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CHAPTER I 

BACKGROUND 

There has been notable discussion of whether Newton's universal law of 

gravitation is a complete description of the non-relativistic limit of gravitation. 

There has been proposed a number of revisions of the law, some of which are 

nearly as accepted as they are known, and others are met with great skepticism. 

This thesis addresses one of the latter categorj'', more specifically, it addresses 

whether telemetry data from probes like Voyager can be used to determine 

whether there is a Yukawa type potential in addition to the potential implied by 

Newton's Law. 

This thesis is divided into three chapters. The first chapter discusses the 

background of skepticism of Newton's Law, and the origin of proposed 

corrections. The second chapter is about the construction and testing of the 

software which I used in my investigation. The third chapter describes the 

nature of and results from that investigation. 

1.1 Gravitation: The Established Doctrine 

The inverse square law of gravitation is one of the most fundamental and 

established laws addressed by physics. Developed by Newton, it seems both 



simple and exact. It reflects the three dimensional nature of space, and the 

superposition of fields. It inspires almost rehgious praise from physicists. "The 

law^ of gravitation is unique among the laws of nature, not only in its wide 

generality, taking the whole universe in its scope, but in the fact that , so far as 

yet known, it is absolutely unmodified by any condition or cause whatever." [1] 

So established is the inverse square law that little thought is given to any 

possibility that it might onlj^ approximate the phenomenon at macroscopic 

distance scales where it should not break down. 

A slight deviation from inverse square was considered, though, to explain the 

anomalous precession of the perihehon of Mercury. An inverse square law 

predicts no such precession independent of all other factors. The effects of 

inverse square law violations bear some investigation. 

1.2 Perihelion Shift for Nearly Circular Orbits 

We can express the gravitational potential due to a single source, in a 

manner that will accommodate any functional form, as 

y ( , ) = _ ! ! ^ (1.1) 
r 

where m is the mass of the at tracted body, r is the mass separation, and any 

deviation from an inverse square law is absorbed by v{r). The kinetic energy of 

the orbiting body is given by 

r = —mr H—77ir $ , 
2 2 



and the Lagrangian is 

L = T-V 

— —mr -\- —m,r u -\ . 
2 2 r 

We begin by applying Lagrange's equation 

£ fdL\ _dL__ 
dt \dqi) dqi ~ 

in which qi is any generalized coordinate, and the dot signifies differentiation 

with respect to time. With qi = 6 we get that 

This is the familiar statement that angular momentum is a constant of motion 

for a central feild. We can define / = r'^6 as the angular momentum per unit 

mass, and since m is conserved, we see that / too is conserved. We leave m out 

of this definition so that it might cancel in other terms. 

If we now apply Lagrange's Equation with qi = r we get 

d '2 mv mv' 
—- [mr] — mrv -\ ;; = 0 
dt r^ r 

where v' = j ^ . By taking the derivative in the first term and dividing all terms 

by m we get 

f - r̂ 2 + 4 - - = 0 



and multiplying the second term by -^ = 1 we get the equation of motion for 

the r coordinate of the orbit: 

P V v' 
^ - - 3 + - 2 - - = ^- (1-2) 

Now, if we consider a circular orbit, the radius is constant. All derivatives of 

the radius with respect to time are therefore zero, leaving 

P V v' 
- - 3 - ^ - 2 - - = ^ (1-3) 

7*0 ^0 ^0 

which can be reduced to 

P -vro-^v'rl = 0. (1.4) 

A nearly circular orbit with the same angular momentum can be expressed as 

a perturbation of the circular orbit with r = ro + ri and f = f'l. Substituting this 

into equation 1.2 and keeping only terms Hnear in rj yields 

P P V V v' v' v' v" 

7*0 T-J r^ ri ri r^ r^ ro 

Combining terms and subtracting equation 1.3 produces 

P V v' v" 
Ti + 3~ri - 2-ri + 2—n n = 0. 

n n K 0̂ 

By regrouping terms we get 

P 2 r.. , oi v" 
7*1 + —7*1 + — / — VTQ •\-V ri ri ri — 0. 

The quantity in the bracket is the same as the left side of equation 1.4, and thus 

P v" 
Ti + - r r i ri = 0. 

7*0 7-0 
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All terms are linear either in ri or in f'l, which suggests a sinusoidal solution. 

Thus we have f'l = -u;^ri, where u; is the angular frequency of sinusoidal 

oscillation. Substituting this into equation 1.2 and dividing by rj yields 

7*0 7-0 

We can express a; as the orbital angular rate u;^ minus the rate of precession 

LVp. If the precession rate is small, we can substitute a;̂  = a;̂  — 2u;oUJp discarding 

the term that is quadratic in ujp. 

P v" 
-u;l + 2a;̂ u;p + — = 0 . 

7-2 ro 

Separating the unperturbed portion and the perturbation we get 

P 

.2 _ a;; = — (1.5) 
° «4 

0 

2iJo<^p = — 
7*0 

And thus the rate of precession, expressed in terms of v" and two observable 

quantities is 

v" 
Uii-n = 

^ 2roa;c 
(1.6) 

This is based only on the orbit having small eccentricity, and deviation from the 

- potential being small. Substituting the definition of / into equation 1.5 yields 

a;̂  = ^^, which suggests consistency. 

Now we should consider what conclusions might be and have been drawn 

from observation of the advance of the perihehon of Mercury. 



1.3 Observation of Perihelion Shift 

Any early consideration of deviation from an inverse square law, stemming 

from a desire to explain the anomalous advance of the perihelion of Mercury, was 

based on the assumption that the functional form of the gravitational force 

which afforded room for slight violation of the inverse square law could be 

expressed as 

This form introduces some confusion, because the dimensionahty is not 

conserved, and r^ is fractional in dimension. If we put the corresponding 

potential in the form of equation 1.1 we get 

V = GM^r-^ 

v" = {-S){-l-8)GMQr-''-^ 

Substituting this into equation 1.6, and discarding the higher order terms of 6, 

we have 

SGMQ 

2rluJoWp 

GMQ 

Since the orbital angular rate is given by u)l = ^ ^ this becomes 

2a;, 
8 = 'V 

UJ, 
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Mercury has an orbital angular rate of û o = 25.S/yr and its observed rate of 

perihelion shift is about cjp = 2.4 x W'^/yr. so equation 1.3 gives us 

^ = 1.86 X 10~^ Furthermore most of the perihelion shift can be explained 

simply by the Newtonian effects of other planets, leaving only a?p = 1.9 x 10~® 

and <̂  = 1.5 X 10""^. The more accurate figure oi 6 = 1.612 x 10""^ was given by 

Simon Newcomb in 1908 [1]. Since the gravitational force is so small at 

laboratory scale such a small modification would not be important, and likely 

not even measurable. Furthermore most, if not all of the advance of the 

perihelion has been explained in terms of General Relativity. 

