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CHAPTER I 

INTRODUCTION 

A problem with which engineers are often faced is the 

determination of the state of a system (or, equivalently, 

determination of the information in a transmitted message) 

from a limited number of observations or measurements. This 

problem can prove challenging for any of several reasons. 

One common difficulty is that while the engineer needs to 

model the physical system or device accurately, the system 

is inherently subject to random disturbances. Another 

difficulty is that the measurements taken to establish the 

state of a system may contain noise arising directly from 

the means used for measurement. 

Definition of Terms 

The problem of the determination of the state of a 

system from noisy measurements is called estimation. That 

is, the state x(t) is to be found by using the collection 

of measurements y , where y = {y(s),se[0,T)}. There are 

three types of estimation depending on the values of t and 

T. If t<T, the estimation problem is called smoothing; if 

t=T, then it is called filtering; and if t>T, then the prob

lem is referred to as prediction. Smoothing is usually 

done after the observations have been made in order to im

prove the estimate, whereas filtering and prediction are 



performed as the measurements are being made. In the pre

sent work, filtering is the estimation problem of concern. 

The random disturbances to a physical system and the 

noise contributed by measuring devices can be modeled by 

a white Gaussian process where "white" denotes a process 

in which the power spectral density is constant for all 

frequencies. The white Gaussian process is a useful approxi

mation because the actual noise process has an almost con

stant spectral density over a frequency range much greater 

than the system bandwidth in most problems. The state of 

a dynamical system can then be described by a formal stoch

astic differential equation with additive white Guassian 

noise, such as 

^ = f[x(t,t) + g[x(t),t]w(t) (1.1) 

where w(t) is the white Guassian process. Also, the measure

ment process y(t) can be modeled by the sum of modulated 

version of the state and a white noise process which is 

given by 

y(t) = h[x(t) ,t] + v(t) (1.2) 

where v(t) is a white Guassian process. 

Often there are difficulties in obtaining an exact 

model of the dynamical system or the measuring process; 

that is, the exact form of equations such as (1.1) or (1.2) 



is not known. So an unknown parameter vector is included 

in these equations as a representation of the uncertain 

parts of the model. The variations, or possible values, 

of this parameter vector must be known in order to find 

an estimate of the state. This estimation problem, which 

is called adaptive estimation, is one of the problems 

addressed in this work. 

Another difficulty in estimating the state of a system 

is that there is a chance that particular sequences of 

observations may contain noise only. For example, in the 

tracking of a target trajectory using radar, it may be that 

the observed data for some period of time do not contain 

any information concerning the target due to the misalign

ment of the radar antenna. The equations commonly used 

to model this type of problem are linear versions of equa

tions (1.1) and (1.2), except that the term in (1.2) which 

contains the state x(t) is modulated by a discrete random 

process taking on values of 0 or 1. This estimation prob

lem will be referred to as state estimation with interrupted 

observations; it is the second topic dealt with in this 

thesis. 

Both of these estimation problems, adaptive estimation 

and state estimation with interrupted measurements have 

been considered previously by other investigators but what 

makes this work unique is that these problems are extended 



to include a representation of the noisy measurements as a 

rotational process. A rotational process is a transfor

mation of a given random process onto the unit circle. This 

means that we are assuming that the measurements are ob

tained from a special measuring device, in such a form that 

they can be described by a rotational process. Thus this 

rotational measurement system observes the state x(t) through 

a transformation which maps the usual measurement process, 

as given by (1.2), onto the unit circle. 

Review of Previous Work 

Lainiotis [1] found optimal adaptive structure and 

parameter estimators for continuous and discrete Gaussian 

process models with linear dynamics. He showed that the 

nonlinear adaptive estimators are made up of two parts, a 

linear part consisting of a bank of Kalman-Bucy filters 

and a nonlinear part that incorporates the adaptive nature 

of the estimator. The adaptive estimation problem to be 

solved in this work is similar in structure to Lainiotis' 

solution. 

The problem of adaptive estimation has been considered 

by others besides Lainiotis. A recent extension was done 

by Chang [2]; he studied the estimation of discrete systems 

in which the unknown parameter vector is assumed to vary 

over a finite number of values. Earlier, Magill [3] had 



investigated adaptive estimation of scalar sampled Gaussian 

processes when the unknown parameters are time invariant and 

can only take on values from a finite set. 

State estimation with interrupted observations has 

also been investigated for the case of non-rotational 

measurements. The present work extends previous results 

to include the case in which the measurement process is a 

rotational process. The approach that is taken is similar 

in structure to that of Sawaragi, Katayama, and Fujishige 

[4] . These authors derive the minimiim variance estimator 

for a linear continuous-time system with the interrupted 

observation mechanism represented by a jump Markov process 

having values of 0 or 1. They characterize this jump pro

cess by an unknown parameter vector, and then use Lainiotis' 

results to obtain the minimum variance estimator algorithm. 

In a short paper, Fujishige and Sawaragi [6] derive the 

minimum variance estimator for a linear dynamical system 

which is modulated by a multi-valued jump Markov process. 

Sawaragi, Katayama, and Fujishige [5] also derived an 

approximate nonlinear estimator for linear discrete-time 

systems with the interrupted observation mechanism which 

was characterized by an independent binary sequence with 

values of 0 or 1. Nahi [7] found an optimum linear esti

mator for a discrete-time linear system with uncertain 

observations. Dajani and Sage [8] developed algoritlims 



for a nonlinear discrete sequential estimator and the non

linear continuous estimator for a Gauss Markov process when 

there is uncertainty as to the presence of the process 

signal in the observations. The continuous estimator was 

obtained by letting the samples become dense in the dis

crete sequential estimator. 

As mentioned previously, in both of the estimation 

problems to be considered it will be assumed that the ob

servations obtained are represented by a rotational pro

cess. For example, they could be taken from a device such 

as an integrating gyro. Lo and Willsky [9]-[11] have studied 

estimation problems involving single-degree-of-freedom 

rotation for both continuous-time and discrete-time systems. 

In one paper, they derive the stochastic partial differential 

equations for the conditional probability density of the 

state given the rotational measurement process, and then 

they derive the optimal nonlinear estimator of the state 

[9]. Later they apply these results to practical problems 

such as frequency demodulation [11]. Some of their results 

will be used in the estimation problems to be solved in 

this work. 

Purpose and Scope of the Thesis 

The purpose of this thesis is to find optimal estimator 

algorithms for two different systems for the case in which 

rotational measurements have been obtained. The first system 



to be considered is the one which is described by differ

ential equations that include an unknown parameter vector, 

and the estimation of the state of this system is called 

adaptive estimation. The measurements, or observations, of 

the state of the second system may contain no information 

concerning the state at any instant of time, and this 

estimation problem is called state estimation with inter

rupted observations. Both of these estimation problems 

have been considered previously for the case of non-rotation

al measurements, so what makes this work worthwhile is the 

extension to include a rotational measurement process in 

both of these two systems. 

The second chapter provides some of the information 

necessary to solve these two estimation problems. Chapter 

II contains a detailed explanation of estimation, and the 

stochastic differential equations which will be used to 

model the measurement process and the system dynamics are 

developed. Also, a description of rotational processes 

is given in Chapter II. In Chapter III, the estimator 

algorithm which solves the adaptive estimation problem is 

stated as Theorem I, and then the rest of this chapter is 

devoted to the proof of Theorem I. In Chapter IV, the 

problem concerning state estimation with interrupted ob

servations is solved and the results are stated as Theorem 

II. This theorem is proved in detail in Chapter IV with 
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the use of Theorem I. The final chapter is a summary of 

this work and contains suggestions for further extensions. 



