
CONTINUATION METHODS FOR STABILITY ANALYSIS 

OF MULTIVARIABLE FEEDBACK SYSTEMS 

by 

EDDY CHIEH HUANG, B.S. 

A THESIS 

IN 

ELECTRICAL ENGINEERING 

Submitted to the Graduate Faculty 
of Texas Tech University in 

Partial Fulfillment of 
the Requirements for 

the Degree of 

MASTER OF SCIENCE 

IN 

ELECTRICAL ENGINEERING 

Approved 

August, 1976 

TEXAS TECV U I I M t 



h(L 
^os 
Tls 

1 r ~7 c. 

(Jo. i ^ 

C,o p . 2. 

ACKNOWLEDGMENTS 

I am deeply indebted to Dr. K. S. Chao for his 

direction and advice, and to Dr. Richard Saeks and 

Dr. Wayne T. Ford for their helpful consideration and 

criticisms. 

11 



TABLE OF CONTENTS 

ACKNOWLEDGMENTS ii 

LIST OF FIGURES iv 

I. INTRODUCTION 1 

II. MULTIVARIABLE FEEDBACK SYSTEMS 4 

2.1 SYSTEM DESCRIPTION 4 

2.2 USEFUL FACTS AND DEFINITIONS 5 

2.3 STABILITY THEOREM 13 

III. CONTINUATION METHODS 15 

3.1 EIGENVECTOR APPROACH ALGORITHM 15 

3.2 JACOBIAN ALGORITHM 21 

3.3 QR TRANSFORM 22 

3.4 NUMERICAL EXAMPLES 24 

IV. CONCLUSION 31 

LIST OF REFERENCES 3 3 

APPENDIX 36 

111 



LIST OF FIGURES 

Figure Page 

1. Three typical Nyquist contours 10 

2. The generalized Nyquist plot for numerical 

example 1 28 

3. The generalized Nyquist plot for numerical 

example 2 29 

4. The generalized Nyquist plot for numerical 

example 3 30 

IV 



CHAPTER I 

INTRODUCTION 

The classical Nyquist stability criterion for single-

input single-output, linear time-invariant feedback systems 

has only recently been generalized to multivariable feed

back systems [1,2]. Stability theorems are expressed in 

terms of the eigenvalue loci of the open loop transfer 

function G(s) of the system. Thus the finding of all the 

eigenvalues of G(s) with the frequency s varying along the 

Nyquist contour in the complex plane becomes a major inter

est in coping with the stability problem for a multi-

variable system. 

Conventional techniques for finding the eigenvalues 

of a matrix, like the one of solving for the roots of the 

corresponding characteristic polynomial, always turn out tc 

have poor accuracy and be time-consuming, especially when 

the order of the matrix is large. Among those techniques, 

the QR transform of Francis [3] seems to be most successful. 

This algorithm first transforms the matrix into Hessenberg 

form, i.e., all of the elements below the first subdiagonal 

are zeros, and then eliminates the elements on the subdiag

onal consecutively to obtain all the eigenvalues. In order 

to apply the multivariable Nyquist criterion, it is necessary 



to compute the eigenvalue loci as a function of frequency. 

For a given frequency, the eigenvalues can be calculated by 

conventional techniques. Since the eigenvalues are functions 

of frequency, normally one would have to repeat the entire 

computational procedure for each frequency. In the actual 

stability analysis, this repetition is however, impractical. 

The objective of this thesis is to introduce two continuation 

methods for stability analysis of multivariable feedback 

systems. The basic idea of these continuation methods is 

to convert the solution of a parameterized family of 

algebraic problems into the solution of a differential 

equation. Then if one can find the solution of an initial 

problem by using conventional methods the solutions to the 

other problems can be obtained by integrating the associated 

differential equation with the initial solution used as an 

initial condition. 

The first method, namely the eigenvector approach 

algorithm [4,5], is developed in terms of scalar-products 

of the- normal eigenvectors and the transposed eigenvectors 

of a matrix. The second method, namely the Jacobian 

algorithm [6], is derived in terms of the inverse of a 

Jacobian matrix and the characteristic polynomial of the 

matrix. If the characteristic equation for the multivariable 

feedback system can be predetermined the Jacobian algorithm 

proves to be a relatively simple method for finding the 

eigenvalue loci. A desired accuracy can be obtained by the 



variable step size integration algorithm which is applied 

to both methods. The QR transform serves as an algorithm 

for finding the initial eigenvalues and eigenvectors. The 

details of these three algorithms along with numerical 

examples for both continuation methods are described in 

Chapter III. 

The encirclement of the point (-1,0) by the Nyquist 

plot in the complex plane [1,2] is a necessary and sufficient 

stability condition for an open loop stable feedback system, 

in which the open loop transfer function G(s) is a proper 

matrix and has poles only in the open left half of the 

complex plane. For an open loop unstable feedback system, 

an additional condition [1] is imposed together with the 

(-1,0) encirclement to check the stability of the system. 

