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ABSTRACT

This thesis is focused on certain theoretical aspects of nonlinear Darcy-Forchheimer

flows in porous media, and their application in reservoir and hydraulic engineering.

The goal of this work is to develop a mathematically rigorous framework to study the

dynamical processes associated to all three classical nonlinear Forchheimer laws for

slightly compressible fluids. In our approach, each anisotropic Forchheimer equation

is replaced by a constitutive equation which relates the velocity vector field with the

pressure gradient in a non-linear way. This allows reducing the original system of

equations to one degenerate parabolic equation for the pressure only. It is shown

that under some hydrodynamic and thermodynamic constraints there exists a sta-

ble equilibrium: a pseudo-steady state regime, which serves as a global attractor for

wide classes of the flows yielding an alternative time independent computation of

productivity index/diffusive capacity of a well.
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CHAPTER I

INTRODUCTION

The mathematical modeling and analysis of non-linear flows in porous media is

quickly becoming a key to solving many challenging problems in engineering and

applied sciences. Most studies in porous media are based on Darcy’s law so “Darcy’s

equation has become the model of choice for the study of the flow of fluids through

porous solids due to pressure gradients, so much that it has now been elevated to the

status of a law in physics” as mentioned in [46]. Darcy’s law is a phenomenologically

derived constitutive equation that describes the flow of a fluid through a porous

medium as a linear relationship between the pressure gradient and the fluid velocity.

The law was formulated by Henry Darcy based on the results of experiments ([16])

on the flow of water through beds of sand.

For a finite 1-D flow, the Darcy’s law may be stated as

Q = −kA

µ

Pb − Pa

l

where,

Q is volumetric flow rate (m3/s or ft3/s),

A is the flow area perpendicular to L (m2 or ft2),

Pb − Pa is the pressure drop (in SI units e.g. kg/(ms) or Pas),

l is the flow path length (m or ft),

k is the permeability (m2 or ft2) of the medium.

Darcy’s law is a simple mathematical statement which neatly summarizes several

familiar properties that groundwater flowing in aquifers exhibits, including:

• if there is no pressure difference over a distance, no flow occurs;

• if there is a pressure difference, flow will occur in the direction from high pressure

towards low pressure (opposite the direction of increasing difference, hence the

negative sign in Darcy’s law);
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• the greater the pressure difference (through the same formation material), the

greater the discharge rate, and

• the discharge rate of fluid will often be different through different formation

materials (or even through the same material, in a different direction) even if

the same pressure difference exists in both cases.

Darcy’s law is only valid for slow, viscous flow; usually, most groundwater flow

cases fall in this category. Typically any flow with a Reynolds number (a dimensionless

parameter typically proportional to the velocity divided by the kinematic viscosity)

less than one is clearly laminar, and it would be valid to apply Darcy’s law. By analogy

to pipe flows, it was originally assumed that“convective” forces are responsible for

non-linear deviations from laminar flow, associated with Darcy’s equation. Later in

the 1950s and 1960s (c.f. [10, 36] and references therein) it was observed that the

linear Darcy law is valid as long as the Reynolds number (Re) does not exceed some

characteristic value between 1 and 10 (c.f. Figure 1.1, cited in [10]). In Figure 1.1 on

the left, f is the Fanning friction factor, which characterizes the deviation from the

linear Darcy equation. In Figure 1.2 on the right, J is the hydraulic pressure drop,

and q is the flow rate.

Figure 1.1: Curve of relation be-

tween Re and f .

Figure 1.2: Curve of the relation

between J and q

However, unlike pipe flows, where the deviation from linearity is associated with

2
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turbulence at high Re, in porous media it occurs at low values of Re. It is commonly

believed that it is the inertial force that causes the deviation from Darcy’s law. Yet,

the actual nature of this phenomenon is not fully understood. In a recent work [50],

it was experimentally observed that Darcy’s law does not hold even for Re ∼= 1, for

samples of the porous media that contain fractures. The latest research (see [9])

suggests that even for low velocity flows in highly heterogeneous reservoir, Darcy’s

law needs to be revised.

Researchers and engineers recognize that non-Darcy flow effects are very important

in many applications ([52, 8, 39, 42]). The need to revise Darcy’s law attracted

interest of many scientists. Among them, Philipp Forchheimer (August 7, 1852 in

Vienna; October 2, 1933 in Dürnstein, Lower Austria) was an Austrian engineer,

a pioneer in the field of civil engineering and practical hydraulics. He introduced

mathematical methodology to the study of hydraulics, thus establishing a scientific

basis for the field. An answer to the demand of nonlinearity in modeling of fluid

flows in porous media first appeared in Forchheimer’s original work. Forchheimer

in his famous book [27] reported a number of experimental data underlining these

discrepancies, and constituted three different empirical formulae to interpret these

results.

He introduced three possible models which describe the nonlinear relation between

the hydraulic pressure drop J and the flow rate q as:

(F1) the “two term” law, J = Wq + bq2,

(F2) the “power” law, J = Wq + bqm,

(F3) the “three term cubic” law, J = Wq + bq2 + cq3.

These equations are used to predict and evaluate the patterns of the fluid filtration

and to estimate specific technological parameters ([10, 40, 5, 12, 24]). Almost all off-

the-shelf industrial simulators of multiphase multidimensional flows in porous media

utilize the linear Darcy’s approximation of the momentum equation [51]. In order to

capture physical phenomena lost in the linear approximation, researchers have been

recently directed to the mathematical and numerical modeling of multidimensional

3



Texas Tech University, Adem Cakmak, August 2009

non-linear Forchheimer’s flows (c.f. [8, 23, 19] and references therein). However, the

continuity and the Forchheimer-Darcy’s momentum equations are treated separately

as a coupled system of first order PDE and this is difficult to use for rigorous mathe-

matical investigation of the basic characteristics of the hydrodynamic processes, such

as pressure and velocity.

In this thesis, an alternative framework will be investigated so that it can sig-

nificantly improve performance of existing simulators and can also serve as a use-

ful tool for new ones. The basic idea is to find an equivalent form of Forchheimer

Equations as non-linear Darcy’s equation with permeability tensor depending on the

gradient of pressure (Section 2.1). In this case, this nonlinear Darcy law can be inter-

preted as a constitutive equation relating the velocity field ~v to the pressure gradient:

~v = −F (∇p)∇p. This machinery reduces the original system into a single nonlinear

parabolic equation of second order for pressure function only (see [5, 6, 3, 19]). It

enables us to explore the equivalent problem within the framework of a nonlinear

elliptic and parabolic PDE in Section 3.1. Furthermore, a multi-phase analogue of

the non-linear Darcy’s equation which can be used for modeling of oil, gas or water

flows in porous media will be introduced.

Later, the obtained initial boundary value problem (IBVP) for the single phase fil-

tration is analyzed. By using the monotonicity properties of the conductivity function

obtained in Section 2.2, uniqueness of the solution will be proved. Moreover, under

some assumption on the initial data and on the boundary conditions with constant

given total flux, the existence and uniqueness of a time independent solution called

pseudo-steady state (PSS) will be shown. In Section 3.2 it will be shown that there

exists a corresponding auxiliary BVP associated with the PSS solution. Under some

conditions on the accessible boundary we prove that the PSS solution is an attractor

for the solution of the IBVP for any initial data.

It was observed in [40] that if a bounded and isolated reservoir is depleted by

a well, then the ratio between the well flow rate and the pressure draw-down (the

pressure drop between the reservoir and the wellbore) stabilizes to a constant value,

4
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which appears to be independent from the pressure draw-down and the flow rate. The

Productivity Index (PI)/Diffusive Capacity of the well serves as such a characteristic

in petroleum reservoir engineering. The notion of diffusive capacity, or productivity

index, for the original Forchheimer system is first introduced as

J =
Flux of the flow over well surface

Difference between averages of pressure on the well and in the reservoir

Under the assumptions that the flow is subjected to the Darcy law and that the

liquid is slightly compressible, the PI of the well is in fact a functional defined over

the solution of an IBVP for a second order linear parabolic equation. The boundary

conditions on the well model two idealized regimes of production either with constant

flow rate or with constant wellbore pressure.

The productivity index or diffusive capacity of the well associated to the PSS so-

lution is time independent and its evaluation is obtained by solving the forementioned

auxiliary BVP. In Section 3.5, this PSS solution will be used to built alternative for-

mulas for the evaluation of the productivity index. In case of cylindrical reservoir

this yields analytical or semi-analytical formulas depending on the considered Forch-

heimer’s law. All numerical simulations validate the theoretical results in Section IV.

5
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CHAPTER II

GENERALIZED ANISOTROPIC FORCHHEIMER’S LAWS

There is no unique way to generalize Forchheimer’s equation in vector form (see

2.2). The equation of motion can be derived from the more general hydrodynamic

equation (see for example [41]), by using capillary models for describing the fluid

filtration through the porous media ([36, 52] and references herein), or using analogous

arguments from crystallography ([17]).

In this work, based on the previous experience, we will implement another more

intuitive approach and generalize three different vector equations, namely, the power,

the two term, and the three term cubic Forchheimer laws by using the key terms

velocity, permeability tensor and pressure. They will be denoted in the following

pattern:

• ~v = (v1, v2, v3) denotes the velocity vector field of filtration, and p is the pressure

distribution.

• K = 1

k̂




k11 k21 k31

k21 k22 k32

k31 k32 k33


 is a symmetric positive definite 3-D permeability tensor

with a homogenization factor k̂, such as k̂ = 3
√

k11 k22 k33 or k̂ = (k11 + k22 + k33)/3.

• (K1~v,K2~v) denotes a scalar product with 3× 3 matrices K1 and K2.

When K1 = K−1 and K2 = I, the three Forchheimer laws can be represented by the

following momentum equations in homogeneous porous media:

(i) The two term law

α~v + β
√

(K−1 ~v,~v)~v = −K∇p (2.1)

where α =
µ

k
and β =

ρFΦ

k1/2
. Here, µ is the viscosity, k is the permeability, F is

the Forchheimer coefficient, Φ is the porosity, and ρ is the density of the fluid.

6
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(ii) The power law

cn

√
(K−1~v,~v)n−1 ~v + a~v = −K∇p, (2.2)

where 1 ≤ n ≤ 2 and the positive coefficients c and a are found empirically. In

general, c and a are observed to be equal to (n− 1)
√

β and α, respectively. In

this way, n = 1 and n = 2 reduces the power law (2.2) to Darcy’s law and the

two term law, respectively.

(iii) The three term cubic law

A~v + B
√

(K−1 ~v,~v)~v + C (
K−1 ~v,~v

)
~v = −K∇p (2.3)

where A,B and C are positive constants (see [10]) chosen appropriately according

to the characteristics of the reservoir. A and B are often considered as α and β,

respectively.

7
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2.1 Forchheimer’s Laws as a Nonlinear Darcy’s Equation

In this section, we prove that each Forchheimer equation can be transformed into

a unique nonlinear Darcy’s equation. We also introduce that this idea can be applied

to multiphase flows in porus media ( Remark 2.3).

Theorem 2.1. Let η(∇p) =
√

(∇p,K∇p) and let i = 1, 2, 3 denote each Forchheimer

equation (2.1), (2.2), and (2.3) respectively. For each law, there exists a unique

positive function Mi such that the corresponding equation (i) has a unique solution of

the form

~vi = −Mi (η (∇p)) K∇p. (2.4)

In addition, M1 can be obtained as 2
(
α +

√
α2 + 4βη(∇p)

)−1

. In the case of a = 0

in (2.2), we get M2(η) = c−1η
1−n

n and hence, ~v2 = c−1η
1−n

n K∇p.

Proof. Case i = 1:

Multiplying (2.1) by ~v, we obtain the following equivalent equation

(
α + β

(√
(K−1~v,~v)

))
|~v|2 = − (K∇p,~v) . (2.5)

Substituting ~v given by (2.4) into (2.5) yields

(
α + β

(
M1

√
(∇p,K∇p)

))
M2

1 |K∇p|2 = M1 |K∇p|2 ,

where |K∇p|2 =

(
3∑

j=1

3∑
i=1

ki,jpxi

)2

and (∇p,K∇p) =
3∑

i,j=1

ki,jpxi
pxj

.

