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CHAPTER I 

INTRODUCTION 

A new area of recent research is inferring ancestral history from samples of DNA 

[11]. Most of this research has focused on the evolution of mitochondrial DNA. These 

molecules have a very high mutation rate, thereby allowing one to see differences in 

the DNA samples of two closely related individuals [11]. Mitochondria are maternally 

inherited which allows one to trace back female lineages. Also, male lineages can be 

traced back by using a specific locations on the Y chromosome. Estimates of the time 

to the origin of modern humans. Homo-sapiens, have been made by tracing back 

female lineages (referred to "the time to Mitochondria Eve") and by tracing back 

male lineages (referred to as "the time to Y-Adam") [1, 2. 4. 11. 13]. In theory, it is 

possible to trace back lineages for any species with information about mitochondrial 

DNA, population size, and mutation rates. 

Our research will be concerned with development of mathematical models and 

numerical techniques so that inferences can be made about the time to the most 

recent common ancestor (or TMRCA) given a data set from DNA samples taken from 

a population. Due to the fact that there is really no way of knowing the exact ancestral 

history from a given sample of DNA sequences we will use a probabilistic approach 

by developing a stochastic model for the TMRCA. We will generate a probability 

distribution for TMRCA from which we can calculate means, variances, or other 

summary statistics. 

Information about n DNA sequences are taken from n individuals from a given 

molecular region, either the Y chromosome or the mitochondrial DNA. The data are 

then arranged in an nxk matrix of the form A' = {xij) with each row representing 

the DNA sequence from one individual. The only columns we are concerned with are 

those with different base elements. In this case, there are k different base elements. 

These differing bases are known as segregating sites, 5n=A;=the number of segregating 

sites in a sample of size n. The sample size will be denoted as n and the population 
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size as A'. This work follows closely the work of Tavare [11]. 

In the next chapter, the basic stochastic model for the TMRCA, known as the 

coalescent model, is derived. In the coalescent model, the effective population size is 

assumed constant over time and mutation rates and segregating sites are assumed to 

be zero. In Chapter III. the data (positive mutation rates and segregating sites) are 

incorporated in the coalescent model that is, the basic stochastic model is conditioned 

on the data. In Chapter IV. generalizations of the coalescent model are discussed. 

In particular, the model is generaUzed to include a variable effective population size. 

It is assumed that the effective population size fluctuates according to a defined 

deterministic rule. Matlab programs were written to generate sample paths of the 

stochastic process for the various models. Chapter V presents some numerical results 

obtained from the Matlab programs for the coalescent model and the coalescent model 

conditioned on the data when the effective population size is constant and variable. 

Chapter VI summarizes the results and discusses areas for further research. 



CHAPTER II 

BASIC STOCHASTIC MODEL 

2.1 The Wright-Fisher Model 

A sample of DNA sequences from either the ^' chromosome or the mitochondrial 

DNA is used to make inferences about the TMRCA of a population. Since little is 

known about the ancestry of the samples a stochastic model rather than a determin

istic model is formulated. The reason for using the ZFY locus of the Y chromosome 

and the D loop of the mitochondrion is that very little recombination occurs at these 

locations [11]. Therefore, mutations occurring at these locations leading to a new 

genealogical branch are due primarily to substitutions. The Y chromosome comes 

straight from the father and the mitochondrial DNA from the mother. Therefore, 

the child being male or female gets the respective chromosome from the respective 

parent. 

This ancestral process is modeled using the Wright-Fisher model, named after 

Sewall Wright and R.A. Fisher [7]. The model assumes a large random mating pop

ulation, then considers a specific generation Gi in this population of constant size N. 

The model assumes discrete, non-overlapping generations Go,Gi,... in which each 

generation has a total of N individuals [7]. Each member of generation Gi+i is the 

child of exactly one member of generation Gi [7]. The population members are la

beled 1,2. ...A'. Let Vi be the random variable for the number of offspring born to 

individual j , where j = 1,2,..., Â . We obtain the Wright-Fisher model which has a 

symmetric multinomial distribution, 

yY,j_mij_m2 j_m„ \\^/-^'^ 

P{vi = nil, - , Vn = rUn) = -̂  , ^̂ , "'^, = f=fjf T (•-•!) 
mi!m2!...m„! llz^i ^z ' 

where mi,...,m„ G {0,1,..., A"} and XliLi'^j = -̂ ^ [l^l- The offspring numbers in 

different generations are independent and identically distributed. This model moves 

forward in time, but for our problem it is necessary to move backwards through time. 

Rather than knowing the distribution of children we want to know how children choose 



their parents. 

