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CHAPTER 1 

INTRODUCTION 

The finite element method in continuum 

mechanics is, perhaps, the single most effective numeric

al method in engineering science that can be utilized for 

the solution of diverse and complex engineering problems. 

The tremendous advances that have been made since its first 

inception, some two decades ago, bear testimony to the 

great popularity and importance it has received as a power

ful analysis tool in the solution of problems hitherto 

considered intractable. Today, the state of the art has 

reached such a level of development that dramatic new break

throughs would seem unlikely. Refinements of existing 

solution techniques and introduction of new and more 

efficient and accurate ways of element representation, 

however, should undoubtedly continue to emerge. 

The two broad analytical procedures for 

the formulation of finite element force-displacement equat

ions, namely, the displacement (stiffness) method and the 

force (flexibility) method are well known (20). A mixed or, 

so called, hybrid formulation is an alternate approach that 

has proved useful for certain types of problems (27,28). 

Of these m.ethodologies, the displacement 

method, em.ploying the Dotential energy functional in terms 

of a displacement field rather than a stress field has 
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received considerable attention from researchers and 

publications relating to it abound. By contrast, the 

minimum complementary energy approach or the force method, 

employing a stress field rather than a displacem.ent field 

has received very limited developmental effort. A few 

linear stress models (1,2) based on various generalizations 

of the principle of minimum complementary energy have 

been constructed in the past, but for several reasons, they 

were found to be less attractive than the potential energy 

approach in their application. One of the main reasons 

for the unpopularity of the approach m̂ ay be attributable 

to the need for the definition of structural redundancies 

and the computational expense resulting from it. Secondly, 

the obscure physical interpretation and the difficulty 

that is often associated XÂ ith the construction of the 

boundary constraints is another undesireable characteristic 

that renders the approach less appealing. Furthermore, the 

construction of the boundary force constraints for these 

models always leads to requirements for partitioning of 

the system matrices and subsequent manipulation of the 

resulting submatrices, an effort that may be computation

ally uneconomical. As a result, the elimination of these 

inconveniences has become of great imiportance and interest 

to researchers. A step towards the elimination of these 

inconveniences has been delineated in isolated references 

(3,5). In all cases, the main objective was to model the 



in terms of stress functions that would lead to self-

equilibrating stresses within the element rather than 

using the stresses as unknown nodal parameters. The work 

presented herein also employs the concept of self -

equilibrating stresses to construct a highly refined 

finite element model. 

In the field of nonlinear analysis, there 

are several theories in continuum mechanics that have 

been in existence for many years, but closed form analytic 

solutions using these theories are available for only 

a limited number of simple problems and often involve 

gross simplifications. For more practical problems nonlinear 

analysis can be carried out only by numerical technique. 

The finite element method is by far the single 

most powerful analytical tool that has helped simplify 

som.e of the complexities associated with elastoplastic 

problems. The continuous influx of research literature 

shows the great interest attached to the method. This 

tremendous interest in finite element non-linear analysis 

has been motivated, in part, by the gradual shifting 

emphasis to ultimate load analysis for efficient design, 

particularly in technologically advanced fields such as 

reactor vessel design where nonlinear effects are of para

mount importance in assessing the performance of critical 

structural components. One important source of such non-

linearity being the elastoplastic behavior of materials. 

As in the case of linear elastic analysis 
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a survey of the literature on the subject of plasticity 

(12-20) would once again reveal that virtually all the 

developments in finite element nonlinear analysis employ 

the displacement or the minimum potential energy procedure. 

Simple, constant stress elements were commonly used 

because of the difficulties of performing an exact 

integration on an element containing both elastic and 

plastic regions. 

In general, the prevailing view is that 

geometrical nonlinearities are best handled by the 

displacement method, whereas for material nonlinearities, 

where the fundamental plasticity constitutive relations 

are explicitly expressed as functions of stress, the 

complementary energy approach is considered the logical 

choice. The works of Rybicki and Smith (6) and Belytscko 

(7) are noteworthy for the development of the complement

ary energy approach in the solution of finite element 

plasticity problems. A very significant contribution of 

more recent origin, however, is the paper published by 

Gallagher and Dhall (8), wherein a rectangular element 

with sixteen degrees of freedom is employed in a direct 

flexibility analysis technique to solve elastoplastic 

plane stress problems. 

The m.ethod of analysis presented herein 

parallels that of Ref (8) with two added major distingush-

ing features. First, the present model consists of an 



eighteen degree of freedom self-equilibrating finite 

element model wherein the stress function is expressed 

by means of a complete set of quintic Hermitian poly

nomials. The function used, while allowing for self-

equilibrating stresses that are continuous within the 

element, also enables the admission of all the second 

derivatives of the function as nodal parameters, thereby 

permitting the determination of nodal stress values 

directly without the need of additional computation. 

Second, the present work introduces an additional force 

parameter that is essential to satisfy complete static 

equilibrium of external forces constistent with the 

assumed stress function. 

This dissertation is organized into six parts. 

Chapter 2 outlines the main principles pertinent to the 

derivation of the finite element developed herein. The 

principles of virtual work and complementary virtual work 

are discussed and from these, respectively, the principles 

of stationary total potential energy and stationary total 

complementary energy are derived. In chapter 3 the 

construction of the triangular finite element model is 

presented. The selection of the stress functions and 

constitutive relations, the evaluation of element matrices, 

the construction of boundary constraint equations and 

the assembly of the element matrices into the global matrix 

are all discussed in chapter 3. An efficient numerical 



technique suitable for solving the type of system 

equations so developed is also given in that chapter. 

Example problems of plane elasticity are given in 

chapter 4. In chapter 5, the fundamentals of plasticity 

theory as it relates to material nonlinearity are reviewed, 

and the incremental elastoplastic constitutive relations 

in a form adaptable to this work are presented. Chapter 6 

deals with computational procedure used for the nonlinear 

analysis. A solution algorithm for tracing the behavior 

of the system through the nonlinear regime, using the 

initial stress approach, is outlined. An alternate 

method of nonlinear analysis using a ' modified moduli 

technique is also discussed. Application to some problems 

of plasticity is also given in chapter 7. 

Finally, an evaluation of the proposed method 

of analysis along with some recommendations and suggest

ions for future work is given in the concluding chapter 8. 



CHAPTER 2 

ENERGY THEOREMS 

-̂ ̂  Integrated view of Structural Analysis: 

Deformations and internal stresses in a 

structure can be caused in various ways: externally 

applied loads and the loadings due to inertia effects, 

thermal effects, support settlements etc. I^atever the 

cause of deformations and internal stresses, three 

fundamental conditions will always need to be observed 

in carrying out full structural analysis. These are: 

i) equilibrium of forces 

ii) geometric compatibility and 

iii) the laws of material behavior. 

The first condition merely requires that 

the internal forces balance the external loads. Application 

of this condition alone is sufficient to solve for some 

structures that are statically determinate. On the other 

hand, condition (i) yields insufficient information for 

complete analysis of structures in general. In this case 

conditions (ii) and condition (iii) along with condition 

(i) must be applied. Condition (ii) ensures that the 

over all deformation is geometrically com.patible, and 

condition (iii) is utilized to enforce the stress-strain 

7 



8 

relationship consistent with the material properties of 

the structure. If the material remains in the elastic 

range the stress-strain relation is simple and involves 

a one-to-one correspondence of strain and stress. If some 

part of the material enters the plastic range at some 

stage during the loading phase, this is no longer true. 

In general, no matter what type of analysis technique is 

used the satisfaction of the above three conditions remains 

basic to all structural analysis. 

The three well-knovm methods of structural 

analysis are: 

i) stiffness (displacement) method 

ii) flexibility (force) method and 

iii) mixed (hybrid) method. 

The stiffness and the flexibility methods 

differ in the order in which the two basic conditions of 

compatibility and equilibrium are treated. In the stiffness 

method, the displacement compatibility conditions are 

satisfied first and then the equations of equilibrium are 

set up and solved to yield the unknown displacements. In 

the flexibility method the condition of equilibrium are 

first satisfied and the equations arising from compatibility 

of displacements are solved to yield the unknoxm forces. 

Mixed formulations involving both stresses and displace

ments as unknowns have been used in many ways (28). These 



9 

formulations are based on an assumed stress distribution 

m terms of undetermined independent stress parameters 

such that they satisfy the equilibrium conditions,while 

the assumed displacements satisfy the boundary conditions 

on displacements. 

For analysis of simple structures the 

conditions of equilibrium and compatibility can be 

determined by considering conditions of statics and 

geometry respectively. However, in more complex problems 

it can be very tedious to establish these requisite 

conditions directly. Consequently, recourse often has 

to be made to indirect methods of satisfying these 

conditions. 

It is the primary aim of the remaining 

part of this chapter to review the ideas underlying these 

indirect techniques and indicate that they can all be 

developed from work principles using variational calculus. 

These indirect techniques, generally referred to as 

variational principles, provide a theoretical background 

to and occupy a central position in the development of 

all finite element models. 

2.2 Principles of Virtual Work: 

The differential work dW done by 

a force F in moving through a differential displacement 

dS is defined as the product of dS and F , 
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the components of F in the direction dS . Thus 

dW = F^ dS , and the total work done in displacing F 

from initial point A to final point B is by 

definition: 

B 

W = Fg dS (2.1) 

When true forces move through true 

displacements the system of forces is said to perform 

real work. Virtual work, on the other hand, refers to 

the work done by true fiDrces moving through hypothetical 

or arbitrarily small displacements or vise versa. These 

small arbitrary displacements, generally denoted by the 

symbol ' 6 ,' are referred to as variational displace

ments . Thus, the principles governing virtual work may 

be divided into two parts: 

i) the principle of virtual displacements 

ii) the principle of virtual forces. 

The first principle deals with true 

forces moving through virtual or imaginary displacements. 

In the second principle a system of virtual or fictitious 

forces m.oving through true displacements of the the system 

is considered. 
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2.2.1 The Principle of Virtual Displacements: 

Consider a system of n concurrent 

forces F^ , F^ ... F. ... F acting upon a particle 

as shown in Figure 2.1; and suppose the particle under

goes a completely arbitrary virtual displacement 6u 

during which all forces remain acting in their original 

directions. 

Figure 2.1 System of Concurrent Forces 

Then, according to the definition of work, the force 

performs an amount of virtual work due to 5u of 

magnitude 5u F^^, where F^^ = F^ cos a^ is the 

component of F^ in the direction of 6u. When all n 
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forces are considered,the total virtual work done by 

the system during the displacement 5u becomes 

5W= F^^6u+ F^^6u+... F^^6u 

^""^ill ^iu > (2.2) 

According to the laws of statics the 

term in parentheses in equation (2.2) is zero if the 

particle is to be in equilibrium. Conversely, if the 

particle is in equilibrium then for any choice of 

the virtual work 

^W = 0 (2.3) 

Equation (2.3) is the mathematical statement of the 

principle of virtual displacements for a particle. The 

extension of the concept to general deformable bodies 

poses no paricular difficulty except that in this case 

points within a body are required to satisfy conditions 

of compatibiltiy, i.e., in the case of a deformable body 

both the external and the internal forces may do virtual 

work and it is therefore necessary to consider both 

these quantities. 
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Consider a body in static equilibrium 

under the action of specified body and surface forces 

as shown in Figure 2.2. The total surface can be divided 

h 

'^X-

Figure 2,2 Deformable Body 

and S denote portions u ^ 

into portions on which either the displacements or 

the forces are prescribed. Thus, if S denotes the 

total surface area and S 

of S over which tractions T. and displacements u. 

are prescribed respectively, then S = Ŝ  "̂  ̂ u * 

In a deformable body such as the one shown 

in Figure 2.2, there are infinite number of material points 

that are free to move. To handle such infinite numher of 

degrees of freedom, an assumption is made that the material 
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is continuously distributed within the system and that 

the components of displacement u. are continuous 

functions of the coordinates x. . The virtual displace

ments are also assumed to be continuous functions of these 

coordinates and that they are consistent with the 

constraints imposed on the body. Functions which satisfy 

these properties are said to be kinematically admissible 

functions. 

