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ABSTRACT 

The design of VLSI chips involves many phases which can be automated 

using CAD software. One of these phases is to determine optimal routes for global 

routing, inter-connecting nodes on the chip. This problem can be represented as 

the shortest rectilinear Steiner spanning tree (SRSST) problem. To solve this 

problem two random methods. Simulated Annealing (SA) and Stochastic 

Evolution (SE) were investigated and implemented using an object oriented 

design. 

Both Simulated Annealing and Stochastic Evolution are tunable algorithms 

and their performance is highly dependent on the particular problem being solved. 

Two programs were implemented for each algorithm: both original algorithms and 

both algorithms with some modifications. The modified algorithms were less 

sensitive to specifics of the problems and thus required less tuning and worked 

well for most problems. Using these algorithms we were able to obtain solutions 

for SRSST problems containing up to 100 vertices. The modified SE gave the best 

results, followed by the modified SA. 
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CHAPTER 1 

INTRODUCTION 

The manufacturing technologies for very large scale integrated chips, VLSI 

chips, are becoming more and more advanced. This is allowing engineers to 

design very complex VLSI chips. The new VLSI chips are being designed such 

that: they have more transistors per chip, are as small as possible, use less energy 

(e.g., going from 5V to 3V), have more complex design, and operate at much 

higher speeds. In addition to all this, intense competition in the silicon industry is 

prompting the designers to not only design optimal chips at minimum costs, but 

also to do so in the minimum time possible. This has led to widespread research 

and development of software for Computer-Aided Design (CAD) of VLSI chips. 

Furthermore, continuing increases in computing power have made implementation 

of such software possible for problems of practical size. Today, CAD software is 

being developed for all phases of the VLSI chip design, from initial drafting 

software to the final circuit testing software. One of the areas of much research is 

CAD software development for global routing within VLSI chips. 

VLSI chips basically contain thousands of transistors interconnected 

together to form the circuit. The transistors are produced on wafers, usually of 

silicon, by depositing layers of special kinds of materials. One example of 

popular technology is the NMOS (Negative channel. Metal, Oxide, 



Semiconductor) technology. In NMOS three layers of diffusion, polysilicon, and 

metal are used to build the circuit elements (transistors) and the interconnections 

(wires). A transistor is formed by running a polysilicon layer over a diffusion 

layer. By connecting two or more transistors in a network a logical gate, such as 

logical AND, and logical OR, can be formed. Thus a whole circuit can then be 

built by forming a network of such gates. The flow of the current in the circuit is 

controlled by closing and opening these gates. The gates are then used to form 

special logical circuit called cells or modules. Since building a full complicated 

integrated circuit (IC) would be a tedious as well as a long process, reuse of 

previously designed ICs, called cells or modules, has become popular. These cells 

or modules are usually some general integrated circuits like registers and flip-

flops. This allows designers to build libraries of such cells which can be reused by 

other designers in the future. Thus complex VLSI circuits can be implemented by 

forming a network of such cells from cell libraries. To run power into the circuits 

and to ground the circuits, large areas of metal called pads are made around the 

border of the circuit. The pads are large enough to make contact with them using a 

conventional thin wire. For signal input and ouput to the cells, pins (physical 

contact points) are located at the boundaries of the cells. The full IC is then 

completed by interconnecting the cells and the I/O pads. The area on the layout 

outside the cells on the VLSI chips is divided into channels. These channels are 



formed on the rectilinear grid, and are used to run wires to interconnect the cells 

and the I/O pads. Each channel has a capacity associated with it, which 

corresponds to the number of wires that channel can hold. The interconnection of a 

set of pins is called a signal net. 

The problem for the design of an VLSI chip is then defined as follows: for 

a given collection of cells to be used on the chip, place the cells on the chips and 

route the wires such that the wires are short, with a minimum number ofvias, and 

the whole layout is of minimal size. This problem is more easily and better solved 

by breaking it into smaller parts. The problem may be broken into following 

parts: cell placement, running power and ground wires, partitioning the empty 

space on the layout into rectangular channels, selecting global routing of signal 

nets (i.e., a sequence of channels for each net to transverse), ordering the wires at 

channels boundaries ,and routing the wires within in the channels. This thesis is 

concerned with the problem of global routing. The information contained in this 

section was obtained form [Va92]and [Hu92] The following section is a 

introduction to the global routing problem and global routing techniques. 

To solve the shortest rectilinear Steiner spanning tree. SRSST problem two 

algorithms, Simulated Annealing (SA) and Stochastic Evolution (SE) are 

Investigated. Two programs were implemented for each algorithm. First, both the 

orignal algorithms were implemented. To overcome the sensitivity of the 



algorithms to specifics of the problem, modifications were implemented. The 

modified algorithms gave better results, both in running time and average 

improvements in total cost of the tree over the minimal spanning tree cost. The 

modified SE gave the best results, both in running time and average 

improvements, giving on average 11.1% improvement over the Minimal Spanning 

Tree cost. The resulting gains of the other programs are as follows: modified SA 

10.1%, original SE 9.6%, and original SA 6.8%. Furthermore both the modified 

algorithms are less sensitive to specifics of the problem and thus require little 

tuning. 

1.1 Global Routing Techniques 

The job of the global router is to determine the channels to be used in 

interconnections for each of the signal nets [Ng86, Ri82]. The process of global 

routing can be performed using three different methods: single net at a time, all 

nets together, and special case algorithms. 

Single net at a time methods connects nodes of one net at a time, without 

considerations of other nets and also without considerations of the channel 

capacities. These jobs are left for channel routers, which use the output of a global 

router as their input. Several different single-net routers have been proposed 

and/or implemented [Ko85, Ng86a, Pa85, Ri82, Ya72]. 



The all nets together routers, also called global loose routers, attempt to 

route all nets at once. They have the advantage of possibly avoiding bottlenecks in 

channels and thus prehaps preventing channel capacities from being exceeded. 

Some examples of these routers are [Li84, Li83, Ng86b, Ti83, Ts83, Ve83]. 

Finally there are the special case routers, usually for cases where pins, or nodes, 

only occur along parallel lines, or around the perimeter of a rectangle. They take 

advantage of the special geometric configurations of the layout. Some examples 

of these are [Ah77, Bu83, Ha83, Ka87, Ni85, So83]. 

