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Figure 3.3: An austenite plate with a thin martensitic nucleus ( η1 = 1 ) at the center.
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(3.19) are prescribed as zero fluxes along the whole boundary of the specimen ( ∂η / ∂n ,

n is the outward normal to the boundary). The boundary conditions for the elastic problem

(Eq. (3.16) - (3.18)) are as follows: σn = τn = 0 (stress free) along the whole boundary.

Here σn and τn are normal and tangential tractive forces.

A structured finite element mesh consisting of 22500 ( 150 × 150 ) quadratic eight-

node rectangular finite elements and 68101 nodes is used for calculation. The observation

time t̃ = 2.1 × 10−11 s is subdivided into 700 time steps with the time increment ∆t =

3.0 × 10−14 s . All material parameters described in the beginning of the chapter are used

except the Young’s modulus E, β and transformation strain εti (they are given above).

The comparison of the numerical solutions for static and dynamic formulations is shown

in Fig. 3.4. The effect of E and β on the evolution of the nucleus is shown in Fig. 3.5.

From these results, we notice that the thin nucleus rotates through constant angle during

the evolution. These results can be understood with the following short explanation that

originates from crystallography theory. Evolution of nucleus is governed by minimization

of the energy of the system. Therefore, the nucleus tends to take a shape and position at

which the internal stresses are small. The orientation of the nucleus in Fig. 3.4 (h) and 3.5

(last row) corresponds to very small stresses at the interface between the austenitic plate

and the martensitic nucleus and is in good agreement with the crystallographic theory.

Next, let us compare the solutions for static and dynamic formulations shown in the

Fig. 3.4. First, the nucleus growth rate is different for these formulations. The growth rate

in the quasi-static case is faster than that in the dynamic case which can be observed in Fig.

3.4 (h, s). Second, for the quasi-static case, the thin nucleus is thicker than the nucleus in

the dynamic case, i.e. the growth rate is different in different directions.

The evolution of the single-variant martensitic nucleus for different values of E and β

are shown in Fig. 3.5. Comparing the first two columns with the same E, we can see the

effect of β . β affects the interface thickness between austenite and martensite and the
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Figure 3.4: Growing pattern of the thin nucleus. Pictures (a)-(i) which contain static (left)
and dynamic (right) solutions show the temporal sequences at the time t of 3.0 × 10−13,
3.0× 10−12, 6.0× 10−12, 9.0× 10−12, 1.2× 10−11, 1.5× 10−11, 1.8× 10−11, 2.1× 10−11

seconds respectively.
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Figure 3.5: Evolution of martensitic nucleus with varied Young’s modulus E and β which
described in top of each row. Each column shows (top to bottom) temporal sequences for
time t of 3.0 × 10−13, 3.0 × 10−12, 9.0 × 10−12, 1.2 × 10−11, 1.8 × 10−11, 2.1 × 10−11

seconds respectively.
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transformation rate as well. The larger β causes the thicker interface and it also decreases

the transformation rate. Comparing the second, third and fourth columns for the same β

and different E, we can see the effect of E. For larger E (the second column), the thin

nucleus grows faster in the horizontal direction than in the vertical direction. For smaller

E (the fourth column), the thin nucleus grows faster in the vertical direction.

3.4.2 Modeling of multi-variant martensitic phase transformation in a 2D single

crystalline specimen

3.4.2.1 Evolution of the initial martensitic embryo

Let us consider the evolution of the initial martensitic embryo ( η1 = η2 = 0.5 ) in a

2-D specimen shown in Fig. 3.6. The dimensions of the specimen are 50nm×50nm . We

assume that the specimen consists of austenite and two martensitic variants (n = 2 in Eq.

(3.19)). At initial time, we assume the presence of a martensitic embryo ( 2.5nm×2.5nm )

at the center of the square austenitic specimen.

We solve the system of equations (3.16) - (3.19) with the following initial and boundary

conditions. The initial conditions for the Eq. (3.19) are zero order parameters, η1 = η2 = 0

(which correspond to austenite), for the whole specimen except the initial multi-variant

martensitic embryo located, where the order parameters η1 = η2 = 0.5 are given. The

initial conditions for the elastic problem, Eqs. (3.16) - (3.18), are zero initial displacements

and velocities (which have to be prescribed for dynamic case only) for the whole specimen.