The forces acting on an elastic body in 

general can be classified as external forces and internal 

forces. External forces are those which are independent 

of the material properties and the deformation of the 

body, though they may depend upon the distribution of the 

mass of the body. They are represented by body forces 

which act within the body and surface forces which act 

on the boundary of the body. Internal forces, on the other 

hand, are defined in terms of stresses that are developed 

within the body. These internal forces (stresses) are 

related to the external forces through the conditions of 

state of equilibrium. These conditions are: 

^ij,j + B^ = 0 in Q (2.4) 

Similarly, on the boundary S the internal forces 

can be related to the external (surface) forces by 
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the. following equations; 

a. . V. = T. on S (2.5) 
-LJ J 1 a 

In equations (2.4) and (2.5) denotes the region 

occupied bu an elastic body and a., denote the internal 

stresses. The intensities of the components of the body 

forces and th.e s\irface forces are denoted by B. and 

T^, respectively, and '̂j is the unit outer normal to the 

differential area dS. 

The portion of the work performed by the 

stresses or internal forces undergoing virtual displace

ments is referred to as internal virtual work. It may be 

interpreted as follows: " A given deformable body original

ly unstressed, is subjected to a system of self-equilibrat

ing forces. The body slowly deforms so that strains and 

consequently stresses are produced. The displacements, 

strains and stresses finally reach a unique set of values 

which simultaneously corresponds to a stress distribution 

in equilibrium with the external forces, and a pattern of 

compatible displacements which are consistent with the 

given kinematic boundary conditions," (29). If now we take 

a system of arbitrary virtual displacements 6u..which are 

continuous functions of the coordinates x^ and which satisfy 

the kinematic boijndary conditions, the virtual work done by 

moving a single differential element of the body through 

these virtual displacements is (j^. .+ ̂ )5u dV. This work 
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according to equation (2.4) is zero, if the body is 

in equilibrium. The total virtual work can now be written 

as 

6W ^ 

v 

C <̂. . . + B.) Su.dV (2.6) 

By employing Green's theorem the above integral can 

be transformed into the following form: 

6w = -

-I-

a.. 6u. . dV + 
V 

B . (5U. dV 
1 ^ 1 

o.. 5u. V. dS 

(2.7) 

v 
Upon substituting equation (2.5) into equation (2.7) it 

follows that 

6W = - a . . 6u. . dV + B. (Su. dV 
1 1 

V V 

+ T. u. dS (2.8) 

If we choose the virtual displacements to be zero on 

the portions of the boundary on which displacements are 

prescribed, then 

T. 6u. dS = 

c _ 

T. 6u. dS + iT, 6u. dS ... (2.9.1) 
1 1 1 1 1 

T. 5U. dS -- o" (2.^.2) 
1 " 1 
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Thus, the total virtual work is given by 

<SW = -

V 

a. . 5u. . dV + 
IJ i,J 

B. 6u. dV 
1 1 

+ 
V 

T^ 6u^ dS (2.10) 

In equation (2.10), it is clear that the last two 

integrals represent the virtual work done by the external 

forces. Thus, denoting by dW the total external virtual 

work 

6W = 
e 

B. 5u. dV + 
1 1 

f. 6u. dS 
1 1 

(2.11) 

V 

The first integral on the right hand side of equation (2.10) 

contains stresses and therefore represents the internal 

virtual work due to the virtual displacements 5u^ and 

may be denoted by dl , such that 

5U = 

V 

a. . 6u. . dV 
ij i,J 

(2.12.1) 

On account of the symmetry of a^. equation (2.12.1) 

may be rewritten as 

'5U = a,. I %( ̂ , ^ j 

V 

5u. . ) I dV (2.12.2) 
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Recalling that, under conditions of small strain, the 

strain tensor e.. = %( u. . + u. . ), finally 

r 

6U = 
V 

\i ^\j dV (2.12.3) 

and the total virtual work becomes 

6W = - 6U -f 6W = 0 (2.13) 

so that for equilibrium to exist 

5W^ = 6U (2.14) 

Equation (2.14) is the mathematical statement of the 

principle of virtual displacement and may be stated in 

words as follows: 

" A deformable system is in equilibrium if 
the total external virtual work is equal to 
the total internal virtual work for every 
virtual displacement consistent with the 
constraints." (29) 

2.2.2 The Principle of Virtual Forces: 

Pvefering once again to the general three 

dimensional body of Figure 2.2; under the action of a 

system of forces each point in the body undergoes true 

displacements u. until a system of stresses is developed 
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which satisfies equation (2,4) at every point within 

the body. Suppose we introduce a nimiber of continuous 

single valued arbitrary functions 5a. • , <5B. , 6T. 
IJ 1 1 

which satisfy the equilibrium equations both within 

the body and on its boundaries,such that 

C -Sâ ^ ^ 'j "̂  <SB̂  = 0 in ^ (2.15) 

5T. = ^o , , V . on s (2.16) 
1 ij J ^a 

and their values are zero where forces are prescribed 

Functions which satisfy these properties are referred to 

as statically admissible functions. 

Multiplying equation (2.15) by a set of 

prescribed displacements gives the work done by the 

virtual forces and stresses in moving through the pre

scribed displacements u. and is refered to as the 

complementary virtual work. The total complementary 

virtual work, denoted 6w" can now be expressed as 

6W" = f u, [ ( 5a. . ) , . + 5B, i dV (2. 17) 
I 1 I J-J J - -̂  
V 

Application of Green's theorem transforms equation (2.17) 

into an alternate form:: 
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5W = -

that is, 

V 

n. . 5a.. dV + 
1 > J ij 

u. 5B. dV 
1 1 

V 

+ I u. 5a.. V• 
J 1 IJ J 

dS 

5W = -

.V 

u. . 6a.. dV + 
i»J ij 

U.5B. dV 
1 1 

+ 
V 

u. 5T. dS 
1 ^ 1 

(2.18.1) 

(2.18.2) 

The total external complementary virtual work denoted 

by 5W is given by the last two integral in equation (2.IB) 

5W = 
e u. 5B. dV + 

1 1 
u. <5T. dS . . 
1 1 

(2.19.1) 

V 

If the u^ values are the actual displacements of the 

points of the body along the portions S of the boundary, 

they must take on prescribed values. Since we are to use 

the principle of virtual forces to obtain conditions involv

ing such displacements, one need consider only those virtual 

surface forces which vanish on the portions of the bound

ary where the forces are prescribed. That is, 

e 
u. ai. ds 
1 1 

(2.19.2) 

u 

The first integral on the right side of 

equation (2.18) gives that portion of the virtual work 

done by the internal virtual stresses in acting through 

the true strains which satisfy conditions of compatibility 

within the body. This virtual work, denoted bv ^̂  U is 
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called the internal complementary virtual work. Thus 

^. r 

i.e.. 

6U = 

u. . 5a = i-
• • 

i,J IJ 
2 (u. . + u. .)5a. . dV 

. "̂ ij "̂ "̂ ij ̂ ^ (2.20) 
V 

With the notations introduced above, equation (2.18) can 

now be expressed as 

5W = - 6U + 6W" = 0 (2.21) 
e ^ ^ 

or 

6W^ = 5U (2.22) 

Equation (2.22) is a mathematical statement of the 

principle of virtual forces. In words, the principle may 

be stated as follows: 

" The strains and displacements in a deformable 
system are compatible and consistent with the 
constraints, if the total external complement
ary virtual work is equal to the total internal 
complementary virtual work for every system of 
virtual forces and stresses that satisfy the 
equations of equilibrium." (29) 

2.3 Energy Principles: 

Since work and energy are intimately 

related, it is possible to link the two through the 

virtual work principles by defining a potential function. 

This leads to the theorems of stationary potential energy 
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2.3.1 Stationary Potential Energy Principle: 

The principle of virtual displacements 

is the basis for deriving the theorem of stationary 

potential energy. Suppose a new function 

V = - B. u. dV -
1 1 

f. u. dS (2.23) 
1 1 

V s 
a 

is defined such that the virtual work expression of 
equation (2.11) is 

6' W = - 6 V (2.24) 
e 

The function V is a function defining the potential 

energy of the external loads. 

Substitution of equation (2.24) into 

equation (2.13) leads to 

5(U + V ) = 0 (2.25) 

The quantity ( U + V ), which may be 

denoted as n , is called the total potential energy 

of the body and is expressed as 

r 
i 
1 

V 

c 

B. u. dV 
1 1 

' f. u. dS 
1 1 

1 

'a 

n = u 

(2.26) 
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The expression given by equation (2.25) is known as the 

principle of stationary potential energy. An interpretat

ion of this statement may be given as follows. 

Of all admissible sets of displacements which 
satisfy the boundary conditions where the 
displacements are prescribed, the one which 
also satisfies the equilibrium equations has 
a stationary value for the total potential 
energy function n " (30) 

In using the principle, we begin by 

assuming displacement functions such that internal compat

ibility of dispalcements,that is, uniqueness of displace

ments at every point in the domain is assured. Application 

of the principle automatically furnishes equilibrium of 

internal stresses consistent with the boundary forces. 

2.3.2 Stationary Complementary Energy Principle: 

Continuing the discussion in a manner 

analogous to the preceding section, let^us define a 

complementary potential energy function 

V = -

such that ^u 

T^u^dS (2.2:̂ ) 

5V '̂ = - 5W'̂  (2.2S) 
e 

Here, the variation is taken with respect to the 

stress components rather than the displacement components 

Substitution of equation (2.23) into 

equation (2.21) gives the following; 



24 

6( U* + V* ) = 0 (2.29) 

The quantity ( u'̂  + v'̂  ), denoted as 

is known as the total complementary potential energy 

of the body. Thus 

il 

6n = 5U + 5V (2.30) 

where 

n = U - /T^ u^ dS (2.31) 
s 
u 

The mathematical expression given by equation (2.29) is 

the principle of stationary complementary energy and has 

the following meaning: 

Of all self-equilibrating forces, the set 
which also satisfies geometric compatibility 
requirements gives stationary values of the 
total complementary energy function n" ." (30) 

Just as the potential energy principle 

corresponds to the equilibrium condition in an elastic 

body, the complementary energy principle corresponds to 

the geometric compatibility condition. Application of 

the principle furnishes conditions of geometric compat

ibility. This principle will be the basis for developing 

the finite element stress model proposed herein. 
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2.3.3 Mrxed Variational Principles: 

Among the various mixed variational 

principles the one developed by Reissner is widely 

known. Unlike the potential energy and the complement

ary energy principles, the Reissner principle is not 

derived directly from the concept of virtual work, but 

is rather a contrived principle embodying both the 

equilibrium and the compatibility conditions. In other 

words, while the potential energy functional allows 

variation-, of displacements, and the complementary energy 

functional allows variation of stresses, the Reissner 

functional allows variations of both displacements and 

stresses. 

The Reissner principle states that 

5n ( u. , a. . ) = 0 (2.32) 
r ^ 1 ' ij 

where, the functional n̂  for a linear elastic material 

is given as 

r = ( a.. £.. dV - U )- B. u. dV 
1 1 

V 
V 

T. u. dS -
I 1 1 
^fT ' u 

a. . V. ( u,-u,)dS ... .(2.33) 

To use the Reissner principle both the 
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the displacement and stress functions need to be assumed. 

Application of the principle is not extensive. It appears, 

most often, in the analysis of plate and shell problems. 



CHAPTER 3 

FINITE ELEMENT STRESS MODEL 

3.1 Finite Element Formulation Techniques: 

In the last two chapters attention 

was focused on providing the requisite theoretical 

background of the construction of finite element models 

in general. In order to be able to appreciate the choice 

of the particular finite element approach utilized here, 

and also to provide a convenient starting point for the 

discussion to follow, a brief review of the available 

formulation techniques is made in the early part of this 

section. 

There are many well-known methods for 

constructing finite element models. Of these, the variation

al, or the stationary functional, approach involving extre-

mization of a functional is applicable to a variety of 

engineering problems. Therefore, it plays a domdnant role 

in the finite element technique of stress analysis. For 

solving problems in continuum mechanics using finite 

element methods, the functionals that are often used are 

the total potential energy, the complementary energy and 

other special functions, such as the Reissner potential 

function.The weighted residual and the energy balance 

27 
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are the other two less frequently used approaches. They 

are particularly well suited to problems for which a 

variational statement does not exist or has not been 

discovered as yet. The type of approach selected, however, 

depends on the nature of the problem. 

As has been indicated earlier, minimization 

of the total potential energy functional is the basis 

for displacement-based finite element models, whereas 

the total complementary energy functional, in which the 

field .variables are stresses instead of displacements, 

results in stress-based equilibrium models. For the first 

principle, that of stationary potential energy, admissible 

distributions of internal strain are defined as those 

which (a) satisfy geometric compatibility (continuity), 

and (b) are consistent with any prescribed displacements. 

