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CHAPTER I 

INTRODUCTION 

Materials management has an enormous impact on the productivity and 

performance of many organizations because it handles the total flow of materials. Proper 

inventory control can minimize stock up, thereby reducing capital of an organization. It 

also enables an organization to purchase or produce a product in economic quantity, thus 

minimizing the overall cost of the product. In a purchasing situation where the inventory 

problems of both a vendor and a purchaser are treated independently, we can obtain the 

vendor's optimal production quantity and the purchaser's optimal order quantity 

independently. In many instances, the optimal policies may not come in agreement 

between the purchaser and the vendor. An optimal order quantity for the purchaser may 

not necessarily be the same optimal production quantity for the vendor. If the buyer has 

to follow the vendor's production lot size by buying more products than he needs, there 

will be more inventory build up on the buyer's side. This will result in an increase in the 

inventory cost for the buyer and vice versa. Typically, such a conflict of product quantity 

can be settled through negotiations, and the end result depends on the balance of power 

between the two parties. The outcome may give a near-optimal ordering policy for one of 

the parties, leaving the other party in a disadvantageous cost position (Banerjee, 1986). 

An alternative way to the resolve the conflict is to consider together the total relevant 

costs for both parties, such as the production cost, the inventory cost, the ordering cost, 

and the transportation cost. A joint optimal order quantity can then be obtained which is a 

compromised quantity between the two parties. 



A joint economic lot-size (JELS) ordering policy considers jointly the 

production/inventory problems of a vendor and a buyer. It considers the joint total 

relevant cost which is the sum of inventory carrying cost for the vendor and buyer, the 

order cost, the transportation cost, and the production setup cost and gives an order 

quantity that is optimal for both parties. The joint solution was found to be comparatively 

more cost efficient than the one obtained when the inventory problems of both the vendor 

and the buyer are treated in isolation (Agrawal and Raju, 1996). In a situation where the 

transportation cost is low, further reduction of the joint total cost can be achieved by 

supplying the order quantity in several sub-batches. Despite an increase in the numbers of 

delivery, the additional transportation cost may still be less than the inventory cost 

incurred when more units are kept on hand over a longer period of time. 

Previous research concerning the JELS model usually do not permit backorder, 

which is the economic consequence of a shortage and the customer's order is filled later. 

However, in a situation where backorder costs do exist and can be determined, an 

economic benefit may be realized by permitting stockouts to occur (Tersine, 1994). By 

allowing stockouts, excess demand will be backordered and satisfied in the next 

shipment. Consequently, fewer products are held in the inventory as backup units, and 

this results in a lower inventory cost. In view of this, a JELS model that allows 

backordering is developed in this thesis. We will base our model on Agrawal and Raju 

(1996) in which the order quantity is supplied in multiple sub-batches. Some other 

parameters, namely the variable transportation cost and minor ordering cost per sub-batch 

will also be added to the model. Variable transportation cost is the cost of delivering a 

product and is dependent of the number of units transported. It may include the labor cost 



of shifting/moving an item ($/item). Minor ordering cost is the cost incurred every time a 

sub-batch is ordered. This may include such items as writing purchase orders, receiving 

materials, inspecting materials, and following up orders of sub-batches. Adding these 

parameters will make the model more realistic and practical in real purchasing situations. 

Problem Statement 

Two general questions often posed to any inventory system are how many and 

when to order (Tersine, 1994). In order to determine the optimal delivery quantity as well 

as the time period between each delivery, it is essential to consider all relevant costs on 

both the vendor's and the purchaser's side. According to Agrawal and Raju (1996), the 

joint total annual cost (JTAC) consist of the inventory carrying cost for the vendor and 

purchaser, and average annual cost of set-up, ordering and transportation which can be 

expressed below 

JTAC = vendor's inventory cost + purchaser's inventory cost + setup cost 

+ ordering cost + transportation cost 

/ 

Cv : 

C, : 

= IC^X^+IC^X^ + {S + A + ns) 

inventory carrying cost (%/year). 

unit production cost ($), 

unit purchase cost ( $ ) , 

X, average annual inventory for the vendor (units), 

Xp average annual inventory for the purchaser (units). 



D annual demand rate (units/year), 

Q vendor's production lot size (units), 

S vendor's setup cost ($/setup), 

A purchaser's ordering cost ($/order), 

n number of uniform sub-batches per order, 

s fixed transportation cost ($/trip), 

D/Q number of production cycles per year. 

For clarification, we have provided here the definition of various inventory costs. 

• Purchase cost (Cp) is the unit purchase price of an item. 

• Production cost (Cv) is the cost to produce an item from raw material to finished 

product. It may include direct labor, direct material, and factory overhead. 

• Order cost (A) is the cost incurred every time an order is placed. It includes such 

items as making requisitions, writing purchase orders and following up orders. 

• Setup cost (S) is the cost of changing over the production process to produce the 

ordered item. It usually includes preparing the shop order, scheduling the work, and 

preproduction setup. 

• Inventory carrying cost rate (/) includes the costs associated with investing in 

inventory and maintaining the product in storage. It consists of such items as capital 

costs, taxes, insurance, obsolescence, and deterioration. 

• Transportation cost (s) is the cost of delivering a product. It may include such costs 

as fixed transportation cost per trip and variable transportation cost per unit 

transported. 



• Backorder cost (K) is the cost incurred when there is a shortage and the customer's 

order is filled later. This may include any extra costs charged for the special service; 

e.g., expediting costs, handling costs, and premium shipping and packaging costs. 