2.2 The Coalescent Model 

Using the Wright-Fisher model, we determine the probabiHty that a group of n 

individuals has a common parent. It's difficult to determine the probabihties for given 

fixed values of n and A', however, we can approximate it very easily for A' large. The 

chance that two randomly chosen individuals have distinct parents in the previous 

generation is 1 — A""̂  and the probabiHty that they have the same parent is V~^ 

The probability that two individuals have distinct parents but the same grandparents 

is then N~^{1 — N~^). From this, we can conclude that (1 - A'"^)'' is the probabiHty 

that these two individuals have distinct ancestors in generations 1. 2...., r. When A"" 

is large, the number of generations to count back before the entire generation Gi has 

a single common ancestor is of order Â  [7]. Therefore, we measure time in units of 

A' generations so we let r = Nt for some t > 0. 

Let W2 represent the time during which no two individuals have a common an

cestor. Then 

P{W2 >t)=(l-j,) ^ e-' (2.2) 

for N sufficiently large [11]. 

Thus, in a large population, the cumulative distribution of ^2 is 

P{\V2 <t)^ l-e-' = F2(t). 

The probability density function of U'2 is approximately p2(t) = /2(i) = e~*, which 

is an exponential distribution with mean and variance equal to one [11]. 

Note the the value of t in P(U 2 > t) represents generations measured in A' units 

and is referred to as the coalescent time . Thus, for example, if the population size 

is N = 50,000, generation time is 20 years, then for coalescent time t = 2 the actual 

time in years is 50, 000(20)(2) = 4,000.000. In general, to convert from coalescent 

time to real time multiply the coalescent time t by generation time and the population 

size. 



In a sample of three individuals, the probability that two individuals have the 

same parent is much greater than all three having the same parent. Thus, we will 

only consider the possibiHty that two individuals have the same parent. There are 

(2) =3 different ways to choose the combination of two individuals that have a common 

parent. The probability that at least one of these combinations has the same parent 

is 3/A^ and the probability that none of these combinations has a a common parent 

is 

'-I 
In a manner similar to the derivation of (2.2), for N large it foUows that 

P{W3 >t)^ e-^' 

The probability density function of W3 is approximately /^{t) = 3e~^\ an exponential 

distribution with mean 1/3 and variance 1/3^ = 1/9. 

Generalizing the above argument to more that three individuals, the probability 

density function for Wi is approximately 

/ . («)=pe-^where p = Q = ^ i i ^ . 

The random variable W^ has an exponential distribution with mean and variance 

given by 

E{W^) = - = T T - ^ , Var{W\) = ^= . ^ (2.3) 
p i{i -1) p^ i^yi -ly 

[111-

Hence, in a large population we can give a simple description of the genealogy of 

a sample of n individuals. We call this stochastic process the coalescent model. It 

describes the genealogical tree that goes back into the past. The random variable U'c. 

which is measured in units of N generations, represents the time until two individuals 

have a common ancestor in a sample of size c. Each random variable H c, U ̂ -i . . . , U'2 



has an exponential distribution and they are independent. The length of each of 

the branches in the genealogicaJ tree is represented by Wc (see Figure 2.1). So, in a 

sample of size n, the TMRCA, T„ is 

Tn = Wr,-h... -h W2. (2.4) 
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Figure 2.1: Sample path of the coalescent model for a sample of size n = 5. 

Next we will find the mean smd variance for r„ or TMRCA. Using equation (2.4) 

the mean can be found easily 

E{Tn) = E{Wn + ... + W2) 

= E{\V^) + ...-\-E{W2). 



Since we know the mean for each of the W'i. where i = n.n ~ i 2. 

2 2 Y^ 2 
^^^"^ ^ n(n-l) "̂  - "̂  2(2 - 1) " ^ W^Y 

The above sum can be wTitten as a telescoping series: 

t ? i ( » - l ) • ^ U ^ - l ) (i)) n \ n) 

Thus the mean of P^ is 2(1 - 1/n). 

The variance of Tn can be found easily since the random variables \\\ are inde

pendent and exponentially distributed. It follows from (2.3) that the variance of T„ 

is 

rar(r„) = X:rarar.) = ^ - 5 ^ - i ^ . (2.6) 

[6]. 

The variance is approximately 1.16 for large samples. For example, \'ar{Tio) = 

1.15814. Alost of the variation comes from W2 when there are just two left in the 

sample to coalesce. 