CHAPTER II 

PROBLEM DEFINITION 

In the following discussion, the problem of determin

ing an optimal estimate of the state x(t) is considered 

further, and it is shown that the mean of x(t) conditioned 

on the measurements is the optimal estimate. Then it is 

necessary to determine the stochastic differential equa

tions which are used as a model of the continuous dynamical 

system and the measurements of the state of that system. 

These equations are developed for a system in which the 

exact nature of the model is unknown. That is, these dif

ferential equations include unknown parameters which if 

known will completely specify the model. These equations 

are needed to solve the adaptive estimation problem. Then 

a special case of the unknown parameter model will be con

sidered. In this case, the state equation describing the 

dynamical system is known, but the equation which models 

the observation device has a term which is modulated by 

a jump Markov process due to an interrupted observation 

mechanism. These equations will be used to solve the second 

issue dealt with in this thesis, state estimation with 

interrupted measurements. In both of these cases, the 

state of the system and the measurements, or observations, 

are continuous in time; that is, the discrete-time case 

is not considered. Finally, the rotational measurement 
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process is explained in detail, and then differential 

equations describing the rotational measurement process 

are developed. Thus, this chapter provides all the infor

mation necessary to find the optimal estimators for the 

unknown parameter model and the interrupted measurement 

model. 

Optimal State Estimation 

The probabilistic, or Bayesian, approach to the esti

mation problem will be used in the determination of an optimal 

estimator. In this approach, the system is modeled by 

stochastic differential equations which are discussed in 

the following section. The conditional probability density 

of the state x(t) given the collection of observations z^ 

contains all the information necessary to solve the filtering 

problem using Bayesian estimation. 

There are various types of Bayesian estimators depend-

ing on which cost function, C(x), is used when minimizing 

the Bayes risk. The equation for the Bayes risk is 

B = E{C(x)} = // C(x)p(x,z'^)dxdz (2.1) 

where x is the estimation error, x = x - x, and x is the 

optimal estimate [12]. Therefore, the Bayes risk is the 

expected value of the cost of the error in estimation, and 

the optimal estimate is obtained by minimizing the Bayes 
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risk. Three of the cost functions most often used are 

shown in Figure 2.1. In many estimation problems, however, 

the optimal Bayes estimate is the same regardless of which 

cost function is used. The properties of the cost functions 

and the conditions on the a posteriori density function neces

sary in order for the estimates to be the same for a variety 

of cost functions are given in Jazwinski [13]. 

One of the Bayesian estimates is called the minimum-

variance-of-error, or minimum variance estimate. It is 

found by minimizing (2.1) using the squared-error function 

as the cost function, that is using 

C(x) = (x)^ = (X - i^)^. (2.2) 

By putting (2.2) into (2.1) and solving for the value of 

X which minimizes B the following result is obtained. 

LEMMA 2.1: Let C(x) be given by (2.2). Then the optimal 

estimate of x(t), in the sense of minimizing E{C(x)}, is 

the conditional mean 

5c(t|t) = E{x(t) \z^}, (2.3) 

where z^ = {z(T),xe[0,t) }. For the proof of this lemma 

see Sage and Melsa [12]. Thus, according to Lemma 2.1, 

the minimum variance estimate is the mean of x(t) conditioned 

upon the measurements. And since 

E{x(t)|z^} = /x(t)p(x(t)|z^)dx, (2.4) 
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^x 
(a) C(x) = 

C(X) 

(b) Cik) = X 

••X 

C(x) 
I . 

-e e 

(c) c(x)= {°;^^ 

X 

I X I <£ 
elsewhere 

Figure 2.1 Squared-error, absolute-value-of-error, 
and uniform cost functions. 

then the a posteriori density p(x(t)|z ) does give all 

the information necessary to solve for x(t|t) as mentioned 

previously. 

Another important quantity to evaluate when solving an 

estimation problem is the conditional error variance, which 

is defined by 

2, t P(t|t) = E{(x(t) - x(t|t))^|z''}. (2.5) 

This quantity is very important to know; it expresses just 

how good the estimate ic(t|t) is. 

A second Bayesian estimator is called the maximum a 

posteriori estimate, and it is the optimal estimate when 
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C(x) is the uniform cost function which is shown in figure 

2.1(c). As the name implies, this estimate is the value 

of X which maximizes the a posteriori density function 

p(x(t)|z ). Also, it can be obtained by maximizing the 

joint probability density p(x(t),z^) [12]. 

Thus, it is evident that the Bayesian approach is a 

probabilistic approach since probabilistic descriptions 

of the state, the observations, and the noise are necessary 

in order to find an optimal estimate. In what is called 

psuedo Bayesian estimation, these requirements are moved, 

and it is only necessary to know the first two moments of 

the state and the noise. This type of estimate is a linear 

optimal estimate because this estimator algoritlim is re

quired to be a linear function of the measurements. The 

psuedo Bayesian estimate is called a linear minimum vari

ance estimate. The linear minimum variance estimator will 

be the best linear estimator, but there may be a nonlinear 

estimator which gives a lower error variance. There are 

other statistical methods of estimation, such as the least 

squares estimate, which can be used when the probabilistic 

knowledge necessary for Bayesian estimation or the first 

two moments of the state and noise are not available. Com

paring all methods of estimation for a given problem, how

ever, shows that the Bayesian estimator will give the minimum 

value for error variance. So in the following chapters, the 
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problem of finding the optimal estimate of the state given 

the observations will be solved by computing the minimum 

variance estimate. 

The Dynamical System and Measurement Models 

As mentioned previously, a dynamical system can be 

represented by a stochastic differential equation. The 

general form of a nonlinear stochastic differential equa

tion is 

^ = f [x(t),w(t),t] (2.6) 

where x(t) is the state of the system, w(t) is a random 

forcing function, and f is a nonlinear real-valued func

tion [13]. The initial condition, x(t ), can be either a 

fixed constant or a random variable with a specified den

sity function, p(x(t )). In this work, a special case of 

(2.6) will be considered, in which w(t) is an additive 

white Gaussian forcing function. In this case, the non

linear stochastic differential equation is 

|§ = f[x(t),t] + g^/^[x(t),t]w(t) (2.7) 
at 

where g is a nonlinear real-valued scalar function, and the 

initial condition, x(t^) is a random variable which is in

dependent of the white noise process w(t). The white noise 

process is not mean square Riemann integrable, therefore 

the solution to (2.7) has no mathematical meaning. So we 

consider the fact that white Gaussian noise is the formal 
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derivative of a Brownian motion processes, and let u(t) be 

a Brownian motion process, such that w(t)~i^ [13]. Then 
at 

Eq. (2.7) is considered to be formally equivalent to 

dx(t) = f[x(t),t]dt + g-̂ /̂ [x(t) ,t]du(t) . (2.8) 

This equation has mathematical meaning because its integral 

t t , /, 
x(t) - xit^) = / f[x(T),T]dT + ^ g^/^[x(T) ,T]du(T) 

(2.9) 

is defined. The first integral of (2.9) is a mean square 

Riemann integral and the second is an Ito stochastic inte

gral. Thus (2.8) is an Ito stochastic differential equation, 

and it will be used to represent the stochastic dynamical 

system for the estimation of the state x(t). 

