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CHAPTER I 

INTRODUCTION 

It is common in many areas of statistical analysis to encounter right-censored 

data. Right-censored data occurs when the actual data value is greater than the 

censored data value. This occurs in survival analysis, where the true survival time 

is not recorded due to the loss of the sampling unit: for example, a subject moves 

and is lost to the study, or dies from factors unrelated to the study. Research is 

now examining nonparametric results including the resulting quantile functions of 

right-censored data. 

Let X denote the survival time of an individual with unknown continuous distri

bution function F{x) and unknown quantile function 

Q{p) = F-\p) =\ni{x.F[x) > p } , 0 < p < 1. (1.1) 

Let Xi, • • • , Xn be n iid copies of X. If it is assumed that Ci, • • • , C„ are iid from the 

distribution function G{x) and the X^'s and Cj's are independent, then we observe 

[Xi, 5i}, z = 1, • • • , n, where X^ = min(Xi, C^) and 6i = I{Xi < Ci). That is, 6i = I li 

the survival time Xi for the ith. unit is observed, while Si = Q li Xi is not observc^d, 

but it is known to be greater than Cj. The distribution function of Xi is H(x) = 

1-{1-F{x)){l-G{x)). 

The function Fn{x) is called the Kaplan-Meier estimator [9] and is used in the 

study of the survival function 1 - F{x). It is based on the data {A'(t). (5(i)}, where 



^(1), • • • ,^(n) are the ordered AVs and Su) is the indicator corresponding to A'(, 

/ 

1 - Fn{x) = { 

1, 0 < .r < A'(i) 

r i t - l , n::,\^,)'^'K \\,.,^ < x < \\,y A- = 2.. • • . n 

0, A'(„) < X. 

Sander [18] proposed to estimate the quantile function Q{p) by its natural estimator 

using the Kaplan-Meier distribution Qn{p) = inf{j' : Fn(x) > p} and i)roved its 

weak convergence. A kernel smoothed quantile estimator from right-censored data 

was studied by Padgett [13], Lio, Padgett, and \'u [U], Lio and Padgett [10]. and 

Padgett and Thombs [14]. Padgett and Thombs [15] extended Nadaraya's [12] smooth 

nonparametric estimator of the quantile function to the right-censored case. Let 

{h = hji} he a bandwidth sequence of positive numbers so that /i„ —> 0 as n —> co, 

and let A; be a probability density function. Let F„ be the smooth Kaplan-Meier 

estimator of the distribution function given by 

/•OO 

Fn{x) = h-' / Fn{t)k{{x - t)/h)dt. (1 .2 ) 

The smooth estimator Qn{p) of the quantile function is defined as the solution of 

Fn{Qn{p)) — P- Using an iterative process, such as the Newton-Raphson method, 

a solution can be found using a starting value such as the Kaplan-Meier estimator 

Qn{p)- If ^ and F are smooth and well behaved, these iterations will converge rapidly. 

Reiss [17] and Falk [6] have shown that the asymptotic performance of F^ is 

better than F„ in the complete sample case in the sense of relative deficiency for 

appropriately chosen kernels and sufficiently smooth F. The work of Azzalini ([2].[3]) 



used empirical evidence to support the superioritv of Q„(p) to Q„{p) for a variety 

of smooth distributions, using heuristic arguments based on second order approxi

mations for estimating the 95th quantile of the Gamma(l) disribution. Padgett and 

Thombs conducted numerical studies for exponential life distribution F(x) = 1 - r"-" 

in the right censored sample case, and showed that Q„ performed better than Q„. 

Bootstrap estimation of the quantile function based on / ; has been shown by Falk 

and Reiss [7] to produce a faster speed of convergence, under appropriate regularity 

conditions, than in the nonsmooth case. 

We review a pair of popular resampling plans used to approximate distribution 

functions, the bootstrap and the jackknife, in Chapter II of this paper. We examine 

the asymptotic properties of the smooth quantile process y/n{Qn{p) — Q(p)) based on 

randomly right-censored data, and extend the result to bootstrap approximations of 

the distributions of smooth quantile processes. Simultaneous confidence bands of the 

quantile functions are constructed using the bootstrap approximations. A method of 

data-based selection of the bandwidth required to compute F^ is also investigated, 

using both bootstrap and jackknife methods. These results are given in Chapter III. 