The Nyquist plot possesses the configuration of an indexed 

family of closed paths [1,7]. The system description, some 

definitions and stability theorems are presented in Chapter 

II and concluding remarks are given in Chapter IV. 



CHAPTER II 

MULTIVARIABLE FEEDBACK SYSTEMS 

2.1 System Description 

We consider a linear time-invariant feedback system 

with n inputs and n outputs. The input u, output y and 

error e are function mappings from R+ (defined as [0,<»]) to 

C^. The system is described by 

y = G * e (2-1) 

e = u - y (2-2) 

where * denotes convolution and G is an nxn matrix whose 

elements are complex-valued distribution on R̂ .. The 

Laplace transform of G is given by 

q mi-1 
G(s) = G^(s) + 21 II R.^Cs-p. )""̂ î ^ (2-3) 

^ i=l k=0 ^ 

where 03(3) is a proper (bounded at s->-<») matrix whose 

elements are rational functions of a complex variable s; 

G (s) has poles only in the left half plane; q and m̂ ,̂ 

i=l, ,q are finite integers; the matrices R-, are 

elements of C^^^ and the poles pĵ  are either real or they 

occur in complex conjugate pairs and re(p^)^0 for all 

1—1,.•••jq* 

Assuming det(I+G(s))^0, the closed loop convolution 

operator H is defined as 



y = H * u , (2-4) 

and its Laplace transform H(s) is given by 

H(s) = G(s) (I+G(s))-1. (2-5) 

G(s) and H(s) are regarded as the open loop and the 

closed loop transfer functions, respectively. 

By the convolution algebra A, a mapping f belongs to 

the convolution algebra A if and only if f(s) belongs to the 

convolution algebra A(s) where f(s) is the Laplace transform 

of f [8,9]. We define a system described by (2-l)-(2-5) to 

be stable if and only if its closed loop impulse response 

H belongs to A^^^ or equivalently H(s) belongs to A^''^^(s). 

In the above sense, H is said to be stable if and only if it 

is L^ stable for all pe[l,oo] [10], or if and only if H(s) 

is a proper matrix whose poles are in the open left half of 

the complex plane. 

2.2 Useful Facts and Definitions 

Since the facts and definitions to be utilized in 

the derivation of the stability theorems have been carefully 

investigated by some authors of references [1,7,11,12,13,14], 

they are only restated here without proof. 

Let C^^^(s) and C^^^[s] denote the noncommutative 

rings of matrices of rational functions and polynomials 

with complex coefficients, respectively. An element P of 

Qnxn(5^ is said to be proper if and only if P is bounded at 

infinity. An element P of C^^"[s] is said to be unimodular 



if and only if det(P(s)) is a non-zero constant. Let P and 

Q be two elements of C^^^[s]. A matrix D is said to be a 

common right divisor of P and Q if and only if there exist 

matrices A and B such that P=AD and Q=BD where A, B and D 

are elements of C^^^[s] and A and B are called left multiples 

of D. An element R of C^^^[s] is said to be a greatest 

common right divisor(gcrd) of P and Q if and only if: (1) 

it is a common right divisor of P and Q, and (2) it is a 

left multiple of every common right divisor of P and Q. 

Two elements P and Q of C^^^[s] are said to be right coprime 

if and only if they have a unimodular gcrd. 

Fact 1 [11,12]: 

Let Q be a proper element of C^^^(s), then there 

exist two elements N and D in C^^^[s] such that 

Q = ND"^ 

where: (1) N and D are right coprime; (2) det(D(s))^0; (3) 

p is a pole of Q(s) if and only if it is a zero of det(D(s)). 

To formalize the Nyquist plot of a matrix, we need 

to define n piecewise analytic functions, X^i*), i=l,....,n, 

such that at (almost) any point, their values at the point s 

are the set of eigenvalues of G(s). The geometry of the 

eigenvalues is discussed below to give a further under

standing of the definition of the piecewise analytic functions 

Xĵ ( • ) , i=l,.... ,n. 



Let 

F(X,s) = det(X-G(s)) = X^+f^(s)\^''^+ "^^n^^^ ^^'^^ 

where F(X,s) is a polynomial in X whose coefficients are 

proper rational functions of s. Let gg be the least common 

denominator of f£(s), i=l, ,n, such that 

f. = -^i- i=l,...,n. (2-7) 
g' ^0 

Then 

F(X,s) = — r H r fl gk^s)^"^ = 3 F»(X,s) (2-8) 
So^s) ĵ o ^ g'(s) 

where F*(X,s) is a polynomial in X whose coefficients are 

polynomials in s. 

We see that the roots and their corresponding 

multiplicates of F(X,s)=0 are exactly the same as those of 

F*(X,s) = 0 for any ŝ Q and |s||oo, where Q is the set of all 

poles of G(s) [13,14]. F'(X,s)=0 (and hence F(X,s)=0) has 

n distinct roots for any s^Q, except at a finite number of 

points which we call the exceptional points. 

There are three kinds of exceptional points [13]: 

(1) The roots of gQ(s)=0. These roots are some of the 

poles of G(s) and thus belong to Q. 

