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ABSTRACT 

 

 In recent years the thermal conductivity of materials has become an important 

area of research. High thermal conductivity is useful for heat removal in electronic 

devices, and low thermal conductivity results in a larger thermoelectric figure of merit. 

The question is how to control the thermal conductivity. 

 Many physical properties of semiconductors are successfully controlled by 

adding impurity atoms. The electrical conductivity can be substantially increased 

using dopants, the mechanical strength of Si can be improved by introducing O or N, 

and optical properties can be tailored using rare-earth elements such as Er. But is it 

possible to control the thermal conductivity with impurities as well? 

 The conventional description of the impact of impurities on the thermal 

conductivity of materials involves impurities as scattering centers for bulk phonons 

and as often used is a qualitative concept at best[1,2]. Such scattering has never been 

described at the atomic level. Further, impurities also introduce localized vibrational 

modes into the system and their impact on the thermal conductivity has never been 

described. A better understanding of the physics behind the impact of impurities on the 

thermal conductivity could lead to devices which are tuned to the desired thermal 

conductivity through the use of impurities. 

 This dissertation introduces a new first-principles method for calculating the 

thermal conductivity of semiconductor nanostructures containing impurities. It is 

applied to study the effects of impurities on the thermal conductivity of Si 

nanostructures. The effects of impurity type, isotope, and concentration are studied. 

Surprisingly, the isotopic mass of the impurity sometimes has a substantial impact on 

the thermal conductivity. Attempts to correlate this effect with the vibrational lifetime 

of impurity-related vibrational modes are discussed. 
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CHAPTER I 

INTRODUCTION 

1.1 Motivation 

 The thermal properties of materials have become increasingly important over 

in the last few years.  Modern electronic devices generate large amounts of heat.  If 

this heat is not quickly removed, the device can be destroyed. Materials with a large 

thermal conductivity κ are beneficial in this situation. 

 On the other hand, low thermal conductivity is important in thermoelectric 

devices.  Materials with high electrical conductivity and low thermal conductivity 

have a high thermoelectric figure of merit [3] ZT = S2T/κ, where S is the Seebeck 

coefficient (or thermopower), T the temperature, and σ is the electrical conductivity. 

Finding ways to improve the ZT of a material is an important step in improving this 

source for renewable energy. One strategy is to reduce the value of κ without changing 

σ. In the case of semiconductors, σ is controlled by doping with specific impurities. 

However, many other impurities either reduce σ or have no impact on it at all. 

 In order to better control the thermal conductivity, we need a better 

understanding of the nature of heat flow at the atomic level. The kinetic theory of 

thermal conductivity in crystalline solids has been studied for almost one hundred 

years. In the 1920’s Rudolf Peierls studied the role of phonons and phonon collisions 

in the heat transfer in solids [1]. This led to a successful but qualitative description of 

the temperature dependence of κ. In particular, at low temperatures κ increases as T3, 
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the same rate of increase as the material's heat capacity. At higher temperatures, the 

presence of higher energy phonons increases the number of Umklapp collisions which 

impedes the flow of heat. This eventually leads to a peak in κ at T=Tmax, after which 

the phonon contribution to κ decreases approximately as T-1
.   

Peierl's work was expanded upon by Klemens [4] and Callaway [5]. In 

particular, Callaway solved the Boltzmann transport equation to find an equation for κ 

that included phonon lifetimes. These terms could be used to fit κ(T) to experimental 

data. Callaway took into consideration the average distance between grain boundaries, 

and the presence of impurities in the material. However, the theory uses empirical 

fitting parameters which prevent the study of the role of impurities at the atomic scale. 

 In this dissertation, I will introduce a new method for calculating thermal 

conductivities entirely from first principles, and predict the effect of a few atomic 

percent impurities on the thermal conductivity of silicon nanostructures. The most 

important prediction involves the possibility that impurities do not simply scatter bulk 

phonons but can also 'trap' phonons for lengths of time that can vary substantially with 

the specific isotope of the impurity. While charge trapping by impurities in 

semiconductors is well known, the concept of energy (phonon) trapping by impurities 

is new. 

 

1.2 Conventional methods to calculate thermal conductivities 

 There are three commonly used methods to calculate the thermal conductivity.  

The direct solution of the Boltzmann transport equation (BTE) uses empirical fitting 
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parameters to describe the microscopic properties of the materials studied. The Green-

Kubo method uses equilibrium molecular-dynamics (MD) simulations and is based on 

the fluctuation-dissipation theorem. The steady-state method uses non-equilibrium 

MD to directly calculate the heat flux using Fourier's law. As discussed below, none of 

these methods can be easily used to describe situations when impurities are present.  

Impurities require the use of first-principle methods [6] in order to properly describe 

the interactions of an impurity with its crystalline environment. 

 A theory based on the direct solution to the BTE was developed by Klemens 

and Callaway [4, 5] in the 1950’s in order to explain the temperature dependence of κ 

in insulators and semiconductors. The thermal conductivity in a periodic solid with an 

n-atom unit cell is given by [7] 

κ T ∑ v , c , τ , dq. 

 In order to perform the calculations, one needs to know the phonon group 

velocity v, heat capacity C, and the bulk phonon lifetimes τ, all of them as functions of 

the wave-vector q.  The heat capacity can be calculated from phonon densities of 

states and the group velocities estimated from phonon dispersion curves, but the 

vibrational lifetimes are not easily calculated. This is particularly difficult in the case 

of localized, impurity-related, vibrational modes. Indeed, we now know [8, 9, 10] that 

the lifetimes of very similar impurity-related modes can vary by several orders of 

magnitude. Such lifetimes cannot be guessed or modeled using fitting parameters. 

