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ABSTRACT 

Further study of a physically motivated, parameter-free approximation used 

in calculating positron-atom and positron-molecule polarization potentials is 

made. The method mimics the effects of virtual positronium formation at low 

scattering energies in the near target region and reduces to the correct adiabatic 

result as the positron recedes from the target. This thesis describes a specific 

appHcation of the model to positron-neon scattering. 
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CHAPTER I 

INTRODUCTION 

The study of collisions between a charged particle and some target can be 

traced as far back as the classic experiments by Rutherford in 1913 and those by 

Compton in 1923. Many other important scattering experiments were carried 

out in the years that followed, accompanied by satisfactory theoretical 

explanations of their results. However, since these experiments were very limited 

due to the technology available at the time, theory very rapidly caught up with 

experimental information and surpassed it by a wide margin of years. This was 

the case with one of the most basic experiments: the scattering of electrons from 

hydrogen atoms. The theoretical foundations were already laid down by 1927 

and the problem had been exhausted within a few years after that . Enthusiasm 

was soon lost due to the lack of experimental verification. It was not until 1956 

when the crossed-beam experimental technique was invented that interest in the 

problem was rekindled. Since then, techniques have improved and targets have 

gone from simple atoms to complex molecules [1]. 

Electron-atom and electron-molecule scattering have been studied extensively 

due to the availability of well-coUimated low-energy incident electron beams. By 
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low scattering energies, we mean anything less than about 20 eV (or ~ 1.5 

Rydbergs) where the scattering problem becomes fully quanta!. Most of the 

theoretical research on these systems has concentrated on the interaction 

potential, and rightfully so, since that is what governs the motion of the electron 

near the target. This interaction potential consists mainly of three terms: the 

static, the exchange, and the polarization potentials. The electrostatic term 

arises from the Coulomb forces between the scattering electron and the 

constituent nucleus and electrons of the target. The exchange term comes about 

from the fact that the scattering electron is indistinguishable from the atomic 

(or molecular) target electrons. Consequently, the system wavefunction must be 

antisymmetric under interchange of any two electrons as dictated by the Pauli 

exclusion principle for fermions. The polarization term is due to the charge of 

the electron, i.e., since the electron is a charged particle, it will distort the target 

charge cloud which, in turn, causes polarization effects. As already stated, the 

literature is rich with information about electron scattering and the reader is 

referred to the review articles by Morrison [2] and Lane [3]. 

The idea of using a positron as the scatterer was not as popular as that of 

using the electron. Even though the existence of the positron was predicted in 

1930 by Dirac [4] and subsequently confirmed experimentally in 1933 by 

Anderson [5] and Blackett and Occhialini [6], it has not been possible, until 

recently, to obtain positron beams of anything Hke the same quality as electron 
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beams. This provided experimentalists with a positively charged particle of the 

same mass as the electron which could be used in experiments complementary to 

those which were carried out using electrons. Over the last fifteen years, the 

introduction of intense low-energy positron beams, together with improvements 

in measuring instruments, has led to a rapid increase in the number of 

positron-atom and -molecule scattering experiments. A comprehensive review up 

until 1984 is given by Charlton [7] and the most recent developments are 

described in the 1987 Proceedings of the NATO Advanced Research Workshop 

on Atomic Physics with Positrons [8]. 

The change in sign of the charge in positron-atom and -molecule scattering as 

opposed to electron scattering, has many consequences. The positron is quantum 

mechanically distinguishable from the target electrons and therefore the 

exchange effects are completely dropped from the interaction potential. This 

feature of the potential is partly responsible for the relative simpUcity of 

positron scattering calculations as compared to their electron scattering 

counterparts. Another significant difference is the character of the static term. 

Whereas the electron-target static potential is attractive, it becomes strongly 

repulsive for the positron-target case due to positron-nuclear repulsion. This 

repulsion between the positron and the nucleus dominates the interaction 

potential very near and within the target charge cloud and must be accounted 

for adequately if accurate results are to be obtained. 
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The polarization effects also undergo a change when one moves from the 

electron to the positron case. However, in most of the literature on this subject, 

such a change has usually been completely ignored [7,9]. The same polarization 

potentizd that was used for the electron problem was usually borrowed without 

modification and used for positron scattering. The reason given for such a 

presumptuous move was that to second-order in the perturbation theory used to 

describe the polarization potential, the sign of the projectile's charge is 

irrelevant. Morrison et al. [10] demonstrated the questionability of such an 

assumption and showed a specific charge dependence for positron-H2 scattering 

calculations. In response, Jain [11] and Gianturco et al. [12] have suggested that 

such a dependence exists for only H2 because of its atypical spherical shape and 

should not be observed for any other heavier targets. Elza et al. [9] countered by 

showing a specific charge dependence for a heavier target, namely, positron-N2 

scattering. The matter was resolved eventually and it is standard now to include 

the sign of the charge of the incident particle when using new or already 

established polarization potential models. 

Another unique characteristic of positron-atom and -molecule scattering is 

positronium formation. This is a simple example of a rearrangement collision in 

which the incident positron combines with one of the electrons in the target to 

produce a bound positron-electron system, positronium, and a residual ionized 

a tom or a charged molecule. The threshold energy for positronium formation is 



the difference between the first ionization energy of the target atom (or 

molecule) and 6.803 eV, the ground state energy of positronium. In a way, 

positronium formation effects replace the exchange effects encountered in 

electron scattering. However, positron-electron correlations are generally much 

more important than electron-electron correlations, and detailed descriptions of 

them are required if accurate results are to be obtained [13]. 

It is obvious that the problem of positron-atom scattering is quite 

compUcated. So far, the majority of the calculations which have been carried out 

have made use of approximation methods, usually involving the use of model 

potentials. Detailed descriptions of such methods can be found in articles by 

Ghosh [14] and Morrison [15]. Another method is the fuUy ab initio t reatment 

including the variational work of Armour [16] and the R-matrix calculations of 

Tennyson [17]. Each of the above methods has its own merits and drawbacks 

and current research revolves about either improving them, or introducing a 

whole new approach. 

Gibson [18] has proposed an insightful new approach to the problem. His 

method is based on a physically motivated model potential that mimics the 

effects of virtual positronium formation. The method has been tested for 

positron-He and positron-H2 scattering calculations and has yielded results in 

good agreement with experiment and with other accurate results. Motivated by 
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the success of the model, positron-neon scattering theory and calculations are 

considered in this work as a further application of this new approach. 



CHAPTER II 

THE SCATTERING PROBLEM 

A review of the quantum mechanical theory of scattering in three dimensions 

is presented with emphasis on some important ideas and terms that will be used 

throughout this work. The reader is assumed to have encountered quantum 

scattering previously, so brevity is the golden rule. The next section begins with 

a description of the many-body problem one encounters when tackHng 

positron-atom scattering. The Hamiltonian of the system is discussed and the 

close-coupUng expansion approximation is introduced. An attempt at explaining 

the resulting problem with a minimum amount of mathematics follows with the 

chapter ending in a discussion of the validity of the approximation. Atomic units 

will be used throughout, where e = h = rrif. = 1. The unit of distance is the first 

Bohr radius, lao % 0.529A, and that of energy is either the Rydberg or the 

Hartree, where IHartree = 2Ryd % 27.2eV. 