Even so, deductions from astronomical scale experiments that there should 

be no deviation at laboratory scales based upon a form assumed for no 

particular theoretical reasons should be rejected straightaway. Similarly we 

cannot say that nuclear forces cannot play an important role because they are 

not measurable, or even observable, at laboratory scale. Indeed, contrary to the 

conclusion from astronomical data, there have been experimental results which 

show significant deviation from the inverse square law at laboratory scale, and 

the short end of terrestrial scale [5,6,8,10,11,14]. There have also been 

experimental results supporting the inverse square laws exactness at such scales, 

[7,13,16] but neither group of experimenters has managed to produce sufficiently 

compelling evidence to confirm or deny the validity of the inverse square law. 
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One might ask why any one would suspect that the inverse square law would 

fail at any range. Except that it is convergent, like charges attracting rather 

than repelling, it resembles the electric field, which has been shown to follow an 

inverse square law to the limit of experimental accuracy. Furthermore, it is 

beheved that the mediative particle of gravitation, the graviton, if it exists, is 

massless, which would suggest an exact inverse square law, just as the massless 

photon mediates the exactly inverse square electric field. But several theorists 

[3,15] have suggested that there may be one or more other particles that play a 

role. 

A Dilaton--a Nambu-Golds tone boson of dilation invariance--wiU, 
if it exists, couple to the graviton, because the dilaton dominates the 
energy momentum tensor, which is supposed to be a source of the 
graviton. The fact that the dilaton is a scalar particle does not prevent 
it from coupling to the graviton, which is described by a symmetric 
tensor field, but is not a genuine spin-2 particle because of its 
masslessness. As a consequence, the dilaton may affect the 
gravitational force between two masses. [3] 

The inclusion of a massive partner to the graviton modifies the form of the 

potential. There have been several forms suggested. Long, in some papers[10] 

uses 

G{R) = Go {l + \ln- 1 
I 1 cm) 

as the form of the "distance dependent gravitational constant," but in other 



papers[8,9,ll] incorporates the more widely used form 

y ( r ) = G o ^ ( l + a e - « ' ) , (1.7) 

where M is the mass of the attracting body. 

In the latter form, the inverse range should be given by /? = •2^ , where c is 

the speed of light, h is Planck's constant, and m^ is the mass of the dilaton. The 

dilaton mass, unfortunately is virtually unknown. It is at least known that it is 

not massless. Any speculation that the dilaton may be massless would require 

unbroken supersymmetry, which is not thought to be possible for reasons beyond 

the scope of this thesis, but which may be found in recent Hterature [5]. 

Several possible masses for the dilaton have been suggested, ranging over 

several orders of magnitude [3,4,5]. Some of these have been naively suggested to 

be the combination of two or more fundamental constants. This method is not 

without merit but has failed in other areas of physics where the new quantity 

sought is better known. If this method worked, for instance in the determination 

of the elementary electric charge, then the fine structure constant would be 1 

rather than -r^- That it gives an estimate within 1.1 orders of magnitude of the 

correct value is encouraging. Indeed, had the unit of charge been defined in 

terms of the divergence of the electric field instead of in terms of the force 

between two unit charges, the estimate would have been much closer. 

One might think that the most natural of the physical constants to consider 

first would be simply two which pervade quantum field theory, though they are 
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largely ignored by choice of the system of units--Planck's constant, h, and the 

speed of light, c,--and one which is specific to the phenomenon at hand, 

Newton's Universal Constant of Gravitation, G. Combining these three in the 

only possible manner to produce a quantity with dimensions of range yields 

13 ^ \l c^ 

~ 10"^^m 

which is ridiculously small, even at nuclear scale. Likewise, the associated mass 

is ridiculously large, being twenty orders of magnitude larger than that of a 

nucleon. 

It is noteworthy here that G, too, is defined in terms of the force between 

two masses, and not the divergence of the field. Any correction that would make 

to the above estimate does little to correct the large disparity between that 

estimate and reality. 

Another combination is suggested by Fujii [3]. "The dilaton mass could be ... 

of the order of Jb ~ [Ga'"^]^/^, which is a typical combination of two fundamental 

constants. (G is the Newtonian gravity constant, a' is the universal slope of 

Regge trajectories...)" While G is one of the least well known of the familiar 

fundamental constants, a' is uncertain to several orders of magnitude. 

The choice of what value of f3 to use in my speculations is thus a difficult 

one, and one for which I get little help from theory. I chose therefore a value 
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characteristic of the system 1 am using, rather than one suggested by theory, 

because my system is more Hkely to give a meaningful assessment of that value. 

1 discuss my choice further in section 3.3 on page 31. 

The gravitational force at a range much shorter than ^ is given by 

The experimental uncertainty in G amounts to 128 parts per milhon [2], which 

could be attr ibutable to a. Thus we should expect a < 1.28 x 10"'*. It is logical 

then to confine our considerations of a to the range between zero and this value. 



CHAPTER II 

SEVERAL-BODY PROBLEM: NUMERICAL 

SOLUTION 

In this chapter I describe the construction and testing of the software used in 

this investigation. The construction involved consideration of algorithm, 

variation of the time step, and what information must be produced. These are 

described in the first several sections of this chapter. 

The latter part of this chapter, staring with section 2.3, describes the testing 

of the software, which falls into two categories: Qualitative and Quantitative. 

For the qualitative test I examine how easily it can simulate the system I want. I 

do this by simulating the entire voyager path, from the point it left the 

neighborhood of the Earth through its encounter with Jupiter and its encounter 

with Saturn. 

In the quantitative test I examine how accurately and precisely the software 

can simulate the physical system. 1 performed two tests. The first of these tests 

examined how close the numerical solution was to an analytically solvable one, 

and is described in section 2.5. The second test was back integration of the same 

analytically solvable system, and is described in section 2.6. 

12 
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2.1 Fourth Order Runge Kutta Algorithm 

The equations of motion of more than two bodies, all interacting with each 

other, is not analytically solvable, except in a few states in equilibrium. 

Numerical methods provide the only solutions to the several body problem. 1 

considered several algorithms for the numerical modeling of the several body 

problem. The two that received the most consideration were the Last Point 

Algorithm (LPA), and the Fourth Order Runge Kutta Algorithm (RKA). Each 

had its advantages and disadvantages. 

The LPA is comparatively simple, and has recently gained popularity as it is 

much more accurate than the Euler algorithm from which it is derived. The LPA 

gains much of its accuracy from having equal integration steps. Equal 

integration steps place serious limitations on its applicability to accurately 

model the three-body problem, thus the LPA places constraints that are not 

acceptable for this problem. 

The RKA is more complex than the LPA and has a problem with orbital 

broadening. An orbit that should be closed will slowly expand. If the time step 

is short enough this causes no problem. I chose therefore to use the RKA for my 

solution. 
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2.2 Variable Step Size 

The step size that can be used to model a three-bod}"^ problem is very 

dependant on the separation of the bodies, especially when the force between the 

bodies, as in the inverse square law, becomes very large as the bodies get close. 

A step size that is appropriate when two bodies are an astronomical unit from 

each other, for example, is totally inappropriate when the bodies are .001 AU 

from each other. 

In each step of a numerical solution the energy is only approximately 

conserved. Errors in energy conservation occur when the potential energy is not 

a linear function of the spatial coordinates. If the potential energy can be well 

approximated by a linear function of the spacial coordinates in some small region 

of coordinate space, then as long as the change in coordinates is not greater than 

the extent of that small region the error in conservation of energy will be small. 