After simplification this leads to the following quadratic equation

(
α + β

(
M1

√
η (∇p)

))
M1 = 1 . (2.6)

One can easily verify that, when

M1 = 2
(
α +

√
α2 + 4βη(∇p)

)−1

equation (2.6) is satisfied. Hence, ~v given by (2.4) solves (2.5) and therefore it solves

(2.1).

8
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Case i = 2: Substituting ~v2 = −M2 (η (∇p)) K∇p in (2.2) we obtain

cnηn−1Mn
2 + aM2 − 1 = 0 (2.7)

It will be shown for all η ≥ 0 that (2.7) as an equation of M2 has a unique root. For

this, let’s denote cnηn−1Mn
2 + aM2 − 1 by the function Γ(M2). Note that Γ(0) = −1

and Γ(c−1η
1−n

n ) = ac−1η
1−n

n > 0. In addition, Γ(M2) is strictly increasing to infinity.

Thus, Γ(M2) must have a unique zero. In particular, for a = 0, the equation (2.7)

becomes cnηn−1Mn
2 = 1 or M2(η) = c−1η

1−n
n , hence, ~v2 = c−1η

1−n
n K∇p.

Case i = 3: Once again substituting ~v3 = −M3 (η (∇p)) K∇p in (2.3) we get

Cη2M3
3 + BηM2

3 + AM3 − 1 = 0. (2.8)

Let the left hand side of the equation be called as a function of M3 as Π(M3). Π(0) =

−1 and Π(M3) is strictly increasing to infinity. Thus, the equation (2.8) has a unique

positive solution for any η ≥ 0.

Remark 2.1. From Theorem 2.1 it follows that as β → 0 , the function M1 → α−1 =

k
µ
, and hence Equation 2.1 reduces to Darcy’s equation.

Definition 2.1. The equation (2.4) and the function Mi are called nonlinear Darcy’s

equation and nonlinear conductivity, respectively.

Figure 2.1 gives a comparison of nonlinear conductivity functions corresponding

to two terms, power and three terms laws. These curves can be considered as a best

fit curve approximations to the flow under investigation. The suitable law to model

the flow is determined with reservoir characteristics and experimental data.

Remark 2.2. The non-linear anisotropy term
√

(K−1~v,~v) of equations (2.1), (2.2)

and (2.3) can be modified in any reasonable way as long as the corresponding η is

non-negative. The most generic case is
√

(K1~v, K2~v) and in this case, η becomes
√

(K1K∇p,K2K∇p) . In this work, we obtained η(∇p) =
√

(∇p,K∇p) by choosing

K1 = K−1, and K2 = I but other possible choices may be

K1 = K−1 and K2 = K−1 −→ η =
√

(∇p,∇p)

9
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Figure 2.1: Nonlinear conductivity function vs. pressure gradient

K1 = I and K2 = I −→ η =
√

(K∇p,K∇p) .

The idea of using nonlinear generalized Darcy’s equations can also be applied to

multiphase Forchheimer’s flows in porous media. Although we consider only one phase

flows in this work, basic interpretation of the Forchheimer equations as generalized

Darcy’s Equations is valid for multiphase flows as well.

As an example of the extension of the generalized Darcy law for multiphase flows,

let us consider the non linear two-term anisotropic multi-phase Forchheimer’s equa-

tion:

Remark 2.3. Let Um, pm, µm and ρm be the velocity, the pressure, the viscosity and

the density of the phase m, respectively; km and Fm both depending on the saturation

of the phase m be the relative permeability and the Forchheimer constant of the phase

m, respectively.

For αm =
1

λm

=
µm

km

, βm =
Fm

k
1/2
m

ρm, the two term law for multiphase flows can be

constituted as

αmUm + βm

√
(K−1Um, Um) Um = −K(∇pm + ρmg∇z), (2.9)

where g is the gravitational acceleration, z is the vertical space component and the

10
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tensor K is positive definite. It easy to show that the system

Um = −Gm(η)K(∇pm + ρmg∇z), (2.10)

Gm =
2

αm +
√

α2
m + 4βm

√
ηm

, (2.11)

ηm = (K(∇pm + ρmg∇z),∇pm + ρmg∇z) (2.12)

solves equation (2.9).

Generalized multiphase analogue of nonlinear Darcy’s Equation allows us to model

multiphase flows as a PDE with parameters depending on pressure and saturation

only. A similar construction can be done for the power and the cubic Forchheimer

laws, but in this case we do not have analytical representation of G(η) (only numerical)

but preliminary evaluations indicated the effectiveness of this approach.

In this work paper, we will focus only on single phase Forchheimer’s flows in a

reservoir. Multiphase flows will be investigated in a separate article.

11
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2.2 Monotonicity Properties of Non-linear Conductivity Functions

By the next lemma and the following theorems, it will be shown that the vector

field Mi(η(∇p)K∇p possesses certain monotonicity properties. Many problems in the

calculus of variations can be expressed using operators that are pseudo-monotone,

and pseudo-monotonicity in turn implies the existence of solutions to these prob-

lems. These properties will be a vital tool in proving existence and uniqueness of the

boundary value problems in the next chapter.

Lemma 2.1. Let Fi(η) = (Mi(η)η)′. Then, Fi(η) > 0 for all i = 1, 2, 3.

Proof. Case i = 1: By Theorem 2.1,

M1(η)η =
2η(

α +
√

α2 + 4βη(∇p)
) .

Then,

F1(η) = (Mi(η)η)′ =
2
(
α2 + 2βα + α

√
α2 + 4βη

)

(
α +

√
α2 + 4βη

)2 √
α2 + 4βη

> 0.

Case i = 2: Substituting ~v2 = M2(η)K∇p in the equation (2.2) results in

(
cnηn−1Mn

2 (η) + aM2(η)− 1
)
K∇p = ~0 or cnηn−1Mn

2 (η) + aM2(η)− 1 = 0.

Multiplying by η and then differentiating both sides of later equation with respect

to η, we get

ncn(ηM2(η))n−1(ηM2(η))′ + a(ηM2(η))′ = 1. (2.13)

Since a > 0 and M2(η) > 0,

F2(η) = (ηM2(η))′ =
1

2η(a + ncn(ηM2(η))n−1)
> 0. (2.14)

Case i = 3: Once again substituting ~v3 = M3(η)K∇p in equation (2.3), we have

Cη2M3
3 (η) + BηM2

3 (η) + AM3(η)− 1 = 0. (2.15)

12



Texas Tech University, Adem Cakmak, August 2009

After multiplying both sides by η, differentiating, and solving for (ηM3(η))′ we get

F3(η) = (ηM3(η))′ =
1

A + 3C(ηM3(η))2 + 2B(ηM3(η))
> 0 (2.16)

since η,A, B, C, and M3(η) are all nonnegative. This completes the proof.

The next theorem shows that the vector field Mi(η(∇p))K∇p shows a property

stronger than monotonicity but weaker than strict monotonicity which we call quasi-

strict monotonicity property.

Theorem 2.2. (Quasi-strict monotonicity property)

Let η ~(ξ) =

√
(K~ξ, ~ξ ) where ~ξ ∈ R3. For any pair of vectors ~ξ1 and ~ξ2 in R3, there

exists scalar a such that

(
Mi(η(~ξ1))K~ξ1 −Mi(η(~ξ2))K~ξ2

)
· (~ξ1 − ~ξ2) ≥ Fi(a)

(
η(~ξ1)− η(~ξ2)

)2

(2.17)

where Fi(a) = (Mi(a)a)′ ≥ 0 and η(~ξ1) ≤ a ≤ η(~ξ2).

Proof. The left hand side of (2.17) can be written as

Mi(η(~ξ1))η(~ξ1) + Mi(η(~ξ2))η(~ξ2)−
(
Mi(η(~ξ1)) + Mi(η(~ξ2))

)(
K~ξ1, ~ξ2

)
. (2.18)

Combining this with the Cauchy-Schwartz inequality |(K~ξ1, ~ξ2)| ≤ η(~ξ1)η(~ξ2), we

obtain

(
Mi(η(~ξ1))K~ξ1 −Mi(η(~ξ2))K~ξ2

)
·
(
~ξ1 − ~ξ2

)
≥

(
Mi(η(~ξ1))η(~ξ1)−Mi(η(~ξ2))η(~ξ2)

)
·
(
η(~ξ1)− η(~ξ2)

)
. (2.19)

By the mean value theorem, for every ~ξ1 and ~ξ2 there exists a ∈
(
η(~ξ1), η(~ξ2)

)

such that

Mi(η(~ξ1))η(~ξ1)−Mi(η(~ξ2))η(~ξ2) = Fi(a)
(
η(~ξ1)− η(~ξ2)

)
,

The latter equation together with (2.19) gives (2.17).
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Corollary 2.1. Let K = L∗L. Then

(Mi(|L∇p|)K∇p) · ∇p ≥ Fi(a)|L∇p|2 (2.20)

where Fi(a) = (Mi(a)a)′ > 0 and 0 ≤ a ≤ |L∇p|.

Proof. By Cholesky factorization, K = L∗L. In Lemma 2.2, choosing ξ1 = 0 and

ξ2 = ∇p yields

η(~ξ2) =
√

(Kξ1, ξ2) =
√

(L∗Lξ2, ξ2) =
√

(Lξ2, Lξ2) = |L∇p| and η(~ξ1) = 0 (2.21)

The inequality (2.20) follows from (2.21) and (2.17).

Lemma 2.2. Let |ξ| ≤ C0. Then for i = 1 and 3, M ′
i(η) is negative and bounded.

Proof. By Proposition 2.1, it is known that M1(η) = 2
(
α +

√
α2 + 4βη

)−1

. By

simple differentiation, 0 > M ′
1(η) and 0 > M ′′

1 (η) are obtained. Thus, 0 > M ′
1(η) >

M1(0) = − 1
α

as desired.

For the case of M3, we are going to differentiate equation (2.15) implicitly with

respect to η. This leads to the equation

2CηM3
3 + 3Cη2M2

3 M ′
3 + BM2

3 + 2BηM3M
′
3 + AM ′

3 = 0

or

(3Cη2M2
3 + 2BηM3 + A)M ′

3 = −2CηM3
3 −BM2

3 .

Since 3Cη2M2
3 + 2BηM3 + A > A > 0, then

M ′
3 =

−2CηM3
3 −BM2

3

3Cη2M2
3 + 2BηM3 + A

< 0. (2.22)

From (2.22) and (2.15) it follows that M ′
3 must be bounded below by a constant

depending on C0.

Remark 2.4. It Lemma 2.2 is not true for the power law. M ′
2(η) is negative but it

is not bounded.

14



Texas Tech University, Adem Cakmak, August 2009

Theorem 2.3 (Strict monotonicity property). Let |~ξ1| , |~ξ2| ≤ C0. There exists a

constant L > 0 such that for i = 1 or 3 only,

(
Mi(η(~ξ1))K~ξ1 −Mi(η(~ξ2))K~ξ2

)
· (~ξ1 − ~ξ2) ≥ L(~ξ1 − ~ξ2)

2. (2.23)

Proof. Consider the non-trivial case

∣∣∣η(~ξ1)− η(~ξ2)
∣∣∣ ≤ L0

∣∣∣~ξ1 − ~ξ2

∣∣∣ , (2.24)

Otherwise, equation (2.23) follows by Lemma 2.2. Here, the constant L0 will be

appropriately selected.

Without loss of generality, let us assume η(ξ1) > η(ξ2).

Call Φ(~ξ1, ~ξ2) =
(
Mi(η(~ξ1))K~ξ1 −Mi(η(~ξ2))K~ξ2

)
· (~ξ1 − ~ξ2). We can rewrite Φ as

Φ(~ξ1, ~ξ2) = Mi(η(~ξ2)) (K(~ξ1−~ξ2)) ·(~ξ1−~ξ2)+(Mi(η(~ξ1))−Mi(η(~ξ2))) (K~ξ1) ·(~ξ1−~ξ2) .