Chapter IV presents a set of Monte Carlo simulations to assess the performance of 

the proposed bands and bandwidth selection procedures. In Chapter 5 we review the 

results presented and draw conclusions. 



CHAPTER II 

THE RESAMPLING METHODS 

It has become common in statistical practice to use resampling plans to estimate 

measures of variation for certain statistics of interest. Estimating the standard de

viation of a sample mean is a simple example. In the context of this paper, we are 

estimating the MSE of the quantile estimators, both smoothed and nonsmoothed. 

We will examine the performance of two resampling plans, the bootstrap and the 

jackknife. We start by introducing the principles and implementation of each. 

2.1 The Bootstrap 

The bootstrap resampling method was first introduced by Efron [5]. It is popularly 

used to estimate measures of variation for a point estimator. Of the resampling plans 

discussed here, it is conceptually the simplest. Our discussion will examine the use 

of the bootstrap estimate of variance, while the step to MSE estimation is intuitive. 

Given a statistic ^(A^,A'2.--- ,A'„) defined in Xi,A'2,--- , X„ ~ F , then the 

variance of 9 can be written as \'ar=cr^(F). The bootstrap estimate of variance can 

be expressed as the variance of F, the maximum likelihood estimator of F . 

The implementation of the bootstrap methods in Monte Carlo simulations is done 

after the selection of the original sample. A nonparametric MLE of F is fit to the data, 

with mass 1/n at each data value. One "bootstrap sample" of size n is selected from 

F , and we calculate the statistic of interest on this "new" sample. This procedure is 



repeated a large number B times producing B bootstrap sample^ and D .stiuMtors of 

the statistic of inT( K-r The buotstrap variance !> calculated as iho variation betwe.n 

these -'bootstrap statistics." Thus, we have the Efion's .Xhmto Carlo algorithm: 

1. Fit the nonparametric MLE of F. 

r : mass^ at x,. z = 1. 2, • • • . n. 

2. Draw a "bootstrap sample" from F. 

V- V- . . . X' *^ F 

and calculate 9' = ^(A^. A'o. • • • . A'^). 

3. Independently repeat ^tep 2 a large number B of times, obtaining "bootstrap 

repUcates" 9*^.9'\ • • • . 9*^. and calculate 

B 

V a r - = - ^ X ^ [ r ' - r f . (2.1) 
6=1 

— ry •^ , 

where the dot notation indicates averaging: 9 = Ylb=i ^ f^-

The bias of the bootstrap estimator is calculated as; 

Bias' = (e - 9). (2.2) 

This will be used in the general calculation of the MSE. 

MSE- = \ ' a r ' - (Bia>')^ (2.3) 

2.2 The Jackknife 

The jackknife has long been used as a resampling plan. The basic principlo behind 

the jackknife method is similar to the bootstrap, in that new samj)!es hasod on the 



original sample are used to asse>s the quality of an (>stiniatur. with the difforenco 

being in how those new samples are ch(),s(>ii. 

Given a statistic ^^(A'l. Y,. • • • . A'„) defined in A"i. A'.. • • • , A',. ' - F , the first •jack-

knife sample of size n-l is chosen by deletin;L^ the hist element, Aj , from the ori,i;iii;il 

sample. This is repeated for all AV creating n samples, each of size u - 1 with the i\h 

element deleted. The statistic of interest 9 is calculated for each -jackknile saiujilo." 

Let ^*('̂  denote the statistic recomputed for the sample with the /th eh^nent depleted. 

Si.* 

9 denotes the mean of the n recomputed statistics. 

n ^-^ 
1=1 

Tukey [20] has provided a jackknife (\stimate of variance: 

1 " 
Var* = ^ ^ - — ^ ^ [ r ( ' ) - ^ ' ] ^ (2.4) 

/ = i 

Similarly, a jackknife estimate for the bias was do\oloped by Qiionouille [16]: 

Bias* = (" - 1 ) ( ^ * - ^ ) . (2..")) 