The continuous observations of a state are described 

by the following nonlinear stochastic differential equa

tion 

y(t) = h[x(t),t] + r^/^(t)w'(t) (2.10) 

where w'(t) is a white Gaussian process. Thus the measure

ment y(t) includes the state x(t), which is modulated by 

some real function h, and additive white noise. Letting 

y(t)^||- and w'(t)~^, then (2.10) is equivalent to the at at 

following Ito stochastic differential equation, 

dz(t) = h[x(t),t]dt + r-'-/̂ (t)dv(t) (2.11) 
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where v(t) is a Brownian motion process. Thus (2.11) is 

the stochastic differential equation which will be used to 

describe the measurement process. In the derivations 

found in later chapters, it will be assumed that both of 

the Brownian motion processes u(t) and v(t) will be zero 

mean and have unit variances. This can be assumed by let

ting the variances be included in the scalar functions 

g-'-'̂ (̂x(t) ,t) and r"̂'̂^ (t) of (2.8) and (2.11) respectively. 

In the following chapters, the main concern will be 

with linear systems which are special cases of (2.8) and 

(2.11). The linear differential equations for the dynamic 

system and measurement process are 

dx(t) = f(t)x(t)dt + g-'-/̂ (t)du(t) (2.12) 

dz(t) = h(t)x(t)dt + r-̂ /̂ (t)dv(t) . (2.13) 

It will be assumed that the initial state x(t^) is Gaussian 

distributed with known mean and variance, and the processes 

x(t ), u(t), and v(t) are mutually independent. 

The first estimation problem to be considered is the 

one in which the exact nature of the dynamical system and 

measurement equations is not known. But the equations 

describing the system can be specified up to a set of 

unknown parameters. These parameters, given by the vector 

6, are assumed to be time invariant and the a priori proba

bility distribution of the parameter vector P(0) is known 
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or assiomed to be known. This type of estimation is called 

adaptive estimation, and it might be considered to be both 

estimation and system identification [1]. The unknown 

parameter model is defined by the following stochastic dif

ferential equations 

dx(t) = f(t,0)x(t)dt + g^/^(t,0)du(t) (2.14) 

dz(t) = h(t,0)x(t)dt + r-̂ '̂ (̂t)dv(t) (2.15) 

where the Brownian motion processes u(t) and v(t) and the 

initial state x(t ) are the same as described previously. 

These equations are similar to those for the linear model 

given by (2.12) and (2.13), except that f, g, and h are 

scalar functions of the unknown parameter vector 0. It 

will be seen that the optimal adaptive estimate obtained 

in the next chapter is a nonlinear estimate. 

The next estimation problem to be solved is the esti

mation of the state of a system with interrupted measure

ments. Interrupted measurements are measurements, or obser

vations, which consist of noise only. This means that at 

any time there is uncertainty as to whether or not the 

measurements contain any information about the state x(t). 

The dynamic system for this problem is described by (2.12), 

but the measurement process is defined by the following 

differential equation 

dz(t) = Y(t)h(t)x(t)dt + r-̂ /̂ (t)dv(t) (2.16) 
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where y(t) is a jump Markov process which has values of 0 

or 1. The jump Markov process y(t) will be referred to as 

the jump process or the interruption process in later dis

cussions. The changing of Y(t) from 0 to 1 or from 1 to 0 

will be referred to as a "jump." Also, T is defined as 

the random time that the nth jump of the process Y(t) 

occurs. For example, in the time interval [0,t) there might 

be m jumps occurring at times (T,,T^, ..., T ) where 
•^ M III 

0<T-L<T2< '̂'̂m̂''̂  ̂ ^^ "̂  ^ 1,2,..., or there could be 

zero jumps during that time interval. In the solution of 

this estimation problem, the interruption process will be 

described in terms of the initial value Y(0) and the jump 

times (T,,T^,...T ) instead of the instantaneous values 1 z n 

of Y(t). Thus it can be seen that this is a special case 

of the adaptive estimation problem in which the unknown 

parameter vector 0 consists of the initial value of y{t) 

and the jump times, but this parameter is not time invariant. 

The results of the solution to the adaptive estimation prob

lem will be used to find the optimal estimate of the state 

when there are interrupted measurements. 

Both of these estimation problems, adaptive estimation 

and estimation with interrupted measurements, have been 

solved previously for the dynamic systems and observation 

processes described above. What makes this work unique is 

that these two estimation problems will be solved for the 

case of rotational measurements. 
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The Rotational Measurement Process 

The random process Z(t) is defined as a rotational 

process because the observations z(t) are mapped onto the 

unit circle by the transformation 

Z(t) = J[z(t)] (2.17) 

where 

J[z(t)] = 
cos z(t) sin z(t) 

-sin z(t) cos z(t) 
(2.18) 

By applying the Ito differential rule to Eq. (2.17) where 

z(t) satifies the Ito differential equation given by Eq. 

(2.11), dZ(t) is found to be 

dZ(t)= 
-1/2 r(t)dt 

-dz(t) 

dz(t) 

-1/2 r(t)dt 
Z(t) 

= [-1/2 r(t)Idt + Rdz(t)]Z(t) 

where R = 

(2.19) 

, I is the identity matrix, and Z(0) = I 

[9]. For the case of a linear measurement process z(t) as 

given by Eq. (2.13), the rotational measurement process 

Z(t) is described by the following differential equation 

dZ(t) = [-1/2 r(t)I + h(t)x(t)R]Z(t)dt + r 1/2 (t)RZ(t)dv(t) 

(2.20) 

In the estimation problems to be considered, it is assumed 

that the observations made are either Z(t) or dZ(t), and 

therefore either (2.19) or (2.20) will be the stochastic 
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differential equation which represents the observation 

dynamics. In the following chapters, it will be necessary 

to express z(t) and dz(t) in terms of Z(t) and dZ(t). This 

can be done by finding the inverse of the transformation 

given by (2.18). It can be shown that [9] 

j"^[Z(t)] = / [Z(T)'^dZ(T)]T^, (2.21) 

o -̂"̂  

where the subscript "12" denotes the elements in the first 

row and second column of the 2 x 2 matrix Z(t)'^dZ(t). 

From this result it is evident that 

dz(t) = [Z(t)^dZ(t)]j^2- (2.22) 

Therefore, if Z(t) is observed, then it can be differen

tiated to get dZ(t), and then either z(t) or dz(t) can be 

found using the inverse transformations given by Eq. (2.21) 

and Eq. (2.22). For a more detailed explanation of rota

tional processes the reader should refer to the paper by 

Lo and Willsky [9]. 

In Chapter III the optimal estimator for the system 

described by Eqs. (2.14) and (2.15) is derived when rota

tional measurements Z(t) are available. Then Chapter IV 

contains a derivation of the optimal estimator for a linear 

dynamic system with an interrupted measurement process 

described by (2.16) and the rotational measurement process 

Z(t). These estimation problems can now be solved with 
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the information that has been provided and by using several 

rules of probability theory. 