According to the equation, JTAC considers only the fixed transportation cost per 

delivery (s) and the ordering cost at the beginning of each cycle (A). In order to make the 

problem more realistic and practical, we will take into account the purchaser's minor 

ordering cost per sub-batch ($/order), which is the ordering cost incurred every time an 

order of a sub-batch in a sub-cycle occurs and the transportation cost per unit transported, 

which may include the labor cost of shifting/moving an item. In addition, we also assume 

that backordering is allowed at some cost, and the backorder cost is independent of 

quantity backordered as well as delay period. The new JTAC can now be written as 

JTAC = vendor's inventory cost + purchaser's inventory cost + backorder cost + 

setup cost + major ordering cost + minor ordering cost + transportation 

cost per delivery + transportation cost per unit transported 

= IC,X,+IC^X^+KZ + 
yQj 

{S + A + na + ns + Qt) 

where 

K backorder cost ($/unit/year), 

Z average annual backordered units (units), 

a purchaser's minor ordering cost per sub-batch ($/order), 

t transportation cost per unit transported ($/unit). 



Given the information and assuming that backordering is allowed, the problem is 

to determine a model which gives the minimum joint total annual cost (JTAC) for both 

parties and does not place either party at a disadvantageous cost position. 

There are five chapters in this thesis. Chapter I is the introduction, problem 

statement and literature review. In Chapter II, we will discuss the classical EOQ model 

which gives an optimal order quantity of a product. In Chapter IE, we review Agrawal 

and Raju's joint economic lot-size (JELS) model. In Chapter IV, a new JELS model with 

backordering policy is presented and compared to Agrawal and Raju's model. Chapter V 

is the conclusion of the thesis. 

Literature Review 

Goyal (1976) was one of the first to present an integrated inventory model for a 

single vendor-single purchaser. He assumed that the demand for the item is uniform, and 

there is no lead time for the supplier and the purchaser. Shortages were not permitted in 

this model. He showed that his proposed joint inventory approach could result in 

considerable savings for both the vendor and the purchaser. 

In 1986, Banerjee analyzed the integrated vendor-buyer inventory model. He 

studied a case of a single buyer and single vendor. A deterministic mathematical model 

was developed to find the optimal lot size that minimizes the joint total relevant cost. It 

was assumed that the vendor undertakes a production setup every time the purchaser 

places an order and supplies on a 'lot-for-lot' basis. He showed that the implementation 

of a jointly optimal ordering policy could be of economic benefit to both parties. 



Goyal (1988) extended Banerjee's model by generalizing the lot-for-lot policy for 

the vendor. He introduced the possibility of manufacturing a batch, which is made up of 

an integral number of equal shipments. That is, if the purchaser's order quantity is Q, 

then the production quantity of the vendor could be Qn, where n is an integer. In his 

model, he assumed that the vendor could supply products to the purchaser only after 

completing the entire lot size. It was shown that fiirther reduction in joint-total-relevant-

cost could be achieved. 

Chatterjee and Ravi (1991) proposed that the vendor supplies products that are 

produced in one single setup to the purchaser in sub-batches of different sizes. The time 

required to transport a sub-batch to the purchaser is taken as zero. In addition, they also 

assumed the inventory holding cost is the same for both the vendor and the purchaser. 

They reported that this kind of supply can result in significant joint total annual cost 

reduction although it may incur more transportation cost. 

Agrawal and Raju (1996) argued that the supply and receipt of staggered sub-

batches at the end of periods of different lengths as introduced in Chatterjee and Ravi's 

(1991) model could result in tremendous operational planning and control problems to 

both the vendor and the purchaser. Therefore, they suggested that the sub-batches be 

supplied in uniform size and with a constant time gap between any two consecutive 

supplies. They showed that their model gives comparatively lower joint total relevant 

cost than the model proposed by Chatterjee and Ravi (1991) for high production rate and 

the purchase cost to the production cost (Cp/C^ ratio. 

Lu (1995) proposed an optimal solution to the single-vendor, single-buyer 

problem in which the delivering quantity of each shipment is identical. This policy is 
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referred to as 'identical delivery quantity' (EDQ) by Viswanathan (1998) and it is an 

improvement over the policy proposed by Banerjee (1986). She also developed a 

heuristic approach for a single-vendor multi-buyer integrated inventory problem. 

However, no transportation cost was considered in this model. 

In the same year, Goyal (1995) proposed an alternative shipment policy in which 

the quantity of products delivered to the purchaser is not identical at every replenishment. 

At each delivery, the vendor supplies all the available inventory to the purchaser. This 

strategy results in an increase in the inventory level of the purchaser. Viswanathan (1998) 

referred to this as 'delivered what is produced' (DWP) strategy and he proved that it 

gives a lower joint total annual relevant cost than the strategy proposed by Lu (1995) 

only when the holding cost for the purchaser is not much higher than that for the vendor. 

In addition, this policy also results in an inconsistency in the delivery quantity and 

delivery period, which may cause operational planning and control problems. 

Hill (1997) commented that neither of the two policies proposed by Lu (1995) and 

Goyal (1995) can obtain the optimal solution for all possible problem parameters. Hill's 

proposed optimal solution lies in [nj, n2] where n] is the number of shipments per batch 

production for the equal-sized shipments (Lu, 1995) policy and «2 is that for the deliver 

what is produced (Goyal, 1995) policy. However, in his model, the sub-batch quantity 

delivered to the purchaser at every replenishment may not necessarily be the same. This 

again can create operational planning problems as pointed out by Agrawal and Raju 

(1996). 