2.1 Basic Quantum Scattering 

Let us consider a uniform monoenergetic beam of particles approaching along 

the z-axis and a scattering center fixed at the origin of coordinates as depicted in 

7 
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Figure 2.1. A spherically symmetric force field is assumed, so that the potential 

energy of interaction V is a function of the separation distance r only. If we 

assume the incident particles to be independent of each other, then we can 

consider them to be free particles. Consequently, a particle (or more properly, a 

wave packet) in the incident beam with momentum k and energy y is in the 

state 

i^inc = e''\ (2.1) 

When this wave interacts with the target, an outgoing scattered wave results. 

This scattered wave must have the form of an outgoing spherical wave whose 

amplitude decreases, for large r, as - in order that the radial current density 

may fall off as the inverse square of the distance from the center of force and 

that the number of scattered particles may thus be conserved. Since most 

scattering is anisotropic, the scattered wave wiU contain a modulation factor and 

will have the form 

i>.c{r,e) = S{e)—. (2.2) 

r 

The modulation factor f{6) is called the scattering ampHtude and plays a crucial 

role in the scattering problem as we shall see shortly. It might be beneficial at 

this point to give a non-formal definition of two terms that we will derive 

mathematically later on. The differential cross section dcr is defined as the ratio 

of the number of particles scattered per unit time into an element of solid angle 

dVt to the flux density of incoming particles. It follows that the total number of 



incident 
beam 

scattered 
beam 

detector 

Figure 2.1: A scattering experiment configuration. 
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particles scattered per unit time, or the total cross section <T, is obtained by 

simply integrating over all solid angles. 

At positions far from the scattering target, the wave function for the 

scattering case at hand will consist of a plane-wave incident component and an 

outgoing scattered component 

ikr 

jl;{r, 0) = e'^' + / ( ^ ) — (r ^ oc). (2.3) 
r 

So in order to obtain the scattering ampfitude f{0), and eventually the cross 

section, we must solve the time-independent wave equation for the motion of 

particles of mass m (=1) and energy y interacting with a fixed target through a 

central potential V(r). The resulting solution is then matched to the above 

asymptotic form of the wave function. The Hamiltonian for the system is simply 

n = -\vl + V(r), (2.4) 

and so the time-independent radial Schrodinger equation is given by 

CP / ( / + 1 ) , , 2 
-{-k^-2V ui{r) = 0. (2.5) 

By using the method of partial waves, the above equation can be solved to get 

an expression for ui{r). Far away from the target, V(r) rapidly approaches zero 

and the solution is given approximately by the asymptotic form of the free 

particle solution ji{kr) 

ui ~ —sin{kr — — ) . (2-6) 
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As long as V(r) decreases faster than - , this free-particle asymptotic form 

remains intact, except for a change in the argument through a phase shift 6i 

u1"^ ~ ^sin[hT - — + Si). (2.7) 

The phase shift is completely due to the action of the scattering potential. There 

are two waves present shortly after coUision: the original incident wave and the 

actual wave function as determined by the action of the "potential well." It is 

apparent that outside this well, there must be a difference in phase between the 

modified and unmodified waves. This phase difference is the phase shift hi. 

After some simple mathematical manipulation, one obtains the following two 

important results 

/ ( ^ ) = I £ (2^ + ^) 5^^(^0 ea;p(i50 Pi{cosQ), (2.8) 

and 

t 47r °° 

0- = / |/(^)|'(fn = - - YX^l -h \)sinHi, (2.9) 
^ ^ 1=0 

where Pi{cosd) are the Legendre polynomials. The total cross section a is what 

the experimentalists measure and thus is the ultimate test for any theoretical 

model. Another quantity worth mentioning is the scattering length a. Loosely 

speaking, it is a measure of how strongly attractive or repulsive a certain 

potential is. If we are at low enough scattering energies, it will suffice to consider 

only s-wave scattering (/ = 0 case). The reason for that requires an aside. If L 

and p are an incident particle's angular and Hnear momentum, respectively, then 
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the impact parameter d is given by L=pd . If the interaction potential is effective 

only over the range ro, then the interaction between the incident particle and the 

scatterer will be negHgible for d> TQ. With L = y/l(l-\-1) and p=k , the 

interaction will be negHgible if / > kro. For low energy scattering with kro <C 1, 

only the Z = 0 phase shift will differ appreciably from zero. The physical 

explanation of this fact is very simple. If we look at equation 2.5, we see that the 

"effective potential" goes as V{r) + 1(1 -\- l ) / r ^ and that the centrifugal barrier 

term l[l -\- l ) / r ^ becomes more and more important as / increases. Thus, as I 

increases, the incident particle requires additional kinetic energy to overcome the 

repulsion of the centrifugal term in order to approach the region where the 

potential acts. We therefore expect that at low enough incident energies, only 

the / = 0 partial wave will affect the scattering significantly. O'Malley [19] has 

shown that under such low-energy conditions, one gets the modified 

effective-range theory relation 

kcot[6o{k)] z , - - + ^ , (2.10) 

which can be solved to obtain a value for a. Also, the zero-energy cross section is 

given by 

a = 47ra^ (2.11) 

So we see that the scattering length is not just another descriptive parameter, 

but determines the value of the cross section at zero energy which would have 
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been impossible by using equation 2.9 directly since we would have ended up 

with a zero in the denominator. For a more complete and detailed description of 

basic quantum scattering, the reader is referred to the excellent scattering theory 

book by Taylor [20]. 

2.2 Positron-Atom Scattering 

We are now ready to study the more comphcated case of a target consisting 

of two or more particles. For neon, the target is composed of a nucleus and ten 

surrounding electrons each of which interacts with the incoming positron. The 

days of simple interaction potentials and a single spatial coordinate system (to 

describe the position of the scatterer) are long gone. We now consider the 

genercd case of elastic scattering of a positron of mass m and charge 4-e by a 

"neutral" atom having Z electrons. We suppose that the center of mass of the 

a tom coincides with its nucleus. We shall treat the colHsion in the center of mass 

system, using the relative coordinate Vj, which joins the position of the nucleus to 

that of the positron and r*j ( i = l , 2, ... , Z) which determine the positions of the 

atomic electrons with respect to the nucleus as shown in Figure 2.2. 

2.2.1 The Hamiltonian 

The Hamiltonian for the system is 

n^f^V (2.12) 



z 
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Figure 2.2: Coordinate system for positron-atom scattering. 
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where T and V axe the kinetic and potential energy operators of the system, 

respectively. We can rewrite the above Hamiltonian as the sum of the 

ft ^ 

unperturbed" Hamiltonian of the free atom Ha, the kinetic energy operator for 

the scattering positron Tp, and the positron-atom interaction potential Vint- The 

atomic Hamiltonian includes kinetic-energy operators for the nucleus and atomic 

electrons as well as Coulomb potential-energy terms for all pairs of these 

particles. Vint describes the electrostatic forces between the scattering positron 

and the nucleus and electrons of the target. Thus 

n = Ha + t ^ Vinu (2.13) 

with 

z 

^ i=i i=i ^t i>j=i ^tJ 

T, = - ^ V ^ (2.15) 

yint ^^ '^positron—nucleus i ^ positron—electrons 

rj Z -i 

We note that all magnetic interactions, such as spin-orbit coupling, are neglected 

in the above Hamiltonian. The justification for ignoring them is simply that 

they are weaker interactions when compared to the Coulomb terms. 
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2.2.2 Would You Like To Solve The Schrodinger 
Equation? 