CHAPTER III 

OPTIMAL ADAPTIVE ESTIMATION 

In this chapter, the optimal adaptive estimator for 

x(t) will be determined using the dynamic system and measure

ment model which contains unknown parameters, as described 

in the previous chapter. The following theorem states the 

main results of this chapter, and then the proof of these 

results is given. 

Theorem I: Optimal Adaptive Estimator 

Let a dynamic system be given by (2.14) and the measure

ment model be given by (2.15) and Z(t) = J[z(t)]. Then the 

minimum variance estimate is 

2c(t|t) = /x(t|t,0)p(0|z^)d0 (3.1) 

where x(t|t) and 5̂ (t|t,0) are defined by î (t|t) = E{x(t)|z^} 

and x(t|t,0) = E{x(t)|z^,0}. The a posteriori probability 

density of the parameter 0 given the measurements is 

p(e|z^ = exp[Mt,0)]p(0) (3.2) 
/exp[i|;(t,0)]p(0)d0 

where t , 2 - 1 
^(t,0) = -1/2 / [h(T,0)x(T|T,0)]^r •'(T)dT 

o 
^ - 1 / V r„ / xT + f ic(T|T,0)h(T,0)r"-'(T) [Z(T)MZ]3_2 
o 

The conditional error-variance is given by 

P(t|t)= /{P(t|t,0) + [x(t|t,0) - i^(t|t)]^}p(0|z^)d0 

(3.3) 

22 
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where P(t|t) and P(t|t,0) are defined by P(t|t) = E{[x(t)-

î (t|t) ]̂ |Ẑ } and P(t|t,0) = E{[x(t) - 5̂  (t 11,0) ] ̂  I Z^,0}. 

PROOF OF THEOREM I 

As stated in the previous chapter, the minimum variance 

estimate for x(t) is given by the conditional expectation, 

î (t|t) = E{x(t) IZ^} (3.4) 

where Z is the observation record, Z = {Z(T),Te[0,t)}. 

Since x(t) also depends on the unknown parameter vector 

0, the following lemma is needed. 

LEMMA 3.1: Let u and y be jointly distributed random var

iables, then 

E{u} = E{E{u|y}}. 

For proof of this lemma see Jazwinski [13]. By applying 

this lemma to (3.4), where u corresponds to x(t) and y 

corresponds to the parameter 0, then x(t|t) is 

x(t|t) = E{E{x(t)|0,Z^}|Z^}., (3.5) 

Using the definition for conditional expectation, x(t|t) 

can be written as 

î (t|t) = /ic(t|t,0)p(0|z^)d0 (3.6) 

where , +. 
5̂ (t|t,0) = E{x(t) |Z^,0}. 
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Thus the first equation of Theorem I is proved, and 

the next step is to prove that p(0|z ) is given by (3.2). 

But to prove this, the equivalent form of Bucy's represen

tation theorem ([13], p- 176) for a dynamic system with a 

rotational measurement model must be found. So a modifi

cation of Bucy's theorem for a process with rotational 

measurements will be stated as a lemma, and then proved 

heuristically using Bucy's representation theorem as given 

in Jazwinski [13]. 

LEMMA 3.2: Let the following stochastic differential equa

tions 

dx(t) = f[x(t),t]dt + g-̂ /̂ [x(t) ,t]du(t) (3.7) 

dz(t) = h[x(t),t]dt + r-̂ /̂ (t)dv(t) , (3.8) 

satisfy the requirements of Lemma 6.2 in Jazwinski,where 

u(t) and v(t) are as defined previously and Z(t) = J[z(t)]. 

Then 

p(x(t) |Z^ = E^{exp^(t)|x(t)}p(x(t)) (3 9j 
Ê {exp'4;(t) } 

where i|̂  (t) = -1/2/ [h(x(T) , T) ] ̂ r""̂  (T) dt 
o 

+ -f h(x(T) ,T)r~-'-(T) [Z(T)'̂ dZ]̂ 2- "̂ ^̂  notation -f 
o 

denotes an Ito integral, and the expectation E{'} is an 

expectation over the process (x(T),xe[0,t)} with the 

measurements Z fixed. 
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PROOF OF LEMMA 3.2: Applying Bucy's representation theory 

(Lemma 6.2 in Jazwinski) directly to (3.8) gives the con

ditional density function 

p(x(t)|z^) = E^(exp4^(t)|x(t)}p(x(t)) ^3^^Qj 
Ê {expi|j(t) } 

t ^ , t 
where i|;(t)=-l/2 / [h (x (x) , x) ] ̂ r"^ (x) dx+^^h(x (x) , x) r""̂  (x)dz (x) 

t ^ t 

and z are the observations, z = {z(x),xe[0,t)}. As men

tioned previously, Z(t) is related to z(t) by Z(t) = J[z(t)], 

and also z(t) can be found if Z(t) is known by the inverse 

relationship 
z(t) = j"^[Z(t)J = / [Z(x)'̂ dZ(x)]̂ 2- (3.11) 

o 

Therefore, the information contained in the observations 

Z is the same as that contained in z . Thus E {•}, which 

is the expectation over x with z fixed, can equivalently 

be interpretted as the expectation over x with Z fixed. 

Also, the relationship 

dz(t) = [Z(t)'̂ dZ(t)] ĵ2 (3.12) 

can be substituted into the equation for ii it) to get 

^ 2-1 
i|̂(t) = -1/2/ [h(x(x),x)]^r '•(x)dx 

t o 
+ -f h(x(x) ,x)r"^(x) [Z(x)'̂ dZ]̂ 2- (3.13) 

o 

Thus, Lemma 3.2 is proved since p(x(t)|z ) = p(x(t)|z ) 

and i|j(t) is given by (3.13). A more rigorous proof of the 

lemma is found in the paper by Lo and Willsky [9]. 
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Now Lemma 3.2 can be used to derive an expression 

for p(0|z ) after using Bayes' rule to obtain 

p(0|Z^) = ?(^(t),Q\z'') ^3^^^^ 
p(x(t) |Z^,0) 

where x(t) is the state of the system described by (2.14) 

and the measurements, or observations, are modeled by (2.15) 

To determine an expression for the numerator of (3.14), let 

x^(t) = (x(t),0), h^(x^(t),t) = h(t,0)x(t), and p(x^(t)) = 

p(x(t),0). Also, notice that p(x^(t)) = p(x(t))p(0) since 

x(t) and 0 are independent random processes. Thus, using 

(3.9) the following expression for the numerator of (3.14) 

is obtained, 

, / X 1̂ t. , t Ê êxpif; (t) |x (t)}p(x^(t)) 
p(x(t),0|z^) = p(x (t)|z^) = —5^ 5 5 

E^{expi|;^(t)} 

E^{expi|;^(t) |x(t) , 0}p (x (t) ) p (0) 
= IT- (3.15) 

E''{expi|;̂ (t) } a 

^ 2 1 
4;^(t)=-l/2/ [h(x,0)x(x)]"^r"-^(x)dx + 

o 

•f h(x,0)x(x)r"-^(x) [Z(x)'^dZ],,. (3.16) 
o -̂^ 

Now apply Lemma 3.2 to the denominator of (3.14), and the 

result is 

E^{expip (t) |x(t) ,0}p(x(t)) 
p(x(t) |Z'',0) = :^ (3.17) 