Applying Lagrange’s mean value theorem to the difference Mi(η(~ξ1)) − Mi(η(~ξ2))

yields

Φ(~ξ1, ~ξ2) = Mi(η(~ξ2)) (K(~ξ1−~ξ2))·(~ξ1−~ξ2)+M ′
i(ξ)(η(~ξ1)−η(~ξ2))(K~ξ1)·(~ξ1−~ξ2) (2.25)

where η(~ξ2) ≤ ξ ≤ η(~ξ1). By Lemma 2.2, for each Mi there exists a Ci > 0 such that

0 ≥ Mi
′(ξ) ≥ −Ci. From the Cauchy’s inequality and |~ξ1| ≤ C0 we have

(K~ξ1) · (~ξ1 − ~ξ2) ≤ C0|K||~ξ1 − ~ξ2| (2.26)

Using this in (2.25) leads to

Φ(~ξ1, ~ξ2) ≥ Mi(η(~ξ2)) (K(~ξ1− ~ξ2)) · (~ξ1− ~ξ2)−CiC0(η(~ξ1)− η(~ξ2))|K||~ξ1− ~ξ2| (2.27)

By the fact that K is symmetric definite and the entries of K are bounded one can

find a constant L1 such that

(K(~ξ1 − ~ξ2)) · (~ξ1 − ~ξ2) ≤ L1|~ξ1 − ~ξ2|2. (2.28)

In addition, Lemma (2.2) assures that each Mi is decreasing so

15
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Mi(η(~ξ2)) ≤ Mi(0). (2.29)

Finally, by employing the results in (2.24),(2.28) and (2.29) in equation (2.27),

Φ(~ξ1, ~ξ2) ≥ (Mi(0)L1 − CiL0C0|K|)|~ξ1 − ~ξ2|2. (2.30)

As a result, the equation (2.23) is obtained by choosing L0 < Mi(0)L1

CiC0|K| and L =

Mi(0)L1 − CiL0C0|K|.

Remark 2.5. Theorem 2.3 is not strengthening of Theorem 2.2, because of the as-

sumption on the boundedness of the vectors |~ξ1| and |~ξ2|. In addition, Theorem 2.3

does not hold for the Power law.
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CHAPTER III

ANALYSIS OF GOVERNING EQUATIONS, MODELS, IBVP’S AND

SOLUTIONS

In this chapter, the original system consisting of governing equations to model

fluid filtration in porous media will be first reduced into a single scalar equations

of pressure only. Then, the existence of pseudo-steady state (PSS) regime and PSS

solution will be shown for the main IBVP. This will lead to a new formulation of

the productivity index which depends only on the geometry of the reservoir and the

considered Forchheimer law. Later, several results on the stability of the various

solutions of IBVP’s will be presented.

3.1 Quasilinear Parabolic Equation of Pressure for Slightly Compressible Fluids

and Gases.

The momentum equations

~vi = −Mi (η (∇p)) K∇p. (3.1)

can be employed to reduce the original system into a scalar equation of pressure only.

However, we need to impose certain constraints on the equation of state of the liquid

or gas. Note that the continuity equation, the equation of state, and the momentum

equation constituting the core for modeling the fluid filtration in porous media will

be presented by the following equations:

ρ′
∂p

∂t
= −∇ · (ρ~v) = −ρ∇ · (~v)− ρ′~v · ∇p, (3.2)

~v = −G (η (∇p)) K∇p, (3.3)

ρ′ = γ−1ρ. (3.4)

Here, G will be taken as Mi for i = 1, 2, 3 depending on the model of interest and

equation (3.3) can be regarded as a generalized non-linear Darcy equation.
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Since ρ′ = γ−1ρ , the equation (3.2) can be written as

∂p

∂t
= −γ∇ · (~v)− ~v · ∇p.

Since the coefficient γ−1 is as small as 10−8 for a variety of slightly compressible

liquids, the term ~v ·∇p is very small compared to γ∇· (~v) so the term ρ′~v ·∇p in the

left hand side of (3.2) is neglected in most engineering notation.

This assumption leads to the following.

Proposition 3.1. Let the velocity vector field of the filtration and the pressure satisfy

the generalized Darcy law. Let G be defined by Mi depending on the model of interest

and let the fluid be slightly compressible. Then for each model the pressure p(x, t)

satisfies the following quasi-linear parabolic equation

∂p

∂t
= γ∇ · ((G(η(∇p))K∇p) . (3.5)

The current work is dedicated to the analysis of slightly compressible flows but

the proposed framework can be used in studying other fluids as well.

In the case of gas flow applications, the equation of the state (3.4) will be replaced

by the approximation ρ = Rp where R is a constant. Assuming further that the state

of gas is subjected to the two terms law, we have

~v1 = −M1(η(∇p))K∇p and M1 = 2
(
α +

√
α2 + 4βη(∇p)

)−1

.

Substituting β = ρFΦ
k1/2 and ρ = Rp we get,

M1 =

(
α +

√
α2 + 4

FΦ

k1/2
Rpη(∇p)

)−1

= 2

(
α +

√
α2 +

1

4

FΦ

k1/2
Rη(∇p2)

)−1

.

Let’s denote this correction function for the gas states as M̄1(η(∇p2)) Substituting

this into the continuity equation (3.5) and multiplying both sides by p we get

∂p2

∂t
= p∇ · (M̄1(η(∇p2)∇p2)). (3.6)
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In reservoir engineering, the variation in p is considered much smaller than the

variation of ∇p2 ( see [15]) and
∂p2

∂t
. Based on this constraint, a linearization of

equation (3.6) is possible by taking the pressure p on the right hand side as a constant

P0, which can be regarded as reference reservoir pressure. As a result, we get:

Proposition 3.2. Let the velocity vector field of the gas filtration and the pseudo-

pressure P (x, t) = p2(x, t) satisfy the generalized Darcy law. Let G be defined by

M̄1. Then for the two term law model, the pseudo-pressure P (x, t) can be modeled

approximately by the following quasi-linear parabolic equation

∂P

∂t
= P0∇ · ((G(η(∇P ))K∇P ) . (3.7)

Consequently, we can conclude from Proposition 3.1 that under suitable assump-

tions on a slightly compressible fluid, the pressure function is a solution of a quasilinear

parabolic equation no matter what Forchheimer’s Law is used. On the other hand,

Proposition 3.2 says that under the two term law, the pseudo pressure function P

of any gas flow has the same property, i.e., it is actually a solution of a quasilinear

parabolic equation.

Therefore, the results obtained in the following sections are also valid for the

pseudo pressure function P .
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3.2 Pseudo-Steady State (PSS) Regime and PSS Solution

Equation (3.5) or more general system (3.2-3.4) serve as mathematical models for

the simulation of the fluid (oil or gas) flow in the reservoir generated by different

regimes of the well exploitation. Several boundary conditions (see [31]) can be used

to simulate the corresponding regime of production. In our intended application

the exterior boundary of the reservoir is considered impermeable. The boundary

condition on the well, the assumption of flux absence on the exterior boundary of the

reservoir, and the prescribed initial pressure distribution form an Initial Boundary

Value Problem (IBVP) for the parabolic equation (3.5) or for the more general system

(3.2-3.4). At this moment we will not specify any particular boundary conditions on

the well, see [31], where this question is discussed in detail.

On the other hand, the solution of any particular IBVP characterizes a number

of technological parameters including the productivity index of the well. In reservoir

engineering, the productivity index is the direct measure of the well performance,

which characterizes its capacity. The system (3.2-3.4) is associated to the diffusive

equation. So, in what follows we will use the name “diffusive capacity” as an integral

functional over the solutions of IBVP for system (3.2-3.4) rather than the name

“productivity index (PI)” used in engineering (see [31], [3]). In the case of flows

governed by the linear Darcy law, the variational content of the diffusive capacity

was discussed in [31].

Let U ⊂ Rn, n = 1, 2, or 3 be the reservoir domain bounded by the exterior

impermeable boundary, and the well interface

∂U = Γw ∪ ΓU , Γw ∩ ΓU = ∅, where Γw and ΓU are compact (See Figure 3.1 ).

The part ΓU is associated with the exterior boundary of the reservoir U , and the

part Γw is associated with the boundary of the well. Let p(x, t0) = p0(x) be the given

initial pressure distribution in the reservoir.

We introduce the following notation. If p is a function defined on Ū , then let p̄U

and p̄w denote the average of p on U and Γw respectively, defined as
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ΓW

ΓU

U

Figure 3.1: A 2-D reservoir-well model

p̄w(t)=
1

|W |
∫

Γw

p(x, t) dsx − average pressure value on the well surface at time t,

p̄U(t)=
1

|U |
∫

U

p(x, t) dx − average pressure value in the reservoir at time t,

|W | = mesn−1Γw − area of the well,

|U | = mesnU − volume of the reservoir.

Definition 3.1. (Diffusive Capacity/PI) Let the pressure function p(x, t) and

the vector velocity field ~v(x, t) form the solution of system (3.2-3.4) in the bounded

domain U , with boundary condition ~v(x, t) · ~n|ΓU
= 0. Assume for any t > 0, p̄U(t) >

p̄w(t). The diffusive capacity of Γw with respect to ΓU (or simply diffusive capacity)

corresponding to the solution p(x, t) and ~v(x, t) is the ratio

J(p,~v, t) =

∫
ΓW

~v(x, t) · ~n dsx

p̄U(t)− p̄w(t)
. (3.8)

Here ~n is the unit normal on the piecewise smooth surface ΓW .

Definition 3.2. (PSS regime) Let the well production rate Q be time independent:
∫

ΓW

~v(x, t) · ~ndsx = Q. We will call the system a pseudo-steady state regime (PSS),

if the corresponding pressure dropdown (difference between the average pressure on

the well surface and the average pressure in the reservoir) is constant. For the PSS

regime the diffusive capacity/PI is time invariant.
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Note that the definition of the diffusive capacity is valid also for solutions of the

original system (2.1-2.3). Later in this paper we will present some numerical results

to compare diffusive capacity for the solution of the original system (Forchheimer and

continuity equations) and the solution of the simplified scalar parabolic equation for

the pressure only.

Under the assumptions made above on the compressibility of the fluid and on

the anisotropy of the reservoir, the initial boundary value problem (IBVP) with a

prescribed constant production rate Q and a given initial pressure distribution p0(x)

modeling the fluid filtration of the generalized Darcy flow, would be

γ−1∂p

∂t
= ∇ · (G (η(∇p)) K∇p) , (3.9)

∫

Γw

G (η(∇p)) K
∂p

∂~n
ds = −Q , (3.10)

∂p

∂~n

∣∣∣∣
ΓU

= 0 , p(x, 0) = p0(x) . (3.11)

On the other hand, it is clear that IBVP (3.9-3.11) is ill posed since there are

infinitely many solutions. Therefore, we will restrict ourselves to a class of functions,

for which the solution is unique up to an additive constant.

First of all, let us consider the following auxiliary steady state problem for any

given rate of production Q. For A = Q/|U | and the smooth boundary ∂U , W (x) will

denote the solution of the auxiliary steady state boundary value problem (BVP):

−A = ∇ · (G (η (∇W )) K∇W ) , (3.12)

W |Γw
= 0 ,

∂W

∂~n

∣∣∣∣
ΓU

= 0 . (3.13)

Theorem 3.1. The solution of BVP (3.12-3.13) exists and is unique in the appro-

priate functional space S where S is W
1, 3

2
0 (U), W

1, n+1
n

0 (U) and W
1, 4

3
0 (U) for the two

term law, the power law and the three term cubic law, respectively.

Proof. The proof is inspired from the monotonicity methods of Brouder and Minty

in Chapter 9 of [21]. We will first show the uniqueness and then prove existence by

a series of claims and their justifications.
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First of all, using the monotonicity property of the vector field G (η (∇W ))K∇W

from Lemma 2.2, uniqueness can be obtained in a straightforward way. Indeed, let

W1 and W2 be two solutions of BVP (3.12-3.13), and let

z = W1 −W2.

Multiplying BVP (3.12-3.13) for W1 and W2 by z, integrating by parts and subtracting

one from the other, one obtains

I(W1,W2) :=
∫

U

(G (η (∇W1))K∇W1 −G (η (∇W2))K∇W2) · (∇W1 −∇W2) dx = 0.

From Lemma 3.1, it follows that

0 = I(W1, W2) ≥
∫

U

Fi(a) (|∇W1| − |∇W2|)2dx (3.14)

where a belongs to the interval between |∇W1| and |∇W2|. Therefore, |∇W1| =

|∇W2|. Recalling the boundary condition on Γw, we can assert that W1 = W2 in the

domain U. This completes uniqueness

We intend to build a solution of BVP (3.12-3.13) as the limit of certain finite

dimensional approximations.