They must be calculated from first principles. 

 Semi-empirical equations have been developed for the bulk phonon lifetimes 
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on the basis of models of scattering phenomena [11]. These lifetimes have also been 

calculated using first-principle autocorrelation functions [7], and from third-order 

force constants using density-function perturbation theory [12, 13]. But these 

equations do not address the issue of impurity-related lifetimes. 

 The BTE can also be solved using Green’s functions to find the mode-

dependent transmission coefficients. This method has been used to calculate the 

thermal conductivity of graphene [14]. However, none of these methods correctly 

account for the sometimes very slow decay of localized vibrational modes which may 

require five or more phonons to relax. 

 In the Green-Kubo method [15, 16], the macroscopic fluxes of charge (q) and 

heat (h) are written in terms of the transport coefficients Lαβ = Lβα (α, β stand for q or 

h). The transport coefficients are themselves written in terms of the correlation 

functions of the microscopic fluxes of charge and heat, Lαβ Ω
〈Jα t ∙ Jβ 0 〉dt

∞
, 

where Ω is the volume of the system and < > the average in thermal equilibrium. The 

microscopic fluxes are J ∑ Z ev  and J ∑ E r , where Z e, v , E , and r , are 

the nuclear charge, velocity, energy, and position of atom i, respectively. The thermal 

conductivity is given by κ L L L /L k T .  In most cases Lqh is ignored 

and κ = Lhh/kBT2. 

Unfortunately, this method requires the calculation of the total energies Ei of 

individual atoms. This quantity cannot be obtained from first principles: only the total 

energy of the system is calculated, and extracting the individual contributions of host 

and impurity atoms is impossible. Thus, the implementation of the Green-Kubo 
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method requires the use of semiempirical methods. This has been done to calculate κ 

in Si [17] and its frequency dependence [18], Ge [19], and in Si/Ge superlattices [20]. 

In the steady-state method, one uses thermostats to establish a (usually very 

large) temperature gradient within a non-equilibrium MD simulation. The energy flux 

j is obtained by keeping track of how much energy is added to the hot region and 

removed from the cold region in order to maintain the desired gradient. Then, one 

solves Fourier’s law to find κ = j/T. 

One problem is that conventional MD simulations involve large temperature 

fluctuations, typically of the same order of magnitude as the temperature itself. As a 

result, very large temperature gradients (hundreds of degrees K) are required [21]. 

Such large gradients include temperature regions where the specific heat and the 

thermal conductivity strongly vary with T. Another problem is that these MD runs 

require huge numbers of time steps in order to achieve a situation that resembles the 

steady-state. MD runs with millions of time steps require the use of empirical 

potentials. Thus, this method is also not suitable to study the role of impurities, 

especially at the lower temperatures of interest here. 

The semiempirical steady-state method has been used to find κ in C nanotubes 

[22], Si nanowires [23], solid argon [24], and to study the effects of large vacancy 

clusters in Si [25]. A calculation has even been made using first principle DF theory at 

high temperatures in MgO [21]. 

Thus, none of the existing methods to calculate κ is suitable for studying the 

impact of impurities on the flow of heat in semiconductors at moderate temperatures. 
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We need a first-principles approach, valid at reasonably low temperature, and 

computationally efficient. 

 

 

1.3 My contributions to the field 

 There are no published experimental or theoretical studies of the impact of 

impurities on the thermal conductivity of semiconductors. However, there have been 

measurements on the effect of the material's isotopic purity on thermal conductivity in 

Si [26], Ge [27], and c-C [28]. These studies have shown that isotopically-enriched 

materials have much higher thermal conductivities – almost one order of magnitude at 

the peak of κ(T) – than the same materials made up of the natural isotopic mix.  

 These dramatic increases in κ were accomplished by isotopically enriching the 

samples. In diamond, the abundance of 12C was increased from 98.9% to 99.9% [28].  

The Si samples were enriched by 7.7% from 92.2% 28Si to 99.9% 28Si [26].  Thus, 

large changes in κ are associated with 'impurity' concentrations at a few atomic 

percent (at%). 

 Another study of the thermal conductivity as a function of the composition in 

III-N alloys [29] is more difficult to interpret. As the minority element x in InxGa1-xN 

and AlxGa1-xN increases from 0.2 to 0.4, κ substantially decreases.  On the other hand, 

in InxAl1-xN, κ increases under similar conditions. Although we are talking about 

alloys with a change in the minority element concentration from 10-20 at%, it is 
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interesting to note that the simple phonon-scattering-by-impurities model of Peierls 

cannot predict an increase in κ. 

 Dr. Estreicher's challenge for my PhD project was to develop a new method 

which would allow me to calculate the thermal conductivity of a semiconductor 

supercell as a function of its impurity content, and to make the first steps into this new 

area of research. One of Dr. Estreicher's recent PhD students, Damien West, had 

developed a "supercell preparation" technique which allows non-equilibrium MD 

simulations to be performed without thermostat and with minimal temperature 

fluctuations. Damien applied it to the calculation of the temperature-dependence of 

vibrational lifetimes [9,10].  

 I have extended this method to allow the calculation of thermal conductivities 

[30, 31] entirely from first principles. The method simulates a widely used 

experimental method known as the laser-flash method [32]. It is described in detail in 

a later section. 

 I have calculated the thermal conductivity of silicon nanostructures which 

contain a few at% of impurities (isotopes of Si, Fe, Ge, or C) or vacancies [30, 31]. 