E {expiĵ  (t) |0} 
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Substituting (3.15) and (3.17) into (3.14) gives the follow

ing result for p(0|z^), 

. Ê {expi|;̂ (t) |0}p(0) 
P(0|z'') = r — (3.18) 

E''{expi|;̂ (t) } a 

where iĴ (̂t) is given by (3.16). The denominator of the pre

vious equation can be modified using Lemma 3.1 to be the 

expectation of the conditional expectation, Ê {expi|; (t) |0}. 
a 

Therefore, the equation for p(0|z ) can be written as 

. Ê {expi|;̂ (t) |0}p(0) 
P(0|Z'') = — r (3.19) 

/Ê {expi|̂ (̂t) |0}p(0)d0 

This equation can be simplified by using a result obtained 

by Lainiotis [1]. He took Duncan's work [15] and applied 

it to a process with a measurement model such as (2.15), 

and he obtained results similar to 

E^{exp[-l/2/ [h(x,0)x(x)]^r"^(x)dx + -f x(x) h(x, 0) r"^ (x) dz] | 0} 
o o 

= exp{-l/2/ [h(x,0)5^(x|x,0)]^r"^(x)dx 
o 

t _T 
+ -f x(x|x,0)h(x,0)r •^(x)dz} (3.20) 

o 

except that he considered the vector case. And so by modi

fying Lainiotis' result for the case of rotational measure-
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ments, the following is obtained, 

t , t 9 1 

E {expi|;̂ (t) |0} = exp{-l/2/ [h(x, 0) 5̂ (x | x, 0) ] ̂ r""̂  (x)dx 
o 

+ -f 5^(x|x,0)h(x,0)r"^(x) [Z(x)'^dZ],^}. 

(3.21) 

Finally, the substitution of (3.21) into (3.19) yields the 

desired result for p(0|z ) as given by (3.2). 

For the proof of (3.3), see Lainiotis' proof [1] since 

the derivation of the conditional error-variance, P(t|t), 

will be very similar to the vector case which he considers. 

This completes the proof of Theorem I. 

Discussion of Theorem X 

In order to use Theorem I to find the optimal estimate 

i^(t|t), it is necessary to determine the conditional estimate 

i^(t|t,0). For a system where the observation process {z(t)} 

is not a rotational process, x(t|t,0) is obtained from the 

usual Kalman-Bucy filter algoritlims since the parameter 

value 0 is specified as conditioning. In order to deter

mine x(t|t,0) when the observations are given by the ro

tational process {Z(t)}, then the Kalman-Bucy filter algor

ithm must be altered. The equations necessary to find the 

optimal estimate of a process {x(t)} are given by the 

following lemma. 
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LEMMA 3.3: Let the signal process {x(t)} be given by 

dx(t) = f(t)x(t)dt + g-^/^(t)du(t) , (3.22) 

and the observation process be given by 

dZ(t) = [-1/2 r(t)I + h(t)x(t)R]Z(t)dt 

+ r-^/^(t)RZ(t)dv(t) . (3.23) 

Then the optimal filtering equations are 

dx(t|t) = f(t)x(t|t)dt + P(t)h(t)r"^(t) {[Z(t)'^dZ(t)]^2 

- h(t)x(t|t)dt} (3.24) 

where 

P(t) = 2f(t)P(t) - h^(t)r~^(t)P^(t) + g(t) (3.25) 

and x(0|0) = 0. 

For proof of this lemma see Lo and Willsky [9] . By using 

Lemma 3.3, the estimate x(t|,0) can be found with the para

meter 0 given. 

Also, it should be noted that the a posteriori proba

bility density p(0|z ) defined by (3.2) is the ratio of 

two likelihood ratios [14]. The exponential term in the 

numerator of (3.2), and also given by (3.21), is the con

ditional likelihood ratio, L(t|0), of the detection problem 

given by 
H^: dz(t) = h(t,0)x(t)dt + dv(t) 

H : dz(t) + dv(t) . o 

(3.26) 
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The denominator of Eq. (3.2) is the likelihood ratio, L(t), 

of the detection problem given by 

H^: dz(t) = h(t)x(t)dt + dv(t) 

(3.27) 
HQ: dz(t) = dv(t). 

Therefore p(0|z ) can be expressed in terms of these 

likelihood ratios as 

p(0|zt) = l'it\Q)p{Q) 

/L(t|0)p(0)d0 

^ L(t|0)p(0) 

L(t) (3.28) 

where L(t) = /L(t|0)p(0)d0. This result will be used in 

the next chapter to find the a posteriori probability of 

the jump process when there are interrupted observations. 



CHAPTER IV 

OPTIMAL ESTIMATION WITH INTERRUPTED OBSERVATIONS 

This chapter deals with the estimation of the state, 

or signal, x(t) when there are interrupted measurements, 

and these measurements are represented by a rotational pro

cesses. The model of this system is given by these stoch

astic differential equations. 

dx(t) = f (t)x(t)dt + g-'-/̂ (t)du(t) (4.1) 

dz(t) = Y(t)h(t)x(t)dt + r-̂ /̂ (t)dv(t) (4.2) 

where Z(t) = J[z(t)]. As in the previous chapter, the 

minimum variance estimate for x(t) is found, and then the 

results of Chapter III are used to find the a posteriori 

probability distrubutions for the interruption process. 

First, the theorem stating the main results will be given, 

and then it will be proved in detail. 

Theorem II: Optimal State Estimator with Interrupted Measure

ments. 

Let a system be represented by (4.1) and (4.2) then the 

minimum variance estimate is 

1 . t . t 
x(t|t) = I [X. (t|t)P(x >^t|Y(0)=i,Z^)P(Y(0)=i|Z^) 

i=0 ^° 
°° t t t , r\ -n t 

* I n •••/t ^in(t|t)P(T^^l>tlT"=t",Y(0)=i,2t) n=l o t, n-1 

31 
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• p(T'^|Y(0)=i,Z^)P(Y(0)=i|z^)dx^...dx^] (4.3) 

where ^^^^(tlt) and î ^̂ (t|t) are defined by 

^io(t|t) = E{x(t) |Y(0)=i,x^>^t,Z^} (4.4) 

^in^^l^^ = E{x(t) |Y(0)=î x̂ _̂ ^̂ t,x'̂ =t'̂ , Z^}. (4.5) 

The notation t^ denotes (t^,t2, ..., t ) and Z^ is the 

observation record, {Z(x),x£[0,t)}. The a posteriori^ prob

ability distributions of the interruption process are 

P(x^>_t|Y(0)=i,Z^)P(Y(0)=i|z^) = 

(4.6) 

L(t|Y(0)=i)P(x^>^t|Y(0)=i)P(Y(0)=i) 

" Lit) 

P(x^^^^t|Y(0)=i,x^=t^,Z^)p(x^|Y(0)=i,Z^)P(Y(0)=i|z^) 

L(t|Y(0)=i,x^)P(x^^^^t|Y(0)=i,x^=t^)p(x^|Y(0)=i)P(Y(0)=i) 