If the time step is kept small enough such that the change in coordinates is 

small compared to the range over which the potential is approximately linear, 

the result will be accurate. 1 refer to the time compared to which the step must 

be short as the characteristic time. 
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The characteristic time of a gravitational interaction as a function of distance 

might be inferred from the circular orbital period of those two bodies at that 

radius. 

T oc 
Mtotal 

It is noteworthy that the mass of which this is a function is just the sum of the 

masses, and that its distribution is unimportant. This comes from the reduced 

mass method, in which the coordinate system is centered on one body, and the 

other body is represented by a reduced mass 

M - ^^^^ 
Ml + M2 

All of the M1M2 terms cancel, leaving only the total mass. This simplifies 

computation because each pair of bodies needs only be considered once and not 

twice. 

Since the program deals not with two bodies but with several, and the step 

size must shorten to accommodate any close approach, I was going to sum the 

reciprocal of this characteristic period over each pair of bodies. Since the 

formula for the square of the characteristic period is much simpler, I thought it 

would be more efficient to sum the inverse of that to get a squared characteristic 

inverse period of the system as a function of body separation, 

^l = E ^ ^ - (2-1) 
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The characteristic time should also depend upon the relative velocities of the 

several bodies in terms of their separation. It was simple to derive a 

characteristic inverse period from these, namely 

- . - E S (2.2) 

where Vij is the magnitude of the velocity of bodies i and j relative to each 

other, and Rij is their spacial separation. 

I took the sum of equations 2.1 and 2.2 to be the squared characteristic 

inverse time of the system 

and multiplying ^ by an arbitrary constant provided at run time as input data 

yielded the time step. 

Initially I thought that it would be more economical to reevaluate the time 

interval every several steps rather than to do so every step. It turned out that 

the time step had to accommodate the shortest step of the several and that 

reevaluating the time interval each step lengthened the average time step while 

preserving the precision. 

2.3 Testing: Voyager I Simulation 

The availability of precise information regarding the location and velocity of 

the voyager probe in a convenient coordinate system is not great. The Jet 

Propulsion Laboratory was kind enough to send a bibliography of the papers 
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which had been written by their navigation team, but the actual data was not 

available. Most of the literature on the Voyager missions address the 

observations that were made on the mission rather than the mechanics of the 

probe path itself. While the real justification of the missions is the observational 

data, the telemetric data is not without value. The interest in this data seems 

however to be minimal. 

Since I only endeavored to test my program to see if it could simulate a flight 

similar to that of the Voyager, I did not need precise data on its flight. For 

planetary position I was satisfied with data that could be derived from almanac 

astronomical sections. As to the initial trajectory of the probe, I was on my own. 

I chose a convenient initial position for the probe, 1.01 AU from the sun, and 

in conjunction with the earth. I then used the initial velocity as that quantity for 

which a value must be found which causes the probe to go on the desired path. 

Just as deviation from an inverse square law affects any elhptical orbit, so we 

should expect it to affect any parabolic or hyperboHc orbit. That is, it should 

affect any non-circular orbit, whether that orbit has negative orbital energy--not 

sufficient to escape to infinity, zero orbital energy--just sufficient to escape to 

infinity, or positive energy- more than sufficient to escape. 

Most objects in elliptical orbits have relatively small eccentricities, and hence 

do not have a great range of distances from their attractor. To investigate the 

range dependance of the gravitational attraction, data from a wide range of mass 
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separations is needed. Such a range is found it the flight path of the Voyager 

probes as they passed Jupiter. 

Jupiter is a very massive body, and affords a strong gravitational field. It is, 

however, much smaller than the sun, as well as being much less luminous, and 

hence affords a much closer approach than does the sun. When investigating an 

effect whose range is hmited, and w^hich may be masked by the Newtonian 

component of the gravitational force, close approaches must be achievable. In 

fact much closer approaches to much smaller bodies may provide more 

information. 

I began by running my integrator over a trajectory simular to the one that 

the Voyager I probe took. This path is shown in figure 2.1 I included in the 

problem only five bodies--The Sun, The Earth, Jupiter, Saturn, and the 

probe--and considered only a free flight path--one without course corrections. 

Voyager never made an approach close enough to any of the other planets that 

their affects could be considered important. While Voyager did have course 

corrections, my objective was to determine whether a probe could be used to 

determine the range dependance of gravity, and a free path would give more 

information. I also did not have detailed information about the course 

corrections, or even the trajectory, and thus at this stage the simulation need not 

correspond exactly with the real system, it need only demonstrate that it can. 
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rs: 
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Earth 

J u p i t e r 

Saturn 

Voyager 

Nesptune 

-20.0 10.0 -10 .0 0 . 0 _ _ 

Figure 2.1: The Simulation of the Voyager Path 

I chose to select my coordinate axes so that the x-axis was the direction to 

the earth from the sun at the laimch time. I selected that launch time when the 

probe left earth orbit rather than the time it left the surface of the earth. Thus 

the original position of all the bodies set, I had only to determine the initial 

velocity of the probe that would cause it to encoimter Jupiter in such a way that 

it would receive a gravitational boost and be propelled to an encounter with 

Saturn. I looked at the position of the probe after the prescribed time as a 
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function of the two components of initial velocity and assumed a linear fit, and 

very quickly had the probe getting the prescribed boost. 

While I was engineering the Jupiter encounter, I left Saturn out of the 

integration because the run time of the program is of order 0{n^t) where n is 

the number of bodies being considered, and t is the total integration time. When 

I began to consider the Saturn encounter I brought Saturn back into the 

integration and it did not significantly affect the trajectory of the probe in the 

time period that had already been considered. Saturn being a much larger body 

than any of the other planets that had been left out, this was a vaHdation of my 

decision to leave out the others. 

1 began to at tempt to engineer the Saturn encounter with the same 

technique as I had used to engineer the Jupiter encounter. In this I encountered 

great difficulty. Before the Jupiter encounter incremental differences in the two 

dimensions of the initial velocity of the probe produced differences in the final 

position that were not nearly parallel. This was not the case after the Jupiter 

encounter. Not only were they nearly parallel, but they were nearly 

perpendicular to the direction to Saturn at the time the supposed encounter was 

to occur. 

Instead of trying to coerce the encounter to occur at a particular time, I 

decided to look at the impact parameter. I did this by graphically transforming 

the probe position and velocity into the frame of Saturn. I looked at the impact 



21 

parameter as a function of the initial velocity. The probe soon was having an 

appropriate encounter with Saturn. 

The difficulty of the Saturn encounter as compared with the Jupiter 

encounter was not attributable only to the non-orthogonality of the displacement 

as a function of initial velocity components, but was aggravated by the fact that 

Saturn is much less massive than Jupiter, and thus the approach necessarily had 

to be much closer. 