With the system Hamiltonian at hand, we can, supposedly, obtain the 

stationary state wave functions for the total system energy E by solving the 

time-independent Schrodinger equation 

n^ = E^, (2.17) 

or 

E^f^,r) = -E( iv , l + ^ + ^ 
i = l 

+ 1„2 -̂  A 1 -2 .̂̂  + 7+ E -
^ ^ i>j=i ^ t j 

^{^P^ -r) 

^{fp,T) (2.18) 

where , again, fp is the coordinate of the positron and r denotes collectively all 

the coordinates of the target atom. Since the atom under consideration here 

(neon) has ten electrons, the system Hamiltonian will consist of at least thirty 

terms. This is as close a definition to a many-body problem as any of us will 

ever encounter. The exact solution of this specific Schrodinger equation is a 

formidable challenge for even the most competent physicist or mathematician. 

In order to avoid such a cumbersome task, a number of approximation strategies 

has been developed and used successfully. For a detailed description of these 

methods, the reader is referred to the review article by Lane [3]. The 

approximation technique chosen for this work is called the eigenfunction-
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expansion method and consists of a close-coupling expansion in terms of a 

complete set of unperturbed states of the isolated atom to be discussed next. 

2.3 The Single-Channel Approximation 

By definition, a channel is a single possible outcome of a scattering event. 

Usually, when coUisions involving composite particles (such as atoms) are 

considered, inelastic processes such as excitation and disintegration lead to 

several different types of final states. Such an event is called a multichannel 

process. In our case, however, the low energy requirement eHminates any 

possible disintegration and the only channels we are left with are elastic 

scattering and positronium formation, which we shzdl ignore for now, but return 

to in detail later. 

Once again, the Schrodinger equation for the positron-atom system is 

{n-E)^E{ri,fp) = 0. (2.19) 

The first step in the approximation is to expand the system wavefunction in a 

complete set of target states, namely 

*B(iv, •̂'•) = ^ *a(r";)F„(r-p) (2.20) 

where Fa{rp) are the one particle scattering functions, ^ai'^i) are the target 

eigenfunctions which are the eigenfuctions of the atomic Hamiltonian, i.e. , 

na^aivi) = e^^^ifi) (2.21) 
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with Q representing a set of quantum numbers which label a particular atomic 

state. The sintegral symbol J^ J^^t means a sum over all bound states of the 

target and an "integration" over the continuum states. 

Substituting this expansion into the Schrodinger equation, we obtain 

(na + fp + Vint)i:\^a)m = Et,\^^)\F^). (2.22) 
Jo. «/a 

Multiplying through by (^ol, the ground state of the target, 

: ^ { ( ^ 0 | 7 i a | ^ a ) | F a ) + ( $ o | t p | $ . ) | F ^ ) + ( $ 0 | V^^t | ^ a ) l ^ a ) } = ^ ^ ( $ 0 | $ a ) |i^a> , 

(2.23) 

but since 

(^al^b) = <̂ ab, (2.24) 

the Schrodinger equation reduces to 

^ { 6 o ^ a . o | F a ) + fp6^,o\Fc.) + ( ^ o | V^nt | ^ a ) } = ^ ^ a . o | i ^ a ) , ( 2 . 2 5 ) 

or 

eo\Fo) + tp\Fo) + ^{^o\Vint\^a)\Fc.) = E\Fo), (2.26) 

where eo is the initial energy of the atom. This can be rewritten as 

eoli^o) + fp\Fo) + {^o\Vint\^o)\Fo) = E\Fo) - ^ ' ($o |Vint |^a) | i^a) . (2.27) 

Since we are only interested in the elastic scattering single-channel case, we 

retain only the ground electronic state of the atom and approximate the 
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remaining eigenfunctions by the polarization potential Vpoi. The last term on 

the right in equation 2.27 represents the "distortion" of the original target state 

which we have claimed is due to polarization effects. The prime on the sintegral 

indicates that the a = 0 case is no longer included. So what we have now is 

fpFo(r-) -f IV"{^ + Vpoi{r)]Fo{r) = {E - eo)Fo{r}, (2.28) 

where we have defined the static potential V'^[r) as 

V"(T) = {^o\Vint\^o)- (2.29) 

The second step in the approximation is to introduce a further complete-set 

expansion of the one-particle scattering function in angular functions, i.e., we 

expand it in spherical harmonics 

^o(r) = J2-'^irnir)Yr{r). (2.30) 
l.m 

Also, we recall that 

f = - -V^ = --
'' 2 2 

1 d ( ^d\ l{l + l) 

r^ dr \ dr I r^ 
(2.31) 

and 

E-eo = —. (2.32) 

Replacing all these values into equation 2.28 and applying some painless yet 

lengthy mathematics involving the properties of spherical harmonics, one ends 

up with 

- \-^Mr) + ^-^^u^r) - y « , ( r ) = -[V{r) + V,4r)]u,{r), (2.33) 
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or 

/(/ + 1) 
dr^ 

+ k'' ui{r) = 2[V'\r) + Vpoi{r)]ui{r). (2.34) 

This is the familiar radial differential equation one encounters when deaHng with 

three-dimensional scattering problems. However, the potential term in the 

positron-atom scattering case has a very complicated and sometimes unknown 

form. It includes the static potential and the polarization potential terms. One 

can say that the scattering problem has been reduced to studying the role played 

by the interaction potential. 



CHAPTER III 

THE POLARIZATION POTENTIAL 

The electrostatic effect is the dominant factor in the near-target region. As 

the positron gets farther away from the atom, the induced polarization 

interaction takes over the role of the most important interaction. The theoretical 

aspects of the polarization effect are discussed first with more emphasis on the 

physics of the problem rather than the mathematics. Next, the importance and 

practicality of the adiabatic and non-adiabatic approximations to the 

polarization potential is analyzed. A description of three popular potential 

models follows with a critique of their successes and shortcomings. The chapter 

ends with a discussion of the physical validity of using adjustable parameters 

and the consequent motivation for our model. 

3.1 Induced Polarization Effects 

The physics of the polarization effect can best be understood by the use of a 

time-dependent semiclassical picture. A positron, being a charged particle, 

creates a time-var3ring electric field throughout space while approaching the 

target atom, interacting with it, then departing. The field will distort the 

21 
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electron cloud of the atom, inducing a dipole moment. This polarized charge 

distribution, in turn, exerts forces on the positron which are different from the 

forces exerted by an undistorted charge cloud. The net result is a distortion of 

the scattering function accompanied by a change in the electronic energy of the 

system, namely, a lowering of the total energy as compared to its value for the 

neutral case. This change in energy is called the polarization potential and, for a 

given positron position fp, is denoted by Vpoi{fp). 

The idea of the polarization potential is a relatively simple one to 

understand, but its incorporation into the system Hamiltonian and the 

subsequent solution of the Schrodinger equation is quite a formidable task. That 

is why one makes use of the fact that at low energies, the polarization terms in 

the scattering equations take on a simpler form in the asymptotic region. 