For this study the technique will be limited to a single net at a time global 

routers. The problem of global routing is similar to that of the rectilinear Steiner 

tree problem. The global routing problem, for single net at a time, can directly be 

represented as the Steiner tree problem by imposing a rectilinear grid on the 

Steiner tree problem. The Steiner tree problem with the added rectilinear grid is 

called the rectilinear Steiner tree probelm (RST). Hence we may refer to the 

problem of global routing as the RST problem In the next section a brief 

introduction and discussion of the rectilinear Steiner tree problem is given. 



1.2 Rectilinear Steiner Tree Problem 

The rectilinear Steiner tree problem is a special case of the more general 

Steiner problem. The Euclidean Steiner problem was proposed in the early 1600's 

by Pierre Fermat: Determine a point Q in the plane of a triangle such that the sum 

of its distances from the three vertices should be minimum [Ev69, St67]. This 

problem was later generalized by Jakob Steiner to the case with n points and a 

point Q, from which a minimum total distance was sought to all the n points. This 

Steiner problem was further generalized by Courant and Robins [CouRo41] to the 

following mathematical problem: Given n points, find a connected system of 

straight line segments of the shortest total length such that any two of the given 

points can be joined by a path consisting of segments of the system. A similar 

problem to this one is the minimal spanning tree (MST) problem. 

An MST is a tree having only the given points as its vertices and having 

minimal length. The total length of an MST can sometimes be reduced by adding 

extra vertices call Steiner points, and if any number of Steiner points may be added 

the resulting shortest tree possible is called shortest Steiner tree (SST). Figure 

1.1 shows a example of both an MST and an SST over the same set of points. 

Note that the SST is shorter in length than the MST. 



(a) MST (b) SST 

Figure 1.1 MST and SST. 

The rectilinear Steiner tree problem is a subset of the Steiner tree problem 

where the problem is restricted to the rectilinear or Manhattan metric. The 

rectilinear distance between two points, pi and p2, can be calculated as follows: 

Distipi, P2) = abs(xj - X2) + abs(yj - y2). 

The rectilinear minimal spanning tree (RMST) and the shortest rectilinear 

Steiner spanning tree (SRSST) are special cases of MST and SST, respectively, 

with the restriction that the connecting lines be either horizontal or vertical. 

Figure 1.2 gives shows examples of an RMST and an SRSST, over the same set of 

points. Note again the SRSST is shorter than the RMST. 



B 

(a) RMST 

B t 
(b) SRSST 

Figure 1.2 RMST and SRSST. 

The formal definition of the SRSST was given by Lewis et al. [Le91] as: 

Definition: The rectilinear Steiner spanning tree problem is that of connecting a 

set of points in the plane with a connected collection of vertical and horizontal 

lines with minimal overall length. 

The complexity of the SRSST problem was proven by Garey and Johnson 

[Ga77] to be NP-complete. Therefore heuristic solutions are used for large 

problems and optimal solutions can only be found for very small problems. Two 

important results have been found which are widely used to solve the SRSST 

problem. The first is a relationship between RMSTs and SRSSTs as shown by 

Hwang [Hw76]. 



Theorem: (Hwang). A shortest rectilinear Steiner spanning tree over a set of 

points is no smaller in length than two thirds the length of the rectilinear minimal 

spanning tree over the same set of points. 

The second result, by Hanan [Ha66], provides restriction on the location of 

Steiner points in an SRSST. 

Theorem: (Hanan). A shortest rectilinear Steiner spanning tree over a set of 

points exists on the grid induced by the points. 

Hanan proved that the Steiner points for an SRSST can all be located on the 

intersection points of grid induced by drawing straight lines (horizontal and 

vertical) through all the vertices. This limits the number of locations that must be 

considered for Steiner points to 0(n2), however the problem is still NP-Complete. 

An example of a induced grid over 4 points is given in Figure 1.3. 



B 

Figure 1.3. Grid Induced by Points. 
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CHAPTER 2 

REVIEW OF CURRENT LITERATURE FOR RST PROBLEM 

There are several different techniques that have been proposed and 

implemented to solve the rectilinear Steiner tree problem. These techniques can be 

divided into two major categories, exact methods and heuristics. 

2.1 Exact Methods 

Few approaches to exact methods have been proposed. The first approach 

is a Branch-and-Bound algorithm proposed and implemented by Yang and Wing 

[Ya72]. The largest problem they solved using this technique was a network of 

20 vertices and 30 edges. The second approach to an exact methods is that of 

dynamic programing. The first dynamic algorithm was proposed by Dreyfus and 

Wagner [Dr72]. The estimated execution time for the algorithm is less than that 

of algorithm by Yang and Wing but the actual execution time is six times the 

estimated the running time [Dr72]. An 0(n) time dynamic algorithm for the case 

when the topology is fixed was given by Sankoff and Rousseau[Sa75]. 

Thomborson et al. [Th87] gave an nO(Vn) time algorithm that computes the 

optimal SRSST with high probability , when points are uniformly distributed in the 

unit square. Another dynamic algorithm is proposed by Bern [Be90]. Lewis et 
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al. [Le92] proposed two branch and bound algorithms which attempted to solve 

larger problems by reducing the solution space to search (by identifying several 

geometric shapes that never occur in SRSST), from 0(22n(n-l)) to 

0(2i^(21ogn-l)) Since the Steiner tree problem has been proven to be NP-

complete [Ga77], exact methods are limited to problems of very small size. As a 

result, much research has been done in heuristic methods and special case 

algorithms. 

2.2 Heuristic Methods 

Several different heuristic methods have been proposed and implemented to 

solve the SRSST problem. Many of the heuristic methods use an RMST algorithm 

as a starting point and then attempt to improve the RMST to try and obtain SRSST. 

Two well known MST algorithms are Prim's and Kruskal's algorithms. The 

advantage of using an MST as the initial starting solution is that they provide a 

performance guarantee for the methods as given in Hwang's theorem [Hw76] . 

2.2.1 Methods based on Prim's MST 

The first major heuristic was proposed by Hanan [Ha65] and was based on 

Prim's MST. It builds trees by performing greedy sweeps from left to right on the 

MST. Theimplementationsof this algorithm are of 0(n2), e.g. [Hw78]. The 
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method was simplified by Servit [Se81] so that it did not optimize each greedy 

step and was implemented in 0(n log n) time. 

Hwang [Hw79] gave a heuristic based on earlier work by Bose et al. 