I next looked at the impact parameter of the Saturn encounter and the 

energy required to achieve the initial velocity, both as a function of initial 

velocity. I wished to determine what velocity would achieve the desired 

encounter and require the least amount of fuel. Thus I looked at 

b = b{Vi) 

and 

where b is the impact parameter determined at an arbitrary time before the 

encounter, and Er is the energy required to achieve that initial velocity. I 

wanted the impact parameter to stay the same so I wanted to change the initial 

velocity by an amount Avi such that 
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and such that 

AEr = {V,^,Er)-{Av,)<0. 

Repeating this several times I was able to reduce Er significantly. 

A worthwhile observation is that changes in Vi had little effect on the 

encounter time at Saturn. If fact the marginal difference was of a nature such 

that the less energetic the initial condition, provided that the Jupiter encounter 

was achieved, the sooner the Saturn encounter occurred. This occurs because 

Jupiter 's velocity relative to the Sun is larger than that of the probe. Before the 

encounter the probe has Jupiter's velocity minus the diference, and afterward it 

has Jupiters velocity plus the difference. Therefore the less velocity it has before 

the encounter, the more it has after the encounter. 

2.3 Evaluation 

The program gave results that did not indicate any large errors. Reverse 

integration produced orbital broadening, that is successive passes back and forth 

would slowly pass farther and farther from the planet. This is characteristic of 

all algorithms except the LPA, and is an effect which is reduced by reduced step 

sizes. Since it is a systematic effect, and I am interested in changes to the final 

condition cause by incremental perturbation of the initial condition, this should 

be unimportant . 
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2.4 Testing: Comparison with Analytical Solution 

One way to test an numerical solution is to compare it with a solution that is 

known by another method. This is not feasible with a three-body solution, 

except in very special cases, and the difficulty of satisfying that special case may 

compromise the validity of the test. You may not know if the software failed the 

test because you failed to create the special case, or because the software is 

flawed. 

Two-body systems, on the other hand, are numerically solvable. Some of the 

solutions, however, are represented by functions that can only be generated by 

numerical methods. None the less, all two-body systems with inverse square law 

attraction, which have negative orbital energy (as defined on page 17), will 

exhibit periodic motion. If we compare the initial position and velocity of the 

system with the position and velocity after an integer number of periods, they 

should be the same. The most simple case is that of the circular orbit. 

Figure 2.2 shows a circular orbit of a fiducial particle about a solar mass. 

Table 2.1 compares the initial and final position and velocity of the particle, in 

an X-Y coordinate system in Astronomical Units. The magnitudes of the 

differences, converted to more familiar units, are .018 meters for position, and 

.113 meters per year in velocity. Some of the difference could be due to error in 

the initial condition. 
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D D 

Figure 2.2: The Path of the Fiducial Particle in a Circular Orbit 

2.5 Testing: Back Integration 

Another test of the precision of a numerical integration is whether it is 

reversible. If a dynamic process is reversible, then a numerical model of it should 

also be reversible. Reversibihty does not imply that the forward integration is 

correct, but lack of reversibility should imply that the forward integration is not 

correct. 



Table 2.1: Initial and Final Conditions for Circular Orbit 

x{AU) 
y{AU) 

i{AU/YR) 
y{AU/YR) 

initial 

1.0000000000000000 
0.0000000000000000 

0.0000000000000000 
6.2680973189637060 

final 

0.9999999999999978 
0.0000000000001213 

-0.0000000000007510 
6.2680973189637208 
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Table 2.2: Initial Condition and Back Integration for Circular Orbit 

x{AU) 
y{AU) 

x{AU/YR) 
y{AU/YR) 

initial 

1.0000000000000000 
0.0000000000000000 

0.0000000000000000 
6.2680973189637060 

final 

0.9999999999999983 
0.0000000000000040 

-0.0000000000000078 
6.2680973189637216 

The uncertainty that we observed in the previous section, we stated, could be 

partially attributable to error in the initial condition. This is not an issue with 

back integration. The initial condition does not need to be consistent with some 

analytical solution, just with itself. If we back integrate the same circular 

simulation, then, we may be able to determine how much of the difference 

observed in the forward integration was due to error in integration and how 

much was due to error in the initial condition. 

Table 2.2 compares the results of the back integration with the initial 

configuration of the forward integration. The magnitudes of the differences, 

again converted to more familiar units are .00065 meters for position, and .0026 

meters per year for velocity. 

Some algorithms are formulated in such a fashion that the results of back 

integration will be very close to the initial condition. The LPA is this way. If the 
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variables were of infinite precision, there would be no error shown by the back 

integration. It is exactly reversible. The RKA, which we are using, is not this 

way. Back integration should be a better test of the accuracy of the algorithm 

than it would be for the LPA. 

We can conclude with a fair amount of confidence that the software is 

sufficiently accurate and precise for this investigation. 



CHAPTER III 

EFFECTS OF INVERSE SQUARE LAW 

VIOLATIONS ON PROBE TRAJECTORY 

In this chapter I describe the investigation which 1 undertook, including 

parameter estimation and numerical differentiation. 1 begin by describing the 

methods of parameter estimation. 

3.1 Parameter Estimation 

If we look at the final position and velocity of the probe as functions of the 

initial positions and velocity of all the bodies, then we can see that over much of 

the domain the functions are continuous and have non-zero derivatives. If we 

consider a subset of the domain around a point where this is true, then for small 

changes in the initial conditions a linear approximation is appropriate. Since 

linear functions are invertible, then we can look at some of the initial conditions 

as a function of the final conditions. 

More precisely, let us take some physical process which is deterministic, and 

in which the initial condition is given by n variables a^i,... ,x„ , and let us take 

27 
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some measurement on the final condition y, that can be expressed as a function 

of the initial condition 

y = 3/(2^1, •••,aJn) (3.1) 

If we take a particular initial condition X'Q, ...,X'^ which is subject to the following 

conditions: 

• y is continuous at (xo,...,a;n) = {XQ,...,X'^) 

• The partial derivative of y with respect to some element of the initial 

condition Xi is non-zero. 

Then for Xi sufficiently close to a;| we can take a linear approximation of y as a 

function of Xi. Furthermore this function will be invertible, that is to say that Xi, 

subject to these conditions, can be expressed as a function of y. 

Instead of all the x's being dynamic variables, some subset of them could be 

parameters. The distinction is not an important one, the only difference is that 

the value of the parameters do not change during the process and thus would 

include such things as the mass of the bodies and constants used in describing 

the physical process. If Xi is a parameter, we can then determine its value from 

the measurement of y since we know how y varies as a function of Xi. That is to 

say we know 

Xi = Xi{y,xi,... ,Xi-i,Xi+i,.. .,Xn) (3.2) 

or at least a linear approximation in the region of interest. 
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If we have more than one measurement of the final condition we may be able 

to determine more than one of the initial conditions or parameters. In the case 

where the measurements are highly correlated, the separate determination of the 

parameters will be more difficult or impossible. 

In our case we wish to look at the final position of a probe that has made a 

close approach to a massive body, and use as parameters the a and /3 from 

equation 1.7. W ê wish to investigate whether the observable information might 

be used to determine these parameters. 