3.2 The Adiabatic Approximation 

In the adiabatic approximation, the atomic charge density is allowed to relax 

in the presence of the electric field due to the scattering positron. In other 

words if the positron is moving very slowly, one can assume that the distortion 

of the atomic charge cloud in response to the electric field of the positron occurs 

very rapidly compared to the changes in the position of the positron. This 

approximation amounts to assuming that the distortion follows the positron as it 

moves through space. At large distances from the target, one obtains (by using 
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second-order perturbation theory) the following simple form for the polarization 

potential 

VMr,) ~ - g ( r , - . oo), (3.1) 

where a© is the spherical polarizabiHty of the target and rp is the spatial 

coordinate of the positron [21]. 

The situation we have reached is stiU quite a simple one. The positron-atom 

interaction potential is just the sum of the predominantly attractive Vpoi and the 

repulsive static potential. In order to determine the model polarization potential, 

we need the complete Hamiltonian. The adiabatic Hamiltonian, which describes 

the system with the scattering positron fixed at some rp, is simply the sum of the 

target electronic Hamiltonian and the electrostatic positron-atom potential Vpa 

Hadifm.fp) = Hlifm) + V ' p a ( f m , 7 > ) , ( 3 . 2 ) 

where r ^ is the spatial coordinate of the atomic electrons. Next, we formally 

calculate the energy of the polarized function of the target V'o(^m?^p) given by 

4'''(̂ "'p) = (4'''lK^lii^''V (3.3) 

As stated earUer, this energy is lower than that of the neutral target case. If 

i^oi'^m) is the undistorted target electronic wave function, then the no-distortion 

energy is given by 

Eoivp) = (V'ol'HarflV'o). (3.4) 
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The difference between these two energy values will give us the adiabatic 

polarization potential, i.e., 

Vpoiirp) = 4^^(fp) - Eoifp). (3.5) 

However, to solve the scattering equations, we require values of Vpoi for all rp. At 

smaller values of rp, non-adiabatic effects must be taken into consideration to 

give a complete description in any successful model. 

3.3 The Non-Adiabatic Effects 

Going back to our semiclassical picture for a moment, we left the projectile 

at asymptotic distances from the target. As it moves closer, short-range effects 

become very prominent and should be accounted for. It is beneficial at this point 

to leave positron scattering and consider electron scattering since, as stated 

earlier, the same polarization potential models are often used to describe both 

events. As the electron nears the target, it speeds up mainly due to the 

short-range attractive Coulomb forces. Therefore, near the target, the adiabatic 

approximation is no longer valid since the distortion of the charge cloud will lag 

behind the position of the electron. Under these circumstances, the polarization 

potential depends on the position and velocity of the scattering electron. The 

resulting potential is much more complex than its adiabatic counterpart; it is 

referred to as a non-adiabatic polarization potential. Theoretical studies of 

non-adiabatic corrections for electron-atom systems have revealed that these 
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corrections weaken the polarization potential at small values of rp, so that it is 

less strongly attractive than the adiabatic case. To properly take account of 

non-adiabatic effects and deviations from the simple asymptotic form, model 

potentials have been introduced to describe these deviations in a highly 

approximate fashion. We discuss such a model next. 

3.3.1 The Cut-Off Model 

This is by far the most widely used method to enforce the weakening of the 

adiabatic polarization potential. The form of this model is 

F ^ ( r - ) = C{T^) 
o-o 

K 
(3.6) 

where the cut-off function C(rp) has the spherical form 

C{rp) = 1 - exp[-{rp/r,y], (3.7) 

with r^ and q being adjustable parameters. The "power parameter" q controls 

how sharply the polarization potential vanishes, or alternatively, the size of the 

region of non-adiabicity and the suddenness of the onset of the non-adiabatic 

effects. In positron-atom and positron-molecule scattering calculations, the 

choice q = 6 usually gives the best results [22]. The other adjustable parameter, 

the cut-off radius rg , is usually adjusted to force calculated cross sections to 

repUcate some experimentally determined features of the system. For values of 

Tr, <Tc -i the cut-off radius is tuned to give a final potential form that 
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approximates the non-adiabatic effects by smoothly cutting off the polarization 

interaction. 

3.3.2 The Dangers of Adjustable Parameters 

The simplicity of the cut-off method and other adjustable-parameter models 

can be alluring for anyone faced with finding a proper potential. Just keep 

"tunning" the parameter values until a reasonable result is obtained. Of course, 

not everyone approaches the problem with such bhndness. Sometimes, the choice 

of parameter value is based on an actual physical quantity. For example, Jain 

and Thompson [23] reported calculations of positron-CH4 colHsions in which re 

was chosen equal to the molecular bond length. On the other hand, after 

studying the positron-N2 scattering problem, Darewych [24] concluded that no 

single value of re would yield agreement over the energy range from 0 to 10 eV. 

In order to obtain acceptable cross sections, it was necessary for him to use an 

energy-dependent cut-off function obtained by adjusting re at each energy value 

to ensure agreement with experiment. The results were, as expected, a very close 

match to the experimental values, but in the process, the model lost most of the 

physical meaning it ever had. 

3.3.3 Other Complaints 

Morrison et al. [10] have argued that not only is the cut-off model too 

parameter dependent, but it is also quite unphysical for the positron case. The 
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positron-nucleus interaction is strongly repulsive, so the positron is accelerated 

far less in the near target region than an electron with the same energy. As a 

mat ter of fact, at low enough scattering energies, this repulsion acts to slow the 

projectile and should enhance the validity of the adiabatic approximation. 

Morrison et al. state that , near the target, this strongly repulsive potential 

dominates the interaction and thus non-adiabatic effects may be less important 

for positron coUisions than for electron collisions. Elza et al. [9] argue that while 

the cut-off model works reasonably well for the electron case, it had to be further 

adjusted to give satisfactory results for positron scattering. Again, since the 

positron-nucleus static potential is repulsive, no sudden onset of non-adiabatic 

effects is experienced by the positron. The most dominant non-adiabatic effect is 

due to virtual positronium formation, which occurs gradually as the positron 

penetrates the target charge cloud. Consequently, Elza et al. had to use a 

smaller value of the power parameter in order to mimic the gradual onset of 

non-adiabatic effects. We can conclude that even though the cut-off model gives 

acceptable results, it tends to neglect some of the essential physics of the 

interaction. 

3.4 Alternate Routes 

After exhausting the cut-off model and its modifications, most theorists 

agreed on the need for new, physically insightful models in which the number of 
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parameters is either reduced or completely done away with. Such approaches are 

the R-matrix and the correlation-polarization methods we discuss next. 

3.4.1 The R-Matrix Method 

The R-matrix model was first appUed to positron-molecule scattering by 

Tennyson in 1986 [17]. The great advantage this method has is that it can draw 

on years of experience of application to electron scattering by a number of 

different targets. Thus once the modifications necessary to make the method 

appHcable to positron rather than electron scattering have been carried out, 

R-matrix calculations become a powerful tool in studying positron scattering 

problems. In this method, it is convenient to partition configuration space into 

two regions. The first one is called the internal (or core) region which is a sphere 

of radius ac with its center coinciding with the nuclear center of mass. AU 

important short-range correlation effects are contained within this region so that 

the system is treated in a similar way to a bound state problem involving the 

projectile and the target electrons. This makes it possible to make use of the 

extensive computer codes developed by quantum chemists to carry out atomic 

and molecular bound state calculations. The second region is the external (or 

potential-field) region which Hes outside the "core" sphere. This region is 

sufficiently far removed from the nuclei and the regions of greatest 

bound-electron density that the positron-molecule (or atom) interaction can be 
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represented by the asymptotic forms of the static and polarization potentials. 