The stresses implied by these strains, via the stress-

strain laws of the material, need not necessarily satisfy 

equilibrium nor be consistent with any prescribed loads. 

The satisfaction of equilibrium and prescribed load 

conditions is achieved in an approximate manner. The 

second principle, that of stationary complementary energy, 

which is of particular interest to the present study, is 

similar to the first, with a complete reversal of the 

roles of compatibility, equilibrium and of prescribed 

displacements and prescribed loads. That is, admissible 
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distributions of internal stresses are defined as those 

that satisfy equilibrium and are consistent with any 

prescribed loads. The strains implied by these forces, via 

the stress-strain laws of the material, may only satisfy 

compatibility in an average sense. In other words, while 

equilibrium equations are identically satisfied, the element 

equations that result are approximate compatibility equations 

In the past, for nearly all practical 

finite element analysis, displacement-based models were 

used and the theory was well understood. On the other 

hand, the theory does not seem to be well understood for 

stress-based equilibrium models. The former approach has 

much more appeal because of its strong attachment to 

physical reasoning and the convenience it gives in apply

ing boundary conditions. For example, in plane elasticity 

problems, the displacements ( u, v ) at a point in the 

domain are interpolated in terms of the nodal values ( u. , 

v^ ) and the boundary stresses are replaced by the corres

ponding generalized forces ( R , R ) at the nodes. These 
x y 

generalized forces have dimensions of force and are easily 

visualized. Indeed, if one examines the literature on 

stress field models it becomes apparent that their develop

ment requires a more rigorous knowledge of fundamental 

principles than for displacement field models. Almost 

invariably their formulation uses the expression for the 
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complementary energy of the structure, and it is minimized 

subject to certain linear constraints (2,3,5). These 

constraint equations are usually introduced via Lagrangian 

multipliers, which become extra unknô m̂s in the system 

and can be interpreted as unknown generalized displace

ments. Despite these limitations, however, the application 

of the complementary energy principle for two dimensional 

problems offers important advantages. First, the formulation 

leads to more accurate stress solutions; secondly, in 

plasticity problems, where the constitutive relations are 

expressed as functions of the state of stress of the mater

ial, the approach results in an efficient and simplified 

solution algorythm\ The significance of these special 

characteristics of the complementary energy formulation 

will become more apparent in chapter 6 when the proposed 

finite element model is used for the solution of some 

inelastic problems. The remaining part of this chapter 

will focus on the development of the linear stress model. 

3.2 Plane Elasticity Problems: 

Often three-dimensional elasticity problems 

can be reduced to more tractable two-dimensional problems 

by recognizing that the essential descriptions of geometry 

and loading require only two independent coordinates.Plane 

stress and plane strain problems are two examples of this 
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simplification. The stress analysis of very thin flat 

plates whose loading occurs in the plane of the plate 

and not transverse to the plane falls into the category 

of plane stress problems; see Figure 3.1. Similarly 

the stress analysis of very long solids such as concrete 

dams or retaining walls whose geometry and loading are 

constant in the longest dimension are typical plane strain 

problems. For these kinds of problems we may determine 

stresses and displacements by studying only a unit thick

ness slice of the solid in the x-y plane ; see Figure 3.2. 

For the plane stress case the assumption 

is that 

°z = ^xz = -zy = ° (3.1) 

where the z direction represents the direction perpend

icular to the plane of the plate, and that no stress 

components vary through the plate thickness. These assumpt

ions are sufficiently accurate for practical application 

if the plate is thin. 

For the plane strain case, the assumption is 

that 

e = Y = Y = 0 (3.2) 
z 'xz 'zy 

where, z represents the direction along an elongated body of 
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X 

Figure 3.1 Example of Plane Stress Problem: A Thin 
Flat Plate Subjected to in-plane forces 

Y 

X 

Figure 3.2 Example of Plane Strain Problem.: Finite 
Element Mesh of a Unit Slice of a Dam 
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constant cross section subjected to uniform loading. 

With the above assumptions the constitutive relations 

of elasticity can be written as follows: 

Plane stress 

stress components 

[a\ z= [a a 
••J ^ X y 

a = 0 

T J 
xy 

(3.3.1) 

s t r a i n components: 

L J L X y 

( 

Y. 
xy 

J l 

1 v ' x + y 
( 3 . 4 . 1 ) 

Hooke's l a w ( i s o t r o p i c homogeneous m a t e r i a l ) 

{a} = [c] {£> ( 3 . 5 . 1 ) 

where 

[c] 
1-^^ 

1 

SYM, 

V 

1 

0 

0 

1 - V 

2 ' 

( 3 . 6 . 1 ) 

or i n v e r s e l y 

e i = [D] {a} ( 3 . 7 . 1 ) 

where 
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[D] = I 1 
E 

V 

1 

SYM, 

0 

0 

2(l+v ) 

(3.8.1) 

static equilibrium 

_ x + _ xy + B 
X 
= 0 

ax 

da 

9y 

8T 
y + XV + B = 0 

3y 
Plane strain: 

3x 

(3 .9 .1) 

s t r e s s components 

[cjj = [a a 
X y 

T J 
xy 

o = V (a -}. a 1 
z X y 

> ( 3 . 3 . 2 ) 

strain components: 

X y 
Y J xy (3.4.2) 

Hooke's law(isotropic homogeneous material) 

io} = [c] ie] (3.5.2) 

where 

[cj =-
(l4-v)(l-2v) 

1-V V 0 

1-v 0 

SYM. l-2v 

(3.6.2) 
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or inversely. 

£̂> = [D] {a} (3.7.2) 

where 

[D] -k 1 E 

(l-v2) _v(l+v) 0 

SYM, 
"(l-v^) 0 

2(1+ V 

static equilibrium 

(3.8.2) 

X + xy + B 
8x 

do 

dy X 
= 0 

+ 
ST 
XV + B = 0 > 

3y 

8a z + 

8X 

B = 0 
az 

(3.9.2) 

Note that the constituitive equations are expressed in a 

form conveniently adaptable to the derivation of the 

element matrices of the present model. 

3.3 Finite Element Formulation: 

In this section the derivation of the 

element flexibility matrix for an eighteen degree of 

freedom triangular element is presented. The section will 

consist of parts in which the complementary energy 

functional, the selection of a suitable stress function, 

the construction of boundary constraint equations and 

the assembly of element matrices to form the global 

system equations are discussed. An efficient method 
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for the solution of the system equations is also 

outlined at the end of this section. 

3.3.1 The Energy Functional: 

The principle of minimum complementary 

energy provides the basis for direct formulation of 

element equations. This principle as stated by equation 

(2.30) is expressed as 

5n = 5U" + 5V" (2.30) 

where 
j ^ 

U is the complementary strain energy 

function and V is the complementary potential energy 

function. 

Note that the constitutive relations of 

equations (3.5), including initial strains {e^},can be 

written as 

{a} = [C] (e £0} (3.10) 

or inversely as 

{e}= [D]{a}+ {£0} 

= [D]{a}+ [D]{aO} (3.11) 

For the stipulated conditions including initial strain, 

the com.plementary strain energy takes the form 
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U = % [a] [D] {a}dV + [a] [ D ] {a'}dV ( 3 . 1 2 ) 
V V 

The potential energy due to the prescribed boundary 

displacements u is 

V = - u.T. dS 
1 1 

'u 

(3.13) 

The total complementary potential energy becomes 

n = % [a] [D] {a} dV + [a] [D] {aO}dV 
i7 V 

u . T.dS 
1 1 

'u 

( 3 . 1 4 ) 

The stresses in equation (3.14) must be such that: the 

equilibrium conditions as specified by equations (3.9) 

are satisfied within the body and the stresses are 

also in equilibrium with the prescribed surface tractions 

at all points on the boundary . The latter requires that 

T = a 
x X 

y y 

o r i n m a t r i x form 

T J L y J 

"l 

0 

1 

m 

+ 

+ 

0 

m 

T 

xy 
m 

T 1 

xy 

f 

m 

1 

a 
X 

"y 
T 

N:v 

^ 
1 
1 
1 

1 

(3.15.1) 

(3.15.2) 
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in which T^ and f^ are prescribed forces over the 

portion of the boundary S^ , and 1 and m are the 

direction cosines of the outer normal to the boundary 

surface. 

If now, a suitable admissible stress function 

<l>(x,y), satisfying the requirements set forth by equation 

(3.9) can be constructed, then the complementary energy 

functional may be expressed in terms of this function. 

Minimization of the resulting fimctional will directly 

lead to the desired system equations. The key initial 

operation, therefore, is the selection of a stress function 

that meets the requirements outlined above. 

3.3.2 Selection of an Admissible Stress Function: 

Consider the domain shown in Figure 3.3 . 

and suppose it is discretized into triangular elements 

with nodes at the vertices of the triangle. With this 

type of domiain discretization the solution of plane 

stress and plane strain problems involves the determinat

ion of the stress components ^ , ^ , "̂  at every 

node of the domain. To accomplish this for a typical 

element, a suitable two dimensional stress function 

that ensures the satisfaccion of equilibrium within 

the elem.ent boundary is sought. 
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T(x,y) 

Figure 3.3 Domain Discretized into Triangular 
Finite Elements. 

Consider now the condition that 

X 

9R(x,y) 
3y 

(3.17.1) 

xy 
9R(x,y) 

3X J 

where R is a variable function of the coordinates x-y 
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Note that the relationship given in equation (3.16), in 

the absence of body forces satisfies the first of 

equilibrium equations(3.9). For brevity,without loss of 

generality, body forces are excluded from consideration 

in the present study. 

Also consider the relationship 

a ^ aS(x,y) 
y 3x (3.17.2) 

xy 
aS(x,y) 
9y 

where S is a variable function of x and y , and 

if these relationships are substituted in equation (3.9), 

that equation will also be satisfied. 

But also 

T = T 

xy yx 
or from equations (3.16) and 3.17) 

aR(x,y) 
3X 

^ aS(x,y) 
ay 

(3.18) 

The only possible way that equation (3.13) can be met 

is if 

and 

R(x,y) = -li%ri 

S(x,y) =^-i%Zl_J 

(3.19) 

Thus from equation (3.18) 

axay 
a^v(x,y) 
ovyx 
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Substituting equation (3.19) into equations (3.16) 

and (3.17) and noting that x = x , gives the stresses 
xy yx 

in terms of the function <i)(x,v): 

a 
X 

a 
y 

X 

xy 

a^^(x,v) 

ay2 

9^^(x,v) 

ax2 

â 'i'(x,v) 
axay 

S (3.20) 

In equation (3.20), the function (l>(x,y) 

is easily recognized as the familiar Airy stress function. 

In this study, the Airy stress function within an element 

is approximated by a unique continuous function $(x,y), 

admitting the values of the function and its derivatives 

up to and including the second order as nodal variables. 

It is important to note the advantages 

derived by introducing a complete set of second order 

partial derivatives of the stress function directly as 

nodal parameters, in that, not only the functional repres

entation ensures continuity in stress gradient, but also, 

even more importantly from the point of view of comput 

ational efficiency, the nodal stresses are given directly; 

that is a factor of tremendous advantage in some inelastic 

problems. 

The actual task of constructing a function 

satisfying slope continuity over a triangular domain is 

not easy. Through the years, however, mathematicians 
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have developed a variety of functions applicable to 

finite-element models and engineers usually turn to 

the catalog of these existing functions to select one 

that would ^est characterize the problem at hand. 

Mathematicians A.G. Mitchell (9) and separately G.Dupuis 

and J.J. Goel (10) have constructed a complete set of 

quintic Hermitian interpolation polynomials, otherwise 

known as shape functions, for plate bending problems. 

The familiar analogy (11) between the displacement of 

a flat plate bent by transverse loading and the extens-

ional stress in a plane stress suggests that the displace

ment function in the former can be used as a stress 

function in the latter. In the present study, the version 

outlined in Reference (10) is used, and a complete list

ing of these shape functions is given in the Appendix. 

A brief description of the characteristic features of 

these functions is given below. 

When the function * and all its first 

and second derivatives are specified at the nodes, there 

are only eighteen degrees of freedom (generalized coord-

nates) per element so that three more are needed to 

specify the complete twenty-one term quintic polynomial. 