More recently. Hill (1999) determined the form of the globally-optimal 

production and shipping policy for a single vendor-single purchaser problem. He 
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combined the policy proposed by Goyal (1995) with an equal shipment size policy. The 

objective is to minimize the mean total cost per unit time. Once again, no stock shortages 

are allowed to occur in the model. 

In 1991, Goswami and Chaudhuri developed economic order quantity models that 

focused on deteriorating items having a deterministic demand pattern with a linear trend 

and shortages. They assumed that the inventory deteriorates over time at a constant rate 

0. The inventory replenishment policy was considered over a finite time-horizon H which 

is divided into n equal parts of length T. They were able to determine the optimal number 

of reorders, the interval between two successive reorders and the shortage intervals at the 

minimum average system cost. 

Chang and Dye (1999) presented an EOQ model for deteriorating items with 

partial backlogging. They also assumed that the demand rate is a time-continuous 

fiinction. The objective was to determine the optimal number of replenishments, the 

optimal replenishment points, and the optimal shortage points that minimize the total 

cost. They commented that in some inventory situations, the backlogging rate should be 

dependent on the length of the waiting time for the next replenishment. In other words, 

the longer the waiting time is, the smaller the backordering rate would be. 

Some of the previous research permits backordering but considers separately the 

inventory situation of the vendor and the purchaser. Others consider jointly the total 

annual cost of both the vendor and purchaser in order to find the optimal order quantity of 

the product, but do not allow stockouts. When the total cost of each party is treated in 

isolation, and no stockouts are permitted, the optimal order/production quantity can be 

obtained by using the EOQ and EPQ models which will be discussed in the next chapter. 



CHAPTER II 

ECONOMIC ORDER QUANTITY (EOQ) MODEL 

The following notations are used in this chapter: 

D annual demand rate (units/year), 

A purchaser's ordering cost ($/order), 

Q vendor's production lot size (units), 

/ inventory carrying cost rate (%/year), 

Cv unit production cost ($), 

Cp unit purchase cost ($). 

Economic order quantity enables an organization to maintain a regular inventory 

of products which have a uniform and independent demand (Tersine 1994). It is a widely 

used deterministic model which assumes that the demand rate for an item is constant and 

continuous. The order lead time and the inventory holding cost are also presumed to be 

known and constant. With the previously mentioned conditions, the order quantity as well 

as the time between orders are always constant and remain unchanged. 

Assumptions 

The following assumptions are used in the classical economic order quantity 

(EOQ) model. 

1. Deterministic, constant and continuous demand. The demand rate is assumed to be 

known with certainty. 

2. Lead time is known and constant and it is independent of demand. 
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3. The entire lot is added to inventory at the same time. 

4. The costs associated in the system, i.e., production/purchase cost, setup cost, order 

cost, and inventory holding cost are constant. 

5. Only a single item is involved in the model and it does not interact with any other 

products in the inventory (there are no joint orders). 

6. There is an infinite time horizon. This is a policy that will be continuously 

implemented. 

7 No stockouts are allowed; stockouts can be avoided since demand and lead time are 

known. 

8. There is adequate space, capacity and capital to procure the ordered quantity. 

The ideal situation of the classical inventory model is illustrated in Figure 1, 

where the negative sloping lines represent the constant demand rate D and J is the time 

between order arrivals. L is the lead time which indicates how long it takes for the 

Figure 1. Classical inventory model (Tersine, 1994) 
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products to arrive. The reorder point B is determined by calculating the demand that will 

occur during the lead time period L. The order size ofQ units is placed every time the 

inventory reaches the reorder point B. The entire lot is received and added to the 

inventory at the same time. 

Since no shortage or backorder is permitted, the total annual inventory cost is the 

sum of the holding cost, the purchase cost, and the order cost. The annual holding cost is 

the holding cost per unit per year (ICp) times the average amount of inventory (Q/2). The 

annual purchase cost is the annual cost that the buyer pays for the item. This is the 

purchaser cost per unit (Cp) times the annual demand (D). The order cost is the cost 

incurred every time the purchaser places an order and it can be determined by multiplying 

the order cost per order placed (A) and the number of orders per year (D/Q) together. The 

total annual inventory cost can be written as follows: 

total annual cost = holding cost + purchase cost + order cost 

rc(e) = ^ ^ + C D + ^ . 

Taking the first derivative of the total annual inventory cost with respect to Q and 

setting it equal to zero will give us the optimal lot size (Q ) . 

dTCJQ) _ ICp AD 

dQ ' 2 Q' 

Now we solve the equation for Q. 

Economic order quantity = 

0. 
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Once the economic order quantity is known, the optimal time between orders, T, 

can be calculated as follows: 

Optimal time between orders = T* = 
2A 

Die. 

Suppose the lead time, L is given in year. The reorder point is given by: 

B = 
f 
L-

V 

J, 

\_T\ 

\ 

'/' 

) 

D 

Note that the value \_L/T\ is the integral value of L/T. It indicates the number of 

outstanding orders that we have to order ahead of time. 

By substituting Q for Q in the total annual cost equation, we obtain the minimum 

total annual cost as follows: 

TC{Q')=C^D + pADIC, 

Numerical Example 

The parameters for the example are taken from Goyal (1988). Consider a buying 

situation where D = 1000/year, A = $25/order, Cp = $20/unit and / = 20%. 