For each of these elemental impurities there is one (real or invented) isotope which 

produces a minimum in the thermal conductivity.  In some cases, this minimum is 

very deep, and in other cases it is rather shallow. This behavior contradicts the 

traditional model which describes the impact of impurities on κ since the 1930’s [1]. 

Callaway's empirical solution [5] predicts 

κ T
v
2π

τ 1
β

τ
C k dk 
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where v is the phonon group velocity, Cph is the phonon specific heat, β accounts for 

the phonon density of states and distribution function, and the τ's are average phonon 

lifetimes. The term τ τ τ τ τ   includes the normal (momentum 

conserving) (N), Umklapp (U), grain boundary (G), and impurity (I) scattering 

lifetimes, respectively. The latter is given by the (temperature-independent) term  

τ
C a k
4πv

ω

k T
T

M M
M

 

where Ci is the impurity concentration, as the lattice constant, v is the average phonon 

group velocity, Mh and Mi the mass of the host crystal and impurity atoms, 

respectively [11].  Thus, impurity-isotope effects should be very small, indeed.  

Moreover, as ∆M M M  increases the lifetime decreases quadratically and so 

does κ. Note that the 'lifetimes' discussed by Callaway are bulk phonon lifetimes, not 

those of the localized, impurity-related vibrational modes, which are ignored. A 

careful examination of the localized vibrational modes of the impurity atoms suggests 

that these modes play a critical important role when the impurity concentration is of 

the order of a few at%. 
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CHAPTER II 

THEORETICAL APPROACH 

2.1 Basic ingredients 

Most first-principles calculations share the following ingredients. The host 

crystal is described by periodic supercells. The nuclei are treated classically and their 

dynamics are described with ab-initio MD simulations. The geometries are optimized 

using the Hellman-Feynman theorem [33] within a conjugate gradient algorithm. The 

electronic problem is divided into two regions.  Near the nuclei, where the charge 

density increases rapidly, ab-initio type pseudopotentials are used.  In the valence 

region, the Kohn-Sham equation [34] is solved from first-principles using density 

functional theory (DFT). This combination of tools provides the total energy and 

complete vibrational spectrum of the system in its ground state, which is the starting 

point for the calculations of thermal conductivities. 

Our implementation of first-principles theory uses the SIESTA package [35, 

36].  The core regions are replaced by norm-conserving, angular-momentum-

dependent pseudopotentials using the Troullier-Martins parameterization [37] in the 

Kleinman-Bylander form [38].  The pseudopotentials are optimized using the 

experimental bulk properties of perfect crystals and/or first principles calculations 

[39]. The valence regions are described using first principles DFT with the exchange-

correlation potential of Ceperley-Alder [40] parameterized by Perdew-Zunger [41].  

The basis sets for the valence states consist of linear combination of numerical 

atomic orbitals [42, 43].  We use here two sets of s and p orbitals for each Si valence 



Texas Tech University, Michael Gibbons, May 2012 

10 
 

state (double zeta), to which a set of d's can be added in situations where substantial 

distortions away from the sp3 coordination occur.  The exchange-correlation and 

Hartree potentials are calculated by projecting the charge density on a real space grid 

with a cutoff of 150 Ry. The MD simulations are performed without thermostat using 

the standard Verlet algorithm [44] to integrate Newton’s laws of motion. 

Note that such first-principles DF calculations are not restricted to this 

particular electronic structure code (SIESTA). Indeed, our results have been 

reproduced and the thermal conductivity of oxides have been calculated [45] using the 

all-electron simulation package FHI-aims [46] from the Fritz-Haber Institute in Berlin. 

 

2.2 Vibrational Spectra 

After relaxing the geometry of the supercell until the maximum force constant 

is in the range from 0.001 to 0.003eV/Ǻ, the force-constant and then the dynamical 

matrices are calculated.  The eigenvalues of the dynamical matrix are the normal 

modes frequencies s of the system.  The eigenvectors are the relative amplitudes of 

these modes s
ie  (s numbers the modes, α the nuclei, and i = x, y, z).  Using these 

eigenvectors, one can relate the normal modes (qs) to the Cartesian (ri) coordinates of 

the nuclei. If  m  is the mass of nucleus α  

1 s
i s i

s

r q e
m

 


  . 

Within the harmonic approximation, the normal-mode coordinates are given by 

( )cos( )s s s sq A T t    
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where the relative phases φs of the modes are random. We obtain the unknown 

amplitudes As by assuming thermal equilibrium. Since the average kinetic energy of 

each mode is kBT/2, we get 

〈 〉 	 〈 〉 	 〈 〉 	  . 

 But only the average kinetic energy of the modes is kBT/2. In thermal 

equilibrium, at any point in time, some modes will have above-average and others 

below-average energy. Thus, we must assign the energy of each mode randomly in 

such a way that the average energy corresponds to thermal equilibrium. We use the 

Boltzmann distribution of energies  

	  ,  where 	  and 0 < ζs < 1.  

From this, we solve for . 

 Putting all of this together we calculate sets of initial Cartesian coordinates and 

velocities for each nucleus in the system such that the supercell is in thermal 

equilibrium at a desired temperature T.  

	 ∑ ln	 1 cos	 ,     	 . 