(2) The points ŝ:Q for which F'(X,s) = 0 (or F(X,s) = 0) has 

multiple roots. Actually these points are finite in 

number. These are called the exceptional points of 

the second kind. 
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(3) The point |s|=oo. This point is a possible pole of 

some of the g!(s), i=l,...,n. In this case, F'(X,s)=0 

becomes meaningless at |s|=a>. Since G(s) is bounded 

at infinity, f.(s), i=l,..,n, approaches a constant as 

|s|-̂ «>. Thus, at infinity, instead of utilizing F'(X,s) = 0 

we consider F(X,s) = 0. As |s|-»-«>, F(X,s) reduces to a 

polynomial with constant coefficients denoted by F(X,«>) = 0 

If this polynomial has multiple roots we call the point 

I s I =00 the exceptional point of the second kind at 

infinity. 

Fact 2 [13]: 

There exist n functions, X.(»), i=l,...,n, defined 

in C-Q which are analytic everywhere except possibly on the 

branch cuts (where the exceptional points occur). For any 

finite s and seC-Q, X.(s), i=l,...,n, is the set of roots 

of F'(X,s)=0. 

Fact 3 [14] : 

Let SQGC, SQ^Q and X^(SQ), i=l,...,q, be the distinct 

roots of F(X,s)=0, with m-, i=l,...,q, the corresponding 

multiplicity of Xi(Sp|). Under such circumstances, given 

any 6>0 there exists an e>0 such that for any s, |s-SQ|<e, 

and for any i, i=l,...,q, F(X,s)=0 has exactly m- roots, 

counting multiplicities, in N(X.(SQ),6), where N(X.(SQ),6) 

denotes an open ball in the complex plane, centered at 



^^(SQ) with radius 6. 

The above fact describes the behavior of the eigen

values in the neighborhood of the exceptional points. 

Suppose we have exceptional points jd,, jd^^-.jjdm, with 

d^<d2 "̂ m̂' "̂ ^̂ ^ "̂ ^̂  number of the roots of F(X,s) = 0 

entering each point is equal to the number of the roots of 

F(X,s)=0 leaving that point. We call these points X-nodes 

and they play an important role in the geometry of the 

eigenvalues. Each of those nodes is the image of both the 

beginning of an interval and the end of another. 

Definition of Nyquist Contours 

There are three typical Nyquist contours [15]: 

Let N: [a,b]-»'C be a bijection whose image N is plotted 

in Fig. la where identations to the left half of radius £, 

0<e<eQ, are taken around the poles of G(s) on the imaginary 

axis. Since G(s) is rational, the set consisting of the 

open L. H. P. poles of G(s) and the open L. H. P. zeros of 

det(I+G(s)) is bounded away from the imaginary axis. Thus 

there exists an ^n>0 such that -G-. is such a boundary for 

those identations. Similarly, let N^: [a,b]-̂ C and N :[a,b]->'C 

be bijections whose images are plotted in Fig. lb and Fig. 

Ic, respectively. 



10 

30) 

• m + 1 

• + j r 

j d 
m 

h •m i x p q 

^ > ^ ^ m - l 

- 3 r 

N N. N 

l a . l b . I c 

Fig. 1 
Three Typical N'y.'uist Contours 



11 

As we mentioned previously, the X-nodes, which are 

shown in Fig. l as jd., jd^, , jd with d^<d, <d^, 
u 1 m u 1 '" 

can be regarded as the branch cuts of the above Nyquist 

contours. 

For any 1, 1-0,1, ,m+2, let I^ is plotted in 

Fig. 1, where e-identations to the L. H. P. of radius e. 

0<e<eQ, are taken around the poles of G(s) on the imaginary 

axis. Let Ij|̂+2 ̂ ® "̂ ®̂ path opposite to I ^2- ^̂ "̂  

T»oo- [̂-oo»t>-Qo]"*"C and 1^.^: [a+̂ ,b+oo]-̂ C be bijections whose 

images I_^ and 1+^ are plotted in Fig. Ic, where I_oo(̂ _co) = "J** 

and l+oô -̂foô "̂ *" ̂ ^^ assumed. 

The images N, N^ and N are the three typical 

Nyquist contours, where a head bar is used to denote the 

images of the function under consideration. 

Definition of Nyquist Plots 

Let h- , be functions, for any l^i^n and l:$k̂ m+2, 
1 ,K 

defined by h^ ]^-Xj_ o 1-^ where o denotes the composition of 

two functions. Let h]̂  in+2'̂ i ° -̂111+2' ̂ i -i-oô î ̂  I+̂ o ̂ nd 

Three kinds of the indexed family of functions are defini:d 

in the following: 

E = (hî .oo, (^i,k^0^k^m+l' ̂ i,+oohiiin ^^"^^ 

V <^i,k)l<i^n (̂ -̂̂ '̂> 
O^k^m+2 

Eq= C>̂ i,_oo, >̂ i,m+2> ^̂ i,+«) i^i^n (2-11) 

where h^^j^ are referred to as the members of each function. 
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E, E^ and E are the Nyquist plots of the eigenvalues of 

G(s). 