3.2 Simulated Jupiter Fly-By 

I simulated a probe flying by a body with roughly the same mass as Jupiter, 

318 Earth masses. The probe was massless, and approached at a speed of 2.5 

AU per Year, and passed close enough to make a 65 deg turn in the frame of the 

massive body, which I will refer to as Jupiter. The initial conditions for the 

unperturbed system were 

fj = (0,0) 

rj = (0,0) 

fp = (2.5, .01) 

fp = ( -2 .5 ,0) 

where rj is the position of Jupiter, rp is the position of the probe in 

astronomical units, and the dot signifies a derivative with respect to time in 
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years. The velocity of the probe was chosen to approximate the relative velocity 

of the voyager probe and Jupiter. The x coordinate of the probes position was 

chosen for convenience and the y coordinate was chosen so that the probe would 

be deflected the appropriate amount. I say unperturbed because the initial 

conditions were later incrementally perturbed to determine the sensitivity of the 

final condition to the initial condition, and hence the sensitivity of the parameter 

estimation to uncertainty in the initial condition. 

By making the probe massless it did not affect the rest of the system. Jupiter 

is at rest at the beginning of the run and is still at rest at the end of the run. A 

reasonable mass could have been selected, but in units of earth masses it would 

have been very small. This did not cause divide by zero errors because the 

gravitational acceleration field was evaluated than the force upon the body. 

The simulation was run for two years (simulated time) with traditional 

Newtonian gravitation, that is to say with the a parameter from equation 1.7 on 

page 8 set to zero. The value of /? was unimportant, but was also set to zero. 

The final condition was noted for comparison with results from runs with 

non-newtonian gravitational forces. 

3.3 Estimation of a and /3 

a and /5 cannot be considered truly independent in the region around 

^ _ 0, /? = 0, because if a = 0 then the value of /3 is unimportant. We also must 

suspect that /? must be strictly positive. If /? is too large, however, the value of a 
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IS unimportant . Although there has been suggested an effect in which a is 

negative for matter-matter interactions, and positive for matter-antimatter 

interactions- -the so-called fifth force. This is attributed to a different but related 

particle and is not within the scope of this work [5]. There is general agreement 

that Q is positive for the interaction in question. 

Over what range should /? be speculated to be? It might be logical to begin 

looking at a range characteristic of the interaction at which we are looking. It is 

not more likely to be in that neighborhood, but it is more likely to be observable 

with that system if it is in that neighborhood. A likely choice of such a 

characteristic range for a fly-by would be the closest approach that the probe 

makes to the planet. For our system that closest approach is about .005 AU, and 

thus it might be logical to investigate /? in the region around 200AU~^. In MKS 

units this is ^"-^ = 7.5 x 10® meters. This is larger than most of the speculations 

of the range of the interaction, but not larger than all. 

3.3 The Results 

In order to search for the values of a and /5, we may assume some initial 

guess and investigate whether this guess accurately describes the phenomena. If 

it does not, it may be possible to deduce from the nature of the failure how the 

parameters might be adjusted so that they might more accurately describe the 

phenomena. For my initial guess I chose a value for /? based not upon our 
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knowledge of what it should be, because our knowledge is so Httle, but on the 

range where the most information might be gotten from our experiment. 

I ran the integrator with the parametric values a = 5 x 10"^ and 

/? = 200AU~'^. The resulting path is shown in figure 3.1 In this figure the probe 

can be seen coming in from the right, passing above and to the left of the origin, 

and being deflected, and leaving down and to the left. Jupiter is not actually 

graphed, but is located at the origin. 

About this combination of parameters I took perturbations. That is to say 

that if we call these ao and /3o, I found the results with a = ao ± 6a and /? = /5o 

and with a = ao and /? = /?o ± 8/3, with small 8a and 8/3. Comparing the results 

of each of the perturbations with those from the run with a = QQ and ^ = /3o 

produces the partial derivative of the final position with respect to each of the 

parameters. 

df _ rlao + 8a,l3o) - r{ao - 8a,/3o) 

da 28a 

df ^ f{ao,l3o + 8^)-f{ao,l3o-8(3) 

8/3 28/3 

Since a two-body interaction is essentially a two dimensional phenomenon, 

each of these quantities is a two dimensional vector. What we would hope to see 

from these is that the final position would be very sensitive to the parameters, 

and that the effect of varying one parameter be very distinguishable from the 

effect of varying another. 
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Figure 3.1: Probe Path with a = 5 x 10"^ and /? = 200AC/-^ 

Table 3.1 gives the final positions of the probe with two different values of a. 

It also gives the change in the position caused by varying a, and the partial 

derivative of the position with respect to a. The final position is fairly sensitive 

to variation in a, with a vector partial derivative with a magnitude of 1.60592 

AU. 

Table 3.2 gives the same information with regard to variation of /?. The 

magnitude of the partial derivative of the positions with respect to /3 is much 
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Table 3.1: Final Positions with Variation of a 

(3 = 200 

a = .000049 
a = .000051 
change 
df 
dry 

x(AU) 

-1.2137545267006884 
-1.2137516941494946 

0.0000028325511938 
1.4162755969 

y(AU) 

-2.2693683677955554 
-2.2693698819382342 
-0.0000015141426788 

0.7570713394 

Table 3.2: Final Positions with Variation of /3 

a = .00005 

(3 = 190 
(3 = 210 
change 
df 
dB 

x(AU) 

-1.2137504411697231 
-1.2137557342432137 
-0.0000052930734906 
-0.0000002646536745 

y(AU) 

-2.2693705560989690 
-2.2693677185882688 

0.0000028375107002 
0.0000001418755350 

smaller than that seen with respect to (3. Furthermore the changes in the final 

position due to variation in the two parameters are nearly opposite in directions. 

If we convert these partial derivatives to polar coordinates, just how close to 

anti-parallel they are becomes more apparent. This is shown in table 3.3. The 

magnitude of | ^ is shown negative so that the azimuth would be in the proper 

range. 

Only the portion of each of these vectors that is perpendicular to the other 

one is useful in determining what combination of parameters is necessary to 

Table 3.3: 

a = .00005,(3 = 200 
df 

dB 
• Bf 1 B? 

da -^ dB 
df 1 df 
dB da 

Polar Representations of ^ and ^ 

Magnitude 

-1.60592 
3.00284 X 10"^ 

1.90875 X 10-* 
3.56909 X 10-'° 

Azimuth 

2.650688 
2.649499 
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account for a particular deviation. Since the two vectors are nearly antiparallel, 

that portion is roughly three orders of magnitude smaller than the vectors them 

selves. These values are also shown in the table, where A ± B is the projection 

of vector A on the plane perpendicular to vector B. 

3.5 Limitations 

There is a considerable uncertainty in the mass of every celestial body. These 

masses are determined by the period and radius of the satellites of these bodies. 

The uncertainty in mass comes not from uncertainty in the observable quantities, 

although some exists, but rather from the uncertainty in Newton's Gravitational 

constant G, which, according to the latest figures is 128 parts per million [2]. 

There is therefore at least this much uncertainty in the mass of these bodies. 