More precisely, assume that the functions wk = wk(x)(k = 1, . . .) are smooth and

{wk}∞k=1 is an orthogonal basis of H1
0 (U),

taken with the inner product (u, v) =

∫

U

∇u · ∇v dx.

We look for a function Wm ∈ H1
0 (U) of the form

Wm =
m∑

k=1

dk
mwk, (3.15)

where we hope to select the coefficients dk
m so that

∫

U

G (η (∇Wm)) K∇Wm · ∇wk dx =

∫

U

Awk dx (k=1, . . . , m). (3.16)
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This amounts to our requiring that Wm solves the “projection” of the BVP (3.12-

3.13) onto the finite dimensional subspace spanned by {wk}∞k=1.

The following claim was proved as a lemma on page 493 in [21].

Claim: (Zeros of a vector field). Assume that the continuous function ~v : Rn →
Rn satisfies

~v (x) · x ≥ 0 if |x| = r, (3.17)

for some r > 0. Then there exists a point x ∈ B(0, r) such that

~v (x) = 0.

Claim: (Building approximate solutions). For each m = 1, . . . , there exists a

function Wm as described in (3.15) satisfying the relation (3.16).

From the previous claim define the function ~v : Rm → Rm, ~v = (ν1, . . . , νm), by

setting

νk(d) :=

∫

U

(
G(η(

m∑
j=1

dj∇wj))K
m∑

j=1

dj∇wj

)
· ∇wk − Awk dx (k = 1, . . . ,m)

(3.18)

for each point d = (d1, . . . , dm) ∈ Rm.

Our aim is to show there exists an r > 0 such that |d| = r and ~v (d) · d ≥ 0. For

this, consider first the equation

~v (d)·d =

∫

U

[
G

(
η(

m∑
j=1

dj∇wj)

)
K

m∑
j=1

dj∇wj

]
·

m∑
j=1

dj∇wj−A

m∑
j=1

djwj dx. (3.19)

and denote

ψ :=
m∑

j=1

djwj and∇ψ :=
m∑

j=1

dj∇wj.

Then,

η(
m∑

j=1

dj∇wj) =
√

(L∇ψ,L∇ψ) = |L∇ψ|

with [
G

(
η(

m∑
j=1

dj∇wj)

)
K

m∑
j=1

dj∇wj

]
·

m∑
j=1

dj∇wj = G(|L∇ψ|)|L∇ψ|2. (3.20)
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This yields

~v (d) · d =

∫

U

G(|L∇ψ|)|L∇ψ|2 − A

m∑
j=1

djwj dx. (3.21)

We are going to employ properties of the function G for each Forchheimer law to

show that ~v (d) · d ≥ 0 is satisfied. As the power law reduces to the two terms law

when n = 2 , it’s enough to prove the assertion for the power and the three term laws

only.

For the power law, we will first find an asymptote for M2(|L∇ψ|). For this, let us

reconsider equation (2.7) using η = |L∇ψ|. After multiplying it with |L∇ψ|, we get

cn|L∇ψ|nMn
2 + a|L∇ψ|M2 − |L∇ψ| = 0 (3.22)

or

cn|L∇ψ|nMn
2 + a|L∇ψ|M2 = |L∇ψ| (3.23)

It’s clear that for n > 1, cn|L∇ψ|nMn
2 grows a lot faster than a|L∇ψ|M2 as

|L∇ψ|M2 →∞ , hence

cn|L∇ψ|nMn
2 ∼ |L∇ψ| as |L∇ψ|M2 →∞. (3.24)

In other words,

M2 ∼ c−1|L∇ψ| 1−n
n as |L∇ψ|M2 →∞. (3.25)

Considering also the case when |L∇ψ| may be bounded, one can find two positive

constants C1 and C2 such that

M3 ≥ C1|L∇ψ| 1−n
n − C2 (3.26)

Thus by (3.20) and (3.26), equation (3.19) becomes

~v (d) · d ≥
∫

U

C1|L∇ψ| 1−n
n |L∇ψ|2 − C2 − Aψ dx (3.27)
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which simplifies to

~v (d) · d ≥
∫

U

C1|L∇ψ| 1+n
n dx−

∫

U

Aψ dx− C2|U |

≥ C1

|L| 1+n
n

∫

U

|∇ψ| 1+n
n dx−

∫

U

Aψ dx− C2|U |

By Poincaré’s inequality C

∫

U

|∇ψ| dx ≥
∫

U

|ψ| dx for a suitable C. Thus,

~v (d) · d ≥ C1

|L| 1+n
n

∫

U

|∇ψ| 1+n
n dx− AC

∫

U

|∇ψ| dx− C2|U |

= C3

∫

U

(
|∇ψ| 1+n

n − |∇ψ|
)

dx− C2|U |

A sufficiently large choice of |d| = r implies so is
∫

U
|∇ψ| dx and 1+n

n
> 1 imply

C3

∫

U

|∇ψ| 1+n
n − |∇ψ| dx− C2|U | ≥ 0.

Hence, ~v (d) · d ≥ 0.

For the three term cubic law the proof is very similar to the previous case. We

will first find an asymptote for M3(|L∇ψ|)
For this, let us reconsider equation (2.8) using η = |L∇ψ|. After multiplying it

with |L∇ψ|, we get

C|L∇ψ|3M3
3 + B|L∇ψ|2M2

3 + A|L∇ψ|M3 = |L∇ψ| (3.28)

It’s clear that for n > 1, C|L∇ψ|3M3
3 grows faster than all other terms on the left

hand side as |L∇ψ|M3 →∞, hence

C|L∇ψ|3M3
3 ∼ |L∇ψ| as |L∇ψ|M3 →∞. (3.29)

In other words,

M3 ∼ C− 2
3 |L∇ψ|− 2

3 as |L∇ψ|M3 →∞. (3.30)

and there exists two positive constants C4 and C5 such that
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M3 ≥ C4|L∇ψ|− 2
3 − C5 (3.31)

Thus, equation (3.19) becomes

~v (d) · d ≥ C4

∫

U

|L∇ψ| 43 − C5 dx−
∫

U

Aψ dx (3.32)

By the Poincaré’s inequality,

~v (d) · d ≥ C6

∫

U

|∇ψ| 43 − |∇ψ| dx− C5|U | (3.33)

For
∫

U
|∇ψ| dx sufficiently large,

C6

∫

U

|∇ψ| 43 − |∇ψ| dx− C5|U | ≥ 0.

Hence, ~v (d) · d ≥ 0.

Consequently, we apply the previous claim to conclude that ~v(d) = 0 for some

point d ∈ Rm. Then (3.18) implies Wm, defined by (3.15) satisfies the relation (3.16).

Next, we want to tale the limit as m → ∞, and to achieve this we need to get

some energy estimates first

Claim: (Energy estimates). For each Forchheimer law there exists an appropriate

Sobolev space S a constant C which depends only on U , the nonlinear function G

and the production rate Q such that

‖W‖2
S ≤ C (3.34)

for m = 1, 2, . . ..

Multiplying equality (3.16) by dk
m and summing for k = 1, . . . , m we obtain

∫

U

G (η (∇Wm)) K∇Wm · ∇Wm dx =

∫

U

AWm dx. (3.35)

Similar to the previous claim proof, we are going to use the asymptotic estimates

for G for each law. We will use the already obtained results in the previous claim

that
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M2 ≥ C1|L∇Wm| 1−n
n − C2, (3.36)

M3 ≥ C4|L∇Wm|− 2
3 − C5. (3.37)

For the power law, equation (3.35) becomes

∫

U

C1|L∇Wm| 1+n
n dx− C2|U | ≤

∫

U

AWm dx.

Then,
C1

|L| 1+n
n

∫

U

|∇Wm| 1+n
n dx ≤ ε

∫

U

W 2
m dx +

A2|U |
4ε

+ C2|U |

or

C1

|L| 1+n
n

∫

U

|∇Wm| 1+n
n dx− ε

∫

U

W 2
m dx ≤ A2|U |

4ε
+ C2|U |.

By Poincaré’s inequality C

∫

U

|∇Wm| 1+n
n dx ≥

∫

U

|Wm| 1+n
n dx and

C7

∫

U

|∇Wm| 1+n
n dx ≥

∫

U

|Wm|2 dx for a suitable C and C7, respectively. Then,

(
C1

2|L| 1+n
n

− ε C7)

∫

U

|∇Wm| 1+n
n dx +

1

2C

∫

U

|Wm| 1+n
n dx ≤ A2|U |

4ε
+ C2|U |.

Choosing ε < C1

2C7|L|
1+n

n
yields

‖W‖2
S ≤ C where S is W

1, n+1
n

0 (U) for the power law.

When n = 2, i.e. for the power law

‖W‖2
S ≤ C8 for S is W

1, 3
2

0 (U).

For the three term cubic law , equation (3.35) becomes

∫

U

C4|L∇Wm| 43 dx− C5|U | ≤
∫

U

AWm dx.
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Then,
C4

|L| 43
∫

U

|∇Wm| 43 dx ≤ ε

∫

U

W 2
m dx +

A2|U |
4ε

+ C5|U |

or

C4

|L| 43
∫

U

|∇Wm| 43 dx− ε

∫

U

W 2
m dx ≤ A2|U |

4ε
+ C5|U |.

By Poincaré’s inequality,

C9

∫

U

|∇Wm| 43 dx ≥
∫

U

|Wm| 43 dx and C10

∫

U

|∇Wm| 43 dx ≥
∫

U

|Wm|2 dx

(
C4

2|L| 43
− ε C10)

∫

U

|∇Wm| 43 dx +
1

2C9

∫

U

|Wm| 43 dx ≤ A2|U |
4ε

+ C5|U |.

Choosing ε < C4

2C10|L|
4
3

yields

‖W‖2
S ≤ C1 where S is W

1, 4
3

0 (U).

Now we are ready to use the inequality (3.34) to pass the limit as m → ∞,

resulting in a weak solution of the BVP (3.12-3.13). In other words, a function

W ∈ S satisfying the equality

∫

U

(G (η (∇W )) K∇W ) · ∇ν dx =

∫

U

Aν dx for all ν ∈ S. (3.38)

Using (3.34), we may find a subsequence {Wmj
} that converges weakly to the limit

W . However, we can not directly say this as our BVP is nonlinear and nonlinearities

may not be continuous with respect to weak convergence. The monotonicity property

of our problem will help us to clear this issue:

As mentioned above we can choose a subsequence {Wmj
}∞j=1 ⊂ {Wm}∞m=1 and a

function W ∈ S such that

Wmj
⇀ W weakly in S (3.39)

and

Wmj
→ W in L2(U) (3.40)
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We must prove W satisfies (3.38)!

Note that {G (η (∇Wm)) K∇Wm}∞m=1 is bounded in L2(U ;Rn); so we may also

say that

G
(
η

(∇Wmj

))
K∇Wmj

⇀ ξ weakly in L2(U ;Rn) (3.41)

for some ξ ∈ L2(U ;Rn. Using (3.16), we deduce

∫

U

ξ · ∇wk dx =

∫

U

Awk dx

for each k = 1, . . . . Therefore,

∫

U

ξ · ∇ν dx =

∫

U

Aν dx for each ν ∈ S. (3.42)

Note also from Theorem 2.2 that the monotonicity condition

∫

U

(G(η(∇Wm))K∇Wm −G(η(∇w))K∇w) · (∇Wm −∇w) dx ≥ 0 (3.43)

for m = 1, . . . and w ∈ S. But as we know, equation (3.16) yields the identity

∫

U

(G(η(∇Wm))K∇Wm) · (∇Wm) dx =

∫

U

AWm dx

Substituting into (3.43) we obtain:

∫

U

AWm − (G(η(∇Wm))K∇Wm) · ∇w − (G(η(∇w))K∇w) · (∇Wm −∇w) dx ≥ 0.

Let m = mj →∞ and using (3.39)-(3.41), we get

∫

U

AW − ξ · ∇w − (G(η(∇w))K∇w) · (∇W −∇w) dx ≥ 0.