For this approximation to be valid, the radius of the internal region, a^ must be 

laxge enough to entirely include the charge distribution. There is no way of 

determining the value of ac uniquely and it is still a "trial and error" 

determination. The connection between these two regions is provided by the 

R-matrix which carries the information necessary to match the external solution 

with the internal solution at radius Oc- The calculation of the R-matrix is based 

on the expansion of the positron-target system wavefunction in terms of a 

complete set of "bound-state" wavefunctions by imposing a particular type of 

boundary condition at a finite value of Oc- Further discussion and results can be 

found in articles by Tennyson [17] and Tennyson and Morgan [25]. 

3.4.2 The Correlation-Polarization Method 

Another alternate approach to the problem is the correlation-polarization 

work of Jain [11,26]. This model, once again, was partially borrowed from the 

free-electron-gas polarization model in the theory of electron scattering. Two 

approximations provide the theoretical foundations for this model. First, the 

electron charge cloud of the target is modelled by a free-electron (Fermi) gas, 

i.e. a collection of non-interacting fermions with a density equal to the quantum 

mechanical charge density of the atom (or molecule). Second, the scattering 

positron is approximated by a plane wave, i.e., distortions of the positron 
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wavefunction from a plane wave are neglected (to zeroth order). The potential 

used is a spherically complex potential of the form 

Vscopirp) = V,tat{rp) + Vep{rp) + iV^ivp), (3.8) 

where V^tat is the usual static potential. The correlation-polarization potential 

Vcp is obtained by first calculating the correlation energy of the atom as a 

function of the target charge density. This energy is replaced by the correct 

asymptotic form of the polarization potential (—ao/2rp) for rp > rj, where r/ is 

the value of rp at which the correlation energy and the asymptotic form first 

cross as rp decreases from infinity. The absorption potential V^J, was derived 

from the corresponding electron absorption potential, V^^. V^g{rp) is a function 

of the polarized target density, the static plus polarization potential, the Fermi 

momentum, the mean target excitation energy, and the incident energy [27]. In 

terms of V j , , F ^ , has the form 

Kt . (^ . ) = T ^ V^.{rp). (3.9) 
Krp 

More detail and results for this method can be found in the original papers 

[26 27]. However, these results should be regarded with caution in view of the 

ad hoc nature of the V^^^(rp) potential. 

Even though the two models just described are quite a departure from the 

cut-off model, they are still not exactly parameter-free. The R-matrix approach 

involves an educated guess for the core radius value and the correlation-
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polarization approach includes an adjustable parameter in the electron-

absorption term borrowed from electron scattering. Nontheless, both models 

give reasonably good results when compared with experimental observations as 

can be seen in Figure 3.1. This is not to say that we have covered all possible 

approaches to the problem. These two specific models were chosen to emphasize 

the two major roads to solving the problem. First, the ad hoc assumption road 

of the correlation-polarization method where some of the physical insight is 

traded for good agreement with experiment, or second, the ah initio road of the 

R-matrix where the physics is retained at the expense of exhaustive 

computational procedures. The "perfect" model then would be one which 

included all the physics and still could be applied without requiring the most 

advanced computational technology. 
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Figure 3.1: Total cross sections for positron-CO scattering: (—) R-matrix method, 
( \ R-matrix with short-range polarization, (—) correlation-polarization. This 
figure was taken from [1]. 



CHAPTER IV 

THE MODEL 

With the theoretical aspects of the positron-atom scattering problem already 

discussed, we are now ready to introduce the distributed positron model. This 

model was designed to describe positron-atom and positron-molecule interaction 

potentials without the use of any adjustable parameters and without being 

computationally intensive. Brief descriptions of the model and computational 

procedures used in calculating the final results are presented in this chapter 

along with a mention of some of the difficulties encountered. 

4.1 The Distributed Positron Model 

The most important non-adiabatic correction for low energy positron 

scattering is due to a short-range correlation effect, namely, virtual positronium 

formation. Positronium is the bound state of a positron and an electron 

combination: its ground state has a binding energy of 6.8 eV, half that of the 

hydrogen atom. Postronium formation is described by the equation 

+ I X —* Ps + X"*", and the threshold energy is the difference between the first 

ionization energy of the target and 6.8 eV. Virtual positronium formation 

33 
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involves a combination of e"*" and e~ whose existence is so brief that the 

structure cannot be detected. The effects of virtual positronium can be 

described by the e"*" — e~ correlations which are the motivation behind the 

distributed positron model. 

If we consider the problem of proton scattering, we would encounter a similar 

occurrence, specifically proton-electron formation or a virtual hydrogen atom 

formation. Then, the interaction potential at some position r due to a proton 

located at the center of mass Rproton is given by 

<̂ proton(iO = ——g [ • (4.1) 
I r •'proton I 

However, in positronium, the picture of the electron cloud surrounding the 

positron is no longer valid. We can safely state that the positronium has some, 

specific shape and is polarized with the electron end closer to the nucleus of the 

target than the positron end. This picture is the basis of the distributed positron 

model. When the positron is within the electron charge cloud, we give it a 

certain shape and distribute its charge according to some probability density 

pposi^d)- This leads to an average interaction potential at r due to such a 

positron to be represented by 

<^po.(r) = / dra ^pos(rd) -p——^ . (4.2) 
J F — Tdl 

Thus, instead of using the adiabatic approximation [28] in which the target 

orbitals are allowed to relax in the presence of a "nucleus" of charge - | -1 , we 
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assume that the distortion of the target orbitals is due to the average interaction 

with the positive charge in a virtual positronium atom. 

The next step is to find a specific form for the positron density /9pos. A 

crucial condition the choice we make has to satisfy is that the average total 

interaction must reduce to the correct adiabatic result when the positron is 

outside the electronic charge cloud of the target. Gibson [18] has chosen a 

distribution in which the charge on the positron is uniformly distributed in a 

sphere of radius Rp centered at Fp. It is true that this distribution choice is quite 

a simple one, yet it has yielded impressive results for both hydrogen and helium 

calculations [18,29]. So the situation is reduced to the following: a uniformly 

charged soHd sphere of radius Rp and total charge + 1 with a charged particle (-1 

for electrons) at a distance Fc from the center of the sphere. The interaction 

potential for such a system can be easily found to be 

(4.3) 

where re is the position of a single target electron and re = \TC — ^p\ is its distance 

from the center of the positron distribution sphere. 

The description of the model is almost complete. The remaining item to be 

discussed is Rp, the radius of the virtual positronium atom. The most logical 

choice would be Rp = 1.5ao, the average positronium radius. However, 

McGervey [30] has reported a value of Rp = l.Oa© corresponding to the maximum 

V p ( r „ r p ) = < 

- l A c 

-rl)/2Rl rc<Rp 

Tc> Rp 
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in the positronium radial distribution. So we have two physical values for Rp to 

use in our calculations. The reader should be aware of the fact that Rp is not an 

adjustable parameter in the usual sense. Since it can only take on two values, we 

cannot tune the value of Rp at our own convenience. The initial appHcations of 

this model have shown that the value Rp = l.Oao tends to give better results 

than Rp = 1.5ao. For completeness, we carried out calculations for both values. 