The initial homogenous stresses (σin
11 = σin

22 = 20GPa ) are applied to the whole specimen

to promote phase transformation (see Eq. 3.24 in box 3.1). The boundary conditions for the

Eq. (3.19) are given as zero fluxes ( ∂ηk / ∂n = 0 , k = 1, 2 ) along the entire boundary

of the specimen. The boundary conditions for the elastic problem, Eqs. (3.16) - (3.18),

are as follows: un = 0 , τn = 0 along the entire boundary of the specimen, where un are

normal direction displacements and τn are the tangential tractive forces. The homogeneous

constant temperature θ = 288K is assumed. The material properties described at the
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Figure 3.6: 2-D square austenitic specimen with one martensitic multivariant initial em-
bryo.
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beginning of this chapter are used. The observation time t̃ = 4.2 × 10−10s is subdivided

into 14000 time steps with a time increment ∆t = 3.0×10−14s . A structured finite element

mesh with 22500 ( 150× 150 ) quadratic eight-node rectangular finite elements and 68101

nodes are used in the calculations.

The evolutions of martensitic embryo for the dynamic and quasi-static cases are shown

in Fig. 3.7. The first and second columns correspond to variant 1 and variant 2 for the

dynamic case. The third and fourth columns correspond to variant 1 and variant 2 for the

quasi-static case. Rows (1)-(8) are the snapshots at time t of 3.0 × 10−13, 1.5 × 10−12,

6.0 × 10−12, 1.5 × 10−11, 2.7 × 10−11, 4.2 × 10−11, 6.0 × 10−11, 4.2 × 10−10 seconds

respectively and let us call these time moments as step (1)-(8).

First, in step (1)-(2), the square martensitic embryo grows faster in the vertical direction

for martensitic variant 1 and in the horizontal direction for variant 2. The initial marten-

sitic embryo with intermediate values of the order parameters ( η1 ' η2 ' 0.5 ) forms

martensitic twin structure with variant 1 and 2. The directions of martensitic strips coincide

with those determined from crystallography theory. As the martensitic embryo grows, the

austenitic plate completely changes to martensite with twin structure (see step (4)). During

step (1)-(4), there are no essential differences between the dynamic and quasi-static cases

(in the quasi-static case, the growth rate is a little bit faster than in the dynamic case). Next,

in step (5)-(8), in the dynamic case, the microstructure gradually changes and the evolu-

tion of microstructure finishes around at 8.0 × 10−11s . However, in the quasi-static case,

the microstructure changes very fast. i.e., after the austenitic plate changes to martensite

(step (4)), the microstructure changes rapidly to the final stationary microstructure around

at 2.1×10−11s (see step (4)-(5)) and does not change anymore (see step (5)-(8)). The final

microstructures for the both cases have similar shapes (4 clusters of twin structure at the

corners of the specimen) but they are not same. In the dynamic case, the martensitic strips

in the clusters of twin structure are thicker than these in the quasi-static case.
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Figure 3.7: Evolution of martensitic nucleus at the center of 2D square specimen. The first
and second columns correspond to variant 1 and variant 2 for the dynamic case. The third
and fourth columns correspond to variant 1 and variant 2 for the quasi-static case. Rows
(1)-(8) are the snapshots at time t of 3.0× 10−13, 1.5× 10−12, 6.0× 10−12, 1.5× 10−11,
2.7× 10−11, 4.2× 10−11, 6.0× 10−11, 4.2× 10−10 seconds respectively.
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Figure 3.8: Evolution of the volume fraction of the martensitic phases (variant 1and 2)
and parent phase (austenite) during phase transformation for the dynamic and quasi-static
cases.

Let us compare the evolution of the volume fraction of the martensitic phases and the

parent phase (austenite) for the dynamic and quasi-static cases shown in Fig. 3.8. As

the martensitic embryo grows, and the austenitic plate changes to martensite, the volume

fractions of the martensitic phases increase until time t ' 1.0 × 10−11s for the dynamic

and quasi-static cases. Here, we notice that the total volume fraction of the martensitic

phases (the summation of the volume fractions of the martensitic phases) is less than 1

even though the austenitic plate fully changes to the martensite after t ' 1.5 × 10−11s .