We simplify using identity (3.42) with ν = W and obtain

∫

U

(ξ −G(η(∇w))K∇w) · (∇W −∇w) dx ≥ 0 for all w ∈ S. (3.44)
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Now fix any ν ∈ S and set w := W − λν(λ > 0) in (3.44). We obtain then

∫

U

[ξ −G(η(∇W − λ∇ν))K(∇W − λ∇ν)] · ∇ν dx ≥ 0.

Take λ → 0:

∫

U

[ξ −G(η(∇W ))K∇W ] · ∇ν dx ≥ 0 for all ν ∈ S. (3.45)

Substituting ν by −ν, we deduce that in fact equality hold above. Then (3.42)

and (3.45) taken together yield

∫

U

[G(η(∇W ))K∇W ] · ∇ν dx =

∫

U

Aν dx for all ν ∈ S.

Hence, W is a weak solution of BVP (3.12-3.13).

Using the solution of the auxiliary steady state problem (3.12-3.13), we can con-

struct the transient solution of the IBVP (3.9-3.11), which has an important time

invariant property. For this we first introduce the class of admissible functions for

the problem (3.9-3.11).

For A > 0 and B > 0, let

M(A,B) =
{

p(x, t)|Γw
= −γAt + B : p(x, t) ∈ S

}
.

Proposition 3.3. Let W (x) solve the auxiliary problem (3.12-3.13). Let p̄(x, t) de-

note the solution to the IBVP (3.9-3.11) with p0(x) = W (x) + B. Then, p̄(x, t) is

unique in M(A,B) and given by

p̄(x, t) = W (x)− γAt + B. (3.46)

Proof. Substituting (3.46) into (3.9), we easily find that p(x, t) solves (3.9). It is also

clear that p(x, t) satisfies the boundary and initial conditions (3.10) and (3.11). Thus,

p(x, t) solves the IBVP (3.9-3.11).

To prove uniqueness, we assume that p1(x, t) and p2(x, t) are solutions to the

IBVP (3.9-3.11). Then the function z(x, t) = p1(x, t) − p2(x, t) solves the following
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IBVP:

∂z

∂t
= γ∇ · [G (η (∇p1)) K∇p1 −G (η (∇p2)) K∇p2

]
, (3.47)

z|Γw
= 0 , (3.48)

∂z

∂~n

∣∣∣∣
ΓU

= 0 , (3.49)

z(x, 0) = 0 . (3.50)

Multiplying the left hand side and right hand side of (3.47) by z(x, t) and integrating

by parts, we obtain

∂

∂t

∫

U

z2dx = −2γ

∫

U

[
G (η (∇p1))K∇p1−G (η (∇p2))K∇p2

]
· ∇(p1 − p2) dx. (3.51)

By Theorem 2.3, the integrand in (3.51) is non-negative. Therefore, (3.51) implies

that I(t) =
∫
U

z2(x, t)dx is a decreasing function of t ≥ 0. Since p1(x, t) and p2(x, t)

each satisfies the initial condition (3.11) we have z(x, 0) = 0 on U . Therefore I(0) = 0.

Since I(t) is non-negative and decreasing the latter implies that I(t) = 0 for all t ≥ 0.

From this we conclude that p1(x, t) = p2(x, t) for all x ∈ U and all t ≥ 0.

Definition 3.3. p̄(x, t) is called the pseudo-steady state solution of the IBVP (3.9-

3.11).

Proposition 3.3 states the existence and the uniqueness of the pseudo-steady state

IBVP with given flux on Γw, and with solution p̄(x, t) belonging to the admissible

class M(A,B). The pseudo-steady state solution depends on time and asymptotically

diverges to infinity; however at each moment the same shape is preserved and the

change in time corresponds to a rigid translation of the initial pressure distribution.

The IBVP (3.9-3.11) with arbitrary initial data and a solution belonging to admissible

class M(A,B) is over-determined, however if this last condition is dropped the solu-

tion is not unique. It is natural to search relations between the idealized PSS solution

p̄(x, t) and the solution of similar IBVPs with arbitrary initial data. In the following

results it will be shown that if the solution of the IBVP is uniformly distributed on
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the Γw, then the pseudo steady state solution serves as an attractor for two different

IBVPs with arbitrary initial data.

Theorem 3.2. Let p(x, t) be any solution of the IBVP (3.9-3.11) and denote

p(x, t)|Γw
= ϕ(x, t) (3.52)

G (η(∇p)) K
∂p

∂~n

∣∣∣∣
Γw

= ψ(x, t) (3.53)

Then,

∫

U

(
p(x, t)−W (x)−B

t
+ Aγ

)2

dx ≤ 1

t2

∫

U

(p(x, 0)− p̄(x, 0))2dx +

2

t2

∫ t

0

∫

Γw

(ϕ(x, t) + Aγt−B)

(
ψ(x, t)−G(η(∇p))K

∂W

∂~n

)
dsxdt

Proof. By Proposition (3.3), there exist a unique PSS solution p̄(x, t), of the IBVP (3.9-

3.11), of the form p̄(x, t) = −Aγt + W (x) + B. Then,

1

2

∫

U

∂

∂t

(
(p− p̄)2

)
dx =

∫

U

(p− p̄)
∂(p− p̄)

∂t
dx

By Proposition 3.1,

∂(p− p̄)

∂t
= ∇ · (G(η(∇p))K∇p−G(η(∇p̄))K∇p̄) .

Substituting this to the right hand side of the equation and applying integration by

parts,

1

2

∫

U

∂

∂t

(
(p− p̄)2

)
dx (3.54)

=

∫

U

(p− p̄) [∇ · (G(η(∇p))K∇p−G(η(∇p̄))K∇p̄)] dx (3.55)

= −
∫

U

∇(p− p̄) · [G(η(∇p))K∇p−G(η(∇p̄))K∇p̄]dx (3.56)

+

∫

Γw

(
ψ(x, t)−G(η(∇p))K

∂W

∂~n

)
(ϕ(x, t) + Aγt−B) dsx (3.57)
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By the quasi-strict monotonicity of G(η(∇p) the integral in (3.54) is negative so

it can be dropped. Then, integrating both sides from 0 to t yields

∫

U

(p(t, x)− p̄(t, x))2 − [
(p(t, x)− p̄(t, x))2

]
t=0

dx

≤ 2

∫ t

0

∫

Γw

(
ψ(x, t)−G(η(∇p))K

∂W

∂~n

)
(ϕ(x, t) + Aγt−B) dsxdt

Substituting p̄(x, t) = −Aγt + W (x) + B leads to

∫

U

(p(x, t)−W (x) + Aγt−B)2 ≤
∫

U

(p(x, 0)− p̄(x, 0))2dx +

2

∫ t

0

∫

Γw

(
ψ(x, t)−G(η(∇p))K

∂W

∂~n

)
(ϕ(x, t) + Aγt−B) dsxdt.

Finally, dividing both sides by t2 yields the desired inequality.

Corollary 3.1. Let p(x, t) be any solution of the IBVP (3.9-3.11), where Q may

depend on time t. Assume that

1

t2

∫ t

0

∫

Γw

(ϕ(x, t) + Aγt−B)

(
ψ(x, t)−G(η(∇p))K

∂W

∂~n

)
dxdt → 0 as t →∞

Then, ∫

U

(
p(x, t)

t
+ Aγ

)2

dx → 0 as t →∞

Under some additional constraints together with two and three term Forchheimer

equations, a stronger result can be obtained. The following theorem shows that PSS

solution is a global attractor for another solution provided that the pressure gradient

is bounded. It also removes the restriction that the production rate is constant.

Moreover, it shows that the time dependent initial production rate stabilizes to a

constant rate Q.
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Theorem 3.3. Let p(x, t) be a solution of the IBVP

γ−1∂p

∂t
= ∇ · (G(η(∇p))K∇p) , (3.58)

p(x, t)|Γw
= −γA t + B , (3.59)

∂p

∂~n

∣∣∣∣
ΓU

= 0 , (3.60)

p(x, 0) = p0(x) . (3.61)

Assume |∇p̄| ≤ C0 and |∇p| ≤ C0. Then

∫

U

(p̄(x, t)− p(x, t)
)2

dx → 0, as t →∞. (3.62)

In addition the integral cumulative production satisfies

lim
t→∞

[
γ

(∫ t

0

Q(τ)dτ − Qt

)
−

∫

U

(
p(x, 0)− p̄

)
dx

]
= 0 , (3.63)

and the total flux on Γw converges:

Q(t) = −
∫

Γw

G(η(∇p))K
∂p

∂~n
ds → Q, as t →∞. (3.64)

Proof. Let p̄(x, t) = −γA t + Wβ,Q(x, t) + B be solution of the pseudo-steady state

IBVP. The function z(x, t) = p(x, t)− p̄(x, t) vanishes on Γw and satisfies the equation

1

2

∂

∂t

∫

U

z2(x, t)dx = −γ

∫

U

[G(η(∇p))K∇p−G(η(∇p̄))K∇p̄] · ∇z dx . (3.65)

From Theorem 2.3 and the boundedness of |∇p̄| and |∇p|, it follows

∂

∂t

∫

U

z2(x, t)dx ≤ −2γ C1

∫

U

(∇z(x, t))2dx . (3.66)

Applying Friedrich inequality in the right hand side of previous inequality, it follows

∂

∂t

∫

U

z2(x, t)dx ≤ −2γ C1 C2

∫

U

z2(x, t)dx , (3.67)

where the constant C2 depends on the domain U and on the properties of its bound-

aries. From (3.67), it follows the exponential decay of the integral

∫

U

z2(x, t)dx . (3.68)
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In order to prove (3.63) and (3.64), we first observe that

∂

∂t

∫

U

p(x, t)dx = −γ Q(t) , (3.69)

and that
∂

∂t

∫

U

p̄(x, t)dx = −γ Q . (3.70)

Subtracting equation (3.70) from equation (3.69), integrating in time from t = 0 to a

generic instant t and rearranging the terms, it follows

γ

(∫ t

0

Q(τ)dτ − Qt

)
−

∫

U

(
p(x, 0)− p̄(x, 0)

)
dx =

= −
(∫

U

(p(x, t)− p̄(x, t))dx

)
. (3.71)

(3.63) is then verified since the right hand side of the equation (3.71) vanishes expo-

nentially as the time increases. From this, it’s not difficult to show (3.64).

In the next theorem, we get a stability result for the PSS solution and another

solution provided that the production rate is constant. What is significant in this

theorem is we no longer assume p(x, t)|Γw
= −γA t + B , and simply say p(x, t)|Γw =

C(t). However, in the long run our pressure value stabilities to a linear function.

Theorem 3.4. Let p(x, t) be a solution of the IBVP

γ−1∂p

∂t
= ∇ · (G (η (∇p)) K∇p) , (3.72)

∂p

∂~n

∣∣∣∣
ΓU

= 0 , (3.73)

p(x, 0) = p0(x) (3.74)∫

Γw

G (η (∇p)) K
∂p

∂~n
ds = −Q, (3.75)

p(x, t)|Γw = C(t) , (3.76)

where on Γw the total flux Q is fixed and the pressure p(x, t) is spatially homogeneous.

Assume |∇pβ,Q| ≤ C0 and |∇p| ≤ C0. Then

∫

U

(
p(x, t)− p̄(x, t)− 1

|U |
∫

U

(
p(y, 0)− p̄(y, 0)

)
dy

)2

dx → 0, as t →∞ . (3.77)

36



Texas Tech University, Adem Cakmak, August 2009

Moreover,

(
C(t)− (A t + B)− 1

|U |
∫

U

(
p(x, 0)− p̄(x, 0)

)
dx

)
→ 0, as t →∞ . (3.78)

Proof. Let p̄(x, t) = −γA t+W (x, t)+B be solution of the pseudo-steady state IBVP.