[Bo76]. The method began with an RMST tree and used a constant time search 

around intended 2-points connection for three points that could be connected in a 

Steiner fashion, if needed introducing a Steiner point. The method ran in 0(n2) 

time, with most time spent on deciding which points to connect next. This method 

was further modified and implemented to run in 0(n log n) time by Hwang 

[Hw79]. This method also began with an RMST and from that inferred an 

ordering which was then used by the above method to decide which node to 

connect next. Takahasi and Matsuyama [Ta80] also proposed an algorithm based 

on Prim's algorithm to obtain the initial RMST. 

2.2.2 Methods based on Kruskal's MST 

Bern and de Carvalho [Be85] proposed a Kruskal-based method. Their 

method is a variation of Thompson's method which begins with n singleton trees, 

and at each stage, a new tree edge connects two trees and the shortest such wire is 

chosen [Hw92]. The original Thompson's method can be implemented in 0(m n^ 

log n), where points are on a m x m grid, while the variation takes 0(m n^). Ng et 

al. [Ng86a] also proposed a method which is a variation of Thompson's method. 
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Lewis et al. [Le91] gave a linear time heuristic, this method is discussed further 

under geometric methods. 

2.2.3 Methods based on Geometry 

There are also some heuristics methods which are based on geometric 

techniques. These methods generally do not use an MST as a initial solution but 

rather build the solution from scratch. Lee et al. [Le80] proposed a complex 

technique to iteratively improve upon an RMST found over a Delauney 

triangulation. This method used 4 point steinerization and took 0(n log n) time. 

Richards [Ri89] proposed a simplified approach to the one given by Lee et al. Ho 

et al. [Ho80a] provided a linear time algorithm to derive optimal SRSST from 

RMST for the case where all edges are L-shaped. They also solved the case where 

all edges are "staircases" [Ho89b]. Kahng and Robins [Ka90] proposed an 

algorithm which guarantees worst case performance of less than or equal to 4/3 

the optimal solution. This method does not use an RMST as a starting point but 

builds from scratch, and the number of Steiner points to be added can be limited. 

This algorithm takes time of 0(n3 log n). Lewis et al. [Le91] proposed a linear 

time heuristic for the RST problem. They investigated and found a set of shapes 

that never appear in an SRSST. This method is thus a corrective procedure which 

produces shorter spanning trees in very short time. 
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Finally, there is another class of heuristic methods called random methods. 

There are two basic methods in this class: Simulated Annealing and Stochastic 

Evolution. Both of these methods are discussed in detail in the following two 

sections, respectively. 

2.2.4 Simulated Annealing 

Simulated Annealing is a general purpose combinatorial optimization 

technique proposed by Kirkpatrick et al. [Ki83]. Simulated Annealing, SA, is 

based on the strong analogy between the physical annealing process of solids and 

the problem of solving large combinatorial optimization problems, like global 

routing for VLSI chips, the traveling sales person problem and graph bisection. To 

solve these problems several deterministic heuristics have been proposed and tried. 

However all these algorithms are essentially descent algorithms and therefore are 

unable to escape local minima with respect to the cost function. To overcome the 

inability of descent algorithms to escape local minima, the simulated annealing 

algorithm was proposed by Kirkpatrick et al. 

In the physical annealing process for solids, the solids are first heated up to 

very high temperatures (melted) and then slowly cooled down to the ground state. 

In the liquid state the particles arrange themselves randomly. As the temperature 

is lowered, the particles arrange themselves in their lowest energy form (ground 
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state forming a highly structured lattice) and the energy of the system is minimal. 

If the initial temperature is not high enough or the temperature is decreased too 

fast, the solids are frozen in a meta-stable state and thus the energy of the system is 

not minimal. This annealing process is simulated in the SA algorithm. 

In SA at high temperatures, the moves or generation of new solution states 

are very random, and many new states are accepted as a feasible solution whether 

they are better or worse (with respect to the cost function) then the previous state. 

As the temperature is decreased the number of bad moves accepted also 

decreases. This allows the algorithm to explore most of the solution space and 

climb out of local minima by accepting some bad moves, but due to the cooling of 

the temperature the algorithm is forced to converge. The general form of the SA 

is given below. 

Algorithm SimulatedAnealing (SQ, TQ, IQ) 
Pre : Intial solution 
Post: ReHned Solution 
S = SQ; // initial solution 

T = TQ; // initial temperature 

iterations = ig; // initial number of iterations of inner loop, >1 

repeat 

repeat 

News = PERTURB(S); // Get a new solution 
if ( COST(NewS) < COST(S)) or ( random < e( h(S)-h(NewS))/t) 

then S = NewS; 
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until inner loop has been repeated iteration times; 

UPDATE(T, iterations); 

until "out of time" 

end; 

There are several parameters which must be initialized or modified during 

the course of the algorithm. First of all, an initial solution, SQ, is needed. This 

initial solution or state can be generated using any stand alone method, but a good 

initial solution will greatly improve the performance of the algorithm. Thus the 

initial solution should be obtained using some clever heuristic. The initial 

temperature must also be given. This temperature must be chosen high enough to 

allow the algorithm enough freedom in the beginning to search the solution space, 

but if it is too high the algorithm will waste too much time and may not converge. 

The precise value for a good initial temperature is very difficult to determine 

especially for large problems, and is often found by trial and error. Generally, the 

stopping criterion is chosen to be the maximum computing time available, or when 

a satisfactory state is reached. Furthermore, the algorithm is unable to determine 

if an optimal state has been reached. The preceding and following discussions 

were given by Kirkpatrick et al. [Ki83] and Nahar et al. [Na89]. 

Two procedures must also be provided. The first is Perturb, which takes as 

input the current state and returns a new valid state. This function is thus problem 
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specific. The perturbation function for a permutation problem often involves a 

simple random move or a random pairwise exchange to generate the next state. 

Nahar et al. [Na89] claim to have proved the hypothesis that the performance of an 

adaptive heuristic is affected by the perturbation function used. 

The second procedure that must be provided is the UPDATE procedure. 

This procedure updates the temperature (i.e., contains the cooling schedule) and 

the stopping criterion for the inner loop. The cooling schedule for the temperature 

determines the convergence rate of the algorithm. If the temperature is cooled too 

fast, the solution will likely be farther away from the optimal solution. On the 

other hand, a cooling schedule which decreases the temperature too slowly will use 

more computing time and may not converge in the allocated time. 