The uncertainty in each of our parameters due only to the uncertainty in G is 

determined by the sensitivity of the final position to variation in G, which is 

determined in the same fashion as was the sensitivity to the parameters. The 

final positions and changes are shown in table 3.4. Again, only the portions that 

are parallel to | ^ are useful in determining (3, and vice versa. These are shown 

in table 3.5. 

The functional dependence of the uncertainty in each parameter due to the 

uncertainty in G is given by 

df I df-
_ d\nG -^ d/3 

^a;G — af I af 
da -^ d0 
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Table 3.4: Final Positions with Variation of G 

a = .00005,(3 = 200 

G = 0.999036(?o 
G = 1.000064Go 
change 

df 
d\r.n 

x(AU) 

-1.2138803837415867 
-1.2136258291205477 
-0.0002545546210390 

-1.988707977 

y(AU) 

-2.2692977261571783 
-2.2694405186474480 
0.0001427924902697 

1.115566331 

df Table 3.5: Polar Representations of Q^Q 

5f 
ainG 

df 1 df 
a In G da 

or 1 or 
ainG -'- d(3 

Magnitude 

2.280229738 
4.63008 X 10-2 
4.35911 X 10-2 

Azimuth 

2.630381195 

df 

(T(3;G = 

I ^^- /T 
ainG da 

df I _a£ 
dB -^ da 

(3.3) 

where by a^.c I mean the contribution of the uncertainty of G to the uncertainty 

of a . Substituting the values from table 3.5 yields. 

a-a;G = 2.92342 x 10 

ap,G = 1.66 X 10^ 

- 3 (3.4) 

(3.5) 

There is therefore a considerable uncertainty in each parameter due only to 

the uncertainty in the Gravitational Constant, and which cannot be eliminated 

by this method. However, if one of the parameters can be determined by some 

other method, this method may provide more information about the remaining 

parameter. Since the final position is more sensitive to changes in a than (3, it 

would be more fruitful if a theoretical value for (3 was found. Then a could be 

found fairly accurately. 
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Fujii [3] suggests that a may be exactly one third for theoretical reasons. 

This is obviously greater than the uncertainty of G. This would require great 

adjustments to the masses of all celestial bodies, but such adjustments are not 

thought to be unreasonable, and are suggested to answer several stellar model 

problems. 

He suggests that /? may be about -^^ or 5 x 10^AU~^. With values of (3 this 

large, the effect in question becomes insignificant in interactions whose range is 

on the order of those that I have looked at. A simular interaction with much 

smaller ranges may provide more information, but interactions with a celestial 

body of the necessary mass may not be easily achieved for actual observations. 

3.6 Larger /3 

Let us now take a breif look at w^hat we might determine if we first assume 

that (3 is either larger or smaller. In this section I look at (3 being an order of 

magnitude larger, and the range of he yukawa term of the potential being thus 

an order of magnitude smaller. 

In the previous investigation the probes closest approach was the range of the 

yukawa term of the potential. In this investigation it is ten times the range, and 

thus we should expect the effect of the yukawa term to have on the order of 

gio-i ^ iQ-4 times the strength it had previously. We might, therefore, expect to 

see ^ and 0 four orders of magnitude smaller. 
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Table 3.6 shows the effect of changes in a on the final position of the probe. 

and table 3.7 shows the same information for variation of (3. This corresponds 

with the information that was shown in tables 3.1 and 3.2. As we expected ^ is 

just about four orders of magnitude smaller M^th (3 = 2000. We also see that g 
dp 

is about four orders of magnitude smaller. These are still nearly antiparallel, as 

is shown in table 3.8. 

To determine the uncertainty in a and /? we substitute the values given in 

table 3.8 into equations 3.3, along with the values from table 3.9. We thus get 

the values 

^a;G = 8.74 

(T/s-G = 3.02 X 10®. 

3.6 Smaller (3 

With a smaller (3 the range of the interaction is larger. If /3 is too large, such 

that the range is much larger than the variation in body separations, then the 

yukawa term becomes indistinguishable from an additional newtonian term. If 

we look breifly at a /5 that is one tenth of our original /?, the range of the 

Table 3.6: Final Positions with Variation of a with Larger (3 

(3 = 2000 

a = .000049 
a = .000051 
change 
df 
da 

x(AU) J 

-1.2138239157987659 
-1.2138239155030101 

0.0000000002957558 
0.0001478779 

y(AU) 

-2.2693312743660352 
-2.2693312745238107 
-0.0000000001577755 

-0.00007888775 
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Table 3.7: Final Positions with Variation of /3 with Larger (3 

a = .000050 

/3 = 1900 
(3 = 2100 
change 
df 
dB 

x(AU) 

-1.2138239103336933 
-1.2138239187488817 

-0.0000000084151884 

-0.0000000000420759 

y(AU) 

-2.2693312772815873 
-2.2693312727922019 

0.0000000044893854 

0.0000000000224228 

Table 3.8: Polar Representations of | ^ and | i with Larger (3 
80 

df 

ee 
df 1 df 
da -^ dB 
dr 1 dr 
dB da 

Magnitude 

-1.67604 X 10"^ 
4.76777 X 10-^^ 

7.20776 X 10-^ 

2.04606 X 10"^^ 

Azimuth 

2.65153 
2.65196 

interaction is larger than the closest approach, ten times as large, but is still 

smaller than the longest range considered in our model. We may then, consider 

w^hether further investigation is worthwhile with interactions whose closest 

approach is a fraction of the range of the yukawa term. 

Tables 3.10 and 3.11 give the partial derivatives of the final position with 

respect to the two parameters. From this we can see that ~ and 0 are larger 

than they were with our original (3. Table 3.12 shows however that they are still 

do not have large componants perpendicular to each other. Table 3.13 gives us 

Table 3.9: Polar Representations of gf^ with Larger ^ 

"5? 

df I df 
ainG da 

df I df 
ainG dB 

Magnitude 

-2.280235482 
4.82384 X 10-2 
4.92186 X 10-2 

Azimuth 

2.630373430 
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Table 3.10: Final Positions with Variation of a with Smaller (3 

(3 = 20 x(AU) y(AU) 

a = .000049 
a = .000051 

1.2137196492006722 
1.2137153931091171 

-2.2693876384728831 
-2.2693899390836497 

change 
af 
d^ 

0.0000042560915551 
2.1280457776 

-0.0000023006107666 
-1.1503053833 

Table 3.11: Final Positions with Variation of (3 with Smaller (3 

a = .000050 

^ = 19 
(3 = 21 
change 
df 
dB 

x(AU) 

-1.2137176835685816 
-1.2137173716531169 
0.0000003119154647 

0.0000001559577324 

y(AU) 

-2.2693887245402899 
-2.2693888474848680 

-0.0000001229445781 
-0.0000000624722891 

the rest of the information that we need to determine the uncertainties according 

to equations 3.3. 

aa^.G = 1.37041 X 10 - 4 

^/3;G = 1 7 1 . 