The harmonic assumption for the initial state of the supercell is never perfect 

since even the zero-point motion is slightly anharmonic [47]. The assumption becomes 

increasingly worse as the temperature increases. However, it is only used for supercell 

preparation at t=0. It is simple, produces remarkably constant temperature 

fluctuations, and obviates the need for a thermostat. The system begins (t = 0) with 

random distributions of mode phases and energies. The price one pays for needing 
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neither extensive thermalization runs nor thermostats is that one must average over a 

large number of random phases and energies. 

The power of this approach is already visible with a single run, as it produces 

much smaller temperature fluctuations than a conventional MD run that starts with a 

random distribution of velocities (all the modes are in phase at t = 0) and a thermostat. 

A comparison of these two methods at T=50 and T=125 in Figure 1 shows remarkably 

smaller temperature fluctuations in both cases. It will be shown in a later section that 

averaging over random distributions of initial mode phase and energies reduces the 

fluctuations even further.  

 

Figure 1.  A comparison of the temperature fluctuations in MD runs using a Nosé thermostat 
(left) and a single run with our preparation method (right).  The value q is the thermal inertial 
factor which controls the heat flow in the thermostat.  The red lines show the standard 
deviation σ around the desired temperature. 
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2.3 Supercell construction 

The host crystal is represented by periodic supercells constructed by stacking 

slices along a specific crystalline direction. Most of our calculations are done with 

twelve 16-Si atom slices stacked along the <100> direction to create a parallelepiped 

33 Å long with a diameter of 15 Å.  We have also used [30] the Si384 and Si768 

supercells to investigate the impact of the cross-sectional area on the thermal 

conductivity (Fig. 2). A similar but 1-D periodic construction can be performed for Si 

nanowires to investigate the impact of the surface conditions or impurity content on 

their thermal conductivity [48].  Because the thermal conductivity calculations are 

highly computer intensive, we restrict the Brillouin-zone sampling to the Γ point. 

 

Figure 2.  The Si192, Si384, Si768 supercell consist of twelve Si16, Si32, Si64 slices aligned along 
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the <100> direction. The supercells are shown with a random distribution of 5.2 at% of 
substitutional impurities (red atoms). The supercell is 3.3 nm long. The diameters are 1.54, 

2.44, and 4.50 nm, respectively. 

2.4 The “Laser flash” method 

2.4.1 The experimental laser-flash method 

 A widely used method for measuring thermal conductivities is the laser-flash 

method.  The sample is in thermal equilibrium in vacuum. One end of it is heated 

using a short laser pulse and then the temperature at the opposite end of the sample is 

monitored over time. This produces an S-shaped curve as the system reaches thermal 

equilibrium. The shape of this curve is fit to an analytic solution of the diffusion 

equation which contains the thermal diffusivity α as a unique parameter. Once α is 

known, the thermal conductivity is calculated [32].  

 The heat introduced by the laser pulse moves the sample slightly away from 

equilibrium at the time t = 0.  The temperature is monitored as the system achieves 

thermal equilibrium at a slightly higher temperature.  Note that the experiment 

involves measuring time and temperature, two quantities readily available in MD 

simulations.  We recreate the experimental situation in our calculations. 

 

2.4.2 The theoretical laser-flash method 

In order to mimic the experimental setup, we first prepare the entire supercell 

in thermal equilibrium at a temperature we call Tcold.  We then raise the temperature of 

a thin slice of the supercell higher than the rest, to Thot, thus moving the system 

slightly away from equilibrium. This mimics the laser pulse. In order to insure that 

unwanted potential energy is not introduced into the system, we prepare the modes at 
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the hot/cold interface in phase at t = 0.  And then, we monitor the change in 

temperature of a slice at the center of the supercell by performing MD simulations 

without thermostat. Because of the periodic boundary conditions, the excess heat 

propagates toward the central slice (where T(t) is recorded) to the right from the hot 

cell as well as to the left from its image hot cell in the neighboring supercell. Thus the 

temperature of the central slice increases because of heat flow in the entire supercell. 

Such MD simulations must be repeated with many different initial distributions of 

mode phases and energies, and the results averaged. 

For each run, three conditions must be met. (1) the temperature of the first slice 

must be precisely Thot; (2) the average temperature of rest of the supercell must be 

Tcold; (3) the initial temperature of the central slice needs to be as close as possible to 

Tcold. This is achieved in the following way. 

We randomly generate sets of initial mode phases and energies consistent with 

Tcold until the temperature of the central slice and the average temperature of the rest 

of the supercell minus the hot slice are within 0.5% of Tcold. This rarely requires more 

than a handful of random sets of initial mode phases and energies. From now on, the 

mode phases are kept constant. Then, we simply scale the mode amplitudes (of the 

entire supercell) until the temperature of the first slice is exactly Thot. Finally, we apply 

the Thot conditions to all the atoms in the first slice and the Tcold condition to the atoms 

in the rest of the supercell. Now, all of the conditions listed above are satisfied to a 

high degree of accuracy and the modes are in phase at the hot/cold interface. MD runs 

without thermostat allow the calculation of T(t) in the central slice. The time step is 

selected to be 1/40th to 1/30th of the shortest oscillation period in the system. 
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For example, if we divide the supercell into 12 slices, prepare the first slice at 

Thot=180K and the 11 others at Tcold=120K, the final (equilibrium) temperature will be 

125K. The temperature in the central slice, where T(t) is calculated, increases by only 

5K. Even smaller temperature changes can be monitored at lower temperatures.  

 

2.4.3 Averaging and thermal conductivity 

The preparation procedure is repeated as many times as necessary until the fit 

(see below) to the calculated T(t) produces a converged κ(Tfinal). Because of the 

random nature of the initial normal-mode phases and energies, the temperature vs. 

time behavior must be monitored in each run for the occasional bizarre behavior 

resulting from a rare coincidence of phase or energy between strongly-coupled modes. 