2.3 Markov Chain for the Number of Ancestors 

The ancestral process may be considered a death process. Let An(t) denote the 

number of distinct ancestors of the sample of size n at times t > 0. Then An{t) is 

a Markov chain. At ^ = 0, -4^(0) = n. An exponential amount of time, U „, occurs, 

then n —>• n — i. In general, from state j . an exponential amount of time occurs, 

\Vj until state i — 1, and so on. The process ends at state 1 when the time equals 

T„, An{Tn) = 1. A conceptual model of this death process is graphed in Figure 2.1. 

A Matlab program (Matlab Program 1 in the Appendix) was written to simulate 

the sample paths in this death process. One of the paths is graphed in Figure 2.2. 

The Matlab program can be used to generate approximate distributions for Tn by 

simulating many sample paths. Using a total of 10,000 sample paths an approximate 
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Figure 2.2: A sample path for n = 5. 
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Figure 2.3: The approximate p.d.f for Ts from 10,000 sample paths. 

distribution for r„ was obtained. The approximate probability density function for 

Ts is given Figure 2.3. 

The cumulative distribution for of An{t) was found by Griffith [5, 11]. This dis-
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tribution is denoted as gnj{t)-

where the following notation has been used 

a(„) = a{a + I)....{a -h n - 1); a(o) = 1; (2.8) 

a[n] = a(a - l)....{a - n + 1); â o] = L (2-9) 

Then by setting j = 1 we obtain the cumulative distribution for T„. Using the above 

equations explicit formulas of the cumulative distributions were derived for the cases 

n = 3,4,5, and 6. 

S3i(<) = 1 - le-' + \e-'' 

P5i(t) = 1 - 2 e - ' + ^ e - ^ ' - i e - « + i^e- '» ' 

From these distributions we can find the probability density functions for T„ by 

calculating the derivatives. The mean and variance can be calculated using (2.5) and 

(2.6). The probability density function of T^ and the mean and variance are given 

below. For n = 3, 

with //3 = I and cf = y = 1.111, for n = 4. 

0 0 

with /X4 = f and (y\ — %^ = 1.1389, for n = 5, 

7 i 



with /Z5 = I and ai = 1^ = 1.148, for n = 6, 
450 

15 iO . -3 t -6t ^^ - l o t I ^^^-I5t 
h(t) = y e - - ^ e - + -oe-"' - ~e-"" + ^ 

with Me = I and CTQ = Y|§ = 1.153. Figure 2.4 graphs fsit) through /^(t). 

Figure 2.4: P.d.f.s for TMRCA for samples of size n = 3, 4. 5. 6. 

Using the formulas it is fairly easy to calculate the distributions of T„, for n small. 

However, finding results for other quantities of interest, such as the distribution of 

the total length of the tree L„ is more difficult. The total tree length is 

Ln = nWn + {n- l)\Vn-i + ... + 2^2. 

The only way to calculate the distribution of L„ is to simulate values for W^. These 

values are used to estimate the probability density function, and other statistics for 

Lfi-

In order to relate T„ from the sample path to the population, a larger sample size 

is taken from the population. Let m be the size of a larger sample taken from the the 

population of size Â . The sizes n, m and .Y are related as follows: n is the size of a 

10 



random sample taken from a supersample of size m which is taken from a population 

of size N, n < m < N. For large m, it appears that there may not be much diflFerence 

between the distribution of Tm and that of T/v The larger sample or supersample of 

size m is referred to as the population size by Tavare [11). Therefore, we shall use 

the same terminology as Tavare and refer to m as the population size and n as the 

Scimple size. 

We define a new stochsistic process which relates the sample to the population. 

The bivariate stochastic process is defined as {An{t) = k,Am{t) = I}, where n 

is the number in the random sample taken from the population of size m. The 

random variables Am{t) and A„(t) represent the numbers of distinct ancestors in 

the population and sample, respectively, at coalescent time t. The distribution for 

{An{t) = k, Am{t) = /} is as follows 

P{An{t) = k, Am{t) =l) = 9mi{t)q(n, k\m, I), 

where gmi can be found using equation (2.7), and q{n, k\Tn, I) is given by 

(m - n)\{m - l)\n\{n - l)\ll(l - l)!(m 4- fc - 1)! 
{n - k)\{l - k)\m\im - l)\k\{k - !)!(/ -\-n- l)!(m -{-k - I - n)\ 

[11]. The above expression is the probabiHty that the sample of size n taken at any 

time greater than zero has k distinct ancestors given that the population of size m 

has / ancestors at that time [10, 11]. 