Fact 4 ri,7]: 

The members of E(E^ and E ) can be appropriately 

justaposed such that E(Ep and Eq) forms an indexed family 

of closed paths. 

Definition of Encirclement 

The encirclement of a point a, aeC by a closed path 

h is denoted by C(h,a). Let H be an indexed family of 

closed paths where H=(hĵ )ĵ _2. The encirclement of a point 

a by H, a^H, is defined as 

ni 
C(H,a) = XI C(hĵ ,a) 

By Fact 4, E(E^ and E ) forms an indexed family of 
-' ' r q •' 

closed paths. Thus the encirclement of a point a by this 

indexed family of closed paths C(E,a)(C(E^,a) and C(E-,a)) 

is well defined. Since there is some degree of arbitrariness 

to the construction of the closed paths, the following fact 

is stated. 

Fact 5[1,7]: 

For any a, aeC and a^E, all indexed families of 

closed paths which describe E have the same encirclement 

with respect to a. The samei holds for E and E . 
r q 
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Fact 6 [1,7]: 

Let aeC and a^E. For any 6>0 there exists an VQ 

such that for any r>rQ: (1) if seE , then either seE or 

q 
se U N(X^(oo),6)^ or both, where X^(«'), i = l,...,q, are 

distinct eigenvalues of G(s); (2) a^E^; (3) C(E^,a) = 

C(E,a). 

Fact 7 [1,7] : 

Let h^: [0,1]-»'C, i=l,..,n, and where h^ are closed 

paths. Let H=(hĵ )j;_2 be the indexed family of the h^. Let 

aeC, a^H and define HQ(t)=.Tf (h.(t)-a) for all t, 0<t<l. 

Under this condition, O^H and C(HQ,0)=C(H,a). 

2.3 Stability Theorems 

Many stability criterions concerning the multivariable 

feedback systems have been presented in the literature 

[1,2,9,16,17,18]. Since our interest is in Nyquist type 

stability, only the encirclement stability criterions are 

stated in the following and the proof of which are left in 

the appendix. 

Theorem 1 

Let G(s) and H(s) be the open loop and the closed 

loop transfer functions of an n-input n-output, linear, 

time-invariant, convolution feedback system, respectively. 
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If G is stable, then H is stable if and only if 

(1) the point (-1,0)̂ E and 

(2) C(E,-1) = 0 

where the Nyquist contour used is the one described in 

Fig. la but with no identation since G is stable. 

Theorem 2 

Let G and H be defined as in Theorem 1. 

By Fact 1, G(s) may be factored as G(s)=N(s)D"^(s). 

Then H is stable if and only if 

(1) -l^E and 

(2) there exists an r-|̂>0 such that for all 

r>rT, C(E,-1) + C(E p,,0) = 0, 

where E^ ĵ  is defined as: t->-detD(Np(t)). 

The continuation methods which will be presented in 

the next chapter are developed to find the eigenvalues of 

G(s) on N, which are used to implement the Nyquist stability 

theorems. As one can see, the encirclement C(E,-1) is used 

to determine the stability of both open loop stable and 

unstable feedback systems. 



CHAPTER III 

CONTINUATION METHODS 

3.1 Eigenvector Approach Algorithm 

Some definitions and a lemma which will be used in 

the derivation of the algorithm are given in the following. 

The scalar product of two complex numbers p and q 

(p=a+jb and q=C+jd, where a, b, c and d are real numbers) 

is defined as 

<P » q> = P X q* = (a+jb) X (c-jd), 

with properties: (1) <p , q> = <q > P>* 

(2) <cp , q> = c<p , q> and <p , cq> 

= c*<p , q>, where c is a complex 

constant and ^' denotes the complex 

conjugate; 

(3) <Ap , q> = <P » A*q>, where A* is the 

transposed complex conjugate of 

matrix A. 

If X, X are the n distinct eigenvalues of an 

nxn matrix A, then xf, ,X* will be the eigenvalues of 

the matrix A*. 

Lemma: 

Let XT , , X be the n eigenvectors of ir.atrix A 
1 n 

15 



16 

corresponding to n distinct eigenvalues \-^, . , . ,\^ and 

V^,...., Vĵ  be the n eigenvectors of matrix A* corrospondi.ng 

"to ̂ *» , X*. Then <X^ , Vj> = 0 for ifj. 

Proof: 

Since A X^ = X^ X^, i=l,...,n, 

then <A X^ , Vj> = Xi<Xi , Vj>. 

By the scalar-product properties (2) and (3), we have 

<X^ , A*Vj> = Xi<Xi , Vj>, 

then <X^ , X?Vj> = \i<X^ , Vj>, and 

Xj<Xi , Vj> = Xi<Xi , Vj>. 