The reason is the existence of the interfaces between martensitic variants (in the interface,

the order parameters ( η1, η2 ) are less than 1 so the interface is not counted in the volume
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fraction of the martensite). That reason also causes the non-zero volume fraction of the

austenite after the plate changes to the martensite (the volume fraction of the austenite = 1

- the total volume fraction of the martensitic phases). As shown in Fig. 3.8, the evolution

of the volume fraction of the martensitic phases and austenite are different for the dynamic

and quasi-static cases. As the microstructure reaches the final stationary microstructure,

the volume fractions does not change anymore after t ' 2.1× 10−11s for the quasi-static

case and t ' 8.0 × 10−11s for the dynamic case. In the dynamic case, the evolution of

volume fractions irregularly oscillates during phase transformation which has not seen in

the quasi-static case.

3.4.2.2 Evolution of the initial randomly distributed order parameters

We consider the evolution of the initial randomly distributed order parameters in the 2-D

specimen ( 50nm×50nm ). The initial random distribution of the order parameters (see Fig.

3.9) is presented with the following method: random values (between 0 and 1) of ηi
1 and

ηi
2 were assigned to each node ’ i ’ of the finite element mesh using the built-in FORTRAN

function ’RANDOM’. We solve the system of equations (3.16) - (3.19) with the following

initial and boundary conditions. The initial conditions for the Eq. (3.19) are prescribed

with the initial random values of order parameters at each point of the specimen. The

initial conditions for the elastic problem, Eqs. (3.16) - (3.18), are zero initial displacements

and velocities (which have to be prescribed for dynamic case only) for the whole specimen.

The initial homogenous stresses (σin
11 = σin

22 = 20GPa ) are applied to the whole specimen

to promote phase transformation (see Eq. 3.24 in box 3.1). The boundary conditions for the

Eq. (3.19) are given as zero fluxes ( ∂ηk / ∂n = 0 , k = 1, 2 ) along the entire boundary

of the specimen. The boundary conditions for the elastic problem, Eqs. (3.16) - (3.18),

are as follows: un = 0 , τn = 0 along the entire boundary of the specimen, where un are

normal direction displacements and τn are the tangential tractive forces. The homogeneous
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Figure 3.9: A 2-D square specimen. Red represents martensitic variant 1 ( η1 = 1 ). Blue
represents austenite or martensitic variant 2 ( η1 = 0 ). Other colors represent intermediate
values between 0 and 1.

constant temperature θ = 288K is assumed. The material properties described at the

beginning of this chapter are used. The observation time t̃ = 4.2 × 10−10s is subdivided

into 14000 time steps with the time increment ∆t = 3.0× 10−14s .

Let us compare the solutions obtained. The evolution of the microstructure using the

dynamic and static formulations is shown in Fig. 3.10. The first and second columns cor-

respond to variant 1 and variant 2 for the dynamic case. The third and fourth columns

correspond to variant 1 and variant 2 for the quasi-static case. Rows (1)-(8) are the snap-

shots at time t of 3.0 × 10−13, 1.5 × 10−12, 3.9 × 10−12, 1.5 × 10−11, 2.7 × 10−11,

4.2 × 10−11, 1.2 × 10−10, 4.2 × 10−10 seconds respectively. The evolution rate of the

microstructure for the quasi-static case is much faster than that for the dynamic case; e.g.,
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by comparing the solutions at step (1) (first row) for the dynamic and quasi-static case

in Fig. 3.10, the randomly distributed initial order parameters form several strips for the

quasi-static case while, at the same step, there are only intermediate values of the order

parameters ( η1 ' η2 ' 0.5 ) in the whole specimen for the dynamic case. Also, for the

quasi-static case, the microstructure converges to the final stationary microstructure at time

t ' 1.25 × 10−10s , which is earlier than that for the dynamic case ( t ' 1.7 × 10−10s ).

Next, for the dynamic and quasi-static cases, the corresponding microstructures have differ-

ent evolution histories. For the quasi-static case, the microstructure changes significantly at

t ' 6.0×10−12s (see the microstructures at step (3) and (4) for the quasi-static case in Fig.

3.10) and the microstructure at step (4) is very similar to its final stationary microstructure.