Let us denote

∆p(x, t) := p(x, t)− 1

|U |
∫

U

p(x, 0)dx , (3.79)

∆p̄(x, t) := p̄(x, t)− 1

|U |
∫

U

p̄(x, 0)dx. (3.80)

Once again, using Lemma 2.3 and the flux boundary condition for both functions

∆p(x, t) and ∆p̄(x, t), it is not difficult to see that

z(x, t) = ∆p(x, t)−∆p̄(x, t) satisfies

∂

∂t

∫

U

z2(x, t) dx ≤ −2 γ C1

∫

U

(∇z(x, t))2 dx. (3.81)

Applying Poincare inequality to the right hand side of previous inequality we will get

∂

∂t

∫

U

z2(x, t) dx ≤ −2 γ C1

[
C2

∫

U

z2(x, t) dx− C3

(∫

U

z(x, t)dx

)2
]

. (3.82)

The integral
∫

U
z(x, 0)dx = 0 by definition (see Eqs. (3.79-3.80) for t = 0), and in

virtue of the zero flux boundary condition ∂
∂t

∫
U

z(x, t)dx = 0, for all t > 0. Therefore

the integral
∫

U
z(x, t) dx in right hand side of (3.82) is identically zero for all t > 0.

Once again we can conclude, that integral

∫

U

z2(x, t) dx =

∫

U

(
p(x, t)− p̄(x, t)− 1

|U |
∫

U

(
p(y, 0)− p̄(y, 0)

)
dy

)2

dx (3.83)

vanishes on infinity exponentially, which proves Eq. (3.77). To prove Eq. (3.78), we

will first show that ∫

U

(∇z(x, t))2dx → 0 , as t →∞ . (3.84)

Let us integrate inequality (3.81) with respect to the time t

∫

U

z2(x, 0) dx−
∫

U

z2(x, t) dx ≥ 2γ C1

∫ t

0

(∫

U

(∇z(x, τ))2dx

)
dτ . (3.85)
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The left hand side in Eq. (3.85) converges to a certain constant C4, therefore

C4

2γ C3
≥

∫ t

0

∫

U
(∇p(x, τ))2 − 2∇p(x, τ)∇W (x)dxdτ + t

∫

U
(∇W (x))2dx ≥ 0 . (3.86)

From Eq. (3.86) it’s not difficult to get Eq. (3.84). Next, from Sobolev trace theorem

it follows

∫

U

(∇z(x, t))2dx + C5

∫

U

z2(x, t)dx ≥ C6

∫

Γw

z2(x, t)ds

= C6 |Γw|
(

C(t)− (A t + B)− 1

|U |
∫

U

(
p(x, 0)− p̄(x, 0)

)
dx

)2

. (3.87)

Once again the constants C5 and C6 depend only on the property of the domain and

its boundary. The left hand side in Eq. (3.87) converges to zero at infinity so does

the right hand side. This completes the proof.

From Eqs. (3.77) and (3.78) a useful corollary can be easily obtained:

Corollary 3.2. Let p(x, t) be solution of the system (3.72-3.76) then as t →∞
p(x, t)|Γw

At + B
→ 1, and

1

|Γw|
∫

Γw

(p(x, t)− p̄x, t)) ds− 1

|U |
∫

U

(p(x, t)− p̄(x, t)) dx → 0. (3.88)
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3.3 Time Invariant Diffusive Capacity (Productivity Index), and its Properties

In this section, we will show that a time invariant productivity index (PI) exists

for the PSS solution and it depends only on the function G and the geometry of the

domain U . Then, we will show that the PI for other type of solutions attract to

the time invariant PI under certain assumptions. Finally, we will compare the PI of

Forchheimer flows with the PI of Darcy flow.

We will first start with Theorem 3.3 to prove the existence of the PSS regime.

Theorem 3.5. There exists an initial function p0(x) for IBVP (3.9-3.11) such that

the corresponding pressure drawdown (difference between the averages of the pressure

on the well surface and the pressure in the reservoir) is constant. Moreover, the

diffusive capacity is a steady state invariant of the solution to the IBVP (3.9-3.11),

which can be computed as follows

JG(p̄, ~v, t) = JG(Q) :=
Q

1
|U |

∫
U

W (x)dx
. (3.89)

Proof. By Proposition 3.3 it is clear that a PSS solution exists for the IBVP (3.9-3.11).

To prove the time invariant productivity index, note that the numerator of (3.8) is

the constant production rate, i.e.
∫

Γw
~v · ~n dsx = Q. Now, substituting the pressure

given by (3.46) into (3.8) we obtain (3.89).

Theorem 3.3 states the existence of the PSS regime, formulating the time invariant

property of the diffusive capacity with respect to an assumed initial pressure distri-

bution. The initial distribution and the solution of the Auxiliary BVP should match

on the well. Otherwise,the diffusive capacity will be always a function of time t for a

general initial distribution. However, as it is observed in Theorem 3.4 that a general

initial distribution with constant production rate attracts to the PSS solution. In

addition, as in Theorem 3.3, a flow with idealized initial distribution and a variable

production rate also shows similarities to the PSS solution as t → ∞. These two

results can be applied to the Productivity Indexes as follows:
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Theorem 3.6. Let p(x, t) be the solution of the system (3.58)-(3.60), then the time

dependent diffusive capacity stabilizes asymptotically to the PSS Productivity Index

JG(p,~v, t) =

∫
Γw

G (η (∇p)) K ∂p
∂~n

ds
1
|U |

∫
U

p(x, t)dx− 1
|Γw|

∫
Γw

p(x, t)dx
→ JG(Q), as t →∞ . (3.90)

The proof of Theorem 3.6 follows from Theorem 3.3 and Theorem 3.3.

Theorem 3.7. Let p(x, t) be the solution of the system (3.72)-(3.76) , then the time

dependent diffusive capacity stabilizes asymptotically to the PSS Productivity Index

JG(p,~v, t) =
Q

1
|U |

∫
U

p(x, t)dx− 1
|Γw|

∫
Γw

p(x, t)dx
→ JG(Q), as t →∞. (3.91)

The proof of Theorem 3.7 follows from Theorem 3.3, Theorem 3.4 and Corollary

3.2.

From engineering point of view, Theorem 3.7 says that if a well operates with a

constant production rate Q and uniform pressure on well Γw, then the diffusive capac-

ity converges (exponentially) to the time invariant PSS Productivity Index regardless

the initial pressure distribution.

It is natural to question how big the nonlinearity in each Forchheimer law affect

the productivity index. As it is shown in [3], using Theorem we can calculate the

time invariant productivity index for the Darcy law as

J0(Q, t) =
Q

1
|U |

∫
U

p0dx− 1
|Γw|

∫
Γw

p0dx
=

1
1
|U |

∫
U

W0(x)dx
= J0(Q) = J0 . (3.92)

Here W0 is the solution of the auxiliary problem:

− 1

|U | = ∇ · (α−1K∇W0) , (3.93)

W0|Γw
= 0 , (3.94)

∂W0

∂~n

∣∣∣∣
ΓU

= 0 . (3.95)

The following proposition was proved in [3] for the isotropic case (K = I). It gives

an upper bound for the difference of productivity indices of Darcy’s law and two term

law. We will restate the proposition for anisotropic case but the proof is the same.
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Proposition 3.4. For G = M1 (two term law),

|J0 − JG(Q)| ≤ βQ

α
C1 (3.96)

where C1 is a constant depending only on |U |, |K|2, max
U

|∇W0| /
∫
U

|∇W0|2 dx.

The next Proposition estimates the size of the deviation between three term cubic

law and the Darcy’s law.

Proposition 3.5. For G = M3 (Three Term Law), assume A = α and B = β in

(2.3). Then,

|J0 − JG(Q)| ≤ C1Q

|U |2
(

β

α2
+

C

α(2
√

αC + β)

)
.. (3.97)

Here, the constant C1 is equal to max
U

|L∇W0| J0.

Proof. From Theorem 3.3 and equation (3.92) it follows that

|J0 − JG(Q)| = |U |
∣∣∫

U
W (x)−QW0(x) dx

∣∣
∫

U
W (x) dx

∫
U

W0(x) dx
. (3.98)

To evaluate the numerator in equation (3.98) let us multiply equations (3.12) and

(3.93) by W0(x) and W (x),respectively, integrate by parts and subtract one from the

other. As a result, we get

∫

U

(
W (x)−QW0(x)

)
dx =

∫

U

(α−1 −M3(|∇W |))K∇W (x) · ∇W0(x) dx . (3.99)

Note that M3 satisfies the equation

Cη2M3
3 + BηM2

3 + AM3 − 1 = 0.

Substituting A = α , B = β and multiplying by α−1 we get

α−1 −M3 = α−1βM2
3 η + α−1CM3

3 η2. (3.100)

Substituting 3.100 into 3.99 yields

∫

U

W (x)−QW0(x) dx =

∫

U

(
α−1βM2

3 η + α−1CM3
3 η2

)
K∇W (x) · ∇W0(x) dx .

(3.101)
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Note that

η(∇W ) =
√

(L∇W,L∇W ) = |L∇W |.

Then, (3.101) becomes

∫

U

W −QW0 dx =

∫

U

(
α−1βM2

3 |L∇W |+ α−1CM3
3 |L∇W |2) K∇W · ∇W0 dx .

(3.102)

or equivalently,

∫

U

W −QW0 dx =

∫

U

(
α−1βM2

3 |L∇W |+ α−1CM3
3 |L∇W |2) L∇W · L∇W0 dx .

(3.103)

Applying Cauchy-Schwartz inequality we will get

∣∣∣∣
∫

U

W −QW0 dx

∣∣∣∣ ≤
∫

U

(
β

α
M2

3 |L∇W |2 +
C

α
M3

3 |L∇W |3
)
|L∇W0|dx . (3.104)

or

∣∣∣∣
∫

U

W −QW0 dx

∣∣∣∣ ≤ max
U

|L∇W0|
∫

U

M3|L∇W |2
(

β

α
M3 +

C

α
M2

3 |L∇W |
)

dx .

(3.105)

Next, let us denote |v| := M3|L∇W |. Then,

M3 =
|v|

|L∇W | =
1

α + β|v|+ C|v|2 . (3.106)

Hence,

M3 ≤ α−1. (3.107)

Moreover,

M2
3 |L∇W | = |v|M3 =

|v|
α + β|v|+ C|v|2 . (3.108)
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The maximum value of the right hand side of (3.108) happens when |v| =
√

α

C
so

M2
3 |L∇W | ≤ 1

2
√

αC + β
. (3.109)

Substituting (3.107) and (3.109) into (3.105) and taking into account the fact that

W solves Auxiliary BVP (3.12-3.13) one can get

∣∣∣∣
∫

U

(
W −QW0

)
dx

∣∣∣∣ ≤
(

β

α2
+

C

α(2
√

αC + β)

)
max

U
|L∇W0|

∫

U

M3 |L∇W (x)|2 dx

=

(
β

α2
+

C

α(2
√

αC + β)

)
max

U
|L∇W0|

∫

U

M3K∇W ·Wdx

≤
(

β

α2
+

C

α(2
√

αC + β)

)
max

U
|L∇W0| Q

|U |
∫

U

Wdx (3.110)

By substituting the last inequality in the numerator of (3.104), it follows that

|J0 − JG(Q)| ≤

(
β

α2
+

C

α(2
√

αC + β)

)
max

U
|L∇W0| Q

|U |
∫

U

Wdx

∫

U

W0dx

∫

U

Wdx

. (3.111)

or

|J0 − JG(Q)| ≤
(

β

α2
+

C

α(2
√

αC + β)

)
max

U
|L∇W0(x)| Q

|U |
∫

U

W0(x)dx

. (3.112)

where the last fraction in the equation is the PI for the Darcy flow. Finally, we get

|J0 − JG(Q)| ≤ C1Q

|U |2
(

β

α2
+

C

α(2
√

αC + β)

)
. (3.113)

Here the constant C1 is equal to max
U

|L∇W0| J0.

The term β
α2 + C

α(2
√

αC+β)
helps us to get a physical interpretation: If α = µ

k
gets

large, i.e., the fluid is more viscous then the nonlinearity in the flow decreases. On
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the other hand if β increases, .i.e, density of the fluid increases than the nonlinearity

increases too.

The the rest of the terms term in the right hand side of (3.114) explains the impact

of discontinuities, inclusions and fractures in the natural reservoir. The constant C2 is

in general unbounded for discontinuous media . The deviation between linear and non-

linear productivity indices is due to the high values of the gradient pressure modulus,

|∇W0|. Generally the pressure gradient is large in near the well-bore, however it can

reach similar large values around regions of discontinuity. This fact coincides with

the experiments in Ref. [[1, 50]], where it was observed that for a media having

highly permeable inclusions the deviation from the linear Darcy law occurs even for

small Reynolds numbers. We believe that the constant C2 can serve as a parameter

characterizing the applicability of the Darcy law in heterogeneous porous media.