For example, the temperature of the central slice may suddenly drop instead of 

increasing. Such runs are discarded. This would be irrelevant when averaging over a 

huge number of runs and/or when using very large supercells, but should be monitored 

closely when only a few dozen runs are computationally practical and relatively small 

supercells are used. If the supercell is carefully prepared, 60 runs normally suffice for 

a properly converged value (Fig. 3). However, when dealing with a heavily perturbed 

system - such as 5.2 atomic percent of vacancies or impurities which produce a large 

reduction in thermal conductivity - additional averaging is sometimes necessary.  
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Figure 3.  Effect of averaging for T(t) in the central slice in the 28Si162
56Si30 supercell after 1 

run (top) and after averaging over 30 (middle) and 60 (bottom) runs. With Thot=180K and 
Tcold=120K, the temperature in the central slice increases by 5K. Note that the temperature 
fluctuations drop to just a few degree K after averaging. The magnitude of these oscillations is 
almost two orders of magnitude smaller than those in 'conventional' MD runs (random 
velocity distributions and Nosé thermostat). The (red) solid line shows the fit from which we 
extract κ. 

 

The averaged temperature T(t) of the central slice is fit to the same analytic 

solution to the heat diffusion equation used by experimentalists [32]. Adapted to the 

present configuration, this is 

T x, t T T T 1 exp n π αt/x  

and κ αρC, where ρ is the density of the material and C is the calculated specific 

heat at the appropriate temperature. For example, if the temperature of the central slice 

increases from 120 to 125K, we use the calculated Cv at the average 122.5K.  Accurate 

specific heats can easily be calculated once the dynamical matrix is known [49, 50, 51, 
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52, 53]. Our sum runs from n=0 to n=10.   

2.4.4 Validity of the fitting function 

The fitting equation we use to extract the thermal conductivity was developed 

for macroscopic samples. It is not obvious that it can be used in our nanostructures as 

well. Further, it assumes that Fourier's law is valid and contains the specific heat, 

which varies with temperature.  Finally, it also assumes that we are in the diffusion, 

not the ballistic, regime. The fitting function used to determine the thermal 

conductivity is only valid in the diffusive regime of heat transfer, i.e., when the length 

of the supercell is larger than the mean free path of the heat carrier [54]. If the 

simulated supercell is too small or the temperature gradient too large,  ballistic effects 

dominate the heat transfer and hence the simulated temperature profile exhibits a 

spatial and temporal behavior that is not compatible with our fitting function [55]. 

Our method is obviously not applicable to arbitrarily small supercells. But the 

temperature changes we monitor are only a few degrees K: ballistic effects can safely 

be ignored, and we remain very close to thermal equilibrium at all times. Thus, our 

simulations closely follow the heat diffusion equation (Fig. 3).  

 

2.4.5 Quantum correction 

In classical MD simulations, the temperature TMD is obtained from the kinetic 

energy of the nuclei, E 2∑ m v 3Nk T .  As discussed by Volz et al. [17, 

20], the quantum temperature T is obtained from 
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E g ω n ω, T ωdω 

where g(ω) is the phonon density of states and n(ω,T) the Bose-Einstein distribution 

function. The zero-point energy is ignored here so that the two temperature scales have 

the same zero. 

In order to get the correction to the thermal conductivity, Volz et al. assume 

Fourier's law and write that for a fixed temperature gradient T = TMD, the ratio of 

the fluxes of heat j to the thermal conductivity κ are equal 

1
κ

dj
dT

1
κ
dj
dT

1
κ

dj
dT

dT
dT

 

and therefore κ κ .  Figure 4 shows the quantum correction factor dT/dTMD 

to the thermal conductivity κ vs. T. It is applied in our calculations. 

 

Figure 4.  Quantum correction factor dT/dTMD to the thermal conductivity κ plotted as a 
function of T. 

  



Texas Tech University, Michael Gibbons, May 2012 

20 
 

CHAPTER III 

RESULTS 

3.1 Tests of methodology 

3.1.1 Temperature dependence 

In bulk semiconductors and insulators, the thermal conductivity increases as T3 

starting from 0K until the peak value at a characteristically low temperature [26, 27, 

28] Tmax. Since κ = C, the specific heat also increases as T3 in this temperature 

range. The increase is due to the occupation of higher-energy vibrational modes with 

T. However, the number of Umklapp processes also increases with temperature, and 

these resistive processes begin to dominate at Tmax, beyond which the thermal 

conductivity decreases with T [5, 56]. The peak value of κ in Si is 4,000W/mK and 

occurs at Tmax = 27K [57]. At T=4K, κ = 0.200W/K and at 100 K, κ = 0.950W/K. 

In Si nanowires [58], Tmax is much higher and κ(Tmax) considerably smaller 

than in bulk Si. A nanowire of diameter d=115nm has its peak at Tmax = 130K and 

κ(Tmax) = 50W/mK. The peak temperature is 100K higher and the thermal 

conductivity at the peak is lower by two orders of magnitude.  The trend continues for 

smaller diameters.  For diameters of 56nm and 37nm, Tmax shifts even more to 160K 

and 210K, respectively. The values of κ at these temperatures are also considerably 

lower as well, 40 and 20W/mK, respectively [58]. 