4.2 Computational Procedures 

The procedures for calculating the results associated with this work can be 

divided into two steps: those needed to calculate the interaction potential and 

those used to obtain the scattering information. The majority of the 

computations for this project were done on the Texas Tech Department of 

Physics system, which is a Digital Equipment Corporation (DEC) Micro VAX II. 

The rest of the computing was done on a DEC VAX 8650- 11/780 cluster. The 

graphics used were done using the DISSPLA graphics package on the VAX 8650. 

4.2.1 Potential Calculations 

To calculate the interaction potentials, we used the POLYATOM molecular 

structure code. A detailed description of how the code works would take another 

chapter, so only a bird's-eye view of the general features will be presented here. 
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The problem consists of finding an approximate solution to the Schrodinger 

equation for electronic motion in the field of a fixed nucleus, 

W , = E , $ , (4.4) 

where T-C is the atomic Hamiltonian discussed previously, Ee is the electronic 

energy of the system and ^e is the electronic wavefunction which must be 

antisymmetric with respect to interchange of any two electrons. The method 

used is the variation principle which approximates a solution ^ such that 

E = I ™ I , (4.5) 

will not be less than Eg. The wavefunction ^ is expanded as a linear 

combination of Hartree-Fock orbital functions, (^HF? which, in turn, can be 

expressed in terms of an appropriate complete set of functions fp 

N 

<̂ HF = E W , (4.6) 

p = l 

where Cp are expansion coefficients. All ah initio calculations were done using 

so-called Gaussian-type orbitals (GTO) as the basis functions. The spherical 

polar coordinate system is used to describe primitive Gaussian-type functions, 

namely, 

fp(r, e, <t>) = Nufu(x, y, z)exp{-ay), (4.7) 
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where Nu is the normalizing factor (computed internally), a^ is the orbital 

exponent (to be specified), and fu are the primitive Cartesin Gaussian-type 

functions 

Ux,y,z) = x'y^z^, (4.8) 

with the restriction that / -|- m + n < 3 (which means that only s, p, d, and f 

functions can be handled). 

The POLYATOM code is usually divided into three parts. The first part 

consists of generating a Hst of unique integrals (which are calculated in the 

second part) and non-unique integrals which will be set equal to the appropriate 

symmetry related unique integrals. In order to achieve that , a transformation 

matrix that describes how a set of basis functions transform under a group of 

symmetry elements must be suppHed. The second part evaluates the overlap, 

kinetic energy, nuclear attraction, and electron repulsion integrals as specified by 

the hst generated in the first step. Of interest to us are the nuclear attraction 

integrals which involve the positron at position Fp and the Cartesian Gaussian 

basis functions, i.e.. 

I M = fi(F.) 
|re - Tpl 

fj(?.)) . (4.9) 

We will return to the above integrals shortly. The last step in the code evaluates 

the energy of the trial solution wavefunction by minimizing it via the 

Hartree-Fock self-consistent field equations. In the process, the molecular 

orbitals and the orbital energies are also computed. For a more in-depth 
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description, the book by Weissbluth [31] is recommended for the self-consistent 

field method, and the review by Moskowitz and Snyder [32] is suggested for the 

POLYATOM code. 

We started with a (10s6p) contracted, nucleus-centered Cartesian Gaussian 

basis function; the exponents for this basis were taken from the work of 

Huzinaga [33]. A (4s3p) basis set centered on the positron was implemented to 

enhance the flexibility of the trial functions and thus allow for more 

"positronium-like" distortion of the target orbitals. Eventually, we discovered 

that the neon basis set was inadequate. So we expanded it to a (12s8p) set by 

adding additional diffuse s- and p-type functions. To our dismay, we had no 

success with that improvement either. We were ready to give up neon completely 

and move on to a new target when we stumbled upon an article [34] which 

described the importance of higher order functions. It seemed that the basic 

Huzinaga (10s6p) set was inappropriate for the authors of the afore-mentioned 

article as well, so they had to include additional (4d) functions. Following their 

example, we ended up with a (12s8p4d) set for neon and the original (4s3p) set 

for the positron. Table 4.1 Usts the numerical values for the orbital exponents of 

these basis sets. In the absence of the positron charge, the neon ground-state 

energy in this basis was found to be -128.54126 Hartrees to be compared with 

the Hartree-Fock result of-128.54094 Hartrees obtained by Huzinaga [33]. 
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Table 4.1: Orbital exponents of the Gaussian (12s8p4d) basis set for neon and the 
(4s3p) set for the positron. 

Neon 

Positron 

s-GTO 

28660.2 
4262.61 
946.799 
261.476 
83.3433 
29.1672 
10.7593 
3.34255 
1.24068 
0.40626 
0.13303 
0.04356 

13.3615 
2.01330 
0.453757 
0.123317 

p-GTO 

84.8396 
19.7075 
6.21877 
2.21058 
0.78526 
0.25665 
0.08388 
0.02741 

2.575190 
0.599076 
0.139365 

d-GTO 

3.000000 
0.750000 
0.187500 
0.046875 



41 

• For the distributed positron model calculations, the same basis set as before 

was used for neon and the positron. The POLYATOM code was again used 

except instead of the usual nuclear attraction integrals of equation 4.9, we used 

the modified integrals 

Mij = (fi(rO|Vp(r-,fp)|fj(r-)) , (4.10) 

where Vp(Fe,Fp) is given by equation 4.3. The polarization potential was 

obtained via equation 3.5 whereas the static potential was calculated by 

subtracting the ground-state energy from the first-order energy [35]. 

4.2.2 Scattering Calculations 

To solve the scattering equations, the integral equations algorithm [36] was 

implemented. The method consists of solving the second-order differential 

Schrodinger equation 

^ '(' + !) _y(,) + ,̂  ^•i{r) = 0, (4.11) 
dr^ r^ 

subject to the usual boundary condition of regularity at the origin 

UI{T = 0) = 0 , (4.12) 

and the proper asymptotic boundary condition 

ui{r) r^ sin{kr -—)-i-Kicos{kr -—) ( r - > oo), (4.13) 
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where Ki is called the K-matrix and is related to the phase shift by Ki = tanSi. 

The potential V(r) was calculated by adding the static potential to the 

polarization potential obtained by the methods described earlier. A trapezoidal 

integration scheme was used to solve equation 4.11 and the K-matrix elements 

were extracted from the resulting solutions. From the K-matrix, the phase shifts 

were calculated and the total cross section immediately followed by using 

equation 2.9. Three integration meshes were specified: the first extending from 

O.OOlao to 2.0ao in steps of O.OOlao, the second from 2.0ao to 12.0ao in steps of 

O.Olao, and finally, the third from 12.0ao to 600.Oao in steps of 0.05ao. The first 

mesh was made highly dense on purpose due to the nuclear Coulomb density in 

that region. The first seven phase shifts, corresponding to / = 0 — 6, were used 

throughout the calculations. Finally, a word about convergence is in order. 

When using the trapezoidal integration technique, we imposed the global 

convergence criterion for the phase shifts, i.e., 

Si{N) - 6i(N - M) 
< 0.01 (4.14) 

8i{N) 

where N is the number of partial waves and a value of M > 6 usually yields a 

reUable check. This will ensure that the value r^ax where the integration stops is 

indeed in the asymptotic region. Once the convergence of the phase shifts is 

estabHshed, the total cross section convergence is guaranteed since it consists of 

the partial wave sum. 