Finally, we will estimate the deviation between the PI’s of Darcy flow and the

power law , the proof is very similar to the three term law and left to the reader.

Proposition 3.6. For G = M2 (Power law), assume a = α and cn = β in (2.2).

Then,

|J0 − JG(Q)| ≤ C1Q

|U |2
(

β

αn−1

)
. (3.114)

Here, the constant C1 is equal to max
U

|L∇W0| J0.
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3.4 Variational Formulation of the Auxiliary Problem for the Two Term Law and

the Simplified Power Law

In this section, we will use the methods of calculus of variation to explore the

existence of the solution of the auxiliary BVP. However, the results here are only

restricted to the two term law and the simplified power law. I’d like to express my

sincere gratitude to Dr. Alexander Yu. Solynin for his contribution at this point. We

used his Polarization Technique in [48] to prove Proposition 3.8 and 3.9.

The link between the diffusive capacity and the solution to the auxiliary BVP

(3.12-3.13) established by Theorem 4.3 reveals an interesting variational feature of

the productivity index of the well. It appears that the steady state BVP (3.12-3.13)

serves as the Euler-Lagrange equation for the non-linear functional

IG(u) =

∫

U

(1

2
H(η(∇u))− Au

)
dx, (3.115)

where

H(η) =

∫ η

0

G(τ) dτ. (3.116)

We consider the following minimization problem. Find

IG = inf
u

IG(u), (3.117)

where the infimum is taken over all smooth functions u satisfying the boundary con-

ditions (3.13).

Proposition 3.7. Under our standard assumptions on U , there is a function W

satisfying the boundary conditions (3.13), which minimizes the integral in (3.117).

In addition, any minimizer W solves the BVP (3.12-3.13).

Proof. First we note that the function H defined by (3.116) is convex in both the two

term law case and the power law case. In addition, it is not difficult to show that

the functional IG(u) satisfies the coercitivity condition, see [21, Ch. 4]. Therefore the

existence of the minimizer for (3.117) in the appropriate Sobolev space follows from

the known results of calculus of variations. For necessary results of this theory we
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refer to [21, Ch. 4], while technical details concerning our particular functional IG(u)

are left to the interested reader.

Now let W be a minimizer of IG(u). Let I(ε) = IG(W + ε v), i.e.

I(ε) =

∫

U

(1

2
H(η(∇(W + ε v)))− A (W + ε v)

)
dx , (3.118)

where v is a smooth function with zero boundary values on Γw. Since W minimizes

IG(u) we have I ′(0) = 0. Differentiating (3.118), we find

I ′(ε) =

∫

U

(1

2
H ′(η(∇(W + ε v)))

∂η(∇(W + ε v))

∂ε
− Av

)
dx

=

∫

U

(
H ′(η(∇(W + ε v))) K∇(W + ε v) · ∇v − Av

)
dx.

For ε = 0, this gives

∫

U

(H ′(η(∇W )) K∇W · ∇v − Av) dx = 0. (3.119)

Using the definition of H (see (3.116)), (3.119) can be written as

∫

U

(G(η(∇W )) K∇W · ∇v − Av) dx = 0. (3.120)

Since (3.120) holds for any test function v, we conclude that W is a weak solution of

the BVP problem (3.12-3.13).

In case of the two term law, equation (3.116) becomes

H(η) =
(α2 + 4 β

√
η)(

√
α2 + 4 β

√
η − α)− 2α β

√
η

6 β2
.

In case of the power law, equation (3.116) becomes

H(η) =
1

c

2 n

n + 1
η

n+1
2n .

It is important to note that the minimum IG in (3.117) is negative for both the

two term law (G(η) = M(η)) and the power law (G(η) = N(η)).

Lemma 3.1. The diffusive capacity JG(Q) of the PSS regime satisfies the following

relations:
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1) JG(Q) < −(Q2/2) I−1
M (W ) in the case of the two term Forchheimer law.

2) JG(Q) > −(Q2/2) I−1
N (W ) in the case of the power law.

3) JG(Q) = −(Q2/2) I−1
D (W ) with D = α−1 in the case of the linear Darcy law.

Proof. Let LG(W ) = −Q2/(2IG(W )). Using (3.115) and (3.12), we find that

2IG(W ) =

∫

U

(∫ η(∇W )

0

G(τ) dτ − AW

)
dx = (3.121)

∫

U

(∫ η(∇W )

0

G(τ) dτ

)
dx +

∫

U

∇ (G(η(∇W ))K∇W ) W dx−

A

∫

U

W dx.

Integrating the third of the integrals in (3.121) by parts and using the zero bound-

ary conditions (3.13), we find

∫

U

∇ (G(η(∇W ))K∇W ) W dx = (3.122)

−
∫

U

G(η(∇W ))η(∇W ) dx.

Combining (3.121) and (3.122) and using the equality A = Q/|U |, we obtain the

following convenient representation for LG(W ):

LG(W ) =
Q

ΦG(W ) + |U |−1
∫

U
W dx

, (3.123)

where

ΦG(W ) = Q−1

∫

U

∫ η(∇W )

0

(G(η(∇W ))−G(τ)) dτ dx.

1) In the case of two term law, the function G(τ) = M(τ) increases for τ ≥ 0.

Thus, ΦG(W ) > 0 in this case. Since W (x) > 0 in U by the maximum principle,

we also have
∫

U
W dx > 0. Combining this with (3.123) and (3.89), we obtain the

required inequality:

LG(W ) <
Q

|U |−1
∫

U
W dx

= JG(Q).
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2) In the case of power law, ΦG(W ) > 0 since the function G(τ) = N(τ) decreases

for τ > 0. Since the denominator in (3.123) is always positive, we again obtain the

required inequality:

LG(W ) >
Q

|U |−1
∫

U
W dx

= JG(Q).

3) Finally, in the case of linear Darcy flow the function G is a constant equal α−1.

Thus, ΦG(W ) = 0 and therefore LG(W ) = JG(Q) in this case.

Lemma 3.1 allows us to estimate the diffusive capacity without solving the steady

state BVP. Engineers are interested to evaluate and estimate the productivity index

of the well in the standard reservoir/well geometries. There is a need in a certain

“base line” for comparison and classification of the well efficiency in “non-similar”

reservoir geometries. In addition, it is important to introduce geometrical criteria to

obtain the optimal configurations of the well within technical or cost constraints. We

believe that further study based on the developed framework can be applied for more

general non-linear flows with less restrictive constraints on compressibility of the gas.

Using the variational formulation for the linear case, see Lemma 3.1(3), we can prove

the following propositions.

H2

H1

Dy
Dx

Figure 3.2: 2D model of the horizontal well/fracture.

Proposition 3.8. The productivity index of the horizontal well with a prescribed

length (see Fig. 4.1) increases as the distance Dy from the well to the horizontal

boundary of the reservoir increases and reaches its maximum at Dy = H2/2.
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Proof. To prove the monotonicity of the PI, we apply the method based on the

polarization transformation,(see [49]). It is convenient to identify R2 with the complex

plane C. Accordingly, we will use complex notation z = x+iy. Scaling and translating

if necessary, we may assume that U = {z = x + iy : |x| < h, 0 < y < π}. Thus,

H1 = 2h, H2 = π, and Dy = y.

Since G is constant in the case under consideration, the well known argument (see

[44, Ch. 5]) shows that the diffusive capacity can be expressed as

JG(W ) =
|U |2
α

∫
U
|∇W |2 dA

(
∫

U
W dA)2

. (3.124)

Let F (y) denote the RHS of (3.124) considered as a function of y. By Lemma 4.5(3),

we have to prove that F (y) increases in 0 ≤ y ≤ π/2.

First we transplant the problem into an auxiliary ζ-plane. The function ζ = ez

maps U conformally onto the semi-annulus R+ = {ζ : e−h < |ζ| < eh, 0 < arg ζ < π}
such that the well Γw is mapped onto the radial slit γ+(y) = {ζ : r1 ≤ |ζ| ≤
r2, arg ζ = y} with some r1, r2 such that e−h < r1 < r2 < rh.

Since the Dirichlet integral is invariant under conformal mapping it follows that

F (y) = inf
|U |2
α

∫
R+ |∇u|2 dA

(
∫

R+ u dA)2
, (3.125)

where the infimum is taken over all sufficiently smooth functions u such that

u|γ+(y) = 0,
∂u

∂n̄
|
ΓR+

= 0.

Next we extend the reservoir R+ by symmetry across the horizontal boundary

segments of R+. The extended configuration consists of the annular reservoir R =

{ζ : e−h < |ζ| < eh} with two wells γ+(y) and γ−(y) = {ζ : ζ̄ ∈ γ+(y)}.
Let

F1(y) = inf
|U |2
α

∫
R
|∇u|2 dA

(
∫

R
u dA)2

, (3.126)

where the infimum is taken over all sufficiently smooth functions u such that

u|γ+(y)∪γ−(y) = 0,
∂u

∂n̄
|
ΓR

= 0. (3.127)
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Since the reservoir R is symmetric with respect to the horizontal axis it follows

from (3.125) and (3.126) that F1(y) = (1/2)F (y). Thus, it is enough to prove that

F1(y) increases in 0 ≤ y ≤ π/2.

Let 0 < y1 < y2 ≤ π/2 and let L = {ζ = sei y1 : −∞ < s < ∞}. Let Wy be the

minimizer for the functional (3.126). Let W p
y be the polarization of Wy with respect

to L, i.e.

W p
y (ζ) =





max{Wy2(ζ),Wy2(ζ
∗)} if y1 ≤ θ ≤ π + y1

min{Wy2(ζ),Wy2(ζ
∗)} otherwise.

(3.128)

Here θ = arg ζ and ζ∗ denotes the reflection of the point ζ in L. For the definition

and properties of the polarization, we refer to [48]. In particular, it is known that the

Dirichlet integral is preserved under polarization.

In addition, from (3.128) one can easily see that the function W̃ (ζ) = W p
y2

(ei(y1−y2)ζ)

satisfies the boundary conditions (3.127). Therefore it is admissible for the functional

F1(y1). This implies that

F1(y1) ≤ |U |2
α

∫
R
|∇W̃ |2 dA

(
∫

R
W̃ dA)2

=

|U |2
α

∫
R
|∇Wy2|2 dA

(
∫

R
Wy2 dA)2

= F1(y2), (3.129)

which in turn implies the non-strict monotonicity of F1(y) on 0 ≤ y ≤ π/2.

Since the minimizer of the functional (3.126) is unique, it follows that if (3.129)

occurs with the sign of equality in its first relation then W̃ ≡ Wy1 . It is known that the

minimizer of the functional F1(y) is a real analytic function in R\(γ+(y)∪γ−(y)). This

being combined with the previous identity implies that we must have Wy1 ≡ Wy2 . The

latter, of course, never happens if y1 < y2. Thus, the strict inequality F1(y1) < F1(y2)

and therefore the desired inequality F (y1) < F (y2) are proved.

Proposition 3.9. The productivity index of the horizontal well with a prescribed

length increases as the distance Dx from the well to the vertical boundary of the

reservoir increases and reaches its maximum at Dx = (H1 − L)/2.
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Proof. Follows the same lines as above but now we use the function ζ = exp(πi(z −
h)/(2h)), which maps the reservoir U conformally onto a semi-annulus such that the

well Γw is mapped onto a circular slit. Then we apply the polarization to the doubled

configuration as in the proof of Proposition 3.8.

The proofs of Propositions 3.8 and 3.9 are based on the method of symmetrization

developed by G. Pólya and G. Szegö, see [44]. Classical applications of this method

to the Engineering Sciences were explained by G. Pólya [43]. Here we use recent

advances in the theory of symmetrization such as polarization, see [48] and refer-

ences therein. We hope to employ these techniques to estimate and evaluate the well

productivity index in reservoirs with complicated geometries involving generalized

non-linear anisotropic flows.
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3.5 A New Method for Evaluating the Productivity Index/Diffusive Capacity

This section is dedicated to finding alternative representations for the diffusive

capacity JG in equation (3.89). It will be showed that in the one dimensional case

these new formulas will lead to some analytical representations of JG.