Finally, the final microstructures for the dynamic and quasi-static case are totally different

(see the microstructures at step (8)).

Let us compare the evolution of the volume fraction of martensitic phases and austenite

during phase transformation. As shown in Fig. 3.11, the volume fraction evolutions for

the dynamic and quasi-static cases are different. For the quasi-static case, the volume

fraction slopes are very steep between time t = 0 and t ' 6.0× 10−12s . And then, there

are only little changes on the volume fractions until the phase transformation is finished

( t ' 1.25 × 10−10s ). However, for the dynamic case, the evolution rates of the volume

fractions are consistent during phase transformation.
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Figure 3.10: Evolution of the initial randomly distributed order parameters in a 2D square
specimen. The first and second columns correspond to variant 1 and variant 2 for the
dynamic case. The third and fourth columns correspond to variant 1 and variant 2 for the
quasi-static case. Rows (1)-(8) are the snapshots at time t of 3.0 × 10−13, 1.5 × 10−12,
3.9 × 10−12, 1.5 × 10−11, 2.7 × 10−11, 4.2 × 10−11, 1.2 × 10−10, 4.2 × 10−10 seconds
respectively.
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Figure 3.11: Evolution of the volume fraction of the martensitic phases (variant 1and 2)
and parent phase (austenite) during phase transformation for the dynamic and quasi-static
cases.
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3.4.3 Martensitic phase transformation in a 2D polycrystalline specimen

Next, we consider the martensitic phase transition in a polycrystalline specimen. Poly-

crystalline materials are composed of many crystallites (grains) which vary in orientation

and size. Polycrystalline materials may have random distribution of orientations for each

grain, called random texture, or sometimes the variation of orientations and grain size can

be designed by controlling the growth and processing condition.

In our approach, different orientations for the each crystallite are given as varying rela-

tive orientations of the geometrical axis of the specimen (see X and Y in Fig. 3.6 and 3.9)

and the transformation strains (the orientation of the crystal lattice). When we consider

the rotation of crystal lattice by angle β around the Z-axis, the equivalent transformation

strain can be determined by Eq. (2.52) (refer Eq. (2.52) and descriptions).

Before we consider the phase transformation in a polycrystalline specimen, several

single crystal problems (which are the same as the problem described in Section 3.4.2.2)

with different orientations of the crystal lattice are solved to see the effect of the rotation

of crystal lattice. The microstructures of the three specimens which have different crystal

lattice orientations are compared in Fig. 3.12. The crystal lattice of the specimens for (a),

(b) and (c) are assumed to be rotated β of 30, 45 and 60 degree respectively. All three cases

(a), (b) and (c) contain two snap shots at time t = 9.0× 10−12 (left) and t = 7.5× 10−11

second (right) (these are not the stationary microstructures). The microstructures at three

different specimens consist of several martensitic strips; however, the directions of the

martensitic strips are different due to the varying orientation of crystal lattice. These results

are in good agreement with the crystallography theory.

Now, let us consider the martensitic phase transformation at the 2D polycrystalline

specimen described in Fig. 3.13. The 50nm × 50nm square polycrystalline specimen

is assumed to have eight grains which vary in the orientation of crystal lattice and size.

Different orientations for each grain are represented by assigning the different values of the
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( a ) β = 30°

( b ) β = 45°

( c ) β = 60°

 Figure 3.12: Microstructures of square specimens which have different crystal lattice ori-
entation.
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Figure 3.13: 2D polycrystalline specimen with 8 crystallites.

 

Figure 3.14: An unstructured finite element mesh with 40374 quadratic six-node triangular
finite elements.
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rotation angle β in Eq. 2.52.