The three extra degrees of freedom are obtained by 

specifying the normal derivatives ^^ at the midside 

nodes (see Figure 3.4). By expressing the normal slopes 
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a $ 

-^ of the midside nodes in terms of the eighteen 

degrees of freedom at the corner nodes while constrain

ing the normal slopes to have a cubic variation along 

the sides, the midside nodal degrees of freedom may be 

eliminated. Furthermore, continuity of $ along the 

element boundaries is guaranteed because, along a 

boundary s , $ varies in s as a quintic function 

which is uniquely determined by six nodal values, namely. 

Y 

a£ a^ a (̂̂  â <̂  d^^ 
' a x ' ay' ax^ ' ay^' axay 

at comer nodes • 

a_£ 
an 

at midside nodes x 

^ X 

Figure 3.4 Triangular Element with Slope Continuity 

di> 
^' ^ ^^" J^ as 

assure 

(5 i_^ at each node. Slope continuity is also 

d because the normal slope along each edge varies 
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as a quartic function which is uniquely determined 

by five nodal variables, namely, ^ and | ^ at each 

end node plus |i at the midside node. 

Furthermore, within the domain Q. of the 

plane (x,y), see Figure 3.3, the six shape functions 

«i(x,y), 3^(x,y), Y^(x,y), 5^(x,y), £^(x,y), 

C-j_(x,y), i=l,2,3, whose coefficients are the nodal 

parameters associated with each meshpoint P. satisfy 

the following conditions: 

where for example, the notation |^i= 6. is used. 
ax 1J X 

2) All the remaining values of these shape 

functions up to and including the second derivatives 

evaluated at P. are identically zero. 

3.3.3 Derivation of Element Flexibility Matrix: 

When dealing with a triangular network, 

the work of constructing a shape function is consider

ably simplified if the standard right triangle is 

used. The basis functions of Reference (10) are defined 

over such a triangle. 

An̂ / triangular shaped element in the 

x-y plane, say element A, with vertices ?^{x,y), P2(x,y), 
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P-:̂ (x,y) is easily transformed into a right triangle, Ag 

in the plane (̂  ,n) with vertices Q-^(0,0), Q2(l,0), Q^(0,1) 

as shown in Figure 3.5. The linear transformation 

X = X-| + X«^ + XoH 

> 

y = Yx + y2^ + y3n 

(3.21) 

where, 

x.= x.-x-^ ; y.= Yj-Yx' J=2,3 ....(3.22) 

maps one-to-one the triangle A on the triangle AQ 

Y 

(0,0)^ 
XO) ^ 

-x 

(a) Global System (b) Local System 

Figure 3.5 Coordinate Systems 

The typical expression $(? , n) over the 
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standard right triangle (see Appendix), is now 

written as 

$ (C,n) =^Zj$i ar-,n)+ $i^^B^?,Ti)+ $i,^T:^^>n) 

+ $i^^^^^^,n)+$.^^P^?,n)] (3.23) 

or 

$(e,n) = L N J{$^} (3.24) 

e, . where {$ lis a column vector of nodal parameters ($. , 

'^i,^ *̂  i,n 'i,^^-i,nrii,?n at each vertex and 

$. at each midside point of the triangle),and [NJ is 
X , II 

a row vector of basis functions a(c,n), 3(C,n) ...etc. 

The stress function of equation (3.24) 

defines the state of stress on AQ as follows: 

{ 5 } = | $ $ i _ - - $ ^ i (3.25.1) 

LNJ LNJ -LNJ 
, nn ,5? ,Cn 

{$ } (3.25.2) 

rB]{$^} (3.25.3) 

The stress vector {J} on AQ can now be 

related to the stress vector {a}on A using the linear 
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transform^ation equations (3.21) and the chain rule of 

differentiation for functions of two variables. The 

resulting expression takes the form 

io} = [H]{a} (3.26.1) 

= [H][B]{$^} 

where, 

[H] = 4 1 
J2 

X, 

^2 

X. 

Y' 

"^^3^2 

-2?3^2 

^2^2 ^3^3 "^^2^3"^^3^2^ 

and 

J = 52^3-^3^2 

X Q X/^ X-] etc 

(3.26.2) 

. (3.26.3) 

(3.28) 

Likewise the nodal parameters in the (?,n) 

system are expressed in terms of the parameters in the 

global (x,y) system in the form 

{$^} = [Q ]{*^} (3.29) 

in which [ Q j is a transformation matrix derived 

from equation (3.21) which is listed in the Appendix 

{,p̂ } are the nodal parameters in x-y system. 

Finally substitution of equation (3.29) 
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into equation (3.26) yields 

(a) = [H] [B] [Q]{*^} (3.30) 

Thus, from equation (3.12), the element 

complementary strain energy becomes 

U " = % L ^ ^ J [f^]{^^} + U^J {R^} . . . ( 3 . 3 1 ) 

where 

{f^} = [Q]^f( [Bl'[Hl^[D][H][B]tdA} [Q] ] 
A . . . (3 .32 ) 

i s the desired element matrix. 

{R^}= [^[Q]^ j([B]^[H]^rD]{aO}tdA} ] . . . . ( 3 . 3 3 ) 

A 

is a residual force vector corresponding to the initial 

stress o^ ,and t is the thickness of the plate element 

It is to be noted here that the evaluation 

of the element matrix and the vector R require numer

ical integration. There are several integration schemes 

available but the one that is considered most suitable 

for the present work is the seven-point quadrature 

over the triangle (20) . The sampling points and their 

corresponding weights are listed in the Appendix. 



49 

3.3.4 Boundary Conditions: 

The next stage in the development of the 

finite element model deals with two additional require

ments that must be satisfied. First, in addition to 

the general equation of equilibrium of an element within 

its boundaries, equilibrium equations relative to exter

nal surface forces must be taken into account. Secondly, 

the potential energy due to the prescribed boundary 

displacements must also be included. 

3.3.4.1 Prescribed Boundary Forces: 

Consider a typical boundary element A of 

a plate of unit thickness loaded as shown in Figure 3.6. 

A general differential part of an element (shown shaded) 

on the edge of the plate is subjected to a surface stress 

of magnitude T which has components T and T The 
X y 

differential 
elemient 

Y 

X 

T(x,y) 

Figure 3.6 Boundary Traction 
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internal stresses on the differential part of an element 

are shown in Figure 3.7, in addition to the external 

stresses. 

Y 

a 

X 

Figure 3.7 Differential Part of Boundary Element 

Since the second derivatives are included as nodal 

parameters, the prescribed nodal stresses can be intro

duced into the system directly. However, the fact that 

the second derivatives have cubic variations along the 

the boundary, renders the prescribed nodal stresses 

insufficient to completely define the stress distribut

ions on the bounday. 

The summation of forces in the x and y 

directions of the differential part of the elem.ent gives 

the explicit form of equation (3.15) as follows: 
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\ = °x^al> +^xy^- 3? > (3.34.1) 

and 

iy = % ( - a f ) + ^ ( 3 ^ ) (3.34.2) 

• Furthermore, to eliminate arbitrariness of 

loading distribution between two consecutive boundary 

nodal points, an additional constraint must be imposed. 

This is readily accomplished by requiring the prescribed 

tractions T. on any given side of the boundary elem.ent 

to satisfy the moment equilibrium condition as specified 

by the following expression: 

II 

M ^̂ I-II 
(x T - y T )dS (3.35) 

y -̂  X 

where Mj jy is the moment due to boundary tractions 

between two successive boundary nodal points I and II 

The boundary conditions as given by equat

ions (3.34) and (3.35) can now be expressed in terms of 

the stress function ^(x,y), by substituting equations 

(3.20). That is. 

x ^,yy^ ds ' ,xy ds 

Noting that 

-d(* J = ^ ^ y v ( a | ) - ' \xv(a!-) (3.37) 
ds '-̂  •̂ ' 
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equation (3.36) can now be expressed as 

d (* ) 
ds '̂  (3.38.1) 

Similarly, 

y ds '̂  (3.38.2) 

The evaluation of <h relative to T 
^ X 

and T is now performed by integrating equations (3.38) 

Integrating with respect to s between the nodal points 

I and II and proceeding counterclockwise, 

II 

(^ ) 

.y II 
(*.y)i T dS 

X 

..(3.39.1) 

Similarly, 

II 

<^x>I ^^x^II T dS 
y 

(3.39.2) 

and equation (3.35) takes the form 

4* - ̂ _ " '̂ __̂ *,x'̂  "̂  ̂-^^ ̂ ^ 
II II '̂  II ,x' T 

- y (. ) + y (t J = Mj_^-..(3.39.3) 
II -y II i-'.y I 

Thus, along the boundary of an element where 
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forces are prescribed, three additional constraint 

equations, that is, equations (3.39) , have to be 

satisfied. These constraint equations for an element 

expressed in matrix form become 

{F^} = [G^]{ cj,̂  } (3 .40) 

where , 

LF̂ j= t [ L FJ L FjJ L \i _ (3 .41) 

[0^1 = 

[0] [0] - [A.] [0] [A^] [0] 

[A.] [01 [0] [0] -[A^] [Oj 

- [A i l [0] [A.] [0] [0] [0] 

(3.42) 

and 

LFiJ = L ( T dS ) ( 
X 

s . 
J 

*k 

y' 
T„dS ) M. g . . . (3 .43) 

[ A j = 

0 

0 

0 

1 0 

1 -x^ -y^ e t c 

(3.44) 

i n which i , j , and k a r e the nodes of the element 

t a k e n i n c y c l i c p e r m u t a t i o n 
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3.3.4.2 Prescribed Boundary Displacements: 

The potential energy due to the prescribed 

boundary displacements is given by equation (2.27). For 

the two dimensional case the equation may be expressed 

in matrix form as follows: 

V = ( [T 
X 

T J 
y-̂  

u 
V 

)dS (3.45) 

u 

where ti and v are the prescribed boundary displace

ment components and t and T are the corresponding 
X y 

tractions. Suppose that these prescribed displacements 

are represented by a linear function of the form 

u = a-| 4- a25 + a-̂n 

V = b^ + b^^ + b3^ 

(3.46) 

Solving the unknown coefficients in equation (3.46) in 

terms of the nodal displacement components (u^,v^; i=l,2) 

u 

V 

I _ _ 

(1-^-n) 0 ? 

0 (l-?-n) 0 

0 n 

0 « 
-1 

' 

^1 
^1 
"2 \ 

^2 

I V3 J 

(3.47.1) 

That is. 
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{y} = [E]{d} (3.47.2) 

Note that equation 3.47 interpolates u and v on 

the domain for any given vector {d} . However, the 

equation furnishes a linear interpolation function 

along the boundary if displacements at any two nodes 

are prescribed. The tractions that are associated with 

these boundary displacements can also be written as 

^ •\ 

X 

T 0 

0 

m 

m 

1 
y 

T 

(. xy 

(3.48.1) 

or 

{T} = [S]{a} (3.48.2) 

where 1 and m are the direction cosines of the 

outer normal to the element boundary under considerat

ion. Substituting for {a} in terms of the stress function 

(T) = [S] [H] [B] [Q]{^^} (3.49) 

Finally the potential energy due to the 

prescribed boundary displacements becomes 

V"= -U^JLQl ' ' f[BJ^LH]^[Sl^[E](d}LdS (3.50.1) 

or 
v^'= L(i)^j{w^} (3.50.2) 
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where 

{ W^= . [ Q ] t [ [ B ] t l i j t [ s f ^]{d}LdS (3.51) 
i 

s 

Note that the integration of equation (3.51) is carried 

out along the boundary where dispalcements are prescribed. 

Therefore, matrix B which is a function of ^ and n 

must be expressed in terms of a new variable defined over 

that boundary. If along one side of an element one defines 

a linear variable s such that 0^ s ^ 1 , with s measured 

positive counterclockwise, then the displacem.ent and stress 

functions along that edge can easily be expressed as a 

function of a single variable s using the following 

transformation; see Figure 3.8. 

(0,0) 

side-i 

Figure 3.8 Coordinate System Along Element 
Boundary. 
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and 

= 1-s 

= 0 

= s 

on 

on 

on 

side-i 

side-j 

side-k 

= s 

= 1-s 

= 0 

on side-i 

on side-j 

on side-k 

(3.52.1) 

(3.52.2) 

After expressing matrices B and E 

in terms of s using transformation equations (3.52), 

integration of equation (3,51) between limits 0 to 1 

leads to the desired result. A somewhat tedious but 

otherwise simple algebraic manipulation reduces the 

expression for {w } to 

{W^} = 

{0} 

{a^} 

{b^} 

r + 

( b . } 

(a.) 