The optimal quantity, Q , can be found as follows: 

_, 2AD 2x25x1000 ^^^ . 
Q = I = j = 100units 

/C, 0.2x25 

and the total annual cost, TC(Q ) , can be found as follows: 

TC{Q*)= CJ,D + ICpQ" = (25 X1000) + (0.2 x 25 x lOO) = $25,500 
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Similar to the EOQ model is the EPQ model, which is used primarily for 

production cases. The optimal production quantity, Q\ and the total cost, 7C, of the EPQ 

model, are obtained in a similar manner to that obtained from the EOQ model. The 

vendor's inventory situation is illustrated in Figure 2 where the positive sloping line 

represents the constant production rate P. 7 is the time between each production run and 

L is the setup time before each production run. The inventory level of the vendor will be 

at maximum at point Q which is the production quantity. Once Q units have been 

produced, they will be delivered to the purchaser all at once. 

Figure 2. Production order quantity 

The EOQ model discussed earlier takes into consideration the overall economic 

consequences of only the purchaser, whereas the EPQ model takes into consideration the 

overall economic consequences of the vendor alone. In the next chapter we will discuss 

how to consider jointly the inventory situation of both the vendor and the purchaser to 

maximize the benefits of both parties. 

14 



CHAPTER m 

AGRAWAL AND RAJU'S JELS MODEL 

Assumptions 

The joint economic-lot size model is based on the following assumptions: 

1. There is only a single buyer and a single vendor. 

2. Only a single item is manufactured and delivered to the purchaser. 

3. Deterministic, constant and continuous demand. The rate of the demand for units is 

assumed to be known with assurance. 

4. The costs associated in the system, i.e., production/purchase cost, setup cost, order 

cost, transportation cost and inventory holding cost are constants. 

5. Infinite time horizon. This is a policy that will be continuously implemented. 

6. There is no delivery time involved in the model, i.e., instantaneous replenishment. 

7. No shortages or backorders are allowed. 

Figure 3 illustrates the inventory situation in which manufactured units are 

supplied to the purchaser in sub-batches of equal size. The vendor produces Q units at a 

constant production rate of P in a single setup and supplies uniform sub-batches of ^ 

units to the purchaser who uses it at a constant rate ofD. As the first sub-batch of ^ units 

is produced and delivered to the customer, the vendor continuously produces qx units, 

where x is the production rate to demand ratio (P/D), and delivers only q units to the 

purchaser at the end of the next q/D units of time. As a result, the vendor has to hold the 

remaining qx-q ^ q(x-l) units in the inventory. During the next interval the producer also 

produces qx units but delivers only q units to the purchaser. The remaining units are again 
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held back in the vendor's inventory. The total inventory on the producer's side is now 

doubled to 2q(x-l). The process continues till all the Q units have been produced. From 

now on the producer will stop producing and only supply equal sub-batches of ^ units, 

held in his inventory, to the purchaser every q/D time interval. The cycle ends when the 

inventory has been depleted. 

Since n uniform sub-batches of ^ units are supplied to the purchaser in a single 

order quantity, Q, we can say that nq=^Q or conversely, q = Q/n. 

q/Pt-q/D^ 
Q/P 

Q-(m-l)qx-q 

-Q/D 

(a) Vendor's inventory with time 

<^q/D 
Q/D 

(b) Purchaser's inventory with time 

Figure 3. Inventory level for the case of supply in uniform sub-batches (Agrawal and 
Raju, 1996) 
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Agrawal and Raju first proceeded by calculating inventory per production run for 

the vendor. This is the area under the graph in Figure 3a. The vendor's inventory per 

production run is written as: 

2 P 

r qx q ( qx q q 
\ 

v2 Z) ^ ^D) {,2 D ^ ^^ ^Dj 

+ 
^Q-{m-\)qx-q\ fQ-{m-\)qx-q ̂  

V J 

+< 

V 
+ \Q-{m-\)qx-q]-

q Q-{m-l)qx-q] 

D P 

w 
[\ + 2 + 3 + ... + {n-m-l)]-\q-^ 

where m = total number of sub-intervals in a production cycle during which qx units have 

been produced except the first sub-interval during which q units are produced. 

The average annual inventory for the vendor, Xy. is obtained by multiplying the 

above equation by the number of major orders per year (D/Q). 

X = + 

2 P {2 D ^ DJ {2 D ^^ '^ 'D 

V J 

+ < [1 + 2 + 3 + .. .+(«-m-l)]-
\ Dj 

By substituting in the value of ^ = Q/n and simplifying the above equation, we get 

Q 
2n' 

1 / v \ / .\ ('^~l) — + \n-m- \\n -m) + m\2n -m-l)- -
r X 

(1) 

Average inventory for the purchaser per production run is the area under the 

graph in Figure 3b. It can be written as: 

n q 
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The average annual inventory for the purchaser, Xp can be obtained by 

multiplying the above equation by the number of major orders per year (D/Q). 

^ p = -

I 

/ 

1.^ 
2 D 

D 
> — 

\Q 

1 
2 

(2) 

The joint total annual cost (JTAC) in this model is depicted by the following formula: 

JTAC = holding cost for the vendor + holding cost for the purchaser + setup cost 

+ ordering cost + transportation cost 

JTAC = IC^X^+ICpXp + ̂
D} 

{S + A + ns) 

Substituting Xv and Xp from equations (1) and (2) into the above equation, respectively, 

they get 

JTAC = ^^(C,+C,) + \—\s + A + ns) 
2n' ^ 2 / 

(3) 

Here they defined C4 and C5 as 

1 f - iV 
Q -— + m{2n-m-\)+(n-m-\^-m)-- -

X X 

c,= 
nC, 

C, 

To obtain the optimal lot size Q*(m,n), take the first derivative of the joint total 

annual cost (JTAC) with respect to the production lot size Q and set it equal to zero: 

Q*{m,n) = 
'2n^D{S + A + ns) 

IC^{C,+C,) 

18 
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The minimum JTAC (i.e., JTAC*) is obtained by substituting the above equation 

into equation (3), this yields 

JTAC*{m,n) = 
J2IDC,{S + A + ns){C,+C,) 

V n' 
(5) 

The optimal JTAC can be achieved at a particular value of m and n. There is a 

relationship between m and n as elaborated by Agrawal and Raju (1996). According to 

their definition, m represents the total number of q/D time intervals in which qx units are 

produced excluding q units in the first time interval. 