CHAPTER V 

RESULTS 

As a third appHcation of the distributed positron model (hydrogen and 

heUum being the first two), we consider neon as our target atom. Neon, a noble 

gas, has ten electrons (two in the K shell and eight in the L shell) and is a 

tightly bound atom. We consider the interaction potential results for both the 

adiabatic and two distributed positron model cases corresponding to positron 

radii of l.Oao and 1.5ao. Based on these potentials, we then proceed to discuss 

the results for the s-, p-, and d-wave phase shifts. Also, the total elastic cross 

section and the differential cross sections (for four different incident energy 

values) are presented along with other theoretical and experimental results for 

comparison. The chapter ends with a conclusion about the validity of the 

distributed positron model as applied to positron-neon scattering. 

5.1 Adiabatic Approximation Results 

Throughout this work, we have claimed that the adiabatic approximation is 

inappropriate for positron-atom scattering. In order to reinforce that claim and 

to demonstrate the improvement obtained with the distributed positron model, 
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we also looked at the adiabatic results for positron-Ne scattering. At a positron 

distance of rp = 6.0ao from the target, which is far enough to be considered the 

asymptotic region, the value of the polarizabiHty for neon was found to be 

2.673ao which compares weU with the established value of 2.663ao [37]. The 

polarization potential is shown in Figure 5.1 along with the results of 

Schrader [37]. Schrader used a cut-off model potential where the values for Vpoi 

were calculated by using the asymptotic form (—ao/2rp) for Tp > 1.9ao. For 

rp < 1.9ao, he used the value obtained for rp = 1.9ao (Vp^ = —0.102 Hartrees). 

The reason we compare our polarization potential to that of the Schrader model 

is that his is a "fitting" model which yields scattering results in good agreement 

with experiment. As can be seen, the adiabatic curve compares reasonably well 

with that of the Schrader model for values of rp > 2ao, but for values less than 

tha t , it is much stronger. 

5.2 Distributed Positron Model Results 

The polarization potential obtained for the model with the positron radius, 

Rp = l.Oao, is shown in Figure 5.2. One can see that for values of Tp > 4.Oao, the 

distributed positron model curve exhibits the famiHar ( -ao/2rp) asymptotic 

behavior as it should. However, for 1.2ao < rp < 2.7ao, we find it to be less 

attractive than either the Schrader model or the adiabatic potentials. The 

explanation for this has to do with the fact that the positron in the distributed 
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Neon 

Figure 5.1: Polarization potentials for incident positrons: ( ) Adiabatic model 
( - • - ) Schrader model (1978). 
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Neon 

Figure 5.2: Polarization potentials: ( ) Adiabatic model, (- • - ) Schrader 
model (1978), ( ) distributed positron model with Rp = l.Oao, and ( ) with 

Rp = I.Sao. 
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Neon 

fp (ao) 

Figure 5.3: Total interaction potentials for the adiabatic model ( ), the dis
tributed positron model ( ) with Rp = l.Oao and Rp = 1.5ao ( - - - ) . 
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model is no longer treated as a point charge. It has a specific radius and when it 

is at distances close to l.Oao from the target, there is a high probabiHty that it 

has "penetrated" the electron cloud of the neon atom. Consequently, the 

distributed charge effects come into play and reduce the total attractiveness of 

the potential. As a further example, the polarization potential for the 

Rp = 1.5ao case is observed to be even less attractive than any of the other 

potentials. This fact is exhibited once again in the total interaction potential, 

which is the sum of the polarization and static potentials, shown in Figure 5.3 

for the adiabatic and both radii values in the distributed positron model. As 

expected, the adiabatic potential is the most attractive in the near-target region. 

We also note that at values of rp > ASLQ, the adiabatic and the distributed 

positron model potentials smoothly join since our model potentials have reached 

their adiabatic behavior region. 

Next, we consider the partial-wave phase shifts. The s-, p-, and d-wave 

phase shifts are shown in Figures 5.4, 5.5, and 5.6, respectively. The adiabatic 

results along with those of Nakanishi and Schrader [38] are also shown for 

comparison. Like the Schrader model, the Nakanishi and Schrader model is also 

a "fitted" model. They carry out the calculations for electron-neon scattering 

with the exchange potential approximated by a local effective potential with two 

adjustable parameters. This yields a value for the target effective radius, which 

is then used in positron scattemg via another adjustable model potential. 
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e-Ne 

Figure 5.4: s-wave phase shifts as a function of the wavenimiber k for positron-Ne: 
( ) Adiabatic model, (- • - ) Nakanishi and Schrader (1986), and ( ) the 
distributed positron model with Rp = LOa©. 
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e-Ne 

CM 

Figure 5.5: p-wave phase shifts as a function of the wavenumber k for positron-Ne: 
( ) Adiabatic model, (- • - ) Nakanishi and Schrader (1986), and ( ) the 
distributed positron model with Rp = l.Oao. 
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e-Ne 

Figure 5.6: d-wave phase shifts as a function of the wavenumber k for positron-Ne: 
f "\ Adiabatic model, (- • - ) Nakanishi and Schrader (1986), and ( ) the 
distributed positron model with Rp = l.Oao. 
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Whereas the distributed positron model s- and p-wave phase shifts are very 

different from the adiabatic results and are in much better agreement with 

Nakanishi's results, the d-wave phase shifts show almost a perfect match. 

As the collision energy decreases, scattering results become more sensitive to 

the treatment of polarization. Consequently, calculating the scattering length for 

a given model potential provides a good test in the limit of zero scattering 

energy. Using the modified effective-range theory discussed earHer, we were able 

to obtain a value of —0.5ao to be compared with the theoretical values of 

Schrader's -0.542ao [37] and McEachran's -0.61ao [39]. Tsai et al. [40] reported 

the widely accepted experimental vcdue of —0.53 ± 0.15ao which shows our value 

to be within the error range. 

The total elastic cross sections as a function of impact energy are shown in 

Figure 5.7. The theoretical results of McEachran et al. [39] are used for 

comparison along with the experimental results of Stein et al. [41] and Charlton 

et al. [42]. The experimental methods of the afore-mentioned two groups are 

weU respected within the scattering community and thus seem to be a standard 

comparison reference for most theoretical models. The McEachran et al. model 

consists of expanding the polarized orbitals in partial waves and calculating 

them from first-order (adiabatic) perturbation theory employing the monopole 

suppression technique where the first (monopole) term is completely ignored. 

For the positron-neon system, the monopole contribution to the polarized orbital 



e-Ne 
53 

<M O 

Figure 5.7: Total elastic cross sections for: ( ) Adiabatic, (—) McEachran 
(1978), ( ) the distributed positron model with Rp = l.Oao and ( ) with 
Rp = 1.5ao. Experimental results: D, Stein et al. and, o, Charlton et al. 
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model polarization potential is not negligible; the authors ' justification for 

neglecting this term rests solely on the fact that when retained, poor agreement 

with experimental values results. The first deviation we notice is how far the 

adiabatic curve is from any of the other results including the experimental data. 