(4.7) 

where L(t|Y(0)=i), L(t|Y(0)=i,x^), and L(t) are defined 

by 

L(t|Y(0)=i) = exp{-l/2/ i[h(x)x^^(x|x)]^r"^(x)dx 

+ fiSt. (x|x)h(x)r"^(x) [Z(x)'^dZ(x)],^}, 
J in ' iz 

^ (4-8) 
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t 
L(t|Y(0)=i,x^) = exp{-l/2/ Yi„(T) [h(x)l̂ . (x | x) ] ̂ r"^ (x) dx 

t 

o •'• 

(4.9) 
1 

L(t) = I [L(t|Y(0)=i)P(x,>t|Y(0)=i)P(Y(0)=i) 
i=0 ^~ 

<» t t t 
+ I L / •••/ L(t|Y(0)=i,x'')P(x^.,>t|Y(0)=i,x'') 
n=l ° t, t , "̂̂ -̂ -

^ ^"^ (4.10) 

• p(x^|Y(0)=i)P(Y(0)=i)dx^ ...dx-^]. 

where YĴ Ĵ (T̂ ) corresponds to the Y(T^) with Y(0) = i and jump 

times (X,,...,x ) 

PROOF OF THEOREM II 

As given by Lemma 2.1, the minimum variance estimate 

of x(t) is given by the conditional expectation of x(t) 

given the observations. 

x(t|t) = E{x(t)Iz^} 

= /x(t)p(x(t) |Z^)dx. (4.11) 

In order to find p(x(t)|z ), it is necessary to define a 

discrete random process {Â }̂ which describes the interrup

tion process. The process (A, } is the joint occurrence of 

two processes, {B, } and {C, }. That is, {A^} = (B̂ ,Cĵ } 
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where B, represents the event that exactly k jumps occurred 

in the interval [0,t) and C, represents the times of the k 

jumps, ('T̂ TfT2/ ...,x,). The other parameter describing 

the jump process is Y(0) which has the values 0 or 1. 

Since x(t) is jointly distributed with A, and Y(0 ) , the 

following lemma is necessary to solve p(x(t)|z ). 

LEMMA 4.1: Let x and y be jointly distributed random vari

ables. Then 

p(x) = E{p(x|y)} = /p(x|y)p(y)dy. (4.12) 

For proof of this lemma see Jazwinski [13]. By applying 

this lemma to the conditional density p(x(t)|z ), it be

comes 

p(x(t)|z^) = E{p(x(t) |Y(0) ,Aĵ ,Ẑ ) |Z^} 

1 oo 

= I I p(x(t) |Y(0)=i,A .z"") 
i=0 n=0 

• P(Y(0)=i,A^|Z^) . (4.13) 

Now define [B, } and {C, } in terms of the jump times 

(x^,X2, . . . fTĵ ) to be 

^\^ = ^^k+l^^> ^''^'^ 

{C^} = {x^edt^,X2£dt2,.../Tj^edt^} (4.15) 

where the notation (Tĵ edt̂ ) is the same as (t]̂ _i<'̂ klt]̂ _l+dt̂ ) 

which is illustrated in Figure 4.1. Notice that Ĉ ^ is not 
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defined for k = 0, which corresponds to zero jumps in the 

interval [0,t). Thus the n=0 term must be brought out of 

the summation in (4.13), and then p(x(t)|z^) becomes 

. 1 
p(x(t)|z ) = I [p(x(t) |Y(0)=i,B,,Z^)P(Y(0)=i,Bjz^) 

00 

+ I P(x(t) |Y(0)=i,B^,C„,Z^)P(Y(0)=i,B ,C | Ẑ ) 
n=l n n n n 

Y(t)l 

Y(0) 

0 

H- -•t* H 
dt, dt. 

'k-1 
N— -H 
dt. 

Vl ^ 

Figure 4.1 Realization of Y(t) when Y(0) = 1. 
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= I [p(x(t) |Y(0)=i,x,>t,Z^)P(Y(0)=i,x,>t|z^) 
i=0 ^ ^~ 

00 

+ I p(x(t) |Y(0)=i,x .,>t,x'̂ =t'̂ ,Ẑ ) 
n=l ^^^ 

P(Y(0)=i,x^_^^>^t,x^£dt^|z^)] . (4.16) 

Substituting the previous equation into (4.11) and re

arranging yields the following expression for x(t|t), 

1 ^ 
x(t|t) = I [x.^(t|t)P(Y(0)=i,x,^t|z'') 

i=0 ^^ ^ 

oo 
n n^n I „t. + I X. (t|t)P(Y(0)=i,x^^^>t,x"edt"|z^)] (4.17) 

n=l 

where x. (tit) and x. (tit) are defined by (4.4) and (4.5) 
lo m 

respectively. Next, use the following equation, 

X 
> 

X 
P(x^£x£x2) = / •'•p(x)dx, (4.18) 

"2 

and Bayes' rule, which states that P(x,y) = P(x|y)P(y) and 

P(x,y,z) = P(x|y,z)P(y|z)P(z), to modify the probability 

distribution functions in (4.17). The result is 

P(Y(0)=i,x^>t|Z^) = P(x^>t|Y(0)=i,Z^)P(Y(0)=i|z^) 
(4.19) 

and 

P(Y(0)=i,x^^^^t,x''£dt''|z^) = 

= /^/^ .../^ P(x^^3_>t|x^=t^,Y(0)=i,Z^) 

° ̂ 1 Vl 
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• p(x^|Y(0)=i,Z^)P(Y(0)=i|z^)dx^...dx^. (4.20) 

The final form for î (t|t) is obtained by sutstibuting (4.19) 

and (4.20) into (4.17). This completes the proof of the 

first equation of Theorem II, and now it must be shown 

that the a posteriori probability distributions of the 

jump process are given by (4.6) and (4.7). 

The following definitions are necessary to order to 

continue with the proof. Assume that there exists a proba

bility space (^,3/P)/ where î  is an abstract set consisting 

of the elementary events w, 3 is a a-field of subsets of Q, 

and P is a probability measure defined on 3. The number 

of jumps which occur in the interval [0,t) is defined as 

n^M = sup{n|x^(a))e[0,t) }, (4.21) 

and the measurable subset of ^ is defined as 

B^ = {a)|n̂ (a))£N} (4.22) 

where N is a positive integer [4]. This means that if 

(DsB̂ , then there is a maximum of N jumps in the interval 
N 

[0,t). Thus the jump process can be described by an N+1-

dimensional parameter vector 0. This vector consists of 

N jump times and the initial value of the jump process 

Y(t,a)). Now define the subsets of B^ as 
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BQ = {aj|Y(0,aj)=i,x̂ (a))>̂ t} (4.23) 

B^ = •Ca)|Y(0,a3)=i,x^(aj)=t^,...,x^(aj)=t^,x^_^^(w)>t} 

(4.24) 

where 0<t^<t2<...<t^<t and n = 1,2,...,N. Now define the 

random vector 0, where 0 = (0^,0^,...,0^), by the follow

ing 

0(a)) = (i,x ,x , ... ,x*), if OJEBQ, 

0(w) = (i,t^, ... ,t^,x , ...,x ), if weB^, 

QM = (0,0, ... ,0), if (joeĴ -B̂ ,, 

N 
(4.25) 

* 

where x is a fixed real value in the interval [t,"). 

Therefore, for weB , the jump process is completely speci

fied by the parameter vector 0. 