^ \ > 

{0} + {(Kn (3.53) 

{0} 

. 1 - ' . *- . 1 . ^ . J l 

ide-1 side-j side-k 
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{ai= 1 

12L 
- 6 x 2 . u ^ . - 6x,_^.yj^.vj^. 

, ^ k j ( y ^ J j - 4 j ) " k j + y k j ( y ^ j - ^ j ) V k j 

( • = ! • 
1 

12L. 

-12y, . u , , . + 12x, .V, . ^kj kj kj kj 

6^kjykj"kj + 6ykj\j 

-6x2jU^. - ex^.yj^.v^. 

- ^ j y k j ^ k j - ^-^y--^-^' kj-'kj kj 

X kjyk j^k + X, . Vî  . v, . 

J kj-'kj kj 

--kj^^kj-^j^^j - ̂ kj^^kj-^kj^^kj 

and 

- ,.2 -u. etc L. = Xi . +Vi . ; X, . = x , -X. ; u,.=u,-u. ''i kj -̂ kj ' kj k J ' ncj ^ J 

Cyclic permutation of subscripts results in the remaining 

vectors 
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Equation (3.53) is the sum of three vectors, 

one for each side of the element. In actual application 

of these equations care must be taken to include only 

those vectors corresponding to the side over which displace

ments are specified. For example, if the element has only 

one boundary side, say side-i ( the side opposite node i), 

then the vector corresponding to that side should be 

used. If side-i and side-j are boundary edges with prescr

ibed displacements then the s\im of the vectors correspond

ing to them is used. 

3.3.5 System Equations: 

The total complementary energy of the 

assemblage of the elements can now be written as the 

sum of the complementary energies of all elements. 

n (O = I n*^*) (3.54.1) 

that is 

n"= I, 
e=i 

%U^J[f^](^^'^+ U^J^R^> 

- [î JiŴ } (3.54.2) 

in which n denotes the total number of elements in 

the assemblage. After performing the summation, equation 



60 

(3 .54 ) r educe to 

n"= %L*J [f]{<^>+UJ{R} -L^J(W} (3 .55) 

where, I (|)J = I (|). cb. * . <h. 6. d,, I 
LTj LH'-L ^>^^^ <P^^^ '^j.,xx ^i,yy'^i,xyJ , i=l,2,3...n 

lists all joint degrees of freedom in the system and f 

is the global flexibilitv matrix assembled as 

[f] = ? [f̂ ] (3.56) 
e=i 

for the m elements of the system. 

Similarly, the boundary conditions, namely, 

equation (3.40), assemble to form the following constraint 

equations: 

{ F > = [G]{(J)} (3.57) 

The condition for minimum complementary 

energy can only be applied to the global system subject 

to the satisfaction of equation (3.57). This may be 

achieved by constructing an augmented functional via 

the lagrangian m.ultipliers technique. If multipliers, \^ , 

are defined for each of the q constraint equations, the 

oroduct of the vector of Lagrangian multipliers and the 
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constraint equations when added to the original 

functional in equation (3.55) gives the following 

augmented functional: 

+ [x\ ({F}-[G]{(j)}) (3.58) 

Minimization of equation (3.58), with respect to the 

nodal parameters and the Lagrangian multipliers leads 

to the following system equations: 

[f]{(j)}-K[G]̂ {X}+{R}-{W}= 0 (3.59.1) 

and 

[Gj{(|)}-{F} = 0 (3.59.2) 

Expressed in matrix form equations (3.59) become 

[f] 

[G] 

[G] 

•ol 

{({)} 

) - = • 

{X} 

{W} -{R} 
(3.60) 

{F} 

By imposing the prescribed values of the 

nodal parameters directly into equations (3.60) the 
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reduced system equations take the form 

[i] i [5] ' ' 
1 

[5] 1 [0] 
1 

• 

{ $ } 

{X} 

{W-R-hr} 

{F} 
(3.61) 

In equation (3.61) f is a vector resulting from 

the elimination of the equations corresponding to the 

prescribed nodal parameters. This equation may now be 

solved for the unknowns {̂ } by using any one of several 

solution algorythms for simultaneous equations available 

in the literature. An efficient solution procedure 

particularly well suited to the present study is outlined 

in the follwing section (31). 

3.3.6 Solution Algorithm: 

In this section the use of parentheses 

to denote matrices and vectors will be dropped for 

simplicity 

The system equations given by equation (3.61) 

can be written as 

and 

where 

f ^ + G ̂ A 

G <^ 

r = W-R-r 

= r 

= F 

(3.62) 

(3.63) 
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From equation (3.62) 

* = f" (r - G X) (3,64) 

Substituting equation (3.64) into equation (3.63 
) 

Ĝ  r^ G X = Ĝ  r ^ r - F (3.65) 

If the matrix f is decomposed into a product of upper 

and lower triangular matrices such that 

f = L^ L 

then 

--1 -1 -1^ 
f = L L ^ (3.66) 

Thus, 

r ^ r = L-^ L-^^ ^ (3.67) 

Letting 

t 
L"-̂  r = r' (3.68) 

we find that 

L^ r' = r (3.69) 

In equation (3.69), since matrix L is a lower triang 

ular matrix, vector r' can easily.be evaluated by a 

a process of forward elimination. 

http://easily.be
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But 

- I . - I ' _ . - 1 L L r = L "̂  r' = r" 

or L r" = r' 
^ (3.70) 

In equation (3.70), L is an upper triangular matrix. 

Therefore, vector r" may be determined by performing 

a backward substitution. 

Thus, from equation (3.65) 

G B" r - F = G^ r" - F = F" (3.71) 

also 

G^ r ^ G = G^ L-1 L-^' G (3.72) 

Letting 

-1^ - -
L -̂  G = G' 

we find that 

L^ G' = G (3.73) 

In equation (3.73), G' can be solved by applying forward 

elimination to each column of matrix G. Substitution of 

G' into equation (3.72) leads to 

G^ L"^ L"-̂  G = G'^ G' = K (3.74) 

Substitution of equations (3.71) and (3.74) into equat

ion (3.65) gives 
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^ ^ - ^' (3.75) 

Solving for the Lagrangian multipliers, X , in equation 

(3.75) by the Gauss elimination technique, and substitut

ing back into equation (3.64) leads to 

-1 -1^ 
<j> = r" - L ^ L -̂  G X 

= ^" - L'-̂  G' X (3.76) 

Now, letting 

G' X = X 

we find that 

L" G' X = L"-'" X = Y 

that is, 

L Y = X (3.77) 

Vector Y may now be solved by backward substitution. 

Finally, by substituting Y into equation (3.76), the 

desired values of the nodal parameters may be evaluated 

as follows: 

^ = r" - Y (3.78) 



CHAPTER 4 

APPLICATION TO ELASTICITY PROBLEMS 

^'1 Numerical Examples: 

The final test for the capability 

and, indeed, the validity and accuracy of any newly 

proposed numerical procedure is to implement it in the 

solution of varied problems for which well established 

results are available for comparison. For this purpose 

a computer program capable of solving two dimensional 

plane stress and plane strain problems has been develop

ed, and a most rigorous test for elastic analysis has 

been carried out. Out of several problems that have 

been investigated, three examples, two of which are for 

plane stress and the other for plane strain, are present

ed in this chapter. The first example for plane stress 

is a simple tensile specimen while the second is a 

simply supported, uniformly loaded beam in bending. The 

plane strain problem deals with a finite strip loading 

on a semi-infinite medium, which is commonly referred 

to as Boussinesq's problem. In all cases the results 

show substantial agreement with existing and well esta

blished solutions. 

66 
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^•^•1 Tensile Specimen: 

A very simple problem but one that 

can effectively be used to verify the validity and 

accuracy of the computer program is a tension problem, 

consisting of a rectangular plate of unit thickness 

subjected to a uniformly distributed load at two opposite 

edges, while the other two sides are free as shown in 

Figure 4.1a. Because of double symmetry, only one 

quadrant of the plate is considered. The finite element 

discretization employed for the analysis is given in 

Figure 4.lb. 

Despite the relatively coarse mesh 

used, the finite element solution, as evidenced by the 

computer results, is found to be exact. 

4.1.2 A Simply Supported Beam: 

Consider a simply supported beam of 

rectangular cross section with unit thickness sub

jected to a uniformly distributed load as shown in 

Figure 4.2a. Due to symmetry only one half of the beam 

is considered as shown in Figure 4.2b. The support 

reactions are replaced with equivalent parabolically 

distributed shear stresses so that a comparison can 

be made with the theory of elasticity solutions. 

Tv̂ o separate analysis are conducted, 
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(a) Tensile Specimen 

X 

(b) Discretization of one Quadrant of Specimen 

Figure 4.1 
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using eight and thirty element idealizations as shown 

in Figures 4.3 and 4,4. The results are com.pared with 

the theoretical solutions of beam and elasticity theor

ies. Tables 4.1 and 4.2 show the numerical results. A 

very close agreement is indicated in both instances, 

even for the relatively coarse mesh of eight elements. 

One would also note that, eventhough, the elements used 

in this case have a large aspect ratio ( length/width 

ratio ) of 5, the results are very good. ( In displace

ment models an aspect ratio of this magnitude is usual

ly considered high and may lead to inaccurate results). 

A summary of the number of constraint 

equations and solution parameters for each analysis, 

together with the percentage error for the maximum 

tensile stress is given in Table 4.3. A graphical re

presentation of the stress distribution on a typical 

section of the beam is also shown in Figure 4.5. 

4.1.3 Boussinesq's Problem: 

The plane strain example problem 

studied is a finite strip loading in a simi-infinite 

elastic continuum. Two cases of loading distribution 

are considered. The first, shoxm in Figure a.6, is a 

rectangular distribution, while the second, as shown 

in Figure 4.9 deals with triangular distribtuion.In 

order to apply the finite element miethod of analysis 
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Y 

X 

Figure 4.3 Eight-Element Discretization 

Table 4.1 

Nodal stresses for 8-element discretization 

-n o H o 
LIKJ Lie 

1 

2 

3 

4 

5 

6 

7 

8 

9 

a 
y present 

method 

0.0 

-16.0 

-32.0 

0.0 

-16.0 

-32.0 

0.0 

-16.0 

-32.0 

exact 

0.0 

-16.0 

-32.0 

0.0 

-16.0 

-32.0 

0.0 

-16.0 

-32.0 

0 
X 

present 
method 

2499.0 

0.0 

-2499.0 

1787.0 

0.0 

-1787.0 • 

0.0 

0.0 

0.0 

exact 

2400.0 

0.0 

-2400.0 

1800.0 

0.0 

-1800.0 

0.0 

0.0 

0.0 

T 

present 
method 

0.0 

0.0 

0.0 

0.0 

-115.3 

0.0 

0.0 

-240.0 

0.0 

xy 

exact 

0.0 

0.0 

0.0 

0.0 

-120.0 

0.0 

0.0 

-240.0 

0.0 
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4 
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12 

11 ^-^ 

To""^--^ 

9^^^^-^ 

- 5 (a 4 = 20 

16 

7 7 ^ - ^ 
nr""̂ '---̂  
1 3^"--^«.^ 

20 

19 

2k 

13~^"^~~-^^*^ 
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* 

1.5| 

' f 
1.5| 
• ^^ 

Figure 4.4 Thirty-Element Discretization 

Table 4.2 

node 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
IS 
16 
17 
18 
19 
?0 
21 
22 
73 
24 

Nodal stresses for 30-element discretization 

a 
y present . 