This should convince the reader that indeed, the adiabatic approximation is 

unsuitable to describe positron-atom scattering since, as mentioned before, it 

over estimates the polarization potential in the near-target region. The 

McEachran et al. model curve shows good agreement with the experimental 

values for energies less than 0.4 a.u. However, for the remaining energy values, it 

seems to agree better with the adiabatic curve than with experiment. The curve 

corresponding to a positron radius of l.Oao in our model shows a very reasonable 

behavior for all energy values. One could even go as far as saying that it shows 

wonderful agreement with the experimental results of Charlton et al. Of course, 

since most total cross section experimental results fall within around 0.27ra5 of 

each other, agreement with any of them would indicate the validity of a model. 

As for the Rp = 1.5ao case, one can see that , although it is quite an improvement 

over the adiabatic model, it falls short of qualifying as a "good" model. At low 

impact energies, it exhibits low elastic scattering values, which may be 

attr ibuted to the weaker polarization potential discussed in association with 

Figure 5.2. However, Hke all the models presented here, it does show a well 

defined minimum at around k=0.2 a.u. This minimum is easily explained by the 
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Ramsauer-Townsend effect as follows: due to the compact structure of the neon 

atom, it is feasible to represent the interaction potential field by a tall, narrow 

step potential plus a weak attractive well. For positrons with very low incident 

energies, the centrifugal barrier excludes the higher partial waves and only 

s-wave scattering wiU make any noticeable contribution to the scattering. The 

phase shift due to the attractive polarization potential can be "reversed" by the 

dominant repulsive potential of the nucleus so that an s-wave phase shift near 

zero results (refer to Figure 5.4 for ^o at k = 0.2 a.u.). Then, by equation 2.9, 

the s-wave contribution to the scattering cross section becomes small, and since 

the higher wave contributions are known to be small, the total cross section falls 

to a very low value. Table 5.1 shows numerical scattering results for selected 

incident energy values. 

Further evidence of the Ramsauer-Townsend effect can be observed in the 

differential cross section results for a scattering energy value of 0.04 Rydbergs 

shown in Figure 5.8. The only weU defined peak occurs at zero degrees. This 

means that most of the incident positrons are experiencing the Ramsauer-

Townsend "tunneHng" effect and consequently, forward-scattering is the most 

popular event. The results also show that there is practically no back-scattering 

for angles greater than 100 degrees. This is no longer true when we consider the 

higher energy value results for 0.25, 0.64, and 1.44 Rydbergs shown in Figures 

5.9, 5.10, and 5.11, respectively. These energies were chosen since they cover a 
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Table 5.1: Calculated partial-wave phase shifts and total elastic cross sections 
for different values of k. These results correspond to the Rp = l.Oao case in the 
distributed positron model. 

k 
(a.u.) 

0.1000 

0.2000 
0.2711 

0.3000 

0.3834 

0.4000 
0.4696 

0.5000 

0.5422 

0.6000 

0.6641 

0.7000 
0.7668 

0.8000 

0.8573 

0.9000 

1.0000 

1.1000 

1.2000 

phase shifts (rad) 
s-wave 

0.02269 

0.00301 

-0.02783 

-0.04316 
-0.09394 

-0.10494 

-0.15333 

-0.17535 

-0.20650 

-0.24985 

-0.29833 

-0.32545 
-0.37554 

-0.40016 
-0.44206 
-0.47273 
-0.54244 
-0.60892 

-0.67204 

p-wave 

0.00501 
0.01762 

0.02894 

0.03367 

0.04652 

0.04879 
0.05668 

0.05914 
0.06142 

0.06223 

0.05989 
0.05712 
0.04930 
0.04422 

0.03376 
0.02473 
0.00014 
-0.02812 

-0.05881 

d-wave 

0.00080 

0.00320 

0.00591 

0.00725 

0.01188 
0.01292 

0.01773 

0.02001 

0.02333 
0.02804 

0.03334 

0.03625 
0.04134 

0.04365 
0.04718 
0.04934 

0.05260 
0.05303 
0.05054 

(^el 

{-Kal) 

0.23614 

0.10028 

0.19040 
0.24807 

0.43926 
0.47804 

0.63249 

0.69376 

0.77119 

0.86235 
0.94441 

0.98252 

1.04058 
1.06406 

1.09759 
1.11762 

1.15132 

1.17080 

1.17990 
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e-Ne 

150.0 180.0 

Angle (degrees) 

Figure 5.8: Differential cross sections as a function of scattering angle at an impact 
energy of 0.04 Rydbergs: adiabatic results ( ), Nakanishi and Schrader ( - • - ) , 
and the distributed positron model with Rp = l.Oao ( ). 
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e -̂Ne 

0.0 30.0 60.0 
Angle 

120.0 
(degrees) 

150.0 180.C 

Figure 5.9: Same as figure 5.8 for an impact energy of 0.25 Rydbergs. 
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e-Ne 

0.0 30.0 60.0 90.0 120.0 

Angle (degrees) 
150.0 180.0 

Figure 5.10: Same as figure 5.8 for an impact energy of 0.64 Rydbergs. 
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0.0 
T r 
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Angle (degrees) 

150.0 180.0 

Figure 5.11: Same as figure 5.8 for an impact energy of 1.44 Rydbergs. 
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range that exhibits the variations in the shape of the differential cross sections 

and is a reasonable representative of the range of energies we are interested in 

for positron-atom collisions. If we agree to consider the McEachran et al. model 

as reasonably accurate, then it is cleax from all four figures that the adiabatic 

results are unphysical. The distributed positron model results, on the other 

hand, are in good agreement with the McEachran et al. model for the scattering 

energies presented here. For example, for the energy value of 0.64 Rydbergs case, 

we see that both the distributed positron model and the McEachran model 

indicate a "peak" at around 90 degrees which means that most of the incoming 

particles seem to be scattering at right angles to their incident direction. For the 

1.44 Rydbergs energy value case, the peak is observed at around 50 degrees. This 

is only logical since the higher the incident energy, the smaller the positron-atom 

closest approach distance and eventually, the smaller the deflection angle. 

5.3 Conclusion 

We set out to test the validity of the distributed positron model as applied to 

a specific scattering event, namely low-energy positron-neon scattering. The 

polarization potential obtained showed a very plausible behavior for both the 

near- and far-target regions. Specifically, it exhibited the correct adiabatic form 

at distances far removed from the target, which is a crucial characteristic to 

determining any or all scattering information. The first three partial-wave phase 
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shifts were found to be a reasonable match to those of other respected theoretical 

models that yield accurate results. It can safely be said that the ultimate test 

for any model is the total elastic cross section calculations which can be 

compared to actual experimental results. The total cross sections produced by 

the distributed positron model are in very good agreement with experiment and 

show considerable improvement over most other existing theoretical models. 

The model we studied in this project was devised with two major goals in 

mind. First, to eHminate all adjustable parameters which tend to overshadow 

some of the physics involved and, second, to be feasible enough that it would not 

require the use of highly sophisticated (and highly expensive) computer systems 

available to only a select handful of scientists. It is quite clear that both goals 

have been achieved successfuUy. A possible alteration to the model would be to 

implement a positron charge distribution different from the spherical one 

currently used. The author recognizes the difficulties that would entail such an 

endeavor, but truly beHeves that a different distribution would supply additional 

insight into the details of the scattering process. If that proves to be too 

ciunbersome a task, then an alternate suggestion would be to continue with the 

current spherical distribution and apply the model to positron-molecule 

scattering now that two different atomic targets have been studied. 
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