The next step necessary to derive (4.6) and (4.7) is 

to find an expression for p(0|B ,Z ) which is the a poster

iori probability density of 0 given that a maximum of N 

jumps occurred and given the measurements Z . Now the 

results of Chapter III, especially (3.2) and (3.28), can 

be used to find p(0|B^,Z ). For the observation process 

defined by (2.16) and h(x,0) = Y(T,0)h(x) where Y(T,0) is 

the Y(T) which corresponds to a particular 0. Substitut

ing this into Eq. (3.28) and adding the conditioning on 

B gives the following expression 
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L(t|0)p(0|B^) 
p(0|B^,Z^) = ; --^ (4.26) 

/L(t|0)p(0|B^)d0 

t 
where L(t|0) = exp{-l/2 / Y (T, 0) [h(x) x (x | x,0) ] "̂ r""̂  (x) dx 

t o 
+ / Y(T,0)5^(x|x,0)h(x)r"^(x) [Z(x)'^dZ(x)],,}. 

o ^^ 

The likelihood function L(t|0) is defined for each fixed 

0, and the values of Y('^/0) and x(x|x,0) are determined by 

the jump parameter 0 up to time x. Now the expressions for 

P(0|B ) and p(0|B ,Z ) will be found and substituted into 

(4.26) so that the following probability distributions can 

be found, P (x̂ >_t | Y (0)=i, Z^,B^)P (Y (0)=i | Z^,B^) and 

P(Xj^^^^t|x''=t'',Y(0)=i,Z^,B^)p(x^|Y(0)=i,Z^,B^)P(Y(0)=i|Z^, 

So to determine p(0|B.,), consider 
N' ' ,t 

p(0|B^) = p(0Q,03_, ... ,%\^^) (4.27) 

and use Bayes' rule to get 

p(0|B^) = p(0-L,02, ... 'QNI4'®O^P^®OI^N^* ^^-28) 

The parameter 0Q, which is the initial value Y(0), is a 

discrete random variable with two possible values, 0 and 1, 

and therefore it is known that 

p(0o) = I P(0Q=i)6(0Q-i). (4.29) 

Using this information in (4.28) gives 
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P(Q|B^) = .1 P(0i ©NI^N'®O=^^^^®O=^I^N^^^®O-^^' 

(4.30) 

Next define D. = {T._j_̂ >_t} for j = 0,l, ... ,N as the 

event that the time of the j+1 jump is outside of the in

terval [0,t). It is evident that the events D. for j=0,l, 

... ,N are disjoint, and that the parameter 0 is jointly 

distributed with D., that is, the value of 0 depends on D.. 

Thus, the conditional density p(0i, ... ,0-J|B ,0^=i) is 

found to be 

P(01 ®NI^N'®0=^^ = I P(0r ••• '®Nl^N'®0=^'°n^ 
n=0 

.p(D^|B^,0Q=i), (4.31) 

and separating the first and last term from the summation 

gives 

n=l 

+ p(Qi 0NI4'®O=^'V^^°NI^N'®O=^^-

Now this equation can be simplified by considering each of 

the three terms separately. In the first term, where it is 

given that the first jump occurs after time t, then 

(0 ,...,0ĵ ) which is equivalent to (x^,...,x^) will have 

the value (x*,...,x*), where x* has been defined previously. 

So the first term can be written as 
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P̂ ®1 ^l^'V^'^O^P^^ol^N'V^^ 

= 6(0^-x*)...6(0^-x*)P(x^>t|B^,0Q=i) 

= 6(x^-x )...6(T^-x*)P(x^^t|B^,Y(0)=i). 

(4.33) 
Next, Bayes' rule can be applied to the middle term of (4.32) 

to obtain 

Given that the n+1 jump occurs after time t, then (0 ,,..., 

B^) which is equivalent to (fn+i'• • • »Tjj) will have the value 

<̂ * *̂'' ̂""̂  =° P(®n+l'---'9Nl4'Vi'V = «(9n+l-̂ *'--- II 
* :j 

o(0ĵ -x ). Thus the middle term becomes ,' 

P<®1 SNl4'Vi'°n>P<°nl4'Vi' 1 
;» 

= P<̂ 1 9nl4'Vi'°n'®n+l=^* V^*' ' 
II 

• *<Vl-^*'---*<V^*'^<°nl4'^0=i'- C-̂ S) ' 
4 

The probability density function in the above equation is 

conditioned upon D and (0 .1='̂  , .. ., 0 =x ), but they are 

equivalent, so the conditioning on (©̂ +1"'̂  '•••'®N~'^ ̂  

can be removed since it is redundant. By doing that and 

replacing the 0's by x's then (4.35) becomes 

Pf^l 9jj|B^,eO=i,D^)P(D^|B^,0o=i) 

= P(Ti ^nl4'^<°'=^'''n+li^'P'^n+litl4'Y<°'=i' 
•6(Tĵ ĵ̂ -T*) ...6(Tjj-T*) . (4.36) 
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Now Bayes' mixed probability rule can be applied to (4.36) 

to get the final form for the second term of (4.32) which 

IS 

P̂ l̂ SNl4'V^'VP<°nl4'°0=i' 

= P(T^^^>tlB^,Y(0)=i,T^=t^ T„=t^) (4-") 

t It it 

• p(x^, . . . ,x̂ |B̂ ,Y(0)=i)6(x̂ _j_̂ -x )...6(x^-x ). 

In the third term of (4.32), it is obvious from the defi
nition of B-, that P (D._|B--,0-.=i) = 1 since D.. and B.. give 

N N' N 0 N N ̂  

equivalent information. Also, the conditioning on D in 

the probability density function is redundant, and so the 

last term of (4.32) is 

p(0^,...,0^|B^,0Q=i,Dj^)P(D^|B^,0Q=i) = p(0^,...,0j^|B^,0Q=i) 

= p(x^,...,x^|B^,Y(0)=i). (4.38) 

Now P(0|B^) can be obtained by substituting (4.33), (4.37) 
^ ' N 

and (4.38) into (4.32), and then putting that result back 

into (4.30). The result is 

p(0|Bb = I P(Y(0)=i|B^)6(Y(0)-i){P(x^>t|B^,Y(0)=i) 
i=0 

* * ^"1 t 
. 6(x -X )...6(x^-x )+ I P(Tn+ilt|B^,Y(0) 

n=l 

. p(x^|B^,Y(0)=i) 
• <5(T^+i-T*)...6(T^-T*)+p(T^|B^,Y(0)=i)} (4.39) 

where x^ = (x^,X2,...,T^). Now the conditional density 

function p(0|B^,Z^) can easily be found by adding the con

ditioning upon Z^ to the distribution functions in (4.39). 

n ,n. =i,x =t ) 



And so the new expression for p(0|B^,Z ) is 

1 
I 
i=0 
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t „t, 

p(0|B^,Z^) = J^P(Y(0)=i|B^,Z^)6(Y(0)-i) 

(4.40) 

• {P(T^>^t|B^,Z^,Y(0)=i)5(x^-x*)...6(x -X*) 
N 

N-1 
•" ^ P^-^n+li^l^N'^ '̂ °̂̂ =i''̂ ''=t'')P('̂ ''|BM'Ẑ 'Y(0)=i) 

n=l '^ 

' ^(^n+l"''*^--*^^'^N"'^*^"^P^'^^I^N'^^'^^^^=^^^-

The next step is to substitute the two previous equations 

into (4.26) and then solve for the desired probability dis

tributions as mentioned before. The results of doing 

that are 

p(x^^t|B^,Z^,Y(0)=i)P(Y(0)=i|B^,Z^) 

L(t|0(a)£B^))P(x^^t|Y(O)=i,B^)P(Y(O)=i|B^) 

^N(^) 
(4.41) 

and 
P(T^^3_it|B^,Z^,Y(0)=i,x''=t'')p(x''|B^,Z^,Y(0)=i) 

. P(Y(0)=i|B^,Z^) 

L(t|0(a)£B^)) ^ . n n 
: _ _ i L _ . (p(.^^^>t|B^,Y(0)=i,x-=t-) 

. p(x''|B^,Y(0)=i)P(Y(0)=i|B^)} (4.42) 
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where L^(t) = /L(t|0)p(0|B^)d0 
N' 

1 

- J^[L(t|0(a)£B^))P(x^>t|B^,Y(O)=i)P(Y(O)=i|B^) 

N t t t 
+ I I ! .. ./ L(t|0(aj£B^)) 
n=l o t̂  t , ^ 

•̂  ^ " l ( 4 . 4 3 ) 

• ̂ (^n+l^^l4'^(0^=i'^''=t^)P(Y(0)=i|B^)dx^...dx^]. 