Depending on the nonlinearity in equations (2.1), (2.2) and (2.3) we will first

obtain the diffusive capacity in terms of the velocity field. This will allow us to obtain

the analytical formulas in terms of the geometrical and hydrodynamical parameters.

For this, let us denote vi with i = 1, 2, 3 to be the velocity vector v satisfying each

equation (2.1) ,(2.2) and (2.3) using p(x) = W (x). Then, by using the fact that

~vi = −Mi(η(∇W ))K∇W

the system (3.12-3.13) can be rewritten as

Q

|U | = −∇ · (~vi) (3.130)

W |Γw
= 0 ,

∂W

∂~n

∣∣∣∣
ΓU

= 0 . (3.131)

Multiplying both sides of the equation (3.130) by W and using integration by

parts we get

Q

|U |
∫

U

W (x)dx = −
∫

U

~vi · ∇Wdx (3.132)

On the other hand, it is clear from equations (2.1), (2.2) and (2.3) that for each

law the corresponding ∇W would be

−∇W = αK−1~v1 + β
√

(K−1 ~v1, ~v1) K−1~v1 , (3.133)

−∇W = cn

√
(K−1~v2, ~v2)

n−1 K−1~v2 + aK−1~v2 (3.134)

−∇W =AK−1~v3 + B
√

(K−1~v3, ~v3)K
−1~v3 + C(K−1~v3, ~v3

)
K−1~v3 (3.135)

In the next step, ∇W in equations (3.133),(3.134) and (3.135) will be substituted

into the ∇W in the equation (3.132) for each case i = 1, 2, 3 respectively. Using the
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notation

I(~v) =
√

(K−1~v,~v)

we get:

Case i=1 (For the two term taw):

Q

|U |
∫

U

W (x)dx =

∫

U

αI2(~v1) + βI3(~v1) dx (3.136)

and the corresponding diffusive capacity:

JM1 = Q2

(∫

U

αI2(~v1) + βI3(~v1) dx.

)−1

(3.137)

Case i=2 (For the power law):

Q

|U |
∫

U

W (x)dx =

∫

U

αI2(~v2) + cnIn+1(~v2) dx (3.138)

and the corresponding diffusive capacity :

JM2 = Q2

(∫

U

αI2(~v2) + cnIn+1(~v2) dx.

)−1

(3.139)

Case i=3 (For the three term law):

Q

|U |
∫

U

W (x)dx =

∫

U

AI2(~v3) + BI3(~v3) + CI4(~v3) dx (3.140)

and the corresponding diffusive capacity representation:

JM3 = Q2

(∫

U

AI2(~v3) + BI3(~v3) + CI4(~v3). dx

)−1

(3.141)

Note that for one dimensional flows , the velocity field does not depend on the

type of non-linearity present in equations (2.1), (2.2) and (2.3). For example, in

case of the radial flows in a cylindrical reservoir with a fully penetrated vertical well

positioned in the center (see Figure 3.3) velocity vector will take the form

v(r) =
Q(r2

e − r2)

2πHr(r2
e − r2

w)
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Here, H denotes the height of the cylindrical reservoir.

rw

re

Figure 3.3: Cylindirical Resorvoir with a Fully Penetrated Vertical Well.

Plugging this velocity vector in the equations (3.137),(3.139) and (3.141) we obtain

JM1 = ε1 (αI1 + ε2βI2)
−1 (3.142)

JM2 = ε1

(
αI1 + (c)n(ε4)

n−1I4

)−1
(3.143)

JM3 = ε1 (AI1 + ε2BI2 + ε3CI3)
−1 (3.144)

where

ε1 = 8 πH (r2
e − rw

2)
2

ε2 =
2Q

πH(r2
e − r2

w)

ε3 =
Q2

π2H2(r2
e − r2

w)2
ε4 =

Q

2πH(r2
e − r2

w)

I1 =

∫ re

rw

4(r2
e − r2)2r−1dr I2 =

∫ re

rw

(r2
e − r2)3r−2dr

I3 =

∫ re

rw

(r2
e − r2)4r−3dr I4 =

∫ re

rw

4(r2
e − r2)n+1r−ndr

As a result, formulas (3.142-3.144) allow us to compute straightforwardly the

productivity index depending only on the geometric and hydrodynamical parameters.

54



Texas Tech University, Adem Cakmak, August 2009

CHAPTER IV

NUMERICAL ANALYSIS OF THE RESULTS AND SIMULATIONS

4.1 Rectangular Reservoir with Fully Penetrated Circular Well

In this section we evaluate and compare the diffusive capacity/PI of a rectangular

reservoir for the following cases:

• The transient diffusive capacity formula (3.8) is computed by solving the original

Forchheimer system of equations.

• The PSS diffusive capacity evaluation based on the formula (3.89) and computed

by solving the steady state auxiliary BVP (3.12-3.13) for the Darcy flow.

• The PSS diffusive capacity evaluation based on the formula (3.89) and computed

by solving the steady state auxiliary BVP (3.12-3.13) for the two term law.

• The PSS diffusive capacity evaluation based on the formula (3.89) and computed

by solving the steady state auxiliary BVP (3.12-3.13) for the power law.

• The PSS diffusive capacity evaluation based on the formula (3.89) and computed

by solving the steady state auxiliary BVP (3.12-3.13) for the three term law.

All the simulations have been performed using Comsol Multiphysics. Time step and

grid size have been refined until convergence in time and space is reached. Performed

numerical simulations estimate the impact of the three leading parameters of interest-

the rate of the production Q ,the Forchheimer coefficient β, and the geometry- on the

value of the diffusive capacity.

Note that the diffusive index in all computations is dimensionless. To convert the

dimensional diffusive index into dimensionless one, one must multiply the diffusive

index by the factor µ
2πk

for the 2D case and by the factor µ
2πkH

for the 3D case

(Dake,1978).

55



Texas Tech University, Adem Cakmak, August 2009

The reservoir domain is modeled as a 3D rectangular box and we consider a fully

penetrated vertical well. Because of the boundary conditions on the well and the

exterior boundary, the problem reduces to 2D geometry as shown in the figure (4.1)

2
L

   
   

 =
 4

00
0 

cm
x

x 1L      = 8000 cm

D=500

Figure 4.1: Fully penetrated vertical well in a rectangular reservoir (2D)

In numerical simulations we study the impact of the hydrodynamic parameters

on the value of the diffusive capacity. the results are summarized in table (4.1). In

table (4.1) Column I, the diffusive capacity is obtained using the numerical solution

of the BVP (3.12-3.13) where G = M1 and formula (3.89). In Column II, the dif-

fusive capacity is obtained using the numerical solution of the BVP (3.12-3.13) and

formula (3.89) where G = M2 is the correction function to the power law with a = α,

n = 1.5 and cn = β. In Column III, the diffusive capacity is obtained using the

numerical solution of the BVP (3.12-3.13) and formula (3.89) where G = M3 is the

correction function to the three term law with A = α, B = β and C = 1015.

The fixed geometric parameters are:

The radius of the well is rw = 0.3m.

The height of the box is H = 10m.

The other two sides of the box are Lx1 = 80m and Lx1 = 40m.

The location of the center of the well is D = 5 as seen in figure (4.1).

The fixed hydrodynamic parameters are:

56



Texas Tech University, Adem Cakmak, August 2009

Table 4.1: Productivity index of a rectangular reservoir with fully penetrated vertical

well.

Q/H = 10−4 Q/H = 10−3 Q/H = 10−2

β I II III I II III I II III

2.43×1011 0.1483 0.1483 0.1482 0.1483 0.1480 0.1474 0.1483 0.1450 0.1200

2.43×1012 0.1483 0.1480 0.1480 0.1482 0.1452 0.1449 0.1481 0.1225 0.1042

2.43×1013 0.1482 0.1452 0.1452 0.1479 0.1225 0.1223 0.1469 0.0481 0.0449

• α = 1.01× 1010Pa · s/m2.

• Q/H = 10−4, 10−3, 10−2m2/s.

The varying hydrodynamic parameters are:

• β = 2.4318× 1011, 2.4318× 1012, 2.4318× 1012Pa · s/m2.

• γ = 0.658× 10−9Pa−1

There are several results one can obtain from the above table:

• JI ≥ JII ≥ JIII for any value of β and Q.

• As Q increases the productivity index value decreases.

• As β increases the productivity index value decreases.

• As the nonlinearity in the model increases the productivity index deviation

increases.
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4.2 Diffusive capacities for radial flows in a cylindrical reservoir

In this section we compute and compare the diffusive capacities given in (3.142)-

(3.144) for the cylindrical reservoir in Figure 3.3 where the well size rw is chosen

to be changing from 0.03 to 0.5 and the reservoir radius is fixed as re = 100m. In

calculations the parameters used are : Q
H

= 10m , α = 1.01 × 1010Pa · s2/m2 and

β = 2.4318× 1012Pa · s/m3

The results are presented in figure (4.2)). The graphs shows the impact of the

Figure 4.2: Relative diffusive capacity vs. well size

well radius on the ration JM

JDarcy
as the radius of the well decreases the impact of the

non-linearity increases. This reflects the nature of the Forchheimer flows; the higher

the gradient of the pressure, the bigger the deviation from Darcy.

58



Texas Tech University, Adem Cakmak, August 2009

4.3 Two dimensional fracture in rectangular reservoir (2-D case)

In this section we consider a horizontal well in a 3-D box, which is modeled as

a vertical fully penetrated fracture. This example was presented in [3] and it com-

plements to our first simulation -rectangular reservoir with fully penetrated circular

well-. It points that the geometry of the well has a major contribution to the pro-

ductivity index. Vertical flow in x3 direction is ignored. This leads to a classical

geometry ([20]) presented in Figure 4.3. Here the mid point of the well coincides with

the mid point of the reservoir.

L x 2

x 1L

L w
θ

Figure 4.3: Two dimensional fully penetrated fracture in a rectangular reservoir.

In the numerical computation we compare the impact of the geometry and of the

hydrodynamic parameters on the value of Productivity Index.

The fixed geometric parameters are:

1. mid point of the well;

2. rw = 30 cm, radius of the well;

3. H = 1000, height of the box;

4. Lx1 = 8000 cm;

5. Lx2 = 4000 cm;

6. Lw = 3800 cm.

The varying geometric parameter is
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1. the angle θ = 00, 450, 900 between well and vertical axis.

The fixed hydrodynamic parameters are:

1. α−1 = k/µ = 10 atm s/cm2;

2. γ = 1/15000 atm−1.

The varying hydrodynamic parameters are:

1. β = 2.4, 24, 240 atm s2/cm3;

2. Q/H = 1, 10, 100 cm2/s.

In this simulation, the diffusive capacity in Column I is obtained using the numer-

ical solution of the BVP (3.12-3.13) and formula (3.89) where G = M2. The diffusive

capacity in Column II is obtained using the numerical solutions of the system (3.93)-

(3.95) using the approximate formula (3.137). Results in Columns I and II (Table 4.3)

are very close for small values of production rate Q and Forchheimer coefficient β. As

Q and β increase, the difference increases as well. The maximum difference (about

5%) can be observed for the horizontal well (θ = 90◦). It reflects the fact that for

this geometry the flow, vaguely speaking, has the maximum violation of the uniform

constraint.
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Table 4.2: Productivity Index for a two dimensional fully penetrated fracture in a

rectangular reservoir.

θ = 0◦ Q = 1 Q = 10 Q = 100

β I II I II I II

2.4 0.9537 0.9537 0.9535 0.9535 0.9516 0.9516

24 0.9535 0.9535 0.9516 0.9516 0.9327 0.9327

240 0.9516 0.9516 0.9327 0.9327 0.7779 0.7778

θ = 45◦ Q = 1 Q = 10 Q = 100

β I II I II I II

2.4 1.2106 1.2106 1.2104 1.2104 1.2078 1.2078

24 1.2104 1.2104 1.2078 1.2078 1.1826 1.1824

240 0.9516 1.2078 1.1826 1.1824 0.9856 0.9768

θ = 90◦ Q = 1 Q = 10 Q = 100

β I II I II I II

2.4 1.4940 1.4940 1.4937 1.4937 1.4900 1.4900

24 1.4937 1.4937 1.4900 1.4900 1.4550 1.4542

240 1.4900 1.4900 1.4550 1.4542 1.1970 1.1723
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