 The same holds in our supercells. This is illustrated in Fig. 5 which shows 

κ(T) calculated in 28Si192 and 28Si182
56Si10.  Note that the 'impurity' we use here is the 

non-existent isotope 56 of Si, as this value of the mass results in a large change in κ 



Texas Tech University, Michael Gibbons, May 2012 

21 
 

(see below).  In the Si192 supercell, κ reaches its maximum value at 227K, and κ(227) 

=10.7W/mK. At that temperature, the κ of 28Si182
56Si10 drops by about 80%, to 2.0 

W/mK. 

  

 

Figure 5.  K vs. T log-log plot of κ vs. T calculated in 28Si192 and 28Si182
56Si10 (left). The 

temperature Tmax at which κ is maximum and the low value of κ(Tmax) compared to bulk (right, 
[26]) are consistent with the measurements in Si nanowires [58, 59] (see Fig. 3). Note that, 
except for the scaling, the shape and isotope effect are very similar to that observed for bulk 
Si. 
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3.1.2 Size Effects 

The calculated κ(T=125K)=2.110-2(W/mK) is larger than but consistent with 

that of Si nanowires of small diameter [58, 59, 60, 61]. This discrepancy is expected 

since phonon scattering at the surface reduces the thermal conductivity of nanowires, 

especially if the surface is heavily damaged [62], while we use periodic boundary 

conditions and have no surface. Further, the cross-sectional area of our supercell is 

smaller than that of the smallest nanowires measured to date. The κ(T=125K) of a 

22nm-diameter nanowire (our 1.5nm supercell) is measured (calculated) to be  150 

(300) times smaller than the bulk [57], 600 (W/mK). 

Our calculated κ increases with supercell diameter. In the Si192, Si512, and Si768 

supercells, we obtain κ(125K)=2.1, 2.6, and 4.5 (W/mK), respectively. The diameters 

of these supercells are 1.54, 2.44, and 4.50nm, respectively. Figure 6 shows that the 

calculated κ(T=125K) in the H-terminated Si200H32 nanowire [48] is consistent with 

the value extrapolated from existing measurements [Li,Hochbaum]. 
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Figure 6.  Thermal conductivities at T=125K measured in Si nanowires of various diameters 
(blue crosses: the values are extracted from Fig. 3a in Refs. [28, 29]) vs. calculated values in 
the Si192, Si512, and Si768 supercells (red circles - these supercells have no surface) and in the 
H-saturated Si200H32 nanowire [48] (full square). The thin dashed line is a linear fit to the four 
experimental points, where we assume that a zero-diameter nanowire has zero thermal 
conductivity. 

 

3.1.3 Concentration dependence 

We calculated the effect of impurity concentration on thermal conductivity for 

56Si in the Si192 supercell at T=125K. The results (Fig. 7) show a steep reduction in κ 

for concentrations up to about 5at%. For higher concentrations the decrease is much 

slower. At these concentrations we are no longer looking at localized impurities but at 

an alloy. 

Other groups have calculated the concentration dependence for different 

materials.  The behavior we find is very comparable to that predicted for vacancy 

clusters in Si [25] and for 14C isotopes in 12C grapheme [63], as well as that measured 
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κ vs. Y concentration in Y-stabilized zirconia [64]. 

    
 
Figure 7.  The dependence of the thermal conductivity on the concentration of impurities 
calculated as a function of the concentration of 56Si in the Si192 supercell (left) and measured 

as a function of the Y concentration in Y-stabilized zirconia [64] (right). 

 
 
3.2 Impact of impurities on thermal conductivity 
 

3.2.1 Phonon density of states 

When impurities are present in a covalent material, new localized vibrational 

modes are introduced.  The stretch modes of impurities lighter than the host atoms 

produce local vibrational modes (LVMs) with frequencies above the optical phonon. 

Wag modes and impurities heavier than the host atoms produce modes with 

frequencies within the host crystal's phonon density of states (pDoS). These modes 

also exhibit some degree of localization. They are labeled pseudolocal vibrational 

modes (pLVMs).  

The degree of localization can be quantified using the eigenvectors of the 

dynamical matrix. In particular, the quantity L ∑ e e e 	 

where {α} is a set of atoms gives a quantitative value of the localization of mode s on 
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the set of atoms .  Note that if {α} represents the entire supercell, then the 

localization is just the dot product of the eigenvector es.  Since these vectors are 

orthonormal, we get ∙ 1.  Fig 8 shows the LVMs and pLVMs of modes 

related to 5 at% of 12C in the 192 atom Si supercell.  

While small concentrations add discrete LVMs or pLVMs to the pDoS, a few 

at% of substitutional impurities (X) replace many Si-Si bonds with Si-X bonds, which 

can greatly alter the host crystal's pDoS, especially in the optical region.  Fig. 8 shows 

the pDoS of isotopically pure 28Si192 supercell and that of the supercell containing 

5.2at% 12C, 56Fe, and 74Ge atoms. 

 

Figure 8.  Phonon density of states g(ω) obtained with a 50 q-point sampling and smoothing 
with narrow Gaussians with 28Si192 (top left), 28Si182

12C10  (top right), 28Si182
56Fe10  (bottom 

left), and 28Si182
74Ge10 (bottom right). Note that the most dramatic changes occur in the optical 

region, between 400 and ~500 cm-1. 
 

 In the harmonic approximation, the specific heat at constant volume is given 

by  C T 	 ωg ω n dω.  The significant changes in g(ω) caused by 
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impurities also affects the specific heat, as shown in Fig. 9. 