method ^^^^^ 

0.0 0.0 
-9.4 -10.125 

-21.0 -21.875 
-32.0 -32.0 

0.0 0.0 
-9.68 -10.125 

-21.78 -21.875 
-32.0 -32.0 
0.0 0.0 
-9.9 -10.125 

-22.03 -21.875 
-32.0 -32.0 

0.0 0.0 
-9.84 -10.125 

-22.04 -21.375 
-32.0 -32.0 
0.0 0.0 
-9.62 -10.125 

-21.82 -21.875 
-32.0 -32.0 

0.0 0.0 
-10.56 -10.125 
-22.67 -21.875 
-32.0 -32.0 

a 
X present 

method 

2407.0 
591.0 
-601.9 

-2415.0 
2315.0 
571.0 

-572.7 
-2317.0 
2029.0 
499.6 
-499.8 

-2030.0 
1549.0 
380.0 

-380.4 
-1549.0 
878.1 
208.5 
-210.8 
-877.1 

0.0 
0.0 
0.0 
0.0 

exact 

2400.0 
600.0 
-600.0 

-2400.0 
2304.0 
576.0 
-576.0 

-2304.0 
2016.0 
504.0 
-504.0 

-2016.0 
1536.0 
384.0 
-384.0 
-1536.0 
864.0 
216.0 
-216.0 
-864.0 

0.0 
0.0 
0.0 
0.0 

T 

xy present 
method 

0.0 
0.0 
0.0 
0.0 
0.0 

-45.25 
-44.87 
0.0 
0.0 

-90.28 
-89.76 
0.0 
0.0 

-135.3 
-134.6 

0.0 
0.0 

-179.9 
-180.1 

0.0 
0.0 

-225.0 
-225.0 

0.0 
1 

exact 

0.0 
0.0 
0.0 
0.0 
0.0 

-45.0 
-45.0 
0.0 
0.0 

-90.0 
-90.0 
0.0 
0.0 

-135.0 
-135.0 

0.0 
0.0 

-180.0 
-180.0 

0.0 
0.0 

-225.0 
-225.0 

0. 0 
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Table 4.3 

Simply supported uniformly loaded beam 

Number of 
Elements 

Non prescribed 
degrees of 
freedom 

Lagrangian 
Multipliers 

Max 
present 

_K. 
exact 

7o 
error 

8 

30 

34 

109 

20 

42 

2499 

2407 

2400 

2400 

4.0 

0.3 

1 5̂ +9 
(15 3 6 ) ^ 

\ 

1 3 t+.6^ 

/ 1 3 5.0 S\ 

1 3 5-3 / 

( 1 3 S.O;'!̂  

/ 
/ 

/ ' 

y xy 

(Numbers in parantheses indicate exact solution) 

Figure 4.5 Stress Distribution at One-fifth Span Section 
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to these type of problems it is essential to reduce 

the semi-infinite domain to a finite solution domain. 

The selection of the boundary to these solution domains 

is made in such a way that the approximation leads to 

a stress distribution closely in agreement with the 

theoretical values. In the present problems the semi-

infinite continuum has been approximated by a finite 

rectangular domain having both the width and depth equal 

to three times the width of the loading strip. Further

more, due to S3nTimetry only one half of the domain is 

considered. On the finite solution domain, the disDlace-

ments along the bottom and right hand side boundaries 

are prescribed to be zero. Two discretization consisting 

of an 18- and a 57- element meshes are considered for 

each loading condition, as shown in Figures 4.7, 4.8, 

4.10, 4.11. The vertical stress distribution correspond

ing to each of the above loading condition is drawn by 

interpolating the nodal stress values. Comaparison of 

the results with the closed form solutions in Reference 

33 is also made, as shown in the above figures. In all 

cases the results indicate substantial agreement with 

the exact solutions; except in the region close to the 

selected boundaries. By increasing the size of the 

finite solution domain, the discrepancy m.ay be mini

mized to a desired level. 
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Solution space 

Figure 4.6 Rectangular Strip Loading on a Semi-Infinite 
Medium. 
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Figure 4.8 Vertical Stress Distribution for 
*^^" =;7-Plement Discretization 



Y 
i 

78 

-*• b- - b - H ^ 
^<<0>^^IP X 

Z Solution space 

Figure 4.9 Triangular Strip Loading on a Semi-Infinite 
Medium 
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Figure 4.11 Vertical Stress Distribution 
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CHAPTER 5 

PLANE ELASTOPLASTIC PROBLEMS 

5.1 General consideration: 

The solution for the stress and displace

ment components associated with the plastic state of 

a strained body is generally much more difficult to 

obtain than for a purely elastic stress state. This is 

primarily due to the stress-strain relations and their 

dependence on the strain history of the material and 

also due to the fact that often only part of the material 

enters the plastic state, thus giving rise to a plastic 

elastic boundary (or boundaries) which itself becomes 

one of the unknowns of the problem; see Figure 5.1. 

ic 
boundaries 

Figure 5.1 Elastic plastic Regimes in a 
Stressed Continuum 
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Not only vzill the equations of equilibrium and stress-

strain have to be solved with the correct conditions 

on external boundaries, but conditions of continuity 

of stress and displacement must also be satisfied along 

the elastic plastic boundary. 

In the following sections, the linear 

analysis technique introduced in chapters 2 and 3, 

in conjunction with the incremental plasticity theory, 

is used to develop a numerical analysis capability for 

static analysis of continuimi subjected to material 

nonlinear effects. 

5.2 Theoretical Considerations: 

Because of the inherent complexities 

associated with plastic deformation the laws govern

ing the behavior of materials in the plastic range 

has not as yet resulted in a single unified theory 

enjoying a level of general acceptance. There are several 

theories of plasticity that are currently in use. But 

some of these theories are better suited for practical 

needs than others (21). Thus, any attempt to predict 

analytically the behavior of structures in the plastic 

range must begin with a choice, among the available 

plasticity theories, of one which successfully combines 

mathematical simplicity with a proper representation 

of experimentally observed material behavior. 
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In general, for analysis of continuumi 

stress and strain distribution, a constitutive theory 

for plasticity must specify the yield condition under 

combined stresses; since the uniaxial conditionja|= Y, 

( where Y is the uniaxial yield stress ) is inadequate 

when there is more than one stress component, and it 

must also specify the post yield behavior answering 

the following questions: 

1) What stress combinations in a multiaxial 

stress state initiate inelastic response? 

2) How do the plastic deformation increments 

or plastic rate-of-deformation components relate to the 

stress components? 

3) How does the yield condition change with 

work hardening? 

The answers to these questions are 

summarized in the following sections: 

5.2.1 Yield Theory: 

The generally accepted yield theory of 

continuum plasticity postulates that for a given state 

of material, there exists a function f('̂ ij) ^^ ^^^ 

stress such that the material is elastic for: 

f (a. .) < 0, or for f (a. .) = 0 and--d :• • < 0 . . (5.1.1 ) 
^ ij^ - ij '^ij -̂  
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and plastic for: 

f(a. .) = 0 
3 f 

and T da . . > 0 do . . 11 - (5.1.2) 

But always 

f(a^j) < 0 

The von Mises and the Tresca yield 

conditions are two of the most widely applied citeria. 

Von Mises suggests that yielding occurs when the second 

invariant of the stress deviator reaches a critical value. 

and is expressed in the form 

f(a..) J' - k2 = 0 
2 

(5.2) 

where 

2 ^ IJ IJ 
is the second invariant of the 

deviatoric stress tensor o\. = o..— lo 6.. and k 
ij ij 3 mm ij 

is a parameter depending on the amount of pre-strain. 

The expanded form of equation (5.2) is 

2Jo = a.. a.. 
2 ij ij 

= (al) + (ai) + (a5) = 2k: 

or (ai-02)^(o2-o^^(r,^-oi}^ = 6k: (5.3) 

or (o^-o/Ho^- aj-+(c^- a/^6 (x̂ ^̂ +x̂ ^̂ +x̂ ^̂ ) = 6k2 
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which, for the special case of two dimensional state 

of stress reduces to 

or 

0^ -2a a 
1 1 2 

+ a2 = 6k: 

2 
X a_t + ol - a, a + 3x2 = 6k2 

X y xy 

(5.4) 

The Tresca condtion, on the other hand, 

states that yielding occurs when the maximum shear 

stress reaches a certain value, and is expressed in the 

form 

f .,̂  - cĵ ._ = constant max m m (5.5) 

Note that the maximum shear stress equality in equation 

(5.5) is satisfied by any one of the six linear equations 

%(a - a )= ±k; %(a - a )= ±k ; and 
1 2 1 3 

%(a - a)= ±k 
3 1 

(5.6) 

For a case of two dimensional stress, equation (5.6) 

smplifies to 

{ a -o ) = ±2k 
1 2 

(5.7) 

= 0 in equation (5.3), k may 

be identified with the maximum shear stress in yielding 

By setting a =-j , a 
^ 1 2 3 
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in a state of pure shear, which, for example, may be 

obtained by twisting a thin cylinderical tube. The yield 

stress Y in uniaxial tension is then /3k, as may be 

seen on substituting a = Y, a = a = 0 in (5.3). In 
1 2 3 

terms of the uniaxial yield stress the two criteria take 

the following forms: 

von Mises' criterion: 

^^ + â^ - o^ o^^ + 3x̂  = 2Ŷ  X y X y xy 

or ( a - a ) = 2Y^ 
1 2 

Tresca's Criterion: 

( a -a ) = Y 
1 2 

Thus, the von Mises criterion predicts 

that the maximum shear stress in pure torsion is greater 

by a factor of 2//T than that in pure tension, while 

Tresca's criterion predicts that they are equal. This 

is the most significant difference between the two 

criteria, and the one most easily tested by experiment. 

A gemeral comparison is best made in terms of the respective 

yield loci. For biaxial stress with principal stresses 

a and a , the von Mises yield condition of equation (5.^), 
1 2 

with k = Y//3", is represented by the ellipse shown in 

Figure 5.2a. A piecewise linear curve in the o- a plane 
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as shown in Figure 5.2b. illustrates the Tresca yield 

criterion for the same conditions. 

(a) von Mises Yield Ellipse (b) Tresca's Yield 

Hexagon 

Figure 5.2 Yield Surfaces ina^-a2 Plane 

In most engineering applications the von 

Mises condition is favored. For one thing, the von Mises 

yield condition is expressed by a single function that 

has no singular points, while Tresca's yield surface is 

defined by six separate functions displaying edges and 

corners. Another point strongly in favor of the von Mises 
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yield condition is that it best represents the behavior 

of most structural materials. In the present study the 

von Mises criterion is adopted for stress concentration 

problems while the Tresca criterion is used for the 

indentation of an elastoplastic half space by a rigid 

punch. 

5.2.2 Flow Rule: 

Having selected a criterion for the 

state of stress at which yielding occurs, it is now 

required to establish some relationship between the stress 

components and the corresponding deformations. This is 

usually referred to as the flow rule. A flow rule that 

is generally used to describe elastoplastic behavior 

is the Prandtl-Reuss relation, in which the assumption 

is made that the plastic strain increment at any instant 

is proportional to the corresponding stress deviator, 

namely. 

ds?. = a,, dA (5.8) 
:LJ IJ 

p J J 

where, de.. is the elastic strain increment, and dA 
i-J 

is an instantaneous positive constant of proportionality 
which may vary during the loading process. The concept 

of an effective stress or effective strain is usually 
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introduced to reduce the complexity of a multiaxial stress 

situation to one that can be related to uniaxial behavior. 

Thus,the proportionality parameter, dA, can be expressed 

as the ratio of the effective plastic strain increment 

to the prevailing effective stress, a concept used 

here and discussed in subsequent sections. 

5.2.3 Hardening Rule: 

Finally, there remains the choice of how 

to describe the subsequent response of the material beyond 

initial yielding, namely, a hardening rule. 

There have been several hardening rules 

proposed for use in plastic analysis of structures. Among 

the most widely used are: (a) perfect plasticity, (b) 

kinematic hardening and (c) isotropic hardening. 

The choice of a specific hardening rule 

depends upon the ease with which it can be applied in 

the method of analysis to be used, in addition to its 

capability of representing the actual hardening behavior 

of structural materials.:These requirements together with 

the necessity of maintaining mathematical consistency 

with the yield function, constitute the criteria for the 

final choice of the hardening rule. 

(a) Perfect plasticity makes the simplest 

possible assumption that the yield surface remains constant 

during plastic deformation. This assumption, using the von 
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Mises yield condition, applies to elastic-perfectly 

plastic solids, and when elastic strains are neglected 

the theory of perfectly plastic solids is obtainea. 

(b) Kinematic hardening postulates that 

during plastic deformation the loading surface translates 

as a rigid body in stress space, maintaining the size 

shape and orientation of the yield surface. The primary 

aim of this theory, due to Prager (22), is to provide 

for the Bauschinger effect, nam.ely, that for completely 

reversed loading, the magnitude of the increase of the 

yield stress in one direction results in a decrease of 

the yield stress of the same magnitude in the reverse 

direction. 

An illustration of kinematic hardening, 

as applied in conjunction with von Mises yield curve 

in the a - o plane, is shown in Figure 5.3a. The yield 
1 2 

surface and loading surface are shown in the same figure 

for a shift of the stress state from point 1 to point 2. 