We solve the system of equations (3.16) - (3.19) with the following initial and boundary

conditions. The initial conditions for the Eq. (3.19) are prescribed with the initial random

values of order parameters at each point of the specimen. The initial conditions for the

elastic problem, Eqs. (3.16) - (3.18), are zero initial displacements and velocities for the

whole specimen. The initial homogenous stresses (σin
11 = σin

22 = 20GPa ) are applied

to the whole specimen to promote phase transformation (see Eq. 3.24 in box 3.1). The

boundary conditions for the Eq. (3.19) are given as zero fluxes ( ∂ηk / ∂n = 0 , k =

1, 2 ) along the entire boundary of the specimen. The boundary conditions for the elastic

problem, Eqs. (3.16) - (3.18), are as follows: un = 0 , τn = 0 along the entire boundary

of the specimen, where un are normal direction displacements and τn are the tangential

tractive forces. The homogeneous constant temperature θ = 288K is assumed. The

observation time t̃ = 7.5×10−11s is subdivided into 2500 time steps with a time increment

∆t = 3.0 × 10−14s . Due to the shape of the grains in a polycrystalline specimen, an

unstructured finite element mesh with 40374 quadratic six-node triangular finite elements

and 81283 nodes are used in the calculations (see Fig. 3.14). For the solution of the

problem, only dynamic formulations are used, and the solutions are not compared with that

of quasi-static case.

Let us analyze the evolution of microstructure in a polycrystalline specimen shown in

Fig. 3.15. Each figure (a) - (h) contains the snapshots of microstructure for martensitic

variant 1 (left) and variant 2 (right) at time t of 3.0 × 10−13, 1.5 × 10−12, 4.5 × 10−12,

1.2 × 10−11, 2.1 × 10−11, 3.0 × 10−11, 6.0 × 10−11, 7.5 × 10−11 seconds respectively.

First (see (a), (b)), randomly distributed initial order parameters forms complicated the

tweed structure, which is not transformed to pure martensite as of yet (intermediate state

( 0 < ηi < 1 )). The directions of the tweeds in each grain are different from each other

because each grain has a different crystal lattice orientation. As transformation continues
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(see (c) - (f)), several thin martensitic strips are merged or disappeared and the polycrys-

talline specimen entirely changes to the martensite with two variants except in some small

regions where the evolution still progress. And during (g) - (h), the phase transition is

almost completed and there are only small local variations of order parameters. Through-

out the transformation process, the directions of the strips in each grain are consistent and

do not change. Some of martensitic strips which across the grain boundary are bended at

the boundary where the orientation of crystal lattice changes, and some other martensitic

strips do not penetrate the boundary. Note that we focus on the effects of grain orientation

in this simulation and the final microstructures shown in Fig 3.15 are not the stationary

microstructures.
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Figure 3.15: Evolution of martensitic microstructure in 2D polycrystalline specimen. Each
figure (a)-(h) contains the snapshots of microstructure for martensitic variant 1 (left) and
variant 2 (right) at time t of 3.0×10−13, 1.5×10−12, 4.5×10−12, 1.2×10−11, 2.1×10−11,
3.0× 10−11, 6.0× 10−11, 7.5× 10−11 seconds respectively.
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3.4.4 Martensitic phase transformation in a 3D single crystalline specimen

Now, the dimension of model problems expands from 2D to 3D. In the 3D model prob-

lem, all three martensitic variants for the cubic to tetragonal martensitic transformation are

taken into account. Figure 3.16 shows a cubic specimen with dimension 25nm× 25nm×

25nm . The material properties of NiAl alloy listed at the beginning of Chapter 3.4 are

used. Additional transformation (Bain) strain for the third martensitic variant is given as

εt3 = {−0.078;−0.078; 0.215; 0; 0; 0} . The initial conditions for the system (3.16) - (3.19)

were as follows: a) the initial random distribution of the order parameters η1 , η2 and η3

with values between 0 and 1 was given; b) initial displacements and velocities (which have

to be prescribed for the dynamic case only) were zero for the whole specimen; c) homo-

geneous initial stresses ( σin
11 = σin

22 = σin
33 = 20GPa and σin

12 = σin
13 = σin

23 = 0 ) were

applied to the whole specimen for the promotion of transition.

The boundary conditions for the elastic problem (Eqs. (3.16) - (3.18)) were as follows:

un = 0 and τn = 0 along the whole boundary of the specimen, where un and τn are the

normal displacements and the tangential stresses, respectively. The boundary conditions

for Eq. (3.19) were prescribed as zero fluxes ∂ηi/∂n = 0 along the whole boundary of

the specimen. We also assumed the homogeneous temperature θ = 288K , which does not

change during phase transformation. The observation time t̃ = 4.2×10−10s s at which the

microstrucure became practically stationary, was subdivided into 14000 time steps with the

time increment ∆t = 3.0× 10−14s . A structured finite element mesh with 2028 quadratic

twenty seven-node brick finite elements and 18225 nodes are used in the calculations.