 
 
Figure 9.  Specific heat of the 28Si192 (solid black line), 28Si182

12C10  (dashed blue line), 
28Si182

56Fe10 (dotted red line), and 28Si182
74Ge10 (dotted-dashed purple line). The differences 

relative to Cv (
28Si192) are shown in the inset. 

 
The thermal conductivity is given by κ = ραCV where α is the thermal 

diffusivity and ρ is the density.  Therefore, a change in CV also affects κ. However, 

since Cv is the result of integration over the entire phonon density of states (not just 

the low-frequency modes most relevant for the κ at moderate temperatures), the 

dominant changes in CV are caused by the changes in the Si-X vs. Si-Si bond strength 

in the optical region. These high-energy phonons contribute very little to the thermal 

conductivity at the low temperatures considered here. As a result, the changes in CV 

are not proportional to the change in κ. We found no quantitative correlation between 

CV and the large changes in κ reported below. 
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3.2.2 Inventing Si isotopes 

 The most subtle impurity in a crystal is the presence of different isotopes of the 

host atom.  The crystal geometry, strain field and harmonic force constants k are all 

unchanged, but the eigenfrequencies vary approximately as ⁄ .  The small 

perturbation in mass m does affect the thermal conductivity.  This effect has been 

measured in bulk crystals for Si [26], Ge [27], and C [28]. The conventional 

explanation is that the change in κ is caused entirely by bulk phonons scattering off of 

the slightly heavier (or lighter) point particles. Further, it predicts qualitatively that as 

the difference between the masses of the host and impurity atoms increases the 

thermal conductivity decreases quadratically [11] as discussed in Sec. 1.3. 

 Experiments are limited by the small number of stable isotopes for each 

element available in nature.  Theory has an advantage here, since we can invent 

isotopes which do not exist in nature.  We have calculated κ as a function of the 

isotopic mass M within a 192 atom supercell consisting of 10 MSi atoms and 182 28Si 

atoms.  The results in Fig. 10 show that near the maximum (which occurs for the 

isotopically pure 28Si192 supercell) κ behaves approximately as expected. However, the 

decrease stops at M=56 and then κ starts to increase with the impurity masses.  This 

behavior cannot be explained by conventional theory. 
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Figure 10.  The calculated κ vs. M for the 28Si182
MSi10 supercell.  All calculations are for 5.2 at. 

% impurity atoms at T = 125K. 
 

The thermal conductivity of the isotopically pure 28Si192 supercell is 

2.12W/mK. The minimum, which occurs in the 28Si182
56Si10 supercell, is about 4.5 

times lower at 0.47W/mK. The well-defined shape of this dip suggests that a 

resonance of some sort is involved. We believe this resonance is connected to the 

localized normal modes of the impurities which are ignored by the scattering picture. 

 
 
3.2.3 Substitutional C, Ge, Fe, and vacancies 

 As mentioned above, introducing actual impurities at substitutional sites in the 

crystal affects the bond strengths in addition to introducing atoms with different 

masses. Therefore, the next step in these studies is to calculate the effect of 5.2at% of 

various vacancies, or isotopes of C, Fe, and Ge.  As expected, the calculated κ is 

always lower than that of the perfect 28Si192 supercell, but the reduction depends on the 
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isotope in a highly non-linear way.  

 In these calculations, the supercell consists of 182 28Si atoms and 10 

impurities, i.e. 28Si182
MX10 where X = C, Fe, or Ge and M is the isotopic mass.  We 

also considered the M=0 case, where the impurities are replaced 10 vacancies (28Si182 

supercell).  The results are shown in the Fig. 11 below along with the Si isotopes for 

comparison. 

 

Figure 11.  κ(T=125K) in the 192 atoms supercell with 5.2 at% impurities. The (black) dots 
are for 28Si182

MSi10 (see text); the (green) X for 10 vacancies in the supercell; the (blue) 
triangles for 28Si182

MC10 (note: the 11C does not exist); the (red) squares for 28Si182
MFe10 with  

M = 54, 55, 56, and 57; the (purple) crosses for  28Si182
MGe10 with M = 70, 72, 74, and 76. 

 

 The presence of 5.2at% of vacancies lowers κ by a factor of about 2.5 at 

T=125K.  Note that Raman studies [65] of ortho- and para-H2 molecules in the 

subsurface region of Si crystals exposed to a plasma provide support for our 



Texas Tech University, Michael Gibbons, May 2012 

30 
 

prediction. Indeed, plasma exposure is known to damage the surface as some Si atoms 

evaporate, thus generating vacancies. It was noted that the thermal conductivity of the 

surface substantially decreased following this treatment. As a result, the temperature at 

the small spot exposed to the laser beam rapidly increased. This does not happen on 

clean Si surfaces. As a result, these experiments became much more difficult as the 

laser had to be turned off after short periods of time and the spot on plasma-exposed 

surface changed. 

 Each of the elemental impurities we have tested so far shows a strong and non-

linear isotope effect on κ.  In the case of C, we find that 12C lowers κ more than 13C.  

However, the invented 11C isotope produces a much smaller change. Similarly, various 

isotopes of substitutional Fe cause a non-linear change in κ, with the minimum for 

55Fe. 