Since X^ ^ X- for i|j, we obtain <X^ , Vj> = 0 for 

Derivation of the Algorithm 

The first continuation method is based on the 

approach described by Faddeev and Faddeeva [4] and Van Ness 

et. al.[5]. A differential equation is written with the 

eigenvalues as dependent variables and frequency as variable 

parameter. We then compute a set of initial eigenvalues by 

classical analysis techniques and integrate the resulting 

differential equation to obtain the required eigenvalues 

for each frequency. The following derivation is carried 

out under the assumption that all eigenvalues of transfer 

matrix G(ja)) are distinct for all o). 

The eigenvalues X±(u)) of G(ja)) and their complex 

conjugate X*(u)) satisfy 
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G(ju))X̂ (a)) = Xi(w)Xi((x)) i = l,...,n (3-1) 

and 

G*(ja))Vi(a)) = X^(u))Vi(D) i=l,...,n (3-2) 

where X£((JD) and Vĵ (a)) are the corresponding eigenvectors of 

Xi(a)) and XJL(OL)) respectively, and G*(ju)) is the complex 

conjugate transposed matrix of G(J(JL)). 

Differentiating both sides of (3-1) with respect to o), yields 

^^ Y + r ^Xj _ dXj dXj 
—-3 X,' + b :;' " - —r X,- + A- —-; . 

do) 1 do) do) ^ 1 du) 

Taking scalar-product of the above equation with V-(a)), we obtain 

< - al- xi • »i> • 4 -3s^ . \ 

dXi \ / dX,- > 

do) -̂  ' J/ \ ^ do) 

Letting i=j in equation (3-3), we get 

dG 
Xi , Vi i > Vi / 

"-^ - —^ r ^, i=l,2,...,n. (3-4) 
dXj _ \ d(x) 

do) <Xi , Vi> 

Since X-i, X2 ,. • . • , X form a basis in the complex plane, wo 

can let 

dX* ^ 
dJ" = Z I °^ij^j' i=l»---»n. (3-5) 

Then by (3-3) and (3-5), we have 

\ < ^ '̂ i ' H 
H °ij>^i ' v . ) = ^^ ^ , for i | i 
3 = 1 ^ } X i - Xj 
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and consequently by the Lemma, we obtain 

diT ^i ' ^j, 
ô ij = - ~ —-y ;-, for i^j. (3-6) 

^ (H-Xj)<Xj , V>̂  

Naturally the coefficients a^^ remain undefined. In view 

of the non-uniqueness of the eigenvector and without loss 
of generosity we may assume that ciii=0. 
Similarly, we can express 

dV 1 

d(jj 

where 

3 i j V j , i = l , 2 , . . . , n , ( 3 - 7 ) 

/ d G * \ 
<CdI7- ^i ' ^ j / 

^-=°' ''^ - (x^xf)<^,, xj> - ^°^ '^' ''-'' 

Once the initial data (X^, X^ and V^ for i=l,...,n 

at some initial frequency a)=a)Q) are obtained, then (3-4), 

(3-5) and (3-7) are the three first-order differential 

equations which can easily be solved using Euler's method 

to find all the eigenvalues of the matrix G(J'JJ) as a function 

of frequency. Since the right hand sides of (3-4), (3-5) 

and (3-7) are not functions of oi explicitly, more accurate 

and sophisticated numerical methods can not be directly 

applied. For instance, when the forth-order Runge-Kutta 

method is adopted in solving 

^^^ = f(X^,t), 
""3t 

four values ẑ ,̂ Z2, Z3 and 2:4 are to be calculated at each 
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integration step such that 

^k+1 = ^k + -i-^2-L+2z2 + 2z3 + Z4) 

where z^=hf(Xy^,t}^), Z2=hf (Xĵ +i5Z;̂ ,tĵ +i5h) , Z3 = hf (XĴ •̂ .̂Z2 ,tĵ +i5h) , 

z^=hf(Xj^+Z3,tj^+h) and h is the step size. We notice that 

Xĵ +̂ gẑ , XĴ •̂ Ẑ2 and X̂ +̂ẑ  in Z2, z^ and z^, respectively, 

are estimated values. In our case we have the equation 

- ^ ^ = f(X(Xj^),V(X,,),a)k), 

then z^, Z2, ZQ and z^ have the following expressions: 

z^=hf (XXĵ ) , V(Xj^) ,0)]̂ ); Z2=hf (X(Xĵ +̂ Z3̂ ) ,V(Xĵ +i5Z-ĵ ) ,caĵ +̂ h) ; 

Z3=hf (X(X3̂ +?5Z2),V(X]̂ +i5Z2),a)]̂ +̂ h); Z4=hf (X(Xj^+h), V(Xj^+h) ,u)^*h) 

As we know, the eigenvector X^ is related to the 

eigenvalue X^ by G(jaj)Xi = XiXi. This means that the estimated 

values of X^ may not satisfy the eigenvalue equation. 

Since in Z2, z^ and z^, X^.+'^z-^, Xĵ +̂ Z2 and Xĵ +Z3 are all 

estimated eigenvalues so that the corresponding X and V can 

not be found. 

To improve the efficiency of the Euler method a 

variable step size integration technique is adopted. The 

slope difference between two consecutive points is measured 

as a reference to double or to halve the step size. 