2.2.5 Stochastic Evolution 

Simulated Annealing is a general purpose iterative stochastic algorithm. It 

simulates the physical annealing process of solids. The SA algorithm has been 

proven to converge to a global minimum, given enough computing time, and has 

been successfully implemented to solve specific problems [Na89]. The SA 

algorithm, however, suffers two major drawbacks. The first problem is that for 

specific problems SA requires very long computation time, as compared to many 

of the well-designed heuristic for that problem. The other problem is that in order 

18 



for SA to perform well many of its parameters must be fine tuned and this 

becomes a formidable task for large problems [Na89]. To overcome these 

drawbacks. Stochastic Evolution was proposed by Saab et al.[Sa91] as a general 

purpose iterative method for combinatorial optimization. The following is review 

of the paper by Saab et al. [Sa91]. 

Stochastic Evolution, SE, is a special instance of a general class of adaptive 

heuristics for combinatorial optimization proposed by Nahar et al. [Na89]. The 

SA is also a special instance of this class. The SE can be represented as a function 

S: M ->L, where M is a given set of finite movable elements and L is a finite set of 

locations. The following is the general SE algorithm: 

Algorithm Stohastic Eyolution(So,Po9Ro) 
Pre: Initial solution 
Post: Refined solution 
S = SQ; // initial state 

"̂ Best - S' ^̂  ^^^^ initial state 
p = PQ; // initialize control parameter 

counter=0; // initialize counter 

R = RO; // initialize parameter to limit iterations 

REPEAT 

Cpre = COST(s); 
S = PERTURB (S,p); // Get a new solution 

Ceur = COST(S); 

UPDATE (p, Cpre, Ceur); 

IF (COST(s) < COST(SBest)) THEN 

Sfiest '̂̂ ' //save best State 
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counter = counter - R; // decrement counter by R 
ELSE 

counter = counter -H 1; // increment counter 

ENDIF; 

UNTIL counter > R; // stopping criterion 

RETURN(SBest); // report best state 

The input to SE is an initial state SQ, an initial value of control parameter 

PQ, and a parameter R used to limit the number of iterations. The initial state 

must be generated using some method which gives an initial valid state or 

solution, and the other two parameters must be tuned to maximize the performance 

of the algorithm for the specific problem. PERTURB is called to produce new 

states. The UPDATE function updates the control parameter p, and the COST 

function returns the cost of the current solution/state. SE retains the state with the 

lowest cost, and each time a new state is produced with a lower cost the value of 

the iteration counter is decremented by R. This acts as a "reward" and gives SE 

more time to find better solutions as long as it keeps on finding states with lower 

costs. On the other hand, if the new state has a higher cost than the lowest cost 

state, then the value of the counter is incremented. When the value of the counter 

exceeds the value of R, the algorithm is stopped. This limits the number of 

iterations that can be performed without getting an improvement in the results. 
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Therefore selection of R: is critical, if R is too small SE may not have enough time 

to find a better solution and if R is too large SE may waste time looking for a 

better solution which may not even exist. 

The PERTURB function is problem specific, and its main purpose is to 

generate new states. It generates new states by making a unique single move or a 

compound move, which is a combination of these single moves, to generate the 

new state S': M^L ; where S'(m) ^ S(m) and me M. The details of the move 

are dependent on the specific problem being solved. The new state S' is accepted 

or rejected based on the cost of the new state with respect to the cost of the original 

state. Hence : 

GAIN(m) = COST(S) - COST(S') 

The value of GAIN(m) is compared to an random integer r, where r < 0. If 

GAIN(m) > r, then the new state S' is accepted. Thus moves which result in 

positive gain are always accepted and randomly some moves with negative gains 

are also accepted. This allows the algorithm to climb out of local minima. Before 

returning the final state S, function MAKE_STATE(S) is called to make sure S is a 

valid state. If S is not a valid state, MAKE_STATE reverses the fewest moves 

necessary to obtain a valid state. The PERTURB procedure is outlined next. 
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Function PERTURB (S,p) 
Pre: A valid solution 
Post: A new valid solution 

FOR EACH (m G M ) DO 

S' = MOVE (S,m); // perform move associated with m 

GAIN(M) = COST(S) - COST(S'); // compute gain of move 

IF (GAIN(M) > RANDINT (-P, 0) THEN 

S = S'; // accept move 

ENDIF; 

ENDFOR; 

S = MAKE_STATE(S); // make sure S is a state 
RETURN (S); 

The Procedure UPDATE(P, Cpj-e, C^ur) is used primarily to update 

the control parameter p. The parameter p is initially is set to a small non-negative 

value (e.g., po=l)- This is done so that the only moves with negative gains 

accepted are the ones with a very small negative gain. This ensures that the 

optimization process is not upset. The value of p is incremented (f(p) > p) if the 

cost Ccur is the same as cost Cp̂ e, otherwise the p is reset to it's initial value. This 

allows the algorithm to escape local minima, and thus the value of p is only 

incremented when needed. The general outline of the update procedure is given 

next. 

22 



procedure UPDATE(p,Cpre,Ceur); 
Pre: control parameter p 
Post: updated control parameter p 
IF (Cpre = C,,r) THEN 

P = f(p): 
ELSE 

p = Po; 
ENDIF 

2.3 Methods for Parallel Architecture 

Few algorithms for implementation of solutions to the SRSST on parallel 

architectures have been been proposed. Casotto et al. [Ca87] presented a parallel 

Simulated Annealing Algorithm for placement of Macro-Cells. Although this 

method was not proposed for solving the RST problem due to flexibility of the SA 

algorithm this method can modified to solve the RST problem. They implemented 

the algorithm on a multiprocessor system with eight processors and shared 

memory. The results were comparable in quality to those of a single processor. 

The processor utilization using 8 processors was greater than 80 percent, with 

speed up factor of 6 times (over a single processor). The problem is decomposed 

by portioning the cells into subsets of cells. These subsets of cells are then 

assigned to processors to optimize. The ownership of cells is dynamic and thus 

changes during the execution of the program. The major drawback to this 
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algorithm is error in computing cost of the solution. When calculating the cost 

each processors assumes all the other processors are idle. Two other algorithms 

by Wantanabe and Sugiyanama [Wa86], and Hambrusch, and Te Winkle [Ha89] 

have been proposed for implementation on parallel architecture. 
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CHAPTER 3 

DIRECTION ASSIGNMENT 

To reduce the search space for a solution to SRSST problem several 

theorems are used. Recall that Hanans's theorem states that an SRSST lies on the 

grid induced by the vertices in the net. This reduces the solution space 0(2"). The 

following two theorems by VC[91] further limit the solution space. 

Theorem: (Van Cleave). There exists a SRSST over a set ofn points which has at 

most n lines. 