 The most important and interesting effect occurs for Ge, and this is also the 

most unexpected. Indeed, all the Ge isotopes are much heavier than Si, and isotope 

effects should be very small. But we find that they are not. The 72Ge and 74Ge isotopes 

affect κ substantially more than the 70Ge and 76Ge isotopes.  At T=125K, κ(28Si182 

74Ge10)=0.365W/mK is less than half both κ(28Si182 
70Ge10)=0.884W/mK and κ(28Si182 

76Ge10)=0.779W/mK. There are many samples of SixGe1-x with x=0.05, but few (if 

any) of them are isotopically pure. Thus, even though this prediction should be 

testable experimentally, isotopically-controlled samples will have to be grown and 

then κ measured as a function of T to see if the predicted isotope effect is real. 
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CHAPTER IV 

SUMMARY AND DISCUSSION 

4.1 Theory developments 

 A new first principles method for calculation of thermal conductivities has 

been developed. The method simulates the experimental laser-flash method and is now 

known as the (theoretical) laser-flash method. It allows the study of structures slightly 

away from thermal equilibrium with minimal temperature fluctuations.  Temperature 

differences as small as 5K (at 120K) can be monitored easily.  This can be done 

without using a thermostat or doing a time consuming thermalization step.  The final 

results are then averaged over many MD runs starting with different random initial 

mode phases and energies.  

 The method has been thoroughly tested.  The temperature dependence of κ has 

been calculated and compares qualitatively well with the temperature dependence of κ 

in bulk Si.  It also has the correct order of magnitude for small diameter 

nanostructures, and the temperature of the peak is shifted to higher temperature which 

is also found in Si nanowires.  The effect of the structure diameter has also been 

calculated which shows that increases in diameter correlate with increases in κ just as 

it does in nanowires. 

 The effects of impurity content on the phonon density of states and heat 

capacity have been calculated.  There are obvious changes in the pDoS especially 

whenever the supercell contains 5.2 at% of impurities.  These results lead to small 

changes in the specific heat.  However, there is no quantitative correlation between the 
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change in Cv and the change in κ. 

 This method allows the calculation of nanostructures which contain defects, an 

area which has never been studied in detail.  Using this method the effects of various 

impurities on the thermal conductivity of Si nanostructures has been calculated.  These 

impurities include the effect of mass difference between host and impurity atoms using 

invented isotopes of Si.  The effects of real isotopes of Fe, and Ge as well as C have 

been calculated.  The effect of vacancies has also been studied.  These calculations 

predict that the change in κ is affected by the isotopic mass of the impurity in a more 

complicated way than previously believed. 

 

4.2 Speculation 

 The presence of any of the impurities studied reduces κ as expected.  The 

reductions due to Fe and C isotopes are small, but the presence of 5.2 at% of Ge 

substantially reduces κ.  In order to isolate the effect of impurity mass on κ a 

systematic calculation using non-existent Si isotopes predicts a large isotope effect 

which is most dramatic at M=56 for MSi impurities.  Near the host mass of the 28Si 

atoms κ is lowered quadratically as has previously been predicted.  However, after 

M=56 thermal conductivity starts to increase which is unexpected.  The sharp dip in 

the function κ(M) at M=56 suggests a resonance effect.  This previously unseen 

isotope effect is also predicted in the cases of C, Ge, and Fe impurities. 

 Conventional theory models the defect as a small scattering center for bulk 

phonons [Peierls, Ziman].  A closer look at localized modes of the impurity atoms 
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shows that this model is incomplete.  In particular we have calculated the localization 

of impurity modes L2
{α} which was defined in a previous section. An important mode 

seems to be the breathing mode of the four nearest neighbors to the impurity. The 

localization of this mode strongly correlates with the percent change in κ vs. mass 

(Fig. 12). 

 

 
Figure 12.  Comparison of the localization L2

{SiNN} of the breathing mode of the nearest-
neighbors to the impurity in 28Si182

MSi10 supercell (solid black line, right-hand axis), and the 
change of thermal conductivity κ/κ = {κ(28Si192)-κ(28Si182 

MSi10)/κ(28Si192)} (dashed red line, 
left-hand axis). 
 

 Although this similarity is by no means rigorous proof that the correlation is 

one-to-one, the similarities are too large to be a lucky coincidence.  It is important to 

point out that these modes are not travelling waves but are stationary modes localized 

at the site of the impurity.  If such a phonon mode is occupied, then the energy is 

trapped at that position and is unable to move heat to a cooler region.  The more 

highly localized the mode the larger the possible energy that can be trapped at the 
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impurity. 

 It has been seen that the lifetimes of impurity related modes can vary 

significantly with the mass of the isotope involved [9, 10].  The longer the lifetimes of 

the localized mode the longer the energy will be trapped.  Therefore, the trapped 

energy will lag behind the bulk phonons and the thermal conductivity will depend on 

the isotopic mass.  This could explain the results which have been presented here.  If 

so then this will open up a new exciting area of investigation. 

 

4.3  A new look at the role of impurities 

In conclusion, impurities play a larger part in heat flow than previously 

expected.  The calculated changes in κ due to isotope effects along with the correlation 

of these effects with the localization of impurity modes suggests that impurities can 

“trap” phonons and lower κ. 

 The lifetimes of these modes seem to be particularly important.  If a 

localized mode couples easily with the bulk phonons then its lifetime will be very 

short and will have little effect on κ.  On the other hand, if the relaxation of a mode 

requires three or more phonons then its lifetime will be very long [66, 67] and can trap 

the heat for a relatively long time and thus lower κ.  The lifetimes of these modes is 

highly dependent on the mass of the impurity and could explain the mass dependent 

effects which we have predicted. 

All of this leads us into a new and exciting research topic which has never been 

studied.  The importance of impurities and their mass are only starting to be 

uncovered.  Their role in thermal processes in particular could lead to both a better 
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understanding of heat flow and a greater amount of control over the thermal properties 

of materials.  
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