Watterson [12] gave an expression for the probabiHty that at the time to coales

cence of the sample (T„), the population size is k: 

P[Am[In)-k)- ( ^ _ i ) [ ^ _ i ] ( ^ ^ i ) ^ ^ ^ ' 

where k < m- n-{-l. When A: = 1, we obtain the probabiHty that the sample and 

population coalesce at the same time (where we have used the expressions in (2.8) 

and (2.9)), 

11 



[11, 12]. Given that the sample is large, there is a greater chance that the sample 

and the population wiU coalesce at the same time, therefore shairing their MRCA. 

However, if they do not have a common ancestor, then the extra time required to 

reach the MRCA of the sample is stochasticaUy larger than W2 [11]. 

12 



CHAPTER HI 

STOCHASTIC MODEL CONDITIONED ON THE DATA 

3.1 Poisson Process for Mutation 

The derivation of the coalescent model did not include mutation data (number 

of segregating sites and mutation rate). In working with genealogy it is important 

to take into consideration mutations. In this chapter, the effects of mutations in the 

sample are considered. Assume mutations occur independently on each branch of the 

tree. This forms a Poisson process of constant rate 9, 

9 = A>, 

where /x equals the mutation rate per gene per generation and N is the effective 

population size {9 is the rate in coalescent time). 

We need to understand how a sequence is changed when a mutation occurs. By 

using the infinitely-many-sites model of Watterson the following is known [12]. The 

effects of recombination are ignored since it is not thought to occur in the sequences; 

each sequence may be thought of as a completely Hnked site of DNA. Whenever a 

mutation occurs, it occurs at a site that had no mutation before and the mutations 

are just substitutions [11]. 

A branch of length / has a mean number of mutations given by 91. If there are k 

segregating sites, 5„ = k, and the length of the tree is L„ = /, then 

P{Sn = k\Ln = l) = '-^^- (3.1) 

We incorporate the number of segregating sites into the coalescent model. 

3.2 TMRCA Conditioned on the Data 

It is now our goal to find the distribution of the TMRCA of a population of size 

m given the data from our sample of size n with k segregating sites. .\n expression 

for this conditional distribution is fT^{t\D). where D represents the number of segre

gating sites in the DNA sequences. D means 5„ = k. This distribution can be found 

13 



using Bayes' formula and an expression derived by Tarave [11]. Predata density of 

{Tm.Tn) is prior to sampHng (before knowing the number of segregating sites) and 

the postdata density of (T^, T„) is this conditional distribution. Using Bayes" formula 

we know the following equation is satisfied 

where oc means "is proportional to." Tavare. shows that the above is equivalent to 

the following 

/•OO 

fTjt)P{Sn = k\Tm = t)= fTr.,LAtJ)PiSn = k\Tm = t. Ln = l)dl 
Jo 

fTrr.,LAtJ)P{Sn = k\Ln = l)dl ( 3 .2 ) 
/ 

0 
OO 

- / JTm,LA^,l) j^j d l 

where (3.1) is used [11]. In (3.2), fTm,Ln{ti 0 is the joint probability density for Tm and 

Ln in the bivariate coalescent process discussed in section 2.3. We can find a value for 

(i, /) from the joint density of Tm and L„, and apply the rejection method to generate 

the conditional distribution [9, 11]. Using the rejection method, we would accept the 

value for t and / with probability u, where u = ^ ^L ^ , and reject it otherwise [11]. 

14 



CHAPTER IV 

GENERALIZATIONS OF THE STOCHASTIC MODEL 

Some generaHzations of the coalescent model include the cissumption that individ

uals in the population mate nonrandomly (according to the demographic structure), 

the population size fluctuates, and the mutation rates fluctuate. Tavare [11] discusses 

a particular type of fluctuating population size model. We will discuss this particular 

generalization below. 

In the coalescent model, distributions for the TMRCA for samples and popula

tions can be calculated if the effective population size iV is constant. However, to 

calculate the TMRCA for a human population, one would need to take into account a 

variable effective population size since the human population has not had a constant 

population size of N. 

Assume that the effective population size .V varies in a deterministic fashion. 

Assume that the effective size of the population when the sample was taken was 

N and that p{t)N equals the effective population size a coalescent time t ago (e.g., 

p[t) = e-"*, where a > 0). Let X{t) = \p{t)]~'^ and A(^) = J^X{v)dv. Assume that 

time is measured in units of N generations as in the derivation of the coalescent 

model, then it can be shown that the conditional probability that Wc > t given that 

the time of the previous n — c coalescences was s is given by 

P(Wc > t\Wn + ...Wc+i = s)= e^-il)Sr'>^i-)<^-) 

[11]. If /Q°° X{v)dv = (X) then every pair of individuals can be traced back to a single 

common ancestor [11]. To simulate a value of t until the next coalescence, let 

g(-(^)[A(5+0-A(5)]) ^ 11^ 

where U is a, uniform random variable in the range 0 to 1 [8]. Taking logarithms of 

15 



both sides and dividing by (2) = c(c - l ) /2 gives 

Ms + t)-Ms) = = ^ . (4.2) 
c(c- 1) 

To find the time t until the next coalescence, the above expression is solved for t. An 

example of a variable effective population size is discussed below. 