The evolution of microstructures for the static and dynamic formulations is shown in

Fig. 3.17. Let us compare the solutions obtained. The evolution rate of a microstructure for

the static formulation is much faster than that for the dynamic formulation; e.g., as we can

see from second column in Fig. 3.17, the randomly distributed initial order parameters form

microstructure with several martensitic plates in the static formulation at time t = 1.5 ×
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Figure 3.16: A 3-D cubic specimen with the random distribution of initial nuclei. Red
represents martnsitic variant 1 ( η1 = 1 ). Blue represents austenite or other martensitic
variants. Other colors represents intermediate values between 0 and 1 and corresponds to
the mixture of austenite and martensite.

10−12s . However, at the same time, there is no martensitic microstructure for the dynamic

formulation; i.e., only intermediate values between 0 and 1 of the order parameters occur

in the whole specimen. Next, for the static and dynamic formulations, the corresponding

microstructures have different evolution histories. And finally, the microstructures at the

final time considered are totally different; see fourth column in Fig. 3.17.

Fig. 3.18 shows the schematic diagram of the martensitic microstructure for the dy-

namic case at the final time instant, which contains all three martensitic variants in one

picture. The sample is divided into several regions consisting of two martensitic variants

in twin relations. Planes between twin-related variants are designated in Fig. 3.18 and

coincide with those determined from the crystallographic theory.
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Figure 3.17: Evolution of microstructure in the 3D specimen. Rows A-C and D-F are the
evolution of the microstructure (the order parameters) obtained as solutions of dynamic and
static problems, respectively. Rows A and D are for variant 1; rows B and E are for variant
2, and rows C and F are for variant 3. Columns 1-4 are the temporal sequences for time t of
3.0× 10−13, 1.5× 10−12, 4.8× 10−11 and 4.2× 10−10s, respectively. In each sample, red
represents each martensitic variant, and blue represents the other two martensitic variants,
or austenite.
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Figure 3.18: Schematic diagram of martensitic microstructure for the dynamic formula-
tion at the final time instant, which contains all three martensitic variants. The sample is
divided into several regions consisting of two martensitic variants in twin relations. Des-
ignated planes between the twin-related variants coincide with those determined from the
crystallographic theory.
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3.4.5 Martensitic phase transformation in a 2D single and polycrystalline specimen

under impact loading

Martensitic phase transformation in a specimen under impact loading is considered.

From the previous results, comparing the solutions using static and dynamic formulation, it

is obvious that neglecting the inertial forces leads to significant differences in the solutions

(evolution rate, history and final microstructure) even without external loading. Stresses

and temperature are the two main factors which induce the martensitic phase transforma-

tion; and, it is impossible to calculate the stress field correctly with static formulation when

the impact loading is applied.

Single and poly crystalline specimens under impact loading at the boundary CD shown

in Fig. 3.19 are considered. We solve the system of equations (3.16) - (3.19) with the

following initial and boundary conditions. The initial conditions for the Eq. (3.19) are

zero order parameters, η1 = η2 = 0 (which correspond to austenite), for the whole spec-

imen except the nodal points at the boundary CD where the small random perturbations

( η1, η2 < 0.3 ) are given. The initial conditions for the elastic problem, Eqs. (3.16) -

(3.18), are zero initial displacements and velocities for the whole specimen. Also, the ini-

tial homogenous stresses (σin
11 = σin

22 = 20GPa ) are applied to the whole specimen to

promote phase transformation (see Eq. 3.24 in box 3.1). The boundary conditions for

the Eq. (3.19) are given as zero fluxes ( ∂ηi/∂n = 0 ) along the entire boundary of the

specimen. The boundary conditions for the elastic problem, Eqs. (3.16) - (3.18), are as

follows: un = 0 , τn = 0 at the boundary AB, BC and AD; time dependent loading

un = −0.0001nm∗ number of time steps (see Fig. 3.19(a)) and τn = 0 are applied at

the boundary CD, where un and τn are the normal displacements and tangential tractions.