As in the case of the bootstrap, we will be concerned with the moan square (nror, 

and compute it according to the general computation formula: 

MSE' = \'ar* + (Bias-)2. 

6 
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CHAPTER III 

CONFIDENCE BANDS FOR (.)UANTILK FUNCTIONS 

3.1 Asymptotic Results of Smooth Quantile Prcxrsses 

Sun [19] has derived weak convergence results for Q„{p) indexed by /; fur t\w 

purpose of constructing simultaneous confidence bands for tlu^ quantile function Q(p). 

It has been shown by Padgett and Thombs that the smooth quantile estimator (}„(;;) 

is consistent and asymptotically normal at each value of p.O < /; < 1. We assume tlu^ 

conditions: 

( C I ) /c is a continuous densitv function with compact sui)port [-r, rj. 

(C2) h -^ 0 and y/nh ^ 0 as n -^ oc. 

(C3) F{x) is continuous and has a bounded density function /( .r) . 

(C4) Tp < TG < oc, where T/TQ =sup{i : Fo(0 < 1} for aiiv distribution function 

Fo(x). 

Under these conditions (not including s/Jlh -^ 0), it has been shown b\- Padgett 

and Thombs that sup2,<.,.̂  |F,i(:i") — F(.r)| —t 0 almost sHr(>l\-. Sun extended this result 

by finding an estimate of the rate of this convcTgence. 

Let D[a,b] be the space of functions on [a.b] that are right continuous and with 

left limits, equipped with the Skorohod topology. For notation. —> will r(>for to weak 

convergence in a Skorohod space. Let y{s) = (1 ~ F(.s))(l - G(s)), 

A(s) = / ( s ) / ( l - F{s)) be the hazard function and B{.^) be a \Vi(>ner process. 



Let 

Gill [8] has shown that V^ (F„ ( J : ) - F{x)) A Z(x) in D[a. 6] for 0 < a < 6 < r^. 

Under certain conditions, weak convergence can be extended to the whole line (^'ing 

[21]). An analogous result from Sun is: 

Theorem 1. Let 0 < /3 < 1. Suppose that f(Q(p)) is continuous and positive on the 

interval [0,0-\-6) for some 6 > 0. Then, under conditions (Cl)-(C4), 

V^iQnip) - Q{p)) A Z{Q{p))/f{Qip)) (3.2) 

m [0,/?] 05 n —> OO. 

3.2 Bootstrap Methods 

Let {Xi,Si),i = 1, • • • ,n, denote the observed right censored sample. The boot

strap repHcate (A'*, J*), z = 1, • • • , n, is selected by drawing, at random with replace

ment, from the n data values. Akritas [1] has shown that the bootstrap approach 

yields asymptotically correct confidence bands for F based on the Kaplan-Meier es

timate F„. Qn{p) is implicitly defined as the solution to Fn{Qn{p)) = P-

Denote F*{x) as the bootstrap Kaplan-Meier estimator, and denote F*{x) as the 

smoothed Kaplan-Meier estimator of F*{x). Recall that Qn{p) is implicitly defined 

as the solution to Fn{Qn{p)) = P, then Q*^{x) is the smooth bootstrap estimator of 

the quantile function from F*{x). We have the analogous result of Theorem 1 for the 

bootstrap (Sun). 

8 



Theorem 2. Let 0 < 3 < 1. Suppose that f{Q{p)) i.v continuous and po.^itm on th, 

interval [0, 3-^6) for some 6 > 0. Then, under conditions iCl)-(C4). 

V^iQnip) - Qn{p)) A Z(Q(p))/f{Q{p)) and (33) 

MQ^nip) ~ Qnip)) -^ Z(Q[p))/f(Q(p)) (3.4) 

in D[0, 3] as n 

To construct a 1 - a simultaneous confidence band for Q{p) over the interval 

/ C [0.1), we must choose a value c such that 

v^sup |Q;(P) - QM\ < c\{x. ().}r.i 
p e l 

1 - Q . (3.5) 

We can then use {Qn(p) ~ c/y/n. Qn(p) + c/y/n) as an asymptotic I — a simultaneous 

confidence band for Q{p) over the interval p G X. 