From this theorem, it can be seen that there is at maximum one line per 

point. Note, however, that more than one line can pass through a vertex if two or 

more points have the same x or y coordinate. The next theorem looks at the case 

when all coordinates are unique. 

Theorem: (Van Cleave). Given a set of non-repetitive vertices and a SRSST, T, 

over these vertices which contains the fewest possible line, no two perpendicular 

line in T may intersect at a net vertex. 
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The restriction of not allowing vertices to share coordinates can easily be 

enforced by simply perturbing the points to meet this condition without 

significantly altering the tree. Now we have at most one line passing through each 

vertex. Furthermore since each line is either vertical or horizontal, the tree can be 

represented using pairs of vertices and each line can be associated with a specific 

vertex. Thus each vertex is assigned a direction, horizontal or vertical. If the 

horizontal vertex is always placed first in the pair and the vertical vertex second, 

the tree represented by list of pairs will always be unique. Now once a vertex has 

been placed in one pair the direction of the line passing through the vertex cannot 

be changed in any of the subsequent pairs. The following is an example of a RST 

represented as pairs of vertices (see Figure 3.1). 

i 
(A,D) 

D (C, D) 
• C (C, B) 

B (E, B) 

Figure 3.1 Pairs Representation of a Tree 
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By adding these conditions, the search space is reduced from 0(2 ) to 

0(2((n(21ogn-l)/(n'))) [V91]. Another big advantage of having one Une per point 

(minimum number of lines) is this results in the minimum number of vias (corners 

or intersections of horizontal and vertical lines in the tree). Vias increase 

complexity of fabricating VLSI chips and hence increase the cost of the tree. 
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CHAPTER 4 

IMPLEMENTATION 

This section discusses some of the implementation details. First the general 

description of the Class Tree is provided. Next functions used by both SA and SE 

are presented followed by sections on SA and SE, respectively. These are 

followed by a discussion of the object oriented design of the tree class, and we 

close with the presentation of our results and recommendation for future work. 

The implementation was done using object oriented design (using C++ on 

a UNIX based system). The following is a partial description of the class Tree 

containing necessary relating to information proceeding in following chapters. 

Class:: Tree 

{ 

Public 

public: 

// Services 

tree(List); // Construct a tree from a net list 

cost(); // Calculate cost of the whole tree 

cost( VRl, VRl, VII, VI2); // Update cost of the tree 

perturb(pair); // Get a new state 

undo_perturb(); // Undo Perturb 

displayO //display tree 
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tree& tree::operator=( tree &); // Copy function 

// Attributes 

cost // Steiner cost 

SIZE; // Number of vertices 

Private: 

pairs_list[] { vertex 1, vertex2}; // List of Pairs 

Ust_of_lines[] {min, max} // List of lines 

// The attributes below are to facilitate undo after perturb 

old_pair; 

old_vertexl 

old_vertex2 

} ; 

4.1 Initial Solution—Prims Algorithm 

The initial MST tree used as the initial solution parameter in both SA and 

SE is formed using Prims algorithm and Direction Assignment as discussed in 

section 3. The first vertex chosen by the Prims algorithm is assigned the 

horizontal direction. Then as new vertices are added to the tree they are assigned 

directions opposite to the vertex they are being connected to. The first vertex in 

each pair is associated with a horizontal Une and the second vertex is associated 

with a vertical line. The following is the modified Prims algorithm used to create 

the initial solution using direction assignment. 
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Prims(Vertices[], Pairs_List[]) 

Pre: List of vertices to be connected 

Post: List of pairs of vertices representing the MST and 

{ 

cost[] []=calc_cost(vertices) // This function calculates cost between all the 

// vertices 

make the first vertex horizontal 

add first vertex to the tree 

while not all vertices are processed 

{ 

Find the pair of vertices, one from the tree and one from outside, which 

have least cost between them. 

Add the new vertex to tree 

Assign the new vertex the opposite direction of the other vertex in the pair 

} 

} 

4.2 Cost Function 

Two separate cost functions are used. The first cost function is called only 

once to calculate the initial cost of the tree, create a of list lines in the tree and to 

create a list of neighbors for each of the vertices. The lines are stored with respect 

to the vertex through which they pass. The direction of the line can then also be 
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determined from the direction assigned to the vertex to which it is associated. The 

following is the outline of the first cost function: 

Cost (Pairs[], Lines[]) 

PRE: Tree in form of a List of Pairs 

POST: SRSST Length of the tree, List of lines in the tree, List of neighbors 

for each vertex. 

{ 

total_cost = 0 

For all vertices in the tree //First initialize the line list 

{ 

if vertex == horizontal 

line[vertex].min=line[vertex].max = vertex.x 

else 

Une[vertex].min=line[vertex].max = vertex.y 

} 

For all pairs in the tree 

{ 

update Hne[pairs.vertexl] with respect to pairs.vertex2.x 

update Une[pairs.vertexl] with respect to pairs.vertex2.y 

add pairs.vertexl to list of neighbours of pairs.vertex2 

add pairs.vertex2 to list of neighbours of pairs.vertexl 

} 

For all lines in the tree 

totaLcost = totaLcost -i- cost(line) 

} 
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The second cost function is used after each perturb to recalculate the cost of 

the tree and to update the list of lines in the tree. This function needs to be 

optimized because it will be called during each iteration of the program. Thus this 

function does not recalculate the cost of the whole tree, instead it just looks at the 

four vertices involved in the perturb and updates the lines associated with these 

vertices. First, it recalculates the cost of the two Unes associated with the pair 

being removed from the tree. Then it recalculates the cost of the two lines 

associated with the pair of vertices being inserted. To recalculate the cost a line 

the vertices that must be examined are once that form pairs with the vertex 

associated with the line. The vertices that form pairs with a vertex are called 

neighbors of that vertex. 

In a tree with n vertices there are n-1 pairs. Each pair contains two vertices, 

vertex VI and vertex V2, where VI is a neighbor of V2 and V2 is a neighbor of 

VI. Thus each pair contains two neighbours and since there are n-1 pair the total 

number of neighbours in a tree with n vertices can be calculated as follows: 

total_neighbors = 2 * (number of pair) = 2*(n-l). 

Since there are n vertices the average number of neighbours per vertex is: 

avg_no_of_neigbours = 2*(n-l)/n = 2 ; for large values of n. 

The above results are important because in order to recalculate length of a line in 
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the tree it will take on average about approximately two iterations. Furthermore 

the cost of the tree can be easily recalculated by subtracting the old cost of the 

lines from the total cost and adding in the new cost of the lines to the total cost. 