Knowing X(Xj^), V(Xj^) and Wj^, the slope at a)=(i)ĵ  is expressed 

by equation (3-4) 

dX 

do) 

< ^ | l c X(Xi,),V(Xi,)N 

<(x(Xk),V(Xk)) 
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^^^ ^k+1 ^^ obtained by Euler equation 

k̂+1 = v ^ - ^ k-

The corresponding X(Xj^+-j^) and V(Xj^+^) could also be found 

by equations (3-5) and (3-7) so that the slope at U3 = JJ)^+^ 

may be calculated using (3-3). The slope difference, i.e.. 

dX 

do) 

dX 

k+1 do) 

will be taken as a measure to check if the step size has 

been properly chosen. A certain accuracy could be achieved 

by an appropriate setting of the upper bound and the lower 

bound, which are the boundary values for doubling and 

halving the step size respectively. Since the eigenvalues 

are complex numbers, the slopes with respect to o) are to be 

considered for both the real parts and the imaginary parts. 

Because several slope differences are to be checked at each 

integration step, a conflict might occur, i.e., one slope 

difference is larger than the upper bound while another one 

is smaller than the lower bound. As a matter of fact, the 

upper bound is set for the accuracy and the lower bound is 

set for saving the calculating time. So priority is given 

to the upper bound check. 

So far only distinct eigenvalues are considered. 

Now suppose that there are exceptional points of the second 

kind located at jdg, jd-,....,jd on the imaginary axis as 

shown in Fig. la. These points act as the branch cuts on 
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the Nyquist contour. Then initial data is needed for each 

branch (I_„,I^„ and I^, 0<l<m+l) where eigenvalues are 

distinct. 

To implement the Nyquist plot E, we only need to 

find the trajectory of the eigenvalues with OJ varying fro.-n 

0 (or 0 ) to +<» and then map the trajectory syriHicTrically 

to the other side of the real axis. 

3.2 Jacobian Algorithm 

For an nth order system, the above algorithm 

requires the numerical integration of a set of 3n equations 

and the computation of two sets of unwanted variable--

namely the eigenvectors X-ĵ  and V^. These disadvantages 

can be avoided if the characteristic equation for the 

multivariable feedback system can be predetermined. A 

much simpler method can be formulated based on the approach 

for finding multiple solutions for a nonlinear equation 

developed by Chao et. al.[6]. 

Let the characteristic equation of G(j(i)) be given 

by an nth order polynomial in eigenvalue X with complex 

coefficients 

f[X(u))] = |XI-G(jaj)| = 0. (3-9) 

Instead of solving (3-9) directly for each frequency, we 

consider two simultaneous differential equations of the form 

-^^ = -f(t) f(0) = f[X(a)n)] = 0 
dt ° (3.10) 
d 
dt = -̂  ^ ^ ° ^ '- '"o-



Assuming the nonsigularity of the Jacobian matri; 

J = 

3f 

3X 

3(1) 

3X 

3f 

do) 

3(JO 

3(JL) 

3f 
3X 

0 

_ 

3f 

3(jj 

1 

«*« 

in the x-w space the algorithm (3-10) reduced to 

dX 
dt 

du> 
dt 

= J-1 

-f 

±1 

• 

f(0) 

a)(0) 

-

0 
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(3-11) 

(3-12) 

It is seen from the solution of (3-10) 

f(t) = Oe"''̂  E 0 

0) = ±t. 
(3-13) 

that for any admissible pair of WQ and X(a3Q) satisfying 

(3-9), the corresponding trajectory will remain on the 

solution curve f=0 as w changes. The + or - sign is chosen 

depending on whether one would like to increase or decrease 

OJ. Equation (3-12) may now be solved by any numerical 

techniques and the eigenvalue loci can be traced automatically 

by integrating only a second order differential system. 

3.3 QR Transform 

The QR transform [3,5] can be used to find the initi 

values for both of the previous two techniques. We first 

transform the matrix into Hessenberg form, in which all the 

a 
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elements below the first subdiagonal are zeros. There are 

several well-known methods (see for example Givens [19] and 

Householder [20]) for making this transformation. The ain 

of the QR transform is to reduce the elements on the sub-

diagonal of the Hessenberg matrix to zero. For example, 

let us consider a 6x6 matrix with cor:\plex elements, whose 

Hessenberg form is shown in (3-14). 

XXXXXX 
XXXXXX 
OXXXXX 
ooxxxx 
oooxxx 
ooooxx 

XXXXXX 
XXXXXX 
OXXXXX 
OOXXXX 
OOOXXX 
OOOOOY 

xxxxx>n 
XXXXXX 
OXXXXX 
ooxxxx 
OOOOXX 
ooooxx 

(3-14) (3-15) (3-16) 

If (3-14) could be transformed into (3-15), then it is 

known that the matrix has a real eigenvalue Y, and the last 

row and the last column of the matrix (3-15) can be dropped 

so that the order of the matrix is reduced by one. If 

(3-14) is transformed into (3-16), then the last two rows 

and the last two columns form a submatrix which is used to 

find the two eigenvalues of the matrix. These two eigen

values may not occur in complex conjugate pair. The order 

of the matrix is thus reduced by two by dropping that sub-

matrix in (3-16). By repeating this procedure all the eigen

values of a matrix can be found. 