In the case of the jackknife resampling plan, there have not been any proposed 

confidence intervals which have been popularly accepted. There have been confidence 

bands which have been successful in the asymptotic case n —>• oc, using nonsmoothed 

noncensored data values. However, it is unknown at this point how the jackknife could 

be used to construct confidence bands for right-censored smooth quantile estimators. 

3.3 Bandwidth Considerations 

Using bootstrap methods to select a bandwidth for Qn{p) as a pointwise estimator 

of Q{p) has been discussed by Padgett and Thombs [15]. They chose a bandwidth 

h* to minimize the the bootstrap estimate of the mean square error. We will extend 



this to the jackknife estimate of the mean square error. To define this estimate, let 

Qn(p) denote the estimate calculated from the zth bootstrap replicate. / = 1. • • • • •̂ • 

Qn(p) denote the estimate calculated from the hh jackknife replicate, / = 1. • • • "• 

The general form of the MSE estimator will be 

MSr(Q„(p), h) = Var*(Qn(p)) -h [Bias*((3„(p))]'. (3-6) 

For the bootstrap method, the estimate of variance is 

Var-(e„(p)) = - ^ E 1 0 " ( P ) - W ? - (3.7) 
1=1 

where the dot notation indicates averaging: 5 j p ) = Ez t i Qnip)/^- The bootstrap 

estimate of bias is 

Bias* ( g n ( p ) ) = &n{P) - QniP))^ (^-^^ 

where Qn{p) is the Kaplan-Meier estimate calculated from the original data. 

Similarly, for the jackknife results of Chapter II, the variance and bias estimates 

are 

Var-(g„(p)) = " ^ E [ « " ( P ) - ^"(P)l ' *'-'^ 
^ 1 

1=1 

Bias-(0„(p)) = (n - 1)(Q*„(P) - Qn(p))- (3-10) 

The value of h' is chosen as the bandwidth h which minimizes MSE(Q„(p)./i) for a 

fixed p, and is used to calculate Q„(p) for pointwise estimation. 

To construct confidence bands over the interval p € I , it is necessary to select a 

bandwidth to minimze a "global" mean square error. The mean integrated square 

10 



error, (MISE). is commonly used a.s .such a mca.sure. The bui.tstrap/jackknit<' o.stimatc 

of MISE(Qn- h) for a fixed h is given as 

MISE^(Qn./i) = / yiSE*(Qn(p)-h)iLip)dp^y^\SE'(0,(pj).h)uiPj)Sj. 
hex ^^, 

(:U1) 

where w{p) is a weight function, PQ < pi < • • • < pj \s -d partition of the interval / 

and Aj- = pj — Pj-i . The .selection of h* is the one that minimizc^s MIS1\'(C>>„.//). 

It may then be used to construct an approximate simultaneous confidence band for 

Q(p),p G X, using the values of Qnip) according to h*. 

11 



CHAPTER I\ ' 

SIMULATIOX RESULTS OF THE TWO RESAMPLIXi; PLANS 

In this chapter, we carry out a series of Monte Carlo simulations to as.s(«.s.s t ho small 

sample performance of the bootstrap resamphng plan, with regards to the proposed 

confidence bands using smoothed quantile estimates for right censored data. For 

comparison, the performance of non-smoothed quantile estiniat(>s is alst) given. All 

simulations are based on the same set of generated data. 

The survival times are generated from the exponential distribution F(.r) with 

mean equal to 1.0. The censoring times are generated from the exponential distribu

tion with mean equal to 7/3. From experience, ^\e know that the ri\sulting sur\ival 

times should have approximately 30̂ /c censoring. The Kaplan-Meier estimator F„(./) 

was calculated for the censored sample. The non-smoothed (estimator of Ĉ /(/>) is 

Sander's estimator. Qn{p) = inf{.r : F„(./) > p}. Smoothing was accomplished In-

applying the Newton-Raphson iterative process to the smooth Kai)lan-M(>ior csiima-

tor, as defined by Padgett and Thombs. The kernel function for this model is the 

triangular density on [-1,1], A'(^/) = 1 - \ii\, \u\ < 1. 