Assume that the human population grows exponentiaUy. Then let X{t) = e*** or 

p(t) = e"***. Using this negative exponential, it follows that A(5) = ^(e*^ - 1) and 

A(s -ht) = i(e°(*+*) - 1). Now solving for t: 

t = -hi{awle-'''-\-l), (4.3) 
a 

where w* = ~Ĵ °̂ ff. This particular form, Np(t) = Ne~'^\ for the variable effective 

population size is used in the numerical simulations. 
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CHAPTER V 

NUMERICAL EXAMPLES 

In the numerical examples, we used Matlab Programs 2 and 3 (see AppendLx). 

Each program was run for 10,000 sample paths. Matlab Program 2 simulates the 

coalescent model whereas Matlab Program 3 simulates the basic stochastic model 

conditioned on the data. The population size, m, was set at 10. 20, 100 while the 

sample size, n, remained equal to 5. For each value of m we also changed the value 

of a in p(t)N = e'^'^N to be 0, 0.05, 0.20. 0.50. By setting a equal to zero we are 

dealing with a constant effective population size, and when a > 0 we are then dealing 

with a varying population as discussed in Chapter IV. When using Matlab Program 

3 we are actually conditioning on the data. For this simulation we assumed there 

were k = 2f segregating sites and set the mutation rate 9 = 3.45 [11]. The next two 

tables organize some of the data from the 24 simulations. 

In Table 5.1, the mean TMRCA from the sample (n = 5) and the population are 

given for various population sizes m and variable effective population sizes e~"^V. 

The mean values in Table 5.1 are calculated for the basic stochastic model. Recall for 

a = 0, constant effective population size N, that E{Tn) = 2(1 — -) and \'ar{Tn) ~ 1.16 

for n large. All of the mean values are given in coalescent time. To convert to time, 

in years multiply coalescent time by N and the generation time G. For example, if 

y = 4̂  900, G = 20. and the mean coalescent time is 1.814. (population size m = 10), 

then the mean time in years until MRCA is 

t{N){G) = 1.814(4,900)(20) = 177,772, 

approximately 178,000 years. 



Table 5.1: Mean TMRCA of the population and the sample. 

a 

0.0 

.05 

.20 

.50 

m== 10 

population 

1.814 

1.720 

1.474 

1.214 

sample 

1.606 

1.519 

1.324 

1.102 

m = 20 

population 

1.885 

1.783 

1.552 

1.279 

sample 

1.587 

1.511 

1.330 

1.106 

m = 100 

population 

1.981 

1.861 

1.617 

1.310 

sample 
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1.337 
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Figure 5.1: Approximate p.d.f.s for the TMRCA of the sample with a varied. 

Bv examining Figure 5.1 we see that as we increase the values of a the variance 

decreases. The variance for the different samples for a — 0.0.05,0.20, and 0.50 are: 

1.148, 0.918, 0.545, and 0.272, respectively. By looking at Figures 5.2 and 5.3 we 

see that by increasing a not only does the variance of the sample decrease but also 

the variance of the population. The variances for the population and the sample for 

a = 0 are a 2 _ 1.162 and a^ ^„ = 1.148, and for a = .50 thev are a l „ = 0.225 
samp pop 
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Figure 5.2: Approximate p.d.f.s for the TMRCA (a = 0, m = 100). 
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Figure 5.3: Approximate p.d.f.s for the TMRCA (a = .50, m = 100). 

and crjamp — 0.272. As we can see there is Httle difference between the population 

and sample variances; Figures 5.2 and 5.3 support this since the graphs aie so closely 

related. Note that the sample p.d.f. is shifted left of the population p.d.f. Thus, the 
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a 

0 

.05 

.20 

.50 

Table 5.2: Mean TMRCA when conditioned on the da ta . 

m = 10 

population 

1.248 

1.232 

1.207 

1.134 

sample 

0.892 

0.889 

0.879 

0.852 

m = 20 

population 

1.259 

1.226 

1.207 

1.133 

sample 

0.890 

0.885 

0.879 

0.845 

m = 100 

population 

1.256 

1.250 

1.204 

1.129 

sample 

0.889 

0.900 

0.882 

0.853 

mean TMRCA obtained from the sample wiU be an underestimate of the population 

mean. 