Also, L(t|0(a)£B^)) and L (t | 0 (a)£B̂ ) ) are defined as 

L(t|0(a)£B^)) = L(t|Y(0)=i) 

L(t|0(a)£B^)) = L(t|Y(0)=i,x'') 

which are given by (4.8) and (4.9). To complete this proof, 

the following lemma is needed. 

LEMMA 4.2: If n=l,2, ...,N and 0<x,<x^<...<x <t, then 
1 2 n ^^i^it 

„, 1 t . . t P(T^T>t|Y(0)=i)P(Y(0)=i) 
P(T2^t|B^,Y(0)=i)P(Y(0)=i|B^) = i=- 1 

^^^N^ (4.44) 

and 

^^''n+l-^l4'^^°^=^'^''=^'')P^''''l4'^^°^=^^P^^(0^=i|SM) 

n+1-P(T„.i>t|Y(0)=i,x^=t^)p(x^|Y(0)=i).P(Y(0)=i) 

^^^N) * (4.45) 

For proof of this lemma see Sawaragi, et al [4]. The re

sults of this lemma can be substituted into (4.41), (4.42), 
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and the equation for L„(t), so that following results are 
N 

obtained, 

P(x^>_t|B^,Z^,Y(0)=i)P(Y(0)=i|B^,Z^ 

L(t|Y(0)=i)P(xT>t|Y(0)=i)P(Y(0)=i) 
= ± (4.46) 

P(T^_^^^t|B^,Z^,Y(0)=i,x'^=t^)p(x'^|B^,Y(0)=i,Z^P(Y(0)=i|B^,Z^) 

L(t|Y(0)=i,x^) P(x^_^^^t|Y(0)=i,x^=t^) p( x^ | Y (0) =i) P( Y (0) =i) 

^N^^^ (4.47) 

where 
1 

LJ,(t) = I {L(t|Y(0)=i)P(x,^t|Y(0)=i) PCY(0)=i) 
'̂  i=0 

N t t t „ 
+ 11! .../ L(t|Y(0)=i,x'') 

=̂1 ° ̂ 1 n̂-1 

• P(x^_^^>^t|Y(0)=i,x^=t")p(x^|Y(0)=i)P(Y(0)=i) 

• dx ...dx, }. (4.48) 
n i 

As the final step of this derivation, let N-x̂^ and note 

that L'(t) is positive and monotone increasing for increas

ing N. Thus as N-><», then L^(t)^L(t) where L(t) is given by 

(4.10), and the final form of the a posteriori probability 

distributions is given by (4.6) and (4.7). Now the proof 

of Theorem II is complete. 
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Discussion of Theorem II 

It should be noted that the conditional estimates 

^^Q(t|t) and 5̂. (t|t), which are defined by (4.4) and (4.5), 

can be found by using the estimator algorithm in Lemma 

3.3. This is true because the behavior of the jump pro

cess Y(t) is specified as conditioning. Thus it can be 

seen that the estimate 5̂ (t|t) is found by averaging the con

ditional estimates k. (t|t) and x. (t|t) given the values 
lo ' in ' 

of the jump process Y(t). 

Since Y(t) is a jump Markov process, then expressions 

for the following probability functions can easily be found, 

P(x^^t|Y(0)=i) , p(x^|Y(0)=i) , and P(x^^^>^t|Y(0)=i,x^=t^) . 

These results will be stated as a lemma which is proved by 

Sawaragi, et. al. [4] . 

LEMMA 4.3: Let P^.(t,s) = P(Y(s)=j|Y(t)=i) 

and q. . (t) = lim ^ ^ 
P..(t,s) 
13 

iy-' — s-t 

where s>t>_0 and i,j = 0,1 and i?̂ j. Then 

t 
P(x^>^t|Y(0)=i) = exp{-/ q^j(s)ds}. 

t 
'exp{-/ q^.(s)ds}, for n=2m, 

P(^n+li^l^^°^=^'V = 
X -^ n 

t 
exp{-/ q.^(s)ds}, for n=2m-l. 

X 

n 
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and 
r ^1 ^2 ' 
=exp{-/ q^. (s)ds -/^ q.^(s)ds-

n 
-/ q..(s)ds} 

n-1 

p(T'^|Y(0)=i)=< 

•qij(T3_)qj^(x2) ...qj^(x^) , for n=2m, 

^1 ^2 
=exp{-/ q^.(s)ds-/ q..(s)ds-... 

n 
-/ q^. (s)ds} 

n-1 

^ -^ij ('̂ l)qji('̂ 2̂  •••^ij ̂^n^ ' ^°^ n=2m-l. 

where n,m = 1,2,.... Also, note that 

n . n 
^^^n+l-^lY^°^=^'^ ^^^ = P(''n+l-^l^^°^=^'''n=^n^ 

due to the definition of a Markov process. Now, the 

only unknowns which are needed to find x(t|t) are the 

g..'s and g..'s and P(Y(0)=i). Therefore, values for 
^ij ^31 V J V / / 

these quantities must be given or assumed when solving 

a particular estimation problem. 



CHAPTER V 

CONCLUSION 

This thesis deals with two estimation problems, both 

of which consider linear continuous-time systems where the 

measurement system is a rotational process. The Bayesian 

approach to estimation is taken and an optimal nonlinear 

minimum variance estimator is found for each of the esti

mation problems. First, an optimal estimate is found for 

a dynamical system which contains unknown time-invariant 

parameters. This estimator is called the optimal para

meter adaptive estimator. In later work, the discrete-

time version of this adaptive estimator could be derived, 

but it would not be a simple extension of the continuous-

time result. This is because the discrete-time solution 

of estimation problems for rotational processes is more 

difficult to obtain [10]. 

The results of the optimal adaptive estimator are 

used to find the optimal estimator for a system with inter

rupted observations which are characterized in terms of a 

jump Markov process. The resultant estimation algorithm 

is computationally complex because it contains a summation 

of infinitely many terms. Thus, the next step in solving 

this problem would be to develop an approximate estimator 

algorithm as was done by Sawaragi, Katayama, and Fujishige 

48 
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[4] for the non-rotational measurement case. Also, it 

would be possible to find the optimal estimator for the 

case where the jump Markov process appears in the system 

equation and can take on finitely many values. 
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