Thus on average the cost function will perform a constant number of iterations, 

regardless of the problem size. The following is a general outline of the cost 

function. 

Cost(Rem_Vl, Rem_V2, Ins_Vl, Ins_V2) 

Pre: old pair of vertices, new pair of vertices 

Post: Updates list of lines and calculates new cost of the tree. 

{ 

old_Rem_Vl = cost(hne[Rem_Vl) 

old_Rem_V2 = cost(line[Rem_V2) 

old_Ins_Vl = cost(Une[Ins_Vl) 

old_Ins_V2 = cost(hne[Ins_V2) 

new_Rem_Vl = Recalculate cost of hne[Rem_Vl] 

new_Rem_Vl = Recalculate cost of line[Rem_V2] 

new_Ins_Vl = Recalculate cost of Une[Ins_Vl] 

new_Ins_V2 = Recalculate cost of line[Ins_V2] 

cost_old = old_Rem_Vl + old_Rem_Vl -i- old_Ins_Vl + old_Ins_V2 

cost_new = new_Rem_Vl + new_Rem_V2 + new_Ins_Vl + new_Ins_V2 
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return tree_cost = tree_cost - cost_old + cost_new 

} 

4.3 Perturb Function 

The same perturb function is used for both SE and SA algorithms. This 

function performs a pair wise move. First a pair is deleted from the tree, splitting 

the tree into two trees, then two random nodes are picked (one from each tree) to 

reconnect the tree. The pair to be deleted can be suppUed, or if none is supplied 

the function will pick a random pair to delete. This allows the function to be used 

for both S A and SE. If both the new vertices have same the direction assignment, 

the second vertex is discarded and a new vertex is selected from the second tree. 

However if there is only a single vertex in the second tree then the direction of the 

second vertex is switched. The Perturb function then calls the cost update function 

to recalculate cost of the tree. The complexity of the Perturb function is 0(n). The 

is due to time needed to split the tree into two trees after removing the pair. This is 

necessary in order to determine the list of nodes in each of the two trees. 

Furthermore, the Perturb function also saves information about the old tree for the 

function undo_perturb. 
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Perturb( Pairs[], remv_pair) 

Pre: A valid tree, and optionally a pair to delete 

Post: A new valid tree 

{ 

Save information about current tree for undo_perturb 

If a pair to remove is not passed, select one at random with vertices RVl 

and RV2. 

remove RV and RV2 the pair from each others list of neighbor 

form a list, listl, of nodes connected to RVl 

from a list, list2, of nodes connected to RV2 

select a random VI node from Ust of vertices in treel 

select a random V2 node from list of vertices in tree2 (with opposite 

direction of VI) 

insert VI and V2 into each others neighbor list 

call Cost(RVl, RV2, VI, V2) 

} 

4.4 Undo Perturb Function 

This function is used to undo changes to the tree made by the perturb 

function. This function is necessary because a fast method is needed to reset the 

solution when the new solution is not acceptable. The perturb function works 

directly on the tree, rather than a copy of the tree (doing so would require copying 

the whole tree and thus would be expensive). A copy function would run in 0(n) 
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time compared to the undo_perturb function which will run in a fixed time 

regardless of the problem size. The undo_perturb function first replaces the 

perturbed pair with the original pair and then calls the Cost function to recalculate 

the tree cost. The information needed to restore the tree is saved by the perturb 

function. The undo_perturb function is basically a perturb function where we 

provide both the pair of vertices to be deleted and the pair of vertices to be 

inserted. The following is a general outline of the undo_perturb function: 

undo_perturb() 

Pre: Tree which has been perturbed 

Post: Restored tree 

{ 

Retrieve pair that was perturbed from tree class, PVl and PV2 

Retrieve original pair of vertices, VI and V2 

Replace perturbed pair with original vertices 

Remove PVl and PV2 from each others list of neighbors 

Insert VI and V2 into each others list of neighbors 

CallCost(PVl,PVl,Vl,V2) 
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4.5 Simulated AnneaUng (SA) 

The Simulated Annealing algorithm was implemented for the rectilinear 

Steiner tree problem using the Tree class and its member functions given in the 

previous sections. The SA algorithm was implemented using two different 

acceptance functions. The first SA algorithm used the original exponential 

acceptance function. The second SA algorithm. Modified Simulated Annealing 

(MSA), used a function based on cost of the tree. The general outUne of both the 

algorithms is same and is given below. 

SA and MSA (SO, TO, CO) 

Pre: Initial solution 

Post: New Solution 

{ 

S = So; 

T = To; 

o_count = CO; 

i_count = 5; 

// initial solution 

// initial temperature 

// initial number of iterations of outer loop, >1 

repeat 

repeat; 

cost_old = S.cost 

S.PERTURBO; // Get a new solution 

Cost_diff = cost_old - S.cost 

if ( cost_diff > 0) or (ACCEPT(cost_diff, T) == 1) 

{ 
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S = NewS; 

if(cost_diff > 0) 

o_count = o_count + 10 

else 

S.UNDO_PERTURB() 

until inner loop has been repeated i_count times; 

UPDATE(T) 

every 5 cycles increment i_count by one 

until outer loop has been repeated o_count times 

The inner count is incremented after every 5 cycles of the outer loop. This 

done is done to give the algorithm more time to converge to a solution at lower 

temperatures. The outer count is also incremented by 10 whenever a better 

solution is found. This gives the algorithm more time if it is finding better 

solutions. Empirically this works better than having a fixed number of iterations, 

because now the algorithm can be initially supplied a smaller number of iterations 

for the outer count. If the algorithm is finding better solutions, it will increase the 

number of iterations; and if it is not, it will terminate without wasting too much 

time. Using fixed number of iterations for both the inner and the outer loop was 

also tried. However, that required the value of the inner loop be kept low for most 

problems, so that the solution does not diverge too much. And the value of the 
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outer loop be kept very high so that the algorithm is not halted while it is still 

finding better solutions. This resulted in an excessively high running time for most 

the cases, regardless of the improvements in the results. Furthermore since the 

number of iterations required for each case varies, it was not possible to determine 

a lower bound on the number of iterations for the outer loop. Thus the only way 

to get good results for all cases is to use a high enough value for the outer counter. 