2 2.5 3 
Coalescent Time 

Figure 5.4: Approximate p.d.f.s for the TMRCA (a = 0, m = 100, and C.O.D). 

20 



0.5 1.5 2 2.5 3 
Coalescent Time 

3.5 4.5 

Figure 5.5: Approximate p.d.f.s for the TMRCA (a = .50 and C.O.D). 

Table 5.2 shows how Httle difference there is between the means as a increases 

when conditioned on the data. In Table 5.1. we see a great difference between the 

means as a increases. Figure 5.4 and 5.5 illustrate how closely related the population 

and the sample are for various a. The variances for the population and the sample 

for a = 0 are az = 0.567 and cr̂  = 0.168, and for a = .50 they are a r2 -
samp 

2 _ 
pop 0.465 

and crjamp — 0.126. By conditioning on the data variances for both the population 

and the sample have decreased. 

Figures 5.6 and 5.7 show the differences between the population and the sample 

when you do and do not condition on the data. Figure 5.6 has the approximate p.d.f.s 

for the predata and postdata samples. (Predata means it is not conditioned on the 

data whereas postdata means it is conditioned on the data.) By conditioning on the 

data we see a large difference in the two graphs. Figure 5.7 shows the approximate 

p.d.f.s for the predata and postdata populations; there is not as much difference in 

these graphs. We can conclude that conditioning on the data greatly changes the 
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Figure 5.6: Approximate p.d.f.s for predata and postdata TMRCA of the sample. 
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Figure 5.7: Approximate p.d.f.s for predata and postdata TMRCA of the population. 

sample p.d.f. 

Since conditioning on the data causes a greater change to the sample than the 

population we ran Matlab Program 3 again and changed the number of segregating 
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Table 5.3: Mean TMRCA of the population and sample when A: = 6. amd 9 — 3.45. 

m = 20 

a 

0 

.50 

population 

1.513 

1.299 

sample 

1.355 

1.199 

Table 5.4: Mean TMRCA of the population and sample when A; = 3. and 9 = 6.90. 

m = 20 

a 

0 

.50 

population 

1.207 

1.134 

sample 

0.527 

0.531 

sites and the mutation rate. First, we doubled the number of segregating sites to 

k = 6 and left the mutation rate, 9 = 3.45. The program was run for 10,000 sample 

paths with m = 20 and a = 0 and .50. Then the program was run again with the 

mutation rate doubled, 9 = 6.90 and the number of segregating sites the same, k = 3. 

Tables 5.3 and 5.4 give the mean TMRCA of the population and the sample for the 

two new simulations. By examining these values we see that by doubling the number 

of segregating sites (from k = 3 to k = 6) the means increased for both the sample 

and the population. The population mean increased by approximately 209c (from 

1.259 to 1.513) and the sample mean increased by approximately 529c (from 0.890 to 

1.355) when a = 0 (see Table 5.2). We see a larger difference in the sample means. By 

increasing the number of segregating sites we are making the sample or population 

more diverse, which causes the TMRCA to be longer. If we double the mutation 

rate, 9, then by Table 5.3 we see a decrease in both population and sample means. 

The population mean decreases by approximately 49c (from 1.259 to 1.207) and the 

23 



sample decreases by approximately 40% (from 0.890 to 0.531) when a = 0. In both 

cases the greater impact was on the sample mean. 
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Figure 5.8: Approximate p.d.f.s for TMRCA (a = 0, m = 20, varied A; and 9). 

Figure 5.8 graphs the p.d.f.'s for TMRCA of the sample when a = 0 and the 

segregating sites and mutation rates are varied. 
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Table 5.5: Proportion of sample paths that have the same TMRCA 

a 

0 

.05 

.20 

.50 

m = 10 

ratio 

.808 

.809 

.815 

.816 

m = 20 

ratio 

.739 

.740 

.740 

.737 

m = 100 

ratio 

.682 

.683 

.683 

.677 

Table 5.6: Proportion of sample paths that have the same TMRCA with C.O.D. 

a 

0 

.05 

.20 

.50 

m = 10 

ratio 

.674 

.670 

.697 

.734 

m = 20 

ratio 

.662 

.679 

.696 

.734 

m = 100 

ratio 

.658 

.673 

.694 

.739 

In Chapter II, formula (2.10) gave the probability that the sample and the popu

lation coalesce at the same time. The formula is only valid for a constant population 

with no conditioning on the data. The exact probabilities for m = 10,20.100 and 

a = 0 should be as follows: P(^io(T5) = 1) = .815, P{A2Q{TS) = 1) = .737, and 

P{A2Q{TS) = 1) = .680. Tables 5.5 and 5.6 give the proportion of sample paths that 

have the same TMRCA in the sample and the population out of 10.000 sample paths. 