Therefore, 

{q + mqx) >Q>{q + (m- l)qx}. 

Since q = Q/n, the above relationship can be rewritten in term of w as 

(n-\) 
+ 1 >>m> 

(n-\) 

Since m is an integer and it must be less than or equal to <| +1 }>, we have to 

round up the value as given below. 

(6) 
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Numerical Example 

The data for the example, mostly given by Goyal (1988) are: D = 1000/year, 

P = 3200/year, S = $400/setup, A = $25/order, s = $25/trip, Cv = $20/unit, Cp = $25/unit 

and 7=20%. 

By substituting in the given parameters into equations (4) and (5), we find that 

Q* = 564.66 units, JTAC* = $1948.08 and « = 5. 

The comparison between this model (uniform sub-batch delivery) and the model 

proposed by Chatterjee and Ravi (staggered sub-batch delivery) in which sub-batches of 

different sizes are delivered to the purchaser is illustrated below. 

Table 1. The comparison of the cost and shipment policy between the model of 
Chatterjee and Ravi (1991) and Agrawal and Raju (1996). 

Policy Shipments Batch size Total cost 

Staggered 37 119 380 536 1865.55 

Uniform 112.93 112.93 112.93 112.93 112.93 564.66 1948.08 

According to Table 1, although the policy proposed by Chatterjee and Ravi 

(1991) yields the lowest total cost, the sub-batch size and the delivery period vary 

substantially. Supply and receipt of staggered sub-batches at the end of different delivery 

time gap could result in tremendous operational planning and control problems to both 

the vendor and the purchaser (Agrawal and Raju, 1996). Despite the higher total cost in 

the uniform policy, it gives better result when Cp/Cv ratio is relatively high. Cp is the 

purchase price that the buyer pays for an item. It includes (̂ v and other various costs of 
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vendor, his profit margin, etc. Therefore, Cp will obviously be much higher than Cv in 

most cases resulting in high Cp/Cv value. From this we can say that the uniform policy is 

preferred over the staggered policy in most practical situations (Agrawal and Raju, 1996). 
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CHAPTER IV 

JOINT ECONOMIC LOT-SIZE MODEL WITH BACKORDERING POLICY 

Assumptions 

The following assumptions, some similar to Agrawal and Raju (1996), are used in 

this proposed joint economic-lot size model with backordering policy. 

1. There is only a single buyer and a single vendor. 

2. Only a single item is manufactured and delivered to the purchaser. 

3. Deterministic, constant and continuous demand. The rate of the demand for units is 

assumed to be known with certainty. 

4. Infinite time horizon. This is a policy that will be continuously implemented. 

5. There is no delivery time involved in the model, i.e., instantaneous replenishment. 

6. The costs associated in the system, i.e., production/purchase cost, setup cost, order 

cost, transportation cost, inventory holding cost and backorder cost are constant. 

7. Backorder is allowed at some cost. 

8. Lost sales do not occur. Unsatisfied demands are backordered and will result in 

delayed delivery. 

9. Production will first be used to satisfy all shortages and then later be used to satisfy 

current demand. 

10. There is an instantaneous consumption of backordered units upon delivery. 

As discussed in Chapter IE, Agrawal and Raju (1996) did not allow demands to 

be backordered. In addition, they considered the transportation cost based on the number 
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of deliveries made to the purchaser. The ordering cost was also assumed to occur only 

once at the beginning of the production cycle when the purchaser first placed the order. 

However, in a more realistic point of view, sometimes it is more cost efficient to 

allow shortages to occur if the estimated backordering cost penalty is lower than the 

corresponding purchaser's inventory carrying cost. In the proposed model, we assume 

that every time a shortage occurs, all the unsatisfied demands are backordered and will be 

satisfied on the next production run. The backordering cost incurred is based on the 

number of units backordered and it is independent of the length of the waiting time for 

the next replenishment. The model could also include the transportation cost per unit 

transported in addition to the transportation cost per sub-batch. This is the cost associated 

with the number of units delivered to the purchaser. For example, suppose that 100 units 

are to be transported to the purchaser in 2 separate sub-batches; i.e., 50 units per sub-

batch. Assume that the transportation cost per sub-batch is $10/trip and the transportation 

cost per unit transported is $0.5/unit. Therefore, the total transportation cost will be 

(2 trips X $10) + (100 units x $0.5) = $70. Minor ordering cost per sub-batch, which 

includes such items as writing purchase orders, receiving materials and inspecting 

materials every time an order of a sub-batch is placed should also be taken into 

consideration. 

Figure 4 illustrates the graphs of inventory level for both the vendor and the 

purchaser under backordering policy. We can see that the vendor's inventory level with 

time in this model (Figure 4a.) is similar to that of Agrawal and Raju (1996) as 

mentioned in the previous chapter (Figure 3a). However, the difference between the two 
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models can be found in the purchaser's inventory level with time since backordering 

mostly involves the purchaser's carrying cost rather than that of the vendor. 
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Figure 4. Graphs of inventory level with backordering policy 

Here the vendor continuously produces Q units at a production rate P in a single 

set-up, but supplies them in uniform sub-batches of size q. Despite the fact that there is a 

constant demand for the product, the vendor does not act promptly to meet the needs of 

the purchaser as proposed by Agrawal and Raju (1996). Under the backordering policy, 

24 



the first production run does not start until a certain number of shortages have been 

incurred. Upon the first delivery of ^ units, J units will have already been backordered. 