The difference between the two SA algorithms is in their acceptance 

function. Note that the acceptance functions are only used in making a decision 

when the cost difference is negative (i.e., in accepting bad moves). The 

acceptance function for the original algorithm is as follows: 

ACCEPT(cost_diff, T) 

{ 

if( random(0,l) < e(cost_diff/T)) then return 1 

else return 0 

} 

Since the cost difference is less then or equal to zero, the value of the 

exponential function will be in the range 0 to 1. In the beginning, the value of T is 

high (so that the algorithm can explore more of the solution space) and hence 

most solutions will be accepted. As the value of T is decreased the probability of 
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accepting a solution with higher cost also decreases. Furthermore, even the ones 

that are accepted are likely to be those decreasingly higher cost. Appendix B 

shows the graph of exponential function with respect to T and cost difference. 

From this graph, it can be seen that the probability of a solution being accepted 

depends on both T and the cost difference. However this also causes the algorithm 

to be highly dependent on the total cost of the tree. For example, a tree with total 

cost of 10,000 will attempt to converge too fast because the cost difference 

between any two solutions will be higher, while as a tree with the smaller cost of 

100 will converge too slowly because even very bad solutions will not have a very 

high cost difference. Thus for each problem a different initial value for T and 

possibly a different cooling schedule is required. Rather than try and solve this 

problem for specific cases, a new acceptance function was developed which will 

work equally well for most problems without requiring any tuning of the initial 

temperature or cooling schedule. The new acceptance functions is based on total 

cost of the tree. 

Accept(cost_diff, totaLcost, T) 

{ 

if(random(0,l)*T < (- cost_diff/total_cost)) return 1 

else return 0 

} 
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This function considers percentage change in the cost of the tree, and 

compares it to a random number between 0 and 1. The random number is 

multiplied by a monotonically decreasing number, T, to force the algorithm to 

converge. Since this function looks at percentage change in cost, it is not solely 

dependent on the total cost of the tree. Thus the same value of T and the same 

cooUng schedule will work well for most problems. 

The update function used for both the functions is a monotonically 

decreasing function. This functions controls convergence of the algorithm. The 

following update function was found to provide good convergence rates for all 

cases. This function was obtained from [Va92]. Some experimentation was tried 

using other cooling schedules; however, this schedule on average worked the best. 

UPDATE(T) 

{ 

return T = T*0.95; 

} 
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4.6 Stochastic Evolution (SE) 

This algorithm was also implemented using the Tree class in two programs, 

SEl and SE2. The two implementations differ in how they control the parameters 

of the algorithm. Both the algorithms used the general algorithm for SE given 

below. 

Stochastic Evolution(So, PQ? RO) 

Pre: initial solution So, initial control parameter PQ, and initial 

number of iterations RQ 

Post: Best solution found S^est 

S - SQ; 

^Best - S; 

P = Po; 
counter=0; 

R = Ro» 

REPEAT 
c = = COST(s); 

// initial state 
// save initial state 
// initialize control parameter 

// initialize counter 
// initialize parameter to limit iterations 

S = PERTURB (S,P); 

Ceur = COST(S); 
UPDATE (P, Cpre, Ccur); 

IF (COST(s) < COST(SBest)) THEN 

counter = F(counter,Ro); 

counter 

ELSE 

S = Sbest 
counter = counter -i- 1; 

// Get a new solution 

// save best state 

// update current value of 

// Reset solution 

// increment counter 

42 



ENDIF; 

UNTIL counter > R; // stopping criterion 
RETURN(SBest); // report best state 

The function to update R, F(R,Ro), is the first place where SEl and SE2 

differ. This function is used by the algorithm to reward itself for finding a better 

solution by increasing the iteration time. In SEl the function simply sets counter = 

counter-Ro. This is sufficient for small problems, but for larger problems it can 

cause the algorithm to waste too much time looking for a better solution which 

may not exit. To overcome this problem the following update function was used 

in SE2. 

if(counter > -RQ) counter = counter - RQ 

else counter = counter - (Ro/4) 

This function allows the algorithm to reward itself, but slows down the 

rewarding function if the number of iterations gets higher then 2*Ro. 

The update function for the control parameter also differed for SEl and 

SE2. In SEl the update function incremented the value of P by a fixed number if 

the cost of the current tree is equal to cost of the previous tree (i.e., no new 

solution). The value of P is reset to PQ if the value of the current tree is less then 

the previous tree (i.e., a new solution was found). This funcUon has two draw 

backs. First, a optimum value for the number by which the value of P is 
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incremented will vary with problem size and tree cost. Secondly, the value of P 

can become too large after numerous iterations without a new solution. Thus 

causing the perturb function to accept too many solution with too much higher 

cost. 

SE2 overcomes both these problems are by basing the update function on 

the cost of the tree and problems size. The number by which P is incremented 

when a new solution has not been found is the cost of the minimal spanning tree 

divided by the size of the problem (number of vertices). Thus each time a new 

solution is not found the value of P is incremented by the "average" cost of a pair 

of vertices. Furthermore the maximum value of P is limited to a percentage of the 

total cost of the tree. 

Both the algorithms share the same perturb function (given below). 

Perturb_SE(Tree_cur, P) 

Pre: A Valid tree and Control Parameter P 

Post: A new Valid tree 

tree_tmp = Tree_cur; 

for( I = 0; I < (Tree_cur.Size-l); i++) 

{ 

tree_tmp.perturb(I) 

gain = Tree_cur 

if( gain > random(0, -P)) 
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Tree_cur = tree_tmp 

else 

tree_tmp.prtb_undo() 

} 

return Tree cur 

The Perturb_SE function iteratively calls the tree perturb function for every 

pair of connected vertices in the tree. Each new tree is accepted if it has a positive 

gain or gain is greater than the random number (between 0 and -P). Thus the 

control parameter P is used to determine the probability of a new tree with higher 

cost being accepted. Note the maximum negative gain that can be accepted is -P. 

The value of the control parameter is regulated by the update function. 
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CHAPTER 5 

RESULTS AND CONCLUSIONS 

The programs were run on a 25MHZ SPARC 4/65 workstation running 

SunOS 4.1.2. with 8MB of RAM. The data sets were generated randomly on a 

fixed size grid. This is statistically indistinguishable from pin locations of an 

actual VLSI layout [Ka90]. The data sets used were of sizes (number of vertices 

to be connected) 10, 15, 20, 25, 30, 35, 50, and 100. The values for tunable 

parameters were determined experimentally. Once good values for parameters 

were obtained, each of the programs was run several times on all the data sets. 