The translation of the center of the yield surface is 

denoted by a . Thus, an initial yield surface f(a )=0 
ij ^j 

is changed into 

f(aij-a^.) = 0 (5-9) 

where the a., are the coordinates of the new center of 

the yield surface and f now has exactly the sam.e 
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dependence on a^.-a^. as the initial yield condition 

had on o^^ . All that remains now is to specify how the 

a^j depend on the deformation theory. 

f (cĴ j-â .)=0 

•f(o^.)=0 

(a) Kinematic Hardening 

(5,X)=0 

(b) Isotropic Hardening 

Figure 5.3 Yield Surfaces 

(c) Isotropic hardening assumes that during 

plastic flow the loading surface expands uniformly about 

the origin in stress space, maintaining the same shape, 

center and orientations as the yield surface v/hile its 

size increase is controlled by a single parameter depend

ing on the plastic deformation. Two different schemes 

have been used to specify the size determining parameter 
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and its dependence on the deformation. The two schemes 

are different in general but reduce to the same thing 

when used appropriately with the von Mises yield condition. 

The first scheme is the assumption of a universal plastic 

stress-strain curve relating two scalar quantities, i.e., 

the effective stress a ( also known as the generalized 

stress or equivalent stress) which measures the size of 

the yield surface, and the integral of the effective 

(generalized or equivalent) plastic strain increment, 

de". The second scheme proposes that a is a single valued 

function of the total plastic work, W . The external 
^ p 

work dW per unit volume done on the element during the 

total strain de.. is a..de.., of which a part dW =o..de.. 
ij ij ij ^ -̂ J -'-J 

is recoverable elastic energy. The remainder is the plastic 

work per unit volume, and is, therefore, by definition 

dW = dW-dW =a. . (de. .-def.)=a. -de?. (5.10) 
p e ij ij ij ij ij 

where de?.=de -de?, is the plastic strain increment. The 
ij ij Ĵ 

total plastic work per unit volume expended during a certain 

finite deformation is therefore 

W = 
P 

^..de?. (5.11) 
IJ Ĵ 

where the integral is taken over the actual strain path 
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from some initial state of the material. 

When used with the von Mises yield condition 

the appropriate effective stress is a function of W 
P 

ir 
a = /372 io^.o^.)^ = F(Wp) (5.12) 

where, to follow the accepted convention, 3 is written 

for Y or /3k. For the special case of biaxial stress, 

equation (5.12) reduces to 

3 = (aj +a2 -o a + 3x2 )'^ (5 13) 
X y x y xy ^ ^ 

The appropriate effective strain increment de^ to be used 

with a is defined as 

diP= /2/3 (dePjdePj)^ (5.14.1) 

By comparison with the definition of o in 

(5.12) it will be seen that, apart from a numerical factor, 

de^ is the same invariant function of the components of 

the plastic strain-increment tensor as a is of the 

components of the deviatoric stress tensor (remembering that 

de.? = de?. , since de?.= 0, i.e., no plastic or irrecover-
ij ij 11 ' ^ 

able change in volume takes place during plastic deformat

ion) . The equivalent strain de^ , integrated over the 

strain path, then provides a measure of plastic distortion 
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Hence the assumption of a universal stress-strain curve: 

^ = H( jdeP) (5.14.2) 

permits the determination of the form of the function 

H of the single independent variable fdl^ in principle 

by a single tensile test, where d = a and 
X 

/d?^ = fd^l (5.15) 

Note that the numerical factor in the definition of de^ 

has been chosen so that in uniaxial stress (where de^ = 

dsP =-%deP), diP = deP. 

Figure 5.3b illustrates on the basis of the 

simplification to a two dimensional plot, the yield and 

loading curves for an isotropic hardening material when 

the stress state shift from 1 to 2. Unloading and 

subsequent reloading in the reverse direction will result 

in yielding at the stress state represented by point 3. 

The path 2-3 will be elastic, and 0-2 is equal in length 

to 0-3. It is seen that the isotropic representation of 

work hardening does not account for the Bauschinger effect 

and therefore is unsuitable when a complex loading path 

involving changes in direction of the stress vector in 

stress space is considered. However, when reverse loading 

is not anticipated the isotropic hardening rule is simple 
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and convenient to use. 

5-3 Derivation of Elastoplastic Constitutive Relations: 

Having thus far reviewed some of the pertinent 

yield criteria, flow rules and hardening theories, attention 

is now directed to the derivation of an explicit expression 

for a linear incremental stress-strain relation for an 

elastoplastic von Mises material obeying the Prandtl-Reuss 

flow rule. The material is assumed to work harden accord

ing to an isotropic strain hardening criterion. 

The total small strain increments are composed 

of elastic and plastic parts and are written as 

de^. = deP. + de?. (5.16) 

where, de?. =o.. dA is the Prandtl-Reuss equation (5.8) 

for the plastic strain increment and 

de^ = (—^) + 5ij^(l-2v)3^}da^^ ..(5.17) 

is the incremental elastic stress-strain relation, or 

Hooke's law. E, G and v are Young's modulus, the shear 

modulus and Poisson's ratio, respectively. 

Substituting equation (5.8) and (5.17) into 

(5.16), the total small strain increment is expressed as 

de^. = a^.dA+{^^-^}da..-6^.(^)da.^ ...(5.18) 
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The von Mises yield criterion of equation 

(5. 3) and its differential form are 

^ij^ij = ^/^ ^' (̂- ^> 

a^da^^ = 2/3 ada (5.19.1) 

da = (3a I. da ../2a) (5.19.2) 

When the univeral stress-strain curve of 

equation (5.14) is valid during a combined-stress plastic 

deformation, the multiplier dA in the Prandtl-Reuss 

equations can be determined as follows: 

de. . = dAa ! . 
ij iJ 

de?.de?. = (dA)^]_.aj_j 

4(diP)^= 4(dA)2? 

whence 

o r 

dA 

dA 

3 d iP 
2 d 

3 da 
1 5H 

(5.20) 

where H= —- is the slope of the universal curve of 
deP 

equation(5.14) at the current value of a. 

Substituting equation (5.19) into (5.20) 

4a''H Ĵ Ĵ 
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and finally the desired elastoplastic constitut 

relation can be written as 

ive 

de (1+v) 
ij = 7;^ ^ij ^kl^^kl-^^^^>^ ij 

6 . . (=•) da . . 
ij E^ 11 (5.22) 

or inversely 

da^. = 2G(de^j+^6^^de^^-a^^kl^)....(5.23) 

where S = 1̂ 2(1+ ^ ) (5.24) 3" '" 3G 

For the particular instance of a plane stress 

problem, equation (5.22) reduces to 

'de 
X 

de > 
y 

dy 

1 -V 0 

0 

SYM. 
2(l+v: 

+ 
4? H 

(a'f (a'a'f 2a ' x X X ŷ  X xy 

(a')2 2a'x 
y \ y xy 

SYM. 
4x2 
xy 

da 
X 

da \ 
y ^ 

xy 

or {de}= |[D^J- [D'-]j{da}= [D?] { da} (5.25) 

in which D^ is the elastic part and D^ is the plastic 

Dart of the elastoplastic matrix D^. Inversely, 
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da 

< Go 
y 

2G 

xy 

- 1 
1-

SYM. 

or 

{da} = 

_y 
1-v 

1-

-- 0-

0 
V 

1 
2 

r^;)^ (a'a') a'x -
^ X . ^ X ŷ  X xy 

1 
S (oD ' ̂ 2 

SYM. 

[C^]+ [C^] 

a T 

y xy 

xy 

X 

,de 
1 y 

dy 
xy 

{de} = [cP]{de} (5.26) 

e T_ 

in which C is the elastic part and C is the plastic 

part of matrix C^ . 

Equations (5.25) and (5.26) describe the 

stress-strain relation in elastoplastic state. The non-

linearity of these equations and their dependence on the 

state of total stress require some piecewise linearization 

technique of analysis. In the next chapter attention will 

be directed to providing an outline of some of widely 

used linearization techniques and to introducing a 

computational procedure that is well suited to the applica

tion of the finite element model presented in this 

study. 



CHAPTER 6 

COMPUTATIONAL PROCEDURE FOR 

ELASTOPLASTIC ANALYSIS 

6.1 General 

In the past various computational procedures 

have been used with success for a limited range of inelastic 

problems utilizing the finite element approach. 

In the earliest applications of the finite 

element method to problems of plasticity, the initial 

strain process was favored. During an increment of loading, 

the increase of plastic strain is computed and treated 

as an initial strain for which the elastic stress distribut

ion is adjusted. Here, the work of Gallagher, et al (23) 

and Argyris (24) is significant. This approach fails 

entirely, however, if ideal non-strain hardening plasticity 

is postulated, as the strains cannot then be uniquely 

determined for prescribed stress levels. 

The second technique is the variable 

flexibility (stiffness) or tangent-modulus approach, in 

which the stress-strain relationship in every load increment 

is adjusted to take into account plastic deformation (12,14). 

With properly specified elastoplastic matrix of equation 

(5.25) or (5.26) the tangent-modulus approach can success

fully treat ideal as well as hardening plasticity. From 

99 
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the computational point of view, however, the approach 

suffers one serious disadvantage, namely, at each step 

of the computation the flexibility (stiffness) matrices 

have to be reformulated, treating the material as quasi-

elastic and a new solution of equations is obtained. 

If direct solution methods are used in a plastic analysis 

program, this approach becomes extremely uneconomical. 

A more efficient alternate approach, due 

to Zienkiewicz, et al (18), and used herein, is the 

initial stress' approach, which is sometimes referred 

to as the ' residual stress ' or ' stress transfer ' 

approach. Numerically, this latter approach is more 

desirable and indeed has a distinct physical significance. 

The computational procedures associated with this technique 

will now be outlined in greater detail. 

6.2 Initial Stress Technique: 

The initial stress technique uses the fact 

that even in ideal plasticity, increments of strain 

prescribe uniquely the stress system ( while the reverse 

is not true ) at every stage and at all points of the 

structure. The difference between the true stress level 

corresponding to an elastic solution is first determined. 

This stress difference, which may be interpreted physically 

as an unbalanced residual force left on the structure, is 

then redistributed elastically to restore equilibrium. 
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The unbalanced residual force can also be used as a 

convenient measure of error which can be assessed against 

the active forces. The initial stress approach also 

permits the advantage of initial processes to be retained; 

that is, at every stage of iteration the elasticity matrix 

remains the same. Application of the method has shown 

that convergence is rapid, only three or four cycles 

of iteration or redistribution being necessary in any 

increment. 

The initial stress procedure of tracing the 

behavior of the system in the elastoplastic state calls 

for the satisfaction of equations (3.49) and (5.26) in 

an iterative manner for a specified load increment. The 

steps during a typical load increment can be summarized 

as follows: 

1) Calculate the elastic stresses and strains 

for an arbitrary load level within the elastic range, say 

a unit load. 

2) Scale up all elastic values in order to 

induce initial yield in the element with the largest 

stress, designating stresses at the onset of first 

yielding by { ĈQ > • 

3) Apply a load increment and via elastic 

analysis, determine the elastic increments of stress 

{Aa'}. and the associated strains {Ae')^. The subscript 

' i ' outside the bracket denotes the number of iterative 
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4) Add {Aa'}̂  to the stress existing at 

the start of the increment {a }to obtain {a'}. Check 
0 

if the element is elastic f(a')< 0 or plastic f(a')> 0. 

There will be at least one post-yield element in the 

first cycle. If an element is elastic, only elastic strain 

changes occur and no corrective action is taken; if it is 

plastic f(â  ) = 0, i.e. the element was in yield at the 

start of the increment, calculate the change in stress 

{Aa}^ due to the change in strain {Ae'}. in accordance 

with the flow rule (5.26); if the element is plastic and 

f( a ) < 0, the element is transitional, in which case 

the intermediate value at which yield begins is determined 

and the increment {Aa}^ is computed by equation (5.26) 

starting form that point. Note that the elastoplastic 

matrix C^ of equation (5.26) is to be computed using 

the current values of {a'} . 

5) If the increment of stress possible is 

{Aa}. then the situation can only be maintained by a 

set of body forces equilibrating an initial stress system 

{ Aa"}.evaluated as follows 
1 

{ A a " }^ = { A a ' } ^ - { A a } ^ ( 6 . 1 ) 

6) Compute and store current stresses and 

strains 
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{a} = {a' } - {Aa'} (6.2) 

{e} = {e' } + {Ae'}^ (6.3) 

For the strain hardening material equation (5.28) defines 

a new yield surface and the corresponding effective 

stress becomes the new yield stress for the next iteration. 