All estimates are based on B = 1000 bootstrap samples of sv/.e ji. As in the 

original sample, the Kaplan-Meier estimator was calculated for each bootstraj) sam

ple, as well as Sander's estimator for Q{p). All of the smoothed quantile estimators 

for the bootstrap resamples were found by applying the Newton-Raph.son it(>rative 

process. To find the coverage probabilti(\s. for each of 1000 sinuilation.s. we find r 

12 



and construct confidence bands of ( 4 ( p ) - c/^u(\(p) ^ c/M- The calculation 

of c is done by calculating the value of v/^sup^,^ |Q;(;;) - Q,[p)\ for each value .,t 

p = .2o(.01).75 in each replication. This supremum was placed in an ordered >et ul 

supremums from all the other replications of this simulation. To conMriK i a 9()7f 

confidence band, we choose c as the 90th percentile of the S(M of supremums. We can 

then calculate the coverage probabilities by calculating the relatiw frequenc\- of the 

VQ confidence interval defined above containing the value Q{p), the /;th (jnantih' of 

the exponential with mean 1. across all simulations of given size /; and bandwidth 

h. The coverage probabilties of the 90*/ simultaneous confidence bands for th(> (luan-

tile function Q(p) = F~\p)= -log(l - ;;) over p e I = [.25, .7:)] for sample si/.es 

71=30,50,100,150,200,300,500,1000 are reported in Table 4T. The av(>iâ (> length was 

determined as the mean value of 2c/^ for all simulations of sv/r n and bandwidth 

h. The average lengths of the confidence bands are reported in Table 1.2. 

For Tables 4.1 and 4.2, the first column of coverage j)robabiliti(\s and a\-eiage 

lengths correspond to the non-smoothed method. For tlie smoothed method the 

results are reported for kernel bandwidths h = .10(.10).80. Th(> covĉ ragĉ  prol^abilities 

are generally decreasing as h is increasing. The average lengths also (lecr(vise as // 

gets larger. For a given sample size n. the smoothed quantile cov(>rag(> probabilties 

are closer to the nominal level .90 for the bootstrap estimat(jrs. 

To examine the performance of the two bandwidth selection methods, the boot 

strap and the jackknife, a random sample of size n was drawn from an exponential 

distribution with mean 1, and censoring from an exponential distribution with mean 

13 



7/3. Again, we achieve approximately 307r censoring. The estimators were chosen 

and the smoothing done the same as in the previous simulations. The weight func

tion for the calculation of MISE*(Q„./i) is chosen to be w{p) = 1, t)vor the partition 

Pj = .25(.01).75. The value of MISE*((3„./i) was calculated using the formulae of 

Chapter 3 for h = .10(.05).85 using B = 1000 bootstrap samples, or B = n jackknife 

samples. The h* which minimizes MISE*(Q„, h). is given for each of the eight sample 

sizes n = 30,50,100,150,200,300,500,1000 in Table 4.3 for the bootstrap method, 

and Table 4.4 for the jackknife method. 

14 



Table 4.1: Coverage probabilities of 90% simultaneous confidence bands 
for Q(p), .25 < p < .75. with 1000 replicates: using smoothing 
and non-smoothing Bootstrap methods 

n\h 
30 
50 
100 
150 
200 
300 
500 
1000 

non-smooth 

.935 

.948 

.945 

.952 

.963 

.947 

.948 

.950 

smooth 
.10 
.928 
.944 
.935 
.938 
.948 
.934 
.928 
.941 

.20 
.924 
.929 
.920 
.925 
.936 
.908 
.910 
.921 

.30 
.914 
.921 
.910 
.918 
.925 
.888 
.904 
.912 

.40 
.913 
.915 
.894 
.910 
.915 
.885 
.897 
.906 

.50 
.908 
.907 
.885 
.899 
.915 
.895 
.896 
.896 

.60 
.903 
.904 
.887 
.886 
.919 
.888 
.887 
.880 

.70 
.902 
.900 
.885 
.891 
.908 
.882 
.868 
.833 

.80 
.894 
.901 
.882 
.880 
.903 
.865 
.837 
.759 

Table 4.2: Average lengths of 90% simultaneous confidence bands for Q{p). 
.25 < p < .75, with 1000 repficates; using smoothing and 
non-smoothing Bootstrap methods 