Table 3.12: Polar Representations of g and j ^ with Smaller (3 

a = .00050,/? = 20 
df 

dB 
-B? 1 B7 

da -^ dB 
df 1 df 
dB da 

Magnitude 

-2.41905 

-1.68005 X 10-"̂  

0.27650 

1.92035 X 10-^ 

Azimuth 

2.64604 

2.76059 
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df Table 3.13: Polar Representations of ^ ^ ^ with Smaller /3 

a = .00050,/? = 20 

ainG 
df 1 df 

d\nj2 -^ da, 
df 1 dr 

ainG -'- dB 

Magnitude 

-2.280205822 
2.56687 X 10-2 
2.96030 X 10-^ 

Azimuth 

2.630396619 

3.8 Further Investigation 

In light of the mostly negative result obtained in this project, there is little 

call for further investigation along this fine. The software produced for this 

research may be of use in several other projects. There are several features of the 

software that are specific to this investigation, the elimination of •which would 

improve efficiency. With these changes it may be used for such modeling 

problems as galactic formation, interaction of planetary or galactic orbits with 

large massive bodies, or optimization of orbital transfer trajectories with 

interaction with an intermediate planet. 

It may also be useful in investigations on a different scale. However, because 

this investigation involved no other effects with finite range, the results should 

be the same independent of scale. 

An investigation where a value of (3 is assumed, and which investigates the 

differentiabiHty of variation caused by changing the strength of the newtonian 

term of the potential from that caused by changing the strength of the yukawa 

term might be interesting, especially in the region where the closest approach is 
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a fraction of the range, and the variation of body separations is several times the 

range of the yukawa term. 
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APPENDIX 

INTEGRATOR SOURCE CODE 

** Sterrett Collins Program: Ping 
** 462-15-5141 Version: 3.02 
** SC-71 Date: 12/6/89 
** 742-3782 
** 

** This program will niimerically solve a sevaral body problem with 
** gravitational interactions. The nature of the gravitational 
** interaction as a function of range may be changed so as to 
** determine the utility of voyager-like probes which make close 
** passes by several planets to determine the range dependant nature 
** or gravity. 
** 

** This program uses calls to functions in the library my$lib:mylib. 

#define max_n 7 
/* the majcimum number of masses */ 

#define d 2 
/* the dimensionality of the space */ 

#define G 1.18e-4 
/* in the system whose base units are Astronomical Units, */ 

/* Masses of the Earth, and years. */ 

#include <stdio.h> 

#include <math.h> 

#include "ping302.h" 

45 
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/********,)c******>tc*******>)t**,)t*,)c*,(c^^^4t******************* * * * * * * * * * * * * * * 

** Global Variables 

double m[max_n] ,state[max.n] [2] [d] ; 

/* The masses, positions, and velocities of the bodies */ 
int n; 

/* The actual number of bodies */ 
double alpha,beta,h_base; 

/* the deviation from inverse square */ 

chax filename [20]; 

/* Filename, without extension, for data and graphics output*/ 

int graphics_method,end_dump_requested; 

main(arg c,argv) 
int argc; 
char *argvn ; 
i double accel[max_n][d] ,t; 

int i,j; 

get.start(state,m,&t,argc,argv); 

run(state,0,t, .1); 

} 
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get _start(state,mass,t,argc,argv) 
/ * * * * * * , t c # H t * * * * * * * * * * * * * * * * ) ( c * * * ^ * * * * , ) c * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

** This procedure reads the i t i t i a l condition from a f i l e . 
** The input format should be: 
* * 

** the actual number of bodies 

** for each body the following items in this order: 
** - mass, (Earth Masses) 

** - each coordinate of position, (AU) 

** - each coordinate of velocity, (AU/Yesir) 
** the time duration of the period over which the integration 

** is to be performed (years) 
** the deviation from inverse square 
***************************************************************/ 

double state[max_n] [2] [d],mass[max.n] ,* t ; 
i n t argc; 
char *argvn ; 
{ i n t i , j , k ; 

FILE * d a t a . f i l e ; 
char inf i lename[20]; 

condget( argc , argv, l , " \n lnpu t F i l e : " , " 7.[- \ n \ t ] " ,inf ilename) ; 
def .ex t ( in f i lename, f i l ename," in i" ) ; 
da ta . f i l e=fopen( in f i l ename," r" ) ; 
f scanf (data . f i l e , "'/.d" ,&n); 
for ( i=0; i<n; i++) 
{ f scanf (da ta . f i l e , "'/.If " ,&mass [ i ] ) ; 

for (j=0; j<2; j++) 
for (k=0; k<d; k++) 

f scanf (data . f i le ," ' / . I f " ,&sta te [ i ] [j] [k ] ) ; 

} 
f scanf (data . f i l e , "'/.If " , t ) ; 
f scanf (da ta . f i l e , "'/.If " ,&alpha); 
f scanf (da ta . f i l e , "'/.If" ,&beta) ; 
f scanf (da ta . f i l e , "'/.If " ,&h.base) ; 
f scanf (data . f i l e , "'/.d" ,&end.dump.requested); 
f c l o s e ( d a t a . f i l e ) ; 
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run(state,ti,tf,hg) 

/ * * * * * * * * • * * * * * * * * * * * * * * , ( t * * * * * # ^ * # * , ) t * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

** This function handles the alternating of integrating the 

** path and recording the position. 
* * * * * * * » £ * * * * * * * * * * * * * * * * * * * * * , ( £ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * / 

double s ta te[max.n][2] [ d ] , t i , t f , h g ; 
•[ double t ,npf ,h; 

f loa t r [d] [max.n] ; 
i n t i , j , n m l , n p ; 
char outfilename[20]; 
FILE *outfile; 

nml=n-l; 

strcpy(outfilename,filename); 
Strcat(outf ilename,".out"); 
outfile=fopen(outfilename,"w"); 
npf=(n-l)*((tf-ti)/hg+.5); 

np=npf; 
f printf (outf ile, "'/.d\n" ,np); 
h=get_h(); 
for (t=ti; t<tf-hg; t+=hg) 
•[ runge(State,t,t+hg,h); 

for (j=l; j<n; j++) 
i for (i=0; i<d; i++) 

fprintf(outfile,"'/.lf\t",state[j][0][i]); 

fprintf(outfile,"\n"); 

> 

printf("."); 

> 

{ runge(State,t,tf,h); 

for (j=l; j<n; j++) 
i for (i=0; i<d; i++) 

fprintf(outfile,"'/.lf\t",state[j][0][i]); 

fprintf(outfile,"\n"); 

> 

printf("."); 

} 

if (end.dump.requested) 

end.diuiip(tf-ti) ; 

fclose(outfile); 

> 
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end_dump(t) 
double t; 
"C int i,j,k; 

FILE *dumpfile; 

char dumpfilename[20] ; 

strcpy(dumpfilename,filename); 
strcat(dumpfilename,".fin"); 
dumpfile=fopen(dumpfilename,"w"); 
f printf (dumpf ile, "•/.d\n".n); 
for (i=0; i<n; i++) 

{ fprintf(dumpfile,"'/..161f\n",m[i]); 
for (j=0; j<2; j++) 

{ for (k=0; k<d; k++) 

fprintf (dumpfile,"'/..161f\t",state[i] [j] [k] ); 
fprintf(dumpfile,"\n"); 