We assume that the units received by the purchaser will first be used to satisfy all 

shortages. The remaining units will then be used to satisfy current demand. Hence, at the 

end of the first q/P period, ^-J units will be held in the purchaser's inventory. These 

products are consumed over time until the inventory is depleted. The excess demand of 

the sub-cycle is again backordered and will be satisfied upon the receipt of the next sub-

batch of size q. 

The average annual inventory for the vendor, Xv, was determined by Agrawal and 

Raju (1996), as below. 

X = Q 
" 2n' 

— + {n-m- \)l[n -m) + m{2n - m 
X 

D-M: 

Average annual inventory for the purchaser, denoted by Xp, is computed as 

^ . = 1 ^'-^ 
2"" D 

{q - J)n D_ 

Q 

{q^-2qJ^J^)^ 

r^2 
2l_^+j^ 

A 

V n n 

n 
22 

Q r ^'^ ——J+ 
2n 2Q 

(7) 

where J = size of stock out (units). 
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Average annual backordered units, Z, is computed as 

1 ^ T J n 
2 D 

D_ 

Q 

22 
(8) 

Joint total annual cost (JTAC) is the sum of inventory carrying cost for the vendor 

and purchaser, backorder cost, average annual setup cost, ordering cost per order, minor 

ordering cost per sub-batch, and fixed and variable transportation cost. Therefore, JTAC 

can be written as 

JTAC = IC^X^ + ICpXp +KZ^ 
KQJ 

{S-i- A + na-\-ns-¥ Qt) 

= IC^X,+IC^X^+KZ + 
^D'^ 

KQJ 
{S + A + na + ns) + Dt (9) 

where 

K = backorder cost ($/unit/year), 

a = purchaser's minor ordering cost per sub-batch ($/order), 

/ = transportation cost per unit transported ($/unit). 

Substituting for Xv, Xp and Z in the above equation, respectively, from Equations 

(1), (7) and (8), we get. 

JTAC = IC^ 
Q ( \ (w - iV Y 

-^- + m(2n-m-]) + {n-m-\^-m)-- — 
2n \^x X ^ 

+ IC, ^ - J + 
2n 20 

KJ^n 
+ + 

^D^ 

22 Q 
{S + A + na + ns ) + Dt. (10) 

v^y 
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For a given value ofm and n, the optimal vendor's production lot size, Q*, and the 

optimal backordered units, J*, are obtained by differentiating the joint total annual cost, 

JTAC, with respect to Q and J and setting it equal to zero. We will first proceed by partial 

differentiate JTAC with respect to J and set equal to zero. 

dJTAC{Q,j) ( 

dJ 
IC, 

Jn 

~Q 

\ 

- 1 
KJn ^ 

+ = 0 
Q 

Solve for optimal J (m,n) 

J*(m,n) = 
IC,Q 

rilC +K} (11) 

For notational convenience, let B = 
IC. 

n[lC+K) 
. Therefore, J = BQ. 

When partial differentiate JTAC(Q,J) with respect to Q, we get. 

dJTAC(Q,j) ICfl (^ ,x / iv \ ( « - l ) ' l v^i_^ = —^ _ 4 . ^ 2 « - w - l ) + («-w-lXw-w)--^^ ^— 
dQ 2n \^x ^ y V 

KJ^n 

+ 2n 

ICpJ'n 

22' 
f 

2Q' 1 2 

D 
\{S + A + na + ns). 

Substituting J* = BQ into the above equation and setting it equal to zero, we get. 

dJTAC(Q,j) IC(\ / , ,. ( ,v \ ( « - l ) ' l ^^ ^ = —^ - + m{2n-m-l)+{n-m-\]{n-m)-^ ^— + 
dO 2n [ X X , 

KB^n 

2n 

ICpB-n 

^D^ 

V ^ J & 

{S + A + na + ns ) = 0 . 
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Solve for optimal lot size Q*(m,n) 

Let 
1 ( -}y 

C2 =— + m{2n -m-\) + {n-m- \)(n -m)-
X X 

and C3 = 
2« 

Therefore, Q (m,n) can be rewritten as 

Q*(m,n) = 

D{S + A + na + ns) 

2n^ ^ ^ 2 

(12) 

The optimal joint total annual cost, JTAC*(m,n), can be calculated by substituting 

from equations (11) and (12) into equation (10). 

The optimal value ofm and n can be found using the same relationship computed 

by Agrawal and Raju. This is equation (6) in Chapter n. 

Numerical Example I 

The data for the example are: D = 1000/year, P = 2500/year, S = $380/setup, 

A = $18/order, s = $25/trip, Cv = $50/unit, Cp = $70/unit and / = 30%. 
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Additional data used to illustrate the solution procedure of the JELS with 

backordering policy are: K = $41/unit/year, t = $0.5/unit, and a = $4/order. 

By substituting in the given parameters into equations (12) and (11), respectively, 

we find that Q* = 296.14 units and / = 25.08 units. 

When we substitute in the values of 2* = 296.14 units and / = 25.08 units and 

other parameters into equation (10), we find thai JTAC* = $3971.31 at« = 4. Additional 

results are summarized in Table 2 below. 

Table 2. The results of the costs of the proposed model with parameters from Numerical 
Example I. 