We also assumed the homogeneous temperature θ = 288K , which does not change during

phase transformation. The material properties described at the beginning of this chapter

are used. The observation time t̃ = 7.5 × 10−11s is subdivided into 2500 time steps
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Figure 3.19: Single and poly crystalline specimen under impact loading on boundary CD.
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with a time increment ∆t = 3.0 × 10−14s . A structured finite element mesh with 22500

( 150× 150 ) quadratic eight-node rectangular finite elements and 68101 nodes for the sin-

gle crystal problem and an unstructured finite element mesh with 40374 quadratic six-node

triangular finite elements and 81283 nodes for the poly crystalline problem are used in the

calculations.

Let us analyze the results. Figure 3.20 and 3.21 show the evolution of microstructure

in single and poly crystalline specimens. Figures (a) - (h) are the temporal sequence of the

microstructure for variant 1 (left) and 2 (right) at time t of 1.8× 10−11, 5.4× 10−12, 9.0×

10−12, 1.26×10−11, 1.5×10−11, 2.4×10−11, 6.0×10−11, 7.5×10−11 seconds respectively.

First, let us consider the evolution of microstructure in single crystal under impact. The

stresses due to impact loading lead to the phase transformation. The austenite specimen

changes to martensite from the right side of the boundary where the impact is applied.

And the rate of interface (between austenite and martensite) propagation is constant until

the interface reaches to the left side and the entire specimen changes to martensite. The

martensite forms twin domain with variant 1 and 2. After the entire specimen changes to

martensite, the similar evolution of microstructure is observed compared to the previous

result in 2D single crystal problems in Section 3.4.2.2, such as merging or disappearing of

the martensitic strips.

Second, let us consider the evolution of microstructure in a polycrystalline specimen

under impact shown in Fig. 3.21. Due to the impact loading at the right side of the bound-

ary, phase transformation starts from the right end, and the austenite specimen gradually

transforms to martensite just as with the propagation in the single crystal. Comparing fig-

ures (a) - (e) in Fig. 3.20 and 3.21, the interface propagation rates in the single and poly

crystalline specimen are practically the same, so the inclusion of grain boundaries does not

significantly affect the propagation rate. However, the evolutions of the microstructure are

totally different due to the inclusion of grains which vary in the orientation of crystalline.
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Figure 3.20: Evolution of microstructure in a single crystal specimen under impact loading.
(a)-(h) are the temporal sequence of the microstructure for variant 1 (left) and 2 (right) at
time t of 1.8× 10−11, 5.4× 10−12, 9.0× 10−12, 1.26× 10−11, 1.5× 10−11, 2.4× 10−11,
6.0× 10−11, 7.5× 10−11 seconds respectively.
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Figure 3.21: Evolution of microstructure in a poly crystalline specimen under impact load-
ing. (a)-(h) are the temporal sequence of the microstructure for variant 1 (left) and 2 (right)
at time t of 1.8×10−11, 5.4×10−12, 9.0×10−12, 1.26×10−11, 1.5×10−11, 2.4×10−11,
6.0× 10−11, 7.5× 10−11 seconds respectively.
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Although the martensitic region consists of twin domain with variant 1 and 2, the directions

of the twin domain in each grain are different and correspond to the each crystalline orien-

tation of the grains. Note that we focus on the evolution of microstructure due to external

dynamic loading in this Section and the final microstructures shown in Fig 3.20 and 3.21

are not the stationary microstructures.

3.5 Concluding Remarks

Numerical modeling of martensitic phase transformation at nano-scale based on a new

phase-field (Ginzburg-Ladau) approach is presented.

Compared to the thermomechanical phenomenological models (including the model

described in Chapter II), the new approach (phase-field model) describes the martensitic

microstructure at nano-scale. A gradient energy term (with explicit scale parameters) in the

field equations allows description of very thin interfaces (∼ 1nm) between austenite and

martensite, and martensitic variants. Known thermomechanical models do not explicitly

include the surface energy, can not describe interfaces between martensitic variants, and

are valid at greater scales.