7) Employ equation (3.34) to compute the 

system initial stress vector {R} . With the original 

elastic properies unchanged and using {R} perform a system 

analysis, equation (3.50), to find {Aa'}.,-, and {Ae'}.,-,. 

8) Repeat steps 4-7 up to maximum load. 

A given load cycle is terminated when the 

residuals {Aa"} in the n iteration cycle reach sufficient 
n 

ly small values. Then a new load increment is defined and 

steps 3-7 are repeated until either the total desired 

load level is reached or a collapse situation develops, 

namely, excessive strains for small increments in load. 

A graphical representation of the process is shown in 

Figure 6.1 and a flow chart is given in Figure 6.2. 
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AJ; f « fzL 

Figure 6.1 Iterative Procedure for Elastoplastic Analysis 
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CHx\PTER 7 

APPLICATION TO ELASTOPLASTIC PROBLEMS 

7.1 Numerical Examples: 

Two of the examples investigated in 

the elastoplastic category are: 

a) A V-notched tension specimen and 

b) A rigid punch problem. 

In both cases a linearly elastic 

and perfectly plastic material is assumed.. 

7.1.1 V-Notched Tension Specim.en: 

The solution of a V-notched tension 

specimen in a plane stress and plane strain is obtained 

in the elastic range by utilizing the initial stress 

iteration procedure discussed in the preceding chapter. 

This particular example is chosen for analysis because 

of the availability of a widely accepted solution to 

the problem which can be used for comparison. Zienkiewicz, 

et al, (20) Yamada, et al, (12) and Marcal and King (13) 

are some of the notable investigators of the problem. 

The same problem was also analyzed by Allen and Southwell 

(26). Furthermore, a simple experimental test would 

enable verification of results. 

The specimen consists of a 90 V-notch, 
106 
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with a notch depth to half-width ratio of 1 to 2, as 

shown in Figure 7.1a. The mesh configuration is given 

m Figure 7.1b. Two separate analyses, one for plane 

stress and another for plane strain, using a 39-element 

discretiztion are made. The material is assumed to be 

elastic and perfectly plastic with a finite prescribed 

yield stress. 

In each case five load increments 

are applied. Figure 7.2 shows the spread of plastic 

enclaves at the end of each increment by means of contours 

of zones of plastic yielding. The shapes of the plastic 

enclaves show close similarity to those in the references 

cited above. The enclaves obtained by Allen and Southwell 

(26) when yield progressed to the middle of the specimen 

are superposed for comparison in Figure 7.2a and 7.2b. 

These enclaves, though similar in character, do not 

agree in details. Two reasons may have contributed to 

this. The method of analysis in Reference 26 implied 

the use of a Poisson's ratio of 0.5, while in the present 

example a ratio of 0.25 is used. Also, the rather coarse 

mesh used in the present method would influence the result 

to an extent. However, experimental tests conducted by 

Theocaris and Marketos (32) report a wider zone of 

plastic flow, similar to the present solution, thus 

indicating that the finite element solutions are better 

reflection of the true behavior than that of Reference (26) 
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(a) Specimen Dimensions and Loading 

T =0 , T =0 X y 

(b) Finite Element Discretization 

Figure 7.1 V-Notched Plate Subjected to in-plane Tensile 
Forces. 
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Ref(26) 

(a) Plane Stress 

Ref (26) 

(b) Plane Strain 

Figure 7.2 V-Notched Tension Specimen Showing Spread 
of Plastic Enclaves in One Quadrant 

( numbers give applied loads in units of the first yield 
load) • 
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^•1-2 Rigid Punch Problem: 

The well known Prandtl's rigid punch 

problem shown in Figure 7.3 is the second example. In 

this example the indentation of a semi-infinite body 

by a flat rigid punch under conditions of plane strain 

is considered. This problem was first investigated by 

Prandtl using the slip line theory. Later the same 

problem was studied by R. Hill who showed a different 

solution. Since Prandtl's solution is widely accepted, 

we will make it the basis for subsequent discussion. 

Figure 7.5 illustrates Prandtl's solution in a generic 

plane of flow, the x axis indicating the surface of 

the semi-infinite body. 

This particular example was selected 

with the aim of finding out how closely the theoretical 

mode of plastic failure or slip lines could be reproduc

ed using the present stress model. It is important to 

note that the theoretical solution to the rigid punch 

problem is based on the assumption that the body is 

perfectly plastic and that no elastic deformations 

exist. The aim herein is to formulate the problem entire

ly in terms of boundary stress conditions. 

For the finite element solution present

ed herein , the semi-infinite body is approximated by a 

finite solution domain having a width equal to three 

times and a depth equal to 1.7 times one-half the punch 

width as shouTi in Figure 7.3a. The 78-element discret-
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ization used in the analysis is shown in Figure 7.3b. 

Two methods of analysis are utilized. First, the initial 

stress method of iteration is employed. At every stage 

of the load increment the spread of plastic flow is found 

to progress downward with each increment, showing little 

or no significant lateral flow beyond the edge of the 

punch.. The band of plastic zone at collapse load is shown 

in Figure 7.4. Solution to the same problem using the 

displacement method is given in reference 16, and is 

reproduced in Figure 7.4 for comparison. The two -solutions 

show very close agreement. The theoretical failure planes 

indicated by Prandtl's solution in Figure 7.5, however, 

show plastic flow extending laterally to the sides. 

In order to reproduce this behavior 

another solution scheme has been employed, in which the 

m.aterial properties of the plastic elements are modified. 

The scheme attempts to represent an element in the plastic 

state as an incompressible material with little or no 

shear capacity. This is achieved by assigning a very small 

value for the shear modulus and Poisson's ratio close to 

the maximum value of 0.5 to each element entering the 

plastic state. In this case fifteen load increments, each 

equal to ten percent of the load at initial yield, are 

used. The progress of the plastic flow at selected rep

resentative stages of loading is sho\-m in Figure 7.6. 
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The plastic flow regions given by the second approach 

indicate significant improvement over both the first 

approach used in this study and what is obtained by the 

displacement finite element model used in reference 16. 

The results obtained by the second approach demonstrate 

an enhanced lateral plastic floxv similar to the Prandtl's 

theoretical solution. With the use of finer finite element 

discretization than what has been employed here and small

er load increments the results could be expected to 

improve even more. 
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^-^^^ Rigid punch 

Solution domain 

(a) Rigid Punch on a Sem.i-Infinite Continuum 

(b) Finite Element Discretization 

Figure 7.3 Rigid Punch Problem 
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i 
) r) n r) n r) C) n 

Ref (16) 

Figure 7.4 Band of Plastic Zone Showing Comparison 
Between Initial Stress Approach and Ref (16) 
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rigid punch 

/ X 

Figure 7.5 Theoretical Failure Plane for a Rigid 
Punch Problem. 
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Figure 7 6 Progressive Yielding of Punch Problem 
Modified-Material-Property Approach 

(Numbers give applied loads in units of the first yield load) 



CHAPTER 8 

CONCLUSIONS AND RECOMMENDATIONS 

8.1 Conclusions: 

In this dissertation a new triangular 

finite element model based on a direct flexibility, 

complementary energy concept which is applicable to 

plane stress/plane strain elasticity problems is develop

ed . The analysis capability is also extended to elasto

plastic porblems , The method provides an alternative 

computational procedure to the usual displacement compat

ible finite element models. 

The various numerical examples investigat

ed during the course of this study, including those 

presented herein, have established the validity of the 

technique employed, and the results obtained by the 

method have demonstrated reasonable behavior in all cases. 

From the studies already made the following observations 

may be made. 

The numerical examples investigated this 

far indicate that for linear analysis the model gives 

extremely good stress results even with coarse mesh sizes. 

Thus,to the stress analyst desirous of an accurate stress 

solution to a problem, the present stress model has much 

to recommend it. 

117 
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8•2 Recommendations: 

The following recommendations are made 

for future related research. 

First, the possibility of determining 

the nodal displacements on the boundary directly from 

the system equations or from the Lagrangian multipliers 

has been explored with some lim.ited success in the 

present study. As the findings are inconclusive a 

discussion of this aspect of the study has not been 

included in this dissertation. But the author believes 

that future investigation of the subject should be 

interesting and useful. 

Secondly, the modeling of a rigid 

punch problem in an elastoplastic half space has been 

found very difficult using the displacement approach. 

The solution to the same problem by the present model 

using the modified modulus technique of tracing the 

plastic flow of the material shows a significant 

improvement over the existing displacement-based finite 

element solutions. It is, therefore, reasonable to 

assume that the potential of the present method for 

the study of slip lines in rigid punch plasticity is 

very promising, and this potential should be explored 

further. 
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Furtherm.ore, unlike most other 

equilibrium models, in the present model the unknowns 

m the final set of equations for the finite element 

assembly are the nodal values of the stress function 

and its derivatives up to and including the second 

order. These second order derivatives give directly the 

nodal stress values without the need for additional 

computations. 

For elastoplastic analysis, the present 

method of analysis offers a distinct advantage. Since 

the stresses at the nodes are solved directly, it is 

very convenient to apply the yield criteria and the flow 

rules in such problems. 

Another important and most appealing 

feature of the present model must also be noted. In 

theoretical plasticity analysis the requirement is that 

equilibrium be satisfied while compatibility of displace

ments need not. In the present model, the principle of 

complementary energy directly produces both of the 

conditions that pertain in any theoretical plasticity 

analysis, namely, that equilibrium must be satisfied 

while compatibility of displacements need not be satisfied 

The particular model developed herein satisfies compat

ibility only in an average sense. Since the reverse is 

true for displacem.ent models the present model is a miore 

natural choice for application to plasticity problems. 
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APPENDIX A 

Table A.l Hermitian Interpolation 

1 C n ^^ r.Ti n ^ ^3 ?^ 

10 

-6 

- 18 

0-5 - 1 - 5 

0 . 5 

Cn 

- 18 

-k 5 -k 5 

n 

- 10 

-6 

- 1 - 5 

- ^ • 

1 • 5 

a 

6 

Y 

10 30 

- 12 

12 

- 1 5 

- 7 

0.5 1.5 

-1.5 

- 1 

a 

Y 

30 

12 

-12 

1 • 5 

10 

0 • 5 

- 1 . 5 

P 
-30 

- 30 
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Functions in C & n 

K^n c^n 2„2 ^r^^ n^ ^ % 

-30 

2k 

32 2k 

- 1 . 5 

- 1 . 5 

12 

32 

1 5 -6 

-3 

- 1 5 

-0 . 5 

1 . 5 

C^n^ 

30 

-6 

-21+ 

1 . 5 

1 

C^n^ ?n 

30 

'2k - 1 5 

-6 

1 

1 . 5 

-2.5 -7.5 -7.5 -2.5 

-6 

-3 

-0 . 5 

6 0 - 30 
28 36 

-28 -35 

1 . 5 

-k 

k 

- 3 

1 . 5 

- 3 0 

- 3 6 

36 

- 3 

1 . 5 

1 . 5 

- 3 0 

6 0 

- 6 0 

- 2 8 

2 8 

-1+ 

1+ 

6 0 

- 1 5 

- 7 

- 1 

30 

-1 5 

15 

0 . 5 2 . 5 

60 60 
-30 

30 

36 

36 

-1 

3 . 5 

- 2 . 5 - 2 . 5 

2k 

-2k 

2k 

- 1 . 5 

1 • 5 

30 

36 

30 

1 5 

2k -36 -15 

1.5 3-5 2.5 

-1.5 -1 

-2.5 -2.5 

30 30 

_30 -60 -30 

-60 -30 

0 • 5 
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Table A.3 Integration Points and Weighting Factors 

Integration 
points 

1 

2 

3 

4 

5 

6 

7 

Normalized 
K 

0.33333333 

0.79742699 

0.10128651 

0.10128651 

0.05971587 

0.47014206 

0.47014206 

. Coordinates 
n 

0.33333333 

0.10128651 

0.10128651 

0.79742699 

0.47014206 

0.05971587 

0.47014206 

Weights 

0.225 
0.12593918 

0.12593918 

0.12593918 

0.13239415 

0.13239415 

0.13239415 

Figure A.l Integration Points Over the Triangle 