Vendor s Buyer's Total Backorder Transportationn Total cost 
Inventory cost Inventory cost Inventory cost cost & setup cost 

$1221.59 $339.95 $1561.53 $174.12 $2235.65 $3971.31 

Numerical Example II 

For a proper comparison with other models, the purchaser's minor ordering cost 

per sub-batch and the transportation cost per unit transported should be taken as zero 

since they were not considered in the previous models. However, we will include the 

backordering cost in this example in order to illustrate the benefit of permitting stockouts 

to occur when the backordering cost is more than compensated by the reduction in 

inventory carrying cost. 
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Consider the data, mostly taken from Goyal (1988): D = 1000/year, P = 

3200/year, S = $400/setup, A = $25/order, s = $25/trip, Cv = $20/unit, Cp = $25/unit, 

/ = 20%, K = $8/unit/year, t = $0/unit, and a = $0/order. 

By using equations (12), (11), and (10), we obtained the solution as follows: 

2* = 552.53 units, / = 70.84 units and JTAC = $1809.87 at« = 3. 

We now compare the results obtained from different policies. These are: 

a. The optimal policy based on staggered sub-batches (Chatterjee and Ravi, 1991). 

b. The optimal policy based on uniform sub-batches without backordering (Agrawal 

and Raju, 1996). 

c. The proposed optimal policy based on uniform sub-batches with backordering. 

Table 3. The comparison of the total cost and shipment policy between the staggered 
model, the uniform model and the proposed model. 

Policy Shipments Batch size Total cost 

a. Staggered 37 119 380 536 $1865.55 

b. Uniform 112.93 112.93 112.93 112.93 112.93 564.66 $1948.08 

c. Uniform 184.18 184.18 184.18 552.53 $1809.87 
with backorder 

It should be noted that the first two policies do not permit backordering. Thus, the 

value of i^ is not used in the calculation. Here we can see that the proposed uniform sub-

batches with backordering policy yields the lowest joint total annual cost. The yL4C thus 

obtained is about 7% less than $1948.08 as obtained by Agrawal and Raju and about 3% 

less than $1865.55 as obtained by Chatterjee and Ravi. This is a result from permitting a 
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shortage to occur in every delivery cycle. Since the other two policies do not allow 

backordering in their models, the benefit of allowing a shortage cannot be realized. 

Effect of Transportation Cost (S) and Carrying Cost Rate (1) 

To study the effect of transportation cost and carrying cost rate on the behavior of 

the two models, we plot the joint total annual cost difference between the two models 

against the transportation cost (s) taking different values of carrying cost rate (I). Here we 

keep the backordering cost (K) constant and we do not consider the transportation cost 

per unit transported (a) and the purchaser's minor ordering cost per sub-batch (a). 
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Figure 5. Variation in excess of JTAC without backordering over J7MC with backordering 
with respect to transportation cost (D = 1000, P = 5000, ^ = 25, ̂  = 400, Cp = 
70, Cv= 55 ,^=17 , ^=0, a = 0). 
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As depicted in Figure 5, we can see that as both the transportation cost and the 

inventory carrying cost rate increase, the proposed model with backordering policy 

becomes more advantageous. Furthermore, we also found that as the transportation cost 

increases, the number of sub-batches supplied also decreases for both cases. This implies 

that a high value of transportation cost prohibits supply in small sub-batches and calls for 

supply of order quantity in a single lot. 

The inventory carrying cost rate, /, determines the total holding cost for both the 

vendor and the purchaser. In a situation where / is relatively higher than the backordering 

cost, K, it may be no longer economical to hold a large inventory. Permitting backorders 

is an alternative in which the cost incurred due to acceptance of a shortage may be more 

than compensated by the reduction in holding cost of both parties. This explains why the 

proposed model, which allows backordering, performs much better than Agrawal and 

Raju's model at high /. 

Effect of Backordering Cost (K) 

Since Agrawal and Raju (1996) did not permit demand shortage in their model, 

backordering cost has no effect in the joint total annual cost. Therefore, it remains 

unchanged as K varies. However, the effect of backordering cost can be clearly seen in 

the proposed model as presented in Figure 6. 

From this, it is obvious that the proposed model is more advantageous for the 

lower values of ̂ . In a situation where the backordering cost is small and the inventory 

carrying cost rate is relatively high, fewer units will be kept in the inventory and more 

demands will be backordered. This can lower the joint total annual cost for both the 
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vendor and the purchaser. However, this advantage diminishes as the carrying cost rate 

decreases. At a very low carrying cost rate, more units can be held in stock without 

significantly increasing the joint total annual cost. In this case, the backordering cost 

almost has no influence on the performance of the model and sometimes it may not be 

necessary to backorder at all. 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Inventory earring cost rate (I) 

•K= 10 

-^—K = 20 

•^(—K = 30 

•^»t-K = 50 

Figure 6. Variation in excess of JTAC without backordering over JTAC with 
backordering with respect to backordering cost (D = 1000, P = 5000, A 
= 400, Cp = 70, Cv= 55, / = 0.2, s = 25, / = 0, a = 0). 

25 ,^ 

Effect of Setup Cost (5^ 

Setup cost is the cost of changing over the production process to produce the 

ordered item. It usually includes preparing the shop order, scheduling the work, and 

setting up machines. As illustrated in Figure 7, we can notice that as the setup cost 
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increases, the proposed model becomes more advantageous. This can be clearly seen at 

high inventory carrying cost rate /. However, this advantage diminishes as / decreases. 
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Figure 7. Variation in excess of JTAC without backordering over JTAC with 
backordering with respect to setup cost (D = 1000, P = 5000, A = 25,Cp = 70, Cv 
= 5 5 , ^ = 1 7 , 5 = 2 5 , / = 0 , a = 0). 