There is little difference between the proportion when not conditioning on the data, 

but when conditioning on the data more differences are noted. There is more agree

ment between the population and the sample as a increases when conditioning on the 

data. 
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CHAPTER VI 

SUMMARY 

The basic stochastic model for the TMRCA, or the coalescent model, was derived 

in Chapter II. In this model, the effective population size remains constant over time 

and the mutation rate and number of segregating sites are assumed to be zero. Next 

we took into consideration that the number of segregating sites and the mutation rate 

need to be greater than zero. In Chapter III a model was derived which incorporates 

the data in the basic stochastic model. The model is then conditioned on the data. In 

Chapter IV, generalizations of the models were discussed. A particular generalization 

was discussed more fully, varying the effective population size over time. This allowed 

for the model to more closely relate to the human population. In Chapter \ ' the 

simulations were discussed. Three Matlab programs were written and used in the 

numerical simulations. 

The numerical examples illustrated the differences between the p.d.f.'s for the 

TMRCA in the sample and the population. Comparisons were made between the 

basic stochastic model and the stochastic model conditioned o9n the data and between 

constant and variable effective population sizes. The numerical examples showed 

that small samples sizes will underestimate the TMRCA and the mean and variance 

of the TMRCA are less for an exponentially growing population as opposed to a 

constant population. In addition, the TMRCA is sensitive to changes in number of 

segregating sites k and mutation rate 9. The mean TMRCA increases as the number 

of segregating sites increases but decreases if the mutation rate increases. These 

differences are more apparent in the sample than in the population. Finally, there 

is less agreement between the population and the sample when conditioning on the 

data (as illustrated in Tables 5.5 and 5.6). 
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There are many areas for further research on TMRCA. More realistic models 

which include nonrandom mating, variable mutation rates and variable population 

size are some areas which require further research. In addition, given the sensitivity 

of the results to the mutation rates and segregating sites, the rates must be carefully 

estimated and the sample must be carefully selected to insure randomness. 
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APPENDIX 

Matlab Program 1 

1. Initialize the variables for sample size, n, and time, t. 

2. Set WW = —7 T' where ra is a uniform random variable between [0.1]. 
q{q- 1) 

3. Set t=t-l-ww. 

4. If 71 > 1 then change n to n — 1. 

clear 
clc 
t(l)=0; 
n(l)=5; 
k=l; 
sp=10; 
while k<=sp 

for i=l:4 
hold on 
ra=rand; 
ww=-2*log(ra)/(n(i)*(n(i)-l)); 
t(i+l)=t(i)+ww; 
n(i+l)=n(i)-l; 
end 

if k<=l 
stairs (t,n) 
end 
k=k+l; 
end 
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Matlab Program 2 

1. Initialize the variables for population size. q. sample size, n, time, t. and sample 

time, ts. 

2. Set iL'w = —7 r-. where ra is a uniform random variable between [0, Ij. 
q(q -1) 

3. Choose between constant population (a) or variable population (b). 

(a) For constant population size set 5 = ivw. 

(b) For variable population size solve \{t + s) - \{t) = ww. 

4. Set t=t-l-s. 

5. Find p where p = (Zu ^^^ then change q to q — 1. 

6. If n > 1 then set ts = t and with probabiHty p change n to n — 1. 

In both of the algorithms one should know the population and sample size. The 
time values should always begin at zero. Step two generates an observation having 
and exponential distribution with mean given by equation (2.5). Step two basically 
finds a value for it;„. Step three calculates s. If you are working with a constant 
population size then s = ww but if you are working with ^ variable population then s 
is a deterministic time change. Step four adds together your time steps so you know 
the total time. Step five calculates the probabiHty that the sample will coalesce at the 
same time and the population, p = BlliiD.^IIMLill _ Step six decides with probability 
p whether or not the sample loses one. These six steps are repeated until q and n 
both go to one. 