Compared to other approaches based on Ginzburg-Landau theory (see Wang, Y and

Khachaturyan, 1997; Artemev et al., 2000, 2001; Seol et al., 2002, 2003; Ichitsubo et al.,

2002; Lookman et al., 2003 a, b; Jacobs, 2000, Curnoe and Jacobs, 2001 a, b; Jacobs et al.,

2003), our approach is much more accurately describes martensitic phase transformation

in following aspects:

(a) advanced free energy derived in Levitas and Preston (2002) and Levitas et al. (2003)

is used which correctly describes the main experimental features of stress-induced phase

transformation;

(b) elasto-dynamics equations with inertial forces are used in the suggested approach.

The models with transformation strain-related order parameters (as in our approach) sug-
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gested by Wang, Y and Khachaturyan (1997), Artemev et al. (2000, 2001), Seol et al.

(2002, 2003) includes elasto-static equations only. However, the numerical results show

the very significant influence of inertial effects on microstructure evolution, even for the

traditional problem on relaxation of initial perturbations to stationary microstructure. The

models (based on the order parameters consisting of the selected strain components) with

inertial forces are suggested by Lookman et al. (2003 a, b), Curnoe and Jacobs (2001 a,

b) and Jacobs et al. (2003). However, these models do not allow for ways to accurately

describe the stress-strain curves at martensitic phase transitions as was shown in Levitas

and Preston (2002) and Levitas et al. (2003).

For the numerical simulation of the martensitic phase transformation, a new finite el-

ement algorithm is developed for the solution of the phase-field equations. In contrast to

the spectral methods used with the known models based on Ginzburg-Landau theory, the

new finite element approach is more flexible and allows to easily include in calculations

different boundary conditions and the elasto-dynamics equations.

Through use of the new numerical approach, 2D and 3D model problems on the marten-

sitic phase transformation in single and poly crystalline specimens at nano-scale were

solved. The numerical results show the essential effect of inertial forces on the evolution

and the formation of the final martensitic microstructure, not only for the problems with

dynamic loadings but also the traditional problem on relaxation of initial perturbations to

stationary microstructure.
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SUMMARY

Finite element modeling of martensitic phase transformation in elastic materials has

been presented in this study. Two new approaches are suggested for the simulation of

evolving martensitic microstructure at different length scales.

The first meso-scale approach for scales greater than 100nm and without upper bound

is based on the new thermomechanical model with strain softening. In contrast to known

thermomechanical models (Buisson et al., 1991; Boyd and Lagoudas, 1996a, b; Lim and

McDowell, 2002; Levitas et al., 1998, 1999; Thamburaja and Anand, 2001; Govindjee and

Miehe, 2001), the new model includes stress-strain relationships with strain softening and

allows the modeling of microstructure at martensitic phase transformation. The system of

equations for this model is similar to that for the elastoviscoplastic problems. A new finite

element algorithm is suggested for the solution of the system of equations. It includes

the numerical integration of the constitutive equations for phase transformation and the

general Newton-Raphson iterative scheme. The numerical approach is implemented into

the finite element software ABAQUS using the user material subroutine UMAT. Numerical

simulations of multi-variant martensitic phase transtion in 2D single crystal and polycrystal

plates under uniaxial loading have been studied. Simulated microstructures with austenitic

and martensitic phases are in qualitative agreement with those observed experimentally.

The second approach based on the Ginzburg-Landau theory is applied at nano-scale.

In contrast to known approaches, the suggested phase-field model includes following new

features:

(a) The advanced expression for the free energy suggested in Levitas and Preston (2002)

and Levitas et al. (2003) is used, which correctly describes the main experimental features

of stress-induced PT;

(b) The elasto-dynamics equations are used which has not been done before for theories
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based on transformation strain-related order parameters.

The system of equations for this model includes coupled elaso-dynamics and the time

dependent Ginzburg-Landau equations. Since the time-dependent Ginzburg-Landau equa-

tions are similar to the heat transfer equation, the total system of equations for the modeling

of martensitic phase transformation is similar to the system of coupled thermoelasticity and

heat transfer equations. A new explicit-implicit finite element algorithm is developed for

the solution of the coupled system of equations.

Multi-variant martensitic phase transformation in 2D single crystal and polycrystal, and

3D single crystal plates have been studied. The numerical results show the essential effect

of inertial forces on the evolution and the formation of the final martensitic microstruc-

ture. Simulated microstructures with austenite and martensitic variants are in qualitative

agreement with those observed experimentally.
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