In the proposed JELS model with backordering policy, some units are 

backordered and will be delivered to the customer on the next shipment. These 

backordered units add up to the optimal quantity Q*, making this quantity larger than that 

of the JELS model without backordering policy. From this, we can say that fewer 

production runs per year (D/Q) are required for the vendor as Q becomes larger. Since it 

was previously assumed that setup is required at the beginning of each production run, 

the proposed model then yields a lower number of setups per year, resulting in a lower 

annual setup cost. This advantage becomes more noticeable when the setup cost is high. 
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Effect of Purchaser's Ordering Cost (A) 

The effect of purchaser's ordering cost is somewhat similar to that of setup cost. 

As illustrated in Figure 8, an increase in / results in an increase in the cost difference 

between the two models. The proposed model is preferred in all cases. A high /value 

indicates that perhaps it is no longer economical to hold a large inventory. Rather, an 

economic benefit can be realized by allowing some units to be backordered. However, at 

a low inventory carrying cost, holding large inventory may not have significant effect on 

the joint total annual cost. The backordering cost incurred every time a unit is 

backordered may be higher than the inventory cost if these units were not backordered, 

but produced and held in stock instead. 
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Figure 8. Variation in excess of JTAC without backordering over J7MC with backordering 
with respect to ordering cost (D = 1000, P = 5000, S = 400,Cp = 70, Cv= 55, K 
= \7,s = 25,t = 0,a = 0). 
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The ordering cost (A) is considered a relatively small amount when compared to 

the setup cost (S) which takes on a value of 50 to 500 in Figure 7. This explains why we 

see in Figure 8 that the increase in the cost difference is almost not noticeable as A 

increases. However, if .4 is a very high value, we would be able to see clearly that at high 

ordering cost, the proposed model becomes more advantageous than Agrawal and Raju's 

model. 

Effect of Production Rate to Demand Ratio (x) 

According to Figure 9, the overall cost for both models increase as the inventory 

carrying cost rate (I) increases. Moreover, as the production rate to demand ratio (P/D) 

increases, the overall cost of supply without backorder increases whereas that for supply 

with backorder decreases. A high P/D value indicates that the vendor can produce much 

faster than the consumption rate of the purchaser. Given that the model does not permit 

backorders, inventory will build up faster on the vendor's side and this automatically 

adds up to the inventory cost. 

On the other hand, by permitting stockouts to occur, we can avoid the build up of 

inventory on the purchaser's side. Upon the receipt of demand orders, the vendor does 

not have to start the production right away. Given that the backordering cost is finite, it 

would be more economical to allow some shortages to occur if the cost incurred is more 

than compensated by the reduction in holding cost. 
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CHAPTER V 

CONCLUSION AND FUTURE RESEARCH 

Conclusion 

In this thesis we have studied the integrated inventory for a single-vendor single-

purchaser with backordering policy to determine an economic lot size that will minimize 

the total relevant cost to the vendor and the purchaser. Specifically, we base our model on 

the previous work done by Agrawal and Raju (1996) in which the order quantity is 

supplied in uniform sub-batches and we extend the model flirther to permit backordering 

at some costs. To make the model more realistic and practical, we also add two new 

parameters into our model, namely the variable transportation cost and minor ordering 

cost per sub-batch. A mathematical model was developed and we were able to determine 

the optimal lot size Q , the optimal backordered units J , and the optimal number of 

uniform sub-batches per order n which result in the minimum joint total annual cost 

JTAC*. 

We have illustrated comparative advantages of the proposed model with 

backordering policy with the model of Agrawal and Raju (1996) at the end of Chapter IV 

By varying some parameters, solving some numerical examples and graphing the results, 

we were able to study the effect of both models on overall cost. Base on the study 

conducted, the following is concluded: 

1. For higher transportation cost per delivery, the proposed model with backordering 

policy becomes more advantageous. As the transportation costs decrease, the 

advantage of the proposed model diminishes. 
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2. For higher inventory carrying cost rate (/), the proposed model is preferred. 

However, at a relatively low/value, the two models finally results in the same joint 

total relevant cost. Demands will no longer be backordered since it is more 

economical to hold items in stocks. The proposed model then behaves the same as the 

model of Agrawal and Raju (1996) at low /. 

3. The effect of backordering cost (K) has the opposite of the effect of I. A decrease in 

K leads to more of the benefit for the proposed model. 

4. Setup cost (S) and ordering cost per batch (A) have the same effect on JTAC. At high 

carrying cost rate, the advantage of the proposed model becomes more noticeable as S 

or A increases. However, as the carrying cost rate decreases, the cost difference 

between the two models remains approximately unchanged as iS* or^ varies. 

5. In the case of higher production rate to demand ratio (x), the benefits of the proposed 

model increase accordingly. On the contrary, as the production rate decreases, these 

benefits also decrease. 

Future Research 

So far, we have only discussed the joint inventory problem with backordering 

policy for a single vendor-single purchaser case. There are many areas which could be 

done in the fliture. These are: 

1. Relaxing the single vendor single purchaser assumption to the single vendor multi 

purchaser, the single purchaser multi vendor and (eventually) the multi vendor multi 

purchaser. 
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2. Assuming that the backordering rate is not constant. It could be a decreasing function 

of the waiting time for the next replenishment. That is, the longer the waiting time is, 

the smaller the backordering rate would be. 

3. Considering perishable products in which we have to take into account the shelf life. 
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