For finding the normal and the transposed eigen

vectors, an algorithm is constructed to get both sets of 

eigenvectors at the same time [4]. Under the ass-iry.pticn 



(A^-X^I) = LU. 
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that all the eigenvalues of the matrix are distinct, the 

matrix A-ĵ  is formed by dropping the last row and the last 

column of matrix A. Then the matrix Â -̂X̂ I is factored into 

lower and upper trangular matrices L and U so that 

(3-17) 

The normal eigenvectors X^ can be found by using the process 

of backward substitution of U. Taking the complex conjugate 

transpose of (3-17), we obtain 

(A^-X^D* = U*L* (3-18) 

Then L in (3-18) can be used to find the transposed eigen

vectors V^ through the same procedure as that in finding 

the normal eigenvectors. 

3.4 Numerical Examples 

To illustrate the approaches presented, consider 

linear, time-invariant, multivariable system whose open 

loop transfer function is characterized by 

G(s) = 

K 
s + 2 

s + 2 
s + 1 

(3-19) 

It is seen that G(s) is an open loop stable system. 

Three values of K—16, 36 and 25 are assigned for the 

following three examples. The Nyquist plots for the first 

two examples are accomplished with the eigenvector approach 
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algorithm and the last example utilizes the Jacobian 

algorithm. 

Example 1; 

With K=16 and s = ja), we have 

G(ju)) = 

ja)+2 
ja)+l 

At the initial point a) = 0. 

16 

ja3-f2 

G(0) = 

From QR transform we get two eigenvalues X^=0 and X2=8 and 

their corresponding eigenvectors -2 and In a 

similar manner, the transposed eigenvectors associated with 

X*=0 and X*=8 are 1 

-2 

and 

The generalized Nyquist plot for this system, shown 

in Fig. 2, does not encircle the (-1,0) point and hence the 

feedback system is stable. 

Example 2: 

With K=36 and s = j(jj, we have 



G(ju)) = 

3W+2 

joj + l 

At the initial point u)=0. 

36 

ja)+2 

G(0) = 

18" 

Then by the same procedure as described in Example 1, we 

find two eigenvalues X^=-2 and X2=10 and their corresponding 

eigenvectors -3 

1 

and The transposed eigenvectors 

corresponding to X*=-2 and X*=10 are 

-3 

and 

The generalized Nyquist plot for this system, shown in 

Fig. 3 does encircle the (-1,0) point so that the feedback 

system is unstable. 

The two limiting values for the variable step size 

_2 
integration in the above two examples are set at 10 and 
— 6 

10 . The accuracy of the eigenvalues obtained is roughly 

in the order of 10 -3 Normalization of the eigenvectors is 

necessary after each integration in order to evade the 

possibility of overflow. 
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Example 3: 

With K=25 and s = j(i), we have 

G(ja)) = 

25 

ju)+2 

ja) + 2 

jw+l 

The characteristic polynomial is 

f[X(a))] = X^-8X+(-9 + 16w^)/(l+a)^) + j25u)/(l"i-(D̂ ) 

The Jacobian matrix of f[X(a))] is obtained as 

J = 

2X-8 
50a)•̂ j25(l-oĴ ) 

(1+0)2)2 

0 

The Nyquist plot obtained from (3-12) with a variable 

step size Euler's method is shown in Fig. 4. It is seen 

that the plot just passes through the (-1,0) point, i.e., 

-leE, so that the system is unstable. The limiting values 

for the variable step size inxegration is set at 10 and 

-7 "̂  

10 and the accuracy is again on the order of 10""^. 

From the above three cases one can conclude that 

the system (3-19) is stable for K<25 since the generalize:! 

Nyquist plots do not pass or encircle the (-1,0) point. 
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CHAPTER IV 

CONCLUSION 

Continuation methods have been presented for imple

mentation of a Nyquist stability criterion for a linear, 

time-invariant multivariable feedback system. Eigenvalue 

loci can be plotted by numerical integration of a set of 

associated differential equations. 

The eigenvector approach algorithm is best suited 

for computing the eigenvalue loci for a large feedback 

system whose characteristic equation can not be found 

analytically. The method, however, requires the calculation 

of normal eigenvectors and their transposed eigenvectors. 

As a consequence, for an nth order system, it requires the 

numerical integration of a set of 3n equations. On the 

other hand, if the characteristic equation of the system 

can be predetermined, then the Jacobian algorithm may be 

adopted. The method assumes the nonsingularity of the 

Jacobian matrix and requires the integration of only a 

second order differential equation. 