The performance of the programs was measured in terms of average running time 

of the program and average improvement in cost of the resulting tree compared to 

the MST. The following table (Table 5.1) summarizes the results obtained for 

problems of size 20, 50, and 100. Tables in Appendix A provide results obtained 

for all of the data sets. 
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Table 5.1 Summary of Results 

Program 

SA 

MSA 

SEl 

SE2 

SA 

MSA 

SEl 

SE2 

SA 

MSA 

SEl 

SE2 

Problem Size 

20 

20 

20 

20 

50 

50 

50 

50 

100 

100 

100 

100 

Avg. Time(S) 

123 

25 

32 

21 

837 

92.5 

130 

91 

2545 

597 

830 

550 

% Avg. Improvement 
over MST 
6.2 

9.85 

9.1 

11.1 

7.2 

10.6 

9.0 

11.72 

5.5 

9.6 

9.6 

11.1 

Simulated Annealing had the worst performance, with average 

improvement of 6.8%. Furthermore SA also had the highest running time of all 

programs. The main reason for its poor performance is that it is very hard to tune 

the parameters such that it will perform well on all problems. Furthermore the 

exponential acceptance function is highly sensitive and uses the absolute cost 

difference between two solutions rather than relative cost difference (with respect 

to the overall tree size) in making decisions. Thus to compensate for differences in 

the total cost of trees the value of the cooling parameter, T, must be adjusted. 
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The Modified Simulated Annealing (MSA) uses a relative cost of the 

difference between two solutions to make its decision. Thus its decision to accept 

new solutions are not affected by the total cost of the tree. Furthermore, the 

acceptance function does not use the exponential function. Thus it is less sensitive 

to changes in the cooling parameter, T, and hence it is also less sensitive to the 

cooling schedule. MSA performed very well and had average improvements of 

slightly less than SE2 but better than SEL Linear cooling schedules were also 

tried on both SA and MSA, but the performance was inferior, especially for SA. 

The MSA worked much better then SA, giving on average 10.1% improvements 

over MST, and was surpassed in performance only by SE2. 

Both SEl and SE2 performed well, with average improvements of 9.6% 

and 11.1% over the MST, respectively. However on average SE2 performed better 

because its parameters are calculated using the problem size and tree cost. Thus it 

automatically tunes itself for each problem. SEl, like SA, also updates its 

parameters independently of the problem size and cost. Thus it works better for 

some problems, but worse for others. Furthermore, since the iteration parameter is 

updated without check, the algorithm has a longer running time than SE2. Since 

the control parameter, P, is updated without an upper bound, P can become very 

large with respect to the tree cost and cause the algorithm to perform poorly. 

48 



Both SA and SE have previously been implemented with Umited success 

[Va92]. The first problem was the high CPU time required. The second problem 

was that both these algorithms required parameters to be tuned. This is a very hard 

task especially for large size problems. Furthermore it is very hard to tune these 

algorithms so they work well with most of the problems. These problems were 

overcome by first implementing fast perturb, cost update, and undo_perturb 

functions. These functions are each called in almost every iteration. Both 

cost_update and undo_perturb work in constant time, while perturb takes 0(n) 

time. Then the programs were modified so that they tune themselves for each 

problem, based on the cost and size of the tree. The only parameter that changes is 

the initial number of iterations. This number can easily be found by trial and error. 

Furthermore a good value of this parameter works well on all the problems of that 

size. 

5.1 Future Work 

There are few major areas for future work in this area. The first, would be 

to try other cooling schedules for the MSA algorithm, including geometric and 

polynomial, to get better results. Also the random number generator we used was 

not very good, better results could possibly be obtained by using a better random 

number generator. The Tree class, developed as a part of this thesis, can easily be 
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used for future work in combinatorial optimization of RST problem. Thus other 

methods such Genetic algorithms [Da94] and Stochastic Automata[Sh90] can be 

implemented using Tree class without. Futhermore we plan to make all the the 

code, for the Tree class as well as implementation of the algorithms, freely 

available for public use (via email and/or ftp/gopher). The third area is in parallel 

implementation of these algorithms on an parallel architecture. Thus solving 

bigger size problems could be attempted. A good starting place for the is Casotto 

et al. [Ca87] paper on parallel implementation of SA.. 
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Table A.l Results for Simulated Annealing (SA) 

Size 

10 

15 

20 

25 

30 

35 

50 

100 

To 

0.5 

0.5 

0.5 

0.5 

0.5 

0.5 

0.5 

0.5 

Co 

300 

300 

300 

300 

300 

300 

350 

500 

Avg. Time (S) 

27 

53 

123 

156 

207 

313 

837 

2545 

Average 

% Avg. Improvment 
over M S T 

8.8 

9.1 

6.2 

6.4 

6.9 

5.9 

6.5 

4.5 

6.8% 

57 



Table A.2 Results for Modified Simulated AnneaUng (MSA) 

Size 

10 

15 

20 

25 

30 

35 

50 

100 

To Co 

300 

300 

300 

300 

300 

300 

350 

500 

Time (S) 

15.2 

21 

25 

25 

29 

39 

92.6 

597 

Average 

% Avg. Improvement 
over MST 
9.72 

9.6 

9.85 

10.9 

11.3 

9.8 

10.6 

9.6 

10.1% 
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Table A.3 Results for Stochastic Evolution 1 (SEl) 

Size 

10 

15 

20 

25 

30 

35 

50 

100 

Po 

1 

5 

5 

5 

5 

5 

5 

10 

Ro 

50 

70 

125 

125 

120 

120 

70 

40 

Avg. Time (S) 

2 

9 

32 

40 

53 

72 

130 

830 

Average 

% Avg. Improvement 
over M S T 

9.16 

8.9 

9.4 

8.8 

10.9 

9.3 

9.0 

9.6 

9.4 
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Table A.4 Results for Stochastic Evolution 2 (SE2) 

Size 

10 

15 

20 

25 

30 

35 

50 

100 

Po 

1 

5 

5 

5 

5 

5 

5 

10 

Co 

50 

70 

125 

125 

120 

120 

70 

40 

Time (S) 

1.5 

6 

21 

30 

39 

57 

91 

550 

Average 

% Avg. Improvement 
over MST 
10.75 

9.9 

11.1 

10.9 

12.3 

10.9 

11.72 

11.1 

11.1% 
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APPENDIX B 

EXPONENTIAL FUNCTION 
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exp(Cost_diff / T) 

Key 

Cost_diff = 100 

Cost_diff = 1000 

Cost_diff = 10,000 

Figure B.l Exponential Function 
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