> 

fprintf(dumpfile,"\n"); 
> 

fprintf (dumpf ile,"'/.. 161f \n" , t) ; 
fprintf (dumpf ile,"'/.. 161f \t" , alpha); 
fprintf (dumpf ile,"'/.. 161f \n" ,beta); 
fprintf (dumpf ile,"'/ . 161f \nl" ,h.base); 
fclose(dumpfile); 

> 

runge(state,ti,tf,h) 
/**************>»c******«**Jtc*****>f:**)4(************:tc******************** 

** This function calls the step routine once for each step of the 

** integration. 
*******************************************************************/ 

double state[max.n] [2] [ d ] , t i , t f , h ; 
{ double t ; 

for (t=ti; (tf-t)/h>l; t+=h) 

{ step(state,h); 

h=get_h(); 

> 

step(state,(tf-t)); 

} 
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step(state,h) 
/ * * * * * * * ^ # ^ ^ , ) s * * * * * j t t * j ( t * * : ) t j ( t : ( t , | , j j , ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ j , j ^ ^ ̂ ^5,5^ j,j^^^5^:|,s^:(t:^:^t^ 

** This function collects the k's together and steps the state to 
** it's next value. It uses the local variable temp as the state 
** upon the k's are calculated. 
* * * * * * * : » c * * * * * , | , * , ( c * * * j ) , : t „ K * * * j H * , ) , ^ : ( < : ( t : ^ : ( t ^ , ^ ^ j ^ 5 , 5 j ^ ^ ^ ^ ^ 5 „ j „ 5 j , ^ ^ ^ 5 ^ ^ ^ ^ j ^ ; ( j 5 ^ : ^ ^ : ^ j ^ ^ j ) , : ) , : ^ c * * / 

double state[max.n][2][d],h; 
{ double ks [4] [max.n] [2] [d] ; 

double temp[max.n][2][d] ; 

get_k(s ta te ,h ,ks[0]) ; 
s t .add(s ta te ,ks[0] , .5 , temp); 
get .k( temp,h,ks[ l]) ; 
s t . add(s ta te ,ks[ l ] , .5 , temp) ; 
get_k(temp,h,ks[2]); 
s t .add(s ta te ,ks[2] , l , temp); 
get.k(temp,h,ks[3]); 
move(state,ks); 

get_k(state,h,k) 
/******************************************************************** 

** This procedure calculates the runge-kutta k given state and h and 
** places the result in k. The velocity portion is h times the 
** acceleration, and the position portion is h times the velocity. 
********************************************************************/ 

double state[max_n][2] [d],h,k[max_n][2][d]; 
i int i , j , l , m ; 

double sum[max.n][d],accel[max.n][d] ; 

for (i=0; i<n; i++) for (j=0; j<d; j++) 
sum[i] [j]=0; 

get_accel(s ta te ,accel) ; 
for (i=0; i<n; i++) 
{ for (1=0; Kd; 1++) 

{ k[ i ] [0] [ l]=h*state[i] [1] [1] ; 
k[ i ] [1] [l]=h*accel[i] [1] ; 

} 
} 
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g e t . a c c e K s t a t e . a c c e l ) 
/ * * * * * * : » c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

** This function ca lcu la tes the accelera t ion due to gravi ty of a l l 
** the bodies in s t a t e . This ignores r e l a t i v i s t i c e f f ec t s . 
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * ' 

double s t a t e [max.n] [2] [d] ,accel [max.n] [d] ; 
-C i n t i , j ,k; 

double s [ d ] , s s,sm; 

for ( i=0; i<n; i++) for (k=0; k<d; k++) /* f i r s t c lear accel so */ 
acce l [ i ] [k ]=0 ; /* tha t i t can be used */ 

/* for summing */ 

for ( i=0; i<n; i++) for (j=0; j<n; j++) if ( i != j ) 
^ ss=0; /* ca lcula te the */ 

for (k=0; k<d; k++) /* separation vector */ 
{ s [ k ] = s t a t e [ j ] [ 0 ] [ k ] - s t a t e [ i ] [ 0 ] [ k ] ; /* and magnitude. */ 

ss+=pow(s[k],2); 
sm=sqrt(ss) ; 

> 

for (k=0; k<d; k-̂ -̂ ) /* add the contr ibut ion */ 
a c c e l [ i ] [k]+=G*m[j]*s[k]/pow(sm,3) 

*(l+alpha*(l+beta*sm)*exp(-beta*sm)) ; 
/* of j to the force on */ 
/ * i. * / 

> 

> 

** This function moves the state to it's next state by adding the 

** four k's weighted by the appropriate coef icients. 

*:*!::::*****::*****************---***-*7r-****************/ 
double s t a t e [max.n] [2] [d] ,ks[4] [max.n] [2] [d] ; 
{ s t a t i c double coef [4]={1,2,2,1}; 

i n t i , j , k , l ; 

for ( i=0; i<4; i++) for (j=0; j<n; j++) 
for (k=0; k<2; k++) for (1=0; K d ; K+) 

s t a t e [j] [k] [1] +=coef [ i ] *ks [ i ] [j] M W / 6 ; 

> 
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st_add(state,k,coef.result) 

** This function adds to state k weigted by coef. It adds term by 
** term and since coef is a scalar it need only multiply the terms of 
** k. The terms of the result are placed in a local array so that the 
** destination can be one of the sources. 
* * * * * * * * * j ) s : ) t : ( t j ^ ^ ^ ^ j j , ^ ^ ^ ^ ^ ^ j j , j | j j ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ j ^ ^ ^ y 

double s t a t e [max.n] [2] [d] ,k[max.n] [2] [d] ,coef . r e su l t [max.n] [2] [d] ; 
{ i n t i , j , l ; 

double r e t v a l [max.n][2] [d] ; 

for (i=0; i<n; i++) for (j=0; j<2; j++) for (1=0 
r e t v a l [ i ] [ j] [ l ] = s t a t e [ i ] [j] [ l ]+k[ i ] [j] [1] *coef 

for ( i=0; i<n; i++) for (j=0; j<2; j++) for (1=0 
r e s u l t [ i ] [ j] [ l ] = r e t v a l [ i ] [j] [1] ; 

K d ; 1++) 

K d ; 1++) 

double g e t . h O 
/ * * * * * * * * * * * * * * * * * * * * : ( ( * * ] t C * * * * * * * * * * * * * * * ) | C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 

** This procedure provides for a var iable step s i ze , smaller when the 
** bodies are c loser together and moving f a s t e r . 

"( double os=0 ,ss ,vs ; 
i n t i , j , k ; 

for (i=0; i < n - l ; i++) for ( j=i+l ; j<n; j++) 
i ss=0; 

vs=0; 
for (k=0; k<d; k++) 
i ss+=pow(state[i] [0] [ k ] - s t a t e [ j ] [ 0 ] [ k ] ,2 ) ; 

vs+=pow(state[i] [1] [ k ] - s t a t e [j] [1] [k] ,2 ) ; 
> 
os+=(m[i]+m[j])*G/pow(ss,1.5)+vs/ss; 

} 
r e tu rn h .base /pow(os , .5 ) ; 
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