c l e a r 
t ( l ) = 0 ; 
q ( l )=10 ; 
n ( l ) = 5 ; 
1(1)=0; 
a=.05; 
k=l ; 
ba=l ; 
pr=0; 
sp=10000; 
while k<=sp 

for i = l : 9 
hold on 
ra=rand; 
w w = - 2 * l o g ( r a ) / ( q ( i ) * ( q ( i ) - l ) ) ; 
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s=ww; 
y,s=(l/a)*log(a*ww*exp(-a*t(i)) + l); 
l(i+l)=l(i)+(n(i)*s); 
t(i+l)=t(i)+s; 
p=(n(i)*(n(i)-l))/(q(i)*(q(i)-l)); 
q(i+l)=q(i)-l; 
w(q(i))=s; 
v=raiid; 

if n(i)>l 
tsainp(k)=t(i+l); 

if v<=p 
n(i+l)=n(i)-l; 
else 

n(i+l)=n(i); 
end 
else 
n(i+l)=n(i); 
end 
end 
hold on 
if k<=l 
stairs (t,n) 
stairs(t,q) 
end 
tpop(k)=t(i+l); 
if tpop(k)==tsamp(k) 

pr=l+pr; 
end 

k=k+l; 

end 
xlabeK'Coalescent Time'); 
tpop; 
tsamp; 
mecLn(tpop) 
mean(tsamp) 
var(tpop) 
var(tsainp) 

ftpop(51)=0; 
ftsamp(51)=0; 
for j=l:sp 
h=0; 
for f=l:50 
c=.l*f; 
if tpop(j)<=c & tpop(j)>h 
ftpopCf)=l+ftpop(f); 
end 
if tsamp(j)<=c & tsamp(j)>h 
ftsampCf )=l+ftsainp(f ) ; 
end 
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xint(f)=(h+.025); 
h=c; 
end 
if tpop(j)>=5 
ftpop(51)=l+ftpop(51); 
end 
if tsainp(j)>=5 
ftsamp(51)=l+ftsamp(51); 
end 
end 
xint(51)=6.; 

ftpop=ftpop./(sp*.1); 
ftsamp=ftsamp./(sp*.1); 
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Matlab Program 3 

The second algorithm which uses not only the bivariate process but also condi

tions on the data. 

1. Initialize the variables for population size, q, sample size, n, time, t, and sample 

time, ts. 

2. Set WW = —-. r-. where ra is a uniform random variable between [0,1]. 
q{q -1) 

3. Choose between constant population (a) or variable population (b). 

(a) For constant population size set s = ww. 

(b) For variable population size solve \{t + s) — A(^) = ww for s. 

4. Set t = t ^ s and I = I -ir n * s. 

5. Find p where p = (EU ^^^ ^^^^ change q to q — 1. 

6. If n > 1 then set ts = t and with probability p change n n — I. 

7. Set u = — • ' ,. - Accept(t,q) with probabiHtv u. else goto 1, Po{k.l9) = 
Po(k,k) 

e-19(91)'' 
k\ 

Algorithm two is the same as algorithm one except for the last two steps which 
implements the rejection algorithm discussed in Chapter III. 

c lear 
clc 
tt=0; 
t ( l ) = 0 ; 
q(l)=10; 
n( l )=5; 
1(1)=0; 
th2=3.45/2; 
seg=3; 
a=.05; 
k=l; 
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sp=10000; 
while k<=sp 

i=l; 
val=q(l); 
while val>l 
ral=rand; 
ww=-2*log(ral)/(q(i)*(q(i)-l)); 
s=ww; 
y. s=(l/a)*log(a*ww*exp(-a*t(i)) + l); 
l(i+l)=l(i)+n(i)*s; 
ll=l(i+l); 
t(i+l)=t(i)+s; 
p=(n(i)*(n(i)-l))/(q(i)*(q(i)-l)); 
q(i+l)=q(i)-l; 
ra2=rand; 
if ra2<=p 

n(i+l)=n(i)-l; 
else 

n(i+l)=n(i); 
end 

i=i+l; 
val=q(i); 
if n(i)<=l 

7. u=l; 
u=exp(seg-th2*ll)*((th2*ll)/seg)~seg; 
ra3=rand; 
if ra3<=u 

tsamp(k)=t(i); 
amtn(k)=q(i); 
val=l; 
if q(i)<=l 

tpop(k)=t(i); 
tiim(k)=0; 
leg(k)=l(i); 

else 
for j=l:q(i)-l 

ra4=rand; 
ww=-2*log(ra4)/(q(i+j-l)*(q(i+j-l)-l)); 

s=ww 

else 

y.s=(l/a)*log(a*ww*exp(-a*t(i+j-l)) + l); 
t(i+j)=t(i+j-l)+s; 
tt=t(i+j); 
q(i+j)=q(i+j-l)-l; 

end 
tpop(k)=tt; 
end 

i=l; 
q(i)=10; 
n(i)=5 
t(i)=0 
l(i)=0 
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