Since distinct eigenvalues are assumed in the 

derivation of the eigenvector approach algorithm, at what

ever point the multiple eigenvalues occur another intial 

point will have to be computed right after that point. To 

31 
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avoid the cumbersome work of locating all of the points on 

Nyquist contour where multiple eigenvalues occur, a dif

ference check between eigenvalues may be installed in the 

main computer program to see if eigenvalues are too close 

to proceed. For the Jacobian algorithm, detJfO is assumed 

for any o) on the Nyquist contour. As a matter of fact, by 

3f (3-11), this assumption is equivalent to iO. So when-
3X 

ever a point on the Nyquist contour is encountered such 

that •• =0, one has to delete that point and start again 
d\ k 

from the following point. These singularity points will 

3f 
be known and can be deleted since 

3X 
each integration step. 

is calculated at 
k 

Despite the constraints mentioned above, in the 

actual stability analysis of a linear time-invariant multi-

variable feedback system the eigenvector approach algorithm 

and the Jacobian algorithm proved to be feasible and success 

ful continuation methods with acceptable accuracy. 
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APPENDIX 

PROOF OF THE STABILITY THEOREMS 

Proof of Stability Theorem 1 

(=^) Let E^ ̂ g.̂  be defined as 

^r det* ^ '* det(I+G(Nj,(t))), tel 

where I is the interval on which N̂ ^ is defined. 

Since det(I+G(s)) is analytic on C and det(I+G(s))>0 on 

Np[9,17], by the Cauchy integral formula we have 

_ i ^ ( ]' d det(I+G(s)) = C(E„ det'0^ = ° ^^"^^ 
2TTJ J^ det(I+G(s) r,aeT: 

For H is stable, we have 1+X£(s)^0, Re s>0, i=l,..,n. 

[1]. Therefore, -l^E^. 

Since Ep is an indexed family of closed paths (Fact 

4), -leEp and det(I+G(s))=.S^ (l^Xi(s)), then by Fact 7 

we obtain 

C(E^,-1) = C(E^,det'0) = 0-

Since -l^E^ and by Fact 6, for r large enough we get 

C(E,-1) = C(Ei,,-l) = 0 

(<= ) Since -1+E, then by Fact 6 for r sufficiently large, 

C(E,-1)=C(E^,-1)=0. By Fact 7, we have 

CCEr,det'0) = C(Er,,-l) = 0 (A-2) 

36 
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For det(I+G(s))=.S^(l+X.(s)), =liE^ implies Oil^^^^^. 

Since s = ±j«) is on N and -1 + E, 

det(I+G(co)) = ^S^(l+X(oo) ̂  0 (A-3) 

By (A-2) and the Cauchy integral formula which can be 

applied to det (I+G(s)), we obtain 

^ ( 1 
"T^JHr det(l^G(s)) ^ det(I+G(s)) 

= C^^r,^det'0) = 0 <A-4) 

(A-4) implies that det(I+G(s)) does not have any 

zeros in any compact subset of Re s^O. This, togetheî  with 

(A-3), proves H is stable [1,9,17]. 

Proof of Stability Theorem 2 

By Fact 2, G(s) may be factored into G(s ) = N(s )D"-̂  (s). 

Let Ep p and E^ ̂ ^ be defined as 

^r,D- "t •* detD(Nj,(t)), tel 

^r ND* ^ ^ det(N(Nj,(t) + D(Nj,(t)), tel 

where I is the interval on which Np is defined and 

r>max(d , [d̂ l ,rv,) where r^ is the least radius such thnt 

all the roots of detD(s) = 0 lie in the interior of Uy.. 

( =^) Since there are no poles of G(s) on N̂ ,, then 

detD(s)^0 for all seN^ and 

det(N(s)+D(s)) = det(I+G(s) detD(s) for all seU^, (A-5) 

Since det(N(s)+D(s) ):f 0 for all se?:j,[21] and detD(s)iO 

for all sENp, it follows from (A-5) that 

det(I+G(s)) ^ 0 for all seN^. 
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The above inequality is equivalent to 

1+X^(s)^0 for all seNp and i=l,...,n. (A-6) 

Since det (I+G(«>) )f 0 [21] , we have 

1 + X^(oo)^0 for all i, i = l,..,n. (A-7) 

Conditions (A-6) and (A-7) imply 

OiEp^^g^ or -liE, (A-8) 

where E^^^et ^^ defined as in the proof of Theorem 1. 

From (A-5), it implies C(E^^ ĵ ĵ , 0 ) = C(E^^^g^ ,0 ) + 

C(Ej,^j),0). Since det (I+G(s) )= .S (1 + Xi(s)) and by Fact 7, 

we get 

C(Ej,̂ ĵ j),0)=C(Ep,-l) + C(Ej,^D,0). (A-9) 

By Fact 6 there exists an r.. such that for r>r-ĵ , 

C(Er,-l)=C(E,-l). (A-10) 

Since det(N(s)+D(s)) is analytic and different from zero 

on Re s>0, then 

C(Ê ĵ̂ j),0) = 0 (A-11) 

From (A-9), (A-10) and (A-11) we obtain 

C(E,-l)+C(Ep ĵ j),0) = 0 for r sufficient large. 

(-̂s* ) The proof is a reverse of ( -*") and is thus omitted. 