n\h 
30 
50 
100 
150 
200 
300 
500 
1000 

non-smooth 

1.916 
1.503 
.999 
.783 
.668 
.532 
.404 
.279 

smooth 
.10 

1.778 
1.375 
.900 
.700 
.594 
.474 
.358 
.245 

.20 
1.664 
1.281 
.831 
.643 
.544 
.433 
.325 
.223 

.30 
1.568 
1.203 
.775 
.601 
.505 
.403 
.305 
.212 

.40 
1.487 
1.135 
.729 
.566 
.477 
.383 
.292 
.205 

.50 
1.416 
1.077 
.692 
.540 
-458 
.369 
.282 
.198 

.60 
1.355 
1.028 
.662 
.519 
.443 
.358 
.275 
.193 

.70 
1.304 
.984 
.639 
.503 
.431 
.349 
.268 
.188 

.80 
1.262 
.948 
.619 
.489 
.419 
.340 
.262 
.184 

Table 4.3: Bootstrap selections of kernel bandwidth h* that minimzes MISE*(Qn,/i) 
for .25 < p < .75, for a single random right-censored sample 

n 
h* 

MISE*(Qn,/i) 

30 50 100 150 200 300 500 1000 
Id .85 .60 .45 .30 .25 .30 T5 

.02027 .01278 .00771 .00476 .00377 .00219 .00149 .00078 

Table 4.4: Jackknife selections of kernel bandwidth h" that minimzes MISE'(Qn./i), 
for .25 < p < .75, for a single random right-censored sample 

n 
h* 

MISE*(Qn,/i) 

30 
.85 

50 100 150 200 300 500 1000 
ro .80 .60 •0 .70 .55 .50 

.07837 .05349 .00781 .01269 .00084 .00039 .00043 .0002' 

15 



CHAPTER \ ' 

CONCLUSION 

Usmg the work of Sun as a starting point, we have exainim>(l two popular re

sampling plans and their performance as estimators for smooth ciuantile i)ro(vsse.s. 

The objective has been to find the best //* for each method at various sami)le sizes, 

thus providing a means for comparing bootstrapping vcnsus jackknifing. We haw 

also examined the performance of the smoothed bootstrap v(usus th(> nonsmoothed 

bootstrap, providing comparison l)(>twe(Mi thes(> two. 

In the results of the optimum bandwidth .s(>l(Htioii (Tables 4.3 .V 4.4). wv find both 

resampling plans follow the patterns expect(>d of them. In both cas(\s, as // incroas(>s, 

both the optimum bandwidth, h\ and the associated M1S1"(C^„,//), d(>cr(>as(\ TIK* 

difference lies in the rates of change. Both the bootstrap and jackknih^ are optimi/ed 

at large bandwidths for the smaller sample sizes. In the case of th(> bootstrap. \\\e 

optimum bandwidth quickly reduces to vvvy low values at the larger sample sizes. 

The jackknife, while lowering the optimum bandwidth, does so at a much slow(>r rate, 

maintaining higher bandwidth values than the bootstrap at all sampl(> sizes (except 

n = 50 in these simualtions. which is merely coincidental). It is int(>r(>sting to note 

that the MlSE*{Qri'h) values converge to 0 much faster for the jackknife than the 

bootstrap. At small n, MISE*(Qn-h) is higher for the jackknife than the bootstrap. 

but as n increases, it converges towards zero at a much faster rate for tlu^ jackknife. 

The results of the simulations to compare smoothcnl bootst rap v(>rsiis nonsmoothed 
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bootstrap also provide interesting results (Tables 4.1 k 4.2). For a given sample 

size n, the coverage probabilties using the smoothed quantile estimates are closer to 

the nominal level of .90. In general, the coverage probabilitos are decreasing as h 

is increasing, and the average lengths of the confidence bands are decreasing. As 

n increases, the coverage probabilties remain relati\el}' constant, especially at the 

smaller bandwidths, while the average lengths of the confidence bands get much 

smaller. This is expected as the accuracy of the estimate should increase as the 

sample size is increased. It is also interesting to note that as n increcises, the h which 

provides the coverage probability closest to .90 decreases, following a pattern similar 

to the one in Table 4.3. 
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